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Abstract

We analyse the geometry of the rubber-rolling distribution on the special ortho-
gonal group and show that almost all the normal geodesics of any right-invariant
sub-Riemannian metric defined on this distribution are completely integrable.
Our argument is an adaptation of the method used to establish integrability of
the Riemannian metric arising from the n-dimensional rigid body: namely, by
exhibiting a Lax pair and bi-Hamiltonian structure for the reduced equations
of motion.
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Lie groups, Lax pair, bi-Hamiltonian structure

Mathematics Subject Classification numbers: 53C17, 70H06, 37J39, 70G65
1. Introduction
The geodesic flow on a Riemannian manifold M is generated by a Hamiltonian system on the
cotangent bundle. A Riemannian metric is called integrable if the corresponding Hamiltonian

system is integrable in the sense of Liouville, that is, if the flow admits » = dim M independent
integrals of motion which mutually commute with respect to the Poisson bracket on 7*M. In
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principle, one can then find the geodesics explicitly through quadrature. The literature sur-
rounding integrable Riemannian metrics is vast (see, for instance, [8, 12, 13, 35, 40]) whereas
less has been said about sub-Riemannian metrics, with much of the work focussed on Carnot
groups [14, 28, 31]. A sub-Riemannian metric also defines a Hamiltonian system on the cotan-
gent bundle, and so one can equally ask if this flow is integrable.

A famous example of an integrable Riemannian metric on SO(n) is that which arises from
the kinetic energy of an n-dimensional rigid body. We will consider a related class of sub-
Riemannian metrics defined on the right-invariant ‘rubber-rolling’ distribution D of tangent
vectors to SO(n) of the form g = Qg where

0 [Q2 ... Qu
—Q

ool 0 0
_g.zln

are skew-symmetric matrices whose only non-zero entries are in the first row and column.

Theorem 1. The sub-Riemannian metric with length

VAL o+ A8, )

defined on the distribution D defines an integrable Hamiltonian system on T*SO(n) for any
choice of distinct positive scalars As, ..., A,.

We prove this theorem by adapting the same methods which led Manakov to establish the
complete integrability of the rigid body [29]. In particular, we consider the symplectic reduced
space so(n)* and show that the corresponding reduced equations of motion admit a Lax pair
formulation and a bi-Hamiltonian structure. This yields a collection of first integrals which can
then be shown to define an integrable system thanks to the work of Mishchenko and Fomenko
in [30]. The idea of applying Mishchenko and Fomenko’s arguments to a sub-Riemannian
metric instead of an ordinary Riemannian metric was pointed out in [9] and [16].

Any sub-Riemannian problem may be reinterpreted as a kinematic non-holonomic optimal
control problem. From this point of view, our problem is a special case of a more general class
of problems defined on symmetric spaces considered in [6, 9]. There is also a wider literature
concerning the related problem of rolling manifolds along each other, see for instance [20, 24].
In particular, we note that theorem 1 was proven in the symmetric case where A, = --- = A,
for n =13 in [4] and more generally in [25] where the sub-Riemannian problem corresponds to
a ball rolling on a plane without spinning.

2. A sub-Riemannian metric on the special orthogonal group

2.1. The Hamiltonian setting

A sub-Riemannian metric on a manifold M is completely determined by a fibrewise self-adjoint
map [3: T*M — TM of constant rank known as the cometric. The distribution D is the image
of B and the inner product between 3(p;) and 5(p,) is defined as (p1, 5(p2)). The function

H(p) = 3405 (p)

on T*M is the Hamiltonian for the sub-Riemannian metric. It is known that the integral curves
of the Hamiltonian flow when projected down to M are, for sufficiently small arcs, the unique
length-minimising admissible curves between their endpoints.
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We shall be interested in the case when the manifold is a Lie group G. Left and right multi-
plication of the group on itself lifts to an action on the cotangent bundle, and we will say that
the sub-Riemannian metric on G is left- or right-invariant if the Hamiltonian is invariant with
respect to the left or right action.

The momentum maps for the left and right actions are given by right and left translation of

TG

covectors back to the identity, respectively. For left-invariant Hamiltonians, the momentum J;,
is constant along the Hamiltonian flow, and J serves as an orbit-quotient; and vice versa with
the words left and right interchanged. The orbit space g7, is Poisson with the bracket

{f,8} (M) = =M, [df |, dg|m]) ©)
evaluated at M € g7 . Here the derivatives df and dg evaluated at M are canonically identified
with elements of g and [, | denotes the Lie bracket.

For a more detailed background in sub-Riemannian geometry, we recommend the [2, 32],
and [6], and [34] for those aspects concerning Poisson geometry.

2.2. The rigid body

The kinetic energy for an n-dimensional rigid body defines a left-invariant Riemannian metric
on SO(n). This descends through reduction to so(n)* with Hamiltonian

1
H(M) = >(M,9), for Q= (%))
where J: s0(n) — so(n)* is the inertia operator [36]. If we identify so(n) with its dual via the
trace pairing
1
M, Q) = -Tr(M"Q
< ? > 2 r ( )
then
J(Q)=J0+QJ

where J is the mass matrix, which we may suppose is diagonal with strictly positive entries
Ji,...,Ju. The angular momentum is related to the angular velocity via

My =1y, for Iy =J+J;.

The I}, are the generalised moments of inertia for the n-dimensional body, and the Hamiltonian
is in coordinates given by

1 M,
H(M) = 3 E T 4)
k<l
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*

The equations of motion on so(7n)*

=m0
dr

are known as the Euler equations, and given by

The trivial constants of motion are the Hamiltonian and the Casimirs Tr(M*). Additional con-
stants of motion can be seen by rewriting the Euler equations in terms of a Lax pair

d

@ (M+ M) = [M+X\P,Q+ M|

where A is an arbitrary parameter. This equation, found originally by Manakov [29], implies
that solution curves remain inside the same conjugacy class, and so Tr(M + \J?)¥ is constant
for any power k. Since \ was arbitrary it follows that each of the coefficients of A in the
expansion

hp ="Tr(M+ )\J2 ZA" s (M 5)

is itself a constant of motion. These define the Manakov integrals /Ay ;.

2.3. The sub-Riemannian metric

Let p denote the subspace of matrices of the form (1) and equip this with the metric given
in (2). We note that this is not a Lie subalgebra of so(n), but that it generates the entire algebra
in one step, that is

p+[p.p] =g

Right multiplication pushes p forward to define a non-integrable right-invariant distribution
on SO(n) equipped with a sub-Riemannian metric. The corresponding length functional may
be interpreted as describing the length traced by the path of an (n — 1)-dimensional ball which
rolls without sliding or spinning on R"~! with metric

ds® = Agdy} + -+ + Audy?. (6)

We denote this right-invariant distribution by D and refer to it as the rubber-rolling distribution,
a term we have taken from [17] and [26], so called since the ball is not allowed to spin about
its point of contact. We will later solve for the rolling motion in the case n=3.

The right-invariant sub-Riemannian Hamiltonian on 7*SO(n) descends to give a Lie—
Poisson system on so(n)* whose Hamiltonian is given in coordinates by

n M%k
HsR(M):EZTk, (7)

k=2

where, as we did earlier, we have identified the Lie algebra with its dual by using the trace
form.

Remark 2.1. Notice that the sub-Riemannian Hamiltonian in (7) is the limit of the rigid-body
Hamiltonian in (4) when Iy — oo for k # 1 and Ay = I};. Indeed, any sub-Riemannian metric
on a distribution D can be interpreted as a limit of Riemannian penalty metrics in which velo-
city vectors not belonging to D become increasingly expensive. We note, however, that this
limit is not physical since 2J; = I} 4+ I3 — I3 necessarily limits to —oo, which contradicts
the positive-definiteness of the mass matrix for realistic bodies. On the other hand, the metric

4
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on the left-invariant distribution does correspond to the optimal control of an underactuated n-
dimensional rigid body, with control torques (actuators) about (n — 1) of the n principal axes.
For the underactuated rigid body problem, see e.g. [9] and [6] and references therein.

2.4. Rolling a ball across a table

Place a rubber ball on a table. The configuration of the ball is determined by its point of contact
(v,2) € R? and a matrix g € SO(3) whose columns are the basis vectors of an orthonormal
frame fixed inside the ball. How can we roll the ball from one orientation g to another g; in
such a way that the curve of contact which the ball traces on the table has the least length with
respect to the metric

ds* = Aydy® + Azdz*?

This question is equivalent to our sub-Riemannian problem on SO(n) for n =3, as we will
now show.

The no-spinning constraint implies that admissible tangent vectors to SO(3) must be of the
form

" 0 -0 9 -
o =1 Q 0 0 | g=9Qg. (8)
o\-a, 0o o

This notation is chosen to coincide with the ‘hat-map’ whereby Quv=Qxv for Q=
(0,€,,€,)". For such a motion, the path traced on the plane satisfies

d yy Q,
£0-(5)

where we are supposing for simplicity that the ball has a unit radius. For an admissible curve
g(?) the length of the path traced by the ball is therefore

/\/AZ\QZP LA, dr. (10)

Equation (8) defines a right-invariant distribution on SO(3) and equation (10) equips this with
a sub-Riemannian metric. R
Identify tangent vectors g to SO(3) with vectors € in R? via right-trivialisation Q = gg~
and the hat-map. Likewise, we may also identify covectors with M in R? via the standard
pairing (M, Q) = M"Q). The Hamiltonian on 7*SO(3) for the sub-Riemannian metric is then

1 (M M
Hg (M) =~ | -2+ + -2
‘R() 2<A2+A3>

for M = (M, My,M,)". After reduction this descends to a Lie-Poisson system in 50(3)*% = R’
with equation of motion

d
M= VHe x M. (11)

The Hamiltonian Hgg and Casimir function |M|? are both constants of motion. The intersec-
tions of their levels sets therefore give the solution curves: elliptic cylinders for H g constant,
and spheres of constant C = |M|?, as shown on the right-hand side in figure 1.

5
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> W

0<k<1

k>1

- %

Figure 1. On the right are intersections of the elliptic-cylinder Hsr = 1/2 with coadjoint
orbits in s0(3)*. The corresponding paths which the ball traces on the table are shown
on the left.

For the initial conditions M,(0) =+/C—A,, M,(0) =0 , and M.(0) = /A, we can
solve (11) exactly in terms of Jacobi elliptic functions, finding

M, (1) = /A3 sn(u,k) and M. (1) = \/A; cn(u,k), (12)

where

C—A2 A3_A2

=1 d k: .

“EN s \ c—4,
6
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The tangent vector €1 is related to the covector M via M, = A3(), and M, = A>(),. We can use
this relation together with (9) to find the path that the ball traces by integrating (12) (with the
aid of [15]) to find that

\/1szcosh(o<fy MA;ZAZ» 0<k<1

cos (z A3A_3A”> = { exp (—y MA;;AZ) ’ k=1 (13

\/kz—lsinh<a—y %), k> 1

where we are assuming A3z > A, and « is such that y(0) = z(0) = 0. These curves are shown
on the left-hand side in figure 1.

Remark 2.2. The rolling problem we have discussed is related to an interview question asked
in the 1950s at the University of Oxford [19], first solved in [3] (see also [22] and [23]). Given
two points py and p; on the table, and two configurations g, and g, of the ball, what is the
shortest length path which rolls (pg,g1) to (p1,g1)? Our problem differs from this in two
respects. Firstly, we are not concerned with connecting two points on the table, but rather
with the two configurations of the ball; and secondly, the metric on the table is not the stand-
ard Euclidean metric. It is curious to compare the curves in equation (13) with those for the
Euclidean case A, = A3 where the ball is found to travel across the table in straight lines and
circular arcs.

We conclude by noting that we have only solved for the path which the ball traces on the
table. In order to find the explicit sub-Riemannian geodesics on the group SO(3) equation (8)
must be integrated. These geodesics have been found explicitly in [5].

3. Integrability

3.1 Manakov integrals in the limit

Following on from remark 2.1 we may interpret the sub-Riemannian metric as a limit of
Riemannian metrics for the rigid body. Since the rigid body is known to be integrable for
distinct principal moments of inertia, does it follow that its limit is also integrable? Our ini-
tial heuristic for finding first integrals was to inspect the Manakov integrals in such a limit.
However, the integrals are found to diverge or become dependent. To overcome this, we now
show how to define a collection of integrals which are functionally equivalent to the Manakov
integrals, but which survive in the limit. We will later show that these are in fact first integrals
of the sub-Riemannian flow.

To define this limit more precisely, consider a rigid-body parametrised by s whose mass
matrix J° is diagonal with entries

Ji = —s,and J; = Ay + s for k # 1.

In this way I, = Ay for all s, and the I;; — oo as s — oo for k # 1. The Hamiltonian therefore
limits to the sub-Riemannian Hamiltonian H . Strictly speaking, this metric does not represent
a physical body since Jj is negative, however this does not affect the definition of the Manakov
integrals. We may rewrite

) =Tr (M—&-/\[JS]2)k
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as
Tr (M + A [*1d + 254 + A%])",

where we have introduced the diagonal matrix A = diag(0,A,, ...,A,). Replace the indeterm-
inate variable A with o /(2s) so that this becomes

B =Tr( | M+ A+A—2 +Eldk
k= 7 25 2 '

Notice that the expression above may be written as

- k

A2

Tr M+ o (A—l— 2) + a linear combination of hy_,,...,h3,h{, h].
s

Therefore, the Manakov integrals 4] are functionally equivalent to the collection

ANk
Tr M+U<A+)
2s /) |

for k=1,2,...,n. These integrals have a well-defined limit as s — co given by
gl =Tr(M+ oA

for arbitrary o. In the next section, we will verify that these are indeed first integrals of the
sub-Riemannian geodesic flow.

3.2. A Lax pair and bi-Hamiltonian structure

The Poisson structure in (3) leads to the equation of motion

d
&M: [dHSR|M7M]7 (14)

in so (n)* where the derivative dH evaluated at M is understood to be an element of the Lie
algebra. It will be helpful to decompose

T
M= (2 nif ) (15)

into the (n — 1)-dimensional column vector y and the skew-symmetric matrix m belonging to
so(n — 1). In a slight abuse of notation, by letting A~! denote the matrix diag(4;',...,A;")
the Hamiltonian is conveniently written

1 ~
Hg (M) = ETr </LTA71[IJ)

from which we find

0 _ TAfl
stR|M=(A1u “0 ) (16)

Together with (14) this allows us to write the equations of motion as

d .
oy =—mA~!
GH=mAT L,
d_. T ;-1
i ] 17
" [uu (17)
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Proposition 3.1. The equations of motion admit a Lax pair formulation,

d
= (M+04) = [dHey + 0B, M + oA, (18)
for o an arbitrary parameter, A = diag(0,A,,...,A,), and B = diag(0,1,...,1).

Proof. This follows from the important identity
[dHSR|M7A] = [M’B] (19)
which is verified by direct calculation. O

It follows that M 4 oA evolves within the same conjugacy class. The traces of (M + cA )k
are therefore integrals of motion. Since o is arbitrary, the coefficients of o in the expansion

gl =Tr(M+ O'A Zak lor (M (20)

are first integrals, which we name the sub-Riemannian Manakov integrals, and denote by gy ;.

Remark 3.1. It is interesting to note that the sub-Riemannian Manakov integrals are the same
as the ordinary Manakov integrals in (5) for a ‘flat’ rigid body whose diagonal mass matrix
satisfies J> = A. The body is flat because it has no extent in the first principal direction since
J1 =0. The equations of motion for the flat body are, however, not the same as those for the sub-
Riemannian problem. This can be seen by noting that the inertia operator J for a flat rigid body
(with only J; equal to zero) is invertible, yet the cometric M — dHg for the sub-Riemannian
metric is not invertible.

We now turn our attention to establishing a bi-Hamiltonian structure for the equations of
motion. This can be used to give an elegant proof of the involutivity of the sub-Riemannian
integrals by closely adapting the work of [33]. We will, however, prove this using an alternative
method, owing to Mishchenko and Fomenko, in the next section. Nonetheless, we include the
work below since it constitutes an interesting example of a sub-Riemannian flow admitting a
bi-Hamiltonian structure.

We begin by observing that for any matrix S there is an alternative Lie bracket on the space
of matrices given by

X, Y] = XSY — YSX.

If S is symmetric then this restricts to a Lie bracket on s0(n) which we can use to modify (3)
to produce an alternative Poisson structure on so(n)* given by

{f»g}s = (M, [df|M,dg|M]s>-

For a given Hamiltonian H suppose that there is another function F for which

{Sva} = {@ﬂF}S
holds for all ¢. The Hamiltonian system generated by H is therefore equivalent to the system

generated by F with respect to the altered Poisson structure. If S is not a scalar multiple of the
identity, then we say that this system is bi-Hamiltonian.

Proposition 3.2. The sub-Riemannian Hamiltonian system generated by Hg on $04(n)* is
bi-Hamiltonian. Specifically, the system is equivalent to the Hamiltonian system generated by

F(M)=Tr (MTA”M) n %Tr (;%TA*%A*I) @1)

9
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with respect to the altered Poisson structure { , }, where A = diag(0,4,,...,A,).
Proof. From the definitions of the Poisson brackets, we must show that
(M, [X, dHr |m]) = (M, [X,df |m]) (22)

for all X in so(n). As we are identifying so(n) with its dual via the trace form, one can show
that

<M’ [deHsR|M]> = <X7 [stR|M7M] ,> and <M7 [Xadf|M}A> = <Xa [AvM]df|M>'

Therefore, it suffices to show

(X, [dHsr |, M]) = (X, [A,M]y,)- (23)
The derivative of F is found to be
0 —uTA72
df lmy=1{ » I, N 24
i <A2,u A 1mA! 24

which when combined with (16) allows us to compute and verify the important identity
[dH(R |5, M] = [A, M]4),, from which (23) follows. O

Remark 3.2. The bi-Hamiltonian structure we have constructed is a variation of that for the
rigid body given in [33] (see also the construction in [7]) who are careful to note that if any
of the J; are zero then this ‘...can also be employed for flat bodies, but the construction of the
Hamiltonian functions is more complicated’. Indeed, we observe that the altered Hamiltonian
F in (21) differs from the form given in [33, equation 3.8]. Nevertheless, as confirmed in their
concluding remarks, the proof that the integrals are in involution using a recursion relation
may still be applied. Indeed, one can reproduce their arguments exactly to show that the sub-
Riemannian Manakov integrals commute.

3.3. The four-dimensional case

The case for n =4 is the smallest case to feature a non-trivial sub-Riemannian Manakov integ-
ral. The Hamiltonian from equation (7) is
1 /M3, M3, M
He (M) == (=22, 713 , 714
alhn =3 (M 2y i),

for M in s0(4). The six-dimensional Lie algebra so(4) possesses two Casimirs,

Ci = M7, + M7+ My, + Ma, + Ma, + M,
Cy = M12M34 — M3Moy + Mi4Mos3.

It is convenient to use the decomposition given in equation (15) together with the hat-map to
identity m in s0(3) with a vector m in R>. In this way

—Mi> —M3y
p=|-Ms|,m=| My [,
—My —M>;

and the Casimirs are compactly written

Cl = |/'L‘2 + |m|27
Cy=pu'm.
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By considering the map (y,m) — (u + m, u — m), we see that the set of constant C; and C,
is diffeomorphic to the product of two spheres with respective radii C; 4+ 2C, and C; — 2C5.
Incidentally, this establishes that the Casimirs satisfy

C, > 0,and C? > 4C5.

The regular coadjoint orbits are thus four-dimensional. Integrability, therefore, requires one
further integral in addition to the Hamiltonian. This is given by the sub-Riemannian integral
83,2, which for convenience we scale by f% and denote by

F (M) =AM, + AsMis + AsMy + (As + As) M3, + (As + Ag) M3,
+ (My + M3) M.

Hence, by Liouville’s theorem, s0(4) is foliated almost everywhere into tori equal to the con-
nected components of the regular fibres of (Hg, F,Cy,C,).

Finally, we consider the analogous ‘rolling motion’ as in section 2.4 for the case of a four-
dimensional ball rolling without spinning along a hyperplane. We proceed in greater generality,
considering a unit ball in R" rolling without slipping along the hyperplane y; = —1.

Fix an orthonormal frame inside the centre of the ball which is coincident with the standard
frame in space at time ¢ = 0. Let c(f) be the vector for the point of contact between the ball and
the hyperplane viewed from within the ball’s frame. For ¢ = 0 this is ¢ = (—1,0,...,0)T, and
for later ¢ is given by c(t) = g(f)~'co, where g(?) is the matrix in SO(n) whose columns form
the ball’s frame in space at time ¢. The velocity of the point of contact viewed from within the
ball’s frame is

c=-g"'48 .

To convert vectors from the ball’s frame to the space frame, we need only multiply on the left
by g. Therefore, the velocity of the contact point in space is —gg~'co, and thus, the no-slip
condition implies that the point of contact satisfies
d .

&yj = Q]j, for 2 g] < n. (25)
Here we have introduced the right-invariant velocity 2 = gg~! in s0(n). The no-spin condition
implies that {2 must belong to the rubber-rolling distribution given in equation (1), and the
metric given in equation (6) defines the sub-Riemannian metric on D as in equation (2).

The equations of motion found in equation (17) define the following system in so0(4)

dM, _ M3 M»o3 I men , dM»3 _ Ay —As MiM5,
dr A3 A4 dr A2A3
dMy3  (MioMys MaMsy dMas _ (A2 —As
_ _ 7 = Mi2M 4,
dt A2 A4 dr A2A4
Mg _ (MoMay  MisMa M (A —As)
& A, As dt AzAy

The cometric relates the angular velocity with the angular momentum via M; = A;€y; for 2 <
J < n. Therefore, we may find the motion for the point of contact of the ball by first integrating
the system above, and then integrating equation (25). Examples of these curves for n =4 and
for (A2,A3,A4) = (2,3,4) are shown in figures 2 and 3.

1
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Figure 2. A bounded rolling curve.

Figure 3. An unbounded rolling curve.

3.4. Proof of theorem 1

The integrability of the sub-Riemannian geodesic system follows directly from an applica-
tion of Mishchenko and Fomenko’s generalisation of the Euler equations for the rigid body
to arbitrary semisimple Lie algebras. For convenience we reproduce their result below [30,
theorem 5.2] (see also the statement in [11, theorem 1]).

Theorem 2. Let g, C g, be the normal subalgebra of the semisimple complex algebra g with
compact real form g, and consider the Euler equations

4
dt
defined on the subalgebra g, where p: g, — @, is a self-adjoint linear map satisfying

[p(M),A] = [M, B] (26)

M= [M,p(M)]

for some commuting A,B € g with A regular. Then for any Casimir f of g, the functions of the
Jorm f{M + cA) are constants of motion for the Euler equations and are in pairwise involution.
Furthermore, among this set of functions, one can choose functionally independent integrals
equal in number to half the dimension of a regular adjoint orbit of g,.

12
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To apply this theorem we set g = gl,C with compact form g,, = u(n) and normal form g,, =
s0(n). The sectional operator ¢ is identified with the map M — dHg |5 and the identity (26) is
satisfied as in (19) for A = diag(0,A,...,A,) and B = diag(0, 1,...,1). Casimirs are invariants
of the adjoint representation, which for so(n) are the trace-powers (M) = TrM*. Therefore, it
follows from the theorem that among the sub-Riemannian Manakov integrals g ; introduced
in (20), there exist

%(dimﬁo (n) —rank so (n)) = % (% (n=1)= ED

independent first integrals in involution, which defines an integrable system on the regular
adjoint orbits of so(n). This completes the proof of theorem 1.

Remark 3.3. There is a straightforward generalisation which replaces the distribution of tan-
gent vectors in (1) with block matrices

0 —uT
2=(S %)

where w is a k x (n — k)-matrix, with sub-Riemannian length

A (wTAw) ,

for A = diag(A,—,--.,A,). When interpreted as a rolling distribution, this corresponds to
the problem of rolling the (oriented) Grassmannian f}vl'(k7n) along its affine tangent space.
This problem has been considered extensively before in [20, 24] (see also the references
therein) for the particular case of the standard Euclidean metric where A may be taken to
be the identity matrix. We remark however, that the result of Mishchenko and Fomenko used
above does not work for k> 1. The reason for this is that, although equation (19) holds for
A = diag(0,...,0,A,_,...,A,) and B=diag(0,...,0,1,...,1), the matrix A is not regular,
and so the proof in [30] no longer applies.

Remark 3.4. It is somewhat frustrating that we must assume the A,,...,A, to be distinct in
order to ensure that A remains regular. This frustration is shared with the rigid body, where the
integrability results of Manakov, Mishchenko, and Fomenko both require the J; to be distinct.
In the event that these become equal, we obtain the so-called symmetric body. The proof of
integrability breaks down as dependencies form between the Manakov integrals which were
previously independent. On the other hand, the added symmetry of the body gives rise to
additional conserved momenta. These, however, do not necessarily commute with one another,
so one must consider the related notion of non-commutative integrability, as performed in [16,
18]. One can adapt their work to the sub-Riemannian case where some of the A;s become
equal. A related work is [21] in which it is shown that specific sub-Riemannian metrics, which
include our example for A, = --- = A, are integrable in the non-commutative sense.
Alternatively, there is a result due to Vinberg [41] which states that the limit of the algebra
of integrals defined in theorem 2 remains a commutative algebra with the same transcend-
ence degree, even if A tends to a non-regular element. This can be used to establish complete
integrability of the system as various A;s converge to each other. We remark that the resulting
integrable system is larger than the algebra of integrals defined in theorem 2 and depends on
the way in which the regular A converges to a non-regular element. These integrals and their
dependence on the limit can be found explicitly by applying the work of Shuvalov [39].

13
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4. Concluding remarks

A curious feature which distinguishes sub-Riemannian geometry from ordinary Riemannian
geometry is the existence of singular geodesics. These are length minimising curves which,
unlike normal geodesics, are not the projections of integral curves in the cotangent bundle for
the Hamiltonian flow. In other words, these are geodesics that do not arise from solutions of
the equations of motion, and are typically more difficult to find. Therefore, it is natural to ask
what, if any, singular geodesics are present for the sub-Riemannian metric on SO(n)? We note
that for n = 3 the distribution is contact and so all geodesics are normal [1, proposition 4.38].

The relative equilibria of the standard Euler equations on so(3) correspond to the well-
known steady motions of a rigid body around its principal axes. In our example for n =3, the
analogous solutions can be seen from figure 1 to correspond to motions where the ball rolls in
a straight line across the table. For n > 3 a classification of all such relative equilibria is more
challenging, and corresponds to finding critical points of the sub-Riemannian Hamiltonian on
the adjoint orbits. This task has been considered for the case of geodesic flows in [37].

Finally, we conclude with a conjecture. The famous Mishchenko—Fomenko conjecture (now
a theorem [38], see also [10]) asked whether every Lie group admits an integrable Riemannian
metric. This was initially proven by Mishchenko & Fomenko for semisimple Lie groups
in [30]. Our work motivates a related sub-Riemannian extension of this question: for any
(semisimple) Lie group G, does their exist an integrable sub-Riemannian metric of any given
rank £? The known Riemannian case corresponds to kK = dim G. In this paper we have showed
that for G = SO(n), the result is true for the distribution D with rank k = n — 1. The general
case would shed light on the class of systems discussed in [9] and [27].
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