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Abstract. The Special Euclidean group on the plane SE(2) has a left-invariant sub-

Riemannian structure. Every sub-Riemannian manifold possesses a Hamiltonian func-

tion governing the sub-Riemannian geodesic flow. Two natural questions are: What are

the necessary conditions for sub-Riemannian geodesics to be periodic? What type of

geodesics are the metric lines in SE(2)? In this article, we answer both questions, and

our method to answering the second is using the Hamilton-Jacobi theory.
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1. Introduction

The Euclidean special group, denoted by SE(2), can be given the structure of a sub-

Riemannian manifold. The main goal of this paper is to characterize its periodic sub-

Riemannian geodesics and its metric lines using the methods of Hamiltonian dynam-

ics. The sub-Riemannian geodesic flow is a Hamiltonian system on the cotangent bundle

T ∗ SE(2) whose solutions, projected to SE(2), are sub-Riemannian geodesics, i.e., locally

length-minimizing horizontal curves.

To endow SE(2) with a sub-Riemannian structure, we consider the non-integrable

distribution D framed by the left-invariant vector fields {Xθ, Xu} described by equa-

tion (3) below, and declare them to be orthonormal. Thus, we obtain a left-invariant

sub-Riemannian metric in SE(2), consult [3] or [1] for more details on the left-invariant

metric. In general, if G is a Lie group with a left-invariant sub-Riemannian metric, a stan-

dard approach to study its sub-Riemannian geodesic flow is to consider the flow that on

the symplectic reduction of T ∗G by G. In the particular case of SE(2), the semidirect
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group structure of SE(2) given by SE(2) = SO(2)⋉R2
plays a primary role, consult

[14] for the general theory of symplectic reductions, and [13] or [15, Chapter 4] for the

theory in the case of semidirect products. However, we will use an alternative method;

the group SE(2) has the structure of a metabelian Carnot group, i.e., the commutator

group [SE(2),SE(2)] ≃ R2
is abelian. Thus, we will consider the Hamiltonian action of

R2
and perform the symplectic reduction of T ∗ SE(2) by R2

, where the reduced space

T ∗ SE(2) //R2
µ is symplectic diffeomorphic to T ∗ SO(2); refer to [5] for a detailed dis-

cussion of symplectic reductions in the case of metabelian groups.

The first consequence of the symplectic reduction by R2
is the primary tool in our

work, a bijection between sub-Riemannian geodesics in SE(2) and curvesαµ in T ∗ SO(2)
depending on a parameter µ in R2

, where we identify (R2)∗ with R2
. Let us consider the

coordinates (pθ, θ) in T ∗ SO(2), then the curve αµ is defined by the equation

(1) αµ := {(pθ, θ) ∈ T ∗ SO(2) : 1 = p2θ +R2 cos2(θ − δ)},
where µ = (R, δ).

In Section 2.2.2, we provide a prescription to build a curve in SE(2) given a curve αµ;

the Background Theorem states that the prescription yields sub-Riemannian geodesic

in SE(2) parameterized by arc-length. Conversely, the prescription can achieve every

arc-length parameterized geodesic in SE(2) by applying it to some curve αµ.

The first main theorem classifies the periodic geodesics over SE(2).

Theorem A. The corresponding geodesic to αµ with µ = (R, δ) is periodic if and only if
R = 0.

The proof of Theorem A relies on the period map from Proposition 2.7. To introduce

our second main result, let us formalize the definition of a metric line.

Definition 1.1. LetM be a sub-Riemannianmanifold, let distM (·, ·) be the sub-Riemannian
distance on M , and let | · | : R → [0,∞) be the absolute value. We say that a curve
γ : R → M is a metric line if it is a globally minimizing geodesic, i.e.,

|a− b| = distM (γ(a), γ(b)) for all compact intervals [a, b] ⊂ R.

Alternative terms for “metric lines” are: “globally minimizing geodesics”, “isometric

embeddings of the real line”, or “infinite-geodesics.”

In [6, 4], A. Bravo-Doddoli and R. Montgomery used the metabelian structure of the

Carnot group Jk(R,R) to provide a partial result to the classification of metric lines. We

will follow their approach. In Section 2.2.1, we will compute the reduced Hamiltonian

Hµ : T ∗ SO(2) → R and classify the sub-Riemannian geodesics in SE(2) according

to their reduced dynamics, this classification is equivalent to classifying the curve αµ,

see Lemma 2.4 below. Then, we will show that a sub-Riemannian geodesic is one of the

following types: line, θ-periodic, or heteroclinic geodesics. See Section 2.2.4 for formal

definitions.

In [16], I. Moiseev and Y. Sachkov used optimal synthesis to study the cut times of

the sub-Riemannian geodesics of the Special Euclidean group SE(2). One of their main

contributions was proving that all the sub-Riemannian geodesics of the type heteroclinic

are metric lines. In [2], A. Ardentov, G. Bor, E. Le Donne, R. Montgomery, and Y. Sachkov

interpreted the sub-Riemannian geodesics as a bicycle path. They presented an alterna-

tive proof to show that the heteroclinic geodesics are metric lines by using an isometry

between the geodesic of type lines and the heteroclinic. The second goal of this paper

is to use Hamilton-Jacobi theory to provide a complete classification of metric lines on

SE(2) and then give a third proof to I. Moiseev and Y. Sachkov’s result.
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The second main theorem precisely classifies the metric lines over SE(2).

Theorem B. The metric lines in SE(2) are precisely the geodesics of the type line and het-
eroclinic.

The proof to Theorem B consists of two parts: proving that the geodesics of the type

heteroclinic and line are metric lines and showing that the geodesics of the type θ-periodic

are not globally minimizing. Our method to prove the first part is to find a calibration

function by solving the Hamilton-Jacobi equation. For more details on Hamilton-Jacobi

theory, refer to [3, Section 47] or [11, Section 47]. A calibration function is a tool from

weak KAM theory. Consult [9, 10] for the general weak KAM theory, refer to [17, Chapter

1.9.2], and to [6, Section 5] for more details of the calibration function in the context of

sub-Riemannian geometry. The second part of Theorem B is a consequence of Proposition

3.10, which states that geodesics of type θ-periodic do not minimize beyond their θ-period.

Organization of the paper. Section 2 introduces the group SE(2) as a sub-Riemannian

manifold. It also describes the metabelian structure. Section 2.2 presents the Hamiltonian

function governing the sub-Riemannian geodesic flow. It explains symplectic reduction

by the normal subgroup R2
and writes down the reduced Hamiltonian Hµ. It states and

proves the BackgroundTheorem. It describes some symmetries of the sub-Riemannian

geodesic flow and classifies the sub-Riemannian geodesics. Section 2.3 proves Theorem

A.

Section 3 study the metric lines in SE(2). Section 3.1 introduces the Hamiltonian-

Jacobi equation and its relation to the eikonal equation. It formally defines a calibration

function and solves the sub-Riemannian eikonal equation on SE(2). Section 3.1.1 presents

our method to prove that the type line and heteroclinic geodesics are metric lines. Section

3.2 presents the definition of a cut-time and verifies that an upper bound for the cut-time

for the θ-periodic geodesics is its θ-period. Section 3.3 summarizes our results and proves

Theorem B.

The Appendix A shows the relation between the calibration function used to prove

Theorem B and Mañe’s critical value, a fundamental concept from weak KAM theory.

Acknowledgements. This research was conducted during the summer of 2024 as part

of the University of Michigan, Ann Arbor math REU program. We thank Prof. Tasho

Kaletha, Annie Winkler, and the faculty at the University of Michigan for organizing this

REU. The author, S. Ku, would like to thank Prof. Asaf Cohen for providing funding under

the National Science Foundation Grant number DMS-2006305.

2. The Euclidean group as a sub-Riemannian manifold

2.1. The Euclidean group as a sub-Riemannian manifold. The Special Euclidean

group is a 3-dimensional Lie group. If (θ, x, y) in (0, 2π) × R2
are local coordinates,

then a point g in SE(2) has a matrix representation given by

g =

cosθ − sin θ x
sin θ cos θ y
0 0 1

 ,

The Lie algebra se(2) is given by

Eθ =

0 −1 0
1 0 0
0 0 0

 , Eu =

0 0 1
0 0 0
0 0 0

 , and Ev =

0 0 0
0 0 1
0 0 0

 ,
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then the Lie bracket relations are

(2) [Eθ, Eu] = Ev, [Eθ, Ev] = −Eu, and [Eu, Ev] = 0.

Let us formalize the definition of a metabelian group.

Definition 2.1. We say a groupG is metabelian if the commutator group [G,G] is abelian.

In the case of a connected Lie group, being metabelian is equivalent to [g, g] being

abelian. Equation (2) implies that the sub-algebra [se(2), se(2)] is an abelian ideal, since

it is spanned by {Eu, Ev}. It follows that SE(2) is a metabelian Lie group.

For the rest of the paper, we will write the left-invariant vector fields in terms of the

operators
∂
∂θ ,

∂
∂x and

∂
∂y , rather than use matrix representation. Thus, the left-invariant

vector fields are given by

(3) Xθ =
∂

∂θ
, Xu = cos θ

∂

∂x
+ sin θ

∂

∂y
and Xv = − sin θ

∂

∂x
+ cos θ

∂

∂y
.

The frame {Xθ, Xu} defines a non-integrable distribution D. We declare the frame

orthonormal to equip D with a sub-Riemannian inner product. We say that a smooth

curve γ(t) in SE(2) is horizontal if γ̇(t) is tangent to D for all time t.

2.2. Sub-Riemannian geodesic flow. Let us consider the cotangent bundle T ∗ SE(2)
with the canonical coordinates (p, g) = (pθ, px, py, θ, x, y). The left-invariant momentum

functions associated to the left-invariant vector fields are given by

(4) Pθ = pθ, Pu = px cos θ + py sin θ and Pv = −px sin θ + py cos θ.

For the definition of momentum functions, consult [1, Chpater 3.4] or [17, Definition

1.5.4].

Therefore, the Hamiltonian function governing the sub-Riemannian geodesic flow is

(5) HsR(p, g) =
1

2
(P 2

θ + P 2
u) =

1

2
(p2θ + (px cos θ + py sin θ)

2).

For the formal definition of the sub-Riemannian geodesic flow, refer to [1, Chapter 4.7.2]

or [17, Chapter 1.4] (an alternative name for the Hamiltonian function is sub-Riemannian

kinetic energy).

We notice that if (p(t), γ(t)) ∈ T ∗ SE(2) is a solution to the Hamiltonian system

defined by equation (5), then γ(t) is a horizontal curve. Indeed, Hamilton equations and

the fact that the momentum functions Pθ and Pu are linear in pθ , px and py imply

(6) γ̇(t) = PθXθ(γ(t)) + PuXu(γ(t)).

When we choose the energy level H(p, g) = 1
2 , the corresponding geodesic γ(t) is pa-

rameterized by arc length.

Every cotangent bundle T ∗M , where M is a smooth manifold, possesses a natural

Poisson bracket {·, ·}. A Poisson bracket {·, ·} is a bi-linear operator on the space of

smooth functions C∞(M), with the property that (C∞(M), {·, ·}) is a Lie algebra, and

{·, ·} is a derivation, i.e., for all F,G and H in C∞(M) the following expression holds

{FG,H} = F{G,H}+G{F,H}.
An alternative way to write the evolution of a function F through the Hamiltonian flow

of H is given by Ḟ = {F,H}.
If PX and PY are the momentum functions associated with the vector fields X and Y ,

then the relation between the Poisson bracket and vector field bracket is given by

{PX , PY } = −P[X,Y ].
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To compute the differential equations for Pθ , Pu and Pv , we use the above relation to find

(7) Ṗθ = −PuPv, Ṗu = PθPv, and Ṗv = −PθPu.

Since the Hamiltonian function H(p, g) does not depend on the variables x and y,

px and py are constant motions. In other words, the Hamiltonian function H(p, g) is

invariant under the Hamiltonian action of R2
. Therefore, this action defined a momentum

map given by

J(p, g) = (px, py) = µ ∈ R2,

where we identify again (R2)∗ with R2
itself. For the formal definition of the momentum

map, refer to [18] or [3, Appendix 5]. If (p(t), γ(t)) is a solution of the sub-Riemannian

geodesic flow, then we say that a geodesic γ(t) has momentum µ if J(p(t), γ(t)) = µ.

2.2.1. Reduced dynamics. The semidirect product structure ofSE(2) implies that the cotan-

gent bundle T ∗ SE(2) is symplectic diffeomorphic to T ∗ SO(2)×T ∗R2
, where we iden-

tify T ∗R2
with R2 × R2

. Let us consider the level set µ = (a, b), then the inverse image

J−1(µ) is diffeomorphic to T ∗ SO(2)×R2 × µ. Being R2
an abelian group, its isotropic

group R2
µ is equal to R2

. Thus the reduced space T ∗ SE(2) //R2
µ := J−1(µ)/R2

µ is sym-

plectic diffeomorphic to T ∗ SO(2). If πµ : T ∗ SE(2) → T ∗ SO(2) is the symplectic map

provided by the symplectic reduction, then the reduced HamiltonianHµ : T ∗ SO(2) → R
is the unique function such that HsR|J−1(µ) = Hµ ◦ πµ. Therefore, the reduced Hamil-

tonian Hµ is given by

(8) Hµ(pθ, θ) =
1

2
(p2θ +R2 cos2(θ − δ)),

where the bijection between (a, b) and (R, δ) is given by (R cos δ,R sin δ) = (a, b). The

reduced Hamilton equations are

(9) ṗθ = R2 cos(θ − δ) sin(θ − δ) and θ̇ = pθ.

Recall that because we are interested in geodesics parameterized by arclength we are

only interested in the solutions lying on the level setHµ = 1/2. Since p2θ ≥ 0 this level set

projects to a closed set of the θ-circle characterized by the inequality R2 cos2(θ− δ) ≤ 1.

Definition 2.2. The Hill region for µ = (R, δ) is the closed subset of the circle we just
defined by the above inequality. We denote it by Hill(µ). The Hill region breaks up into a
finite number of intervals whose endpoints are characterized by R2 cos2(θ − δ) = 1. We
call any one of these composite intervals a “hill interval’ and denote a typical such interval
as Iµ ⊂ Hill(µ) is the union of the Hill intervals for Hµ.

We think of a point (pθ, θ) in T ∗ SO(2) as a point in the cylinder R×SO(2) ≃ R×S1
.

The level set H−1
µ ( 12 ) is the curve αµ given by the equation (1).

2.2.2. BackgroundTheorem. This subSection presents the method for building sub-Riemannian

geodesics and proving the BackgroundTheorem. Let us provide the prescription: con-

sider the initial value problem given by the Hamilton equations (9) and the initial condi-

tions α(t0) in αµ. Having found the solution (pθ(t), θ(t)), we define a curve γ(t) by the

differential equation

(10) γ̇(t) = θ̇(t)Xθ(γ(t)) +R cos(θ(t)− δ)Xu(γ(t)),

where we used the reduced Hamilton system, given by equation (9), to identify θ̇(t) with

pθ(t). The curve γ(t) is defined for all time t by the completeness ofHµ. TheBackground
Theorem states that γ(t) is a geodesic with momentum µ.
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BackgroundTheorem. The above prescription yields a sub-Riemannian geodesic in SE(2)
with momentum µ parameterized by arc length. Conversely, every geodesic in SE(2) param-
eterized by arc length with momentum µ can be achieved by this prescription applied to the
curve αµ.

Proof. Let γ(t) be a curve in SE(2) defined by equation (10) for a fixed value of µ. By

construction, the curve γ(t) is tangent to the distribution, and by comparing equations

(10) and (6), we conclude that it is enough to prove that the restriction of the left-invariant

momentum functions Pθ(t), Pu(t), and Pv(t) restricted to the level set J−1(µ) are equal

to the functions

Fθ(t) = θ̇(t), Fu(t) = R cos(θ(t)− δ), and Fv(t) = −R sin(θ(t)− δ),

respectively. Thus, we must prove that Fθ(t), Fu(t), and Fµ(t) satisfy the equations given

by (7). Using the reduced Hamilton equations given by equation (9), we have

Ḟθ(t) = R2 cos(θ(t)− δ) sin(θ(t)− δ) = −Fu(t)Fv(t),

Ḟu(t) = −R sin(θ(t)− δ)θ̇ = Fθ(t)Fv(t),

Ḟv(t) = −R cos(θ(t)− δ)θ̇ = −Fθ(t)Fu(t).

(11)

Therefore, the equations in (11) are identical to those from equation (7). We conclude that

γ(t) is a sub-Riemannian geodesic in SE(2) with momentum µ by construction.

Conversely, let γ(t) be an arbitrary geodesic in SE(2) parameterized by arc length

with momentum µ. The restriction of the Hamiltonian H to the level set J−1(µ) is, by

definition, the reduced Hamiltonian Hµ; the coordinates pθ and θ satisfy the reduced

Hamiltonian equations (9). In addition, the momentum functions Pθ(t) and Pu(t) re-

stricted to the level set J−1(µ) have the form Pθ(t) = θ̇ and Pu(t) = R cos(θ(t) − δ),
and the equation (6) is identical to (10). Thus, γ(t) is achieved by the prescription applied

to the curve αµ. □

The following proposition describes a property of curves inR2
which are sub-Riemannian

geodesics projected by the canonical projection πR2 : SE(2) → R2 ≃ SE(2) / SO(2).

Lemma 2.3. Let πR2 : SE(2) → R2 be the canonical projection, which in coordinates
is given by πR2(θ, x, y) := (x, y). Let γ(t) be a geodesic in SE(2), then the curvature of
πR2(γ(t)) is given by θ̇.

Proof. Let γ(t) be a sub-Riemannian geodesic in SE(2). The Background Theorem 2.2.2

implies that if c(t) := πR2(γ(t)), then ċ(t) = Pu(cos(θ(t), sin(θ(t)). So the unitary

tangent vector is (cos(θ(t), sin(θ(t)), and by differential geometry θ̇ is the curvature of

c(t). □

2.2.3. Symmetries of the reduced Hamiltonian flow. Let us describe the curve αµ to under-

stand the symmetries of the geodesic flow. The following proposition classifies the level

set H−1
µ = αµ.

Lemma 2.4. For different values of R, the level set αµ is described as follows:
• IfR > 1, αµ consists precisely of two contractible, simple, and closed smooth curves.

The first curve is given by

α1
µ = {(pθ, θ) = (±

√
1−R2 cos2(θ − δ), θ) | θ ∈ I1µ},

here I1µ is the Hill interval [θ1min, θ
1
max], where θ

1
min and θ1max are given by the

solutions to the equation θ = arccos( 1
R ) + δ using the principal branch of arccos.
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The second curve is given by

α2
µ = {(pθ, θ) = (±

√
1−R2 cos2(θ − δ), θ) | θ ∈ I2µ},

here I2µ is the Hill interval [θ2min, θ
2
max], where θ

2
min and θ2max are given by the

solution to the equation θ = arccos( 1
R ) + δ + π using the principal branch.

• If R = 1, then αµ consists of precisely one non-contractible, non-simple, and closed
curve.

• If 0 < R < 1, then αµ consists of precisely two non-contractible, simple, and closed
smooth curves given by

α±
µ = {(pθ, θ) = (±

√
1−R2 cos2(θ − δ), θ) | θ ∈ S1}

Proof. Let us first discuss the smoothness of the level set αµ. The regular value theorem

says that αµ is smooth if

dHµ

∣∣
αµ

= (pθ,−R2 cos(θ − δ) sin(θ − δ)) ̸= 0.

If pθ ̸= 0 then dHµ

∣∣
αµ

̸= 0. Thus, focusing on the case pθ = 0 is sufficient. The condition

pθ = 0 implies R2 cos2(θ − δ) = 1, thus dHµ

∣∣
αµ

= 0 if and only if (pθ, θ) = (0, δ) or

(pθ, θ) = (0, π + δ). The conditions θ = δ or θ = π + δ imply R = 1. Therefore, αµ is a

smooth curve if R ̸= 1.

If R > 1, then the level set αµ is well defined when 0 ≤ 1 − R2 cos2(θ − δ). In that

case, θ has two disjoint intervals where this inequality holds: the Hill intervals I1µ and I2µ.

Let us parameterize the curves by θ, then when pθ = 0, the positive and negative touch,

making the level set consists of two simple closed and contractible curves.

If R = 1, the level set αµ is well defined for all θ. In addition, we can parameterize

the level set by the expression pθ = ±| sin(θ − δ)|. If pθ = 0, the parametrizations with

a positive and negative sign coincide, making the level set a non-simple, noncontractible,

and closed curve.

If R > 1, the level set αµ is well defined for all θ. If we parameterize the curves by θ,

then pθ ̸= 0. Thus, the curves α+
µ and α−

µ do not touch, making the level set consists of

two non-contractible, simple, and closed curves. □

Remark 2.5. We extend the definition of the curves α1
µ and α2

µ to the case R = 1 where
I1µ = [δ, π + δ], and I2µ = [π + δ, 2π + δ] are the domains of the curves, respectively.
Similarly, we extend the definition of the curves α+

µ and α−
µ to the case R = 1.

See Figure 2.1 for a better understanding of Lemma 2.4 and Remark 2.5.

The following lemma describes the symmetries of the reduced Hamiltonian flow, which

helps us study the symmetries of the geodesic flow.

Lemma 2.6. The reduced Hamiltonian has the following symmetries:

• If R ≥ 1 and (pθ(t), θ(t)) is a solution laying in α1
µ, then (pθ(t), θ(t) + π) is a

solution laying in α2
µ.

• If R ≤ 1 and (pθ(t), θ(t)) is a solution laying in α+
µ , then (−pθ(−t), θ(−t)) is a

solution laying in α−
µ .

Proof. If R ≥ 1, we notice that if (pθ, θ) is a point in α1
µ, then (pθ, θ+π) is a point in α2

µ.

Moreover, if (pθ(t), θ(t)) is a solution, then (p̃θ, θ̃) = (pθ(t), θ(t) + π) is also a solution.
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(a) R > 1 (b) R = 1 (c) R < 1

Figure 2.1. The panels show the curve αµ for the three different cases

Indeed, (p̃θ(t), θ̃(t)) satisfies the differential equations

˙̃
θ = θ̇ = pθ = p̃θ,

˙̃pθ = ṗθ = R2 cos(θ − δ) sin(θ − δ)

= R2 cos(θ̃ − δ − π) sin(θ̃ − δ − π) = R2 cos(θ̃ − δ) sin(θ̃ − δ).

If R ≤ 1, we notice that if (pθ, θ) is a point in α+
µ , then (−pθ, θ) is a point in α−

µ .

Moreover, if (pθ(t), θ(t)) is a solution, then (p̃θ, θ̃) = (−pθ(−t), θ(−t)) is also a solution.

Indeed, (p̃θ(t), θ̃(t)) satisfies the differential equations

˙̃
θ(t) = −θ̇(−t) = −pθ(−t) = p̃θ(t),

˙̃pθ(t) = ṗθ(−t) = R2 cos(θ(−t)− δ) sin(θ(−t)− δ) = R2 cos(θ̃(t)− δ) sin(θ̃(t)− δ).

We call such a property time reversibility. □

2.2.4. Classification of sub-Riemannian geodesics. This Section classifies the sub-Riemannian

geodesics according to their reduced dynamics. If γ(t) is a geodesic parameterized by arc-

length in SE(2), then γ(t) is one of the following three types:

(Line) We say a geodesic γ(t) is of the type line if θ̇ = 0. A geodesic is of the type line

if its reduced dynamic is trivial, i.e., if R = 1 and θ = δ or θ = δ + π.

(Heteroclinic) We say a geodesic γ(t) is of the type heteroclinic if its reduced dynamic

is heteroclinic. The reduced dynamic is heteroclinic if and only if R = 1 and θ̇ ̸= 0.

(θ-periodic) We say a geodesic γ(t) is of the type θ-periodic if its reduced dynamic is

periodic. The reduced dynamic is periodic if and only if R ̸= 1.

Lemma 2.3 states that a geodesic projected to the plane R2
has curvature Pθ = pθ ,

then following the terminology from [16], we also distinguish whether the projection of

the geodesics has inflection points.

(Inflection) We say a geodesic γ(t) is of the type inflection if the projection πR2(γ(t))
has inflection points. γ(t) has inflection points if and only if R > 1.

(Non-Inflection) We say a geodesic γ(t) is of the type non-inflection if the projection

πR2(γ(t)) does not have inflection points. γ(t) is non-inflection if and only if R ≤ 1.
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(a) Heteroclinic (b) Inflection (c) Non-Infelction

Figure 2.2. The panels show the projection to the plane R2
for each

type of geodesic

The following proposition gives explicit formulas for the θ-period and the change per-

formed by the x and y coordinates during the period.

Proposition 2.7. Let γ(t) be a sub-Riemannian geodesic of the type θ-periodic with mo-
mentum µ and Hill interval Iµ. Then, the θ-period is given by

L(µ) :=

∫
Iµ

dθ√
1−R2 cos2(θ − δ)

.

The changes ∆x(µ) and ∆y(µ) performed by the coordinates x and y after the geodesic
travels a period L(µ) are given by

∆x(µ) :=

∫
Iµ

R cos(θ − δ) cos(θ)dθ√
1−R2 cos2(θ − δ)

and ∆y(µ) :=

∫
Iµ

R cos(θ − δ) sin(θ)dθ√
1−R2 cos2(θ − δ)

.

In addition, the changes ∆x(µ) and ∆y(µ) are independent of the initial point.

Proof. Being the reduced system Hµ one degree of freedom, we reduce it to quadrature

in the following way: Using the energy level Hµ = 1
2 and the second reduced Hamilton

equation from (9), we have

(12) θ̇ = ±
√

1−R2 cos2(θ − δ).

We solve the differential equation using the separation of variables method. To compute

∆x(µ) and ∆y(µ), we integrate the coordinates x and y in the same way using equation

(10).

We remark that there is no ambiguity regarding the sign of θ̇. If θ̇ is positive in the

interval (t− ϵ, t+ ϵ) for some ϵ > 0, then the interval of integration [θ(t− ϵ), θ(t+ ϵ)] is

positively oriented. Conversely, if θ̇ is negative in the interval (t−ϵ, t+ϵ) for some ϵ > 0,

then the interval o integration [θ(t − ϵ), θ(t + ϵ)] is negatively oriented. Therefore, if θ̇
is negative, we utilize the positive root and integrate on the positively oriented interval

[θ(t + ϵ), θ(t − ϵ)]. We make the convention to choose the positive root and integrate

it using positively oriented intervals. For more details about this integration, refer [11,

Section 11] for a general mechanical system. □

2.3. Proof of Theorem A.

Proof. When R = 0. We have that x(t) = x0 and y(t) = y0 are constant for all t in R
and θ(t) is periodic, so the geodesic is periodic.

9



Let us assume that γ(t) is a periodic sub-Riemannian geodesic, then Proposition 2.7

implies that a geodesic γ(t) of the type θ-periodic is periodic if and only if ∆x(µ) = 0
and ∆y(µ) = 0. Therefore, Proposition 2.7 and the cosine addition formula implies

0 = a∆x(µ) + b∆y(µ) = R2

∫
βµ

cos2(θ − δ)dθ√
1−R2 cos2(θ − δ)

.

Where we used again that the relation (a, b) = R(cos(δ), sin(δ)). Since the integral from

the above equation is positive, we conclude R = 0. □

3. Metric lines

3.1. Hamilton-Jacobi Equation andCalibration Functions. We will utilize the Hamilton-

Jacobi theory to build a calibration function. Let us first introduce the proper definitions:

Given a Riemannian manifold M and a Hamiltonian function H : T ∗M → R, the time-

independent Hamilton-Jacobi equation is a partial differential equation in S : M → R
given by

(13) H(dS, q) = const,

where dS is the differential of S(q).
When the Hamiltonian H is purely kinetic, consult [3, Chapter 2] for the formal def-

inition of a kinetic energy, the Hamilton-Jacobi equation is also known as the eikonal
equation, and we can rewrite equation (13) as ||∇S|| = 1. If S(q) is a solution to the

eikonal equation, then S(q) is the oriented distance from the point q to a given sub-

manifold; consult [19] for more details about this property in the Riemannian case.

When considering a sub-Riemannian manifold with a sub-Riemannian kinetic energy,

the corresponding operator is the horizontal gradient, denoted by ∇horS. Then the sub-

Riemannian eikonal equation is given by ||∇horS|| = 1. Let us introduce the definition

of the horizontal gradient.

Definition 3.1. LetM be a sub-Riemannianmanifold with distributionD and sub-Riemannian
inner product ⟨·, ·⟩. Let S : M → R be a Ck(M) function with k ≥ 1. We say that a vector
field∇horS is the horizontal gradient of S(q), if∇horS is the unique horizontal vector field
satisfying

⟨∇horS, v⟩q = dSq(v),

for all v in Dq and q in M .

If HsR is the sub-Riemannian kinetic energy given by equation (5), then the sub-

Riemannian eikonal equation is the partial differential equation given by

(14) 1 = (
∂S

∂θ
)2 + (cos θ

∂S

∂x
+ sin θ

∂S

∂y
)2.

Let us solve the sub-Riemannian eikonal equation by reducing it to an ordinary differ-

ential equation. Consider the ansatz

(15) Sµ(θ, x, y) = f(θ) +R cos(δ)x+R sin(δ)y.

Substituting into equation (14) we find that

1 = (f ′(θ))2 +R2 cos2(θ − δ).

Therefore f(θ) is a solution to the differential equation

f ′(θ) = ±
√

1−R2 cos2(θ − δ),
10



and the solution Sµ is given by

S±
µ (θ, x, y) = ±

∫ √
1−R2 cos2(θ − δ)dθ +R cos(δ)x+R sin(δ)y.(16)

Proposition 3.2. Let S±
µ be a solution to the eikonal equation given by equation (16), and

γ(t) be a geodesic with momentum µ, then ∇horS
±
µ = γ̇ whenever θ̇ has the same sign as

the root of (16).

Before proving Proposition 3.2, let us introduce the co-frame of left-invariant one-

forms:

Θθ = dθ, Θu = cos θdx+ sin θdy, and Θv = − sin θdx+ cos θdy.

Remark 3.3. Since Θv(Xθ) = Θv(Xu) = 0, an alternative way to define the non-
integrable distribution D over SE(2) is as the kernel of Θv . This tells us that SE(2) has
the structure of a contact manifold. It is well known that a contact sub-Riemannian struc-
ture does not have abnormal geodesics; consult [1, Proposition 4.38] or [17, Chapter 5.2] for
more details.

Let us prove Proposition 3.2.

Proof. Let γ(t) be a geodesic of momentum µ, without loss of generality, let us consider

the positive root from equation (16) and assume that θ̇ is positive; then we can write dS+
µ

in terms of the co-frame

dS+
µ =

√
1−R2 cos2(θ − δ)dθ +R cos(θ − δ)dΘu +R sin(θ − δ)dΘv.

By Definition 3.1, the horizontal gradient ∇horS
+
µ is given by

∇horS
+
µ =

√
1−R2 cos2(θ − δ)Xθ +R cos(θ − δ)Xu.

Comparing equation (10) with ∇horS
+
µ , we conclude that ∇horSµ = γ̇(t), where we use

θ̇ =
√
1−R2 cos2(θ − δ).

□

Let us now introduce the definition of calibration functions.

Definition 3.4. Let M be a sub-Riemannian manifold with distribution D, we say that a
functionS : M → R is a calibration function for the geodesic γ(t) if the following conditions
hold:

• dS(γ′(t)) = 1 for all t.
• |dS(v)| ≤ ∥v∥sR for all vectors v in D, where ∥ · ∥sR is the sub-Riemannian norm

given by ∥v∥sR :=
√

⟨v, v⟩.

Lemma 3.5. Let γ(t) be a sub-Riemannian geodesic with momentum µ. If S±
µ is the func-

tion given by equation (16), then S±
µ is a calibration function for γ(t) whenever θ̇ has the

same sign that the root of equation (16).

Proof. With loss of generality, let us consider the positive root from (16) and θ̇ > 0.

Lemma 3.2 tells us that γ̇(t) = ∇horS
+
µ . Definition 3.1 implies

dS+
µ (γ̇(t)) = ⟨γ̇(t), γ̇(t)⟩ = 1,

11



where we used the fact that γ(t) is parametrized by arc length. We conclude that the

first condition from Definition 3.4 is satisfied. To prove the second condition; let v be an

arbitrary vector in D, then the Cauchy–Schwarz inequality implies that

|dS+
µ (v)| = |⟨γ̇, v⟩| ≤ ∥v∥sR.

Therefore, such S±
µ is a calibration function for γ(t) whenever θ̇ has the same sign as the

root of (16). □

3.1.1. Minimizing Method. The following proposition provides the conditions for a cali-

bration function to ensure a geodesic is a metric line.

Proposition 3.6. Let M be a sub-Riemannian Manifold. If S : M → R is a C2 global
calibration function for the geodesic γ(t), then γ(t) is a metric line.

Proof. Let S(q) be a C2
global calibration function for a geodesic γ(t) in M . The goal is

to show that for every compact interval [t0, t1], the curve γ(t) is the shorter curve joining

the points γ(t0) = q0 and γ(t1) = q1.

As S(q) a C2
globally defined function, it implies that dS is a global exact 1-form. Let

γ̃(t) be an arbitrary curve joining the points q0 and q1. Stoke’s theorem implies

|
∫
γ̃

dS| = |S(q1)− S(q0)| = |
∫
γ

dS| = |t1 − t0|,

where we use the first condition from Definition 3.4. Furthermore, the second condition

implies

|
∫
γ̃

dS| ≤
∫

∥ ˙̃γ(t)∥sRdt = ℓ(γ̃)

where ℓ(γ̃)) is the sub-Riemannian length of the curve γ̃(t). By the Cauchy-Schwarz

equality for integrals, the equality holds if and only if
˙̃γ(t) = fγ̇(t) for some scalar

function f . In other words, γ̃(t) is a reparameterization of the curve of γ(t). □

Proposition 3.6 suggests that to classify the metric lines on SE(2), we need to study

when the calibration function defined in equation (16) is globally defined and C2
. Al-

though the calibration function given by equation (16) is not globally defined, the follow-

ing proposition presents a new global calibration function.

Proposition 3.7. The calibration function given by equation (16) is not globally defined for
every value of R. However, the following smooth function is globally defined

(17) S±
δ (θ, x, y) = ∓ cos(θ − δ) + x cos(δ) + y sin(δ).

Moreover, S±
δ is a calibration function for the heteroclinic and line geodesics withmomentum

µ.

Proof. We notice that by construction, the differential one-form dS±
µ , given by equation

(16), for a parameter µ is only defined in the closed region Ωµ := Hill(µ) × R2
, where

Hill(µ) is the Hill region from Definition 2.2. If R > 1, then Lemma 2.4 implies that Ωµ

is a proper subset of SE(2). So S±
µ is not globally defined.

If R ≤ 1, the differential one-form dSµ is globally defined. However, the one-form

dSµ is not exact since the integral over a non-contractible loop is not zero. Indeed, if γ(t)
is a non-contractible loop in SE(2), then∫

γ

dS±
µ = ±

∫ 2π

0

√
1−R2 cos2(θ − δ)dθ ̸= 0.

12



Figure 3.1. The panel displays the sets level S+
µ (θ, x, y) = 1 (green

color) and S+
δ (θ, x, y) = 1 (yellow color) for the value (R, δ) = (1, π

4 ),

where we identify the SO(2)×R2
with [0, 2π]×R2

. The image shows

that the green level set is non-smooth and the yellow level set is smoot.

The function S±
δ , given by equation (17), is globally defined and smooth by construc-

tion. Let us verify that S±
δ is a calibration function: Let γ(t) be a geodesic of the type

line, then θ(t) = δ for all time t and the Background Theorem implies

γ̇(t) = cos(δ)
∂

∂x
+ sin(δ)

∂

∂y
.

Therefore dS±
δ (γ̇) = 1.

Let γ(t) be a sub-Riemannian geodesic of the type heteroclinic. Without loss of gener-

ality, let us assume that γ(t) is built by a solution to the reduced Hamiltonian system with

initial condition in α1
µ ∩ α+

µ , i.e., θ(t) ∈ (δ, δ + π) and θ̇(t) > 0. Then, the Background

Theorem implies

γ̇(t) =
√
1− cos2(θ(t)− δ)Xθ + cos(θ(t)− δ)Xu

= sin(θ(t)− δ)Xθ + cos(θ(t)− δ)Xu.

We notice that 0 ≤ sin(θ(t) − δ), since θ(t) lays in the interval [δ, δ + π]. Therefore

dS+
δ (γ̇) = 1.

We conclude thatS+
δ satisfies the first condition from Definition 3.4 for geodesics of the

type heteroclinic and line. The Cauchy–Schwarz inequality yields the second condition.

Therefore, S±
δ is a calibration function for geodesics of type heteroclinic and line with

momentum µ. □

We are ready to prove that geodesics of the type heteroclinic and line are metric lines.

Proposition 3.8. Geodesics of the type line and heteroclinic metric lines.

Proof. Let γ(t) be a sub-Riemannian geodesic either of the type line or heteroclinic with

momentum µ. Propositions 3.6 implies that the function S±
δ is a smooth global calibration

function for γ(t). So, Proposition 3.7 implies the desired result. □
13



(a) R > 1 (b) R < 1

Figure 3.2. The panels show the cut points for each case

3.2. Cut times in the Special Euclidean group. We just completed the first part of

Theorem B by proving Proposition 3.8. To finish the proof, we will show that geodesics

of the type θ-periodic fail to qualify as metric lines. To do so, we will prove that their

θ-period is an upper bound for their cut time. Let us formalize the definition of the cut

time.

Definition 3.9. Let γ(t) be a sub-Riemannian geodesic parameterized by arc length. We
define the cut time of γ(t) as

tcut(γ) = sup{t > 0 | γ|[0,t] is length minimizing}.

If two geodesics with the same initial point touch again after a positive time. In that

case, they fail to minimize after this time. Refer to [8, Lemma 5.2] for the Riemannian case.

The following proposition demonstrates this is the case for the type θ-periodic geodesics.

Proposition 3.10. If a geodesic is θ-periodic with periodL(µ), thenL(µ) is an upper bound
for the cut time.

Proof. Let γ(t) be an L periodic sub-Riemannian geodesic with momentum µ and initial

condition γ(0) = (θ0, x0, y0), we will consider two cases when θ̇0 ̸= 0 and θ̇0 = 0. We

remark that the second case only corresponds to geodesics of the type inflection (R > 1).

Case θ̇0 ̸= 0: there are exactly two geodesics with initial condition γ(0) and momen-

tum µ, namely γ(t) and
˜γ(t), the latter of which is defined as the one whose reduced dy-

namics is a solution to the Hamiltonian Hµ and have the initial condition (p̃θ(0), θ̃(0)) =

(−θ̇0, θ0). The time reversibility (see Lemma 2.6) implies θ(t) = θ̃(−t) for all t, and the

periodicity gives θ(L) = θ̃(L).
Moreover, we claim that γ(L) = γ̃(L). This is followed by Proposition 2.7, which

states that the difference in x̃ and ỹ over the period L is the same as the difference for x̃
and ỹ. That is to say

γ(L) = γ(0) + (0,∆x(µ),∆y(µ)) = γ̃(L)

Therefore, we have constructed two distinct geodesics meeting at time L, implying that

any geodesics of the type θ-periodic fails to minimize past its period L.

The second part of the proof relies on the basic theory of Jacobi fields and conjugate

points. For readers unfamiliar with the subject, refer to [7, Chapter 4.8], or [12, Chapter

10].

Let µ be such that R > 1, and let us consider an initial condition θ̇(0) = 0. We will

show that γ(L) is conjugate to γ(0) along γ(t), thus γ(t) is not minimizing past γ(L).
14



To do so, we will construct a killing vector field, which by general theory is a Jacobi field

when restricted to a geodesic. By [6, Section 3], a vector field K is a killing vector field if

and only if its momentum functionPK Poisson commutes with the HamiltonianHsR, i.e.,

{HsR, PK} = 0. It follows that
∂
∂x and

∂
∂y are killing vector fields since HsR is invariant

under the Hamiltonian action of R2
, as we discussed above.

Consider the two Jacobi fields on γ(t):

W1(t) = cos(θ0)
∂

∂x
+ sin(θ0)

∂

∂y
restricted to γ, and

W2(t) = γ̇(t).

We see that at t = kL, we have W2(kL) = Xu(γ(kL)) = cos(θ0)
∂
∂x + sin(θ0)

∂
∂y .

Therefore, W1(0) = W1(L) = W2(0) = W2(L). Thus the Jacobi Field J = W1 − W2

vanishes at t = 0 and t = L. Moreover, J is not trivial since θ̇(t) ̸= 0 along 0 < t < L/2
and L/2 < 0 < L. At the time t = L/2, we have that

W2(L/2) = cos(θ(L/2))
∂

∂x
+ sin(θ(L/2))

∂

∂y
̸= W1(L/2).

We just shown that γ(L) is a conjugate point and fails to minimize beyond t = L. □

3.3. Proof of Theorem B.

Proof. Proposition 3.8 shows that the geodesic of type line and heteroclinic geodesics are

metric lines. Proposition 3.10 implies that geodesics of type θ-periodic do not qualify as

metric lines since the θ-period L(µ) is an upper bound for its cut time.

Therefore, we conclude that the metric lines in SE(2) are precisely the geodesics of

the type line and heteroclinic. □

4. Conclusion and Future Work

Conclusions: We studied the sub-Riemannian geodesic flow on the Special Euclidean

group by performing the symplectic reduction of T ∗ SE(2) by R2
, where the metabelian

structure of SE(2) plays a primary role. We classified sub-Riemannian geodesics accord-

ing to their reduced dynamics and selected the candidates to be metric lines. We solved the

Hamilton-Jacobi equation and found a calibration function for every geodesic. However,

the calibration function was not globally defined. Finding a global calibration function

proved that heteroclinic and line geodesics are metric lines. By providing an upper bound

for the cut time, we show that θ-periodic geodesic are not metric lines.

In the future, we hope to work:

(1) Extend our characterizations of the metric lines and periodic geodesics to SE(3),
or more generally to SE(n).

(2) Study the eigenvalue problems and fundamental solutions of the sub-Riemannian

Laplace, Heat, and Schrödinger operators on SE(2).

Appendix A. Mañe’s critical value

In this section, we will show that the calibration function defined in Proposition 3.7

corresponds to the Mañe’s critical value. The Mañe’s critical value is a fundamental con-

cept from KAM theory. We will follow the approach from [10] by A. Figalli and L. Rifford.

For a more extensive explanation, refer to [9].
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Let M be a smooth, connected, compact Riemannian manifold without boundary. Let

H : T ∗M → R be a Hamiltonian function and || · ||∗x be the norm on T ∗
xM . We say that

H is a Tomelli Hamiltonian if the following conditions are satisfied:

• Superlinear growth: For every K ≥ 0 there exist a constant C∗(K) such that

H(x, p) ≥ K||p||∗x − C∗(K) for all (p, x) ∈ T ∗M.

• Uniform convexity: For every (p, x) in T ∗M , the second derivative along the

fiber
∂2

∂p2 is positive definite.

Notice that reduced Hamiltonian Hµ, given by equation (8), is a Tonelli Hamiltonian

for all value µ in R2
. The Mañe’s critical value can be defined as follows.

Definition A.1. We say that a real number c[H] is the Mañe’s critical value of a Hamilton-
ian function H , if c[H] is the infimum of the values c in R for which there exist a function
S : M → R of class C1 satisfying

(18) H(dS, x) ≤ c for all x ∈ M.

If the Tonelli Hamiltonian corresponds to a mechanical system, i.e., H has the form

H(p, x) =
1

2
||p||2∗ + V (x) for all (p, x) ∈ T ∗M,

where V : M → R is a potential function of class Ck
for k ≥ 2. Then, it is easy to check

that

c[H] = max
x∈M

V (x).

In the case of a reduced Hamiltonian Hµ, we have
R2

2 = c[Hµ]. The following propo-

sition links the Mañe’s critical value and a calibration function for a curve over an infinite

interval.

Proposition A.2. Suppose S : M → R is a calibration function for a curve γ(t) over an
infinite interval. In that case, S satisfies the inequality from equation (18) where c is equal
to Mañe’s critical value c[H].

Refer to [9, Proposition 4.3.6] for the proof of Proposition A.2. We conclude that re-

duced Hamiltonian functionHµ has a globally minimizing solution of action ifH(p(t), θ(t)) =
R2

2 . It is easy to show that sub-Riemannian geodesics whose reduce dynamics has energy

H(p(t), θ(t)) = R2

2 are reparametrization of geodesics of the type heteroclinic and line.
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