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Transportation and Logistics 
Challenges

Complex networks spanning both space and Complex networks spanning both space and 
timetime
Tightly constrained resourcesTightly constrained resources
Elaborate feasibility rulesElaborate feasibility rules
Large number of interLarge number of inter--connected decisionsconnected decisions



Modeling Challenges

NonNon--linearitieslinearities
Many constraints, many integer variablesMany constraints, many integer variables
Weak linear progamming relaxationsWeak linear progamming relaxations
SymmetrySymmetry



Research Objective

Developing alternative modeling Developing alternative modeling 
approaches and solution techniques thatapproaches and solution techniques that……

…… are tractableare tractable
…… are extendibleare extendible
…… leverage user knowledgeleverage user knowledge
…… allow users to trade off solution time allow users to trade off solution time 
and qualityand quality
…… are generalizableare generalizable



Overview

Introduction to Composite VariablesIntroduction to Composite Variables

Example 1: Airline PlanningExample 1: Airline Planning

Example 2: Service Parts LogisticsExample 2: Service Parts Logistics

Generalizations and ConclusionsGeneralizations and Conclusions



Introduction to
Composite
Variables



What Is a Composite Variable?

A compositeA composite variablevariable bundlesbundles multiplemultiple decisions decisions 
into a single binary variableinto a single binary variable
Example Example 

Basic: Should I Basic: Should I open warehouse open warehouse xx? ? Should I Should I 
assign customer assign customer yy to warehouse to warehouse zz??
CompositeComposite: Should I : Should I open warehouse open warehouse xx, stock , stock 
products products aa, , bb, and , and cc there, and use this there, and use this 
warehouse to supply customers warehouse to supply customers pp, , qq, and , and rr??



Potential Benefits

Removing nonRemoving non--linearitieslinearities
Strengthening LP relaxationsStrengthening LP relaxations
Decreasing the number of constraintsDecreasing the number of constraints
Exploiting problem structureExploiting problem structure
Leveraging user expertiseLeveraging user expertise
Providing user control for trading off Providing user control for trading off 
solution time and qualitysolution time and quality



Too Many Variables?!

PotentialPotential for an exponential increase in the for an exponential increase in the 
number of binary number of binary variablesvariables
We can sometimes control the number of We can sometimes control the number of 
variables needed via:variables needed via:

FeasibilityFeasibility
DominanceDominance
BranchBranch--andand--priceprice

Design decisions are critical!Design decisions are critical!



Example 1:
Airline Planning



Motivation

Crew costs are the airlinesCrew costs are the airlines’’ second largest second largest 
operating expenseoperating expense
Even small improvements in efficiency can Even small improvements in efficiency can 
have large financial impacthave large financial impact
Earlier maintenance routing decisions limit Earlier maintenance routing decisions limit 
schedulersschedulers’’ optionsoptions
A simultaneousA simultaneous approach is very big!approach is very big!



Crew Pairing Problem (CP)

A A crew pairingcrew pairing is a sequence of flights thatis a sequence of flights that……
……starts and ends at a crewstarts and ends at a crew’’s home airport s home airport 
……is sequential in space and timeis sequential in space and time
……satisfies all FAA rules and collective satisfies all FAA rules and collective 
bargaining agreementsbargaining agreements

Crew pairing problem: Find a minimum cost set of Crew pairing problem: Find a minimum cost set of 
feasible pairings such that feasible pairings such that everyevery flight is included flight is included 
in exactly one pairingin exactly one pairing py
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Maintenance Routing Problem 
(MR)

A A route string route string isis a sequence of flights a sequence of flights that that 
starts and ends at maintenance stations and starts and ends at maintenance stations and 
includes enough time for the maintenance includes enough time for the maintenance 
check to occurcheck to occur
Maintenance routing problemMaintenance routing problem: Find a : Find a 
feasible feasible setset of of route strings suchroute strings such that that everyevery
flight is included in exactly one flight is included in exactly one string string 
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How Are They Connected?

Crews need enough time between two Crews need enough time between two 
sequential flights to travel through the sequential flights to travel through the 
terminal terminal ---- minimum connect time minimum connect time 
This time can be This time can be decreaseddecreased if the two flights if the two flights 
have been assigned to the same aircrafthave been assigned to the same aircraft
A A short connectshort connect is a connection that is is a connection that is 
crewcrew--feasible only if both flights are feasible only if both flights are 
assigned to theassigned to the same aircraftsame aircraft



A Basic Integrated Approach 
(BIM)

Combine basic MR and CP modelsCombine basic MR and CP models
Permit Permit allall short connects whenshort connects when generating generating 
crew pairingscrew pairings
Ensure feasibility by adding one constraint Ensure feasibility by adding one constraint 
per per short connectshort connect tt::

A pairing containing A pairing containing short connect short connect tt can can 
only be chosen if a route string only be chosen if a route string 
containing containing tt is also chosenis also chosen
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Motivation for a Composite 
Approach

Only Only somesome of the maintenance routing of the maintenance routing 
information is relevant for crew schedulinginformation is relevant for crew scheduling
We donWe don’’t want to find an integrated solution t want to find an integrated solution 
---- we want to find an we want to find an optimal crew solution optimal crew solution 
that isthat is maintenancemaintenance--feasiblefeasible
Can we leverage this to develop a more Can we leverage this to develop a more 
tractable model?tractable model?



Composite Definition

We define our composite variable to be a We define our composite variable to be a 
complete, feasible solution to the MR complete, feasible solution to the MR 
problemproblem
This captures all maintenance routing This captures all maintenance routing 
informationinformation
The The extended crew pairingextended crew pairing (ECP)(ECP) modelmodel
finds an optimal crew schedule and a finds an optimal crew schedule and a 
corresponding maintenance solutioncorresponding maintenance solution



ECP Formulation
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Benefit: Dominance

Theorem:Theorem:
** We can replace the set of MR solutions with We can replace the set of MR solutions with 

the set of the set of unique, unique, maximal,maximal, maintenancemaintenance--
feasible feasible short turn setsshort turn sets and still be and still be 
equivalent to BIM.equivalent to BIM.



Dominance, cont.

UniquenessUniqueness
Different MR solutions with the same Different MR solutions with the same 
short connectshort connect sets yield identical columnssets yield identical columns
Example: 8,700 solutions Example: 8,700 solutions =>=> 1 column1 column

Maximal Maximal setssets
Supersets dominateSupersets dominate
Example: Example: millionsmillions of of route stringroute string
variables => variables => 4 UM columns4 UM columns



Benefit: ECP Has No More 
Binary Variables Than Basic CP!
TheoremTheorem::
* The * The zz variables can be continuous rather variables can be continuous rather 

than integer variables. than integer variables. 
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Benefit: Fewer Constraints

Eliminate Eliminate allall maintenance routingmaintenance routing……
……cover constraintscover constraints
……balance constraintsbalance constraints
……count constraintscount constraints

Replace with Replace with a singlea single convexity constraintconvexity constraint



Benefit: Tighter LP Relaxation

Theorem:Theorem:
** For For anyany problem instance, the value of the LP problem instance, the value of the LP 

relaxation of ECP is greater than or equal to relaxation of ECP is greater than or equal to that that 
of theof the LP relaxation of BIM.LP relaxation of BIM.

** In some instances, it is strictly greater.In some instances, it is strictly greater.
Proof:Proof:
** BasedBased on on a comparisona comparison of ECP to aof ECP to a DantzigDantzig--

Wolfe decomposition of Wolfe decomposition of BIMBIM
* * Applies in other applications as wellApplies in other applications as well



Other Benefits

Can leverage existing technologyCan leverage existing technology

ExtendabilityExtendability

User control in trading off solution time and User control in trading off solution time and 
qualityquality



Conclusions

Crew scheduling is critical to airline profitability Crew scheduling is critical to airline profitability 
but quality can be compromised by making but quality can be compromised by making 
maintenance routing decisions independentlymaintenance routing decisions independently
A direct integration can be inflexible and difficult A direct integration can be inflexible and difficult 
to solveto solve
ECP provides an alternative approach that exploits ECP provides an alternative approach that exploits 
the fact that only the fact that only somesome maintenance routing maintenance routing 
information is information is relevant,relevant, and uses dominance to and uses dominance to 
greatly reduce the size of the problemgreatly reduce the size of the problem



Example 2:
Service Parts 

Logistics



What Is Service Parts Logistics?

Service contracts guarantee that repair Service contracts guarantee that repair 
parts/technician will arrive in a given parts/technician will arrive in a given 
amount of time to fix broken equipmentamount of time to fix broken equipment
Time Time windowwindow maymay be as short as two hoursbe as short as two hours
Service parts logisticsService parts logistics manages the stocking manages the stocking 
and transporting of repair parts to satisfy and transporting of repair parts to satisfy 
these commitmentsthese commitments



The High-Cost, Low-Demand 
Stocking Problem

Given a Given a highhigh--cost, very lowcost, very low--demand SKUdemand SKU, , 
find the smallest set of warehouses in which find the smallest set of warehouses in which 
to stock it, such that every potential demand to stock it, such that every potential demand 
for that part is within range of at least one for that part is within range of at least one 
warehouse in the chosen set.warehouse in the chosen set.



A Simple Example
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A Simple Example



Set Covering Model
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The Capacitated High-Cost, 
Low-Demand Stocking Problem

Given a set of Given a set of HCLD SKUsHCLD SKUs, a demand set , a demand set 
for each SKU, and a set of warehouses with for each SKU, and a set of warehouses with 
limited capacity, find the minimum cost limited capacity, find the minimum cost 
assignment of SKUs to warehouses such assignment of SKUs to warehouses such 
that each demand is covered and capacities that each demand is covered and capacities 
are not exceeded.are not exceeded.



Basic Formulation
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Why Is This Hard?

Many more binaryMany more binary decision variablesdecision variables

Very large number of constraintsVery large number of constraints

Greater tendency towards fractional Greater tendency towards fractional 
solutions to the LP relaxationsolutions to the LP relaxation



Composite Motivation

Leverage what we know about individual Leverage what we know about individual 
partsparts
Decrease number of constraintsDecrease number of constraints
Tighten LP relaxationTighten LP relaxation
Provide a flexible framework Provide a flexible framework ---- potential for potential for 
further extensionsfurther extensions



Composite Definition

We define We define xxsgsg to be a composite variable: to be a composite variable: 
Should I stock part Should I stock part ss in exactly those in exactly those 
warehouses in group warehouses in group gg??
We only define a variable for a pair We only define a variable for a pair s/gs/g if if g g 
provides total coverage for demand for provides total coverage for demand for ss
GGss denotes the set of all warehouse groups denotes the set of all warehouse groups 
that cover SKU that cover SKU ss



One Composite Variable



Another Composite for the Same 
Part



Composite Formulation
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Theoretical Observations

Many fewer constraintsMany fewer constraints

LP relaxations are tighterLP relaxations are tighter

DominanceDominance



Solving the Composite Model

.

.

..
.
.

.

.

.

Solve each LP with 
column generation:

one pricing problem 
per SKU – HCLD

part stocking problem

Solve each LP with 
column generation:

one pricing problem 
per SKU – HCLD

part stocking problem

Branch on SKU/
warehouse pairs

Branch on SKU/
warehouse pairs

Depth-first until first 
integer solution found,

then best-bound to
search the tree

Depth-first until first 
integer solution found,

then best-bound to
search the tree



Computational Results
Problem Solve? Solve? Opt. Root LP Root LP # Nodes # Nodes # Columns
Instance Basic Comp Value Basic Comp. Basic Comp. Comp.

1 √ √ 80 80 80 10 1 20
2 √ 86 80 86 1,000,000 1 90
3 √ 90 80 90 837,500 3 260
4 √ √ Infeasible NA NA 1 1 260
5 √ √ 440 440 440 14 1 20
6 √ √ 416 408 416 1200 1 84
7 √ √ 370 344 370 412,939 1 163
8 √ √ Infeasible NA NA 1 1 258
9 √ √ Infeasible NA NA 1 1 267

10 √ √ 80 80 80 10 1 20
11 √ √ 80 80 80 10 1 20
12 √ √ 81 80.1 80.2 1 16 67
13 √ 609 601.3 605.4 2800 NA NA
14 √ √ 520 500 520 174,400 91 131
15 √ √ 370 368 369.6 100 33 74

# Nodes # Nodes
Basic Comp.

10 1
1,000,000 1

837,500 3
1 1

14 1
1200 1

412,939 1
1 1
1 1

10 1
10 1
1 16

2800 NA
174,400 91

100 33

# Columns
Comp.

20
90

260
260
20
84

163
258
267
20
20
67

NA
131
7433 FSBs, 10 SKUs, ~5000 demands



Computational Results (cont.)

99 FSBs, 100 SKUs, 1000 demands

99 FSBs, 500 SKUs, 1000 demands

Problem Solve? Solve Opt. Root LP Root LP # Nodes # Nodes # Cols.
Instance Basic Comp. Value Basic Comp. Basic Comp. Comp.

16 √ √ Inf. NA NA 0 0 17,200
17 √ 3,744 NA 3,744 NA 1 297
18 √ 4,032 NA 4,032 NA 129 594
19 √ 3,441 NA 3,441 NA 7 351
20 √ 3,473 NA 3,473 NA 152 933

21 √ Inf. NA NA NA 0 3,432
22 √ 15,029 NA 15,029 NA 498 2,988
23 √ 19,224 NA 19,224 NA 1 1,000

# Nodes
Comp.

0
1

129
7

152

0
498

1

# Cols.
Comp.

17,200
297
594
351
933

3,432
2,988
1,000



Extendibility

Structure leverages Structure leverages our knowledge of how our knowledge of how 
to stock individual partsto stock individual parts
Potential to incorporate:Potential to incorporate:

Transportation costs Transportation costs 
HighHigh--demand demand partsparts
Part interactionsPart interactions
SimulationSimulation



Conclusions

HCLD part stocking decisions are easy for one HCLD part stocking decisions are easy for one 
part, but not for many parts simultaneouslypart, but not for many parts simultaneously
The composite model improves tractability byThe composite model improves tractability by

Decreasing the number of constraintsDecreasing the number of constraints
Tightening the LP relaxationTightening the LP relaxation
Leveraging our knowledge of the singleLeveraging our knowledge of the single--part part 
problemproblem
Using dominance and column generationUsing dominance and column generation

The composite model also has greater promise for The composite model also has greater promise for 
extendibilityextendibility



Generalizations, Generalizations, 
Conclusions, and Conclusions, and 
Further ResearchFurther Research



Composites Don’t Always Help!

Example: Example: A warehouseA warehouse--based composite based composite 
modelmodel for the SPL problemfor the SPL problem
WhatWhat’’s wrong?s wrong?

Still a very large LPStill a very large LP
No dominanceNo dominance



When Do Composites Work?

NonNon--composite model is composite model is intractableintractable
Composite model addresses causes of Composite model addresses causes of 
intractabilityintractability
DominanceDominance
Good pricing problemGood pricing problem



What Are Good Problem 
Environments?

Contexts where we want to expand problem Contexts where we want to expand problem 
scope or have flexibility in rule definitionscope or have flexibility in rule definition
Integrating planning problemsIntegrating planning problems
UserUser--controlled optimizationcontrolled optimization
RealReal--time environmentstime environments
Stochastic environmentsStochastic environments



Future Research

ApplicationsApplications
AirlineAirline planningplanning
ServiceService parts logisticsparts logistics
ManufacturingManufacturing
Other aspects of the supply chainOther aspects of the supply chain

Problem scopeProblem scope
RobustnessRobustness


