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Abstract. Turbulent fluctuation of integrated water vapor in the troposphere is one of
the major noise sources in radio interferometry. Processed integrated water vapor
estimates from microwave radiometers colocated with interferometers have been used to
set bounds on this uncertainty. The bound has been in the form of a calculated structure
function, which is a measure of temporal or spatial decorrelation of fluctuations. In this
paper a new model is presented for the estimation of the structure function in the absence
of radiometer measurements. Using this model, the structure function can be estimated
using measurements or estimates of a limited number of meteorological parameters.
These parameters include boundary layer depth, surface heat and humidity fluxes,
entrainment humidity flux, average virtual potential temperature in the boundary layer,
and geostrophic wind speed. These parameters can be found or estimated from
radiosonde and surface eddy correlation system data. The model is based on a framework
of turbulence meteorology and provides excellent agreement when compared with state-of-
the-art atmospheric turbulence simulations. Results of preliminary comparisons with
ground truth show some excellent agreement, as well as some problems. The performance
of the new model exceeds that of one current model.

1. Introduction

In order to perform the triangulation used for
pinpointing celestial objects through radio inter-
ferometry, the phase of radio waves propagating from
these bodies must be precisely measured over a long
baseline, sometimes on a global scale. One of the
greatest sources of error in the relative phase calcu-
lations is the electrical path delay through the tropo-
sphere [Treuhaft and Lowe, 1991]. This quantity is
extremely variable in both time and space. The vari-
ability is due predominantly to the wet tropospheric
contribution, that portion arising from atmospheric
water vapor [Elgered, 1993)]. Water vapor is one of the
most variable of atmospheric constituents, with local
concentrations varying from near 0% to about 4% of
the Earth’s atmosphere [Huschke, 1959]. The colum-
nar-integrated water vapor in the atmosphere can be
estimated from water vapor radiometer or Global
Positioning System (GPS) data [Westwater et al., 1989;
Rocken et al., 1993]. However, atmospheric turbu-
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lence causes fluctuations in the wet tropospheric path
delay as pockets of air with varying humidity move
about in unpredictable fashion. The primary location
of this turbulence is a layer located adjacent to the
Earth’s surface. This layer is called the planetary
boundary layer (PBL), and its depth ranges from tens
of meters to 1 km or more. The fluctuations have
temporal extents ranging from less than 1 s to several
minutes and cannot be predicted, only estimated
statistically.

Since the fluctuations cannot be predicted, radio
astronomers have attempted to put bounds on the
variations for the calculation of error budgets. One
way this can be done is by colocating a microwave
water vapor radiometer with the interferometer. The
radiometer data are used to estimate the integrated
water vapor (IWV), which is closely related to path
delay [Keihm et al., 1995]. Statistics of short-term
variations in path delay are calculated and used to
estimate these bounds on the variation [Linfield et al.,
1996].

One common statistic used for this purpose is the
structure function [7atarskii, 1961]. This is a measure
of the temporal or spatial decorrelation of a fluctu-
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ating signal. For a parameter y the temporal structure
function is defined as

D (s) = {(x() = x(t +5))?), (1

where s is the temporal separation and the angle
brackets represent the expectation operator. The
structure function of path delay can be directly cal-
culated from processed radiometer data, or, when
these data are not available, it can be estimated
through evaluation of an existing model. The models
that have been used in the past have not always
performed adequately [Treuhaft et al., 1995].

In this paper a new model for the structure function
of vertically integrated water vapor is presented. This
model is tied more closely to a meteorological frame-
work than were previous models. For this reason, it
requires more geophysical parameters as inputs.
However, the promise of improved estimates of the
structure function compensates for the additional
effort required.

Section 2 discusses previous models for the struc-
ture function of integrated quantities. Section 3 pre-
sents the basic derivation of the new model. Section 4
introduces similarity theory and the large eddy simu-
lation (LES), which are tools used in the model
development. It also lists the simulated turbulence
data sets available from LES. Section 5 describes the
further development and validation of the basic
model through the use of similarity and LES results.
Section 6 includes preliminary ground truth compar-
isons. Additional comparisons with a currently used
model are also included. Conclusions, comments, and
future directions follow in section 7.

2. Previous Modeling

Much of the previous modeling of the effects of
turbulence on integrated quantities has been based
on the pioneering work of Tatarskii [1961]. Tatarskii
derived a structure function model for a quantity in a
locally isotropic turbulence field. The PBL is not
isotropic except on the smallest scales. However, this
assumption greatly simplifies the problem, and it has
been used in the majority of the previous work.

In the case of an isotropic field, many quantities
have an associated structure function that has a power

law form for some range of separation,
Dy(s) = sP,  sp <s <sy, )

where s; and s;; are lower and upper limits on the
separations for which (2) is valid. During the 1980s,
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several experiments were conducted in attempts to
test the validity of this form when applied to inte-
grated quantities and to find a value for the exponent,
B [Armstrong and Sramek, 1982; Bieging et al., 1984;
Kasuga et al., 1986]. Treuhaft and Lanyi [1987] pub-
lished a model for the structure function of path
delay. This model was based on the concept of
isotropic turbulence occupying a slab boundary layer.
The derived structure function of path delay was a
power law form, with an exponent that was a function
of the horizontal spatial separation normalized by the
depth of the modeled boundary layer. Modifications
to this model were published by Treuhaft et al. [1995].
These modifications were necessitated by the inability
of the earlier model to account for observed turbu-
lence signatures in a new infrared data set. The new
model was a two-layer slab and had structure con-
stants (the proportionality constant in equation (2))
that varied with height. Several other improvements
were also made to the 1987 model. However, despite
best efforts to model the new data, errors of as large
as 50% were still present.

Coulman and Vernin [1991] reviewed and reana-
lyzed the results of Armstrong and Sramek [1982],
Treuhaft and Lanyi [1987], and others and added
other, previously unpublished results from Sramek.
The reanalysis resulted in a proposed model for the
structure function that was similar to that proposed
by Treuhaft and Lanyi [1987] but with some modifi-
cations based on meteorological understanding of
turbulent fields.

3. Derivation of the New Model

Because of the large errors in the previous models,
the need for a new model was evident. This model
was developed on a framework of turbulence meteo-
rology and was supplemented, where necessary, with
new empirical results. Its evaluation provides an
estimate of the structure function of vertically inte-
grated water vapor. These results can be easily mod-
ified to provide structure functions of path delay. The
development was performed in terms of integrated
water vapor to simplify the use of this model in some
recent studies by the authors. These studies have used
the structure function of integrated water vapor as a
tool for probing the atmosphere [Bobak and Ruf,
1996; Ruf and Beus, 1997].

The structure function of integrated water vapor
was derived as a function of water vapor mixing ratio.
The model derivation is straightforward, and the
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details can be found in Appendix A. With the assump-
tion that the mean value of the mixing ratio is only a
function of altitude, and the further assumption that
the turbulent motions can be treated as wide-sense
stationary processes, the structure function resulting
from the derivation in Appendix A is

w (foo -z—-2z
Diwy (1) = 242 f exp (——)
wv o Jo Hl

A’ (z,0b' (2", 1)) = b'(z,0b"(2', t — 7))} dz dz', ©)]
where
Dywy structure function of integrated water va-

por, cm?;
T temporal separation, s;
A constant (see Appendix A);
H, dry-air density scale height, m;
b'(z, t) fluctuating component of water vapor mix-
ing ratio at height z and time ¢, g kg '

From (3) the structure function is directly related
to the rate at which the correlation between fluctua-
tions at two different heights (z and z') decreases.
The structure function includes contributions from all
combinations of z and z’'. The exponential term and
the coefficient outside of the integrals are necessary
to convert the integrated mixing ratio correlations
into an integrated water vapor structure function. The
upper limits on the integration are effectively a small
multiple (greater than unity) of the boundary layer
depth. Otherwise, (3) is similar in form to the model
of Treuhaft and Lanyi [1987]. Above the PBL, laminar
flow is assumed, resulting in no additional contribu-
tion. However, the top of the PBL is not well defined
due to entrainment and other processes, so turbulent
motions exist above the nominal top of the boundary
layer, to additional heights of a few tens of percent of
the PBL depth.

Unfortunately, the behavior of point-to-point cor-
relations, like those in (3), has not been studied
adequately. Empirical forms for these quantities were
developed to enable the evaluation of the model.
Before these forms are presented, however, some
tools from turbulence research must be mentioned.

4, Tools

4.1. Similarity Theory

Similarity theory is a powerful method for estimat-
ing profiles of parameter variances, parameter means,
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and stresses in a turbulent boundary layer based upon
equations involving the correct combinations of geo-
physical parameters. It was used in the development
of a mathematical form for the correlations of mixing
ratio fluctuations in (3). A thorough discussion of the
background and application of similarity theory is
presented by Stull [1988].

4.2. Large Eddy Simulation

4.2.1. Description. The large eddy simulation
(LES) is a numerical solution of the equations of
turbulent fluid motion on a three-dimensional grid
[Moeng, 1984]. The extreme differences in sizes be-
tween the largest and the smallest eddies in the PBL
(dimensions range over about 7 orders of magnitude)
make it impossible to simulate all eddy sizes. In LES,
as the name implies, the large eddies are explicitly
included, while the effects of the smaller eddies are
implicitly included through modeling.

LES was originally designed for low Reynolds
number flows. As such, its application to the high
Reynolds number flows in the atmosphere has been
questioned. Additional potential problems arise due
to the need to rely on models for estimating the
effects of small, unmodeled eddies. Ferziger [1996]
discusses these and other issues in greater detail.
Despite these questions, LES is currently the best
model available for simulating atmospheric turbu-
lence and the only option for calculating information
with the fine resolution necessary.

4.2.2. LES data sets. Readily available LES re-
sults were used. Seven of the sets of conditions (cases)
were judged to be useful. These cases were mostly
representative of convective (unstable) boundary lay-
ers, though many were only marginally unstable, and
two were neutral. Highly convective boundary layers
are characteristic of sunny days over land, while
neutral or weakly convective boundary layers are
more common over bodies of water or during night
hours over land. In these cases the turbulence arises
more from a shearing action of faster winds above the
PBL. Four of the seven cases included capping tem-
perature inversions on the boundary layers. Unfortu-
nately, only one case included baroclinic conditions,
which are distinguished by the presence of a horizon-
tal pressure gradient that is a function of height.
These conditions are common in the atmosphere.

The naming convention for these case results is
“Qggxxxxx.” The surface heat flux (in K cm s 1) is
given by “gq.” Larger values represent more highly
convective conditions. The presence of either a tem-
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Table 1. General Description of Large Eddy Simulation
Cases
Mix of Capping
Highly Convection ~ Shear  Inversion
Name Convective and Shear Only Present
Q24CAP X X
QO5CAP X X
QO3CAP X X
QO03BARO X X
QO0CAP X X
QO5NOCAP X
QOONOCAP X

perature inversion or baroclinic conditions, or the
lack of these, is reflected by “xxxxx.” CAP indicates
the presence of a capping inversion, NOCAP indi-
cates no inversion, and BARO indicates the one case
that included baroclinic conditions. This last case also
included a temperature inversion. Table 1 lists the
LES cases used.

5. Model Development

5.1. LES Validation of Equation (3)

In order to test the validity of (3), structure func-
tions of integrated water vapor were calculated from
LES information in two ways. The first represented
the structure function calculated from water vapor
radiometer data by simply substituting estimated in-

1.0E-03
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tegrated water vapor into (1). The second way was by
direct evaluation of (3). Figure 1 shows the two
structure functions from Q24CAP, the highly convec-
tive case. The fit of (3) to the “true” structure
function is excellent.

5.2. Developing Forms for the Terms
in Equation (3)

Similarity theory can be used to estimate various
quantities in turbulence fields. However, no appropri-
ate similarity forms for two-point correlations, such as
those in (3), were available. This problem was solved
by rewriting the correlations as the product of a
correlation coefficient and two standard deviation
terms:

' Wb'(D) = rpp (b, Doy (P op (D), 4

where 7, (¢, {) is the correlation coefficient, —1 <
rpp (W, £) = 1, and oy () is the standard deviation
of b’ at (¢). In this equation and those that follow, s
and ¢ indicate general argument of the function or
operator that precedes them.

5.2.1. Standard deviation of fluctuations. Simi-
larity can be used to evaluate the standard deviation
terms. The particular form used in this paper was
developed by Moeng and Wyngaard [1984]. Their
formulation (their equations 3.4 and 3.6) were ap-
plied without modification to the current problem.
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Figure 1.

Comparison of structure functions. The points denoted by squares are simulated radiometer-

derived values, while points represented by diamonds are calculated from equation (3).
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Evaluation requires values for surface humidity flux,
entrainment humidity flux, convective velocity, and
boundary layer depth. Definitions and descriptions of
these inputs are given in Appendix B.

The resulting profiles of standard deviations were
compared with statistical profiles from LES, with
these latter profiles being treated as “ground truth.”
Generally, better agreement was found in cases char-
acterized by the presence of capping inversions and
high convection. The one baroclinic case available
exhibited substandard agreement. Specific examples
of behavior are given by Bobak [1998].

5.2.2. Correlation coefficient. Using LES re-
sults, an empirical form for the correlation coeffi-
cient, based on similarity theory, was developed. The
details are given by Bobak [1998]. Briefly, strong
vertical symmetry was noted in the behavior, so the
coefficient was made a function of the separation
between the two heights, z and z'. In similarity theory,
all quantities must be normalized, so the separation
was normalized by the boundary layer depth z;. The
time separation T was normalized by a term related to
atmospheric stability [Willis and Deardorff, 1976]. The
resulting scaling is

, lz —z'| U,
r(z,z',0) = ; T—, ®)

Zi Zi

where U, is the geostrophic wind speed, which is
approximately equivalent to the wind speed above the
PBL. The correlation coefficients show a logarithmic
form as a function of increasing spatial separation. A
log linear fit was performed for each time separation
of each LES case, resulting in the following estimate
of the correlation coefficient:

|21 - 22| U,
logio \r{——, —
Z; Z;

TU,\ |z1 — 22 TU

z; zi z;

; (6)

where M({) = —0.0362(()2 + 0.3456(¢) — 0.8355
and B({) = —0.1945(¢) — 0.024.

5.2.3. Entrainment zone correction. Turbulent
motions exist well above z;. Because of the mixture of
turbulent and laminar air, this region is difficult to
model, and no similarity forms exist for altitudes
greater than z;. However, fluctuations at these
heights contribute significantly to the structure func-
tion and must be included. A formulation was created
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to account for the effects of these fluctuations in an
ad hoc manner, but a need exists for a framework for
more rigorous modeling of parameters at heights
above z;.

An empirical fit to the total error, rather than just
that portion of the error which could be traced exactly
and exclusively to the water vapor at heights above z;,
was calculated. A large source of error below z; is the
entrainment humidity flux value used in the evalua-
tion of (4). Since this value is connected to the
entrainment zone, it was felt that fitting the total
error was justified. The details of the development are
presented by Bobak [1998]. The correction is a fit of
the magnitude and time separation behavior of the
error to geophysical parameters. Unfortunately, be-
cause of limitations in the available LES results, part
of the correction is based on only two of the seven
available simulations. These were Q24CAP and
QO5NOCAP (see Table 1). The resulting correction
term, designed to fit the behavior as a function of time
separation, is

TZ;

term1 = —0.0245s2 + 0.2645s + 0.7512,s = —.  (7)
g

The second portion of the correction, designed to
fit the magnitude of the error to geophysical condi-
tions, used results of four LES cases. These cases
were Q24CAP, QOSNOCAP, Q03CAP, and QO5CAP.
The best fit occurred between error and entrainment
humidity flux scale, b{+. The fit is

term2 = 1.5868b;+ + 0.1277. (8)

The completely empirical fit based on a small
number of points is of concern, and this is considered
to be one of the weaker parts of the model. There is
a need for a generally improved understanding of
entrainment zone processes in the turbulence com-
munity.

Equation (3) is normalized by the product of these
two correction terms to get the final estimate of the
structure function,

Diwv (1)

D =--——
wv(7) terml X term2’

)

where D 1wy /(7) is the estimate of the structure func-
tion arising from (3).

5.3. LES Validation of the Full Model
The ratios of structure function values estimated
from the forward model to those calculated directly
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Figure 2. The ratio of the structure function calculated from the forward model (including the
correction factor (corrected Dy,,) to the “true” structure function (D) calculated from large eddy
simulation (LES) mixing ratio fields. The corrected forward model provides accurate values with little

scatter. Outlier is from Q03BARO.

from LES results are shown in Figure 2. The one
outlier is from the baroclinic case, which has been
discussed as a problem previously. Neglecting this
particular point, the average value of the ratio is 1.0,
and the standard deviation is 5%. The structure
function magnitudes vary over at least an order of
magnitude due to the varying atmospheric conditions
represented in the LES cases. The new model is
estimating the correct value with no bias. A wide
range of unstable atmospheric conditions is repre-
sented by these points, and the new model performs
well under each set of conditions when compared
with LES results.

6. Ground Truth Comparison

The new model shows promise when compared
with the results of LES. Some preliminary compari-
sons between true ground truth structure functions
and model results were also done. For these purposes,
the geophysical parameters necessary for evaluation
of the model were taken directly or estimated from
measurements.

6.1. Available Data

Archived data from the U.S. Department of Ener-
gy’s Atmospheric Radiation Measurement Program
cloud and radiation test bed in Oklahoma were used
for the comparison. Concurrent and colocated data
from a ground-based water vapor radiometer, radio-
sondes, and an eddy correlation flux measurement

system were sufficient for this comparison. The data
used in the comparisons are from April 1998.

6.1.1. Water vapor radiometer. FEstimates of
vertically integrated water vapor and cloud liquid
were available with a 20-s sampling interval. The
cloud liquid data were used to screen for clouds. The
forward model was developed using cloud-free con-
ditions, and for this preliminary comparison, cloud-
free conditions were most desirable in order to better
gauge the performance of the model. The integrated
water vapor data were used to calculate the ground
truth structure function normally.

6.1.2. Radiosondes. Data from radiosonde
launches provided the bulk of the inputs to the
forward model. Profiles of virtual potential tempera-
ture, @, were calculated from air temperature, air
pressure, and relative humidity. From the @ , profiles,
the boundary layer depth was estimated. The geostro-
phic wind speed U, was also estimated by the first
measured wind speed above z;.

Radiosondes are a relatively inexpensive and
readily available source for several of the needed
inputs, but they are not ideal. They provide only a
snapshot of the turbulent boundary layer, when what
is desired is statistical information. Radar wind pro-
filing systems and/or radio acoustic sounding systems
may provide better data. However, lack of sufficient
concurrent data prohibited the use of data from such
instruments in this initial analysis.
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Figure 3. An example of a good fit between the forward model estimate of the structure function
(diamonds) and the ground truth structure function. Data are from April 7.

6.1.3. Eddy correlation flux measurement sys-
tem. The eddy correlation flux measurement system
(ECOR) consists of a three-dimensional sonic ane-
mometer and an infrared hygrometer. This system
provided surface temperature flux and surface humid-
ity flux.

There was no good way to measure entrainment
humidity flux, which is a necessary component for the
evaluation of the forward model. Entrainment tem-
perature flux can be roughly estimated as 20% of the
magnitude of surface temperature flux [Stull, 1988].
Using this as a guideline, entrainment humidity flux
values with magnitudes that were 20% of the surface
humidity flux values were used. The resulting structure
functions consistently underestimated the ground
truth structure functions. Also, LES results included
surface and entrainment humidity fluxes of approxi-
mately equal magnitude. Estimating the magnitude of
the entrainment humidity flux by 100% of the surface
humidity flux provided much better structure function
estimates, and these estimates were used in the
results in this section.

6.2. Ground Truth Comparison Results

Data taken during afternoon (about 1300-1500
LT) were used for comparison, as the convective PBL
is most fully developed during this time of the day.
There are 14 data points with simultaneous data from

the three necessary sources (ECOR, water vapor radi-
ometer (WVR), and radiosonde observation (Raob))
and with no significant cloud cover.

About one third of the points display excellent
agreement between forward model estimates and
ground truth. An example is shown in Figure 3. As
can be seen, both the absolute value and slope (time
dependence) are in extremely good agreement.

A further third of the points show a lesser degree of
agreement. One example is shown in Figure 4. In this
particular case, the magnitude has varying degrees of
agreement, but the slope is not in good agreement
with ground truth. Other cases in this category dem-
onstrate the opposite behavior, with the slopes in
fairly good agreement but with errors in the magnitudes.

The final third of the points are characterized by
disappointing fits. An example is shown in Figure 5.
The model badly overestimates the magnitude in
some cases and badly underestimates it in others.

6.3. Comparison With Treuhaft and Lanyi’s [1987]
Model

In order to compare the performance of the new
model to that of a currently used model [Linfield et
al., 1996], Treuhaft and Lanyi’s [1987] model was
modified to estimate the structure function of inte-
grated water vapor rather than path delay. The details
of this modification are presented in Appendix C. The
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modified as discussed in Appendix C, overestimates the ground truth (squares). The new forward model
(diamonds) shows a better fit than the other model. The ground truth data are the same as those shown

in Figure 5.

comparison was done for the data points shown in
Figures 3, 4, and 5. An example is shown in Figure 6,
using the same ground truth data as in Figure 5. The
Treuhaft and Lanyi model overestimates the ground
truth. The new forward model is an improvement,
even in this case, which is one of the poorly perform-
ing cases. In each of the three cases tested the new
model predicts the measured structure function with
significantly better accuracy than does the Treuhaft
and Lanyi model.

7. Discussion and Conclusions

The need to estimate the structure function of
integrated water vapor for radio interferometry has
been discussed, and a description of some past mod-
eling efforts has been given. The development of the
new model was detailed. The pertinent geophysical
inputs are the depth of the boundary layer, the
convective velocity, the geostrophic wind speed, the
surface humidity flux, and the entrainment humidity
flux. The first four of these quantities can be provided
by radiosondes and an eddy correlation system. In
comparisons with ground truth, the last quantity was
estimated with some success from the value for
surface humidity flux.

Several potential limitations in the development of
the new model must be kept in mind. The large eddy
simulation cases used to develop and test the model
were mostly representative of convective (unstable)
boundary layers, though some of them were only
marginally unstable. More LES cases are needed in
order to apply these results to stable atmospheres.
Also, baroclinic conditions, which are very common in
the atmosphere, were not well represented in the LES
cases on hand. Judging from the one case that was
available, the model may have difficulty dealing with
this atmospheric condition. The model is currently
limited to scaled time separations, s, of about 5 or
less. This means that the product of time separation
and mean wind speed should be less than 5 times the
depth of the boundary layer. Also, the correction for
entrainment zone effects suffers from the current lack
of modeling for entrainment processes.

Keeping these limitations in mind, model valida-
tion against LES cases was excellent. This should not
be surprising since some of these same LES cases
provided the empirical correction used for the en-
trainment zone. The one glaring potential problem
was the single baroclinic case.

A more illuminating test was the comparison of
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forward model estimates with ground truth from the
cloud and radiation test bed site in Oklahoma. Some
of the fits were excellent. This was better than ex-
pected when potential problems such as the entrain-
ment zone correction, the lack of baroclinic condi-
tions in the model development, and the need to use
radiosonde samples rather than statistics of the atmo-
sphere were considered. The ground truth compari-
sons show the great potential of the new model. In
addition, they demonstrate that the model can be
evaluated with a minimum of ground instrumentation.

The fits judged to be excellent, fair, or poor tended
to group together, with periods of a few days. This
may suggest a possible correlation with frontal move-
ment. However, no connection between any geophysi-
cal parameter and the quality of the model perfor-
mance could be found in this preliminary assessment.

The new model was shown to outperform a cur-
rently used model for three different cases. This was
true even in the case where the new model performed
poorly compared with ground truth. This suggests
that the additional work and instrumentation needed
for evaluating the new model are worthwhile in many
situations.

As the next step, a more extensive database needs
to be assembled in order to first isolate the mecha-
nism responsible for the poor performance of the
model during some periods. If possible, this poor
performance will be corrected, or at least predicted.
Finally, the set of conditions under which the model
performs well should be better delineated and ex-
panded, if possible, to include stable conditions,
baroclinic conditions, and cloudy conditions.

Appendix A: Derivation of the New Model

An outline of the mathematical development of the
model is presented here. For more details, see Bobak
[1998].

The total water vapor mixing ratio is represented by

b(x,y,z,0) =B(x,y, z,t) + b'(x,y, 2, t)

(E(x,)’: Z, t»:B(xay’ Z, t) (Al)

(b'(x,y,2,1)) =0,

where the first term on the right side of the first
equation is the mean value of mixing ratio, and the
second term on the right represents turbulent fluctu-
ations about this mean. By multiplying the mixing
ratio by the density of other atmospheric constituents,
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the density of water vapor can be calculated. An
equation for estimating the density of other constitu-
ents is given by Ulaby et al. [1981] as

pary(2) = 1.225 exp ( _ Z), (A2)

H,
where pgry(z) is the density of dry air at height z, kg
m ~3; z is altitude, in meters; and H is density scale
height, 9500 m for U.S. Standard Atmosphere (1962).

Multiplication gives the water vapor density at
height z:

Pu(x,y,2,1) = b(x,y, 2, )pary(2), (A3)

where p,(x, y, z, t) is water vapor density, gm ~, and

b(x, y, z, t) is water vapor mixing ratio, g kg .
Integrating this product over the vertical extent of the
atmosphere gives the integrated water vapor:

IWV(x,y, 1) = 10‘4r Pu(x,y,2,t)dz, (A4)

0

where IWV(x, y, t) is integrated water vapor, in
centimeters.

The factor of 10 ™* arises from the conversion of
units to centimeters of integrated water vapor. The
time separation structure function is derived here,
and the conversion to a spatial separation structure
function is straightforward.

IWYV can be rewritten using (A2) and (A3) as

0o —Z -
IWV(x,y,t) = Af exp (H—)b(x, v, z,t) dz, (AS)
0 1

where 4 = 1.225 x 10~ * for IWV, in centimeters;
mixing ratio is in g kg ~!; and z is in meters. Using this
result and following the definition of the structure
function,

Diwv(x,y,t,t — 7) = (IWV(x,y,1) — IWV(x,y,1 — 7))?)

] e e R
0Jo H,

—b(x,y, 2z, )b(x,y, 2", t — 7))

—(b(x,y,z,t = Db(x, y, 2", 1))
+(b(x,y,z,t = 1b(x,y, 2", t — 7))} dz dz'. (A6)

The mean mixing ratio B is assumed to be a function
only of the spatial coordinate z by assumption of
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horizontal homogeneity and of steady state behavior.
Then (A1) becomes
b(x,y,z,t) =B(z) +b'(x,y, z, t). (A7)

Using (b') = O~and (B) = B from (Al), the terms of
the form (b()b({)) can be rewritten as

(b(b(L)) =BW)B(() + (b'(b'(D).  (A8)
Substituting this result into (A6) gives
Dota ot -1=4 [ [Tow | 5
b’ (x,y, 2, )b (x, ¥, 2", 1))
—(b'(x,y,z,)b"(x,y,2',t — 7))
— (b (x,y, 2z, t = T)b'(x, ¥, 2", 1)
+{b'(x,y,z,t —T)b'(x,y, 2", t — 7))} dz dz'. (A9)

With the assumption that only the time separation
matters, (A9) becomes

o [ —-z—2z
Diwv(x,y, 1) = 24* J exp ( )
0Jo Hy

' (x,y, 2, )b (x, y, 2", 1))

—(b'(x,y,z, )b (x,y, 2", t = 7))} dz dz".

(A10)

In practice, the ensemble average represented by the
expectation operator will be replaced by a spatial
(horizontal) average, in which case the x and y
dependence is suppressed and

o (o —z—2z
=247
Dy (7) J'o JO CXP( H, )

AB'(z, b (2", 1)) — b'(z, b (', t — 7))} dz dz'.

(Al1)

Appendix B: Definitions of Needed
Turbulent Quantities

There are several definitions for the boundary layer
depth, z;. In practice, the first vertical point at which
the virtual potential temperature (a measure of air
parcel buoyancy) changed by more than a few tenths
of a kelvin from the boundary layer average value was
chosen as z;. For more discussion, see Stull [1988].
The virtual potential temperature is defined as [Stull,
1988]
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p,\ 0286
0, = T(?) (1+0.61b), (B1)
where T is the air temperature, P is the air pressure,
b is the water vapor mixing ratio (g g~ ') at the
altitude of 6., and P, is the surface air pressure.
The surface humidity flux scale and entrainment

humidity flux scale are defined as

(w'b")s
*0 — W (B2)
W'b")zi
b =
*1 I (B3)

respectively. They are defined in terms of the param-
eters w' = fluctuations in vertical wind speed, m s_l;
b’ = scalar fluctuations, g kg~!, for water vapor
mixing ratio; and [Stull, 1988]

13
g
Wy = (—— (w'O’,,)szi) .

o (B4)

The last quantity is called the convective velocity and
is a characteristic speed of vertical motion in the
turbulent field. It is defined in terms of

2.

>

g gravitational acceleration, m s~
®, average virtual potential temperature, K;
6, fluctuations in the virtual potential tempera-
ture, K;
z; boundary layer depth, m.

In the above equations, ( ), refers to the expecta-
tion of values at the surface, while ( ),; refers to
expectation of values at the top of the boundary layer, z;.

The estimate for the entrainment humidity flux
scale that was used in the comparisons of the forward
model to ground truth was

b*lzb*o. (BS)

Appendix C: Modifying the Treuhaft and Lanyi
[1987] Model to Estimate Integrated Water
Vapor Structure Functions

The Treuhaft and Lanyi [1987] model (hereinafter
referred to as TL87) was developed to estimate the
structure function of path delay. In order to compare
it with the new model, TL87 was modified to estimate
the structure function of integrated water vapor, in
the following manner:



1472

For a zenith path, equation 5 from TL87 becomes

Do) = f ' f " Dy(0? + (221211 — D — 2 Dhdzdz'
0JO
(C1)

Following the steps in Appendix A, this can be
rewritten as the structure function of integrated water
vapor as

zi (zi —z—-2z
D =A4? ex (—)
wv (p) fo fo p H,

Dy ([p* + (z = 2/)21V?) = Dy (2 — 2/} dzdz, (C2)
where A = 1.225 X 10~ (see Appendix A), H; =
9500 m is the scale height of air density, and D, (r) =
C2r??3 is the structure function of water vapor mixing
ratio fluctuations. This definition of D (r) is analo-
gous to that used for refractivity by TL87. The use of
Taylor’s hypothesis [Taylor, 1938], by which the mo-
tion of turbulent structures has been treated as a
“frozen flow” pushed by the prevailing winds, is used
by TL87, so the conversion

p = Ut, (C3)
where U is the prevailing wind in the boundary layer
and ¢ is the time separation, will be made. Both
surface and boundary layer average values for U were
tested, with the surface wind providing a more accu-
rate ultimate estimate of structure function when
(C2) was ultimately evaluated. Equation (C2) can be
evaluated if a value for CZ, the structure parameter
for water vapor mixing ratio fluctuations, can be
found. The first step is to write out the definition of
this structure function,

Dy =((by = b2)?), (C4)
where b is water vapor mixing ratio, in kg kg ~!. The
mixing ratio can be rewritten in terms of vapor
pressure [McIntosh, 1972] as

ge’

b= -,
p—e

(C5)

where ¢ = 0.62197, p is total air pressure, and e’ is
water vapor pressure.

Equation (C5) is substituted into (C4), and total air
pressure is assumed relatively constant. Realizing that
p is about 2 orders of magnitude larger than e’,
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g2 g2 &2
2 ~ ! 1 2
Dy = Cbr2/3:;§<(el —eh)?) :PDe’ =— Cor?3,

(Co)
From (Cb6),

)8
Ci=—C2, C7
b= (C7)
when b is in kg kg ! and p is in millibars. To be
consistent with the development in Appendix A, b

should be in g kg !, which leads to

2
h=

(10008
(C8)

2
) C2=05C2,

with as much accuracy as is warranted when dealing
with turbulence. As pointed out by Coulman and
Vernin [1991], the results of Wesely [1976] show that

C2=25C% (C9)

at microwave frequencies, where C# is the structure
parameter for temperature fluctuations, so that

25

Ci= 7c% (C10)

with b in g kg~ '. Wyngaard et al. [1971] gives a

similarity form for C % as

g\ 7 |\~
& o) e

where g is gravitational acceleration, m s2,and T is
air temperature, in kelvins.
Equation (C2) can now be evaluated.

C7=12.68
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