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IntroductionIntroduction

A key challenge in airline planning A key challenge in airline planning 
problems: combinatorial natureproblems: combinatorial nature
Impacts tractability and scalabilityImpacts tractability and scalability
Limits us in developing more comprehensive Limits us in developing more comprehensive 
models:models:
–– More accurate basic planning models (More accurate basic planning models (e.g. e.g. 

Barnhart, Barnhart, KnikerKniker, and, and LohatepanontLohatepanont 20022002))
–– Integrated models (Integrated models (e.g. e.g. CordeauCordeau et al 2000et al 2000))
–– RealReal--time recovery systems (time recovery systems (e.g. e.g. RosenbergerRosenberger, , 

Johnson, andJohnson, and NemhauserNemhauser 20012001))
–– Robust approaches (Robust approaches (e.g. Yen and e.g. Yen and BirgeBirge 20002000))



OutlineOutline

Dominance and indifference: Dominance and indifference: 
definitions and examplesdefinitions and examples
A model and algorithmic approach for A model and algorithmic approach for 
integrating crew pairing and fleet integrating crew pairing and fleet 
assignmentassignment
Dominance and indifference in the Dominance and indifference in the 
pricing problem for crew pairingpricing problem for crew pairing



IndifferenceIndifference

Many different solutions to a problem Many different solutions to a problem 
may have the same objective valuemay have the same objective value
We are We are indifferentindifferent within this set of within this set of 
solutionssolutions
Combinatorial nature of airline Combinatorial nature of airline 
planning problems frequently leads to planning problems frequently leads to 
indifferenceindifference
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IndifferenceIndifference

In airline planning, often select building In airline planning, often select building 
blocks; may be indifferent as to how these blocks; may be indifferent as to how these 
blocks are combinedblocks are combined
Indifference often allows us to decompose Indifference often allows us to decompose 
our problem into two stages our problem into two stages 
–– The first stage determines whether a given The first stage determines whether a given 

subset of decisions is part of our solutionsubset of decisions is part of our solution
–– If yes, the second stage determines which If yes, the second stage determines which 

decisions to make within this subsetdecisions to make within this subset



IndifferenceIndifference

Indifference within second stage Indifference within second stage 
implies that this sequential approach implies that this sequential approach 
still ensures optimalitystill ensures optimality
Potential improvements in tractabilityPotential improvements in tractability
–– First stage has decreased in scopeFirst stage has decreased in scope
–– Second stage is a feasibility problem Second stage is a feasibility problem 

rather than an optimality problemrather than an optimality problem



Indifference: ApplicationsIndifference: Applications

Rexing Rexing et al 2000 integrate schedule design et al 2000 integrate schedule design 
and fleet assignmentand fleet assignment
–– Allow flight times to shiftAllow flight times to shift
–– First stage: assign flights to fleet types and to limited windowFirst stage: assign flights to fleet types and to limited windows of s of 

timetime
–– Second stage: assign specific departure times within these Second stage: assign specific departure times within these 

windowswindows

Cohn and Barnhart 2003 integrate crew Cohn and Barnhart 2003 integrate crew 
pairing and maintenance routingpairing and maintenance routing
–– Exploit the fact that only a small subset of aircraft turns haveExploit the fact that only a small subset of aircraft turns have

impact on crew decisionsimpact on crew decisions
–– First stage: choose crew pairings and only relevant aircraft turFirst stage: choose crew pairings and only relevant aircraft turnsns
–– Second stage: construct a maintenance solution containing these Second stage: construct a maintenance solution containing these 

turnsturns



DominanceDominance

Some solutions Some solutions dominatedominate others others –– we may we may 
be able to rule out certain decisions a prioribe able to rule out certain decisions a priori
All problems exhibit dominanceAll problems exhibit dominance
–– Optimal solutions dominate subOptimal solutions dominate sub--optimal optimal 

solutionssolutions
–– Not particularly usefulNot particularly useful

In some cases, dominance also allows us to In some cases, dominance also allows us to 
decrease feasible region by ruling out a decrease feasible region by ruling out a 
subset of decisions which are dominatedsubset of decisions which are dominated



Dominance ExampleDominance Example

Crew pairing problemCrew pairing problem
–– Description: Choose an optimal set of Description: Choose an optimal set of 

pairingspairings –– ordered sequences of flightsordered sequences of flights
–– Model: Set partitioning formulation Model: Set partitioning formulation ––

each variable represents a each variable represents a groupgroup of of 
flights, with no explicit ordering specifiedflights, with no explicit ordering specified

But there may be more than one But there may be more than one 
pairing for a given group of flights!pairing for a given group of flights!



Dominance ExampleDominance Example

Duty 1 Duty 2 Duty 3

A
B C D

Three-duty pairing containing flights A, B, C, D



Dominance ExampleDominance Example

Duty 1

A BD C

One-duty pairing containing flights A, B, C, D



Dominance ExampleDominance Example

Dominance enables us to apply a set Dominance enables us to apply a set 
partitioning formulationpartitioning formulation
If there are multiple pairings covering a If there are multiple pairings covering a 
given set of flights, each of these will given set of flights, each of these will 
correspond to columns that are identical correspond to columns that are identical 
except for the objective coefficientexcept for the objective coefficient
We only need to include the one with the We only need to include the one with the 
lowest costlowest cost



Integrating FAM and Integrating FAM and 
Crew PairingCrew Pairing

Fleet assignmentFleet assignment
–– VariablesVariables

Ground arc variables for plane countGround arc variables for plane count
xxftft = 1 if flight f assigned to fleet type t, else 0= 1 if flight f assigned to fleet type t, else 0

–– ConstraintsConstraints
CoverCover
BalanceBalance
CountCount

Crew pairingCrew pairing
–– yypp = 1 if pairing p is chosen, else 0= 1 if pairing p is chosen, else 0
–– Cover constraintsCover constraints



Direct IntegrationDirect Integration

Ground arcs, xft

Cover
Balance
Count

yp

∑p δfp yp = 1 ∀ f

???



Variable ModificationVariable Modification

Ground arcs, xft

Cover
Balance
Count

ypt

∑p ∑t δfp ypt = 1 ∀ f

xft - ∑p ∑t δfp ypt = 0          ∀ f, t



Variable ModificationVariable Modification

ypt

∑p ∑t δfp ypt = 1 ∀ f

xft - ∑p ∑t δfp ypt = 1          ∀ f, t

Ground arcs, xft

Cover
Balance
Count



Unconstrained FleetsUnconstrained Fleets

ypt

∑p ∑t δfp ypt = 1 ∀ f



ConstraintConstraint--Generating Generating 
AlgorithmsAlgorithms

Solve infiniteSolve infinite--fleet model:fleet model:
MinMin ∑∑tt ∑∑pp cctptp yytptp

StSt ∑∑t t ∑∑pp δδfpfp yytptp = 1= 1 ∀∀ ff
yytptp ∈∈ {0, 1}{0, 1} ∀∀ t, t, ∀∀ pp

For each fleet, check count feasibilityFor each fleet, check count feasibility
–– If all fleets are satisfied, optimalIf all fleets are satisfied, optimal
–– If a count constraint is violated, add cut If a count constraint is violated, add cut 

and repeatand repeat



Types of CutsTypes of Cuts

Basic cut:Basic cut:
–– Let P be the set of pairings in the current Let P be the set of pairings in the current 

solutionsolution
–– Cut: Cut: ∑∑(p, t) (p, t) ∈∈ PP yypt pt << |P| |P| -- 1 1 

ProblemsProblems
–– Hard to incorporate in pricing problemHard to incorporate in pricing problem

PairingPairing--specific dual variablesspecific dual variables

–– Very limited impact on solution spaceVery limited impact on solution space
–– DoesnDoesn’’t target source of infeasibilityt target source of infeasibility



Exploiting Problem Exploiting Problem 
StructureStructure

Pairings dictate the orderings of flightsPairings dictate the orderings of flights
Fleet assignment is independent of Fleet assignment is independent of 
orderingordering
ItIt’’s not the pairings that are fleets not the pairings that are fleet--
infeasible, but the set of flightsinfeasible, but the set of flights



Exploiting Problem Exploiting Problem 
StructureStructure

Cut 1: The current set of pairings is Cut 1: The current set of pairings is 
infeasibleinfeasible
Cut 2: The current set of fleetCut 2: The current set of fleet--flight flight 
assignments is infeasibleassignments is infeasible
Cut 3: For a given fleet, the current Cut 3: For a given fleet, the current 
set of flights is infeasibleset of flights is infeasible



Types of CutsTypes of Cuts

In other words, if t is a violated fleet In other words, if t is a violated fleet 
type and Ftype and Ftt is the set of flights is the set of flights 
assigned to fleet type t in the current assigned to fleet type t in the current 
solution, we want to enforce the solution, we want to enforce the 
constraintconstraint

∑∑pp ∑∑tt ∑∑ff δδpfpf yyptpt ≠≠ |F|Ftt||
Note that we CANNOT sayNote that we CANNOT say

∑∑pp ∑∑tt ∑∑ff δδpfpf yyptpt << |F|Ftt| | –– 11



Two Key ObstaclesTwo Key Obstacles

Strength of cutsStrength of cuts
Tractability of relaxed master problemTractability of relaxed master problem
–– If crew pairing is challenging to solve for If crew pairing is challenging to solve for 

one fleetone fleet’’s flights, what about s flights, what about allall flights?flights?
–– How does adding the fleet index impact How does adding the fleet index impact 

tractability?tractability?
–– Pricing problem is of particular concernPricing problem is of particular concern

Can we exploit problem structure to improve?Can we exploit problem structure to improve?



Pricing Problem as MLSPPricing Problem as MLSP

Typically, the pricing problem is solved as a Typically, the pricing problem is solved as a 
multimulti--label shortest path problemlabel shortest path problem
–– Begin by constructing a tree to enumerate all Begin by constructing a tree to enumerate all 

pairingspairings
–– Use dominance to prune partial pairingsUse dominance to prune partial pairings

Computational challengesComputational challenges
–– FlightFlight--based network has many labels based network has many labels –– limited limited 

dominancedominance
–– DutyDuty--based network has stronger dominance, based network has stronger dominance, 

but too many nodesbut too many nodes



Dominant DutiesDominant Duties

Consider two flights, A and BConsider two flights, A and B
Any duty that is Any duty that is ““bookbook--endedended”” by these two flights by these two flights 
has cost has cost 

max: max: 
f(flying time)f(flying time)
g(elapsed time)g(elapsed time)
min duty min duty 

There may be many sequences of flights beginning There may be many sequences of flights beginning 
with flight A and ending with flight Bwith flight A and ending with flight B
The one with the lowest flying time is dominantThe one with the lowest flying time is dominant



Dominant DutiesDominant Duties

In theory, we could construct a dutyIn theory, we could construct a duty--based network based network 
with at most one duty per pair of bookwith at most one duty per pair of book--end flightsend flights
–– For the full domestic network of a major U.S. hubFor the full domestic network of a major U.S. hub--andand--

spoke carrier, the number of duties per bookspoke carrier, the number of duties per book--end flight end flight 
pair can be as much as 700!pair can be as much as 700!

–– Many flight pairs bookMany flight pairs book--end no feasible dutiesend no feasible duties

In practice, problematicIn practice, problematic
–– Changing duals will change the dominant duty at each Changing duals will change the dominant duty at each 

iterationiteration
–– Possibility of repeating flightsPossibility of repeating flights



Improved Enumeration?Improved Enumeration?

Can we still leverage this property in some Can we still leverage this property in some 
way?way?
Successful enumeration requires strong Successful enumeration requires strong 
pruningpruning
What if we initially define a pairing by the What if we initially define a pairing by the 
bookbook--ends of its duties?ends of its duties?



Improved Enumeration?Improved Enumeration?

The dominance property gives us a lower bound on The dominance property gives us a lower bound on 
the cost of the duties, which in turn gives a lower the cost of the duties, which in turn gives a lower 
bound on the cost of the pairingbound on the cost of the pairing
We can also bound the potential negative We can also bound the potential negative 
contribution of the dualscontribution of the duals
We can therefore begin by searching for pairings in We can therefore begin by searching for pairings in 
a restricted duty networka restricted duty network
Only pairings with a negative lower bound are Only pairings with a negative lower bound are 
expanded to identify the full sequence of flightsexpanded to identify the full sequence of flights



Conclusions/Future Conclusions/Future 
ResearchResearch

Currently implementing integrated Currently implementing integrated 
modelmodel
Critical questions:Critical questions:
–– How tight are the cuts (how many How tight are the cuts (how many 

iterations)?iterations)?
–– How How tractible tractible are the iterations?are the iterations?
Concurrent work on exploiting Concurrent work on exploiting 
dominance/indifference in pricingdominance/indifference in pricing


