
Using Mathematical Programming to 
Make VCG Auctions Tractable:

Truckload Procurement

Amy CohnAmy Cohn
March 8, 2007March 8, 2007

with with Damian Damian BeilBeil, , AmitabhAmitabh SinhaSinha, , 
Richard Chen,Richard Chen, and and ShervinShervin AhmadBeygiAhmadBeygi



2

Overview
VCG AuctionsVCG Auctions
Introduction to Truckload Procurement ProblemIntroduction to Truckload Procurement Problem
Mathematical Programming Approach to Bidding and Mathematical Programming Approach to Bidding and 
Winner DeterminationWinner Determination
Applying to Truckload ProcurementApplying to Truckload Procurement

Operational ConsiderationsOperational Considerations
Stochastic CaseStochastic Case

Conclusions and Future ResearchConclusions and Future Research
QuestionsQuestions



3

A Brief History of Auctions

Date as far back as 500 BC in BabylonDate as far back as 500 BC in Babylon
Records from Roman auctions in 193 ADRecords from Roman auctions in 193 AD
SothebySotheby’’s and Christies and Christie’’s art auctions from 1700s art auctions from 1700’’ss
eBAYeBAY –– baseball cards to diamonds to baseball cards to diamonds to PezPez
dispensers to rare stamps to basketball ticketsdispensers to rare stamps to basketball tickets
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Auction Characteristics

Many types of auctionsMany types of auctions
Our focus is onOur focus is on

Reverse (i.e. procurement)Reverse (i.e. procurement)
Closed bidClosed bid
Single roundSingle round
MultiMulti--item (combinatorial)item (combinatorial)
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Combinatorial Auctions

Many items being auctioned simultaneouslyMany items being auctioned simultaneously
Costs are not necessarily additiveCosts are not necessarily additive

Economies of scaleEconomies of scale
Energy auctionsEnergy auctions

Economies of scopeEconomies of scope
TelecommunicationsTelecommunications

Importance of bidding on Importance of bidding on bundles bundles of itemsof items
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Vickrey Auctions: Mechanism

VickreyVickrey (second(second--price) procurement auction price) procurement auction 
SingleSingle--round, closed bidround, closed bid
Each bidder places a bidEach bidder places a bid
Lowest bidder winsLowest bidder wins
Payment is Payment is second lowest second lowest bidbid
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Vickrey Auctions: Bidding Strategy

Optimal Optimal VickreyVickrey bidding strategy: bidding strategy: 
……Bid your true costBid your true cost

If you bid higherIf you bid higher……
……you decrease your chances of winningyou decrease your chances of winning
……you donyou don’’t improve your payment if you do t improve your payment if you do 
winwin

If you bid lowerIf you bid lower……
……you might win, but lose money!you might win, but lose money!
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Vickrey Auctions: Benefits

Benefits of a Benefits of a VickreyVickrey auction: auction: 
Economically efficient Economically efficient 
allocationsallocations
WellWell--defined optimal bidding defined optimal bidding 
strategystrategy
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VCG Auctions: Characteristics

VCG combinatorial mechanismVCG combinatorial mechanism
Bidders bid on Bidders bid on bundlesbundles of items, capturing of items, capturing 
costs accuratelycosts accurately
Winner determination problemWinner determination problem
Payment determination problemPayment determination problem

ChallengesChallenges
Combinatorial biddingCombinatorial bidding
Combinatorial winner, payment determination Combinatorial winner, payment determination 
problemsproblems
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VCG Auctions: Literature
Current approaches to VCG combinatorial auctions in the Current approaches to VCG combinatorial auctions in the 
literature:literature:

Limit the combinations on which bids can be place Limit the combinations on which bids can be place 
((PekePekečč and and RothkopfRothkopf 1998, 2003, 2006)1998, 2003, 2006)
Iterative (multiIterative (multi--round) auctions to replicate VCG round) auctions to replicate VCG 
results (Kwon, results (Kwon, AnandalingamAnandalingam, , UngarUngar 2005; 2005; AusubelAusubel, , 
CramtonCramton, , MilgromMilgrom 2006; 2006; SandholmSandholm and and BoutilierBoutilier 2006)2006)
Approximations and special cases (Approximations and special cases (SandholmSandholm 2002; 2002; 
TennenholtzTennenholtz 2002)2002)
Algorithms to solve winner determination across all Algorithms to solve winner determination across all 
bids (bids (SandholmSandholm, , SuriSuri, Gilpin, and Levine 2005; , Gilpin, and Levine 2005; 
SandholmSandholm 2002)2002)

None completely capture the benefits of a fully enumerated None completely capture the benefits of a fully enumerated 
combinatorial auction combinatorial auction –– problems are too big!problems are too big!
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Truckload Procurement: A 
Motivating Example

Shippers auction off Shippers auction off loadsloads –– origin/destination origin/destination 
pairs pairs –– to trucking companies to transport for themto trucking companies to transport for them
A shipper might have many different loads to offer A shipper might have many different loads to offer 
at the same timeat the same time
The costs trucking companies incur depends on The costs trucking companies incur depends on 
the distance, the companythe distance, the company’’s costs cost--perper--milemile……
…… but also on the other loads the trucking but also on the other loads the trucking 
company is movingcompany is moving
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Truckload Procurement: Economies 
of Scope

In bidding for a load, your cost depends on In bidding for a load, your cost depends on 
what other loads you win as wellwhat other loads you win as well

A B

Cost of carrying a load from A to B is:
$/mile * d(A,B)

+ $/mile * d(B,A) 
(driver needs to be returned home!)
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Truckload Procurement: Economies 
of Scope

A B

Cost of carrying a load from B to A is:
$/mile * d(A,B) + $/mile * d(B,A)  
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Truckload Procurement: Economies 
of Scope

A B

Cost of carrying a load from A to B and B to A is:
$/mile * d(A,B) + $/mile * d(B,A)  



15

Truckload Procurement: Bidding 
Challenges

If you only bid on individual loads, you lose this If you only bid on individual loads, you lose this 
economy of scopeeconomy of scope

Bid your true cost for just that load, and you Bid your true cost for just that load, and you 
may overmay over--bid and lose to a competitorbid and lose to a competitor
Bid your estimated cost, assuming other loads Bid your estimated cost, assuming other loads 
to create a to create a continuous movecontinuous move, and you may win , and you may win 
the load but lose money (because you donthe load but lose money (because you don’’t win t win 
the other loads)the other loads)
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Truckload Procurement: Tractability 
Challenges

To capture the true cost, you should bid on To capture the true cost, you should bid on 
continuous moves continuous moves –– bundles of loads pulled in bundles of loads pulled in 
sequence to minimize empty mileagesequence to minimize empty mileage

Exponential number of bids to computeExponential number of bids to compute
Exponential number of bids to communicateExponential number of bids to communicate
Exponential number of bids to consider in Exponential number of bids to consider in 
winner determinationwinner determination
Exponential number of bids to consider in Exponential number of bids to consider in 
payment determinationpayment determination

2n2n
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Challenges of Combinatorial 
Auctions

In general, these problems are common to many In general, these problems are common to many 
combinatorial auctions:combinatorial auctions:

Exponential number of bids to computeExponential number of bids to compute
Exponential number of bids to communicateExponential number of bids to communicate
Exponential number of bids to consider in Exponential number of bids to consider in 
winner determinationwinner determination
Exponential number of bids to consider in Exponential number of bids to consider in 
payment determinationpayment determination

2n2n

Our research seeks ways Our research seeks ways 
to overcome to overcome 

this this ““combinatorial crisiscombinatorial crisis””
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Canonical Approach to VCG

Given a set of bidders and a set of items, Given a set of bidders and a set of items, 
enumerate all possible subsets enumerate all possible subsets 
Each bidder provides their true cost for each Each bidder provides their true cost for each 
subsetsubset
Optimization problem: Find the cheapest Optimization problem: Find the cheapest 
collection of bids such that every item is in exactly collection of bids such that every item is in exactly 
one bid (winner determination)one bid (winner determination)
Optimization problem: For every bidder who is Optimization problem: For every bidder who is 
awarded at least one item, strip out this bidderawarded at least one item, strip out this bidder’’s s 
bids and rebids and re--solve the optimization problem solve the optimization problem 
(payment determination)(payment determination)
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Traditional Winner Determination 
Problem

Exhaustive bidding approach:Exhaustive bidding approach:
N N –– set of biddersset of bidders
M M –– set of servicesset of services

MinMin ∑∑nn∈∈NN ∑∑ss⊆⊆MM ccss
nn xxss

nn

StSt ∑∑nn∈∈NN ∑∑s s ⊆⊆M:iM:i∈∈ss xxss
nn = 1= 1 ∀∀ii∈∈MM

xxss
nn ∈∈ {0,1}{0,1} ∀∀ss⊆⊆MM, , nn∈∈NN
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Our Approach: Exploiting 
Underlying Cost Structure

Bidders cannot explicitly compute all 2Bidders cannot explicitly compute all 2nn bids, nor bids, nor 
can the auctioneer process them, because of the can the auctioneer process them, because of the 
exponential sizeexponential size
But bid are not always But bid are not always ““exogenously endowedexogenously endowed”” ––
they are often generated using an underlying they are often generated using an underlying 
function function –– can we embed this function in a can we embed this function in a 
mathematical program? mathematical program? 

Mathematical programming is about finding the Mathematical programming is about finding the 
best solution without considering each solution best solution without considering each solution 
explicitlyexplicitly……
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Alternative Winner Determination 
Problem

BidBid--generating function approach:generating function approach:

MinMin ∑∑nn∈∈NN ffnn(x(xnn))
StSt ∑∑nn∈∈NN xxmm

nn = 1= 1 ∀∀mm∈∈MM
xxmm

nn ∈∈ {0,1}{0,1} ∀∀m m ∈∈ M, M, nn∈∈NN
Same number of constraintsSame number of constraints
|N|*|M| variables instead of |N|*2|N|*|M| variables instead of |N|*2|M||M|!!!!!!
ButBut……what is fwhat is fnn??
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Problem Description

Given a set M of loads to be auctioned and a set of Given a set M of loads to be auctioned and a set of 
N carriers (i.e. bidders), assign the loads to bidders N carriers (i.e. bidders), assign the loads to bidders 
such that the overall system cost is minimizedsuch that the overall system cost is minimized
How can we compute the cost function How can we compute the cost function ffnn(x(xnn)?)?
That is, for a given carrier That is, for a given carrier nn, what is the cost of , what is the cost of 
carrying the set of loads defined by the vector carrying the set of loads defined by the vector xxnn, , 
which indicates whether load which indicates whether load mm is included in the is included in the 
set (set (xxnn

mm = 1) or not (= 1) or not (xxnn
mm = 0)= 0)
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Bid-Generating Function – Notation

Notation:Notation:
ccnn

mm is the is the directdirect cost to carrier cost to carrier nn of of 
carrying load carrying load mm
eenn

i,ji,j is the is the estimatedestimated cost to carrier cost to carrier nn of of 
moving from the destination of load moving from the destination of load ii to to 
the origin of load the origin of load jj
yynn

i,ji,j is a binary variable that takes value 1 is a binary variable that takes value 1 
if carrier n moves from load if carrier n moves from load ii to load to load jj
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Bid-Generating Function –
Formulation
ffnn(x(xnn) =  ) =  ccnn xxnn +  +  
MinMin ∑∑ii∈∈MM ∑∑jj∈∈MM eei,ji,j

nn yyi,ji,j
nn

StSt ∑∑jj∈∈MM yyi,ji,j
nn = = xxii

nn ∀∀ii∈∈MM
∑∑jj∈∈MM yyj,ij,i

nn = = xxii
nn ∀∀ii∈∈MM

yyj,ij,i
nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀jj∈∈MM

Minimum cost flow problemMinimum cost flow problem
Relax integralityRelax integrality
Network simplexNetwork simplex
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Winner Determination Problem

MinMin ∑∑nn∈∈NN ∑∑ii∈∈MM ccii
nn xxii

nn + + ∑∑nn∈∈NN ∑∑ii∈∈MM ∑∑jj∈∈MM eei,ji,j
nn yyi,ji,j

nn

StSt ∑∑nn∈∈NN xxii
nn = 1= 1 ∀∀ii∈∈MM

∑∑jj∈∈MM yyi,ji,j
nn = = xxii

nn ∀∀ii∈∈MM, , ∀∀nn∈∈NN
∑∑jj∈∈MM yyj,ij,i

nn = = xxii
nn ∀∀ii∈∈MM, , ∀∀nn∈∈NN

yyj,ij,i
nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀jj∈∈MM, , ∀∀nn∈∈NN

xxjj
nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀nn∈∈NN

Relax integrality of yRelax integrality of y
MultiMulti--commodity flow problem commodity flow problem 
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Computational Results

Load Based Model

K N BL Mean SD Mean SD Binary Continuous Constraints
50 50 50 84 88 6 8 2,500 125,000 5,050
50 50 100 666 456 7 6 5,000 500,000 10,100
50 50 200 6,134 8,274 4 3 10,000 2,000,000 20,200

Location Based Model

K N BL Average SD Average SD Binary Continuous Constraints
50 100 10,000 477 482 4 7 500,000 500,000 15,000
50 100 20,000 1,243 313 2 2 1,000,000 500,000 25,000
50 100 40,000 907 29 0 0 2,000,000 500,000 45,000
50 50 80,000 1,714 885 0 0 4,000,000 125,000 82,500

Time (sec.) B&B nodes

Time(sec) B&B Nodes
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Operational Considerations

Limitations (min, max) on number of carriersLimitations (min, max) on number of carriers

wwnn ∈∈ {0,1} {0,1} ∀∀nn∈∈NN
wwnn >> xxii

nn ∀∀nn∈∈NN, , ∀∀ii∈∈MM
wwnn << ∑∑ii∈∈MM xxii

nn ∀∀nn∈∈NN, , ∀∀ii∈∈MM
min_carriersmin_carriers << ∑∑nn∈∈NN wwnn << max_carriersmax_carriers
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Operational Considerations

Limitations (min, max) on number of loads Limitations (min, max) on number of loads 
per carrierper carrier

min_loadsmin_loads * * wwnn << ∑∑ii∈∈MM xxii
nn << max_loadsmax_loads * * wwnn

∀∀nn∈∈NN
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Operational Considerations

Upper bound on length of tourUpper bound on length of tour
More challenging than the others, More challenging than the others, 
because it is continuous movebecause it is continuous move--specific, specific, 
not carrier specificnot carrier specific
y variables define explicit toursy variables define explicit tours
Broad literature on limiting length of tourBroad literature on limiting length of tour
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Problem Uncertainty

There is uncertainty in this problem There is uncertainty in this problem ––
carriers doncarriers don’’t always know whether theyt always know whether they’’ll ll 
have a backhaul opportunity on a lanehave a backhaul opportunity on a lane
We can think of this as a special case of the We can think of this as a special case of the 
multimulti--commodity flow problem where the commodity flow problem where the 
costs of some arcs (the costs of some arcs (the ““connection arcsconnection arcs””) ) 
are uncertainare uncertain
Can we minimize the expected outcome?Can we minimize the expected outcome?
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“Rules of the Game”

Stage One Decisions: The auctioneer assigns bid Stage One Decisions: The auctioneer assigns bid 
loads to carriersloads to carriers
The carriers realize their actual connection costsThe carriers realize their actual connection costs
Stage Two Decisions: The carriers construct their Stage Two Decisions: The carriers construct their 
routes, based on the bids they were awarded and routes, based on the bids they were awarded and 
the actual costs of their connection arcsthe actual costs of their connection arcs
Our goals is to minimize expected value of overall Our goals is to minimize expected value of overall 
system costsystem cost
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Winner Determination Problem

MinMin ∑∑nn∈∈NN ∑∑ii∈∈MM ccii
nn xxii

nn + + 
∑∑ss∈∈SS ∑∑nn∈∈NN ∑∑ii∈∈MM ∑∑jj∈∈MM ppss eei,ji,j

nsns yyi,ji,j
nsns

StSt ∑∑nn∈∈NN xxii
nn = 1= 1 ∀∀ii∈∈MM

∑∑jj∈∈MM yyi,ji,j
nn = = xxii

nn ∀∀ii∈∈MM, , ∀∀nn∈∈NN, , ∀∀ss∈∈SS
∑∑jj∈∈MM yyj,ij,i

nn = = xxii
nn ∀∀ii∈∈MM, , ∀∀nn∈∈NN, , ∀∀ss∈∈SS

yyj,ij,i
nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀jj∈∈MM, , ∀∀nn∈∈NN, , ∀∀ss∈∈SS

xxjj
nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀nn∈∈NN
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Winner Determination Problem

MinMin ∑∑nn∈∈NN ∑∑ii∈∈MM ccii
nn xxii

nn + + Q(xQ(x))
StSt ∑∑nn∈∈NN xxii

nn = 1= 1 ∀∀ii∈∈MM
xxjj

nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀nn∈∈NN

Where Where Q(xQ(x) is the expected value of the ) is the expected value of the 
second stage decisions, i.e. the minsecond stage decisions, i.e. the min--cost flow cost flow 
problemsproblems
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Winner Determination Problem

MinMin ∑∑nn∈∈NN ∑∑ii∈∈MM ccii
nn xxii

nn + + θθ

StSt ∑∑nn∈∈NN xxii
nn = 1= 1 ∀∀ii∈∈MM

θθ = = Q(xQ(x))

xxjj
nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀nn∈∈NN
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Winner Determination Problem

MinMin ∑∑nn∈∈NN ∑∑ii∈∈MM ccii
nn xxii

nn + + θθ

StSt ∑∑nn∈∈NN xxii
nn = 1= 1 ∀∀ii∈∈MM

θθ = = D(xD(x))

xxjj
nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀nn∈∈NN

where D is the dual of Q (this is true because, once where D is the dual of Q (this is true because, once 
we fix x, we can relax the integrality of y!)we fix x, we can relax the integrality of y!)
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Winner Determination Problem

MinMin ∑∑nn∈∈NN ∑∑ii∈∈MM ccii
nn xxii

nn + + θθ

StSt ∑∑nn∈∈NN xxii
nn = 1= 1 ∀∀ii∈∈MM

θθ >> DDii (x)(x) ∀∀ii∈∈{e.p.{e.p.’’ss of  D}of  D}

xxjj
nn ∈∈ {0,1} {0,1} ∀∀ii∈∈MM, , ∀∀nn∈∈NN

where where DDii(x(x) is the value of the ) is the value of the iithth extreme point of the dual extreme point of the dual 
of Q, evaluated at objective function x (these extreme points of Q, evaluated at objective function x (these extreme points 
can be identified via cut generation)can be identified via cut generation)
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Structural Properties

In general, 2In general, 2--stage IPstage IP’’s with recourse can be very hard to s with recourse can be very hard to 
solvesolve

The integrality of x enforces integrality of y, making The integrality of x enforces integrality of y, making 
the second stage an LP rather than an IPthe second stage an LP rather than an IP
We can decompose the second stage problem by carrierWe can decompose the second stage problem by carrier
We can also We can also disdis--aggregate scenariosaggregate scenarios
We can We can dualizedualize based on individual scenarios/carriersbased on individual scenarios/carriers
If a carrierIf a carrier’’s bids dons bids don’’t change from one iteration to the t change from one iteration to the 
next, donnext, don’’t need to solve the subt need to solve the sub--problem againproblem again

Computational results to comeComputational results to come……
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Conclusions

VCG auctions are powerful in theory but have VCG auctions are powerful in theory but have 
been intractable in application because of their been intractable in application because of their 
combinatorial explosioncombinatorial explosion
Using mathematical programming to embed Using mathematical programming to embed 
biddersbidders’’ true cost functions may allow for the true cost functions may allow for the 
implicit bidding on and consideration of implicit bidding on and consideration of all all 
combinatorial bundles, without the computational combinatorial bundles, without the computational 
cost of explicit bidding (under certain conditions cost of explicit bidding (under certain conditions 
on the true cost function)on the true cost function)
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Conclusions

In truckload procurement, the underlying bidIn truckload procurement, the underlying bid--generating generating 
function is a simple minfunction is a simple min--cost flow problemcost flow problem
Embedding this structure in the WDP leads to a multiEmbedding this structure in the WDP leads to a multi--
commodity flow problemcommodity flow problem

Only the bidOnly the bid--load assignment variables are integerload assignment variables are integer
Leverage this MIP structure allows us to:Leverage this MIP structure allows us to:

Solve large problem instancesSolve large problem instances
Add operational side constraintsAdd operational side constraints
Consider the stochastic version of the problemConsider the stochastic version of the problem
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Areas for Future Research

AuctionsAuctions
Other mechanismsOther mechanisms
FireFire--walls, trust issueswalls, trust issues

Math programmingMath programming
LargeLarge--scale, column generation approachscale, column generation approach
Stochastic problemStochastic problem

Freight transportationFreight transportation
Estimation of arc costsEstimation of arc costs



Questions and Comments


