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Abstract. This paper investigates sub-Riemannian geodesics within
the jet space of curves. We establish the existence of two distinct fam-
ilies of metric lines, that is, globally minimizing geodesics, in the 2-jet
space of plane curves. This result provides an initial contribution toward
the broader classification of metric lines in jet spaces. Additionally, we
present precise criteria, which characterize when a sub-Riemannian ge-
odesic in the 2-jet space of plane curves can be identified as a metric
line.
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1. Introduction

In this work, we employ the sequence method to demonstrate the exis-
tence of two distinct families of metric lines in the 2-jet space of plane curves,
denoted J 2(R,R2). This result marks an initial advance toward resolving
the conjecture regarding the classification of metric lines in J 2(R,R2). More
broadly, in the general setting, the k-jet space of curves J k(R,Rn) admits
the structure of a Carnot group [16]. Every Carnot group admits a sub-
Riemannian structure, and so does J k(R,Rn). To place our study in con-
text, consider a sub-Riemannian geodesic on a sub-Riemannian manifoldM ,
meaning a curve that locally minimizes arc length. A central question then
arises: under what conditions does a sub-Riemannian geodesic serve as a
global minimizer? We define a metric line as a geodesic γ : R → M such
that γ(t) is globally minimizing.

The sequence method, introduced by the third author in [2, 3], offers a
systematic framework for determining whether a given candidate geodesic is
a metric line. The process begins by selecting a candidate geodesic, obtained
by classifying geodesics in J k(R,Rn) into five distinct types: line, periodic,
homoclinic, turn-back, and direct-type (see Section 2.1.4). Based on this
classification, the candidates of interest are those of homoclinic or direct-
type. With this context, we now state our conjecture regarding metric lines
in J k(R,Rn).

Key words and phrases. Sub-Riemannian Geometry, Carnot Groups, Jet-space, Metric
lines.
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Conjecture 1. The metric lines in J k(R,Rn) are precisely the line, homo-
clinic, and direct-type geodesics.

It is important to note that every Carnot group admits a family of sub-
Riemannian geodesics of the line type, all of which are metric lines. In
contrast, periodic and turn-back geodesics in J k(R,Rn) do not correspond
to metric lines [3].

The first main contribution of this work is as follows.

Theorem A. Besides line geodesics, J 2(R,R2) admits two families of met-
ric lines of homoclinic type. Modulo Carnot dilatations and translations,
these families depend on a single parameter and are defined in Section 2.2.1.

We have two remarks about Theorem A. First, J 2(R,R2) is a 3-step
Carnot group, which implies that it does not admit geodesics of the direct-
type (a higher step is required). Second, modulo Carnot translations and
dilatations on J 2(R,R2), the sub-Riemannian geodesics of homoclinic type
in J 2(R,R2) are a two-parameter family (see Section 2.2). Finally, in this
paper, we consider the general case of homoclinic geodesics, setting the
foundation for the general proof of Conjecture 1, which will be completed
by proving two additional results concerning an auxiliary function for the
sequence method known as the period map (see Section Future Work and
details below).

The second main result of this paper is Theorem B, which establishes
the condition under which a sub-Riemannian geodesic in J 2(R,R2) is a
metric line. We prove Theorem B using the sequence method. The ultimate
goal of the sequence method is to tackle a general conjecture that classifies
metric lines in Carnot groups (see Conjecture 5). It is important to note
that Conjecture 5 states that the metric lines are precisely the geodesics
exhibiting asymptotic velocity. Moreover, Proposition 6 gives a necessary
condition for a sub-Riemannian geodesic to be classified as a metric line.
This condition states that the average velocity of the geodesic is parallel to
a direction. Metric lines do not include periodic and turn-back geodesics, as
these do not exhibit the required asymptotic behavior.

Another key contribution of this paper is to clarify the significance of
the asymptotic velocity introduced above. Given a candidate geodesic, we
will construct an auxiliary sub-Riemannian manifold R5

(a,b). The sequence

method relies on the period map, which encodes the asymptotic behavior
of the sub-Riemannian geodesics. A crucial requirement of the sequence
method is that the period map be one-to-one. In previous works [5, 2, 3], we
considered Carnot groups whose period map had a 1-dimensional domain,
which enabled us to establish this requirement using tools from calculus.
In the case of R5

(a,b), the period map has a 2-dimensional domain. In this

paper, we use the Hadamard Global Diffeomorphism Theorem to show that
the period map is one-to-one [10].

The problem of classifying metric lines in J 2(R,R2) remains open for the
general three-parameter family of homoclinic geodesics. However, thanks to
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our work, this problem has been reduced to proving that the image of the
period map is simply connected.

Structure of the paper

Section 2 introduces the foundational concepts and tools employed through-
out this work. Section 2.1 provides a concise overview of sub-Riemannian
geometry and constructs the sub-Riemannian structure on J k(R,Rn). Sec-
tion 2.2 focuses on the specific case of J 2(R,R2), where we parametrize the
family of homoclinic geodesics relevant to our study in terms of the parame-
ters (a, b). Section 2.3 constructs the auxiliary sub-Riemannian space R5

(a,b),

which serves as the framework for applying the sequence method. Section 3
presents the sequence method, states and proves Theorem B, and concludes
with the proof of Theorem A as a direct consequence of Theorem B. Appen-
dix A presents the Carnot structure of J k(R,Rn) along with its symmetries.
Appendix B contains the proofs of the propositions characterizing abnormal
geodesics in both J k(R,Rn), and R5

(a,b).

2. Preliminary

This section introduces the fundamental concepts and constructions needed
to prove our main results. Section 2.1 presents J k(R,Rn) as a sub-Riemannian
manifold. Section 2.1.1 reviews the notions of Carnot groups and for-
mally states Conjecture 5, which proposes a classification of metric lines
in Carnot groups. This is accompanied by Proposition 6, which character-
izes them. Section 2.1.2 develops the sub-Riemannian structure of the jet
space J k(R,Rn), Section 2.1.3 outlines the construction of its geodesics, and
Section 2.1.4 provides their classification. Section 2.2 presents the essential
properties of J 2(R,R2) relevant to the proof of Theorem A. Section 2.3
describes the sub-Riemannian structure of R5

(a,b), Section 2.3.1 constructs

R5
(a,b), Section 2.3.2 describes the sub-Riemannian geodesics in R5

(a,b), Sec-

tion 2.3.3 parametrizes the set of homoclinic geodesics, Section 2.3.4 intro-
duces the cost function, an auxiliary tool used to define the period map,
Section 2.3.5 defines the period map and examines its key properties, and
Section 2.3.6 presents essential results on sequences of geodesics.

2.1. Jet Space as a Sub-Riemannian Manifold. A sub-Riemannian
manifold is a triple (M,D, ⟨·, ·⟩), where M is a smooth manifold, D is a
bracket generating distribution, and ⟨·, ·⟩ is a inner product on D [14, 1]. A
curve γ(t) is called horizontal if γ̇(t) ∈ D whenever γ̇ is defined. Chow’s
Theorem states that if a distribution D is bracket generating, then any two
points in M are connected by a horizontal curve [14]. The sub-Riemannian
arc length of a horizontal curve is defined in the usual way, as in Riemannian
geometry [1, 14]. A curve is called a geodesic if it is locally minimizing. The
Pontryagin maximum principle implies the existence of two families of sub-
Riemannian geodesics: normal and abnormal. The sub-Riemannian kinetic



4 D. CATALÁ, M. VOLLMAYR-LEE, AND A. BRAVO-DODDOLI

energy is a Hamiltonian function HsR : T ∗M → R whose solutions, when
projected to M , are locally minimizing geodesics; these geodesics are called
normal. There is no analogous notion for abnormal geodesics in Riemannian
geometry. The primary goal of this paper is to classify metric lines in the
space of curves J 2(R,R2), and the principal difficulty in this study is the
presence of abnormal geodesics.

Definition 2. Let M be a sub-Riemannian manifold, let distM (·, ·) be the
sub-Riemannian distance on M . A curve γ : R → M is a metric line if it
is a globally minimizing geodesic, i.e.,

|a− b| = distM (γ(a), γ(b)) for all compact intervals [a, b] ⊂ R.

Alternative names for the term “metric line” are “globally minimizing
geodesic”, “isometric embedding of the real line”, and “infinite geodesic”
[1, 7].

The following concept is fundamental to this work.

Definition 3. Let (M,DM , ⟨·, ·⟩M ) and (N,DN , ⟨·, ·⟩N ) be two sub-Riemannian
manifolds, and ϕ :M → N be a submersion. The submersion ϕ is called sub-
Riemannian if it respects the sub-Riemannian structures, i.e., ϕ∗DM = Dn

and ϕ∗⟨·, ·⟩N = ⟨·, ·⟩M where ϕ∗ and ϕ∗ are the push-foward and pull-back of
ϕ, respectively.

Sub-Riemannian submersions are a special case of a more general class
of maps, called submetry maps, in the framework of metric geometry (see
Definition 3.1.23 [13]). Every sub-Riemannian submersion (or subsume-
try) comes with an inverse map at the level of horizontal curves, called
the horizontal lift (see Proposition 3.1.24 from [13]). A classical result in
sub-Riemannian geometry is the following.

Lemma 4 (Proposition 1, [5]). Let ϕ : M → N be a sub-Riemannian
submersion (or subsumetry). If γ(t) is the horizontal lift of a metric line in
N , then γ(t) is a metric line in M .

2.1.1. Carnot Groups and the General Conjecture. A Carnot group G is a
simply connected Lie group whose Lie algebra g is graded and nilpotent,
i.e., the Lie algebra satisfies:

g = V1 ⊕ · · · ⊕ Vs, [V1, Vi] ⊂ gi+1 and gs+1 = {0},
where [·, ·] is the Lie bracket and the integer s is called the step of G [14, 1,
13].

Every Carnot group G posses a canonical projection π : G → V, where
we can identify V ≃ G/[G,G] ≃ g1. In addition, we equip G with a left-
invariant distribution D := (Lg)∗V1, where Lg is the left translation by
the element g ∈ G, and (Lg)∗ is the push-forward of Lg. In this paper,
we will consider a left-invariant sub-Riemannian metric in G [1]. We will
equip V with the Euclidean inner product, which makes π a sub-Riemannian
submersion. With this construction, if γ(t) is the horizontal lift of a straight
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line in V, then Lemma 4 implies γ(t) is a metric line in G. This family of
sub-Riemannian geodesics is called line geodesics (see Section 2.1.4 for more
details).

With the above discussion in mind, a natural question arises: beyond
geodesic lines, what constitutes a metric line in a Carnot group G? The
conjecture proposed by the third author of this paper seeks to address this
question as follows:

Conjecture 5. Consider a left-invariant sub-Riemannian structure in a
Carnot group G. The metric lines in G are precisely the sub-Riemannian
geodesics γ(t) which are parameterized by arc length and for which there
exists a unit v ∈ g such that:

v = lim
t→−∞

(Lγ−1(t))∗γ̇(t) = lim
t→∞

(Lγ−1(t))∗γ̇(t).

The following result gives a necessary condition for a geodesic to be a
metric line.

Proposition 6 (Proposition 2.6, [3]). Consider the same hypotheses as in
Conjecture 5. A necessary condition for γ(t) to be a metric line is that there
exists a unit vector v ∈ V1 such that:

(2.1) 1 = lim
t→∞

1

2t

∫ t

−t
< v, (Lγ−1(s))∗γ̇(s) > ds.

Conjecture 5 implies the necessary condition from Proposition 6.

2.1.2. The Jet Space. We will construct J k(R,Rn) and present its sub-
Riemannian structure here, consult [16] for more details. Let f(x) and
g(x) be two smooth curves. We define an equivalence relation on the set of
germs of smooth curves at x0 ∈ R by the following relation:

f(x) ∼x0 g(x) if and only if ||f(x)− g(x)|| = O(|x− x0|k+1).

The k-jet space is the set of equivalence classes given by:

J k(R,Rn) =
⋃
x∈R

Ck(R,Rn)/∼x .

Elements in J k(R,Rn) will be denoted by jkx(f).
The space J k(R,Rn) admits global coordinates; we determine an element

jkx0
(f) for the point x0, a list of n functions, and their k-derivatives. Then,

the point jkx0
(f) will be denoted by:

jkx0
(f) =(x0,u

k, · · · ,u0), where ui = (ui1, · · · , uin) for all i = 0, · · · , k,

and uiℓ =
difℓ
dxi

(x0) for all ℓ = 1, · · · , n and i = 0, · · · , k.

The k-jets space J k(R,Rn) has a natural (n + 1)-rank distribution D
defined by the following set of Pfaffian equations:

0 = duiℓ − ui+1
ℓ dx, for all i = 0, · · · , k − 1, and ℓ = 1, · · · , n.
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The following vector fields provide a global frame for the distribution D:

X :=
∂

∂x
+

n∑
ℓ=1

k−1∑
i=0

ui+1
ℓ

∂

∂uiℓ
, Yℓ :=

∂

∂ukℓ
, where ℓ = 1, · · · , n.(2.2)

To endow J k(R,Rn) with a sub-Riemannian metric, we consider the qua-
dratic form:

ds2 =
(
dx2 + (duk1)

2 + · · ·+ (dukn)
2
)∣∣∣

D
.

The canonical projection π : J k(R,Rn) → Rn+1 is given in coordinates by
π(jkx(f)) = (x,u

k). In the appendix, we discuss the Lie algebra and Carnot

structure of J k(R,Rn), as well as the symmetries on J k(R,Rn) arising from
the automorphisms of the Lie algebra.

2.1.3. Construction of sub-Riemannian geodesics. We present a correspon-
dence between vector-valued functions in Rn and sub-Riemannian geodesics
in J k(R,Rn).

Let Pµ(x) be a vector-valued function in Rn, whose entries are polynomial

functions of degree k dependening on the parameter µ ∈ Rkn, i.e.,

Pµ(x) = (P1(x;µ), · · · , Pn(x;µ)),

where the entries have the form:

Pℓ(x;µ) = a0ℓ + a1ℓx+ · · ·+ akℓx
k, for all ℓ = 1, · · · , n.

Here µ = (a0, · · · ,ak) ∈ Rk(n+1), and ai = (ai1, · · · , ain). Observe that the
mapping µ → Pµ(x) defines a linear bijection between Rkn and the set of
vector-valued functions Pµ(x). Thus, determining Pµ(x) is equivalent to
prescribing the value of µ.

Let T ∗H be the cotangent bundle of R with the canonical coordinates
(px, x). The vector-valued function Pµ(x) defines a reduced Hamiltonian
Hµ : T ∗R → R as follows:

(2.3) Hµ(px, x) =
1

2
p2x +

1

2
Vµ(x), where Vµ(x) = ||Pµ(x)||2.

Here || · || is the Euclidean norm in Rn. The dynamics of the x-component
take place in a closed interval called the hill interval. We introduce its formal
definition below.

Definition 7. A hill interval for a polynomial potential Vµ(x) is a closed
interval Iµ with the property that Vµ(x) < 1 if x ∈ Int Iµ and Vµ(x) = 1 if
x ∈ ∂Iµ.

We prescribe a two-step method to construct a normal sub-Riemannian
geodesic: first, find a solution (px(t), x(t)) to the reduced Hamiltonian sys-
tem with the energy condition H(px(t), x(t)) =

1
2 . Second, define a horizon-

tal curve γ(t) ∈ J k(R,Rn) by solving the differential equation:

(2.4) γ̇(t) = px(t)X + P1(x(t);µ)Y1 + · · ·+ Pn(x(t);µ)Yn,
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(a) A hill interval for the vector-
valued Pµ(x) corresponds to the
interval on which the curve
{(x, Pµ(x)) : x ∈ R} enters the
cylinder of radius 1 around the x-
axis.

(b) A singular algebraic curve
on the plane (px, x) defined by
H−1

µ ( 12 )|Iµ .

Figure 2.1. The panels illustrate the hill interval and the
algebraic curves associated with momentum µ.

where {X,Y1, . . . , Yn} is the frame of left-invariant vector fields as defined
in Eq. (2.2). It is important to note that the condition Hµ = 1

2 implies
that γ(t) is parametrized by arc length. Moreover, the curve is defined for
all t ∈ R by virtue of the reduced Hamiltonian system being complete. The
following result states that γ(t) is a sub-Riemannian geodesic.

Theorem 8 (Theorem 1.2, [4]). The above prescription yields a normal
geodesic in J k(R,Rn), parameterized by arc length and with momentum
µ. Conversely, every arc length parameterized normal geodesic in J k(R,R)
arises via this prescription by applying it to the vector-valued function Pµ(x).

The observations made in [2, Remark 2.2] about an equivalent theorem in
the framework of the jet space of functions J k(R,R) are equally applicable
in our framework.

The Hamiltonian Hµ defines a Hamiltonian system obtained through the
symplectic reduction of the geodesic flow (see Appendix A). Throughout this
paper, we refer to this system as the reduced system or reduced dynamics.
The classification of sub-Riemannian geodesics employed in the sequence
method is based on the behavior of their reduced dynamics. To this end, we
now characterize the system’s equilibrium points.

Proposition 9. Consider a point (px, x) ∈ H−1
µ (12). Then, (px, x) is an

equilibrium point of the Hamiltonian system if and only if px = 0 and x
satifies ||Pµ(x)|| = 1 and Pµ(x) ⊥ P ′

µ(x).

Proof. A point (px, x) ∈ H−1
µ (12) is an equilibrium point if and only if

(0, 0) = ∇Hµ = (px, Pµ(x) · P ′
µ(x)),
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where P ′
µ(x) = d

dxPµ(x) and v1 · v2 is the Euclidean product in Rn. The

condition (0, 0) = ∇Hµ implies px = 0. Hence, (px, x) = (0, x) ∈ H−1
µ (12) if

and only if ||Pµ(x)|| = 1. □

It is important to note that the equilibrium points of the reduced Hamil-
tonian system correspond to the singular points of the algebraic curveH−1

µ (12).
This observation will play a fundamental role later (see Proposition 15, and
figure 2.1).

2.1.4. Classification of Sub-Riemannian Geodesics. We now classify the sub-
Riemannian geodesics by their reduced dynamics. According to the classical
theory of one-degree-of-freedom systems, the sub-Riemannian geodesics fall
into one of the following types:

Line geodesics: A geodesic γ(t) is of the line type if π(γ(t)) is a straight
line in Rn+1. Line geodesics correspond to a constant polynomial Pµ(x) = c.
The hill interval Iµ = R if ||c|| < 1 or Iµ is a singleton if ||c|| = 1.

Periodic geodesics: A geodesic γ(t) is of the periodic type with hill
interval Iµ if the reduced dynamics are periodic. The reduced dynamics are
periodic if and only if H−1

µ (12)|Iµ is smooth.
Homoclinic geodesics: A geodesic γ(t) is of the homoclinic type with

hill interval Iµ if the reduced dynamics have a homoclinic orbit. The reduced
dynamics have a homoclinic orbit if and only if H−1

µ (12)|Iµ only contains a
singular point.

Heteroclinic geodesics: A geodesic γ(t) is of the heteroclinic type with
hill interval Iµ if the reduced dynamic has a heteroclinic orbit. The reduced
dynamics have a heteroclinic orbit if and only if H−1

µ (12)|Iµ contains two
singular points.

Eq. (2.4) implies that every homoclinic geodesic satisfies the condition
stated in Conjecture 5. However, this does not hold for every heteroclinic ge-
odesic. The following definitions distinguish whether a heteroclinic geodesic
satisfies the condition stated in Conjecture 5.

Direct geodesics: A heteroclinic geodesic γ(t) is of the direct-type with
hill interval Iµ = [x0, x1] if and only if Pµ(x0) = Pµ(x1).

Turn-back geodesics: A heteroclinic geodesic γ(t) is of the Turn-back
type with hill interval Iµ = [x0, x1] if and only if Pµ(x0) ̸= Pµ(x1).

The following result characterizes the abnormal geodesics in J 2(R,Rn).

Proposition 10. Let 2 ≤ k. The singular curves in J k(R,Rn) are the
precisly the curves γ(t) with the property that

γ̇(t) ∈ span{Y1, · · · , Yn}, whenever γ̇(t) exist.

Consequently, the abnormal geodesics in J k(R,Rn) are geodesic lines whose
x-component is constant.

2.2. The two-jet space of plane curves. For the remainder of the paper,
we focus on J 2(R,R2). We begin by classifying its singular geodesics.
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(a) Periodic. (b) Homoclinic.

(c) Direct-type. (d) Turn-back.

Figure 2.2. The panel displays the projection of the differ-
ent types of geodesics in J 2(R,R2) to R3, with coordinates
(x, y1, y2)

Proposition 11. The only singular geodesics in J 2(R,R2) are homoclinic.

Proof. The potential function Vµ(x) corresponding to geodesics in J 2(R,R2)
has degree 4. To admit a geodesic of the type heteroclinic, the potential
Vµ(x) must have at least degree 5. Indeed, if Vµ(x) is a potential for a
heteroclinic geodesic and hill interval Iµ = [x0, x1], then Vµ(x) must admits
the factorization 1 − Vµ(x) = (x − x0)

r0(x − x1)
r1q(x) where 2 ≤ r0 and

2 ≤ r1. If 2 = r0 and 2 = r1, then Vµ(x) must have local minumum inside
(x0, x1). □

Our goal is to classify metric lines up to isometries; that is, we will employ
the symmetries described in Appendix A.1 to reduce the number of param-
eters. First, by applying Carnot translations and dilations, we restrict our
attention to homoclinic geodesics with hill interval Iµ = [0, x1]. Second, us-
ing rotational symmetry, we restrict our attention to the asymptotic velocity
v := (0, 1, 0).

We denote by Λ ⊂ R6 the subset of momenta corresponding to homoclinic
geodesics with the properties mentioned above, i.e., µ ∈ Λ if and only if the
associated vector-valued function Pµ(x) satisfies the following properties:

• µ admits a hill interval Iµ = [0, x(µ)], where 0 < x(µ).
• Pµ(0) = (1, 0) and Pµ(0) · P ′

µ(0) = 0.
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Let A be the set whose interior and boundary are defined by

IntA := {(λ, a, b) ∈ (0,∞)× R2 : 0 < 2− b2, a ∈ R},

∂A := {(λ, a, b) ∈ (0,∞)× R2 : b = ±
√
2 ab < 0}.

Then, a bijection µ : A → Λ is given by

(2.5) µ(λ, a, b) = (1, 0, 0,
b

λ
,
−1

λ2
,
a

λ2
) := (a01, a

0
2, a

1
1, a

1
2, a

2
1, a

2
2) ∈ Λ.

The function µ : A → Λ is clearly injective. To see that it is surjective, note
that the condition Pµ(0) = (1, 0) implies (a01, a

0
2) = (1, 0). The condition

Pµ(0) · P ′
µ(0) = 0 implies that P ′

µ(0) is parallel to (0, 1), so a11 = 0. The

condition 0 < x(µ) implies P1(x;µ) is decreasing for 0 < x, so a21 < 0. By

seting a21 = −1
λ2 , a

1
2 = b

λ , and a
2
2 = a

λ2 , we find that 0 < x(µ) if and only if
(λ, a, b) ∈ A.

2.2.1. The Candidate Geodesics. Here, we will introduce the two families of
homoclinic geodesics mentioned in Theorem A. To define these families, we
will specify their momentum µ, in other words, we will define two subsets
of Λ using Eq. (2.5).

Family 1 : If A1 := A
∣∣
b=0

and Λ1 := µ(A1), then the geodesics in the
Family 1 corresponding to a momentum µ ∈ Λ1.

Family 2 : If A2 := A
∣∣
a=0

and Λ2 := µ(A2), then the geodesics in the
Family 2 corresponding to a momentum µ ∈ Λ2.

We will devote the rest of the paper to proving Theorem 12, which states
that the homoclinic geodesics with momentum µ ∈ Λi, with i = 1, 2, are
metric lines.

Before continuing our study, let us exclude the case (a, b) = (0, 0) ∈ A1 ∩
A2. The Carnot group J 2(R,R2) contains a normal subgroup N such that
J 2(R,R2)/N ≃ J 2(R,R) (for the explicit construction of this subgroup see
Appendix A). It follows that if canonical projection πN : J 2(R,R2)/N →
J2(R,R) is a subsumetry map by Corollary 6.3.5 from [13] . Moreover, if
γ(t) is geodesic with momentum µ = µ(A1∩A2), then πN (γ(t)) is a gedesic
in J 2(R,R). This geodesic was studied already in [2], where Theorem 1.4
implies that πN (γ(t)) is a metric line in J 2(R,R). Therefore, Lemma 4
implies γ(t) is a metric line in J 2(R,R2). Having in mind this discussion,
we define the set

Λ0 := {µ = (1, 0, 0, 0,
−1

λ2
, 0) : λ ∈ (0,∞)}.

For the rest of the paper, we restrict our attention to geodesics with mo-
mentum µ ∈ Λ \ Λ0.

2.3. Magnetic Space. Let γh(t) be a homoclinic geodesic with momentum
µ ∈ Λ \ Λ0. Without loss of generality, by applying a Carnot dilatation, we
may focus our attention on the case λ = 1. Thus, for the remainder of the
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paper, we consider the vector-valued function

P(a,b)(x) := (P1(x), P2(x)) = (1− x2, bx+ ax2), with (a, b) ̸= (0, 0).

We will avoid using the notation µ(1, a, b) and Pi(x;µ), since µ is uniquely
determined by (a, b), and we wish to simplify notation.

We will build a sub-Riemannian magnetic space R5
(a,b), whose geometry

depends on the vector-valued function P(a,b)(x). We also construct a sub-

Riemannian submersion π(a,b) : J k(R,Rn) → R5
(a,b) factorizing the submer-

sion π, i.e, π = pr ◦π(a,b) where pr : R5
(a,b) → R3 is a submersion. Therefore,

by Lemma 4, the goal of the sequence method is to prove that the sub-
Riemannian geodesic ch(t) := π(a,b)(γh(t)) is a metric line in R5

(a,b), we will

call ch(t) the candidate geodesic. Let us introduce the formal statement.

Theorem 12. Consider µ(1, a, b) ∈ Λi \Λ0, with i = 1, 2, and let γh(t) be a
homoclinic geodesic with momentum µ(1, a, b). If ch(t) := π(a,b)(γh(t)), then

ch(t) is metric line in R5
(a,b). As a consequence, γh(t) is a metric line in

J 2(R,R2).

2.3.1. The Magnetic Space. The magnetic space R5
(a,b) associated to J 2(R,R2)

is a sub-Riemannian structure whose construction is as follows.
Consider R5

(a,b) with coordinates (x, y1, y2, z1, z2). We will adopt the short

notation y = (y1, y2) and z = (z1, z2). We define a non-integrable distribu-
tion D(a,b) on R5

(a,b), which is defined by the following Pfaffian system:

dz1 − P1(x)dy
1 = 0, and dz2 − P2(x)dy

2 = 0.

Hence, the following vector fields provide a global frame for D(a,b)

X̃ =
∂

∂x
, Ỹ1 =

∂

∂y1
+ P1(x)

∂

∂z1
, and Ỹ2 =

∂

∂y2
+ P2(x)

∂

∂z2
.

The quadratic form ds2M = (dx2 + (dy1)2 + (dy2)2)|D(a,b)
induces an sub-

Riemannian inner product on D(a,b). The sub-Riemannian submersion π(a,b)
is given by

π(a,b)(j
k
x(f)) = (x, u21, u

2
2,

2∑
i=0

(−1)iu2−i
1

diP1

dxi
,

2∑
i=0

(−1)iu2−i
2

diP2

dxi
).

2.3.2. Sub-Riemannian Geodesic in the Magnetic Space. Consider the cotan-
gent bundle T ∗R5

(a,b) with the canonical coordinates (px,py,pz, x,y, z). The

sub-Riemannian kinetic energy H(a,b) : T
∗R5

(a,b) → R is given by

H(a,b)(px,py,pz, x,y, z) =
1

2
p2x +

1

2
(py1 + pz1P1(x))

2 +
1

2
(py2 + pz2P2(x))

2.

The Hamiltonian function H(a,b) does not depend on the coordinates (y, z),
so the mometum ν := (py,pz) remains constant under the reduced Hamil-
tonian flow. Consequently, the translation Φ(y0,z0) : R5

(a,b) → R5
(a,b) given
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by:

(2.6) Φ(y0,z0)(x,y, z) = (x,y + y0, z+ z0),

is an isometry.
Analogously to the case of J 2(R,R2), the sub-Riemannian geodesics in

R5
(a,b) are in bijection with a pencil of polynomials. The following definitions

formalize this fact.

Definition 13. The pencil Pen(a,b) of P(a,b)(x) is a 4-dimensinal vector
space of vector-valued functions with the form Gν(x) := (G1(x; ν), G2(x; ν))
given by

{Gν(x) = (α1 + β1P1(x), α2 + β1P2(x)) : ν = (α1, α2, β1, β2) ∈ R4}.

Let us delineate the sub-Riemannian geodesics in R5
(a,b), as well as their

horizontal lift and connection with sub-Riemannian geodesics in J 2(R,R2):
A sub-Riemannian geodesic c(t) ∈ R5

(a,b) corresponds to a vector-valued

function Gµ(x), and its x-component satisfies a one-degree-of-freedom sys-
tem given by the Hamiltonian function:

(2.7) Hν(px, x) =
1

2
p2x +

1

2
Vν(x), where Vν(x) = ||Gν(x)||2.

Once x(t) is found as the solution to the above Hamiltonian system, the
coordinates y and z satisfy the equations

(2.8) ẏi = Gi(x(t); ν), and żi = Gi(x(t); ν)Pi(x(t)) for all i = 1, 2.

The horizontal lift of the geodesic c(t) is the solution to the differential
equation:

γ̇(t) = px(t)X(γ(t)) +G1(x(t); ν)Y1(γ(t)) +G2(x(t), ν)Y2(γ(t)).

With the above discussion, we have proven the following lemma.

Lemma 14. Every sub-Riemannian geodesic in R5
(a,b) is the π(a,b)-projection

of a geodesic in J 2(R,R2) corresponding to a vector-valued function Gµ(x) ∈
Pen(a,b). Conversely, the horizontal lift of a geodesic in R5

(a,b) is a geodesic

corresponding to a vector-valued function in Pen(a,b).

It is important to note that ch(t) ∈ R5
(a,b) is a sub-Riemannian geodesic

corresponding to the momentum ν = (0, 0, 1, 1).
The dynamics of the reduced system Hν take place on the hill interval

Iν as described in Definition 7. A vector-valued function Gµ(x) ∈ Pen(a,b)
defines an isoenergetic algebraic curve given by

(2.9) C(ν, Iν) := {(px, x) : 1 = p2x + Vν(x) and x ∈ Iν}.
The algebraic curve C(ν, Iν) will take relevance later, when we analyze the
smoothness of the period map and other functions. The relation between
the singular points in C(µ, Iν) and the equilibrium point of the Hamiltonian
system for Hν is given by the following result.
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Proposition 15. Consider (px, x) ∈ C(ν, Iν). The point (px, x) is a sin-
gular point of C(ν, Iν) if and only if (px, x) is an equilibrium point of the
Hamiltonian system for Hµ.

Proof. The equilibrium points of the Hamiltonian system for Hµ are char-
acterized as in Proposition 9. So (px, x) is an equilibrium point if and only
if ∇Hν = (0, 0), which is the condition for a singular point in C(ν, Iν). □

The classification of sub-Riemannian geodesics in R5
(a,b) is according to

their reduced dynamics Hµ as in Section 2.1.4. In particular, the candidate
geodesic ch(t) is homoclinic.

2.3.3. The set of homoclinic geodesics. We denote the subset of momenta
corresponding to homoclinic geodesics with the same asymptotic velocity as
the candidate geodesic ch(t) by

Λ(a,b) := Λ+
(a,b) ∪ Λ−

(a,b) ⊂ R4,

More precisly, ν ∈ Λ(a,b) if and only if the vector-valued function Gν(x)
satisfies

• Gν(0) = (1, 0) and Gν(0) ·G′
ν(0) = 0.

In addition,

• If ν ∈ Λ+
(a,b), then the hill interval has the form I+ν = [0, x+(ν)],

where 0 < x+(ν);
• If ν ∈ Λ−

(a,b), then the hill interval has the form I−ν = [x−(ν), 0] where

x−(ν) < 0.

(Case 0 ≤ ab) We define A+
(a,b):

A+
(a,b) := {(τ, η) ∈ (0,∞)× R : 0 < 2τ − b2η2}.(2.10)

(Case 0 < ab) We define A−
(a,b):

A−
(a,b) := {(τ, η) ∈ (0,∞)× R : 0 ≤ 2τ − b2η2}.(2.11)

(Case ab < 0) We define A+
(a,b):

A+
(a,b) := {(τ, η) ∈ (0,∞)× R : 0 ≤ 2τ − b2η2}.(2.12)

(Case ab ≤ 0) We define A−
(a,b):

A−
(a,b) := {(τ, η) ∈ (0,∞)× R : 0 < 2τ − b2η2}.(2.13)

Then a bijection ν : A±
(a,b) → Λ±

(a,b) is given by

(2.14) ν(τ, η) = (1− τ, 0, τ, η).

Therefore, the vector-valued function Gµ(x) has the form

(2.15) Gν(x) = (G1(x; ν), G2(x; ν)) = (1− τx2, η(bx+ ax2)),
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and the candidate geodesic ch(t) has momentum ν(1, 1). Moreover, x±(ν)
is given by:

(2.16) x±(ν) =
−abη2 ±

√
τ2(2τ − b2η2) + 2a2η2τ

τ2 + a2η2
.

The following result characterizes the abnormal geodesics in R5
(a,b).

Proposition 16. The magnetic space R5
(a,b) possesses a family of abnormal

geodesics characterized by:

ċ(t) = v1Ỹ1 ++v2Ỹ2,

where (v1, v2) is a constant vector such that 0 = (v1, v2) · (dP1
dx ,

dP2
dx ).

The proof of Proposition 3.1.5 is in the Appendix B.

2.3.4. The Cost Function. The cost function is an auxiliary tool used to
prove Theorem B and to define the period map.

The following two sets play a fundamental role in this section.

C := {c(t) ∈ Rn+2
F | c(t) is a geodesic parameterized by arc-length},

I := {T ⊂ R| T = [t0, t1] is a compact interval}.
(2.17)

We denote by ∆ : C × I → [0,∞)× R4 the map given by

∆(c, T ) := (∆t(c, T ),∆y(c, T ),∆z(c, T ))

:= (t1 − t0,y(t1)− y(t0), z(t1)− z(t0)).
(2.18)

The map ∆(c, T ) encodes the change in the time t and the coordinates y
and z as the geodesic c(t) evolves during the interval T . In addition, let us
consider v := (0, v̂) where v̂ = (v1, v2) ∈ R2 is a unit vector. We denote by
Costvt : C × I → [0,∞)× R the map given by

Costvt (c, T ) = ∆t(c, T )− v1 ·∆y(c, T ),

Costvy(c, T ) = v · (∆y(c, T )−∆z(c, T )).

We call Costvt (c, T ) the cost function of c(t).
For the remainder of this subsection, we will discuss the relevance and

significance of the cost function. The value Costvt (c, T ) is the cost incurred
by the geodesic c(t) when traveling in the direction v. The following result
offers further insight into this interpretation.

Proposition 17. Let q1 and q2 ∈ R5
(a,b). Let c(t) and c̃(t) ∈ R5

(a,b) be two

sub-Riemannian geodesics with the property that they travel from q1 to q2
in a time interval T and T̃ , respectively. If Costvt (c, T ) < Costvt (c̃, T̃ ), then
the arc length of c(t) is shorter than the arc length of c̃(t).

Proof. The property that c(t) and c̃(t) travel from A to B implies that

∆y(c, T ) = ∆y(c̃, T̃ ). If Costvt (c̃, T ) < Costvt (c, T̃ ), then:

∆t(c, T ) =Costvt (c, T ) + v ·∆y(c, T )

< Costvt (c̃, T̃ ) + v ·∆y(c̃, T̃ ) = ∆t(c̃, T̃ ).
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□

Before continuing our analysis of the cost function, we introduce the fol-
lowing notation to simplify expressions: let dϕν be a closed but not exact
one-form on the algebraic curve C(Gν , Iν) given by:

dϕν :=
dx√

1− Vν(x)
.

The one-form dϕν is smooth if and only if C(Gν , Iν) is smooth. Indeed, if
Iν = [x0, x1], then C(Gν , Iν) has a natural parametrization in terms of x

whenever x ∈ (x0, x1), namely (px, x) = (±
√
1− Vµ(x), x). However, at the

point x = x0, the Implicit Function Theorem provides us a parametrization
of C(Gν , Iν) in terms of px. Indeed, the implicit derivative is given by:

∂x

∂px
= − px

V ′
ν(x)

which implies that dϕν =
dpx
V ′
ν(x)

.

If V ′
ν(x0) = Gν(x) ·G′

ν(x) ̸= 0, then dϕν is smooth at (0, x0). Therefore, dϕν
is a smooth if and only if C(Gν , Iν) is smooth.

Proposition 18. Let c(t) ∈ R5
(a,b) be a geodesic with momentum ν. Let

T := [t0, t1] be a time interval. The map ∆(c, T ) can be expressed in terms
of the vector-valued function G(x) as follows:

∆t(c, T ) =

∫
x(T )

dϕν ,

∆yi(c, T ) =

∫
x(T )

Gi(x; ν)dϕν , for i = 1, 2,

∆zi(c, T ) =

∫
x(T )

Gi(x; ν)Pi(x)dϕν , for i = 1, 2.

In the same way, the maps Costvt (c, T ) and Costvy(c, T ) are rewritten in term
of Gν(x) as:

Costvt (c, T ) =

∫
x(T )

(1− v ·Gν(x))dϕν ,

Costvy(c, T ) =
2∑

i=1

vi

∫
x(T )

Gi(x; ν)(1− Pi(x))dϕν .

Proof. Since Hµ is a one-degree-of-freedom system, we reduced to quad-
rature using the standard method, i.e., we consider the energy condition
Hµ = 1

2 , and solve the algebraic equation for px to find the expression:

ẋ = px =
1√

1− Vν(x)
,

where we used Hamilton equation ẋ = ∂Hν
∂x . By considering the change of

variable t(x), we find that dt = dϕν . Then the integration of dt yields the
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formula from the proposition statement for ∆t(c, T ). Using dt = dϕν and
Eq. (2.8), we find the expressions:

dyi = Gi(x; ν)dϕν , and dzi = Pi(x)Gi(x; ν)dϕν .

Finally, using the definition of the cost function, we find the expressions
from the proposition statement for Costvt (c, T ) and Costvy(c, T ). □

Remark 19. Remark about Proposition 18:
(1) There is no ambiguity in the sign of the integral expressions involving

ẋ =
√
1− VG(x) [4, Remark 2.21].

(2) The function ∆t(c, T ) depends not only on the endpoint x(t0) and
x(t1), but also on the specific path x(T ). For instance, if c(t) is a periodic
geodesic, then x(t+mL) = x(t) for m ∈ Z and:

∆t(c, [t, t+mL]) = mL(Iν), where L(Iν) := 2

∫
Iν

dϕν .

We concluded that m is the degree of map t→ (px(t), x(t)), where the solu-
tion is thought as a map from S = R/LZ to C(G, IG).

(3) The functions ∆t(c, T ), ∆yi(c, T ), and ∆zi(c, T ) are finite whenever
the one-forms dt, dyi, and dzi are smooth over the curve C(G, IG)|x(T ),
respectively. The same statement holds for Costvt (c, T ) and Costvy(c, T ).

For the remainder of the paper, we restrict our attention to the homoclinic
geodesics with momentum ν ∈ Λ(a,b). Accordingly, we consider only the
asymptotic velocity v = (0, 1, 0), and omit the superscript v in the cost
function for simplicity.

Proposition 20. Let c(t) ∈ R5
(a,b) be a sub-Riemannian geodesic with hill

interval Iν , and let {Tn}n∈N denote a sequence of time interval such that
Tn → [−∞,∞] when n → ∞. Then, Costt(c, Tn) and Costy(c, Tn) converge
when n→ ∞ if and only if c(t) has momentum ν ∈ Λ(a,b) or Gµ(x) = (1, 0).

Proof. Let c(t) be a sub-Riemannian geodesic in R5
(a,b) with momentum ν. If

c(t) is a periodic geodesic, then Remark 19 and the inequality 0 ≤ 1−G1(x)
imply

0 < 2j

∫
L
(1−G1(x))dϕν ≤ Costt(c, Tnℓ

).

Where Tnℓ
is sub-sequence with the property that [−jL(Iν), jL(Iν)] ⊂ Tnℓ

.
The above inequality shows that Costt(c, Tnℓ

) → ∞ when nℓ → ∞. There-
fore, a necessary condition for the convergence of Costt(c, Tn) is that c(t) is
not a periodic geodesic, which is equivalent to the convergence of G(x(t))
as t → ±∞. A sufficient condition is that G(x(t)) = (1, 0) when t → ±∞.
Therefore, c(t) is a homoclinic geodesic with asymptotic velocity (0, 1, 0)
because R5

(a,b) only admits singular geodesics of type homoclinic.

If c(t) is an homoclinic geodesic, then x(Tn) → Iν when n→ ∞. It follows
that sequence Costy(c, Tn) converge if and only if (1−P1(x))dϕν is smooth.
Therefore, the singularity of dϕν at the endpoint of the hill interval must
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be removed. Given the one-form (1 − P1(x))dϕν with 1 − P1(x) = x2, the
singularity is removed if and only if x = 0 is an endpoint of the hill interval.

□

2.3.5. Period Map. The period map encodes the asymptotic behavior of the
sub-Riemannian geodesic with momentum ν ∈ Λ(a,b).

Definition 21. The period map Θ±
(a,b) : A

±
(a,b) → R3 is given by

Θ±
(a,b)(τ, η) := (Θ1

(a,b)(τ, η,±),Θ2
(a,b)(τ, η,±),Θ3

(a,b)(τ, η,±)),

where

Θ1
(a,b)(τ, η,±) := 2

∫
I±ν

G2(x; ν)dϕν = 2

∫
I±ν

η(bx+ ax2)dϕν ,

Θ2
(a,b)(τ, η,±) := 2

∫
I±ν

G1(x; ν)(1− P1(x))dϕν = 2

∫
I±ν

x2(1− τx2)dϕν ,

Θ3
(a,b)(τ, η,±) := 2

∫
I±ν

G2(x; ν)P2(x)dϕν = 2

∫
I±ν

η(bx+ ax2)2dϕν .

We draw inspiration from the following limiting process to define the
period map: Consider a geodesic c(t) ∈ R5

(a,b) with momentum ν(τ, ν) ∈
Λ(a,b) and hill interval I+ν . Let {Tn}n∈N be a sequence of time intervals such
that Tn → ∞ when n→ ∞. Then,

lim
n→∞

(∆y2(c, Tn),Costy(c, Tn),∆z2(c, Tn)) = Θ+
(a,b)(τ, ν).

An analogous relation holds for the interval I−ν and the period map Θ−
(a,b)(τ, ν).

Having established this interpretation of the period map, we now turn to its
symmetries.

Proposition 22. The period map has the following symmetries:

• (η reflection)

Θ2
(a,b)(τ, η,±) = Θ2

(a,b)(τ,−η,±),

Θi
(a,b)(τ, η,±) = −Θi

(a,b)(τ,−η,±), for i = 1, 3.

• (Switch of hill interval)

Θ−
(a,b)(τ, η) = Θ+

(a,−b)(τ, η).

A vector-valued function is called even if G(x) = G(−x). We use Aeven
(a,b) ⊂

A(a,b) to denote the subset of parameters (τ, η) with the property that the
vector-valued function Gν(x) is even.

Proposition 23. The subset Aeven
(a,b) is characterized as follows:

Case 1: If b = 0, then Aeven
(a,0) = A(a,0).

Case 2: If b ̸= 0, then (τ, η) ∈ Aeven
(a,b) if and only if η = 0.

Moreover, if Gν(x) is a even vector-valued function, then Θ+
(a,b)(ν) =

Θ−
(a,b)(ν).
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Proof. The first part of the proposition is straightforward from the construc-
tion of Gµ(x). Note that if Gν(x) is even, then the roots from Eq. (2.16)
satisfy x+(ν) = −x−(ν). Setting u = −x, we obtain the desired result. □

Proposition 23 is consequence of a stronger result which states that if
c(t) = (x(t),y(t), z(t)) is a geodesic with momentum ν ∈ Aeven

(a,b), then c̃(t) =

(−x(t),y(t), z(t)) is also a geodesic with momentum ν. As a consequence,
every geodesic c(t) with mometum ν ∈ Aeven

(a,b) which crosses x = 0 twice fails

to minimize (see [5, Lemma 3]).

Theorem 24. Consider the period map Θ±
(a,b) : A(a,b) → R3 where (a, b)

corresponding to the two families definined in Section 2.2.1, namely:
(Family 1): (a, 0) for all a ∈ R \ {0},
(Family 2): (0, b) for all b ∈ R \ {0},
Therefore, Θ±

(a,b)(ν) is one-to-one for these families of parameters.

2.3.6. Sequence of geodesics. One of the main tools of the sequence method
is a classic result in metric space theory.

Proposition 25 (Proposition 2.26, [3]). Let K ⊂M be a compact subset of
a sub-Riemannian manifold and let T be a compact time interval. Consider
the following set

Min(K, T ) := {c : R →M : c(T ) ⊂ K and c(t) is minimizing in T }.

Then, Min(K, T ) is sequentially compact in the uniform norm.

Proposition 25 follows as a direct application of the Arzelà-Ascoli Theo-
rem.

The following lemma is the last essential tool for the sequence method.

Lemma 26 (Lemma 2.27, [3]). Let c1(t) and c2(t) ∈ Rn+2
F be two geodesics

where c1(t) in Min(K, T ), and T ′ ⊂ T . If Φ(x,y, z) is an isometry such
that c2(T ′) ⊂ Φ(c1(T )), then c2(t) ∈ Min(Φ(K), T ′).

The following definition gives a condition for the x-component of a se-
quence of geodesics to be bounded.

Definition 27. Let Com(r, x0, C) be the set of pairs (c, T ) satifying the
following conditions:

(1) c(t) is a minimizing geodesic in T .
(2) Cost(c, T ) is uniformly bounded by C with respect to the supremum

norm.
(3) x(t) ∈ B(r, x0) for all t ∈ ∂T , where B(r, x0) is the closed ball on R

with radius r and center at x0, and ∂T is the boundary of T .

We say that a region B(r, x0) × R4 is geodesically compact if for every
sequence {(cn, Tn)}n∈N ∈ Com(r, x0, C) satisfying:

lim
n→∞

Tn = [−∞,∞],
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there exists a compact subset Kx ⊂ R such that xn(Tn) ⊂ Kx for all n.
Furthermore, we say that a magnetic space is geodesically compact if, for
every r, the region B(r, x0)× R2 is geodesically compact.

Lemma 28. The magnetic space R5
(a,b) is geodesically compact for all (a, b) ∈

R2.

Proof. Without loss of generality, we can consider the ball B(r, 0) with an ar-
bitrary radius r. We will proceed by contrapositive. We consider a sequence
{(cn, Tn)}n∈N ∈ Com(r, x0, C) and assume that xn(Tn) is unbounded, then
we will prove that Cost(cn, Tn) is unbounded. Let hn : [0, 1] → xn(Tn) be
the unique affine map sending [0, 1] to xn(Tn). Consider the vector-valued

function Ĝn(x̃) = Gνn(hn(x̃)) where the geodesic cn(t) has momentum νn.

It follows that Ĝn : [0, 1] → R2 is vector-valued function satisfying that

||Ĝn(x̃)||R2 ≤ 1 for all x̃ ∈ [0, 1]. Therefore, there exists a subsequence

Ĝnℓ
(x̃) converging to Ĝ(x̃). Let us consider the cases Ĝ(x̃) ̸= (1, 0) or

Ĝ(x̃) = (1, 0).

Case Ĝ(x̃) ̸= (1, 0): Let us consider the change of variable hn(x̃) = x. It
follows that:

Costt(cn, Tn) = |xn(Tn)|
∫ 1

0
(1− (1, 0) · Ĝnℓ

(x̃))h∗n(dϕn),

where |xn(Tn)| is length of the interval xn(Tn), and h∗n(dϕn) is the pull-back.
The condition Ĝ(x̃) ̸= (1, 0) and Fatou’s Lemma implies:

0 <

∫ 1

0
(1− (1, 0) · Ĝ(x̃))h∗(dϕ) ≤ lim inf

∫ 1

0
(1− (1, 0) · Ĝnℓ

(x̃))h∗n(dϕn).

Therefore, |xn(Tn)| → ∞ implies Costt(cn, Tn) → ∞ when nℓ → ∞.

Case Ĝ(x̃) = (1, 0): A similar proof shows that Costy(cn, Tn) → ∞ when
nℓ → ∞. □

The following definition associates a polynomial Gn(x) with a sequence
of geodesics cn(t).

Definition 29. We say a sequence of geodesics {cn(t)}n∈N is strictly normal
if cn(t) is a normal geodesic for all n and every convergent subsequence
converges to a normal geodesic.

3. The Sequence Method

We devote this section to presenting the sequence method. Section 3.1
defines the sequence of sub-Riemannian geodesics employed in our proof,
states Theorem B, applies the sequence method to prove it, and concludes
with the proof of Theorem A. Section 3.2 establishes that the period map
is one-to-one for the families of geodesics considered in Theorem A.
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3.1. The Sequence Method. Let ch(t) be the candidate geodesic with
momentum ν(1, 1) (Eq. (2.14)) and the form:

ch(t) = (xh(t), y
1
h(t), y

2
h(h), z

1
h(t), z

2
h(t)).

Our goal is to show that ch(t) is minimizing in the interval [−T, T ], for
an arbitrary T . The strategy is as follows: for all n ∈ N, we will define
a sequence of godesics cn(t) that minimize length over the interval [0, Tn],
with the property that cn(t) connects the points ch(−n) and ch(n) (see
Figure 3). We then construct a reparametrization c̃n(t) of cn(t), and a set
Min(K, T ) such that c̃n(t) ∈ Min(K, T ). We then extract a subsequence
which converges to a geodesic c∞(t). This limiting geodesic c∞(t) satisfies:

ch([−T, T ]) ⊂ Φ(y0,z0)(c∞(T ))

for some isometry Φ(y0,z0) : R5
(a,b) → R5

(a,b) defined by Eq. (2.6). By Lemma

26, ch(t) is therefore minimizing in [−T, T ]. Since T is arbitrary, it follows
that ch(t) is a metric line.

Without loss of generality, let us assume that:

ch(0) = (x+(ν(1, 1)), 0, 0, 0, 0).

Indeed, using the translations in coordinates t, y, and z, we can always find
such an initial point. The time-reversibility of the Hamiltonian system for
Hµ, Eq. (2.3), implies that x(n) = x(−n). So ∆x(ch, [−n, n]) := xh(n) −
xh(−n) = 0 for all n ∈ N. Given the above initial point, there exists a time
T ∗
h > 0 with the property that:

(3.1) y1h(t) > 0, and y1h(−t) < 0 for all T ∗
h < t.

Indeed, by construction, the candidate geodesic ch(y) satifies y
1
h(t) → ∞ as

t→ ∞, and y1h(t) → −∞ as t→ −∞.

3.1.1. Construction of the sequence. Consider T > T ∗
h , and the sequences of

points {ch(−n)}n∈N and {ch(n)}n∈N, where n ∈ N and T < n. Let us define
a sequence of geodesics {cn(t)}n∈N with the form:

cn(t) = (xn(t), y
1
n(t), y

2
n(t), y

2
n(t), y

2
n(t)),

where cn : [0, Tn] → R5
(a,b) is a minimizing geodesic and satisfying the fol-

lowing conditions”

(3.2) cn(0) = ch(−n), cn(Tn) = ch(n), and Tn ≤ 2n.

We will refer to the above equations and inequality as the endpoint condi-
tions and the shorter condition, respectively. By construction, the endpoint
conditions imply the asymptotic conditions:

lim
n→−∞

(xn(0), y
1
n(0), z

1
n(0)) = (0,−∞,−∞),

lim
n→∞

(xn(Tn), y
1
n(Tn), z

1
n(Tn)) = (0,∞,∞).

(3.3)
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In addition, the following asymptotic period conditions also hold:

lim
n→∞

∆y2(cn, [0, Tn]) = Θ1
(a,b)(1, 1),

lim
n→∞

Costy(cn, [0, Tn]) = Θ2
(a,b)(1, 1),

lim
n→∞

∆z2(cn, [0, Tn]), ) = Θ3
(a,b)(1, 1).

(3.4)

It is important to note that Eq. (3.4) only indicates convergence of the
point sequences to the stated values; the convergence of the entire sequence
of geodesics to a specific geodesic has not yet been proven.

Our second main result is the following.

Theorem B. Let ch(t) be a homoclinic geodesic with momentum ν ∈ Λ(a,b).
Assume that the following conditions hold:

(1) Cost(ch, T ) is uniformly bounded for all compact intervals T by a
constant CMax

Θ .
(2) The region B(r, 0)× R2 is geodesically compact for some r > 0.
(3) The sequence of geodesics cn(t) defining by Eq. (3.2) is normal.
(4) The period map Θ±

(a,b) : A
±
(a,b) → [0,∞)× R2 is one-to-one, and:

Θ+
(a,b)(A

+
(a,b) \ A

even
(a,b)) ∩Θ−

(a,b)(A
−
(a,b) \ A

even
(a,b)) = {∅}.

Then, ch(t) is a metric line in R5
(a,b). Consequently, if γh(t) ∈ J 2(R,R2)

is the horizontal lift of ch(t), then γ(t) is a metric line in J 2(R,R2)

In the following subsection, we will apply the sequence method to prove
Theorem B.

3.1.2. A new initial point. By construction, the initial point cn(0) is un-
bounded. The first step of the sequence method is to find a re-parametrization
c̃n(t) with the property that c̃n(0) ∈ K0 for all n > T , whereK0 is a compact
set in R5

(a,b).

By construction of n > T > T ∗
h , the Intermediate Value Theorem implies

that there exist a t∗n in (0, Tn) such that y1n(t
∗
n) = 0 for all n > T ∗

h . Moreover,
the conditions (1) and (2) from Theorem B imply that there exist a compact
subset Kx ⊂ R such that xn([0, Tn]) ⊂ Kx, in particular xn(t

∗
n) ∈ Kx.

Therefore, it is enough to build compact subsets K2
y , K

1
z and K2

z such that

y2n(t
∗
n) ∈ K2

y , z
1
n(t

∗
n) ∈ K2

y and z2n(t
∗
n) ∈ K2

y . The existence of such compact
sets is a consequence of the following result.

Proposition 30. There exists C̃2
y , C̃

1
z , and C̃

2
z ∈ (0,∞) such that

|∆y2(cn, [0, Tn])| ≤ C̃2
y , |Costy(cn, [0, Tn])| ≤ C̃1

z , |∆z2(cn, [0, Tn])| ≤ C̃2
z ,

for all n > T .

Let us first use Proposition 30 to build the set K0, and then we will give
its proof.
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We define the compact set:

K0 := Kx × [−1, 1]×K2
y ×K1

z ×K2
z ,

where K2
y := [−C̃2

y , C̃
2
y ] and K

2
z := [−C̃2

z , C̃
2
z ]. The construction of K1

z is as
follows: Using the definition given in Section 2.3.4, we have that:

zn(t
∗
n)− zn(0) = ∆z1(cn, [0, t

∗
n]) = ∆y1(cn, [0, t

∗
n])− Costy(cn, [0, t

∗
n]),

zh(0)− zh(−n) = ∆z1(ch, [−n, 0]) = ∆y1(ch, [−n, 0])− Costy(ch, [−n, 0]).
By construction, ∆y1(ch, [−n, 0]) = ∆y1(cn, [0, t

∗
n]), zh(0) = 0, and zn(0) =

zn(−n) for all n > T . It follows that:

|zn(t∗n)| = |∆z1(cn, [0, t∗n])−∆z1(ch, [−n, 0])|

≤ |Costy(cn, [0, t∗n])|+ |Costy(ch, [−n, 0])| ≤ CMax
Θ + C̃1

z ,
(3.5)

where CMax
Θ and C̃1

y are given by the condition (1) from Theorem B, and

Proposition 30, respectively. Therefore, the compact set K1
z is defined by:

K1
z := [−CMax

Θ − C̃1
z , C

Max
Θ + C̃1

z ].

Summarizing, we build a compact setK0 with the property that cn(t
∗
n) ∈ K0

for all n > T . We consider, the re-parametrization c̃n : Tn → R5
(a,b) given

by c̃n(t) := cn(t + t∗n), where Tn := [−t∗n, Tn − t∗n]. Therefore, c̃n(t) is a
sequence of minimizing geodesics on the interval Tn with the property that
c̃(0) ∈ K0. Moreover, by construction, the points c̃n(−t∗n) and c̃n(Tn−t∗n) are
unbounded. It follows that Tn → [−∞,∞] when n → ∞, and we consider
without loss of generality that Tn is such that Tn ⊂ Tn+1.

Proof of Proposition 30. Let us find C̃2
y . On one side, by condition (4) from

Theorem B, the sequence of geodesics cn(t) is normal, then we can associate
a vector-valued function Gνi(x). Moreover, we can consider, the unique
affine map hn : [0, 1] → xn([0, Tn]) ⊂ Kx mapping [0, 1] to xn([0, Tn]). It
follows that we can rewrite ∆y2(cn, [0, Tn]) as follows

∆y2(cn, [0, Tn]) =
∫
h−1
n (xn([0,Tn]))

h∗n(G1(x; νn)dϕνn)

= un

∫
h−1
n (xn([0,Tn]))

G1(hn(x̃); νn)√
1− ||Ĝn(x̃)||2

dx̃.

Where x̃ ∈ [0, 1], un ∈ (0,∞) is the legth of the interval xn([0, Tn]) and

Ĝn(x̃) := Gνn(hn(x̃)) is a vector-valued function defined on the interval [0, 1].
In addition, un and Gνn(hn(x̃)) are uniformly bounded. On the other side,
the sequence ∆y2(cn, [0, Tn]) is bounded because it converges by Eq. (3.4). It
follows that one-form G1(x; νn)dϕνn is smooth on the interval xn([0, Tn]), as
a consequence h∗n(G1(x; νn)dϕνn) is smooth. Therefore, we find the upper

bound C̃2
y in two steps. First, we use the fact that h∗n(G1(x; νn)dϕνn) is

smooth to find the maximum of the integral with respect to the interval
h−1
n ([xn(0), x]) where x ∈ xn([0, Tn]). Second, by Remark 19, we rewrite
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∆y2(cn, [0, Tn]) as a continuous function on a sequentially compact set given

by the pairs (Ĝn(x̃), un), to find a bound. In other words, we define C̃2
y as

follows

C̃2
y := max

(Ĝn(x̃),un)

{
max

x∈xn([0,Tn])

{∫
h−1
n ([xn(0),x])

|h∗n(G1(x; νn)dϕνn)|
}}

.

In the same way, we can build the bounds C̃1
z and C̃2

z for ∆z2(cn, [0, Tn])
and ∆z2(cn, [0, Tn]), respectively. □

3.1.3. Construction of Min(K, T ). Consider N ∈ N such that N > T , we
will build a compact set KN such that c̃n(t) ∈ Min(KN , TN ) for all n > N .
By the above construction, we have that c̃n(t) is minimizing on Tn, and

TN ⊂ Tn, so c̃n(t) is minimizing on TN . Moreover, || ˙̃cn(t)|| = 1 implies that:

|∆x(c̃n, Tn)| ≤ TN , |∆y1(c̃n, Tn)| ≤ TN , |∆y2(c̃n, Tn)| ≤ TN .

Let us bound ∆z1(c̃n, Tn) and ∆z2(c̃n, Tn). Using Eq. (2.8), we have:

Ci
z := TN max

x∈Kx+[−TN ,TN ]
|Pi(x)| ≥

∫
TN

|Pi(x)| ≥ |∆zi(c̃n, Tn)|, for i = 1, 2.

Therefore, if we define the compact set K1 ⊂ R5
(a,b) as follows:

K1 := [−TN , TN ]× [−TN , TN ]× [−TN , TN ]× [−C1
z , C

1
z ]× [−C2

z , C
2
z ],

then c̃n(TN ) ⊂ KN := K0 +K1. We conclude that c̃n(t) ∈ Min(KN , TN ).

3.1.4. Proof of Theorem B. We are ready to prove the second main theorem
of this paper.

Proof of Theorem B. We just built a sequence of geodesics c̃n(t) ∈ Min(KN , TN ).
By Proposition 25, there exists a subsequence c̃nℓ

(t) converging to c̃∞(t).
The condition (3) implies that c̃∞(t) is a normal geodesic, so c̃(t) is asso-
ciated to a vector-valued function Gν(x). Moreover, Eqs. (3.3) and (3.4)
imply that ν ∈ A(a,b), and:

Θ+
(a,b)(1, 1) = lim

nℓ→∞
(∆y2(cnℓ

, Tnℓ
),Costy(cnℓ

, Tnℓ
),∆z2(cnℓ

, Tnℓ
)).

Therefore, Condition (4) establishes that Gν(x) = P (x) and the hill in-
terval of c̃(t) is I+µ . Every two geodesics corresponding to the vector-
valued function P (x) and sharing the same hill interval are related by
isometry Φ(y0,z0)(x,y, z). Using that N is arbitrary and ch([−T, T ]) is
bounded, we can find a compact sets K = KN and T := TN such that
ch([−T, T ]) ⊂ Φ(y0,z0)(c̃(T )). Lemma 26 implies that ch(t) is minimizing in

[−T, T ], and T is arbitrary. Hence, ch(t) is a metric lines in R5
(a,b). □
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3.1.5. Proof of Theorem 12. We are ready to prove Theorem 12, which im-
plies that Theorem A is true along with the discussion from Section 2.2.1.

Proof of Theorem 12. It is enough to verify that the condition from Theorem
B holds for each family of geodesics. Let us prove that Condition (1) holds
in general, that is Cost(ch, [−n, n]) is uniformly bounded. Indeed, using that
|G1(x)| ≤ 1 in the hill interval I+ν , and Proposition 18 we have that:

ΘMax
(a,b) := Θ+

(a,b)(1, 1) ≥ Costt(c, [−n, n]) ≥ |Costy(c, [−n, n])|.

Lemma 28 implies the Condition (2).
Proposition tells us that the abnormal geodesics are line geodesics. The

sequence cn(t) cannot converge to a geodesic c(t) whose tangent velocity
is given by ċ(t) = Y1 (this is the only geodesic with asymptotic velocity
(0, 1, 0)). Indeed, Costy(c, T ) = 0 and ∆(c, T ) = 0 for al compact interval
T , therefore c(t) cannot satifies the assympetotic condition from Eq since
(0, 0, 0) /∈ Θ+

(a,b)(A
+
(a,b)) for all (a, b) ∈ R2 \ {(0, 0)}. (3.3). We concluded

that for n big enough, the geodesic cn(t) cannot be abnormal.
We will prove Condition (4) considering the different families.
Case (a, 0) with a ∈ R \ {0}: Condition (4) is trivial beacuse Gν(x) is

even for all ν ∈ A±
(a,0) for all a ∈ R \ {0}.

Case (0, b) with b ∈ R \ {0}: For Condition (4), 0 < Gν(x) if x ∈ I+ν
and Gν(x) < 0 if x ∈ I−ν . It follows that if (τ, η) ∈ A+

(0,b) \ Aeven
(0,b) then

0 < Θ1
(0,b)(τ, η,+), and Θ1

(0,b)(τ, η,+) = −Θ1
(0,b)(τ, η,−).

Thus, by establishing Theorem 12, we have proved Theorem A. To com-
plete the argument of Theorem 12, it remains to prove Theorem 24. The
following section is dedicated to this task. □

3.2. The Period map II. The goal of this section is to prove Theorem
24. We analyze two cases: 0 < η and η = 0. Subsequently, by invoking
Proposition 22, we will extend our consideration to the case η < 0. For the
case η > 0, we will apply Hadamard’s Global Diffeomorphism Theorem. We
begin by presenting its formal statement.

Theorem 31 (Hadamard’s Global Diffeomorphism Theorem, [10]). Let M
and N be n-dimensional manifolds and F :M → N be a differentiable map.
If,

(1) M is open and connected,
(2) N is open and simply connected,
(3) DF |p is nondegenerate for all p ∈M ,
(4) F is proper.

Then F is a diffeomorphism.

We cannot apply Hadamard’s Global Diffeomorphism Theorem directly
to the period map Θ+

(a,b)(τ, η) because it is not proper and its target is not
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two-dimensional. To address these obstacles, we introduce two auxiliary
functions g : [−π

2 ,
π
2 ]

2 → R2 and f : R3 → R2 given by:

g(θ1, θ2) = (tan(θ1), tan(θ2)) and f(Θ1,Θ2,Θ3) = (Θ2,Θ3).

We now define the sets:

M(a,b) := g−1(IntA+
(a,b)|0<η) and N(a,b) := (f ◦Θ)(IntA+

(a,b)|0<η).

Therefore, we will consider the function:

(3.6) F(a,b) :M(a,b) → N(a,b) given by F(a,b) := f ◦Θ+
(a,b) ◦ g.

We notice that g is a bijection and f is surjective; it follows that if F(a,b) is

a bijection, then Θ+
(a,b) is one-to-one.

Lemma 32. Consider the map f ◦ Θ+
(a,b) : IntA+

(a,b)|0<η → N(a,b). Then,

D(f ◦Θ+
(a,b))|(τ,η) is nondegenerate for all (τ, η) ∈ IntA(a,b)|0<η, and for all

(a, b) ∈ R2 \ {(0, 0)}.

The proof of Lemma 32 is in the following subsection.

Lemma 33. Consider a function F(a,b) :M(a,b) → N(a,b). Then:

(1) M(a,b) is open and connected set.
(2) N(a,b) is open set. Moreover, N(a,b) is simply connected set if (a, b) =

(a, 0) or (a, b) = (0, b) for a, b ∈ R \ {0}, respectively.
(3) DF(a,b)|(θ1,θ2) is nondegenerate for all (θ1, θ2) ∈ M(a,b), and for all

(a, b) ∈ R2 \ {(0, 0)}.
(4) F(a,b) is proper.

Proof. Item (1): the map g : [−π
2 ,

π
2 ]

2 → R2 is a diffeomorphism and

IntA+
(a,b)|0<η is open and connected set, so M±

(a,b) is open and conected.

Item (2): Lemma 32 implies f ◦Θ+
(a,b) : IntA

+
(a,b)|0<η → N(a,b) is an open

map, then N(a,b) is an open set. By definition of the period map, we have
that N(a,b) ⊂ R× (0,∞).

Let us prove that N(a,0) is simply connected. Consider the action of R+

on A+
(a,0) defined as follows: for every λ ∈ R+, let λ · (τ, η) := ( τ

λ2 ,
η
λ2 ). It

follows from Eqs. (2.10) and (2.12) that λ · (τ, η) ∈ A+
(a,0) for all λ > 0.

This action on A+
(a,0) induces an action on N(a,0), given by λ · (Θ2,Θ3) =

(λ3Θ2, λ3Θ3). Now, let σ : [0, 1] → N±
(a,b) be arbitrary loop. To show that

σ(s) is contractible, it is enough to demonstrate that σ(s) is homotopic
equivalent to an arc ω, where:

ω ⊂ {(Θ2,Θ3) = (cos(ψ), sin(ψ)) : ψ ∈ [0, π]}.
Because ω is homotopic equivalent to a point, this proves σ(s) is contractible.
To formalize this argument, we construct a homotopy H : [0, 1]2 → N(a,b)

with the following properties: H(0, s) = σ(s), H(ρ, 0) = H(ρ, 1), and
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H(1, s) = ω. To define H(ρ, s), note that (0, 0) /∈ N+
(a,b), which ensures

that ||σ(s)|| ≠ 0 for all s ∈ [0, 1]. Observing the action, we see that
λ · σ(s) → (0, 0) as λ → 0, and λ · σ(s) is unboded as λ → ∞. There-
fore, for each s ∈ [0, 1], there exists λ(s) ∈ R+ such that ||λ(s) · σ(s)|| = 1.
We define the homotopy by:

H(ρ, s) =
(
ρλ(s) + (1− ρ)

)
· σ(s).

Thus, σ(s) is homotopic equivalent to ω, and hence contractible to a point.
The proof for the case N(0,b) proceeds similarly. Here, we consider the

action of R+ on A(0,b) given by λ · (τ, η) = ( τ
λ2 ,

η
λ), which induces the corre-

sponding action on N(0,b) given by λ · (Θ2,Θ2) = (λ3Θ2, λ
2Θ3).

Item (3): direct calculation shows that

DF(a,b)|(θ1,θ2) = D(f ◦Θ+
(a,b))|g(θ1,θ2) ◦Dg|(θ1,θ2).

The linear map Dg is non-degenerate, and D(f ◦ Θ+
(a,b)) is not degenerate

by Lemma 32. Therefore, DF(a,b)|(θ1,θ2) is non-degenerate for all (θ1, θ2) and
(a, b) ∈ R2 \ {(0, 0)}.

Item (4): The map F(a,b) is proper since its domain M(a,b) ⊂ [−π
2 ,

π
2 ]

2 is
a subset of a compact set. □

The following result shows that to show Θ±
(a,b) : IntA+

(a,b) → N(a,b) is

one-to-one is enough to consider only the domain IntA+
(a,b)|0<η.

Lemma 34. Consider (a, b) ∈ R2 \ {(0, 0}. If Θ+
(a,b) : A

+
(a,b)|0<η → N(a,b) is

one-to-one, then Θ±
(a,b) : A

±
(a,b) → N(a,b) is one-to-one.

Proof. First let us consider Θ+
(a,b) : A

+
(a,b) → N(a,b). By Proposition 22, it is

enough to consider the cases 0 ≤ η, and η < 0:
Case 0 ≤ η: By construction of the period map (Definition 21), it follows

that Θ3
(a,b)(τ, η) = 0 if and only if η = 0, and Θ+

(a,b)(τ, 0) = (0,Θ2
(a,b)(τ, 0), 0).

Therefore, we have that Θ+
(a,b)(A

+
(a,b)|0<η) ∩Θ+

(a,b)(A
+
(a,b)|0=η) = {∅}, and it

is enough to show that Θ2
(a,b)(τ, 0) is one-to-one with respect to τ . Using a

change of variable x =
√

2
τ u and integration by parts shows that:

Θ2
(a,b)(τ, 0) =

∫ √
2
τ

0

x2(1− τx2)√
1− (1− τx2)2

dx

= − 1
√
2τ

2
3

(∫ 1

0

√
1− (1− 2u2)2du

)
= −

√
2

3τ
3
2

< 0.

(3.7)

Case η < 0: By construction, Θ3
(a,b)(τ, η,+) > 0 for all η > 0. Using the

symmetry from Proposition 22 we have that:

Θ+
(a,b)(τ,−η) = (−Θ1

(a,b)(τ, η,+),Θ2
(a,b)(τ, η,+),−Θ3

(a,b)(τ, η,+)).
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It follows that Θ+
(a,b) : A

+
(a,b)|0<η → N(a,b) is one-to-one, which implies that

Θ+
(a,b) : A

+
(a,b)|η<0 → R3 is one-to-one. Moreover,

Θ+
(a,b)(A

+
(a,b)|η<0) ∩Θ+

(a,b)(A
+
(a,0)|0≤η) = {∅}.

Therefore, Θ+
(a,b) : A

+
(a,b) → R3 is one-to-one for all (a, b) ∈ R2 \ {∅}. More-

over, Proposition 22 establishes that Θ−
(a,b)(τ, η) = Θ+

(a,−b)(τ, η). Conse-

quently, Θ−
(a,b) : A

−
(a,b) → R3 is one-to-one. □

3.2.1. Proof of Theorem 24. We are ready to prove the theorem.
Proof of Theorem 24. We start by considering the case (a, 0). Let

F(a,0) : M(a,0) → N(a,0) denote the map defined in Eq. (3.6). By Lemma
33, F(a,0) satisfies the conditions of Hadamard’s Global Diffeomorphism
Theorem. Consequently, F(a,b) is a global diffeomorphism, which in turn
implies that F(a,b) is one-to-one. From the preceding discussion, we have

that Θ+
(a,0) : IntA

+
(a,0)|0<η → R3 is one-to-one, and Lemma 34 implies that

Θ±
(a,0) : IntA

±
(a,0) → R3 is one-to-one. Since IntA±

(a,0) = A±
(a,0), we concluded

that Θ±
(a,0) is one-to-one.

A similar argument proves the result for the case (0, b).

3.2.2. Proof of Lemma 32. Before presenting the proof, we outline the strat-
egy for the case (a, b) ̸= (0, 0) and introduce several auxiliary functions that
will be employed. Instead of computing the determinant of Df ◦ Θ+

(a,b) di-

rectly, we consider the composition f ◦ Θ+
(a,b) = F2 ◦ F1. Let us construct

the functions F1 and F2: first, we use the following factorization:

1− Vν(x) = x2(C(τ, η)−B(τ, η)x−A(τ, η)x2)

= ϑ3(τ, η)x
2(1− (ϑ1(τ, η)x− ϑ2(τ, η))

2),

where:

A(τ, η) = a2η2 + τ2, B(τ, η) = 2abη2, C(τ, η) = 2τ − b2η2,

and

(ϑ1, ϑ2, ϑ3) = (
2A(η, τ)√
∆(τ, η)

,
B(η, τ)√
∆(τ, η)

,
∆(τ, η)

4A(η, τ)
).(3.8)

Here, ∆(τ, η) := B2(τ, η) + 4A(τ, η)C(τ, η) is the discriminant of the qua-
dratic polynomial C−Bx−Ax2. By the definition of Λ(a,b) this discriminant
is positive. By contruction, we have that ϑ1 > 0, ϑ2 ∈ [−1, 1], and ϑ3 > 0.

Next, we examine the composition f ◦Θ+
(a,b) = F2 ◦F1 where F1 : A+

(a,b) →
R3 is defined as:

F1(τ, η) = (ϑ1, ϑ2, ϑ3)(3.9)
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and F2 : R3 → R2 is given by:

F2(ϑ1, ϑ2, ϑ3) := (Θ̃2(ϑ1, ϑ2, ϑ3), Θ̃3(ϑ1, ϑ2, ϑ3)),

Θ̃2(ϑ1, ϑ2, ϑ3) =
1√
ϑ3

∫ 1−ϑ2
ϑ1

0

x(1− (ϑ3
2 (1 + b

aϑ1ϑ2 − ϑ22))x
2)√

1− (ϑ1x+ ϑ2)2
dx,

Θ̃3(ϑ1, ϑ2, ϑ3) =

√
ϑ1ϑ2
ab

∫ 1−ϑ2
ϑ1

0

x(b+ ax)2√
1− (ϑ1x+ ϑ2)2

dx.

(3.10)

Where we used that η > 0 to write (τ, η) in terms of (ϑ1, ϑ2, ϑ3) as follows:

τ =
ϑ3
2
(1 +

b

a
ϑ1ϑ2 − ϑ22), η =

√
ϑ1ϑ2ϑ3
ab

.

We present the explicit expression of the Θ̃2(ϑ1, ϑ2, ϑ3) and Θ̃3(ϑ1, ϑ2, ϑ3)
in the Appendix C.

We conclude that, in order to establish that Df ◦Θ+
(a,b) is non-degenerate,

it suffices to show that DF1|(τ,η), and DF2|F1(τ,η) are both of full rank. The
following two results are dedicated to this objective.

Proposition 35. Let F1 : A+
(a,b) → R3 be the function defined by Eqs. (3.8)

and (3.9). If (a, b) ̸= (0, 0), then the differential DF1|(τ,η) has full rank for

all (τ, η) ∈ IntA+
(a,b)|0<η.

Proof. To demonstrate that DF1|(τ,η) has full rank, it suffices to identify a
two-by-two submatrix with a nonzero determinant. Proceeding with this
approach, and noting that 2τ − b2η2 > 0 for (τ, η) ∈ IntA+

(a,b), we obtain:

∂ϑ1
∂τ

∂ϑ2
∂η

− ∂ϑ1
∂η

∂ϑ2
∂τ

=
2abη(a2η2 + τ2)

(2τ2 − b2η2τ + 2a2η2)2
̸= 0,

for all (τ, η) ∈ A+
(a,b) with η ̸= 0. □

Before proving that DF2|F1(τ,η) has full rank, let us outline the strategy

and present some auxiliary results. First, we observe that Θ̃3 is indepen-
dent of ϑ3. This observation, together with the following result, will be
instrumental in the proof.

Proposition 36. Let Θ̃2, and Θ̃3 be the functions defined by Eq. (3.10).
Then,

∂Θ̃2

∂ϑ3
|F1(τ,η) < 0, and

∂Θ̃3

∂ϑ3
= 0.

Proof. The expression for Θ̃2(ϑ1, ϑ2, ϑ3) from Appendix C implies:

∂Θ̃2

∂ϑ3
|F1(τ,η) = −2α2ϱ1(ϑ2) + τϱ2(ϑ2)

4α4(ϑ3)
3
2

,
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Here ϱ1(ϑ2) and ϱ2(ϑ2) are auxilary functions given by:

ϱ1(ϑ2) :=
√

1− ϑ22 − ϑ2 arccos(ϑ2),

ϱ2(ϑ2) := (11ϑ22 + 4)
√

1− ϑ22 − (6ϑ32 + 9ϑ2) arccos (ϑ2).
(3.11)

Therefore, it suffices to show that ϱ1(ϑ2) and ϱ2(ϑ2) have the same sign
for all ϑ2 ∈ (−1, 1); note that |ϑ2| = 1 if and only if C(τ, η) = 0, which
occurs precisely when (τ, η) ∈ ∂A+

(a,b). This claim is verified by examining

the graphs of both functions, as shown in Figure 3.1. Furthermore, as shown

in Eq. (3.10), Θ̃3 is independent of ϑ3. □

Figure 3.1. The panels display the graphs of ϱ1(ϑ2) on the
left and ϱ2(ϑ2) on the right, with ϑ2 varying over the interval
[−1, 1].

Proposition 37. Let F2 : R3 → R2 be the function defined by Eq. (3.10). If
(a, b) ̸= (0, 0), then the differential DF2|F1(τ,η) has full rank for all (τ, η) ∈
IntA+

(a,b)|0<η.

Proof. We must shows DF2|F1(τ,η) has rank two. To do so, we consider the
cases 0 < ab and ab < 0.

Case 0 < ab: We consider the following determinant and apply Proposi-
tion 36 to obtain:

∂Θ̃2

∂ϑ1

∂Θ̃3

∂ϑ3
− ∂Θ̃2

∂ϑ3

∂Θ̃3

∂ϑ1
= −∂Θ̃2

∂ϑ3

∂Θ̃3

∂ϑ1
.

Thus, it suffices to show that ∂Θ̃3
∂ϑ1

̸= 0. The expression for Θ̃3(ϑ1, ϑ2, ϑ3)
from Appendix C implies:

∂Θ̃3

∂ϑ1
|F1(τ,η) = −ϑ2(7a

2ϱ2(ϑ2) + 30abϑ1ϱ3(ϑ2) + 18b2ϑ21ϱ1(ϑ2))

12ϑ41
√
abϑ1ϑ2

.
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Here ϱ1(ϑ2) and ϱ2(ϑ2) are defined in Eq. (3.11). Additionally, ϱ3(ϑ2) is
given by:

ϱ3(ϑ2) :=(2ϑ22 + 1) arccos(ϑ2)− 3ϑ2

√
1− ϑ22.

The condition 0 < ab implies that 0 < β < 1, and by construction 0 < ϑ1.
Therefore, it suffices to verify that ϱ3(ϑ2) > 0. This is confirmed by graphing
the function, as shown in Figure 3.2.

Case ab < 0: We consider the following determinant and apply Proposi-
tion 36 to obtain:

∂Θ̃2

∂ϑ2

∂Θ̃3

∂ϑ3
− ∂Θ̃2

∂ϑ3

∂Θ̃3

∂ϑ2
= −∂Θ̃2

∂ϑ3

∂Θ̃3

∂ϑ2
.

Thus, it suffices to show that ∂Θ̃3
∂ϑ2

̸= 0. The expression for Θ̃3(ϑ1, ϑ2, ϑ3)
from Appendix C implies:

(3.12)
∂Θ̃3

∂ϑ2
|F1(τ,η) = −a

2ϱ4(ϑ2)− 6abϱ5(ϑ2)ϑ1 + 6b2ϱ6(ϑ2)ϑ
2
1

12ϑ31
√
abϑ1ϑ2

.

Here ϱ3(ϑ2), ϱ5(ϑ2), and ϱ6(ϑ2) are functions given by

ϱ4(ϑ2) := (42ϑ32 + 27ϑ2) arccos(ϑ2)− (65ϑ22 + 4)
√

1− ϑ22,

ϱ5(ϑ2) := (10ϑ22 + 1) arccos(ϑ2)− 11ϑ2

√
1− ϑ22,

ϱ6(ϑ2) := 3ϑ2 arccos(ϑ2)−
√

1− ϑ22.

The numerator in Eq. (3.12) is a quadratic function of ϑ1. To demonstrate
that this numerator is nonzero, it suffices to show that the discriminant of
the quadratic is negative. The discriminant is given by

(3.13) ∆(ϑ2) = 6a2b2
(
6ϱ25(ϑ2)− 4ϱ4(ϑ2)ϱ6(ϑ2)

)
.

Therefore, to conclude, it is enough to verify that the expression in paren-
theses from Eq. (3.11) is negative. This fact is confirmed by graphing the
function, as shown in Figure 3.2. □

Proof of Lemma 32. Consider three cases: (a, 0) with a ̸= 0, (0, b) with
b ̸= 0, and (a, b) ̸= (0, 0).

Case (a, 0) with a ̸= 0: The expression for Θ+
(a,b)(τ, η) is:

(f ◦Θ+
(a,b))(τ, η) =

(√
2τ(3a2η2 − τ2)

3(a2η2 + τ2)2
,

2a2ν(2τ)
3
2

3(a2η2 + τ2)2

)
.

A direct calculation shows that detD(f ◦Θ+
(a,b)) =

4a2τ(3a2η2+η2)
3(a2η2+τ2)4

. It follows

that detD(f ◦Θ+
(a,b)) ̸= 0, since a ̸= 0, and (τ, ν) ̸= (0, 0).
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Figure 3.2. The panels display the graphs of ϱ3(ϑ2) on the

left with ϑ2 ranging over (−1, 1), and the graph ∆(ϑ2)
6a2b2

on the
right with ϑ2 ranging over (−1, 0).

Case (0, b) with b ̸= 0: The expression for Θ+
(a,b)(τ, η) is given by:

(f ◦Θ+
(a,b))(τ, η) =

(√
2τ − b2η2(2b2η2 − τ)

3τ3
,
b2η
√
2τ − b2η2

τ2

)
.

A direct computatation shows that detD(f ◦ Θ+
(a,b)) =

b2

τ4
. It follows that

detD(f ◦Θ+
(a,b)) ̸= 0 since b ̸= 0 and (τ, η) ̸= (0, 0).

Case (a, b) ̸= (0, 0): Since (a, b) ̸= (0, 0) the functions F1 and F2 are well
defined an we write f ◦ Θ+

(a,b) = F2 ◦ F1. Propositions 35 and 37 implies

that D(F2 ◦F1)|(τ,η) is non-degenerate. Therefore, D(f ◦Θ+
(a,b))|(τ,η) is non-

degenerate. □

Conclusion and future work

We investigated the sub-Riemannian geodesics within the 2-jet space of
plane curves. Using the symmetries: rotations, Carnot translations, and
dilatations, we characterized the family of sub-Riemannian geodesics satis-
fying the asymptotic condition outlined in Conjecture 5. These geodesics
were determined by a momentum parameter µ ∈ Λ, where Λ is parametrized
by the parameters (a, b) ∈ R2 together with the dilatation.

Theorem A established that two families of geodesics with momentum
µ ∈ Λ are metric lines, namely the cases (a, 0), and (0, b). To prove Theorem
A, we constructed a sub-Riemannian manifold R5

(a,b) and defined a period

map that encodes the asymptotic behavior of these geodesics.
Theorem B extended the analysis to a general geodesic with momentum

µ ∈ Λ, providing conditions which make this sub-Riemannian geodesic a
metric line. One key condition required is proving that the period map is
one-to-one. To tackle this, we invoked Hadamard’s Global Diffeomorphism



32 D. CATALÁ, M. VOLLMAYR-LEE, AND A. BRAVO-DODDOLI

Theorem, which in turn depends on the image of the period map being
simply connected. At present, we have established this property only for
the cases (a, 0) and (0, b).

Further work is needed to complete the proof of Conjecture 1. The ob-
jectives for future research are:

(a) Prove that the setN(a,b), as defined in Section 3.2, is simply connected

for all (a, b) ∈ R2 \ {(0, 0}.
In the cases (a, 0) and (0, b), A+

(a,b) is an open set, but in the general case,

attention must be paid to the boundary ∂A+
(a,b).

(b) Prove that Θ+
(a,b) : ∂A+

(a,b)|0<η → R2 is one-to-one, and further,

leverage the fact that Θ+
(a,b) : A+

(a,b) → R2 is an open map to show that

Θ+
(a,b) : A

+
(a,b)|0<η → R2 is one-to-one.

(c) Establish Condition (4) from Theorem B for the general case (a, b).
Figure 3.3 presents numerical evidence supporting the validity of tasks

(a), (b), and (c).

(a) The panel displays the image
of F(1,1). The curves are the val-
ues of F(1,1) when we fix τ , and

vary η ∈ (−
√
2τ ,

√
2τ).

(b) The panel displays the image
of F(1,−1). The curves are the val-
ues of F(1,−1) when we fix τ , and

vary η ∈ [−
√
2τ ,

√
2τ ] along with

the boundary of N(1,−1).

Figure 3.3. The panels present numerical evidence sup-
porting that N(a,b) is simply connected. Our results further

indicate that N(a,b) = R2 \ [0,∞]× {0} for 0 < ab.

Appendix A. The Jet Space as Carnot Group

The distribution D generates a Lie algebra of vector fields via the bracket
iteration:

Y i
ℓ := [X,Yℓ] =

∂

∂uk−i
ℓ

, for all ℓ = 1, . . . , n and i = 1, · · · , k.
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Figure 3.4. The panel display the image of Θ+
(1,1)(τ, η) on

blue and Θ−
(1,1)(τ, η) = Θ+

(1,−1)(τ, η) on black showing that

they do only intercept of the values for η = 0.

Note that the bracket relations above do not depend on the point jkx0
(f),

which implies the vector fields are the left translation of the Lie algebra
jk(R,Rn). Indeed, the restriction of these vector fields to the origin defines
a stratified Lie algebra whose layers are:

V1 = {X,Y1, · · · , Yn}
Vi = {Y i−1

1 , · · · , Y i−1
n }, where i = 2, · · · , k + 1.

(A.1)

Therefore, the Lie algebra is stratified as follows:

jk(R,Rn) = V1 ⊕ · · · ⊕ Vk.

For the case J 2(R,R2), It Lie algebra is generated by:

j2(R,R2) = span{X,Y1, Y2, Y 1
1 Y

1
2 , Y

2
1 , Y

2
2 }.

The normal subgroup N from the discussion in Section 2.2 is defined as
N = exp(n), where n := span{Y2, Y 1

2 , Y
2
2 } is an ideal by the above discusion.

It follows that j2(R,R1) ≃ j2(R,R2)/n as we metioned early.
The Lie bracket rekations show that Vi+1 = [V1, Vi], for ℓ = 1, · · · , k,

and [jk(R,Rn), jk(R,Rn)] is an abelian ideal of jk(R,Rn). Consequently,
J k(R,Rn) is a metabelian Carnot group, a concept we will formally define
below.

A group G is metabelian if [G,G] is abelian [15, Chapter 5]. Equivalently,
a group G is metabelian if and only if it contains a normal abelian subgroup
A◁G such that G/A is abelian. Therefore, we can think of every metabelian
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Carnot group as an extension of G/A by A where A is the maximal abelian
normal subgroup containing [G,G]; this is a pivotal aspect in the symplectic
reduction of T ∗G by A. For further details on the construction of the reduced
Hamiltonian Hµ and the symplectic reduction, consult [4].

In the case of J k(R,Rn), the maximal abelian subgroup A = exp(a)
where a = span{Y1, · · · , Yn, Y 1

1 , · · · , Y k
n } is maximal abelian ideal. Hence,

J k(R,Rn)/A ≃ R.

A.1. Symmetries. The symmetries admitted by J k(R,Rn) are the follow-
ing:

(Carnot Translations) By construction, the sub-Riemannian manifold
is left-invariant under group translations.

(Dilatations) Carnot groups possess a natural family of dilatations,
forming a one-parameter group of automorphisms of G. For every λ ∈
R \ {0}, we denote the dilatation by λ by δλ. If G is endowed with a left-
invariant sub-Riemannian metric, then dilatations are compatible with the
sub-Riemannian metric. i.e.,

distG(δλg1, δλg1) = |λ|distG(g1, g2).

In addition, if γ(t) is sub-Riemannian geodesic parameterized by arc length,
so is γλ(t) = δ 1

λ
γ(λt). Lemma 2.5 from [2] shows that it is enough to classify

metric lines up to dilatations and translations.
(Rotations) Let us consider the special orthonormal group SO(n), and

let Q ∈ SO(n). We define an automorphism ψQ : jk(R,Rn) → jk(R,Rn), by

defining its value in the basis {X,Y1, · · · , Yn, Y 1
1 , · · · , Y k

n }:

ψQ(X) = X, ψQ(Yℓ) =

n∑
k=1

QjkYk for all ℓ = 1, · · · , n,

ψQ(Y
i
ℓ ) =

n∑
k=1

QjkY
i
k for all ℓ = 1, · · · , n, and i = 2, · · · , k.

The action ψQ induces an isometric action ΨQ : J k(R,Rn) → J k(R,Rn).

Indeed, by construction, ψQ(Y
i
ℓ ) = [ψQ(X), ψQ(Y

i−1
ℓ )], so ψQ defines a linear

Lie automorphism. Since J k(R,Rn) is connected and simply connected, the
exponential map defines an action ΨQ on J k(R,Rn) [8, Theorem 5.6]. This
action preserves the distribution D. In addition, the norm of a vector v ∈ D
is the same as the vector (ΨQ)∗v.

Appendix B. Abnormal geodesics

We will prove the results corresponding to abnormal geodesics.

B.1. Proof of Proposition 10.
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Proof of Proposition 10. We compute the abnormal curves using Pontrya-
gin’s maximum principle. Consider the following optimal control problem:

(B.1) γ̇(t) = vx(t)X + v1(t)Y1 + · · ·+ vn(t)Yn

subject to the boundary conditions γ(0) and γ(T ). Note that Eq. (B.1)
implies ẋ = vx(t). By the Cauchy-Schwarz inequality, minimizing the sub-
Riemannian length is equivalent to minimizing the following action:

(B.2)
1

2

∫ T

0
v2x + v21 + · · ·+ v2ndt→ min,

subject to the constraint v2x + v21 + · · · + v2n = 1. Accordingly, the Hamil-
tonian associated with the optimal control problem (B.1) and (B.2) for the
abnormal case is:

(B.3) H(P, jkx(f), v) = vx(t)PX + v1(t)PY1 + · · ·+ vn(t)PYn ,

where PX , PY1 , · · · , PYn denote the left-invariant momentum functions corre-
sponding to the frame of left-invariant vector fields defining the distribution
D. Applying Pontryagin’s maximum principle yields a Hamiltonian system
for the left-invariant momentum functions:

Ṗx = −v1(t)PY 1
1
− · · · − vn(t)PY 1

n
,

ṖYℓ
= vx(t)PY 1

ℓ
for all ℓ = 1, · · · , n

ṖY i
ℓ
= −vx(t)PY i+1

ℓ
for all ℓ = 1, · · · , n and i = 2, · · · , k − 1

ṖY k
ℓ
= 0 for all ℓ = 1, · · · , n.

(B.4)

In addition, the maximal condition is given by:

(B.5) max
u∈Rn+1

H(P (t), jkx(f)(t), v) = H(P (t), γ̂(t), û(t)),

where γ̂(t) is the optimal process, subject to the non-triviality condition
P (t) ̸= 0. Consequently, the maximum condition yields:

(B.6) 0 = PX , and 0 = PYℓ
for i = 1, . . . , n.

Thus, the maximum condition implies:

0 = −v1(t)PY 1
1
− · · · − vn(t)PY 1

n
, and 0 = vx(t)PY 1

ℓ
for all ℓ = 1, · · · , n.

If vx(t) ̸= 0, then PY 1
ℓ
= 0 for all ℓ = 1, · · · , n. It follows that ṖY 1

ℓ
= 0 for

all ℓ = 1, · · · , n, which in turn implies ṖY 2
ℓ
= 0 for all j, and so forth. Thus,

the condition vx(t) ̸= 0 results in all left-invariant momentum functions
vanishing, yielding the trivial case P (t) = 0.

On the other hand, if vx(t) = 0, then γ̇(t) ∈ span{Y1, · · · , Yn}, mean-
ing the x-component of the curve remains constant. Since the vector fields
Y1, · · · , Yn commute, the singular curves are tangent to an integrable distri-
bution. Consequently, these curves lie on integral submanifolds, namely a
hyperplane whose tangent spaces are spanned by {Y1, · · · , Yn}. As a result,
these abnormal geodesics are straight lines. □
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B.2. Proof of Proposition 3.1.5.

Proof of Proposition 3.1.5. Adopting the approach outlined in Section B.1,
consider the following optimal problem:

(B.7) ċ(t) = vx(t)X̃ + v1(t)Ỹ1 + v2(t)Ỹ2,

with its corresponding action. The Hamiltonian associated with the abnor-
mal case for this control problem is:

(B.8) H(px, py, pz, x,y, z, u) = vx(t)px +

2∑
ℓ=1

vℓ(t)(pyi + pziPi(x)),

Applying Pontryagin’s maximum principle yields a Hamiltonian system for
the variables px, py, and pz:

(B.9) ṗxi =

2∑
ℓ=1

vℓ(t)pzi
∂Pℓ

∂x
, ṗyj = 0 and ṗzj = 0 for i = 1, 2.

Thus, the maximum condition yields:

(B.10) 0 = px, and 0 = pyi + pziPi(x) for i = 1, 2.

Observe that the non-triviality condition requires (py, pz) ̸= (0,0). If pz =
0, then py = 0, so we must have pz ̸= 0. Furthermore, the Hamiltonian
equations imply vx(t) = px, and therefore vx(t) = 0. To obtain a non-trivial
curve, it is necessary that (v1(t), v2(t)) ̸= (0, 0). By combining Eqs. (B.9)
and (B.10), we obtain:

0 = (v1(t), v2(t)) · (pz1
∂P1

∂x
, pz2

∂P2

∂x
).

□

Appendix C. Period Map III

We present the explicit expression of the auxiliary function F2 : R3 → R2,
defined by Eq. 3.10, used in the proof of Lemma 32. After the integration,
F2(ϑ1, ϑ2, ϑ3) is given by:

Θ̃2(ϑ1, ϑ2, ϑ3) =
1

a
√
ϑ3ϑ41

(
σ1(ϑ1, ϑ2, ϑ3)

√
1− ϑ22 − σ2(ϑ1, ϑ2, ϑ3) arccosϑ2

)
,

Θ̃3(ϑ1, ϑ2, ϑ3) :=
−
√
ϑ2

√
abϑ

7
2
1

(
σ3(ϑ1, ϑ2, ϑ3)

√
1− ϑ22 + σ4(ϑ1, ϑ2, ϑ3) arccosϑ2

)
.
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Here σ1(ϑ1, ϑ2, ϑ3), σ2(ϑ1, ϑ2, ϑ3), σ3(ϑ1, ϑ2, ϑ3), and σ4(ϑ1, ϑ2, ϑ3) are aux-
iliary functions defined as:

σ1(ϑ1, ϑ2, ϑ3) :=
11

12
(ϑ22 +

3

11
)(aϑ22 − bϑ1ϑ2 − a)ϑ23 + aϑ21,

σ2(ϑ1, ϑ2, ϑ3) :=
ϑ2
2

(
(ϑ22 +

3

2
)(aϑ22 − bϑ1ϑ2 − a)ϑ23 + 2aϑ21

)
,

σ3(ϑ1, ϑ2, ϑ3) := 3abϑ1ϑ2 − b2ϑ21 − a2(
11ϑ22
6

+
2

3
),

σ4(ϑ1, ϑ2, ϑ3) := b2ϑ21ϑ2 + (ϑ32 +
3

2
ϑ2)− 2abϑ1(ϑ

2
2 +

1

2
).
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