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function [hit,s] = plane(xp,np,x®,u,inside)

% Calculates the distance of a particle to a planar surface normal to the
% an arbitrary axis

% Inputs

HXXXAH%

% double

% xp: coordinate that the plane passes through (row vector)
% np: normal direction of the plane (row vector)

% x0: coordinates of the particle (row vector)

% u : direction cosines of the particle (row vector)
% logical

x inside: == true particle thinks it is inside

% : == false particle thinks it is outside

%

% Qutputs

pEAGEY 5SS

% logical

x hit: == true particle would hit the surface

% : == false particle would miss the surface

%

% double

F 1 s: distance to the surface {if hit)

npdotu = np*u'; ¥ ' is the transpose operator, and this is the dot product of
% the direction vector with the normal to the plane
if ((inside & npdotu > 8) | (~inside & npdotu < @)) % headed towards the surface
hit = true;
s = max(@,np*{xp-x0)'/npdotu); % Note: equation was rearranged for efficiency
% The max function corrects for
% delta ambiguities, signaling a region change
return
else
% If processing enters here, it is moving away from the plane in question
hit = false;
s = inf; ¥ inf is a Matlab keyword for floating positive infinity
return
end



function [hit,s] = zplane(zp,z@,w,inside)

% Calculates the distance of a particle to a planar surface normal to the
% z-axis

% Inputs

HXXXAH%

% double

% zp: z-coordinate that the plane passed through
1 z8: z-coordinate of the particle

y 4 W : z-axls direction cosine of the particle

% logical

4 inside: == true particle thinks it is inside
x == false particle thinks it is outside
%

% Outputs

HRXXRRRH%%

% logical

% hit: == true particle would hit the surface
x : == false particle would miss the surface
%

% double

% s: distance to the surface (if hit)

if ((inside & w > 8) | (~inside & w < 0)) ¥ headed towards the surface
hit = true;
s = max(@,(zp-z0)/w);
return
else
hit = false;
s = inf;
return
end



function [hit,s] = yplane(yp,y®,v,inside)

% Calculates the distance of a particle to a planar surface normal to the
% y-axis

% Inputs

HXXXAH%

% double

% yp: y-coordinate that the plane passed through
% y9: y-coordinate of the particle

y 4 v : y-axis direction cosine of the particle

% logical

4 inside: == true particle thinks it is inside
x == false particle thinks it is outside
%

% Outputs

HRXXRRRH%%

% logical

% hit: == true particle would hit the surface
x : == false particle would miss the surface
%

% double

% s: distance to the surface (if hit)

if ((inside & v » 8) | (~inside & v < 8)) ¥ headed towards the surface
hit = true;
s = max(@, (yp-y@)/v);
return
else
hit = false;
s = inf;
return
end



function [hit,s] = xplane(xp,x@,u,inside)

% Calculates the distance of a particle to a planar surface normal to the
% x-axis

% Inputs

HXXXAH%

% double

% xp: x-coordinate that the plane passed through
1 x@: x-coordinate of the particle

y 4 u : x-axis direction cosine of the particle

% logical

4 inside: == true particle thinks it is inside
x == false particle thinks it is outside
%

% Outputs

HRXXRRRH%%

% logical

% hit: == true particle would hit the surface
x : == false particle would miss the surface
%

% double

% s: distance to the surface (if hit)

if ((inside & u » 8) | (~inside & u < 8)) ¥ headed towards the surface
hit = true;
s = max(@,(xp-x0)/u);
return
else
hit = false;
s = inf;
return
end
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10.3. GENERAL SOLUTION FOR AN ARBITRARY QUADRIC 115

can be combined to make geometrical objects of arbitrary complexity and are extremely
useful in Monte Carlo modeling of physical objects.

Despite having apparently 10 independent constants, Equation 10.4 represents only 10 inde-
pendent real surfaces (including the simple plane), unique after a translation and rotation
to standard position. The three cross terms (a;; for ¢ # j and 7,7 > 1) can be eliminated
by rotation. The resultant equation then only involves terms like z? and z;. In addition,
providing that a given variable’s quadratic constant is non-zero, the linear terms can be
eliminated by a translation. The result is that there are only two generic forms:

(@) = iaiﬁv? +c=0, (10.5)
=1

and

g = iaix? + bzs = 0. (10.6)

i=1

Equations 10.5 and 10.6 describe only 10 distinct possibilities with real solutions.
1. ellipsoids: a?z? + a3z3 + a323 — ¢ = 0.
2. cones: a?z? + a3z} — alzi = 0.
3. cylinders: ajz? + afz3 — ¢ = 0.

4. hyperboloids of one sheet: a?2? + a3z — a3z? — 2 = 0.

5. hyperboloids of two sheets: a?z? + a2z2 — a2z + 2 = 0.

6. elliptic paraboloids: a?z? + a2z3 + azrz = 0.

7. hyperbolic paraboloids: a?z? — a222 + aszs = 0.

8. hyperbolic cylinders: a?2? — a2z3 + ¢ = 0.

9. parabolic cylinders: a?2? + azz; = 0.

10. simple planes: azz3 + ¢ = 0.

The first nine of these are shown® in Figure 10.2. (The magnitude of the above constants
were all chosen to be unity for the purposes of display. Consequently, the first six of these
surfaces shown exhibit at least one axis of rotational symmetry.)

There are other imaginary surfaces (e.g. imaginary ellipsoids a?2? + a222 + a?z? + ¢? =
0) that we will not consider nor will we consider quadrics that can be made up of two

3Thanks to Keath Borg (wherever you are!) for generating the data for these figures.
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function [hit,s] = quadric(A,B,C,inside)

% Calculates the first positive distance to an arbitrary quadric surface

% Inputs

%6%6%6626%66%

% double

% A: Quadratic coefficient A (communicated to quadric)
% B: Quadratic coefficient B (communicated to quadric)
% C: Quadratic coefficient C (communicated to quadric)
% logical

% inside: == true particle thinks it is inside

%

false particle thinks it is outside

% Outputs

%626%626 %7667

% logical

% hit: == true particle would hit the surface
% : == false particle would miss the surface
%

% double

% s: distance to the surface (if hit)
% Internal variables

% double

% Q: quadratic coefficient

Q = B."2 - A.*C;

if (Q < @)
hit = false;
S = nan;
return
end
if (inside) % inside the surface
if (B <= 0) % headed away from surface
if (A > 9) % but, surface curving up
hit = true; % always a hit in this case
s = (sqrt(Q) - B)./A;
return
else % surface curving away and headed in

hit = false; % never a hit in this case

s = inf;
return
end
else % headed toward the surface
hit = true; % always a hit in this case
s = max(@, -C./(sqrt(Q) + B));
return
end
end

% Must be outside the surface

if (B >= 0) % headed away
if (A >= 0) % surface curves away
hit = false; % never a hit in this case
s = inf;
return
else % surface curves up

hit = true; % always a hit in this case
s = -(sqrt(Q) + B)./A;

Vi, <8
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return
end
else % headed toward the surface
hit = true; % always a hit in this case
s = max(@, C./(sqrt(Q) - B));
return

end

return



T

function [hit,s] = sphere(R,xs,x0,u,inside)
% Calculates the distance to a sphere of radius R centered at (xs,ys,zs)

% Inputs

%26%6%%6696%

double
R : Radius of the sphere (scalar)
xs: coordinates of the center of the sphere (row vector)
x0: coordinates of the particle (row vector)

u : direction cosines of the particle (row vector)
logical
inside: == true particle thinks it is inside

: == false particle thinks it is outside

32 32 39 3R 3% 32 3R 3R X

% Outputs
%%6%%666%6%%

logical
hit: == true particle would hit the surface
: == false particle would miss the surface
double

s: distance to the surface (if hit)

Internal variables
double
xr: relative coordinates of the particle wrt the sphere (row vector)
A: Quadratic coefficient A (communicated to quadric) (scalar)
B: Quadratic coefficient B (communicated to quadric) (scalar)
C: Quadratic coefficient C (communicated to quadric) (scalar)

SR 3R 3% 3R 3% 3% € 3R X ¥ X 8 X

% Compute relative coordinates

Xr = X0 - XS;

% Compute the quadratic coefficients

A=1; % i.e. assuming u**2 + v¥*¥2 4+ w¥*2 = 1
B = u*xr';

C = XP¥xr" = R.”2;

% Call the quadratic solver
[hit,s] = quadric(A,B,C,inside);

return



function [hit,s] = ellipsoid(xc,a,x@,u,inside)

% Calculates the distance to an ellipsoid centered at (xs,ys,zs)
% with the mathematical form

% (a(x-x0))"2 + (b(y-y9))*2 + (c(z-z0))"*2 =1

% Inputs

K6 656%66%

% double

% xc: coordinates of the center of the ellipsoid (row vector)
% a: axis distortion factors (row vector)

% x@: coordinates of the particle (row vector)

% u : direction cosines of the particle (row vector)
% logical

% inside: == true particle thinks it is inside

% : == false particle thinks it is outside

%

% Outputs
%%6%6%6%%6%6%6%6

logical
hit: == true particle would hit the surface
: == false particle would miss the surface
double

s: distance to the surface (if hit)

Internal variables
double
xr: relative coordinates of the particle wrt the ellipsoid center (row vector)
A: Quadratic coefficient A (communicated to quadric) (scalar)
B: Quadratic coefficient B (communicated to quadric) (scalar)
C: Quadratic coefficient C (communicated to quadric) (scalar)

32 3R 3R 3R 3% 3R 3R o° 39 3 X ¥ X

Xr = X0 - xc; % Compute relative coordinates

Xr = Xr.*a; % Scale the relative coordinates

u u.*a; % Scale the direction vector

% Compute the quadratic coefficients

A=u*u'; % i.e. [a(1l)*u]”2 + [a(2)*v]*2 + [a(3)*w]"2 = 1
B = u*xr';

C = xr¥xr® = 1;

% Call the quadratic solver
[hit,s] = quadric(A,B,C,inside);

return



function [hit,s] = ccylz(R,x,u,inside)

% Calculates the distance to a cylinder of radius R concentric and aligned
% with the z-axis

% Inputs
%696%6%6%%96%
double

R : Radius of the cylinder (scalar)

X : coordinates of the particle (row vector)

u : direction cosines of the particle (row vector)
logical

inside: == true particle thinks it is inside

: == false particle thinks it is outside

32 3% 2% 5% 3R R ¢ X

% Outputs
%26769696%6%6%6%

logical
hit: == true particle would hit the surface
: == false particle would miss the surface
double

s: distance to the surface (if hit)

Internal variables

double
A: Quadratic coefficient A (communicated to quadric) (scalar)
B: Quadratic coefficient B (communicated to quadric) (scalar)
C: Quadratic coefficient C (communicated to quadric) (scalar)
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Compute the quadratic coefficients
= g(1)+*2 &+ u(2):"2;

u(l).*¥x(1)+ u(2).*x(2);

x(1).72 + x(2).72 - R.A2;

I

N W > R

% Call the quadratic solver
[hit,s] = quadric(A,B,C,inside);

return





