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Covariance Statistics of Fully Polarimetric
Brightness Temperature Measurements
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Abstract—The covariance statistics of measurements by a fully
polarimetric microwave radiometer are derived using a funda-
mental noise-theoretic approach. Previous published derivations
of a similar nature have only included the third Stokes brightness
temperature. The results are confirmed by a series of numerical
Monte Carlo simulations of the underlying radiometric measure-
ment process. It is found that the additive noise that is present in
the measurements can be correlated between polarimetric chan-
nels and that the correlation statistics will vary as a function of
the polarization state of the scene under observation. General
expressions are also derived for the measurement precision (the
radiometric NEAT) and the system noise temperature of the third
and fourth Stokes channels. It is found that both the precision and
noise temperature can also depend on the polarization state of the
scene.

Index Terms—Microwave radiometry, noise measurements,
polarimetry.

I. INTRODUCTION

FULLY polarimetric microwave radiometer measures the

complex correlation between vertically and horizontally
polarized microwave radiation from the scene under obser-
vation [10]. The radiation can be described by the modified
Stokes parameters in brightness temperature (TB) under the
Rayleigh—Jeans approximation [1]. Two approaches to mea-
sure the Stokes parameters, namely, coherent and incoherent
detection [2], are commonly adopted by fully polarimetric
radiometers.

A coherent-detection radiometer measures the complex co-
variance of the v- and h-pol components of the signal directly
using a complex multiplier [3]. The resulting polarimetric
components of Tz are designated 75 and 7} for the real and
imaginary components of correlation, respectively. In compari-
son to a coherent-detection radiometer, an incoherent-detection
radiometer most often measures the £45° slant linear and left-
and right-hand circular polarization components of the TB
(resulting in Tp, Ths, Tr, and Tg, respectively) in addition
to the vertical and horizontal components, i.e., T, and T,
respectively. Incoherent-detection radiometers often use hybrid
couplers to form the necessary polarization channels [4]-[6].
T3 and T are derived as the difference between Tp and T,
and the difference between 77, and Tr, respectively.
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In order to determine the measurement precision of the third
and fourth Stokes parameters, the covariance statistics of the
radiometer measurements are needed. In our previous work [8],
we examined the covariance behavior of the noise associated
with measurement of the third Stokes channel. That work is ex-
panded here to include the fourth Stokes channel. We consider
the correlation between the noise in the fourth Stokes channel
and that of each of the other channels. We also develop a
general expression for the NEAT precision of the fourth Stokes
measurement. Finally, a numerical Monte Carlo simulation is
performed, which directly estimates the covariance between
the measurement noise in the different polarimetric channels.
Those estimates confirm the general expressions that have been
developed.

II. STATISTICS OF RADIOMETER MEASUREMENTS

A. Noise Covariance of an Incoherent-Detection
Hybrid Combining Polarimetric Radiometer

The signal flow through a hybrid combining fully polarimet-
ric microwave radiometer is shown in Fig. 1. In the figure, G,,
represents the channel gain in channel p, and B is the bandwidth
(assumed the same in the v- and h-pol channels). The amplified
and filtered signal v, (¢) can be written as the sum of an external
thermal noise signal that is incident on the radiometer and
internal receiver noise, or

Vy (t) = \/CTU [bv (t) + Ty (t)]
o (t) = /G, [br(t) + i (t)] (1)

where b, () is the time-varying noise voltage at polarization p
associated with the TB (see [9] for a detailed definition). The
noise voltage is linearly proportional to the incident electric
field associated with that TB and has units of K~1/2. b, (t)
is the noise voltage in receiver channel p. Both b(¢) and n(t)
are modeled as additive zero-mean band-limited Gaussian-
distributed random variables. The auto- and cross-correlation
relationships between the voltages associated with the TB are
given by [9]

(by (t)by(t — 1)) =T, cos(2m f.7)sinc(BT) (2a)

(bn(t)bp(t — 7)) =T}, cos(2m f.7)sinc(BT) (2b)
(by(t)bp(t — 7)) = {7;3 cos(2mf.1) — % sin(Qﬂ'ch)}

X sinc(BT) (2¢)

1545-598X/$26.00 © 2010 IEEE

Authorized licensed use limited to: University of Michigan Library. Downloaded on July 16,2010 at 20:16:33 UTC from IEEE Xplore. Restrictions apply.



PENG AND RUF: COVARIANCE STATISTICS OF FULLY POLARIMETRIC TB MEASUREMENTS

461

wy(t) x(t)
> (Y Cy > LPF [—»
Vepol G,B
vy(1)
() xe(t)
—> > > () Cp » LPF [—»
Hybrid
Coupler
> A
wu(t) Xw(t)
(¥ Cu »{ LPF | —»
H-pol
— G/B
" V(1) Wh(t) Xn(t)
(¥ Ca > LPF [
Y
90°
shifter wi(t) ()
I» (? Co > LPF [—»
L by
Hybrid
Coupler wg(t) Xgr(t)
> A (P Cr LPF |—»

Fig. 1.

Signal-flow diagram for a hybrid combining polarimetric microwave radiometer. Subscripts v, h, P, M, L, and R designate the vertical, horizontal,

+45° slant linear, and left- and right-hand circular polarization channels, respectively.

where f. is the center frequency of the signal and sinc(u) =
sin(mu)/(mu). The variance and covariance of the signals
are found by evaluating the autocorrelations in (2) at 7 = 0.
The variance of n(t) is similarly related to the receiver noise
temperature by

(no(t)) =Tro (n3(t)) = Tra 3)

where T, and Tr; are the noise temperatures of the v- and
h-pol receivers. n, (t) and ny,(t) are uncorrelated.

A hybrid combining polarimetric radiometer forms +45°
slant linear and left- and right-hand circular polarized chan-
nels from wv,(t) and vp(t) by summing and differencing
them in hybrid couplers, as shown in Fig. 1. The signals
from these channels, as well as the original signals, are then
passed through square-law detectors with sensitivity ¢, (z =
v, PyM, h,L,and R). The time integration of the six signals
is modeled as an ideal “top-hat” low-pass filter (LPF) with
bandwidth 7!, where 7 is the integration time. The six output
polarization signals are z,(t), zp(t), za(t), xn(t), zL(t),
and zp(t). The expected value of these signals (i.e., the dc
component of their spectra) is proportional to the six associated
TBs. The variance of the signals (i.e., the integral over the ac
component of their spectra) represents the additive noise that is
present in the measurements [7].

The correlation coefficients between the signal pairs of po-
larization channels v, P, M, and h are described in [8]. The
correlation coefficients between signal pairs that include the L
and R channels are derived here in a similar manner as

2
(Tsys,'u + gTél) + %TB?
Tsys,v . (Tiys,?) + gTsys,h + \/§T4)

Pu,L = (421)

2
(Tayo— 5 T1) +473
: (Tsys,v +gTsys,h - \/§T4)
2 2
|:Tsys,v + @ (T3 +T4):| + |:gTsys,h + @ (Td +T4):|
Tsysw+9Tsys,n+ \/§T3) ) (Tsys,v +9Lsys,n+ \/§T4)
(4c)
2 2
|:Tsys,v + @ (T3 _T4):| + |:gTsys,h + @ (Td _T4):|
Tsys,v +gTsys,h + \/§T3) : (Tsys,v +gTsys,h - \/§T4)
(4d)
2 2
|:Tsys,v - @ (T3 _T4):| + |:gTsys,h - @ (TS _T4):|
Tsys,v +gTsys,h - \/@TS) : (Tsys,v +gTsys,h + \/§T4)
(4e)

I R PTG

Pv.R= T (4b)

Sys,v

PP,L=
(

pP.R=
(

PM,L =
(

M,R=
r (Tsys,v +gTsys,h_\/§T3) : (Tsys,w‘FQTsys,h_\/gT4)
(4f)
2
(gTsys,h+§T4) +%T32 4
h,L = (4g)
p gTsys,h : (Tsys,’u +gTsys,h+\/§T4) £
V9 2 2
<gTsys,h_7T4) +%T3 4h)
Ph,R= (
gTsys,h . (Tsys,v +gTsys,h_\/§T4)
o (Tsys,v_gTsys,h)2+gT32
PL,R=

(Tsys,v +gTsys,h + \/§T4) : (Tsys,v +gTsys,h - \/§T4)
(41)

where g = G}, /G, is the ratio of h-pol-to-v-pol channel gain.
Teoysw =Ty +Try and Tiysp, = T + Trp are the system
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noise temperatures of the v- and h-pol channels, respectively.
Note that the correlation coefficients are independent of band-
width (B) and integration time (7).

The NEAT of each channel is given by

Ts S,V Tv + TRv
AT, = 5250 — Sa)
vV BT VBT (
AT» — Tsys,P _ 1 . Tsys,v + gTsys,h + \/§T3 (Sb)
r VBT VBTt 2\/9
Tavs. M 1 quv‘i’gns.hf\/gTZS
ATy = 2Sy8M | Zsys, ys, 5
M= B VBr 27 co
Tsys Th + T
ATh _ 53;,: _ h +BTRh (Sd)
AT, — Tsys,L _ 1 . Tsys,v + gTsys,h + \/§T4 (56)
t vVBr VBTt 2\/g
Ty 1 Tiys v Ts s,h — T.
ATy = 252R _ ys,w T 9lsys,h \/§4. 56

VBr VBr 2,7

B. Noise Covariance of a Coherent-Detection Correlating
Polarimetric Radiometer

The signal flow through a coherent-detection correlating
polarimetric radiometer is shown in Fig. 2. Signals v, (t), vj(t),
ny(t), np(t), by(t), and by (t) and their correlation statistics
are identical to those in Section II-A. The procedure followed
to derive the covariance relationships between the four output
signals is similar to that for the hybrid combining radiometer.
The correlation coefficient between outputs x,, (t), x3(t), z4(t),
and x,(t) can be expressed as follows:

V2T5

Pv,3 = P3,h = (63)
\/4T5y57'UTSy57h + (T32 - T42)
V2T,
Pv,4 = P4,h = (6b)
\/4Tsys,stys,h — (T3 = T7)
T2 +T?
Poh =t (6¢)
4Téys,vT<ys,h
2757,
P34 = - id — (6d)
\/16TS2}IS,stys,h - (T3 - T4)
The NEAT of each channel is given by
Tva + TRl
AT, = ——— (7a)
VBT
ATy 0 Tsysn + (T2 —T?)
AT — \/ Sys,v -+ 8ys, 3 4 7b
s 2BT (70)
4T§ S UT‘ s,h — (T2 - T2)
AT, — \/ sys,vLsys, 3 4 7
4 2BT (7€)
T T
AT, — the T 2R2 (7d)

VBT
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Fig. 2. Signal-flow diagram for a correlating polarimetric microwave
radiometer.

C. Application—The Third and Fourth Stokes TBs With a
Hybrid Combining Radiometer

The third and fourth Stokes TBs can be computed from
the measurements made by a hybrid combining polarimet-
ric radiometer. A general expression for the computation is
given by

Ts3=[2n+1 2n+1 —-2n —-2(n+1) 0 O]
x[T, T, Tp Ty T Trl' (8a)
Ty=[2n+1 2n+1 0 0 —2n —2(n+1)]
[T, T, Tp Ty T Trl' (8b)
where n can be any real number. The special case n = —0.5

produces the most commonly used relationships, i.e., 15 =
Tp — Ty and Ty = T, — Tr. The three alternative methods
considered in [3] to obtain the third and fourth Stokes TBs are
special cases of (8) with n = —0.5,0,and — 1.

Equation (8) describes the linear mapping from six
incoherent-detection measurements to four polarimetric TBs.
By combining this mapping with the full covariance matrix for
the six measurements, a general expression for the covariance
of the four polarimetric TBs is determined. In particular, if the
sensitivities of all the detectors are the same, the covariance
is found to be independent of the value of n. In this case,
the standard deviations of the additive noise in T3 and T, are
given by

AT, =TTt + (5 = T9)

2Bt (a)
4Ts S st s,h T T2 _ T2
AT4:\/ yS, yéhBT( 3 4). (9b)

III. SIMULATION VERIFICATION OF
COVARIANCE RELATIONSHIP

A computer simulator has been developed to produce realiza-
tions of the coherent-detection output signals, namely, z,(t),
x3(t), x4(t), and xp(t) in Fig. 2, from numerically generated
realizations of the input signals, namely, v, (t) and vy, (t). The
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Fig. 3. Correlation between the additive noise in 7%, and T}, T, and T3, T,

and Ty, Ty, and T3, Ty, and Ty, and T3 and T4 as a function of T3 or Ty
(T3 = Ty in each case). The red dotted lines plot the analytical expressions,
which are derived in Sections II-B and C. The blue solid lines are the empirical
results of a Monte Carlo simulation using 1000 independent trials. The error
bars represent the standard deviation of these trials.

input signals are generated with the appropriate band-limited
Gaussian-distributed noise statistics. The signal flow is mod-
eled, as shown in Fig. 2. Given an assumed partial correlation
state for the input signals, this simulator will produce one real-
ization of the radiometer measurement. Repeated independent
trials of the simulator are performed to produce a population
of measurements from which their covariance relationships can
be derived empirically. This Monte Carlo simulation provides
an independent means of verifying the correlation relationships
given by (6), which were derived analytically.

In the simulations, the uncorrelated receiver noise tempera-
tures are assumed to be 182 and 160 K for the v- and h-pol
channels, respectively. The bandwidth of the bandpass filters
is 500 MHz, and the 90° phase shifter is implemented by an
ideal Hilbert transformer. The input first and second Stokes
parameters are set at 390 and 400 K, respectively, and the
third and fourth Stokes parameters are varied by adjusting the
correlation coefficient magnitude in ten uniformly spaced steps
from zero to one. The correlation coefficient phase is set to 45°,
so that the third and fourth Stokes parameters are equal.

For each value of the correlation coefficient, 1000 simulated
measurements of T, Tj,, T3, and T were generated. Empirical
covariance statistics were estimated from this population. The
results are shown in Fig. 3, which shows the average correlation
between the noise in 7T, 1}, T3, and T4 as a function of T3
(or Ty). The error bars in the plots represent the standard

deviation of the 1000 trials. The correlation values that are pre-
dicted by theory are also plotted for comparison. The predicted
and simulated correlations agree closely, with correlation rising
monotonically as a function of T3 or Ty. Note, for example, that
the measurement noise in 7, and 7}, and that in 73 and 7T} are
largely uncorrelated when the values of 75 and T} are low (i.e.,
when T;, and T}, are essentially unpolarized). The correlation
between any of the pairs: T), and 75, T}, and T}, T}, and T3, and
Ty, and T}, on the other hand, begins to rise immediately as 75
and Ty begin to increase.

IV. CONCLUSION

The covariance statistics of the additive noise component
of fully polarimetric radiometer measurements with coherent
and incoherent detection have been derived analytically, and
the resulting relationships have been verified by numerical
simulation. It is found that the noise can be correlated among
polarimetric channels and that the correlation statistics will
vary as a function of the polarization state of the scene under
observation.

The precision obtained from the two detection approaches
has been compared. It is found that the two approaches have
similar performance, provided that all of the square-law detec-
tors are the same in the radiometer with incoherent detection.
This is true for the entire family of possible algorithms by
which T35 and T} can be derived from the incoherent-detection
measurements.
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