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Motivation
Our original goal was to integrate Our original goal was to integrate fleetfleet assignment assignment 
(assigning aircraft types to flights) and crew (assigning aircraft types to flights) and crew 
scheduling (assigning pilots to flights)scheduling (assigning pilots to flights)
Just addressing the crewJust addressing the crew scheduling problem in scheduling problem in 
the integrated modelthe integrated model becomesbecomes much harder much harder 
because itbecause it’’s s all all flights, not just one fleet type at a flights, not just one fleet type at a 
timetime
Therefore we need to find a way to solve larger Therefore we need to find a way to solve larger 
instances of the crew scheduling problem, and to instances of the crew scheduling problem, and to 
solve these instances more quickly so they can be solve these instances more quickly so they can be 
imbedded in a broader frameworkimbedded in a broader framework



Crew Scheduling
Crews must be assigned to flights such that each flight is Crews must be assigned to flights such that each flight is 
coveredcovered
Solution must satisfySolution must satisfy many many crew rulescrew rules dictated by labor dictated by labor 
negotiations and negotiations and government (e.g. FAA)government (e.g. FAA) regulationsregulations

Max flying timeMax flying time
Max time away from baseMax time away from base
Min time between flightsMin time between flights
Min Min rest overnightrest overnight
……

Cost of a crewCost of a crew’’s assignment is a nons assignment is a non--linear functionlinear function of of 
flying time, timeflying time, time--awayaway--fromfrom--base, idle time, etcbase, idle time, etc.  .  
Many of the constraints are nonMany of the constraints are non--linear to capture as welllinear to capture as well



The Crew Pairing Problem

NonNon--linearities are typically avoided by linearities are typically avoided by 
formulating a set partitioning (SP) problem formulating a set partitioning (SP) problem 
based on selecting based on selecting pairingspairings
A pairing is a sequence of flights that can be A pairing is a sequence of flights that can be 
flown by a single crew over a series of days, flown by a single crew over a series of days, 
starting and ending at their home basestarting and ending at their home base
We need to select a set of feasible pairings We need to select a set of feasible pairings 
such that every flight is included in exactly such that every flight is included in exactly 
one pairingone pairing



The Crew Pairing Formulation
MinMin ΣΣpp ccpp xxpp

StSt ΣΣpp δδfpfp xxpp = 1= 1 ∀∀ ff

xxpp ∈∈ {0, 1}{0, 1} ∀∀ pp

xxpp is a binary variable that takes value 1 if pairing p is is a binary variable that takes value 1 if pairing p is 
included in the solution, else 0included in the solution, else 0
δδfpfp is a constant with value 1 if flight f is included in is a constant with value 1 if flight f is included in 
pairing p, else 0pairing p, else 0
ccpp is the cost of pairing pis the cost of pairing p



Solving the Crew Pairing Problem

CanCan’’t write out the SP model explicitly t write out the SP model explicitly –– hundreds of hundreds of 
billions of pairings (or morebillions of pairings (or more!)!)
Solve using Solve using branchbranch--andand--priceprice

Solve the IP using branchSolve the IP using branch--andand--boundbound
Solve each node of the branchSolve each node of the branch--andand--bound tree using bound tree using 
column generationcolumn generation

Instead of explicitly computing the reduced cost of Instead of explicitly computing the reduced cost of 
each noneach non--basic variable, solve an optimization basic variable, solve an optimization 
problem problem –– pricing problempricing problem –– to identify the most to identify the most 
negative reduced cost columnnegative reduced cost column



Generating Pairings
One of the key challenges is how to find negative reduced One of the key challenges is how to find negative reduced 
cost pairingscost pairings

All of the nonAll of the non--linearitieslinearities that we eliminated from the that we eliminated from the 
master problem are now in the pricing problemmaster problem are now in the pricing problem!!

There are manyThere are many interesting approaches for trying to find interesting approaches for trying to find 
good pairings good pairings ((e.g. Klabjane.g. Klabjan, , Johnson,Johnson, and and NemhauserNemhauser
2001) 2001) 

Randomized approachesRandomized approaches
Parallel algorithms  Parallel algorithms  
Approximations  Approximations  



Generating Pairings, cont.

Predominant approach Predominant approach isis multimulti--label shortest pathlabel shortest path
(e.g. Desrochers(e.g. Desrochers and and SoumisSoumis 1988;1988; LavoieLavoie, , 
Minoux,Minoux, and and OdierOdier 1988)1988)

A pairing corresponds to a path in a flight A pairing corresponds to a path in a flight 
networknetwork
The The costcost of a path is of a path is the costthe cost of the of the 
corresponding pairing minuscorresponding pairing minus the sum of the the sum of the 
duals associated with duals associated with thethe flights in that flights in that pathpath
Labels are used to capture feasibility criteriaLabels are used to capture feasibility criteria



Challenges of MLSP

As the number of flights grows, performance As the number of flights grows, performance 
deteriorates quicklydeteriorates quickly
FurthermoreFurthermore, , we we claim that the use of dominance claim that the use of dominance 
in MLSP can in fact lead to subin MLSP can in fact lead to sub--optimalityoptimality

Because flights cannot be repeated in a pairing, Because flights cannot be repeated in a pairing, 
no fragment can ever truly dominate another no fragment can ever truly dominate another ––
will always be lacking opportunities based on will always be lacking opportunities based on 
flights already coveredflights already covered



Alternative Approach

Goal:Goal:
Solve larger problem instances (i.e. more Solve larger problem instances (i.e. more 
flights)flights)
Guarantee an optimal solution if desiredGuarantee an optimal solution if desired

Approach: IPApproach: IP--based formulation based formulation 
Need to capture duty rules, pairing rules, Need to capture duty rules, pairing rules, 
and nonand non--linear objective functionlinear objective function



Model – Binary Variables 
xdxd(f1,f2), d(f1,f2), d :: whether flight f1 is followed by f2 whether flight f1 is followed by f2 

within duty d  within duty d  
xoxo(f1,f2), d(f1,f2), d :: whether flight f1 in duty d is followed whether flight f1 in duty d is followed 

by flight f2 in duty d+1  by flight f2 in duty d+1  
wwff : : whether flight f is the first flightwhether flight f is the first flight
wpwpf,df,d : : whether flight f is the last flight andwhether flight f is the last flight and

occurs in duty doccurs in duty d
zzf,df,d :: whether flight f appears in duty dwhether flight f appears in duty d
uudd :: whether there is a dwhether there is a dthth dutyduty



Model – Continuous Variables 

c:c: Cost of the pairing Cost of the pairing 
ccdd :: Cost of duty dCost of duty d
ededdd :: Elapsed time of duty dElapsed time of duty d
T: T: Elapsed time of the pairingElapsed time of the pairing



Model – Objective Function

Minimize reduced cost of the chosen Minimize reduced cost of the chosen 
pairing:pairing:

Min        c Min        c –– [ [ ∑∑ff∈∈F F ∑∑dd∈∈{1{1……D}D}(pi(piff * z* zf,df,d) ]) ]



Model – Balance Constraints
∑∑ff∈∈F   F   wwf  f  = 1  = 1  
wwf f ++∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Dpairs Dpairs xdxd(f1,f),1 (f1,f),1 = = ∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Dpairs Dpairs xdxd(f,f1),1 (f,f1),1 
++∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Opairs  Opairs  xoxo(f1,f2),1 (f1,f2),1 
∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Dpairs   Dpairs   xdxd(f1,f),1 =  (f1,f),1 =  ∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Dpairs Dpairs xdxd(f,f1),1 (f,f1),1 + + 
∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Opairs   Opairs   xoxo(f,f1),1 (f,f1),1 + wp+ wpf,1f,1
∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Dpairs   Dpairs   xdxd(f1,f),1 = (f1,f),1 = ∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Dpairs   Dpairs   xdxd(f,f1),1 (f,f1),1 + + 
∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Opairs   Opairs   xoxo(f,f1),1 (f,f1),1 
∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Dpairs   Dpairs   xdxd(f1,f),D (f1,f),D ++∑∑f1f1∈∈F,(f1,f)F,(f1,f)∈∈Opairs Opairs xoxo(f1,f),D(f1,f),D--
11==∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Dpairs Dpairs xdxd(f,f1),D(f,f1),D+wp+wpf,D f,D 
∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Dpairs  Dpairs  xdxd(f1,f),D (f1,f),D +  +  ∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Opairs   Opairs   xoxo(f1,f),D(f1,f),D--1 1 = = 
∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Dpairs  Dpairs  xdxd(f,f1),D (f,f1),D 
∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Dpairs Dpairs xdxd(f1,f),d (f1,f),d + + ∑∑f1f1∈∈F,(f1,f)F,(f1,f)∈∈Opairs Opairs xoxo(f1,f),d(f1,f),d--1 1 = = 
∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Dpairs Dpairs xdxd(f,f1),d (f,f1),d ++∑∑f1f1∈∈F, (f,f1)F, (f,f1)∈∈Opairs Opairs xoxo(f,f1),d  (f,f1),d  + wp+ wpf,d f,d 
∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Dpairs Dpairs xdxd(f1f),d (f1f),d + + ∑∑ff∈∈F,(f1,f)F,(f1,f)∈∈Opairs Opairs xoxo(f1,f),d(f1,f),d--1 1 = = 
∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Dpairs Dpairs xdxd(f,f1),d (f,f1),d + + ∑∑f1f1∈∈F,(f,f1)F,(f,f1)∈∈Opairs Opairs xoxo(f,f1),d(f,f1),d

If flight f appears in the pairing, 
then it must be preceded by exactly
one flight (or start the pairing) and
followed by exactly one flight (or
end the pairing)



Model – Cost Constraints

ccdd ≥≥ ming * uming * udd

ccdd ≥≥ ∑∑ff∈∈F  F  flyflyff * z* zf,df,d

ccdd ≥≥ fd * edfd * eddd

c c ≥≥ ∑∑dd∈∈{1{1……D} D} ccdd

c c ≥≥ fpa*Tfpa*T
T  = T  = ∑∑dd∈∈{1{1……D} D} ededd    d    ++

∑∑(f1,f2)(f1,f2)∈∈Opairs   Opairs   ∑∑dd∈∈{1{1……DD--1} 1} OO(f1,f2) (f1,f2) * xo* xo (f1,f2),d    (f1,f2),d    



Model – Duty and Pairing 
Constraints
∑∑ff∈∈F   F   flyflyf *  f *  zzf,d f,d ≤≤ maxfdmaxfd
ededdd = = ∑∑ff∈∈F   F   flyflyf  *  f  *  zzf,d f,d 

+  +  ∑∑(f,f1)(f,f1)∈∈Dpairs   Dpairs   sitsit(f,f1) (f,f1) ** xdxd(f,f1),d     (f,f1),d     

ededdd ≤≤ maxedmaxed
∑∑dd∈∈{1{1……D}  D}  zzff,,d d ≤≤ 1   1   
……



Model – Auxiliary Constraints

uu1 1 = 1  = 1  
uudd = = ∑∑(f1,f2)(f1,f2)∈∈Opairs  Opairs  xoxo(f1,f2),d(f1,f2),d--1 1 
zzff,,11 = w= wf f + + ∑∑(f1 ,f)(f1 ,f)∈∈Dpairs   Dpairs   xdxd(f1,f),1    (f1,f),1    
zzff,,11 =  =  ∑∑(f1,f)(f1,f)∈∈Dpairs   Dpairs   xdxd(f1,f),1  (f1,f),1  
zzff,,DD =  wp=  wpf,Df,D + + ∑∑(f,f1) (f,f1) ∈∈Dpairs   Dpairs   xdxd(f,f1),D  (f,f1),D  
zzff,,D D =  =  ∑∑(f,f1) (f,f1) ∈∈Dpairs  Dpairs  xdxd(f,f1),D   (f,f1),D   
zzf,df,d = wp= wpf,df,d + + ∑∑(f,f1)(f,f1)∈∈Opairs  Opairs  xoxo(f,f1),d (f,f1),d ++ ∑∑(f,f1)(f,f1)∈∈Dpairs Dpairs 
xdxd(f,f1),d (f,f1),d 
zzf,d f,d = = ∑∑(f,f1)(f,f1)∈∈Opairs   Opairs   xoxo(f,f1),d (f,f1),d ++ ∑∑(f,f1)(f,f1)∈∈Dpairs   Dpairs   xdxd(f,f1),d (f,f1),d 

-- Determine the number of duties
-- Determine which flights are covered



Benefits of IP Approach

IP approach has a number of benefitsIP approach has a number of benefits……
More tractable for large instancesMore tractable for large instances
Provable optimalityProvable optimality
Model does not change with duals, except in Model does not change with duals, except in 
the objective functionthe objective function

Use of Use of ““hot startshot starts””
Better when duals are close to optimal?Better when duals are close to optimal?



Addressing Drawbacks

……and a number of drawbacksand a number of drawbacks……
One column at a timeOne column at a time
Worse when duals are far from optimal?Worse when duals are far from optimal?
May take a long time to find the May take a long time to find the ““bestbest”” column column 
when any negative column will dowhen any negative column will do

……so letso let’’s use both!s use both!
MLSP early on to find lots of columnsMLSP early on to find lots of columns
Switch to IP when MLSP tree grows too large Switch to IP when MLSP tree grows too large 
or takes to long to convergeor takes to long to converge



Initial computational results

7.437.432626752,253752,253173,852173,8526,8396,8391,1731,17344

2.712.71400400121,913121,91328,10528,1052,2592,25950950933

< 1< 115015045,92145,92110,63310,6331,3111,31132932922

< 1< 13310,91410,9142,5672,56756356314314311

CPU timeCPU time
(min) (min) 

# B&B # B&B 
nodesnodes

# nonzero # nonzero 
elements*elements*

# # 
columns*columns*

# # 
rows*rows*

##
flightsflights

Data Data 
setset

* After reducing the problem

IP-based formulation



Initial computational results

N/AN/Afailedfailed1,1731,17344

N/AN/Afailedfailed50950933

< 1< 12,737,3452,737,34532932922

< 1< 1227,351227,35114314311

CPU timeCPU time
(min)(min)

# pairings# pairings#flights#flightsData Data 
setset

Enumeration approach



Future Research

Modeling improvements to strengthen the Modeling improvements to strengthen the 
LP relaxationLP relaxation
Manipulation of CPLEX parameters for Manipulation of CPLEX parameters for 
finding negative columns quicklyfinding negative columns quickly
Hybrid approach using IP approach and Hybrid approach using IP approach and 
MLSPMLSP
Integration of crew scheduling and fleet Integration of crew scheduling and fleet 
assignmentassignment


