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Why does it work to add a zero on the right when multiplying
by 10, or two zeros when multiplying by 1007 Why, when the
number includes a decimal, do we move the decimal point over
instead of adding zeros? Is zero a number? If it is a number, is
it even or odd? What does it mean to divide by one-half? What is
an irrationat numbes? Is a square a rectangle? What is the proba-
bility that in a class of 25, two people will share a birthday?

For ali the rhetoric about the centrality of mathematics to the
life and progress of this new century, we did not manage to
achieve high levels of mathematical competence among most
American adults by the end of the past century. Most well-
educated adults cannot comfortably answer the questions in the
Previous paragraph. They cannot make judgments about orders
of magnitude, cannot reasonably estimate the likelihood of par-
licular events, and cannot reason skillfully about quantitative
relationships.

That many people leave their formal experience of learning
mathematics both uninterested in and unskillful with the sub-
Ject has long been a matter of concern. Probiems with mathe-

muatics education are not new, Why does formal schooling in the
United States manage to help so many people learn to read
and to write successfully and yet fail with so many others in
developing a similar level of mathematical proficiency? - .=~
Although the reasons for this failing and its consequent effect
on adults’ mathematical proficiency are many, we focus in this
chapter on one: our insufficient understanding of the mathe-
matical knowledge it takes to teach well. This insufficient un-
derstanding has meant inadequate opportunities for teachers to
develop the requisite mathematical knowledge and the ability
to use it in practice. Without such knowledge, teachers lack re-
sources necessary for solving central problems of their work—
for instance, using curriculum materials judiciously, choosing
and using representations and tools, skillfully interpreting and
responding to their students’ work, and designing vseful home-
work assignments. Because what teachers and students are able
do together with mathematics in classrooms is at the heart of
mathematics education, the problem we set out 1o investigate in
this chapter is, we argue, central to improving such education.

The ideas in this chapter have been significantly influenced by the thinking and writing of Suzance Wilson, David Cohen, Magdalene Lampert,
Hyman Bass, Lee Shulman, Joan Ferrini-Mundy, Danie] Chazan, Deborah Schifter, and Jeremy Kilpatrick. The authors alse acknowledge, grate-
fully, Mark Hoover’s and Eric Siegel's assistance across many phases of the work and Kara Suzuka’s help in the final preparation of the manuscript.
Work on this chapter was supported, in part, by the Spencer Foundation for the project, “Crossing Boundaries: Probing the Interptay of Mathemat-
ics and Pedagogy in Elementary Teaching” (MG #199800202, Deborah Ball). The order of coauthorship is alphabetical. Both coauthors contributed
significantly to the development of this chapter along with the lead author.
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Why Focus on Mathematical Knowledge for Teaching?

We chose to focus on teachers” knowledge of mathematics for
a chapter about research on mathematics teaching for three rea-
sons. First, the history of research in the past 15 years reveals
an overwhelming focus on teachers’ knowledge and beliefs.
In our perusal of articles published between 1986 and 1998 in
48 educational research journals, we identified 354 articles
that dealt specifically with mathematics teaching and learning
(i.e., focused on teachers, students, curriculum, or interactions
among any of these).! Almost half of those pieces focused on
mathematics teachers alone, and many others included teach-
ers’ knowledge and beliefs in their central questions and analy-
ses.* As we had expected, teachers and teacher knowledge had
been a significant focus of research since the publication of the
Handbook of Research on Teaching, Third Edition (Wittrock,
1986).

Researchers, who turned inward to investigate teachers’ rea-
soning, have greatly added to our knowledge of what teachers
know and believe, as well 2s to our ideas about the frameworks
for asking such questions. Because the present Handbook repre-
sents an opportunity to take stock of where we are as a field
and because, in the Jast 15 years, so much effort has been aimed
at questions about teachers, the focus on teachers in this chap-
ter seemed appropriate.

A second reason for choosing this focus on teachers was less
internal to the field, less exclusively about research. We also
considered the continuing public concern with improving math-
ematics education. Amid frequent claims about how to improve
teachers (or improve teaching), we found that research, policy,
practice, and advocacy are deeply intertwined when it comes to
questions of teaching and leamning mathematics. Researchers
and policymakers, mathematicians and practitioners, politi-
cians and parents are in the mix as they make claims and rec-
ommend courses of action. Appraising what we know—and
what we do not—as well as where we need to head with respect
to teachers” knowledge seemed timely. For example, although
15% of the articles we reviewed focused on teachers’ knowledge
and beliefs, only 5% probed how teachers’ mathematical under-
standing affected their practice, and only 2% examined how it
affected students’ learning. We still face a gap in the knowledge
needed to guide policy and practice.

A third reason for choosing to focus our chapter on teachers’
knowledge of mathematics was theoretical. We saw in this topic
the opportunity to integrate and to investigate comparatively
what have been very different kinds of work. We saw an oppor-
tunity to lay the foundations for a programmatic agenda fo-
cused on mathematical knowledge for teaching, an agenda that
would combine theery, practice, and empirical inquiry in re-
search on mathematics teaching and teacher leaming.

Before we examine the problems associated with understand-

ing, studying, and developing the mathematical knowledge
needed for teaching, we step back to situate this chapter in the
broader context of contemporary mathematics education. We
trace briefly other explanations offered for so many American
adults’ lack of mathematical proficiency.? '

Why Are So Few American Adults
Mathematically Proficient?

The school mathematics experience of most Americaas is and
has been uninspiring at best, and intellectually and emotionally
crushing at worst. “Mathematical presentations, whether in
books or in the classroom, are often perceived as authoritarian®
(Davis & Hersh, 1981, p. 282). Ironically, the most logical of
the human disciplines of knowledge is transformed through
misrepresentative pedagogy into a body of precepts and facts
to be remembered “because the teacher said so”

Despite its power, rich traditions, and beauty, mathematics is
too often encountered in ways that lead to its being misunder-
stood and unappreciated. Many pupils spend their time in
mathematics classrooms where mathermnatics is no more than a
set of arbitrary rules and procedures to be memorized. Davis
and Hersh (1981) describe the pattern of the “ordinary math
class” in which many readers of this chapter were likely raised:

The program is fairly clear-cut. We have problems to solve, or 2
method of calculation to explain, or a theorem to prove. The main
work will be done in writing, sually on the blackboard. If the prob-
lems are solved, the theorems proved, or the calculations completed,
then the teacher and the class know they have completed the daily
task. (p. 3}

When students don't “get it,” their confusions are addressed by
the teacher’s repeating the steps in “excruciatingly fine detail”

more slowly, and sometimes even more loudly (Davis & Hcrsh,
1981, p. 279).

—

Improving Mathematics Teaching and Learning:
Why Has It Been So Difficult?
Thepast40yearshaveseenseveralwavesofmathcmaucsre-
form, each entailing serious cfforts to improve mathematics
learning. Each wave has attempted to upgrade what counts as
“mathematics” in school, to alter students’ mathematical expe-
riences, and to improve their grasp of findamental ideas and
skills. Yet change has been difficult, and many students experi-
ence their math classes much like those described in the prcvi-
ous section.

In fact, much about mathematics education has remained the
same as it was in 1950 or even 1900. Students still practice pages
of sums and products and are still asked to solve improbable

' We included in our perusal those journals that contained at least some mathematics education-related research, were national or international
in scope, and were accessible through ERIC. The lists used for the annual reviews of research in mathematics education were a starting point for
creating the pool of journals, Several entries on the annual review lists did not meet those criteria and were deleted, and a few misstng journals that
were obviously relevant were added to the list (e.g., the new Hiroshima Journul of Mathematics Education).

* Fewer than a third of the articles focused on curriculum, and most of those focused on how technology n_ﬁght be used in classrooms. Just over
a fifth of the articles focused on students; only 4% (14} of the articles examined interactions of students, curriculur, and !.eachmg._

* John Allen Paulos (1988) describes in detail the nature of this “iiliteracy” and, in so doing, provides rich examples of what it might mean to be

mathematicalle literate
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story problems. Students are still told to “invert and multiply”
to divide fractions and to use “My dear Aunt Sally” (MDAS)
to remember to rultiply and divide before adding and sub-
tracting in an expression. Teachers still explain how to do pro-
cedures, offer rules of thumb, give tests on definiticns and pro-
cedures, and provide applications. Those practices in and of
themselves are not necessarily unhelpful. Howeves, the preva-
lence of instruction that consists only of such practices helps to
exptain why the number of students who leave school as pro-
ficient with mathematics as they are literate with English re-
mains small

No single cause can account for the failure of past reform
efforts to change the face of mathematics teaching in American
classrooms. Yet the patterns of the “ordinary” mathematics
class have dominated. And despite contemporary rhetoric and
debate, they coniinue to prevail. The failure of reforms to pene-
trate core practice has precccupied many scholars (Berman
& McLaughlin, 1975; Cohen & Ball, in press; Cohen, 1989;
McLaughlin, 1990; McLaughlin & Marsh, 1978; Sarason, 1971;
Tyack & Cuban, 1995). Dominant explanations for this failure
of past reform efforts suggest factors that impede progress.
Among the most frequent explanations are the misrepresen-
tation of mathematics; culturally embedded views of knowl-
edge, learning, and teaching; social organization of schools and
teaching; curriculum materials and assessments; and teacher
education and professional development.

In this chapter, we focus on a problem that underiies all of
those explanations: our understanding of the mathematical
knowledge that is needed to teach mathematics well. We begin
with a brief examination of the other explanations, however,
because we argue that each of them contributes to the difficul-
ties in solving the problem that is the focus of this chapter—
mathematical knowledge for teaching.

The Misrepresentation of Mathematics

Alfred North Whitehead (1911/1948) saw one root of mathe-
matical illiteracy in the fact that, as mathematics is usually
taught, the elegance and power of mathematics are not exposed
to students as are helped to acquire skills and tools.

" Whitchead described the encounters that most people have
with mathematics:

The study of mathematics is apt to commence in disappointment.
The important applications of the science, the theoretical interest
of its ideas, and the logical rigour of its methods, ail generate the
expectation of a speedy introduction to processes of interest. ...
Yet, like the ghost of Hamlet’s father, this great science eludes the
efforts of our mental weapons to grasp it. . . . The reason for this
failure of the science to five up to its great reputation is that its
fundamental ideas are not explained to the student disentangled
from the technical procedure which has been invented to facilitate
their exact presentation in particular instances. Accordingly, the un-
fortunate learner finds himself struzggling to acquire a knowledge of
a mass of details which are not ifluminated by any general concep-
tion, (Whitehead, 191171948, pp. 1-2)

Too often, the curriculum and teaching methods used in school
Inundate students with skills and procedures without allowing
them to develop an appreciation for the power of mathematics

as a system of human thought. Most adults graduate from
school never having experienced any of the power, elegance,
and beanty of the subject. Their interest has not been captured,
and many conclude that they neither can do nor need mathe-
matics.

Views of Knowledge and Learning

A second explanation for the resilience of the common patterns
of mathematics instruction in the United States reflects what
Jackson (1986) calls the “mimetic” tradition, which is at odds
with the more ambitious instruction that is advocated by re-
formers. Knowledge is fixed; teachers give knowledge to pupils
who store and remember it. This tradition is firmly embedded
in Western culture. Cohen (1989) writes that, as many as 300
years ago,

most teaching proceeded as though learning was a passive process
of assimitation. Students were expected to follow their teachers® di-
rections rigorously. To study was to imitate: to copy a passage, to
repeat a teacher’s words, of to memorize some sentences, dates, or
numbers. Students may have posed questions in formal discourse,
and perhaps even embroidered the answers. But school learning
seems to have been a matter of imitative assimilation. (pp. 42-43)

Cohen (1989) argues that innovative approaches to teaching
and leaming often embody assumptions about knowledge as
well as about teaching and learning that are “a radical depar-
ture from inherited ideas and practices” in this culture. These
new approaches fly in the face of centuries-old intellectual tra-
ditions, not only in mathematics but also in ail disciplines. -
Those intellectual traditions also live outside the school insti- - -
tutions, in the everyday occasions for informal teaching—
occasions involved in parenting, for example. The views that
knowledge is fixed, that teaching is achieved through transmis-
sion, and that teachers are authorities run very deep in US.
culture. By contrast, Stigler and Hiebert (1999) provide por- -
traits of Japanese mathematics instruction and argue that the
differences highlight the ways in which teaching is a cultural
activity, embedded in and reflective of the cultare in which it
takes place.

Organizational Factors

A third common explanation for the faiture of mathematics
reform involves institutional and orgamizational factors in
schools. Schools are charged with multiple and competing
goals, The push to standardize and to avoid risks or experi-
ments is great in light of those pressures (Ball & Cohen, 1999;
Cohen & Neufeld, 1981; Goodlad, 1984), Administrators and
schoot board members, who are precccupied with test scores,
put pressure on teachers to emphasize “basic skills”—compu-
tation and memorization of “facts” Teachers are generally re- .
sponsible for a curriculum that is both traditional and war-
ranted by those very traditions.

The structure of the school day means that teachers are iso-
lated from one another and have little time or support for learn-
ing or trying out innovations. Time is segmented into 55-minute
blocks, content must be covered, and pupils must be prepared
not only for tests but also for the next level. Moreover, working
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with groups of 30 children makes experimenting with pedagogy
risky for teachers who must also maintain order and routines,
Elementary teachers must teach many other subjects in ad-
dition to mathematics; secondary teachers must teach many
more students.

The incentives to work on more complex content and to press
for higher performance are not necessarily present. Teachers of-
ten do not have time to plan and organize rich experiences for
pupils, and they cannot afford the looseress of more explor-
atory curricula. They feel pressure to make sure that pupils
master required content. For example, the time required for stu-
dents to “get inside” a topic like measurement may seem to
conflict with the time needed to ensure that students also get to
everything else. The pull toward neat, routinized instraction is
very strong. Teaching measurement by giving out formulas—
I'X w = some number of square units and / X w X h = some
fumber of cubic units—may seem much more efficient than
hauling out containers, biocks, and rulers and having students
explore the different ways to answer questions of “how big” or
“how much” With focused, bounded tasks, students get the
right answers, and everyone can think that they are successful.
The fact that these bounded tasks sometimes results in sixth
graders who think that you measure water with rulers may, un-
fortunately, go unnoticed. -

Such features of school organization and of teaching condi-
tions are part of the environments within which reforms must
operate (Cohen & Ball, in press; Cuban, 1984; Sarason, 1971).
Sarason (1971) argues that one important rezson the New Math
curriculum failed was that the reformers generally failed to take
a sufficiently broad perspective of the “regularities”™ of the
school setting and the cultyre of the school—teachers had kitde
access to professional development or few opportunities to
work together on curriculum, for instance.*

These regularities of schooling and the culture of the school
are among the many other elements of the surrounding environ-
ments in which teaching and learning take place: policies, state
mandates, assessments, parents, communities, districts, and the
like. If the environments of teaching and learning are ignored,
then change—if it occurs at all—is likely to be superficial: for
example, changing textbooks but not the mode of instruction
(Sarason, 1971).

These environments influence the course of innovation
through the many ways in which they permeate instraction {Co-
hen & Ball, in press). This perspective challenges the very con-
cept of “implementation” itself (Cohen & Ball, 1999; Farrar,
Descantis, & Cohen, 1980; Giadomenico & Wildavsky, 1984).
Sarason would argue that reformers who do not consider what
schools are like will operate under the misguided impression
that changes can be simply “put into place” Quite to the con-
trary, innovations are interpreted and adapied by teachers; the
intent, the enactment, and the effect of an innovation changes
in the translaticn (Berman & McLaughlin, 1975; Cohen & Ball,
in press; McLaughlin, 1990; McLaughlin & Marsh, 1978; Sara-
son, 1971). The expectation that reforms can be instituted faith-

fully from the top down is a fantasy that ignores the loose
connections between official authority and actwal practice,
American teachers, in fact, have considerable elbow room at
the classroom level and typically “{arbitrate] between their own
priorities and the implied priorities of external policies”
(Schwille et al., 1983, p. 387).

Curricudum Muaterials and Assessments

In the past, a fourth explanation for the continuity and conser-
vatism of mathematics teaching has been the conservative na-
ture of the materials from which teachers teach and the con-
fining effects of traditional assessments. Stodolsky’s {1988)
analysis of elementary mathematics textbooks suggests that
concepts and procedures were often inadequately developed,
with just one or two examples given, and that the textbooks
emphasized “hints and reminders” to students about what to
do. For example, in her study, Stodolsky found that area and
perimeter (the content of the example in the preceding section)
were presented in terms of the formulas—I X wand 2 X [ +
2 X w—with, perhaps, some pictures to illustrate. The books
provided practice in calculating the area and perimeter of some
rectangles, with reminders to state the 2uswers to area problems
in terms of “square units” Multiplication by 10 was axplained
in terms of “adding a zeto,” algebra texts claimed that vertical
lines have “no slope,” and rectangles were represented as figures
with two long and two shorter sides.

Until the past decade, geometry below tenth grade was scant,
measurement was more procedural than conceptual, and prob-
ability investigations were relegated to the little “Time Qut”
boxes on a few random pages. The curriculum analyses con-
ducted by researchers for the Third International Mathematics
and Science Study (TIMSS) revealed a portrait of US. text-
books as recycling the same topics year after year, covering 2
vast number of topics, and pot developing any topic deeply
(Schmidt, McKnight, & Raizen, 1997; Schmidt, McKnight,
Valverde, Houang, & Wiley, 1997a; Schmidt, McKnight, Val-
verde, Houang, & Wiley, 1997b).

In the past 10 years, however, ¢urriculumn materials once
again have been a major lever of reform. The National Science
Foundation invested millions of dollars in new curricula, and
many new mathematics curricnium materials have appeared.
Their developers, like the predecessors in the 1960s, seek 1o fm-
prove teaching and learning by effecting significant changes in
the mathematics curriculum. Whether and how these curricu-

" lum materials will fare differently in their aim to permeate

teaching and learning remain to be seen.

Some early studies of teachers who are using new curriculum
materials suggest that teachers’ knowledge and beliefs continue
to shape their interpretations and uses of those materials. Sig-
nificant questions a2bout the interplay of guidance and opportu-
nity to learn will emerge, as before, in the epactment of new
materials (Collopy, 1999; Remillard, 1999a, 1999b: Rickard,
1993).

* The “New Math” is the name commenly given to the curricuium reforms of the 19605, which emphasized mathematical structure, and focused
on improving the curriculum for college-bound students, but which also spread to middle and elementary schools. See Romberg (1992) for an

insightful analysis of the New Math and its successes and disappointments.
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Teacher Education and Professional Development

A final focus of analysis has been the weak impact of profes-
sional education on teachers. Critics observe that preservice
teacher education typicaily has a weak effect on teachers’
knowledge and beliefs and that whatever prospective teachers
learn at the university tends to be “washed out” once they gat
to schools (Zeichner & Tabachoick, 1981). In fact, it is rather
unsurprising that a handful of university courses often fails to
substantially alter the knowledge and assumptions that pro-
spective teachers have had “washed in” through years of first-
hand observations of teachers. By the time they begin profes-
sional education, teachers have already clocked more than
2,000 houss in a specialized “apprenticeship of observation”
(Lortie, 1975, p. 61), which not only has instilled traditional
images of teaching and learning but also has shaped their un-
derstanding of mathematics (Ball, 1988). Because this under-
standing of mathematics is the mathematics they will teach,
what they have learned about the subject matter in clementary
and high school turns out to be a significant component of their
preparation for teaching.

Professional education is also the target of frequent eriticism
for its fragmented, episodic, and superficial nature. Although a
good deal of money is spent on “staff development” in the United
States and although there is no shortage of in-service “training”
for teachers, most training money is spent on sessions and
workshops that are often intellectually superficial, disconnected
from deep issues of curriculum and learning, fragmented, and
noncumulative {Cohen & Hill, 2000; Heaton, 1992; Little, 1993:
Wilson, Lubienski, and Mattson, 1996). Rarely do these inser-
vice opportunities seem based on 2 curricular view of teachers’
learning (Ball & Cohen, 1999). Teachers are thought to need
“updating” rather than opportunities for serious and sustained
learning about curriculum, students, and teaching.

Because professional development is rarely seen as a continu-
ing enterprise for teachers, it is only occasionally truly develop-
mental. One reason is that many people see teaching as mostly
commonsense, and they perceive little need for professional
learning. Another reason is that teaching has been seen and
organized as a career in which sustained learning is not re-
quired for adequate performance. Still another reason is that no
coherent infrastructure exists for professional development. In
other words, no easily identifiable group or agency is respon-
sible for professional development, and so it happens every-
where—and, consequently, lacks consistency and coherence. A
final reason is that professional development lacks a curriculum
for teachers’ learning, a curriculum that considers the practices
they are being asked to enact, the mathematical knowledge that
such practice entails, and the attention to what they already
know and believe—that is, what they bring to the undertaking
{Heaton, 2000).

The Role of Knowledge of Mathematics for Teaching

Another factor that is often cited to explain the weaknesses of
US. mathematics education is US. teachers’ knowledge of

mathematics. Observers note that interpreting reform ideas,
managing the challenges of change, using new curriculum mate-
rials, enacting new practices, and teaching new content all de-
pend on teachers’ knowledge of mathematics. What many as-
sume, however, is that this mathematical knowledge is shallow
and relatively transparent, that the problem faced is one of cur-
rent U.S. teachers’ intellectual weaknesses. Few have looked
closely at the practice of elementary or secondary mathematics
teaching to consider the nature of its mathematical entailments.

Consider the mathematical understanding entailed in teach-
ing the multiplication of decimals. To enhance appreciation of
the complexity and subtlety of the mathematical understanding
required, we peek in on a classroom where a teacher is helping
her students learn to multiply decimatls.’ When she taught mul-
tiplication of whole numbers, she used repeated addition as a
model (8.8, 6 X T=7+ 7+ 7+ 7+ 7+ T), but she had
introduced area representations as well, She begins the lesson
on multiplying decimals by reviewing an example with whole
numbers:

“If the unit is one little square,” asks the teacher, “how could you
show 7 X 6 with the tiles?™ Michaz] volunteers. He goes over 1o the
overhead, carefully lays out seven tiles, and then makes six rows of
them to form a rectangle:

“I have 7 times 6, he explains, and he counts each tile carefully .-
across the top row: “One, two, three, four, five, six, seven” Then, he™
points down the right-hand column, “One, two, thres, four, five,
six”

“How much is that altogether?” asks the teacher.

“Forty-two,” he replies, confidently, pointing at the squares filling
his rectangular array. He counts the tiles quickly to show that he is
tight, and several children chime in, “1, 2, 3, 4, 5,6, 7, ., .. 38, 39,
40, 41, £2F

The teacher is pleased. She knows that using the area repre-
sentation will help to demystify the rule for multiplication of
decimals: (2) multiply as with whole numbers, (b} then count
the number of decimal places in the numbers being multiplied,
(c) count over that combined number of places in the answer,
and (d) place the decimal point there.

For years, students would ask, “Why does that work? When
we add decimals, you tell us to keep the decimal place lined up.
Why, when we multiply, do we move the decimal point? At
those times, she had felt a kind of despair at teaching meaning-
less rules, Using the area model for multiplication, she now
thought, would help to make the procedure make sense.

¥ This example is constructed on the basis of 2 composite of several lessons taught by Deborah Ball.
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“Good job, Michael. We're going to try something a little harder
now,” the teacher announces to the fourth graders. She holds up a
large square, scored 10 by 10 into 100 little squares. “Instead of the
little sguare being the unit, the Jarge square is going to be the unit.
So, first, what is the little square now?”

Several children cal) out, “One hundredth™

“How do you know?” asks the teacher.

Jamie breaks out, “Because there are 100 of them in the big
square, se ¢ne of them is one hundredth.” Other children nod.

The reacher holds up the rod composed of 10 little squares:

HEENNEEEEN

“So what is this, then?” she asks. There is 2 pause.

“It’s 10" says one boy. “Wait, no, wait, it’s not. It’s one tenth
because there are 10 of those in the whole square.”

The teacher nods. “Now try showing this prob!ern with the tiles,”
she says, and she wriies: .3 X .7,

The children go to work at their desks, many using the little
squares. Their arrays look like Figure 24.1. The area of these
shapes is 21 hundredths or .21, as expected. Suddenly, the
teacher notices that these arrays are comstructed with three
hundredths or .03 on one side and seven hundredths or .07 on the
other, because the little squares are each one hundredth. The
children were supposed to be multiplying three renths times
seven tenths. What is going on? Shouldn’t they be using the
tenths, the long rods, to build the arrays? She looks in the teach-
er’s guide, slightly unsettled, and sees that the arrays look like
those her students are making. She feels a Little relieved but
still wonders what is going on. These rectangles show the right
angwer, but where are .7 and 3, the original numbers? Looking
closely, she sees that one can interpret the arrays as 7 X .03 by
adding each column together (03 + .03 + 03 + 03 + .03 +
03 + .03 = .21). Moreover, she can also see 3 X .07 by counting
the rows. What is being represented here? Is it .03 X 0723 X
07?77 X 037 Oris it .3 X .7, as she had posed? This sudden
loss of mathematical footing is unsettling.

The teacher sees that, over on the side of the room, two boys
have constructed a different proposed solution. Using the long
rods, which correspond to tenths when the square is the unit,
they have built an array (se¢ Figure 24.2).

She sees that they have built a contiguous array of rods that
Tepresents tenths~three groups of seven tenths. But something
is definitely wrong here because, in total, this array represents
2.1 (see Figure 24.3), and the product of .7 X .3is .21, not 2.1.
She guickly realizes that these students have indeed worked
with tenths, but that the product they have represented is three
times seven tenths, not rhree-tenths times seven-tenths, hence
the answer of 2.1.

She considers again the area represented by the 21 hun-

Figure 24.1 A typical arrangement of tiles to show .3 X 7.

dredths (see Figure 24.1). Suddenly she realizes that this array
does represent three tenths times seven tenths. Each small
square has a side length of one tenth. The side of the unit square
has a length of 1, 2nd so the side of each of the little squares is
cne-tenth of 1, or 0.1 (see Figure 24.4). If cach little square has
a side length of one-tenth, then it makes sense, she sees, that
each square has an area of one-hundredth of a unit, that is, one-
tenth times one-tenth (see Figure 24.5).

Given all that, the rectangle formed by 21 little squares does
represent .3 length along one side and .7 length along the other,
and hence, the area product of .3 X .7. She realizes, with inter-
est, that the same array can be used to represent 3 X .07 or 7
X .03 but that, in these products, the numbers do not corre-
spond to lengths. Instead, those arrays are examples that iterate
the addition of rows or columns. In this representation of re-
peated addition, one number represents the number of itera-
tions while the other pumber represents the area units being
iterated. In 7 X .03, the seven represents how many units of
three-hundredths are added together. Three-hundredths corre-
sponds t¢ a unit of area, and seven corresponds to the number
of such units.

In the classroom example we have just examined, what was
the content? Multiplication of decimals. This teacher knew that
3 X 7was 21, and she knew that .3 X 7 was .21, She knew that
when you multiply tenths, you get hundredths—hence the mile
for moving over the decimal point. And her textbook provided
guidance for using the area model for helping students under-
stand procedures for multiplying decimals. But in this lesson,
she realized afresh how subtle and yet how important the math-
ematical ideas underlying this lesson were. When one multiplies
whole numbers with the area model and counts the unit square
as 1, it is easy to overlook the fact that what is being multiplied
are the lengths of the sides—which are linear measures—and
that what is being produced are areas. In the whole number
example, both the length and the area of the little unit are 1 in
this model, so one can easily miss this important distinction.
And yet this distinction becomes much clearer with the multi-
plication of tenths because then the areas of the little squares
are hundredths, and their side lengths are, therefore, tenths, If
all one does is count the areas, it can appear that what is being
multiplied are hundredths, yielding hundredths as well.

Knowing this web of ideas is important for teaching the
muftiplication of decimals. Understanding the ideas connected
to a particular mathematical topic matters in any approach to
teaching, whether the teacher provides the explanation and asks
students to practice, or whether, as in this example, she engages
students in tasks and discussions of those tasks. Without ques-
tion, being able to multiply whole numbers and decimals consti-
tutes necessary bus insufficient knowledge for teaching that skiil
well. This teacher needed to have a refined and explicit under-
standing of the meaning of multiplication, combined both as
iterated addition and as the product of two linear units that
vield an area, together with the correspondences between these
modeis. She needed to understand how the model she was using
worked and how it corresponded to the symbolic form of .3 X
.7 = .21. She also needed confidence in her own mathematical
knowledge to be able to analyze the problem and its representa-
tion “on the fly” when she realized that she was unclear about
what was being modeled with the blocks In this case, the
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Figure 24.3. Three groups of seven rods reorganized as two large squares and one tenth of a large square,
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Figure 24.5. The reladonship between side lengths
{in tenths) and area (in hundredths) for 3 X 7.
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teacher needed to be able to reason through her confusion as
the lesson unfolded so she could keep the Jesson on track math-
ematically.

With this giimpse of mathematics teaching in mind, we re-
turn to our problem. The search to delineate what it js that
teachers do need to know in order 10 teach has beemnr a challeng-
ing one. In this chapter, we trace the history of the efforts to
determine the relative role of teachers’ mathematical knowl-
edge in teaching, to explore changing ideas about what counts
as mathematical knowledge for teaching, and to consider what
we need to leam.

Teacher knowledge is not a new issue and is not one tied
exclusively to reform. Questions about the knowledge that
teachers need to know, how it affects their teaching, and how
they can be helped to develop it have preoccupied professional
developers, policymakers, and researchers alike for more than
four decades. Teachers’ knowledge of mathematics was one of
the first variables investigated by researchers on teaching in the
1960s. Those researchers asked questions about how teachers’
knowledge influenced the teachers’ effectiveness (Begle, 1972,
1579). And teachers’ mathematical knowledge has continued to
be a much-discussed problem in the contemporary debates
about the improvemeni of mathematics teaching and learning.

In 1999, Liping Ma published Knowing and Teaching Elemen-
tary Mathematics, a book that has attracted renewed and much
wider interest in this issue. In her study, Ma compared Chinese
and 118, elementary teachers’ mathematical knowledge. Pro-
ducing a portrait of dramatic differences between the two
groups, Ma used her data to develop a notion of “profound un-
desstanding of fundamental mathematics,” an argument for a
kind of connected, curricularly structured, and longitudinally
coherent knowledge of core mathematical ideas.

Ma’s book has broadened and reignited discussions around
teachers’ mathematics knowledge and its contributions to in-
struction. Research mathematicians, deeply concerned about
what some perceived as the morass of K-12 mathematics edu-
cation, have taken pote. They were suddenly struck with how
central teachers’ mathematical knowledge is to effective teach-
ing and to improvement. Roger Howe (1999) reflected the reac-
tions of many mathematicians when he wrote:

[Ma’s work] gives us new perspectives in the problems of improv-
ing mathematics education in the United States. For example, it
strongly suggests that without a radical change in the state of math-
ematical preparedness of the American teaching corps, calls such
as those contained in the NCTM Standards, are simply doomed.
(p. 834)

Although many researchers, teachers, policymakers, and
teacher educators have recognized the importance of teachers’
mathematical knowledge, understanding the nature and rele
or mathematical knowledge for teaching—plus developing it
effectively—remains an unsolved problem for the improvement

of mathematics teaching and leamning. We move next to trace
where the field has been in seeking to define and solve this prob-
lem. We describe what we know--and do not know— from re-
search, and we frame directions for where work on this probiem
needs to head.

Mathematics Knowledge for Teaching: A Problem for
Practice, Policy, and Research

First, we take a look back. In the previous edition of Handbook
of Research on Teaching, Romberg and Carpenter (1986) sur-
veyed research in mathematics education and worried about
what they saw as a disconnect between research on teaching
and research on learning. They noted that, despite big gains in
understanding students’ mathematical conceptions and devel-
opmeant, the findings from research on teaching were unaligned
with questions arising from research on learning.* While re-
searchers on learning were producing portraits of the complex-
ity of developing conceptions of rational numbers, or area, or
muitidigit subtraction, research on teaching was investigating
whether students involved in cooperative learning within small
group settings were indeed behaving cooperatively and were
more productive than students in noncooperative small group
settings. Hlow research on teaching related to mathematical
work was often invisible, leaving unprobed many questions
about the critical relationships between teaching and learning.

Looking ahead to the next 10 years, the authors urged re-
searchers to integrate studies of leamming with studies of teach-
ing to “bridge the learning—teaching gap” (Romberg & Carpen-
ter, 1986, p. 868). Mathematics should be at the center of such
studies, they nrged, with increased refinement and detail when
considering the role of content in teaching and learning. With-
out this increasing integration of mathematical content and
without greater coordination between research on teaching and
research on learning, knowledge useful for improving instruc-
tion would continue to be elusive. Romberg and Carperiter's
argument was an important one. Our examination of the litera-
ture suggests that researchers save turned more toward instruc-
tion, as Romberg and Carpenter had urged.

Selving the Problem of Mathematical Knowledge for
Teaching: From Teachers to Teacher Knowledge

The assertion that teachers’ own knowledge of mathematics is
an important resource for teaching is so obvious as to be trivial.
Commonplace are statements such as: “A thorough grounding
in college-level subject matter and professional competence in
professional practice are necessary for good teaching. ... The
data are unequivocal: students learn more mathematics when
their teachers report having taken more mathematics” (Ameri-
can Council on Education [ACE], 1999, p. 6). The ACE report
goes on to cite evidence that earning a college degree in mathe-

% One example was the robust finding that the amount of time devoted to mathematics instruction was found to be positively related to student
achievement. Time on task, argued Romberg and Carpenter (1986}, was inadequate as a useful measure without data on what studemts were engaged
in doing. Academic tasks differ markedly in mathematical scope and cognitive demand, and task enactment in ¢lass further differentiates the nature
of the work. As such, the amount of time spent engaged in work was an imprecise measure of leaming opportunity and was certzinly too mmprecise

to be useful for improving classroom leaming.
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matics, being certified in mathematics, and being mathemati-
cally skiliful “all contribute to effective teaching of mathemat-
ics” (p. 6). The warrant is, however, much weaker than the ACE
authors would hke. -

The claim that teachers’ knowledge matters is commonsense.
However, the empirical support for this “obvious” fact has been
surprisingly elusive. “No one questions the idea that what a
teacher knows is one of the most important infiuences on what
is done in classrooms and, ultimately, on what students learn.”
assert Fennema and Franke (1992, p. 147). And yet, as those
authors explain, no consensus exists on the mathematical
knowledge that is required to teach. This lack of consensus is 2
problem for policymakers and teacher educators alike, Tf we are
1o identify what teachers need to know or to learn, then an
important matter is how much knowledge of mathematics it
takes to teach. It matters for teacher certification requirements,
it matters for teacher education policy and practice, it matters
for recruiting and hiring teachers, and it matters for curricu-
lum development,

Three approaches have dominated efforts to solve the prob-
lem of teachers’ mathematical knowledge. One approach is a
policy response; two approaches involve research. The policy
response to resolving this problem of what teachers need to
know has been to work logically and to create documents and
lists of what teachers should know. Some documents are gen-
eral; others, much more specific. The general documents (ACE,
1999; Interstate New Teacher Assessment and Support Consor-
tium {(INTASC], 1993; National Board for Professional Teach-
ing Standards, 1991; National Commission on Teaching and
America’s Future, 1996) simply call for teachers to know their
content well and are not particular to mathematics. They extol
qualities of the requisite knowledge: it should be deep, con-
nected, and conceptual and should include knowledge of the
epistemology of the field.

In the more specific documents, experts identify the mathe-
matical knowledge by considering the topics in the curriculum
and by assuming, quite reasonably, that teachers need to know
that which they have to teach (e.g., Conference Board of the
Mathematical Sciences, 2000; Leitzel, 1991; National Council
of Teachers of Mathematics, 1991). Those documents produce
bsts of mathematical topics. As they recognize the need for
teachers to have mathematical perspective about the connec-
tions among ideas, such lists usually identify topics beyond the
curriculum. This approach 1o specifying knowledge for teach-
ing is rooted primarily in policy deliberations and often does
hot reflect research evidence.

Although this approach has been an important one, in our
analysis, we focus on two other approaches that researchers
have used to solve or at least to better understand the problem
of mathematical knowledge for teaching. How the problem has
been defined has influenced the manner in which it has been
approached by researchers. Those approaches are distinguished
by more than differences in their orientation and focus: they
also entail particular stances on measurement and teacher edu-
cation. Each approach has relied on measuring mathematical
knowledge for teaching in particular ways and is associated
with particular perspectives on how to help teachers develop
the requisite knowledge for teaching.

The first research approach, which centers on looking at

characteristics of feachers, is associated with the assumption
that knowledge of and skill with mathematics content is es-
sential to teaching. It assumes, further, that indicators such as
the courses taken, degrees eamned, or certification received will
represent the requisite knowledge and that teacher knowledge
can be measured using such relatively straightforward indices,
Thus, research in this domain focuses largely on description
and analysis of teacher characteristics, particularly the amount
of mathematics that teachers have taken.

The second research approach, which focuses on teachers’
knowledge, builds on the first approach in that it acknowledges
the importance of the content of teachers’ mathematical knowl-
edge, but it also prominently includes a qualitative focus on the
nature of teachers’ knowledge. This approach is based, in part,
on the notion of pedagogical content knowledge as an in-
tertwining of knowledge about how ideas might be represented,
how students learn, and what they find difficult (Shulman,
1986, 1987; Wilson, Shulman, & Richert, 1987). This second
approach to research does not replace but builds on the first:
the first emphasizes zeachers; the second emphasizes teachers’
knowledge. Although the second approach has a strong contem-
porary following among researchers and teacher educators, the
first approach is attractive to policymakers. We argue in this
chapter that each approach has merit. We propose, further, that
these two approaches be reconnected in the next steps 1o solve
the problem of what mathematical knowledge is necessary to
teach well.

An alternative approach, with which the chapter concludes,
builds on both lines of prior work—on teackers and on knowi-
edge—but shifts to a greater focus on teaching and on teachers’
use of mathematical knowledge.

Looking at Teachers

In the earliest approach to answering questions about the math-
ematical knowledge that is necessary for teaching, researchers
attempted to validate empirically the common maxim that the
more mathematical knowledge teachers have, the more mathe-
matical knowledge their students will have. This foundational
assumption led researchers to count the courses teachers had
taken and to analyze relationships between the extent of their
mathematics course work and their students’ learning. The ap-
proach to measuring teachers’ knowledge is straightforward:
count the courses taken, the credits earned, and the degrees at-
tained, Each of those totals is considered to be a representation
of teachers’ mathematical knowledge. This approach stilt holds
considerable interest (e.g,, Darling-Hammond, 1999; Monk,
1994}, Similarly, in terms of teacher preparation, this approach
to teacher knowledge leads to stipulations of credit and course
requirements but pays little attention to content, scope or the
nature of mathematics. Teachers® exposure to and development
of mathematical content is assumed to equip them with the re-
sources needed for effective teaching.

Perhaps best known among the early work in this approach
was Edward Begle's (1979) meta-analysis of studies conductad
between 1960 and 1976 that probed the effects of teacher vari-
ables on student performance. Convinced that mathematics ed-
ucation was suffering from too much opinion and not encugh
careful empirical work, Begle initiated the National Longitudi-
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nal Study of Mathematical Abilities as a forum for examining
factors that affect mathematics learning. In offering his analysis
of teacher effects, Begle (1979) comunented:

There is no doubt that teachars play an important role in the learn-
ing of mathematics by their students. However, the specific ways in
which teachers’ understanding, attitudes, and characteristics affect
their students are not widely understood. In fact, there are wide-
spread misconceptions, on the part not only of laypeople but also of
mathematics educators, about the ways in which teachers influence
mathematics learning by their students. {p. 27)

Begle’s analysis of the relationship between the number of
courses teachers had taken past caleulus and student perfor-
mance produced a surprise to many. He found that the extent
of teachers’ mathematics course taking produced positive main
effects on students’ achievement in only 10% of the cases and,
perhaps more jolting, negative main effects in 8%.7 This latter
result has been the topic of much speculation. It is an interest-
ing result because the negative main effects are not easily ex-
plained by the ubiquitous criticism that mathematics courses
past calenlus are not relevant to teaching or that taking courses
is a poor proxy for teachers’ actual mathematical knowledge.
Those claims support finding no effects.

But how might such variables be associated with negative
effects? One explanation might rest with the inereasing com-
pression of knowledge that accompanies increasingly advanced
mathematical work, a compression that may interfere with the
unpacking of content that teachers need to do (¢.g., Ball & Bass,
2000; Cohen, in preparation). Another explanation might be
that more course work in mathematics is accompanied by more
experience with conventional approaches to teaching mathe-
matics. Such experience may imbue teachers with pedagogical
images and habits that do not contribute to their effectiveness
with voung students (Ball, 1988). What underlies those negative
main effects is not known but is worth further exploration.

Begle (1979} also examined other teacher knowledge vari-
ables. For example, his analysis of the relationship of teachers’
course taking and their siudents” performance revealed that
majoring or mincring in mathematics yielded positive main
effects in 9% of the cases and negative main effects in 4%. A
less-often reported result was that the greatest number of posi-
tive main effects was produced from the analysis of the relation-
ship between the number of credits in mathematics methods
courses and student performance—49, or 23%. This analysis
yielded only 12 negative main effects (5%).

Begle (1979) concluded from these results that the belief
stated as “the more a teacher knows about his subject matter,
the more effective he will be as a teacher” demanded “drastic
modification™ (p. 51). On the basis of his finding, he claimed
that advanced mathematical understanding contributed little to
teacher effectiveness. He noted that, although “it seems to be
taken for granted that it is important for a teacher to have a

thorotigh understanding of the subject matter being taught,” the
question of what should be meant by “thorough”™ was never ex-
amined in these studies (p. 28). He concluded that future analy-
ses of the amount of mathematics taken by teachers were not
likely to produce significant effects, and that further research of
this sort was not needed until the ways in which teacher knowi-
edge might affect student achievement were better understood,
A clue may have been buried within his own results—the rela-
tive strength of the relationship between credits in mathematics
methods and student performance.®

The interest in teachers has continned, however. In 1996, the
National Commission on Teaching and America’s Future
(NCTAF) released its report, which proposed a series of strong
recommendations for improving the nation’s schools. It con-
sisted of “a blueprint for recruiting, preparing, and supporting
excellent teachers in all of America’s schools™ (p. vi). Asserting
that what teachers know and can do has the most important
influerce on what students learn, the report argues that teach-
ers’ knowledge affects both students’ opportunities to learn and
their actual learning. Teachers must know the content thor-
oughly to be able to present it clearly, to make the ideas acces-
sible to a wide variety of students, and to engage students in
challenging work.

The report’s authors cite a number of studies showing that
teacher knowledge makes a substantial contribution to student
achievement. They argue that “differences in teacher qualifica-
tions accounted for more than 90% of the variation in student
achievement in reading and mathematics” (Armour-Thomas,
Ciay, Domanico, Bruno, & Alien, 1989, cited in National Com-
mission on Teaching and America’s Future, 1996, p. 8). Chal-
lenging some reformers’ designs, the NCTAF report takes the
position that neither curriculum materials, standards, nor as-
sessments can make an impact unless teachers understand them
and can make productive use of them with students. It is a doe-
ument decidedly focused on teachers and on the importance of
their qualifications. -

To investigate empirically the relationship of teachers” sul

* ject matter preparation and student achievement, Monk (1994)

analyzed data from the Longitudinal Study of American Youth
(LSAY).? Teacher preparation was measured by a survey ad-
ministered o teachers in which they reported the mumber of
mathematics and science courses they took as undergraduates
and in graduate programs. Surveys were used to document
teachers” overall education level (bachelor’s degree, master’s, or
master’s plus additional credits) and years of teaching experi-
ence. In general, Monk reached 2 similar conclusion to that
reached by Begle—namely, that the number of mathematics
courses makes a difference, but only up to a point. In his anal-
ysis, he found that five courses in mathematies, independent of
the specific conteat covered, was the threshold beyond which
few effects accrue. 8
Interestingly, Monk’s analysis also showed that ¢ach nnder-

7 A positive main effect would mean that more cradits of mathematics were associated with greater student performance; a negative main effect
would mean that more credits of mathematics were associated with lower levels of achievernent. ) L

3 Darling-Hammond {1999) claims that education course work rnatters more than content knowledge, especi_ally in terms of predicting teacher
performance: 16.5% of the variance in student achievement is acconnted for by teachers’ course work in education. o

* The Longitudinal Study of American Youth (LSAY) was conducted in the fate 1980s and early 199(0s with high school sophomores and juniors
Student achievement data were based on items developed by the National Assessment of Educational Progress (NAEP).
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graduate mathematics educaticn course 2 teacher takes is asso-
ciated with a .04% gain ir student achievernent. Monk also in-
vestigated more traditional measures of teacher preparation
such as having a mathematics major and holding a master’s de-
gree. As with earlier studies, whether a teacher had majored in
mathematics had no effect on student performance. Whether a
teacher had completed additional mathematics course work at
the graduate level had either no effect or a negative effect on
student performance. Monk notes that many of the relation-
ships that he did find were nonlineas, suggesting that effects are
diminished over time or that there are some threshold effects.
In addition, where teacher characteristics are associated with
pupil gains, the gains are of a rather minor magnitude. Finally,
as in Begle’s analysis, Monk uncovered significant effects of
courses in undergraduate mathematics pedagogy. Such courses,
he found, “contribute more to pupil performance gains than do
courses in undergraduate mathematies” (p, 130).%

Much of the work examining the relationship between
teacher characteristics {educational level, courses taken, intelli-
gence, etc,) and student performance is not focused on mathe-
matics. One widely cited example is the work done by Ferguson
(1991). In his analysis of factors that predict student achieve-
ment, he found that, when he controlled for family and commu-
nity background influences, teachers’ scores on the state certi-
fication exam (Texas Examination of Current Administrators
and Teachers [TECAT)) accounted for about 20-25% of the
variation in students’ average scores on the state competency
€xamination in mathematics and reading. Moreover, between
third and seventh grade, teachers’ scores also predicted changes
in students’ average scores over time.

In interpreting those results, Ferguson is careful to note that
the analyses do not reveal what high-scoring teachers do that
affects their students’ learning. It may be, he acknowledges,
that teachers with high scores attended better teacher education
programs, or they may simply have better thinking skills that
influence their pedagogical reasoning or their articulateness as
teachers. Ferguson's analysis is still rather remote from the spe-
cific question of mathematical knowledge for teaching because
the TECAT measures basic literacy skills, which offer neither a
reliable proxy for mathematical history nor an estimate of
knowledge. Still, this study provides support for the continuing
assumption that teachers ability and achievement are factors
in their effectiveness, and it has been widely used to support
the importance of teachers to students’ achievement {Darling-
Hammond, 1999).

Although many of the studies in this approach have been
criticized for equating simple indicators such as course tak-
ing with mathematical knowledge and although the equivocal
findings of those studies seem to lack promise for guiding our
thinking about the knowledge needed for teaching, it is im-
possible to entirely dismiss this approach to the problem. It is
intuitively logical and inherently reasonable to believe that a
teacher’s knowledge and mathematical proficiency, as devel-
oped through opportunities for formal study, do matter. Still,
the correspondences are often difficult to map.

For example, how might research that focuses on teachers
inform our earlier example of teaching decimal multiplication?
Knowing how many mathematics courses a teacher had taken
does not enable vs to predict whether the teacher would be able
to untangle the mathematical complexities that arise in this les-
son. Simply counting courses does not permit an examination
of whether the teacher has the mathematical knowledge needed
for this lesson. In fact, even if the data permitted us to leamn
exactly what courses a teacher had taken, it would not be casy
to identify what sort of course would offer opportunities to
learn about the nature of the number system and its properties,
as needed in this example and its adjacent lessons. Some of this
content might arise in 2 modern algebra course or in a course
in real analysis, typically studied by advanced undergraduate
mathematics majors, and yet, most of the evidence suggests
that advanced courses have no effects or even nepative effects.
Probably the best course would be an outstanding fifth grade
mathematics class, complemented by a later study to extend
and make more explicit a global and overarching perspective
on the number system. In fact, typical advanced mathematics
courses do not provide this perspective nor do typical conrses
for teachers,

A focus on teachers and their mathematical qualifications
and experience affords certain clarity for pokicy; it leaves ob-
scured, however, the nature of teachers’ mathematical knowl-
edge. This chasm between data on teachers and questions about
teacher knowledge has given rise to the second approach to
solving the problem of the mathematical knowledge that mat-
ters for teaching-— an approach that preserves the focus on
teachers but that adds a closer, more probing analysis of mathe-
matical knowledge. :

Looking at Teachers’ Knowledge

Dissatisfied with studies of teachers that did not probe the na-
ture of the knowledge being measured, many researchers were
convinced that teachers’ knowledpe of mathematics content
mattered in ways that were masked by counting numbers of
courses. They turned 10 a closer probing of mathematical
knowledge rather than measuring second-order indicators of
knowledge. Some of the precipitants for this shift were the sub-
stantial reforms being advocated. Kennedy (1997) explains the
contextual factors that also influenced the field:

Because the main goal of [current] reformers is to instil] 2 decper
understanding in students of the central ideas and issues in various
subjects and to enable students to see how these ideas connect to,
and can be applied in, real world situations, it therefors makes sense
to require that teachers themselves also understand the central ideas
of their subjects, see these relationships, and so forth. (p. 6)

A host of descriptive studies of teachers’ knowledge ap-
peared. Most were oriented to this more probing approach.
One significant distinction is that those studies focus on specific
mathematical topics rather than on global conceptions of math-

' “A statistical test of the difference between the coefficients estimated for undergraduate mathematics courses and undergraduate mathematics
education courses indicated . . . that the difference is significant at better thar the 0.01 Jevel” (Mork, 1994, p. 130).
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ematical knowledge. A second 1s that many of the studies are
qualitative, using interviews to probe teachers’ knowledge. A
third and, perhaps, most important distinction has been the
opening up of the idea of mathematical knowledge for teaching

Unwilling to accept general notions of mathematical back- -

ground as sufficiently equivalent to the mathematical knowl-
edge needed for teaching, researchers have explored the knowi-
edge that they thought would matter in teaching.

In developing methods for this work, researchers grappled
with the question of what would constitute conceptual under-
standing for teachers (Ball, 1991a, 1991b; Kennedy, 1997; Ma,
1999; Shulman, 1986; Wilson, 1988; Wilson, Shulman, & Rich-
ert, 1987) and have designed new ways to probe teachers’
knowledge. The analytic work of defining mathematical knowl-
edge for teaching went hand in hand with the development of
new approaches to measuring teacher knowledge (Grossman,
Wilson, & Shulman, 1989; Kennedy, Ball, & McDiarmid, 1993;
Post, Harel, Behr, & Lesh, 1991; Wilson, 1988). How research-
ers conceived of content knowledge for teaching shaped the
tools they created to probe it. Those new measures, in turn,
have profoundly influenced what the studies have produced.

Central to this work has been a focus on propositional and
procedural knowledge of mathematics—that is, understandings
of particular topics (¢.g., fractions and trigonometry), proce-
dures {e.g., long division and factoring quadratic equations),
and concepts {e.g., paralielism and infinity) as well as the
relationships among such topics, procedures, and concepts
(R. Davis, 1986; Hiebert & Lefevre, 1936; Skemp, 1978). This
substantive knowledge of mathematics is most easily recognized
by others as “subject matter knowledge,” or “content knowl-
edge” (Ball, 1991a; Grossman, Wilson, & Shulman, 1989).

A second dimension, however, has besn a focus on knowl-
edge about mathematics (Ball, 1991a). This focus includes un-
derstandings about the nature of knowledge in the discipline—
where it comes from, how it changes, and how truth is estab-
lished. Knowledge about mathematics also includes what it
means to know and to do mathematics, what is the relative cen-
trality of different ideas, what is arbitrary or conventional ver-
sus what is necessary or logical, and what is key to having a
sense of the philosophical debates within the discipline."

Researchers working in this approach often use methods that
probe teachers’ knowledge and that situate the questions in and
around questions that might arise in teaching. Such questions
respond to a student’s confusion, explain a2 mathematical proce-
dure whose mezning is buried inside rules of thumb, or consider
the connections among ideas. Those questions create conditions
where teachers have to make explicit their understanding of the
mathematical ideas and procedures behind the questions.

An overwhelming majority of the studies associated with this
approach to teacher knowledge have been conducted with pre-
service clementary teachers. Three reasons help to explain the
preponderance of work on preservice teachers. One is that re-
searchers have easier access to prospective teachers who are
right thers on campus. Second, researchers, usually teacher
educators themselves, are curious about their own students’

knowiedge. Finally, ethical and relational issues around “test-
ing™ teachers have plagued researchers interested in examining
experienced teachers’ knowledge. However, some studies have
focused on the mathematical knowledge of practicing teachers.
Why research has focused on elementary teachers reflects a
continuing assumption that content knowledge is not a problem
for secondary teachers, who, by virtue of specialized study in
mathematics, know their subjects. However, research on sec-
ondary teachers repeatedly reveals the fallacy of this assemp-
tion (e.g., Ball, 1988, 1990b; Even, 1993; Steinberg, Haymore, &
Marks, 1985).

An overview of those studies of teachers’ mathematical
knowledge—elementary and secondary, preservice and experi-
enced—reveals pervasive weaknesses in U.S. teachers’ under-
standing of fundamenta! mathematical ideas and relationships.
Although numerous mathematical topics have been investi-
gated, many have not been studied with any depth.

We summarize here the research that is focused on the top-
ics of whole number muitiplication and place value, division,
rational numbers, functions, geometry and measurement, and
proofs as a represemtative sample of the research that has
been conducted.

MULTIPLICATION AND PLACE VALUE

Research that studies teachers’ knowledge of multiplication has
focused primarily on the aigerithm for performing computa-
tions with multidigit numbers as a strategy to probe teachers’
understanding of the place value concepts that underlie the pro-
cedure. By and large, studies show that the teachers interviewed
were able to accurately perform the multiplication algorithm to
achieve correct answers. However, they often were not able to
provide explanations of the place value concepts that underlie
the algorithm. For example, Ball (1988) interviewed 19 prospec-
meelememaryandsemdaryteachersonthewp:cofmum
digit multiplication. She posed the following task:

Some eighth-grade teachers noticed that several of their students
were making the same mistake in multiplying large numbers. In try-
ing to calcuiate

X 645

the students seemed to be forgetting to “move the numbers™ (L.,
the partial products) over on cach line. They were doing this:

123
X 645

615
492
738

1,845

instead of this:

" Schwab (1961/1978) refers to these kinds of understandings as knowledge of the “substantive” and “syntactic™ structures of a discipline—in

this case, the discipline of mathematics.
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123
X 645

615
492
738

79,335

While these teachers agraed that this stacking was a problem, they
did not agree on what to do about it. What would you do if you
were teaching eighth grade and you noticed that several of your
students were deing this? (p. 123)

This question is prototypical of many of the research tasks

used in this approach to studying teachers’ knowledge. Ball
(1988) explains:

Since place value (and its root idea, grouping) is a fundamental
mathematical idea and since pupils often find it difficult, it seemed
a critical arez of teachers’ knowledge 10 imvestigate. I embedded
Place value concepts in two different interview tasks: one a class-
toom scenario focused on student difficulties with the multi-
plication aigorithm, the other a structured planningteaching—
assessment exercise on subtraction with regrouping (“borrowing™).
Although place value is the underlying foundation of these corven-
tional procedures, adults can perform the procedures competently
without thinking about place value at sll. I wanted to examine how
well the prospective teachers® adult operational knowledge of oum-
bmeqnippedthcmtohelppupilsmnkesenseofthemeanjngof
written numetals and the meanings of these operations with them.
(p. 49)

Consider what is going on inside this question. The algorithm
for multiplying large numbers is derived from the process of
decomposing numbers into “expanded form” and multiplying
them in paris. To understand this process, one must understand
decimal numerals as representations of numbers in terms of
huadreds, tens, and ones—namely, that in the nnmeral 123, the
1 represents one hundred, the 2 represents two ters, and the 3
Tepresents three ones. In this example, 123 X 645, one first mul-
tiplies 5§ x 123,

then 40 x 123,

and then 600 x 123,

28

X

73,800

In the final step, one adds the results of these three producis

123
X 5

——

615
4,920
73,800

Ineﬁ'ect,oncisputtingtheresultsoftheparts,orsteps,ofthc
operation back together~~that is, 645 X 123 = (600 X 123) +
(40 X 123} + (5 X 123). Few people write their computations
out this way. Most “shortcut” it by writing

123
X 645
615
492
738

Thisshortcut,ineﬂ"ect,hidestheconceptualbaseofthepm-
cedure. Furthermore, people can learn the shortcut without
leamingtheconcepmalfoundaﬁonofthepmcedmmspro-
cedure, which depends conceptually on place value and the dis-
tributive property, is thus a strategic site for exploring knowl-
edge of place value.

The teachers in Ball’s study (1988, 1950a} explained the algo-
ﬁthm,parﬁcuiadytheneedtobegintheswmdparﬁalpmduct
in the tens place rather than the ones place, using language sach
as“ﬁningitupcmzecﬂx”“movingthemmbersover,”“adding
2 zero,” and “using zero as a place holder” In some cases, the
preservice teachers clearly had only partial or incomplete un-
derstanding of the role of place value in multiplication. In other
cases, it was less clear whether they lacked understanding or
whether they lacked the ability to make that understanding ¢x-
plicit for the interviewer. S

Using this same task, Ball studied practicing teachers and
obtamedsimilarzesultal.ater,Ma(IM)mnalyzedﬂmse
same data and reported that the teachers tended to give
“pseudo—explanations”fmthealgorithm,usingmchofthe
samelanguageasthepreserviceteachersinlia]l’s(l%ﬂ)study
For example, teachers spoke of the “tens place™ or the “hun-
dreds place” but were referring primarily to the location of dig-
its, not to the essential features of place value, Some of the
teachcrsevennscdmnma!h:maﬂcalsymbols,suchasasteﬁsks,
forplace-holdersinthealgorithm.WhenMausedthissame
quesﬁonwﬁthnChiucseteachcrs,howcve;shefoundthatthey
provided explanations of the multiplication algorithm that used
the distributive property to cxplain the role of place value in
the partial products. Using the same questions, Ma’s interviews
produced portraits of teacher knowledge that were distinctly
different from those revealed in many of the previous studies.

Studies of secondary teachers revealed, to some’ people’s
surprise, that these teachers’ knowledge was much thinner and
less robust than most assurued, despite the fact that they—
unlike their elementary counterparts—usnally major in mathe-
matics. Indeed, in studies at several major universities, mathe-
matics majors stumbled over similar concepts and had difficulty
Justifying similar procedures and solutions as did elementary
teachers (e.g., Ball, 1988, 1990a; Ball & Wilson, 1990; Stein-
berg, Haymore, & Marks, 1985). Studies comparing the mathe-
matical knowledge of prospective elementary and secondary
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teachers show that secondary teachers’ conceptual knowledge
of elementary mathematics is not significantly stronger than
that of their elementary counterparts.

In particular, Ball (1991b) compared the mathematical
knowledge of preservice elementary education majors and
preservice secondary mathematics education majors using the
multiplication problem noted above. Although the mathemat-
ics majors were more successful at obtaining correct answers
than the elementary majors, they were not adept at explaining
the reasons behind the rules they invoked, and their knowledge
was not connected across various contexis. Thus, Ball con-
¢luded that although the secondary preservice teachers who
were mathematics majors had successfully completed a2 number
of advanced mathematics courses, this academic preparation
did not provide them with “the opportunity to revisit or extend
their understandings of arithmetic, algebra, or geometry, the
subjects they will be teaching” (p 24). This finding lends further
credence to the claim noted earlier that simply requiring teach-
ers to take more mathematics classes withont paying attention
to the specific content of those classes is unwarranted.

DIVISION

Research on teachers’ knowledge of division has revealed that
teachers use a predominantly partitive (sharing) conception of
division (Ball, 1990a, 1990b; Graeber, Tirosh, & Glover, 1989;
Simon, 1993; Tirosh & Graeber, 1990). Because those teachers
did not tend to use the quotitive {measurement) interpretation
of division, they often were not able to reason through prob-
lems involving division by zero, division of fractions and deci-
mals, or dividing 2 smaller number by 2 larger number. For
example, Simon (1993) posed the following problems to 33 pro-
spective clementary teachers:

Write three different story problems that would be solved by divid-
ing 51 by 4 and for which the answers would be, respectively,

(a) 12 ¥4 (b) 13 @12

You should have thres realistic problems. (p- 239)

Write a story problem for which 3/4 divided by 1/4 would represent
" the operation used to solve the problem. (p. 240)

In the first task, 74% of the story problems generated by the
prospective teachers reflected a partitive interpretation of divi-
sion, and 17% of the problems reflected a quotitive interpre-
tation. The teachers found part (b) of the task to be the most
difficult, and only those who produced quotitive problemns were
successful in obtaining a realistic problem for which the answer
would be 13, For the fraction division task, 73% of the prospec-
tive teachers gave inappropriate problems. The most common
incorrect problem reflected 2 multiplication situation. When
asked to generate a word problem involving division by a frac-
tion, teachers across many studies provided a problem that rep-
resented a multiplication situation instead (Ball, 1990a; Ball &
Wilson, 1990; Borko, Eisenhart, Brown, Underhill, Jones, &
Agard, 1993; Ma, 1999). Researchers hypothesize that a teach-
er’s tendency to rely on partitive models for division may lead
to conceptual difficulty when using fractional divisors. {For a

thorough explanation of the meaning of division, particularly
in the context of fractions, see Ball, 1990a.)

Few teachers (at any level} were able to convincingly explain
why diviston by zero is undefined. In some cases, teachers were
not aware that division by zero presented a significant issue.
For example, Ball (1988, 1990a) found that 12 of 19 teacher
candidates (elementary and secondary) relied on 2 memorized
rule to answer and to explain the calculation 7 divided by zero.
Of those 12 responses, five invoked the wrong rule, saying that
7 divided by zero was zero. Two teacher candidates could not
remember a rule at all and were unable to provide an answer to
the question.

Simon (1993) found that not one of the 33 prospective ele-
mentary teachers in his study was able to explain why the steps
of the long division algorithm result in a correct selution. Their
explanations focused on the computational aspects of the aigo-
rithm (e.g., checking to see if the number remaining is smaller
than the divisor) and made ne references to the iterative process
of making groups of a particular size and removing a certain
number of those groups.

In another study, Tirosh and Graeber {1950) found that ele-
mentary preservice teachers incorrectly applied their proce-
dural knowledge of division of whole numbers to situations
involving division of decimals. For example, the majority of
participants thought that division resulted in a quotient that
is smatller than the dividend, even when dividing by a decimal
between zero and one. When the participants carried out the
correct computational procedure and arrived. at a quotient
larger than the dividend, some were stiil inclined to rely on their
previous experiences with whole numbers and- to dismiss the
results of the algorithm, perhaps because they lacked an under-
standing of the equivalence-preserving effect of moving the dec-
imal point in the divisor and the dividend.

RATIONAL NUMBERS -

Studies that focus on teachers” knowledge of rational numbers
suggest that teachers are considerably less confident and less
successful in the area of rational oembers than they are in the
domain of whole mumbers. Post et al. (1991) administered to
218 practicing middle school teachers a written survey con-
taining both content items and pedagogical items related to ra-
tional numbers. Follow-up interviews were conducted with 15
teachers. Examples of content items included the following:

What number is one-third of [the] way from 1/2 and 7/87 (p. 188)

What wiil happen to the value of the fraction a/b if “2” is increased
four times and “b” is halved? (p. 188)

Given 9 circles of equal size, which represent 3/4 of [the total], deter-
mine [the number) of circles in 273 of {the] same unit. {p. 189)

Marissa bought 0.46 of a pound of wheat flour for which she paid
$0.83. How many pounds of flour could she buy for one dollar?
(p. 193)

Participants were asked to solve approximately 60 of these
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types of problems on the written survey. For six items, they
were asked to provide thorough explanations of their thought
processes and solution procedures. Some of the items also
asked for an explanation of how the information could be
taught to children. The interviews probed the participants’ re-
sponses on both the written survey and the pedagogical items.

Postetal. (1991) found that 10-25% of the teachers struggled
with basic computation with fractions, Approximately half of
the teachers were unable to find a decimal from two given deci-
mals, to find a nuraber one-third of the way from two given
fractions, to solve a siraple proportion, and to solve word prob-
lems given on the National Assessment of Educational Progress
tests for 13-year-old and 17-year-old students. The overall mean
for the written test was between 60% and 70%. A significant
number of teachers (20-30%) scored below 50% on the writ-
ten instrument.

The follow-up interviews showed that even when the teachers
were able to provide computationally sound solutions to prob-
lems, they were unable to provide pedagogically sound explana-
tions for their solutions. Although the authors did not provide
a detailed explanation of what they considered a pedagogically
adequate explanation, they did delineate the types of responses
the teachers gave in general terms. For example, in the propor-
tional reasoning problem given above, only 10.5% of the teach-
€15 gave an adequate explanation. Many gave partial or sketchy
explanations that were on the correct path, while others gave
explanations that were garbled, confusing, or difficult to follow,
Still others gave vague explanations or gave no explanation at
all. Approximately 30% of the teachers gave only procedural
explanations,andzs%gaveexplanatjonsthaxmadeparﬁaluse
of both procedural and conceptual explanations. Two-thirds of
the teachers did not use diagrams in their explanations, and
only 5% used estimation to check their answers.

Other studies showed that teachers tended to overgencralize
their knowledge of whole numbers when working in the domain
of rational numbers (Tirosh, Fischbein, Gracber, & Wilson,
1999), which led to misconceptions and impoverished ideas
about rational numbers. For example, Leinhardt and Smith
(1285) observed classroom teachers who thought that multipii-
cation aiways resulted in a product that is larger than either of
the two factors (true for whole numbers but false for rational
numbers). Those teachers also failed to recognize the use of
the identity element for multiplication when creating equivalent
fractions. Thus, in teaching their students to make equivalent
fractions or to simplify fractions, they told their students that
the resulting fraction was actually larger (in the case of equiva-
lent fractions) or smaller (in the case of simplified fractions)
than the original fraction,

FUNCTIONS

Functions are a fundamental topic in the secondary mathemat-
ics curriculum and are one more mathematical area that has
received considerable focus in this approach to research on
teachers’ knowledge. Even (1993) used questionnaires and in-
ferviews to assess 162 prospective secondary teachers’ under-
Standing of functions. The prospective teachers came from eight
universities and were in the final stage of their preparation pro-

grams. Those teachers thought that functions should be repre-
sented by algebraic equations and that the graphs of functions
should be smooth and continuous. Although most of the parti-
cipants knew that the vertical line test could be used to deter-
mine if a particular graph represents a function, most also
thought that 2ll functions must be one-to-one and onto. Few
teachersseemedtoundcrstandthatﬁmctionsneednotsaﬁ@
these properties, nor were they able to explain why it is neces-
sary to be able to distinguish betwesn functions and relations.

GEOMETRY AND MEASUREMENT

Several studies have used the van Hiele levels to character-
ize teachers’ knowledge of geometry. For example, Mayberry
(1983) found that more than 70% of the preservice elementary
teachers in her study performed at either the recognition or the
analysis van Hiele levels before instruction. Similarly, Swafford,
Jones, and Thomton (1997) found that 80% of the practicing
middleschoolteachersinthcirstudywefuncﬁoningatorhe-
low the van Hiele level of informal deduction.

A particular arca of geometry and measuremment that has
been investigated is teachers’ understanding of the relationship
between area and perimeter. Such studies suggest that teachers
frequently assume that there is a direct relationship between
area and perimeter so that as perimeter increases, area in-
creases also (Ball, 1988; Ball & Wilson, 1990; Baturo & Nason,
1996; Heaton, 1992; Ma, 1999). Further, teachers often do not .
use appropriate units when computing arca and perimeter,
commonly failing to use square units when reporting measures
of area (Batoro & Nasen, 1996; Heaton, 1992; Simon &
Blume, 1954). '

PROOF

A few studies have investigated teachers’ knowledge of proof,
The evidence from those studics suggests that teachers are
prone 1o accept inductive evidence, such as a series of empirical
examples or a pattern, as being sufficient to establish the valid-
ity of a claim (Ball & Wilson, 1990; Ma, 1999; Martin & Harel,
1989; Simon & Blume, 1996). Several rescarchers (Ball, 1988;
Ma, 1999; National Center for Research on Teacher Learning,
1993) presented teachers with the claim that, as the perimeter
of a rectangle increases, the area increases. The claim was
framed as a conjecture that was developed by a student and was
accompanicd by drawings of two rectangles that fit the conjec-
ture—one 4 cm long and 4 cm wide and another 8 ¢m Jong and
4 cm wide. Teachers were asked how they would respond to
the student.

In Ma’s (1999) analysis of this item, among 23 U.S. teachers
and 72 Chinese teachers, 9% of the U.S. teachers and 8% of
the Chinese teachers accepted the claim on the basis of those
examples with no further verification. Another 22% of the US.,
teachers said that they would need to look in a book to deter-
mine if the claim was true and placed no burden on themselves
to investigate further. More than half (56%) of the ULS. teachers
wanted 1o sec more examples to investigate the claim. Although
they recognized that one example was not sufficient to establish
the validity of the ciaim, they did not seem to realize that a
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finite number of examples would also be insufficient. Among
the Chinese teachers who investigated the claim, either by using
examples or by using the formulas for area and perimeter, 22%
erroneously concluded that the student’s conjecture was correct.
Thirteen percent of the U.S. teachers and §%% of the Chinese
teachers were able to explore the problem and produce counter-
examples to show that the conjecture was false.

Many teachers seemed 1o have little propeasity to search for
alternative solutions or to verify their solutions using alterna-
tive methods (Baturo & Nason, 1996; Ma, 1999). However, Ma
(1999) found that the Chinese teachers tended to provide mul-
tiple solutions to problems, ofien searching for more efficient
and elegant solutions without external prompting.

Simon and Blume (1996) studied a group of 26 preservice
elementary teachers in a mathematics content course and docu-
mented the process by which the group developed as a mathe-
matical community. They noted tendencies on the part of the
preservice teachers that were similar to those described for the
groups studied by Ma. Namely, the preservice teachers were
not initially inclined to question the validity of explanations
offered by classmates, and they tended to accept inductive evi-
dence as sufficient justification. Simon and Blume paint a vivid
picture of the challenges and opportunities of trying to engage
this group of students in mathematical arguments. In particular,
they noted that each participant’s knowledge of the mathemat-
ics at hand affects his or her interpretation of peers’ use of justi-
fcation. The preservice teachers’ mathematical knowiedge lim-~
ited their ability to make sense of peers’ argurnents.

Revising Conceptions of Teacher Knowledge:
Pedagogical Content Knowledge

This rapid growth of research on teacher knowledge yielded
more than mountains of data on teachers” understanding of
particular topics. One of the most significant contributions
within this closer focus on teacher knowledge has been a pow-
erful and convincing new conception of subject matter knowl-
edge for teachers called “pedagogical content knowledge”
(Grossman, 1990; Shulman, 1986, 1987; Wilson, Shulman, &
Richert, 1987). With the introduction of pedagogical content
knowledge to the lexicon of research on teaching and teacher
education, Lee Shulman and his colleagues called attention to
a special kind of teacher knowledge that linked content and
pedagogy. In addition to general pedagogical knowledge and
knowledge of the content, argued Shubman and his ¢colleagues,
teachers need to know things like what topics children find in-
teresting or difficult and what the representations are that are
most useful for teaching a specific content idea. Pedagogical
content knowledge is a unique kind of knowledge that inter-
twines content with aspects of teaching and learning.

The introduction of the notion of pedagogical content knowl-
edge brought to the fore questions about the content and nature
of teachers’ subject matter understanding in ways that the pre-
vious focus on teachers’ course taking had not. It also led to

the crucial insight that even expert personal knowledge of
mathematics often could be surprisingly inadequate for teach-
ing. Knowing mathematics in and for teaching requires one to
transcend the tacit understanding that characterizes much per-
sonal knowledge (Polanyi, 1958). It also requires a unique un-
derstanding that intertwines aspects of teaching and learning
with content.

Consider our earlier example on multiplication of decimals.
The teacher had to know more than how to multiply decimals
correctly herself. She had to understand why the algorithm for
multiplying decimals works and what might be confusing about
it for students. She had to understand multiplication as iterated
addition and as area, and she had to know representations for
muhiplication. She had to be familiar with base-ten blocks and
to know how to use them to make such ideas more visible to
her students. Place value and the meaning of the places in a
number were at play here as well. She needed to see the connec-
tions between multiplication of whole numbers and mltiplica-
tion of decimals in ways that enabled her to help her students
make this extension. She also needed to recognize where the
children’s knowledge of multiplication of whole numbers might
interfere with or obscure important aspects of multiplication of
decimals. And she needed to clearly understand and articulate
why the rule for placing the decimal point in the answer—that
one counts the number of decimal places in the numbers being
multiplied and counts over that mumber of places from the
right—works. In addition, she needed an understanding of lin-
ear and area measurement and of how they could be used to
model multiplication.? She even needed to anticipate that a
fourth-grade student might ask why one does not do this magic
when adding or subtracting decimals and to have in mind what
she might say, All this represents an intertwining of content and
pedagogy, or pedagogical content knowledge.

The kind of knowledge and sensibility described above high-
lights quintessential ¢lements of pedagogical content knowl-
edge. Such knowledge is not something a mathematician woéuld
have by virtue of having studied advanced mathematics. Nei-
ther would it be part of a high school social studies teacher’s
knowledge by virtue of having teaching experience. Rather, it is
knowledge special to the teaching of mathematics. Pedagogical
content knowledge——-representations of particular topics and of
how students tend to interpret and use them, for example, or
ideas or procedures with which students often have difficulty—
describes a unique subject-specific body of pedagogical knowl-
edge that highlights the close interweaving of subject matter
and pedagogy in teaching. Bundles of such knowledge are built
up over time by teachers as they teach the same topics to chil-
dren of certain ages and by researchers as they investigate the
teaching and learning of specific mathematical ideas.

Liping Ma’s (1999} work coniributes to the notion of peda-
gogical content knowledge by describing something she calls
“profound understanding of furdamental mathematics” Ma
describes the “knowledge packages™ that are part of the knowl-
edge of the 72 Chinese clementary teachers whom she inter-

7 This point is not a trivial one. See Simon and Blume (1954) for a detailed explanation of the conceptual complexity underlying the area model

for multiplication.
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viewed. Those knowledge packages constitute a refined sense
of the organization and development of a set of related ideas in
an arithmetic domain. The Chinese teachers whom Ma studied
clearly articulated ideas about “the longitudinal process of
opening up and cultivating such 2 field in students’ minds”
(Ma, 1999, p. 114). Their knowledge packages consisted of
(a) key ideas that “weigh more” than other ideas in the package,
{b) sequences for developing the ideas, and (c) “concept knots”
that link crucially related ideas. Ma’s notion of knowledge
packages represents a particularly generative form of and struc-
ture for pedagogical content knowledge. Key in her notion of
mathematical knowledge for teaching is a kind of culturally sit-
uated and curricular structuring of the content that readies it
for teaching by identifying central ideas and their connections,
as well as the longitudinal trajectories along which ideas can be
effectively developed.

This approach to the study of teacher knowledge takes sev-
eral important steps toward solving the problem of mathemati-
cal knowledge for teaching. First. it fills in gaps left when the
focus is on only teachers’ credentials. This approach probes the
intricacies of mathematical knowledge to explore and identify
what there is to know inside the school curricutum, inside the
ideas and procedures that teachers must help others learn.

Second, the idea of pedagogical content knowledge substan-
tially improves our understanding of the knowledge required
for teaching. The concept implies that not only must teachers
know content deeply, know it conceptually, and know the con-
nections among ideas, but also must know the representations
for and the common student difficulties with particular ideas.
That concept makes clear that knowledge of mathematics for
teaching encompasses more than what is taught and learned in
conventional mathematics courses. The concept of pedagogical
content knowledge helps to explain Begle’s (1979) and Monk’s
(1994) findings that courses in mathematics methods had more
effect on student performance than did typical mathematics
courses. Because the curriculum of methods courses often fo-
cuses on pedagogical content knowledge, taking such courses
may offer teachers the opportunity to develop this kind of
knowledge.

Third, this approach to teacher knowledge has produced a
constellation of new methods for probing what teachers know
and, in so doing, has yielded portraits of highly developed
teacher knowledge such as that contributed by Ma (1999).

However, this approach also leaves gaps in efforts to solve the
problem of mathematical knowledge for teaching. One kind of
gap emerges from the limits of repeatedly documenting teach-
ers’ lack of knowledge—or even, in some cases, what they do
know. Such portraits do rot necessarily illuminate the knowl-
edge that is critical to good practice. What they do reveal is the
content and structures of teachers’ mathematical knowledge,
and they help to substantiate the idez that teachers’ knowledge
is different from mathematicians’ knowledge in some signifi-
cant ways.

The second gap centers on the remaining distance between
studies of teacher knowledge and of teaching itself To under-
stand the mathematical work of teaching would require a closer
look at practice, with an cye to the mathematical understanding
that is needed to carry out the work.

We turn our attention now to those gaps and to 2 promising
approach with which we can address them in the next, and £i-
nal, section of this chapter. It is the recognition of those gaps
that has pressed the field toward a new approach to solving the
problem of mathematical knowledge for teaching, an approach
built on and extending the previous two research approaches.

Redefining the Problem: From Teachers’ Mathematics
Knowledge to Knowledge of Mathematics in and
for Teaching

Before moving ahead, we will recapitulate the two approaches
that have been dominant in research on teachers’ knowledge.
First, looking at teachers and their characieristics, as well as
asking questions about how their qualifications relate to student
learning, leaves a gap. What knowledge of mathematics do they
have? What is the nature of that knowledge? Without this finer
probing of the nature of teachers’ knowledge, efforts to solve
the problem of the mathematical knowledge that counld enable
better teaching and learning will run zground. Litde evidence
can be found to support the contributions of mathematics
course work or mathermatical credentials to teacher effective-
ness. And even when such evidence emerges in a few cases, it is
not helpful in deciding what mathematics teachers might need
to learn.

A second approach to the problem, then, engages researchers
in closely analyzing the nature of teachers’ mathematical knowl-
edge. However, such an analysis is still conducted at some dis-
tance from practice. Findings about what teachers know, as well
as how they think about mathematics teaching and learning or
abont particular mathematical topics, still describe teachers
and teachers’ knowledge more than they describe teaching.
Studying teachers, although valuable, is incomplete becanse re-
sults deduce teaching’s mathematical demands from teachers’
accounts of what they think or would do. Without our knowing
whether the teachers interviewed are actually effective, however,
what they report remains in some significant ways unwarranted.

The problem of the mathematical knowledge needed in and
for practice remains, therefore, unsolved in significant ways.
Given all the work in this area, why do we make this claim?
First, many studies reveal portraits of U.S. teachers—experi-
enced and preservice, elementary and secondary-—whose fun-
damental understandings are shallow. On the one hand, discus-
sions of those findings sometimes become mired in criticism
and despair about the current teaching force. Observers are
tempted to think that the solution is to recruit “smarter” people
into teaching rather than to appreciate the subtle and complex
content knowledge required for teaching (and to acknowledge
the fact that most adults—not just teachers—find these subject
matter questions difficult to answer). On the other hand, taking
seriously the significance of the findings yields a substantial
challenge: How can teachers” mathematical knowledge be de-
veloped in ways that would more closely correspond to what
Ma (1999) found among Chinese teachers or would more satis-
factorily “fulfill” the questions that rescarchers are using?

Although those questions are important and the issues are
serious, no one question completely penetrates the central prob-
lems of practice. Although teaching depends on knowledge,
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knowing is not synonymons with teaching. Approaches that fo-
cus on teachers rather thar on teaching can foreclose opportu-
nities to examine closely the mathematical territory and de-
mands of the work.

Consider, for example, Lampert’s research on teaching (e.g.,
Lampert, 1986, 1989, 1990, 1992). Her writing, not about the
teacher but about practice, reveals vividly the mathematical
reasoning involved in choosing and using particular representa-
tions, in managing a complex classroom discussion, and in de-
signing a problem or in figuring out how to formulate a good
question. Her work shows some of the mathematics needed in
teaching as well as where and how those mathematics have to
be put to use,

A key distinction is worth making: whether studies of knowl-
edge are or are not studies of knowing in teaching. New subtle-
ties are added to the problem of mathematics knowledge:
namely, what matters ultimately is not only what courses teach-
ers have taken or even what they know, but also whether and
how teachers are able to use mathematical knowledge in the
course of their work.

Knowing Mathematics in Teaching

We turn first 10 instances in which researchers have been doing
more than talking with teachers about mathematics or even
about teaching and leaming. Instead, researchers have been
watching teachers who seek to use mathematical knowledge in
the course of their work. What emerges from these observations
is that being able to talk about mathematics is different from
doing it.

Despite the fact that the work on teachers’ kmowledge has
developed innovative means of probing teachers’ knowledge of

mathematics for teaching—through scenarios and situated ex-

amples—responding to such grounded situations is not fully
equivalent to the on-line work of teaching. How it is different
is only vaguely emergent, but the deeply cognitive orientation
of research on teacher knowledge does not adequately take up
the mathematical problem solving that teachers do as they en-
gage in the activities of their work. -

What becomes clearer across those studies is that studying
what teachers know, or defining the knowledge that teachers
should know, is insufficient to solving the problem of under-
standing the knowledge that is needed for teaching What is
1nissing with all the focus on teachers is a view of mathematical
knowledge in the context of teaching. It is toward this aspect
of the problem that the field is currently heading. A few ex-
amples help to illuminate this direction and to show what sort
of new knowledge is needed.

Swafford, Jones, and Thomton (1997) report on 49 middle
school teachers who completed a summer course in geometry
where the work was situated in the practical situations in which
they would use the mathematics. Those teachers showed sig-
nificant gains in their geometry content knowledge as measured
by a pretest and posttest. Among the teachers, 72% mcreased
one van Hiele level, and more than 50% increased two van Hiele
levels. Eight teachers who were selected for classroom observa-
tions and interviews during the following school year reported
that they spent more time on geometry, were willing to try new

ideas, were more likely to take risks to enhance student learn-
ing, and were more confident in their abilities to elicit and re-
spond to higher levels of geometric thinking as a result of their
experience in the geometry course.

Similarly, Sowder, Philipp, Armstrong, and Schappelle (1998)
describe a 2-year teacher enhancement and research project
with five middle school teachers in the areas of rational mym-
bers, quantity, and proportional reasoning. Like Swafford and
her colleagues, these researchers documented increases in the
teachers’ content knowledge and changes in their classroom
practice. Sowder et al. report that as the teachers’ content
knowledge increased and deepened, the teachers were more
willing to try new mathematics with their students, saw their
students as more capable mathematicaily, encouraged and ex-
pected more conceptnal explanations of material, became less
dependent on prescribed curricula, and tended to probe stu-
dents’ thinking more often. This result suggests that there may
have been something that these teachers were able to do in their
work with students that was shaped by their new knowledge or
by the experiences that they had in the project. In addition to
the teachers’ changed attitudes toward the content and toward
their students, growth in students’ knowledige of these topics
was documented with pretest and posttest data. The evidence
from student data sugpested that students” knowledge of frac-

.tions did increase. The authors suggest that this increase is

finked to the teachers’ increased content knowledge.

Getting still closer to teaching practice, studies of the Cogni-
tively Guided Instruction program (Carpenter, Fennema, Pe-
terson, & Carey, 1988) have encouragingly shown that teachers
who know problem types for addition and subtraction, the refa-
tionship between the two operations, and comimon strategies
used by students in solving such problems are successful in en-
gaging students in rich discourse about mathematics and in fa-
cilitating students’ constructions of multipie solutions to prob-
lems (Fepnema & Franke, 1992). Two things seem impostant
here. One has to do with what mathematical knowledge matters
{classification of problem types within addition and subtrac-
tion) and the other has to do, mostly implicitly, with uses to
which teachers must put such knowledge (managing productive
discussions in class and helping students develop multiple solu-
tions to problems).

Making use of mathematical knowledge in the practice of
teaching is challenging. Some work has probed deeply enough
to begin to illuminate that challenge. Thompson and Thompson
(1994), for example, highlight the crucial role played by lan-
guage. They vividly describe the sitnation of one teacher who,
although he understood the concept of rate himself, was re-
stricted in his capacity to express or discuss the ideas in every-
day language. He was satisfied with computational language for
his own purposes, but when this language did not help students
understand, be was not able to find other means of ¢xpressing
key ideas. .

Another clear example is cogently articulated by Schram,
Wilcox, Lanier, and Lappan (1988). Reporting some success in
helping preservice teachers expand their conceptual under-
standing during the mathematics content courses, those re-
searchers found that the preservice teachers developed a deeper
understanding of many of the facts, formulas, and rules that
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they had previously memorized. This deeper understanding re-
sulted from taking a course that emphasized problem solving,
reasoning, discourse, group work, and the use of multiple repre-
sentations. However, when researchers followed the teachers
into their first year of teaching, they found that many of the
preservice teachers did not attempt to work with such ideas in
their own practice. The experience of the carefully developed
mathematical courses in which the teachers had participated
did not automatically equip them with the understanding or
skill to do similar work with children. The researchers (Wilcox,
Lanier, Schram, & Lappan, 1992) were led to conclude the fol-
lowing:

Disciplinary study is necessary to develop i novice teachers a set
of intellectual tools and a disposition to engage in mathematical
inquiry themselves. But disciplinary study alone may be insufficient

todevelopmbegmnmgteacberstheknawledge,skﬂls,andbe-
hcfs to conceive of teaching as something other than telling or as
more than a matter of technical competence. (p. 23)

This example lends further credence to the argument that a
number of different types of knowledge interact when a teacher
makes decisions. Although the teachers possessed some [evel of
desirable substantive knowledge of mathematics, they lacked
adequate knowledge of mathematics as a discipline, as peda-
gogical content knowledge or as both to enable them to teach
mathematics in ways consistent with current reform efforts.
Clearly, knowing mathematics for omeself is not the same as
knowing how to teach it.

In one of the most astonishing—but not anomalous—cases
depicting the challenges of using mathematical knowledge in
teaching, Eisenhart, Borko, Underhill, Brown, Jones, and
Agard (1993) describe the case of a middle school student
teacher, Ms. Daniels, who was asked by a child to explain why
the inveri-and-multiply algorithm works. Ms. Daniels tried to
create a word problem for three-fourths divided by one-half by
saying that three quarters of a wall was unpainted. However,
there was only enough paint to cover one-half of the unpainoted
area. As she drew a rectangle to represent the wall and bagan
to illustrate the problem, she realized that something was not
right. She aborted the problem and her explanation in favor of
telling the children to “just use our rule for right now™ (p. 198).

Despite having taken two years of calculus, a course in proof,
a course in modern algebra, and four computer science courses,
Ms. Daniels was unable to provide a correct representation for
division of fractions. She, in fact, provided a representation—
orally and pictorially-——of multiplication, rather than the divi-
sion, of fractions. What is important to note here and what
distressed the research team is that Ms. Daniels had had oppor-
tunities to develop conceptual understanding of division of
fractions, including different interpretations of division (quoti-
tive, partitive), as well as representations of the concept. The
tesearchers had, in fact, documented Ms. Daniels’ leamning
about division of fractions and had interviewed her about the

topic. That she had such difficulty making sense of division of
fractions when she encountered it in practice was a sign of the
need 1o redefine the problem of teacher knowledge. Research-
ers needed to turn from locking at teachers and their knowl-
edge to looking more closely at teaching and to probing the
mathematical entailments of practice (Ball, 1999),

In yet another case, Heaton (2000) studied her own mathe-
matics teaching practice as she worked to change her approach,
Her work offers insight inte the challenges of knowing and us-
ing mathematics in context. For example, in a lesson involving
composition of functions, Heaton asked her students to identify
patterns they saw in tables as she hoped to help them articulate
a generalization about the composition of two functions. When
her students began identifying random, interesting occurrences
rather than meaningful patterns, Heaton realized that she was
unsure how 10 decide what constituted a mathematically rele-
vant pattern and that she did not know how to use the idea of
composition of functions with this problem. In reflecting on the
lesson, Heaton came to realize that because she did not really
understand how composition of functions was relevant to the
rest of the elementary mathematics curriculum, she had no pur-
pose or direction for her iesson or for the questions she asked
during her lesson. Thus, she was unable to help children make
sense of each other’s ideas or to ask questions that would lead
to productive discourse. Heaton’s story offers a clue: knowing
mathematics in practice is not simple; yet, knowing mathemat-
ics is what ultimately matters.

These examples reveal the additional—and central—prob-
lem of mathematical knowledge in use. They suggest a set of
important guestions for research that would enabie a closer con-
nection of knowledge and practice, the very connection that
prompted work on this problem in the first place. A recent
finding provides a glirnpse of the important distinction between
knowmghowtodomathemaucsandknowmgmathemaucsm
ways that enable its use in practice.

In their analysis of data from the National Education Longi-
tudinal Study of 1988, Rowan, Chiang, and Miller {1997) report
strong positive correlations between teachers’ responses to
items that are designed to measure the use of mathematical
knowledge in teaching and their students’ performance.”® Al-
though teachers’ mathematical knowledge has rarely shown
any significant effects on student performance, this analysis
provides some confirmation that understanding the wuse of
mathematics in the work of teaching is a critical area ripe for
further examination. It is not only what mathematics teachers
know but also how they know it and what they are able to mo-
bilize mathematically in the course of teaching (Cohen & Ball,
in press). Although less easily quantified than other indices
such as the type and number of courses taken, it is this peda-
gogically functional mathematical knowledge that seems to be
central to effective teaching.

Ultimately, teachers must be able to know and use mathemat-
ics in practice, not merely do well in courses or answer pedagog-
ically contextualized questions in interviews. This conclusion

" These items were developed at the National Center for Research on Teacher Learning, Mlch.:gan State University. See Kennedy, Ball, and

McDiarmid (1993).
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suggests the need to redefine the problem from one about feach-
ers and what teachers know to one about teaching and what it
takes to teach. What mathematical knowledge is actually en-
tailed ir teaching? How is it used?

What Is Mathematically Entailed by Teaching the
Multiplication of Decimais?

To begin to unpack this question of practice and its mathemati-
cal demands, we return once more to our example of teaching
the multiplication of decimals. We note the rathematical depth
of the task and its surrounding territory of investigation. What
mathematical demands are created by the enactment of this les-
son? Underlying this basic procedure—the multiplication of
decimals—are several critical mathematical notions: the impor-
tance of the idea of the umits (often tacitly understood) that
numbers carry, the transitions between linear and area repre-
sentations of mumber, and the difference and correspondences
between the area and iterated addition models for multipli-
cation.

One demand of teaching this topic is to be able to handle the
predictable questions. Why does the rule for placing the decimal
point in the answer—that one counts the number of decimal
places in the numbers being muitiplied and then counts over
that number of places from the right—work? Why does one not
do this “magic” when adding or subtracting decimals?

Another mathematical entailment of teaching this topic is to
be sure-footed in its complex substantive and representational
territory. Whereas discussions of pedagogical content knowl-
edge have made representations a central component, this smatl
example illuminates the mathematical work of using represen-
tations in particular contexts. Using and managing the mathe-
matical correspondences and pedagogical challenges of these
geometric representations of multiplication, and of place value,
requires considerable mathematical depth and flexibility. As our
teacher contemplated the area representations that her students
were constructing, she noticed that the rectangles were con-
structed with seven hundredths along the top and three hun-
dredths along the side, and she had to think, “How did this
arrangement correspond to the problem .3 X 77" (see Figure
24.6).

When she saw that this same representation could be used to
model 3 X 07 or 7 X .03, she had to make a clear distinction
between numbers interpreted as products of lengths in the .3 X
.7 version and as iterations of area units in the 3 X 07 or 7 X
.03 version. Looking at her students’ construction using the
rods that represented tenths (of area units), she had to be clear
with herself that they were modeling three times seven-tenths, a
different problem. Using the representation compstently re-
quires more than knowing how to show it oneself.

In addition, our teacher was aware that the tenths could be
used to model .3 X .7 by superimposing the two rectangular
arrays as pictured in Figure 24.7.

Although she did not use it in this instance, this representa-
tion was part of her repertoire. Because the problem asks about
multiplication of tenths, a student might try to constinct a rep-
resentation starting with tenths. Understanding this representa-
tion helps the teacher be prepared to discriminate between this
representation and the one depicted in Figure 24.2. Like the

Figure 24.6. A typical arraingement of tiles to show 3 X 7.

basic area model represented in Figure 24.2, this figure shows a
rectangle with sides having lengths of .7 and .3 (see dark shaded
region in Figure 24.7). However, unlike Figure:24.2, which is
constructed directly out of hundredths, Figure 24,7 starts with
tenths, corresponding to the problem .7 X 3. -

Crisscrossing the tenths affords a view of the interpretations
“seven-tenths of three-tenths” and “three-tenths of seven-
tenths” (Focusing on the three tenths, one can see the over-
lapped area as demarcating seven tenths of the three tenths.
And focusing on the seven tenths, one can see the overlap as
marking off three-tenths of the seven tenths.) This model (Fig-
ure 24.7), like the other one (Figure 24.2), affords a view of both
the iterated addition interpretation {e.g., seven-tenths of three
tenths), as well as the area model (e.g., constructing a rectangle
with side lengths of .7 and .3). ‘

Being able to manage the confusions into which students
stumble, to keep one’s mathematical bearings, to have a sense
of the relationships between the multiplication of whole num-
bers and the multiplication of decimals, and to be skillful in
putting the base-ten blocks into flexible use—-each of these ac-
tivities requires particular kinds of mathematical knowledge
and ways of reasoning. Looking inside classroom lessons, plus
developing mathematical topics over time, helps to unearth the
mathematical entailments of practice.

Starting with Practice in Order to Uncover Knowledge

This redefinition of the problem of mathematical knowledge for
teaching reverses the usual approaches. The other approaches
begin with knowledge, or with teachers, to identify the knowl-
edge needed to teach. Most approaches identify the mathe-
matical knowledge that is needed for teaching by andlyzing the
curricula that teachers use or by interviewing teachers to learn
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what they know. After one has decided what teachers need to
know, the problem has been to iry to get teachers to know those
things. When they do, another familiar problem- arises: knowl-
edge and practice are not seamiessly connected. On the one
hand, teachers cannot always use what they know. On the other
hand, what they know may not fully accommodate the demands
of their work in context. For both of these reasons, rescarchers
working in this third approach would begin instead with an ex-
amination of practice itself,

This approach would entail mathematical analyses of core
activities of mathematics teaching. Those core activities include
things such as figuring out what students know; choosing and
managing representations of mathematical ideas; appraising,
selecting, and modifying textbooks; deciding among alternative
courses of action; and steering a productive discussion. Identi-
fying the mathematical resources entailed by these teacher ac-
tivities would be an important step in this approach.

For example, teachers design tasks. What does it take to dis-
criminate between different possible examples of the multiplica-
tion of decimals? Consider, for example, the differences between
assigming 0.2 % 0.5 versus 0.3 X 0.7 m our example. Similarly,
what difference would it make for students’ work if the teacher
chose 2.3 X 3.7? Considering with precision the often subtle
ramifications of different numerical parameters in a mathemati-
cal task is an example of crucial mathematical problemn solving
in the context of practice.

What mathematical insights does such work take? What are
the mathematical ideas that it requires, and what is the nature
of the reasoning entailed? Clearly, this work involves more than
being able to multiply decimals oneself. Again, the focus in this
definition of the problem is on teaching practice, its sites of
work, and its demands, as well as on what mathematical knowl-
edge it entails, and how it is used-—not merely on what teachers
do or do not know.

What mathematical work is entailed in other core activities
of teaching, such as sizing up students’ ideas and responding?
Responding is also a complex—and not wholly generic—task.
Tt requires being able to hear and interpret what the student is
saying, and it includes being able to skillfully probe in cases
where the student’s idea is not clear. It may entail designing
and posing a question, answering a query, or pointing out an
incongruity or connection. That this is mathematical, not simply
pedagogical, reasoning becomes clearer the more closely one
looks. When a teacher decides to ask, “How do you know that
those are hundredths?” or “Is that the only solution to this
problem? or “How would you convince someone else of what
You are seeing?” then she is engaged in mathematical work, is
considering the problems and ideas at hand, and is working to
orchestrate more than her own thinking about the subject
matter.

This approach to research on mathematical knowledge in
and for teaching would also respond to the fact that teaching is
a practice embedded with both regularities and endemic uncer-
tainties. That it involves regularities gives rise to certain sorts
of knowledge used to anticipate, prepare for, and manage the
predictable. For example, some topics—such as arithmetic with
integers, probability, and fractions—are quite often difficult for
students. Certain ways of approaching these topics—particular

representations and methods of development—can help medi-

ate such difficulties. Often-used mathematical tasks can be
mapped by the range of typical approaches used by students of
a given age (Stigler & Hiebert, 1999). Being prepared for these
regularitics of practice is enabled by pedagogical content
knowiedge, which involves bundles of understanding that com-
bine knowledge of mathematics, of students, and of pedagogy.
Pedagogical content knowledge is 2 special form of knowledge
that bundies mathematical knowledge with knowladge of learn-
ers, learning, and pedagogy. Those bundles offer a crucial re-
source for teaching mathematics because they can help the
teacher to anticipate what students might have trouble learning
and to have ready alternative models or explanations to mediate
those difficulties.

One big challenge of teaching is to integrate many kinds of
knowledge in the context of particular siteations. That there
are patterns in and predictability to what students might think,
and that there are well-tried approaches to develop certain
mathematical ideas, can help researchers manage this chal-
lenge. However, possessing a body of such bundled knowledge
may not always equip the teacher with the fexibility needed to
manage the complexity of practice. Teachers also need to
puzzle about the mathematics in an unanticipated idea or for-
mulation proposed by a student, to analyze a textbook presen-
tation, to decide to change the numerical parameters of a prob-
lem, to make up homework exercises, and to consider the
relative value of two different representations in the face of a
particular mathematical issuc. These recurrent activities of
teaching entail a kind of mathematical wnderstanding that is
pedagogically useful and ready, not simply bundled in advance
with other considerations of students or learning or pedagogy.

Looking closely at teaching brings fo the fore the nature of
the work, both in planning and reflecting, as welt as in the
moment-to-moment work of enactiment in class. An endless
barrage of situations—of what can be freshly understood as
mathematical problems to be solved in practice—aentails an on-
going use of mathematical knowledge that is not visible until
probed at the levei of practice. What it takes mathematically to
manage these both routine and nonroutine activities of practice
is the focus of this third approach to understanding the relation-
ship between mathematical knowledge and teaching. It is the
need to unearth this kind of pedagogically usefil mathematical
understanding that gives rise to the need for this new work on
knowledge of mathematics for teaching. Such a mathematical
perspective on the work of teaching can extend what we cur-
rently understand about teachers, about the knowledge that
they have and need, and about the role of snch knowledge in
practice. It is a timely shift from teachers to teaching that will
push the field ahead in solving this central but complex prob-
lem. By making practice the focal point, researchers can bring
mathematics and teaching into closer connection in ways that
would be able to contribute to the improvement of teacher edu-
cation, policy, and practice.
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