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ABSTRACT. We consider nilpotent Lie groups for which the derived subgroup is abelian.
We equip them with subRiemannian metrics and we study the normal Hamiltonian flow
on the cotangent bundle. We show a correspondence between normal trajectories and
polynomial Hamiltonians in some euclidean space. We use the aforementioned corre-
spondence to give a criterion for the integrability of the normal Hamiltonian flow. As
an immediate consequence, we show that in Engel-type groups the flow of the normal
Hamiltonian is integrable. For Carnot groups that are semidirect products of two abelian
groups, we give a set of conditions that normal trajectories must fulfill to be globally
length-minimizing. Our results are based on a symplectic reduction procedure.
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1. INTRODUCTION

In this paper we focus on nilpotent Lie groups, equipped with left-invariant subRie-
mannian metrics. Roughly speaking, we fix a left-invariant distribution, i.e., a subbundle
of the tangent bundle, and we define the distance between two points to be the infimum
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of absolutely continuous curves that are tangent to the distribution almost everywhere
and join the two points. The length is measured with respect to some left-invariant Rie-
mannian metric. Our aim is to study length-minimizing curves in metabelian groups,
that is, groups in which the derived subgroup is abelian. We will focus on normal tra-
jectories, locally length-minimizing curves admitting a lift to the cotangent bundle of the
group, called normal extremal, solving the Hamilton equation for a smooth Hamiltonian,
the normal Hamiltonian, see (14). Although not all length-minimizing curves are normal
trajectories [16], in every subRiemannian manifold there exists an open dense set whose
points are connected to the origin by a length-minimizing normal trajectory [3} Theorem
1]. As a consequence, understanding the flow of the normal Hamiltonian is an important
step in understanding the subRiemannian distance on subRiemannian nilpotent groups.
The main idea of this paper is that the normal Hamiltonian associated to a left-invariant
subRiemannian structure on a Lie group is invariant under a canonical action of the Lie
group on its cotangent bundle. The symmetries encoded by this action are related to the
presence of prime integrals of the normal Hamiltonian flow [[20], and the presence of this
prime integrals simplifies the study of normal trajectories.

We develop the idea described above using the formalism of symplectic reductions, first
introduced by Marsden and Weinstein [[13]. We restrict to the action of an abelian sub-
group of the Lie group on its cotangent bundle to avoid the technicalities that would arise
from the action of a non-commutative group.

Theorem 1.1. (After Marsden-Weinstein, [13| Theorem 1]) Let G be a Lie group with left-
invariant subRiemannian structure, let A < G be an abelian subgroup. Then, the action of
A on G by left multiplication induces a Hamiltonian action of A on T* G, with momentum
J : T*G — Lie(A)*, that fixes the normal Hamiltonian H. For every u € Lie(A)* the
symplectic reduction T*G //# A is a smooth manifold admitting a unique symplectic form
wy, such that Iw,, = i*w, whereIl,, : J~(u) = T*G /. A is the canonical projection,
i+ J Y (w) — T*G is the inclusion and w is the standard symplectic form of T*G. In
particular, for every normal extremal X : [0,1] — T*G there exists 1 € Lie(A)* such that
Jo X = u and the projection of A to the symplectic reduction T*G //# A solves the Hamilton
equation for the reduced Hamiltonian H,,. Conversely, every curve in a symplectic reduction
™G //u A, with u € Lie(A)*, solving the Hamilton equations for H,,, is the projection of
some normal extremal.

In the setting of Theorem(1.1} since the momentum is constant along normal extremals,
we will say that a normal extremal A : [0,1] — T*G has momentum p € Lie(A)* if
J o X\ = p1. We apply the result in Theorem|[L.1]to metabelian simply connected nilpotent
Lie groups. For these groups, we give an explicit description of the reduced normal Hamil-
tonians that arise performing symplectic reductions in terms of a connection 1-form, see
Definition[2.5 This will give a natural generalization of a phenomenon that occurs in the
Heisemberg group and in the Engel group. Indeed, it is known that in the first group the
curvature of normal trajectories is constant, whereas in the latter group it is proportional
to a linear function of the projection of the curve to the abelianization of the group. Both
this conditions can be expressed saying that the projections of normal extremals to some
symplectic reduction solve the Hamilton equations for the Hamiltonian of a particle in
an electro-magnetic field. In this paper we show that the latter statement holds for every
metabelian simply connected nilpotent Lie group. We stress that metabelian nilpotent
groups constitute a wide class of examples, as for instance all step 3 nilpotent groups and
all jet spaces are metabelian and nilpotent.



Before stating the main result of this paper we introduce some notation. Let G be a simply
connected nilpotent Lie group with left-invariant distribution A and left-invariant Rie-
mannian metric. Let A be an abelian subgroup of G with [G, G] C A. Then we have that
A is normal in G (we use the notation A < G). Moreover, G/A admits a canonical metric,
induced by a scalar product, that makes the projection I : G — G/A a submetry. We
denote with 7 : T%(G/A) — G//A the canonical projection. We write || - ||7+ (/) for
the dual norm induced by the scalar product in T(G/A) on T*(G/A), and we use || - || 4
to denote the dual norm induced by the left-invariant scalar product on the distribution
A on the left-invariant extension of (Lie(A) N Aq)* (we identify Lie(A) with Ty A). If
n € QY(G,R) is a 1-form, we write 114 for the restriction of 1) to the left-invariant exten-
sion of Lie(A) N A;. For a € QY (T*G, Lie(A)), we define & € Q!(G/A, Lie(A)) setting
Aag(dyIIX) := ay(X) forall g € G, forall X € dL,(Lie(A) N Ap)* (remark that & is
well defined since Lie(G) = Lie(A) @ (Lie(A) N Ap)4).

Theorem 1.2. Let G be a metabelian simply connected nilpotent Lie group, equipped with a
left-invariant subRiemannian structure. Let A<G be an abelian subgroup with [G,G] C A.
Then there exists an A-invariant Lie(A)-valued 1-form o € QY(G, Lie(A)) for which the
following holds: for all i € Lie(A)* there is a symplectomorphism ¢, : T*G [, A —
T*(G/A) such that, if H, € C>*(T*G /|, A) is the reduced normal Hamiltonian, there
holds

W (Heowr ) = gl + @) ) Begaya) + 3 llm ada@l%,

foralln € T*(G/A) and q € I=Y(m(n)). In particular, there is a correspondence between
normal extremals in T*G with momentum . and lifts of curves in T*(G/A) solving the
Hamilton equation for H,, o (p;l.

The main idea in the proof of Theorem|[1.2]is that we can trivialize the structure of A-
principal bundle of G. Using this trivialization, we define a closed connection 1-form a.
With this choice of «, the shift s, : T*G — T*G, defined by s,,(\) := A — (u, a), for all
A € T*@, is a symplectomorphism. We define ¢,, as the composition of two maps: a map
5,: TG ), A— T"G [/, Ainduced by s,,| ;-1(,,), and a canonical symplectomorphism
Yo : T*G JJy A — T*(G/A). We then prove (1) using the explicit formulas of s,,, 9o and
of the normal Hamiltonian.

When we will need to perform explicit computations, it will be convenient to fix a
system of coordinates. We choose particular exponential coordinates of second type ® :
R™ — G /A, see (31), and we prove that there exist polynomial maps Ay, ..., Ay, 1, ..., B,
R™ — Lie(A) for which equation (1) rewrites as

@ Hu(p,x Zm A Z| Y(p,x) € T"R",

where H p = (Hyo <p; o T*®~1). To approach various problems related to normal
trajectories we will either directly apply Theorem([I.2|or use the formulation in coordinates
given by Equation (2). The first problem we address is the study of the integrability of the
normal Hamiltonian flow. We prove that if the Hamiltonian flow of each reduction of the
normal Hamiltonian is integrable and some smoothness condition on the prime integrals
holds, then the flow of the normal Hamiltonian is integrable. We apply this result to prove
the integrability of the normal Hamiltonian flow in nilpotent groups having an abelian
subgroup of co-dimension 1 and in groups of Engel-type, see Section[7.2|or [8| Section 5].
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Corollary 1.3. Let G be metabelian simply connected nilpotent Lie group, with left-invariant
subRiemannian structure. Let A < G be an abelian subgroup containing [G,G]. Let ¢, :
TG, A — T*(G/A) be the symplectomorphism coming from Theorem Assume there
exist smooth functions f1, ..., faim(G)—dim(a) : T*(G/A) x Lie(A)* — R such that, for all
p € Lie(A)*, the functions fi(-, 1), .-, faim(G)—dim(a) (-, 1) € C(T*(G/A)) are a set
of independent prime integrals for H,, o cp;l that are in involution. Then the normal Hamil-
tonian flow is Arnold-Liouville integrable. As a consequence, if dim(A) = dim(G) — 1 then
the normal Hamiltonian flow is Arnold-Liouville integrable.

Corollary 1.4. The normal Hamiltonian flow in Engel-type groups is Arnold-Liouville in-
tegrable.

Corollary [1.3|provides a general procedure to prove that the normal Hamiltonian flow
is Arnold-Liouville integrable. We stress that all jet spaces J(R, R™) of smooth functions
from R to R™ are metabelian and admit an abelian subgroup of dimension 1, thus as a
particular case of Corollary[1.3] we have that the normal Hamiltonian flow in J(R, R™) is
Arnold-Liouville integrable for all n € N. We refer to [17, Section 6.5] for a presentation
of jet spaces.

Using Theorem [1.2] we can also study metric lines, that is, globally length-minimizing
curves. We focus on Carnot groups (see Definition that are semidirect products of
two abelian groups. In these groups, we present a class of normal trajectories that cannot
be globally length-minimizing. The basic idea is to look for conditions that prevent the
existence of a 1-parameter subgroup in the set of blow-downs of the normal trajectory
(we refer to Section [5| for more details). In order to write a precise statement we first
need to introduce some notation: if G is a metabelian Carnot group, and A < G is a
normal subgroup with [G,G] < A, we denote with ® : R**™ — G and & : R" —
G/ A the coordinates of second type for which (2) holds. We define for all € Lie(A)*
the functions V,,, F1 1, ..., Finy . € C°(R") setting V,, == >/ (u, ;)% and F} ,, :=

1, B1)d0; (9% By), for alli € {1,...,n1}. WeuseIl, : T°G — G //, Aand 7 :

T*R™ — R" to denote the canonical projections.

Corollary 1.5. Let G be a metabelian Carnot group, A < G an abelian subgroup with
[G,G] C A. Denote with V; the first layer of Lie(G). Assume (Lie(A) N V;)* to be an
abelian sub-algebra of Lie(G). Let X\ : R — T*G be a normal extremal with momentum
p € Lie(A)*. Definex := m o T*® o I1,(\), V,, and F; ,, using the notation introduced
before the corollary. If one of the two following condition holds,
(i) there exists a compact set Q@ C R™ such that 2(t) € Q for allt € R, and there is
an open set U, with Q2 C U, such that % is a regular value for V,,|u;
(ii) for some i € {1,...,n1} the limits limy_, o F; ,,(x(t)) and limy—, o F; ,,(x(1))
exist and do not coincide;

then the normal trajectory associated to A is not a metric line.

The above corollary was already known for jet spaces, see [6| Theorem B]. The tech-
nique used is based on the concept of Hill region and is in some part inspired by [18].
Corollary [1.5]restricts the family of curves one should deal with when looking for metric
lines. For example, if ;1 € Lie(A)* is such that % is a regular value of V,, and the region
Vu_l ([0, %]) is compact, then all normal trajectories associated to extremals with mo-
mentum y are not metric lines. Natural candidates metric lines are normal extremals A
for which the curve m o T*® o II,,(\) converges to critical points of V, as time goes to
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£00. We conjecture that the associated normal trajectory will be a metric line if and only
if condition (ii) of Corollary[1.5]is not satisfied.

Conjecture 1.6. In the setting of Corollary[1.5 the normal trajectory associated to \ is
a metric line if and only if for all i € {1,...,n1} the limits lim;_, o F; ,(x(t)) and
limy_, 4 o Fj ,,(z(t)) exist and there holds

JimFy(e() =l Fou(e(r).

When the normal extremal is the lift of a periodic trajectory in some symplectic re-
duction we can prove a slighter stronger statement than the one in Corollary[1.5] giving
an explicit bound of the time when the normal trajectory stops being length-minimizing.
The interested reader can find more details in Section[d]

1.1. Organization of the paper. The first part of the second section of this paper is de-
voted to a brief presentation of symplectic manifolds and symplectic reductions. We then
shortly define subRiemannian manifolds, nilpotent and Carnot groups, normal trajecto-
ries. The proof of Theorems|[1.1]and [1.2]is contained in Section 3. The latter section also
includes a presentation of the reduction in coordinates of second type and the description
of the procedure to lift the flow of a reduction of the normal Hamiltonian. Corollary [1.3|
is proved in Section 4. Section 5 is devoted to the study of metric lines and the proof
Corollary[1.5] Section 6 contains an explicit bound of the cut-time for curves that project
to periodic curves in some symplectic reduction. Section 7 contains some examples and

the proof of Corollary/[1.4]
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and applications’) and by the European Research Council (ERC Starting Grant 713998 Ge-
oMeG ‘Geometry of Metric Groups’). EL.D was also partially supported by the Academy
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2. PRELIMINARIES

We present in this section the main definitions and results we will need along the
paper. We briefly describe the symplectic structure of cotangent bundles and recall some
results on symplectic reductions. We give the definitions of subRiemannian manifolds
and Carnot groups, we present normal extremals and the normal Hamiltonian.

2.1. Symplectic structures. We recall here some basic facts on symplectic manifolds
and symplectic reductions. We refer to [4] and [[1]] for an extensive presentation.

Definition 2.1. A symplectic manifold is a smooth manifold with a closed non-degenerate
differential 2-form, called the symplectic form.
5



On cotangent bundles, we define a canonical symplectic structure: if G is a smooth
manifold, we choose as the symplectic form on 7*G the two form —ds, where s : T(T*G) —
R is the tautological form defined by

sx(X) = A(danX), VA€T*G,VX € T\T*G,

where 7 : T*G — G is the canonical projection.
A symplectic form w on a manifold M allows us to associate to every h € C*° (M) the
Hamiltonian vector field h € Vec(M) solving

-

w(h,-) = dh.
We call Hamiltonian flow of h € C°°(M) the function ¢y, : [0, +00) x M — M solving
3) 94 (p) = h(@h(p)), ¥t € [0,+00),¥p € M.

Let I C R be an interval. We say that a curve y : I — M solves the Hamilton equations
for h € C>(M) if for all to € I we have y(t — to) = ¢, “(v(to)) forallt € I,t > to.
When one considers two functions f,g € C° (M), it is common use to describe the
non-commutativity of their Hamiltonian flows in terms of their Poisson bracket

(4) {f.9} = fg.

The symmetries of symplectic manifolds are encoded in the action of a group via sym-
plectomorphisms.

Definition 2.2. Let (M, w), (N, w’) be symplectic manifolds. A diffeomorphism ¢ : M —
N is a symplectomorphism if $*w’ = w. We say that a Lie group A acts via symplecto-
morphisms on M if there exists a smooth homomorphism between A and the group of the
symplectomorphisms of M onto itself.

The action via symplectomorphisms of a Lie group A over a symplectic manifold M
induces an infinitesimal action o : Lie(A) — Vec(M) defined by

(5) a(X)(p) := %exp(tX) ~p‘t:0, Vp e M.

We say that the action of A on M is Hamiltonian if the infinitesimal action o lifts to a
map J* : Lie(A) — C°°(M) that makes the following diagram commute:

(M)
e
l@f’ )
Lie(A) —— Vec(M)
where @ is the map associating to each smooth function the corresponding Hamiltonian

vector field. When the action is Hamiltonian we can define a momentum map J : M —
Lie(A)*, setting

(6) J(p)(X) :=J(X)(p),Vp € M,VX € Lie(A).

Once we have a Hamiltonian action of a Lie group on a symplectic manifold we can
perform a symplectic reduction.

Theorem 2.3. (Symplectic reduction, [13| Theorem 1]) Let A be a Lie group acting freely
and properly via symplectomorphism on a symplectic manifold (M, w). Assume the action
6



to be Hamiltonian. Let J : M — Lie(A)* be the momentum map and p1 € Lie(A)* be co-
adjoint invariant. Then J () is an A-invariant smooth submanifold, and the symplectic
reduction

M [, A= J7 )/
is a smooth manifold. Moreover, M //u A admits a unique symplectic form w,, such that
ITw,, = i*w, with i : J~' () < M being the canonical inclusion and 1, : J~*(p) —
M //u A being the canonical projection.

Corollary 2.4. (Reduction of the dynamics, [13} Corollary 3]) Let A be a Lie group acting
freely and properly via symplectomorphism on the symplectic manifold (M,w). Assume
the action to be Hamiltonian. Let J : M — Lie(A)* be the momentum map and let h €
C>°(M) be A-invariant. The Hamiltonian flow ¢y, : [0,+00) x M — M of h commutes
with the action of A. Moreover, J is constant along the trajectories of ¢p,. In particular,
for all co-adjoint invariant j € Lie(A)*, the submanifold J = () is ¢y, invariant. Define
h, € C=(M J/,, A) setting h|j-1(,y = hy oI, wherell, : J ) - M /, Ais the
canonical projection. If ¢, : [0,+00) x M}, A — M [/, A'is the Hamiltonian flow of
hy, then
H# @) ¢§L|J—1(H) = QS;L“ o H#’ Vit € [0, +OO)

Consider a free and proper Hamiltonian action of an abelian Lie group A on a sym-
plectic manifold (M, w). Fix an A-invariant function h € C°°(M). As a consequence of
Corollary we have that every trajectory of the Hamiltonian flow of A lies in a sub-
manifold J~*(p), for some p € Lie(A)*, and is the lift of a trajectory of the flow of h,,
inM ) u A. Consequently, if we want to study the dynamic of the Hamiltonian flow of h,
it is sufficient to study the dynamic of the Hamiltonian flows of h,, in M // u A for every
w € Lie(A)*.

When we deal with the action of a Lie group over a cotangent bundle we are able to
describe the symplectic structure in the reduction using connection 1-forms.

Definition 2.5. Let A be a Lie group acting freely and properly on an A-principal bundle
G. A connection 1-form o € Q1 (G, Lie(A)) is a Lie(A)-valued 1-form such that

(7) 00 =idye(a), whereo is defined in (5),
(8) aawv) = Ad, a(v),

where in the left hand side of (8) we interpret a € A as a function a : G — G using the
action of A over GG.

Defining a connection 1-form allows us to explicitly describe the symplectic structure
of cotangent bundle reductions. We present here a particular case of [21, Theorem 6.6.3].

Theorem 2.6. Let A be an abelian Lie group acting freely and properly (on the left) on a
manifold G. This action induces a Hamiltonian action on I G with the canonical symplectic
form. Fix a connection 1-form o € QY(G, Lie(A)). Then, for all pi € Lie(A)*, there exists
a symplectomorphism ¢, : T*G [/, A — T*(G/A), the latter space with the symplectic
form wean — B,,, where W,y is the canonical symplectic form and B, is defined from B, :=
"B, 7*B, := d{u,qa), the maps 11 : T*(G/A) — G/A and T : G — G/A being
the canonical projections. Moreover, the map p,, is the composition of two maps: the map
5,: TG [/, A— TG |, A induced by the fiber translation s, : J ) — J7H0),

) su(A) ==X —(u,a), YAeJ (w),

7



and the map o : T*G [, A — T*(G/A), induced by the map 1y : J~1(0) — T*(G/A),
defined from

(10) (oA (1. X) := MX), VAeJ H0), VX € Vec(Q).

A consequence of the definition of B,, in Theorem|2.6is the following:

Lemma 2.7. In the setting onheorem ifker () is an integrable distribution then B, =
0 and i, is a symplectomorphism between T*G [/ , A and (T (G /A), wean)-

Proof. Fix a connection 1-form o € Q!(G, Lie(A)) with an integrable distribution has a
kernel. Define the map hor : TG — ker(a) setting
hor(Y) :=Y —o(a(Y)), VY €TG.
where o is defined in (5). To show that B,, is 0 we have to show
d{p, a)(hor(X),hor(Y)) =0, VX,Y € Vec(G),

see for example [14] Definition 2.1.7] or [14] Theorem 2.1.9, Lemma 2.1.10]. Fix X, Y €
Vec(G). We have

d(p, &) (hor(X), hor(Y)) = hor(X){u, a)(hor(Y)) — hor(X){u, a)(hor(Y)) +

(1, @)([hor(X), hor(Y)]) = 0,

where in the last equality we used that hor(X), hor(Y) € ker(«) by definition of the
map hor and [hor(X), hor(Y)] € ker(a) being ker(a) an integrable distribution. O

2.1.1. Abelian subgroup acting on a Lie group. In this paper, we will be interested in the
case of an abelian subgroup of a subRiemannian Lie group acting via left-translation on
the cotangent bundle of the Lie group. Let G be a Lie group and A < G be an abelian
subgroup. The left-action of A on G induces a symplectic action of A on T*G given by

a-X:=(Ly-1)"\, VYae AV T*G.
This action is Hamiltonian and the momentum function J : G — Lie(A)* is given by
(11) JN)(X) :=MXT), VXeT*G,VX € Lie(A),

where XT is the right-invariant extension of X (we identify Lie(A) with T} A). Being A
abelian, every element p € Lie(A)* is co-adjoint invariant and consequently the sym-
plectic reduction 7*G //, A is a smooth manifold for every n € Lie(A)*. Moreover, the
group G has the structure of an A-principal bundle. The conditions (7) and (8) defining
connection 1-forms rewrite as

(12) aq(dR,X) = X, VgeG,vX €Lie(A) ~T1A,
(13) Lo = a, VYaeA.

2.2. SubRiemannian manifolds. We present some definitions and facts in subRieman-
nian geometry that we need in the paper.

Definition 2.8. A distribution on a smooth manifold is a subbundle of the tangent bun-

dle. A distribution is bracket-generating if the Lie algebra generated by sections of the

distribution contains a frame of the tangent bundle in a neighborhood of every point. A

subRiemannian manifold is a smooth manifold with a bracket-generating distribution and
8



a Riemannian metric. On a SubRiemannian manifold M with distribution A and Riemann-
ian metric p we consider the Carnot-Carathéodory distace

1
dee(z,y) = inf { / V), 4(t))dt | v : [0,1] — M absolutely continuous ,
0

7(0) = 2,7(1) = y,§(t) € Ay foraet €0, 1]}

By Chow’s Theorem [[9, Section 0.4], we have that the Carnot-Carathéodory distance
is always finite. Throughout the paper, we will only consider Lie groups equipped with
left-invariant bracket-generating distributions and left-invariant Riemannian metrics. It
is known that if a curve in a subRiemannian manifold is length-minimizing, it is either
a normal or an abnormal extremal (see for example [2, Section 4] for a comprehensive
study of length-minimizing curves in subRiemannian manifolds). This paper will focus
only on the dynamics of normal trajectories in Lie groups.

Definition 2.9. Let G' be a Lie group with left-invariant bracket-generating distribution
A and left-invariant Riemannian metric p. An absolutely continuous curve is a normal
trajetory if it admits a lift X : [0,1] — T*G, called normal extremal, solving the Hamilton
equations for H € C°(T*G), defined by

d

1 1 2 *
00 Ho = s (00303000 X0) = 3 Gl X, e TG,

where T : T*G — G is the canonical projection, and X1, ..., X4 is any orthonormal frame
of the distribution. We call H the normal Hamiltonian.

Normal extremals are known to be smooth and locally length-minimizing [2} Corol-
lary 17.4]. Along the paper, we will be interested in the study of the integrability of the
normal Hamiltonian flow and we will try to bound the time when normal trajectories stop
being length-minimizing. We recall here the definitions of integrability and cut-time.

Definition 2.10. Let (M, w) be a 2n-dimensional symplectic manifold andlet H € C*°(M).
We say that the Hamiltonian flow of H is Arnold-Liouville integrable if for allp € M there
exist smooth functions Fy, ..., F, : M — R" satisfying:
(i) (prime integral) there holds {F;, H} = 0 foralli € {1,...,n}.
(ii) (independence) The rank of the Jacobian matrix of F' is n in a neighborhood of p.
(iii) (involution) We have {F;, F;} = 0 foralli,j € {1,...,n}.

Definition 2.11. Let M be a subRiemannian manifold. The cut-time of a geodesicy : I —
M atatimety € I is

teu(Vsto) == sup{t € I : t > to, Yl is length-minimizing}.

When the cut-time of a normal trajectory is infinite, then (up to re-parametrization)
we call the length-minimizing curve a metric line.

Definition 2.12. Let M be a subRiemannian manifold. A metricline isa curvey : R — M
such that

d(ﬁ’(a)ﬁ(b)) = |a‘ - b|7va7b eR.



2.3. Nilpotent groups. In this paper we will consider simply connected metabelian
nilpotent groups, equipped with left-invariant distributions and left-invariant Riemann-
ian metrics.

Definition 2.13. Let G be a group. Given a subgroup H < G we denote with [H, G) the
subgroup generated by the set {hgh~'g~! : h € H,g € G}. Fori € N define G; < G
setting

Gi1:=G;

G; = [Gi_l,G] le > 1;
A group G is nilpotent if there exists n € N such that G,, = {1¢}.
A group G is metabelian if |G, G] is abelian.

The interested reader can find more details on nilpotent groups in [7]. We refer to [23]
for an extensive presentation of metabelian groups.
In simply connected nilpotent Lie groups there is a convenient way to choose a base of the
Lie algebra in order to make exponential coordinates of second type a diffeomorphism.

Definition 2.14. Let G be nilpotent a Lie group. An ordered basis X1, ..., X, of Lie(G)
is a (weak) Malcev basis if for allm € {1,...,n} the vector space Span{ Xy, ..., X, } is a
sub-algebra of Lie(G)

It is well known that in nilpotent groups Malcev basis exist [7, Theorem 1.1.13]. In
metabelian nilpotent groups the construction of a Malcev basis is very simple.

Lemma 2.15. Let G be a simply connected nilpotent Lie group. Let A < G be an abelian
subgroup with [G,G| < A. Let {Y1,....,Y,, X1,..., X} € Lie(G) be a base of Lie(G)
with Y1, ..., Y, base of Lie(A). Then the ordered set of vectors Y1, ..., Y, Xp, ..., X1 isa
Malcev base of Lie(G).

Proof. Being A abelian, for all j < m we have that Span{Y7,...,Y;} is an abelian sub-
algebra. Moreover, for alli € {1, ...,n} the vector subspace Span{Y1, ..., V,,,, X, ..., X;}
is a sub-algebra since [G, G| C Lie(A) C Span{Y1, ..., Yin, X, ..., Xi }. O

Being more careful in the choice of the base of Lie(A) in Lemma[2.15 one could find
an ordered base for which the span of the first vectors is an ideal of Lie(G). However,
since this is not necessary for our purposes, we prefer to stick with the weaker notion of
Malcev basis and avoid to add unnecessary technical details in the proof of Lemma [2.15]

2.3.1. Carnot groups. When studying globally length-minimizing curves we will focus on
Carnot groups, particular nilpotent Lie groups that are of great interest in subRiemannian
geometry.

Definition 2.16. A stratification of a Lie algebra g is a direct sum decomposition g :=
Vi®...8 Vs, with
V1,Vi] =Vjp1, Vjel, ..s,

where Vi1 := {0}. The sub-spaces {Vi}icq1,....s} are called layers of the stratification. We
call s the step. A Lie algebra equipped with a stratification is stratified.

A Carnot group is a simply connected Lie group with stratified Lie algebra. On Carnot groups
we consider the left-invariant extension of the first layer as distribution and a left-invariant
Riemannian metric.

One of the properties of Carnot groups we will need in the paper is the presence of
dilations.
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Definition 2.17. Let G be a Carnot group with stratified Lie algebraLie(G) = V1 ®...® V.
The dilation 0y, : G — G of a factor h > 0 is the Lie group automorphism defined by

(6n), v :=h'v, Yo € V,Vie{l,..,s}

3. SYMPLECTIC REDUCTION WITH RESPECT TO AN ABELIAN SUBGROUP

Using the notions and results recalled in Section [2] we prove Theorem |1.1]

Proof of Theorem[1.1, As we recalled in Section 2.1.1] the action of A on G is Hamiltonian
with momentum function J : G — Lie(A)* given by . Being A abelian, every p €
Lie(A)* is co-adjoint invariant. Therefore, we can apply Theorem J71(p) is an A-
invariant submanifold and 7*G /, A :== J ~1(u)/A is a smooth submanifold admitting
a unique symplectic form that makes the projection a symplectic map. Moreover, the
normal Hamiltonian H (defined in (14)) is A-invariant, thus the assumptions of Corollary
are satisfied. Therefore, J is invariant under the Hamiltonian flow ¢ : [0, 4+00) X
T*G — T*G of H and for all i € Lie(A)* there holds

(15) H# ° ¢§{|J*1(#) - 115'{“ o HM? vt € [0,+OO),

where IT : J = (p) — T*G // ,, A is the canonical projection and H,, € C>*(T"G //, A)
is defined setting H|;-1(,) = H, o I1,,.

Fix a normal extremal \ : R — T*G. Being A normal there holds A\(t — to) = ¢%; (A(to)),
for all t,tg € R with tg < t. Thus, J(A(t)) is constant, and from we have that the
projection of A to T*G //J(’Y(O)) A solves the Hamilton equations for H y(+ (o))

Vice versa, fix 1 € Lie(A)* and define n(t) = (;535,M (no), with t € [0, +o0], for some
no € T*G /| . A. We claim that for every A € TG for which

Ao € Jﬁl(:u)v
(1) {Hu()\o) = To,

the normal extremal A(t) := ¢%;()\o) projects to 7. Indeed, J is constant along normal
trajectories thus A(t) € J~!(u) for all ¢ € [0, +00). Moreover, for all t € [0, +00), we
have from (15) that

I, 0 A(t) = T1,, 0 6 (Ao) @ Yy (IL.(M)) = &y (1) = n(t):
O

3.1. Symplectic reduction for metabelian groups. One of the steps needed in the
proof of Theorem|[1.2]is exhibiting a connection 1-form (see Definition[2.5) with integrable
distribution as kernel. We do it in the following lemma.

Lemma 3.1. Let G be a metabelian simply connected nilpotent Lie group. Let A< G be an
abelian subgroup such that |G, G| C A. Consider the action of A on G via left-translations.
There exists a connection 1-form o € Q(G, Lie(A)) such that ker(«) is an integrable
distribution.

Proof. Choose a vector subspace H such that Lie(A) ®H = Lie(G). Define ® : Lie(A) x
‘H — G setting

(17) O(X,v) :=exp(X)exp(v), VX € Lie(A),Vv € H.

11



By Lemma [2.15| and [7} Proposition 1.2.7] the map ® is a diffeomorphism. Define & €
O (Lie(A) ® ’H Lie(A)) setting

ax,p(Y,w) =Y, VX,Y € Lie(A),Vv,w € H.

Set
a:=(d " H*a € Q'(G, Lie(A)).

We claim that « is a connection 1-form for the action of A over G and that ker(«) is an
integrable distribution. Indeed,

0 (AR () exp(e)Y ) 2 0 (A o ®Y) = Gx.0)(Y) = Y, VX, Y € Lie(A), Vv € H.

Fix Y € Lie(A). Being (P! 0 Leyp(v) © @)(X,v) = (X 4 Y, v) for all X € Lie(A), for
allv € H, we have (P71 o Loy, (v) © ®)*& = & and therefore L3 oy = a. We proved
that o is A-invariant and satisfies , thus «v is a connection 1-form. The kernel of o is
an integrable distribution since ker(&) is and @ is a diffeomorphism. (]

To prove Theorem [1.2] we perform the symplectic reduction on 7*G using the struc-
ture of A-principal bundle of G. This will allow us to get an explicit formula for the
reduced Hamiltonian.

Proof of Theorem[1.Z Once for all 11 € Lie(A)* we prove the existence of ¢, and « and
we show that (1) holds, the correspondence between normal geodesics with momentum
p and curves in T*(G/A) solving Hamilton equations for H), o ¢, is given by Theo-
rem [T}

By Theorem|[I.1|and being A abelian, we have that the action of A on T*G is Hamiltonian
with momentum J : T*G — Lie(A) defined by (1), and for all 1 € Lie(A)* the sym-
plectic reduction is a smooth manifold. Fix p € Lie(A)* and use Lemmato choose a
connection 1-form a such that ker(c) is an integrable distribution. From Theorem|[2.6/and
Lemmawe know that there exists a symplectomorphism ¢, : T*G J/ , A — T*(G/A),
the target with the canonical symplectic form. Moreover, we have ¢,, = 1g o 5, where
1o and 5,, are defined as in the statement of ’Iheorem We have to prove that (1)) holds.
The reduced Hamiltonian H,, € C*°(T*G //, A) is defined from H, o II,, = H|;-1(,),

where IT,, : J~'(u) — T*G //,, A is the canonical projection. Therefore, we have that
H,o ap;jl is uniquely determined by
(18) (Huogo;l)ogpuoﬂqu\Jfl(u).

Since the following diagram commutes

TN p) ——

(19) H“l . l \ ,

T*G [, A =" T*G [y A = T*(G/A)

\_/

Pu

equation is equivalent to

(20) (Hyo@,")othgo s, =H|j-1(.
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To prove (1), we define H € C>(T*(G/A)) setting H (n) := %||n+(u, @) (7 (n))] QT*(G/A)—}—
2, @) a(qr(n)||4, for all n € T*(G/A), with ¢y € IT7 (7(n)), and we show

(21) EIO’IZ)OOS#:Hb—l(M).
By (9) and (10) we have
@D (oo s)(N(mX) = 0, X) — ((ma), X), VX € Vee(@), ¥ € I~ (u).

Fix an orthonormal base X7, ..., X,,Y1,...,Y,, of A, with Y7,...,Y,,, € Lie(A4). For
A€ J71(u), we have

A (o0 5,(0) = 5 D (0o 0 5(N) 4 (s, ), 7 X + 5 DG, ), Y0
1 1
5 Do( (), Xa) + (), X6))P + 5 D 12
1 1
1 n ) 1 ni 5
=3 21:<A,Xi> +3 21:<A,Yz> =H()).

We proved (21), thus, since H,, o <p;1 is uniquely characterized by (20), we proved (1). O

3.2. The reduction in coordinates. In simply connected nilpotent Lie groups, it is con-
venient to work with exponential coordinates since the normal Hamiltonian will have a
polynomial form. When working with quotients, it is natural to work in exponential coor-
dinates of the second type, as writing the projection to right cosets is particularly simple
in this setting. We introduce some notation to simplify the definition of this kind of coor-
dinates: we will write H:I exp(z; X;) for exp(z, X,,) exp(,—1Xpn—1)-...-exp(z1X1) and
17" exp(6,Y7) for exp(61Y7) - ... - exp(0,,Yn). A statement equivalent to the following
lemma was stated for rank 2 Carnot groups in [19 Theorem 2.2].

Lemma 3.2. Let G be a metabelian simply connected nilpotent Lie group and A <1 G an
abelian subgroup containing [G, G]. Fix a base {Y1, ..., Yy} of Lie(A) and complete it to
a base {Y1,...,Y.,, X1, ..., X,,} of Lie(G). Define exponential coordinates of second type
& : R™T" — G setting

m 1
(23) (01, ovrs Oy 1, s ) = | [ exp(0:Y) [ ] exp(ai X),
1=1 i=n
forallfy,...,0,,x1,...,x, € R. Then
(24) X;(®(0,z)) = g—i(z, 0) + dRg(9,2)Ai(x), VO € R™ VrecR",
and
(25) Yi(®(0,2)) = dRyp9,2)01(x), V0 € R™ Vo e R",

where A1, ..., An, B1, ..y B+ R™ — Lie(A) are polynomial maps (we identify Lie(A)
with Ty A) defined for allz € R™, 6 € R™,i € {1,....,n},l € {1,...,m}, by

(26) Aj(@) = = Adm_ | exp(aix) (Adnz;f exp(—a:X0) X9 T XJ’) ’
(27) Bi(x) := Adm_ exp(a,x,) Y-
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Proof. Since [G, G] C A, it is clear that the A;’s and the (3, s take value in Lie(A). More-
over, (25) comes trivially from and the fact that A is abelian.

We have to prove (24). We start computing some partial derivatives of ®. Fix j €
{1,...,n},0 € R™ and z € R". There holds

0P d
%j (97 'T) - &L m o exp(01Y) [19_,, exp(;ciXi)Rl_[}=j71 exp(z; X;) exp(er) |€:0

d
= dfeLq)(gm)Cl—H;ll exp(—z: X; ) exp EX | =0
- dL<I>(0,:v) Adnz;ll exp(—z; X;) XJ

Consequently,

0P
@) g, (0:2) = X,(2(0,2) = Lo (Adfp- exp(eixny X5 = X5)
(29) = dRg(9,0) Ada(6,2) (Adng ~Lexp(—wi X; ) Xj— X )
(30) = dR(b(Q,w) Adnllzn exp(x; X;) (AdHZ L exp(—z;: X;) X - Xj )

where in the last equality we used Ad =2 exp(—a:x:) X3 — X5 € Lie(A) and that A is

abelian. From (26) and (30), we get . O

We have from Lemma [2.15) and [7| Proposition 1.2.7] that the coordinates defined by
are a global dlffeomorphlsm. We rewrite Theorem [I.2] using exponential coordinates
of second type.

Corollary 3.3. Let G be a metabelian simply connected nilpotent Lie group with left-
invariant subRiemannian structure. Let A < G be an abelian subgroup containing |G, G]|.

Forp € Lie(A), letp, : T*G [, A — T*(G/A) be the symplectomorphism coming from
Theorem|1.3 Then there exist polynomlal maps Ay, ..., An, B1, ..., Bn, : R™ — Lie(A) and
exponential coordinates of second type ® : R™ — G/A for which equation (1) rewrites as

(2).

Proof. Fix an orthonormal base X, ...X,,, Y1, ..., Y, of the distributionwith Y7, ..., Y,,, €
Lie(A). Extend Y1, ..., Y, to a base Y7, ..., Y, of Lie(A). Define ® : R"*™ — G as in
(3). By Lemma and [7, Theorem 1.2.12] we have that the map ® : R" — G/A,
defined from

(31) O(xq, ., y) = A H exp(z;X;), Vzi,....,x, €R,

is a global diffeomorphism. By [15| Proposition 6.3.2], ¢ and ® induce canonical sym-
plectomorphisms 7*® : T*G — T*R"*™ and T*® : T*(G/A) — T*R™. Choose a
connection 1-form « such that

oD
(32) ker(a)g = Span { oz, }i—1 .

=1,...,
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Fix n € T*(G/A) and write (p,,z) := T*®(n) . If v; := 7, X, foralli € {1,...,n}, we
have

((n+ (u, @) (m(n)), v:))?

|17+ (u, @) 2T*(G/A) =

(pi + ({1, @), Xi(2(0, 2))))?

(24),(32)

(pi + ({1, @), dRg(9,0)Ai(2)))?

=]

M= ~-M= - -[=

(i + (. Ai(2)))?,

where in the second and third equation 6 is some (any) element of R"*. Similarly by
and we get

n1

[ @) all® =D (, Bu(2))*.

Substituting the latter two equations in (1) we get (2), concluding the proof of the corol-
lary. (]

3.2.1. The computation of the lift. Using exponential coordinates of the second type, we
are able to write an explicit set of polynomial differential equations for the lift of curves
in the symplectic reduction. Let G be a metabelian simply connected nilpotent Lie group
with left-invariant subRiemannian structure. Choose an Abelian subgroup A < G con-
taining (G, G]. Fix p € Lie(A)" and a curve n : [0,1] — T*G J, A solving the
Hamilton equations for the reduced normal Hamiltonian H,, € C*(T"G /,, A). A lift
A 1 [0,1] — T*G is anormal extremal starting from some A\ € T*G for which (16) holds.
Fix an orthonormal base X1, ..., X,,, Y1, ..., Y},, of the distribution, with Y¥; € Lie(A) for
alll € {1,...,n1}. Complete Y7,...,Y,,, to a base Y7, ...,Y,, of Lie(A). Denote with
T*® : T*G — T*R™"™ the symplectomorphism induced by the map ® defined in (23).
By (14), (24) and (25) the normal Hamiltonian is

(33) (HoT*®')(py, po, x,0) Z\p@ (po, ©*A;(z ZI po, ®*Bi(2)) |,

for all (pg,0) € T*R™, for all (p,,x) € T*R™. Set (ps,pg,x,0) := o\ The
curve (p, py, , 0) solves the Hamilton equations for H o T*® !, thus py is constantly
equal to ®* i and (z, p, ) solves the Hamilton equations for the reduced Hamiltonian H P
defined in (2) (which is exactly what we know to be true from Corollary/[3.3] since we have
(z,ps) = T*® o ¢, o II,(\)). Moreover, using the Hamilton equations for H o T*®~!
and (33), we get a differential equation for the remaining coordinates of \:
34 0= (pa, + (1, As()))dbi( +Z 1, By())d0; (@ By (),

1
where i € {1,...,m}. We use when we need to compute the end-point of a normal
trajectory. Equation implies that if there exist t1,%2 € R such that z(t1) = z(t2)
then 6(t,) = 6(t,). This, together with the observation that the dp,’s are right-invariant
vector-fields, leads us to the following remark.
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Remark 3.4. Lety : R — G be a normal trajectory. Assume there exist t1,to € R such
that fori € {1,2} we havey(t;) € A and¥(t;) € T'1,)A. Then

F(t2) = ARy tg)y(t1) 1Y (t1)-

3.2.2. The reduced Hamiltonian in coordinates. When we deal with a Carnot group G, we
will usually identify G with (R™*"™, ), using coordinates (0, z), with § € R™, x € R"™.
We will directly exhibit a left-invariant frame X1, ..., X;,, Y1, ..., Vs, € Vec(R™1™) of the
tangent bundle made of vector fields of the form

(35) Xi(0,2) = Ou,+ Y XF(x1,..,2i-1)05,,Vi € {1,...,n},
k=1

(36) Yi(0,2) = Zyl )e,,, V1 € {1,...,m},

forallz € R, forall @ € R™, for some suitable polynomial functions X J’-“, Y :R" - R.
Moreover, we will ask the vector fields X, ..., X,,, Y1, ..., Y, to form an orthonormal
frame of the distribution for some n; < m. With this identification of G with R™*™ and
the choice of the base Y7, ..., Y;,,, X1, ..., X,,, the coordinates ® : R™ " — R™T" defined
in Lemmaare the identity map. Moreover, we have that Span (Y7, ..., Y, ) is an abelian
sub-algebra, thus we can set A := exp (Span {Y1, ..., ¥;, }) and apply Theorem[1.2] Using
that 0y, , ..., Op,, are right-invariant vector-fields (1t is trivial to prove this statement from

m

), we have for all z € R™ and for all & € R™ that
Aiz) @ g Ly (Xi(@) - 0,,)

(35) —
& Z XF(@)dR( )00,

(37) i
=2 XE@)n,
X( ) — s,
Analogously,
Bi(x) B dr ) Vila)
(38) > YirdR g0,

=2 ¥,

=Y (z).
Being Op,, ..., 0g, a frame for the right-invariant extension of 77 A, we can write every
right-invariant extension of a co-vector p € Lie(A)* ~ T A as

1
with p!, ..., u™ € R. Identify the quotient G/A with R" so that the projection II :
T*G — T*(G/A) is the map IT : T*R™ x T*R"™ — T*R"
(39) H(nl,’ng) =,V € T*R”,Vng e T*R™.
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The map II is a symplectic map between T*R™*" and T*R" with their canonical sym-
plectic forms. By (2), and (38) we can write the reduced Hamiltonian H,, € C*°(T*R")
as

1 n 1 ni
(40) Hy(po, x) = 5 D pe s Xi(w) = 0:,)1° + 3 >l Ya(@) P,
1 1

for all (p;,z) € T*R™. Equation is what we will use when dealing with explicit
examples.

4. CONSEQUENCES OF THE SYMPLECTIC REDUCTION

This section is dedicated to the proof of some of the immediate consequences of the
symplectic reduction we perform on metabelian nilpotent groups.

Proof of Corollary[1.3 Denote n := dim(G) and d := dim(A). Assume there exists
f1y ey fnma € C(T*(G/A) x Lie(A)*) such that for all u € Lie(A)* the functions
fil, 1)y ey fn—a(yp) = T*(G/A) — R are a set of independent prime integrals for
H,o ap;l that are in involution. Fix a connection 1-form o € Q(T*G, Lie(A)) with
integrable distribution as a kernel, see Lemma For 1 € Lie(A)*, define the map
P, :J Y (u) = T*(G/A) by

@) Pu(mX) = (A X) — (1,0, X), YA€ T (1), ¥X € Vee(T*G),

where 7 : G — G /A is the canonical projection and J : T*G — Lie(A) is the momen-
tum map. For i € {1,...,n — d}, define f; € C°°(T*G) setting for all A € T*G

(42) fi(A) = Fi(Pyny (). J(V)).

Fix a base Y1, ..., Yy of Lie(A) and set J; := J(-)(Y;) for all i € {1,...,d}. We claim
that the functions {J1, ..., J4, f1,..., fn—a} are a set of independent prime integrals for
the flow of the normal Hamiltonian that are in involution. By (19) and (22) we have that
the following diagram commutes

I~ (w)
[ 2
TG/, A = T*(G/A)

In particular, for every i € {1,...,n — d} the function f; is A-invariant, and if fl uw €
C(T*G [/, A) is defined by fi[ ;-1 (u) = fi,u 0 I, we have

(43) fiwoont = film).

The fact that the functions {Jy, ..., Jy, fl, . fn,d} are independent is an exercise. We
show that they are in involution. By [22] Proposition 1.1] we have for all ;1 € Lie(A4)*,
foralli,j € {1,...,n — d}, that

(44) {f.imfjHJ*l(/L) = {fiJHfj,/L}OHIL'
Foralli,j € {1,...,n — d}, equations and together with the assumption that
{fi(-, 1), f;(-, )} = 0 for all p € Lie(A)*, imply that {f;, f;} = 0. The fact the f;’s
are in involution with J; for all I € {1,...,d} is an immediate consequence of the A-
invariance of this functions.
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To finish the proof one needs to show that {Ji, ..., Jg, fl, e fn_d} is a set of prime in-
tegrals. The fact that {H, J;} = 0 for alll € {1, ..., d} follows by the A-invariance of H.
Fix ¢ € {1, ...,n — d}. By [22] Proposition 1.1] we have for all ;4 € Lie(A)* that

(45) i HY g1y = {fips Hu} 0 1.

Being {H,, o ;' fi(-,1)} = 0 for all u € Lie(A)* by assumption, equations and
imply that {H, fl} = 0. We proved that {Ji, ..., Jg, fiy s fn_d} is a set of prime
integrals, thus the proof of the first part of corollary is concluded.

Assume now dim(A) = dim(G) — 1. Then, by Theorem[1.2] for all ;1 € Lie(A)* the space
TG ) ,, A is symplectomorphic to T*R. In particular, for every ;1 € Lie(A)*, the flow of
the reduced Hamiltonian H, is Arnold-Liouville integrable with prime integral H,,. Thus,

by the first part of the Corollary, the flow of the normal Hamiltonian is Arnold-Liouville
integrable. U

As a consequence of Theorem [1.2| we are able to produced several examples of the
Hamiltonians that could arise when performing a symplectic reduction of the normal
Hamiltonian flow.

Corollary 4.1. Let I, ..., F}, : R™ — R be polynomial maps. Set ¢ := Z}f F?. Then, there
exists a metabelian Carnot group G, an abelian subgroup A < G, a co-vector i € Lie(A)*
and a symplectomorphism f : T*G //u A — T*R" for which

(46) Hyo f~' =|lpl|* + ¢(z),¥(p,z) € T*R",

where H, € C*(T*G [/, A) is the reduced normal Hamiltonian and || - || is the norm
induced on T*R™ by the euclidean norm of R™.

Proof. Denote m := max; . jdeg(F;) and let N be the dimension of the vector space
Pp,m of polynomials from R™ to R of degree less than m. For every multindex I :=
(i1, ...,in) € R™ use 2! to denote z’* - ... - i By definition of N there exists a family of
multindexes {/;};e(1,.... v} such that every polynomial F}; € Py, p,, with [ € {1,...,k},
can be written as

N
(47) Fi(z) = ch,ijJ,Vx e R",

=1

for suitable coefficients ¢; 1, , ..c; 1, € R. Consider REN+7" with coordinates {xi}ie{l,_“’n}
and {0 j}icq1,... k}.jeq1,....N}- Define G ~ (RNF+7 ) to be the Lie group with the Lie
algebra of left-invariant vector fields generated by

(48) X :=0,,, fori e {1,...,n},

N
(49) Y, = lefagl'j, forl e {1,...,k}.
1

It is an easy exercise to show that g := Lie(G) is a stratified Lie algebra with first layer
Span{{Xi}ict1,...n}> {Yi}iequ,... ky  and that Span{{Y };c(1,... 1} } }@[g, 9] is an abelian
sub-algebra. Set A := log(Span{{Yi};ef1,...x}}} @ [g,0]) and fix on G the subRieman-
nian metric for which X3, ..., X,,, Y1, ..., Y} is an orthonormal frame of the distribution.
Choosing

(50) pi=>c;d0;,
18



we have by (40) that

(51) pxa prl + Z ch,jx pma ) € T*Rny

which by (47) is exactly (46). O

5. NORMAL METRIC LINES

In this section we study the presence of metric lines (see Definition[2.12) in metabelian
Carnot groups that are semidirect products of two abelian groups. The main idea is to
study the flow of the reduced normal Hamiltonian and show that under some hypothesis
normal trajectories cannot have a 1-parameter subgroup as blow-down, and, consequently,
cannot be metric lines.

We start this section recalling the only property of metric lines that we will need in
the proof of Corollary[1.5] We use d;, to denote the dilation of a factor h € R, see Defini-
tion 217

Proposition 5.1. ([10| Corollary 1.6]) Let G' be a Carnot group. Lety : R — G be a metric
line. For all h € R define

Yni=0poyolL.
Then there exists a sequence {hy, }nen, with lim,, o h, = 0, for which the sequence of
curves {yn, }nen converges uniformly on compact sets to a 1-parameter subgroup parametrized
by arc-length as n — oo.

An immediate consequence of Proposition 5.1]is the following:

Lemma 5.2. Let G be a subRiemannian Carnot group. Lety : R — G be an absolutely con-
tinuous curve parametrized by arc-length. Fix a non-trivial vector subspace V C G/|G, G|
and denote with m, : G/|G,G] — V the orthogonal projection. Denote withw : G —
G/|G, G] the canonical projection. Deﬁne o :=mo~.Ifm oo is bounded and

(52) hmbupf \/1—|| (m00) (¢)]|?dt < 1,

T—o0

then v is not a metric line.

Proof. Assume by contradiction that -y is a metric line. For h € R\ {0}, define the
curve o, : R = G/[G, G| setting 0, (t) := ho(£) forall ¢ € R. By Proposmonﬂ

know there exists a sequence {h,, } nen, with hmnHOO hn = 0, such that v, converges
uniformly on compact sets to a 1-parameter subgroup parametrized by arc-length. In

particular, there exists v € G/[G, G|, with ||v|| = 1, such that the o}, converges uni-
formly on compact sets to the line L : R — G/[G, G|, L(t) := tv for all t € R. Since
71 o o is bounded we have lim,,_,o, 71 0 04, (t) = 0 for all ¢ € R. Consequently, if

7y : G/[G,G] — VL C G/[G,G] is the orthogonal projection, 7 o 0}, converges to L
uniformly on compact sets and therefore, for all T € R, we have

1 (/T 1 [T
(53) 1= T/O HUHdt:nlLH;oT/O ||(7r2 0 op, ) (¢)]|d2.

On the other hand, being «y parametrized by arclength we have ||m200’|| = /1 — ||71 0 ¢/||2.
Therefore, implies

1 T
(54) lim sup ~ / (w2 0 o) (8)]1dt < 1.
T— 00 T 0
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Consequently,

. 1 T , ' 1 T
lim — [ |[(m200p,) (t)||dt = lim —
0 T 0

n—oo T’ n—o00
T
hy, [Pn )
=t [ im0 oy €.

The latter equation implies that doesn’t hold, therefore we reached a contradiction.
We showed that if 7 o ¢ is bounded and holds then ~ cannot be a metric line, thus
the proof of the lemma is concluded. O

We state now a technical lemma that gives us a tool to verify the hypothesis in Lemmal5.2]
using Hamilton equations for some reduced normal Hamiltonians.

Lemma 5.3. Fixa scalar product onR™ and call||-|| the induced norm. LetV € C*°(R"™, R)
be a positive smooth function. Fix a compact set 2 C R™ such that % is a regular value of

Vv for some open set U C R™ for which Q) C U. Define H € C*°(T*R") setting
(55) H(p,x):= pr +V(x), Y(p,z) e T*R".
1

Fix g € Q, with V(z0) < 3, and choose pg € R™ such that H(po, o) = %. Define the
curve (p,x) : [0, +00) — R™ setting

where we denote with ¢%; the flow of the Hamiltonian H, see (3). Assume z(t) € Q for all
t > 0. Then

1 T
(57) 1imsup—/ JIZE0Pdt < 1.
T 0

T—o0

Since the proof of Lemma is not helpful in understanding the statement of the
lemma, nor contains any idea coming from subRiemannian geometry, we prefer to post-
pone it to Appendix [A] We are finally ready to prove Corollary[1.5

Proof of Corollary[1.3, Being (Lie(A) N V4)* an abelian sub-algebra, the functions A;,
defined by for all i = 1,...,n, are constantly 0. Let A : R — T*G be a normal
extremal with momentum p € Lie(A)*. Set

Hu(p.x) = p? + Vi(2),Y(p,z) € T'R".
1

Write (pg, pa, 0, ) := T*®(\). By Corollary 3.3 we have that the couple (p,, x) solves
the Hamilton equations for H - Assume first that condition (1) holds. We have that x is
bounded (since x(¢) is in the compact set € for all ¢ € R) and that holds by Lemma
Consequently, we can apply Lemma [5.2| with V' = 7(exp((Lie(A4) N V;)1)), where
7 : G — G/|G, (] is the canonical projection, and conclude that the normal trajectory
associated to A is not a metric line.

Assume instead that condition (2) holds. By we have lim;_, o, 0; (t) # limey oo 0; (t).
In particular, there cannot exist a sequence {h, } decreasing to 0 such that hjei(hj) con-
verges uniformely on compact sets to a linear function. As a consequence, by Proposi-
tion[5.1] the normal trajectory associated to X is not a metric line. (]

20



6. CUT-TIMES

In the section we improve the result in Corollary[1.5] showing that for some particular
normal trajectories we can give an explicit bound on the time at which they stop being
length-minimizing. In particular, we prove that if a normal extremal is the lift of an L-
periodic curve, with L € R, then under some conditions the associated normal trajectory
stops to be length-minimizing before time L. The first key idea we need is contained in
the following theorem. Recall that we denote with tcy(7y, 0) the supremum of times ¢ for
which 7/ 4 is length-minimizing.

Theorem 6.1. Let G be a subRiemannian Lie group. Let v : R — G be a normal trajectory
withy(0) = 1. Assume there exists L > 0 such that

(58) dRy)7(0) = 4(L).
Then either t (v, 0) < L or+y is a 1-parameter subgroup.

Proof. We show that if y is not a 1-parameter subgroup, there exists a non constantly zero
Jacobi vector field J : R — T'G such that J(0) = 0 and J(L) = 0. Then the theorem
will follow from [2| Theorem 8.61, Proposition 15.6]. We refer to [2, Chapter 15] for an
extended presentation of Jacobi vector fields. Set

(59) J(t) = 3(t) — dRyuy3(0).

The vector field J is a Jacobi vector field since it is the difference between two Jacobi
vector fields: it is well known that §(t) is a Jacobi vector field, and R ;)¥(0) is a Jacobi
vector field being a Killing vector field (see [2| Lemma 5.15]). By we have J(0) =0
and J(L) = 0. Moreover, J is constantly 0 if and only if

Y(t) = dRy4)¥(0),Vt € R,

thus if and only if 7y is a 1-parameter subgroup. (]

Using the above theorem and the discussion we had in Section [3.2.1] we are able to
study the cut-time of normal extremals that project to periodic curves.

Proposition 6.2. Let G be a metabelian simply connected nilpotent Lie group with left-
invariant distribution A and left-invariant Riemannian metric. Let A < G be an abelian
subgroup with [G,G]| C A. Lety : R — G be a normal trajectory and let A : R — T*G
be the corresponding normal extremal. Assume v(0) = 1. Denote with ji € Lie(A)* the
momentum of \. Call1l,, : T*G — T*G //# A the canonical projection. If11, o X\ is
L-periodic and either

(60) AM0)(X) =0, VX € (Lie(4) N A)*,
or (Lie(A) N A)* is an abelian sub-algebra, then t (7, 0) < L.

Proof. Assume first that condition holds. Then there holds 4(0) € T, )A. Since
II,, o X is L-periodic we have also v(L) € Aand §(L) € T, (1)A. By Remark 3.4/ we have
that holds, thus we can apply Theorem|[6.1and conclude the proof of the first part of
the proposition.

Assume now that (Lie(A)NA)* is an abelian sub-algebra. Fix abase Y7, ..., Y;,, of Lie(A)
with Y7, ..., Y, orthonormal base of A, and complete Y7, ..., Y, to an orthonormal base
Yi,...,Y,,, X1, ..., X, of the distribution. Define exponential coordinates of second type
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® : R™™™ — (G asin @3). Call ® : R® — G/A the coordinates induced on the quo-
tient, see (31). Remark that being Span{ X, ..., X, } abelian by assumption, equation
implies that the A;’s appearing in equation (2) are constantly zero. Thus (2) rewrites as

pZE7 szl +35 Z| ,uaBl (pm, ) € T*Rna

where the ;s are defined from (27). .

Call (pg, ) : R — T*R™ the function (ps, z) := T*® o ¢, o II,(A). Being H,,(p,y) =
H,(—p,y) forall (p,y) € T*R™, and since (p,, x) solves the Hamilton equations for [,,,
also the curve (py, &) : R — T*R", defined by (p,, Z)(t) = (- pm(—t)@(—t)) for all
t € R, solves the Hamilton equation for H,,. Call  the lift of 7*®~' (5, &) at —A(0) and
denote 7 := o\, where  : T*G' — G is the canonical projection. We show that v(L) =
¥(L), this will imply tcu(y,0) < L since v # 7 and Length(v|(o,z]) = Length(5/0,7)-

Write (0, z) :== ®'(v) and (0, #) := ®1(7). By definition of (f, ) we have

(61) #(t) = x(—t), VteER,

Being IT,,(A) an L-periodic function we have that « is L-periodic and consequently (L) =
x(—L) = z(L). Moreover, the functions F; : R — R, with ¢ € {1,...,m},

ny

Fy= (u Bi(2))ddi (@7 (),

1

are L-periodic, since they are functions of z, and therefore

L L
(62) / Fi(t)dt = /0 Fi(—t)dt, Vi € {1, ,m}

Consequently, for all ¢ € {1, ..., m},

(63) ./F dt./ é()

We proved the claim (L) = 4(L). Thus we concluded the proof of the proposition.

O

7. EXAMPLES

We present some explicit examples of the symplectic reduction procedure described in
Theorem|[1.2] Throughout this section, we will give a proof of Corollary[1.4]

7.1. 2-abelian extensions. We present some applications of Theorem [1.2|to 2-abelian
extensions, i.e., to nilpotent groups containing a normal abelian subgroup of dimension
2. The notation used in naming the following groups mainly follows [12]]. We start with
simple examples to help the reader to get familiar with the procedure used in Theorem

L2l

7.1.1. Fy3 or Cartan group as 2-abelian extension. Let Fy3 be the free-nilpotent Lie group
of rank 2 and step 3, also known as Cartan group. The Lie algebra of Fb3 is spanned by
5 vector fields X7, X5, Y7, Y, V5. A base of the first layer V; is given by { X, X5}, and
the only non-trivial bracket relations defining the Lie algebra structure of Lie(Fb3) are

Y1 = [Xy, Xo, Yz = Xy, Y1), Y3 = [Xa, V1]
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Choose A := exp(Span{Y7, Ya, Y3}). We identify Fy3 with (RS, -), using the coordinates
in Lemma 3.2 We choose as left-invariant orthonormal frame of the distribution the
vector fields

0
Xl($1,$2,91,92,03) = 87‘%1’

0 0 z2 9
Xo(21,22,01,02,03) = 37@+m157191+718792+$1x23793;

where 1, x9, 01,602,605 € R. If we apply Theoremto Fy3, the subgroup A and p =
Zle a;df;, with a; € R fori € {1,...,3}, by the reduced Hamiltonian H,, €
C>(T*R?) is

1 1 2 2
H,u(p.’rnx) = ipil + 5 (p’r2 + a1 + (1251 + 113:61132) av(p’lﬂx) S T*RZ

The Hamiltonian flow of H,, is Arnold-Liouville integrable. Indeed, for all ;1 € Lie(A)*
we can exhibit two meromorphic prime integrals that are in involution, H,, and C,, €
C®°(T*R?), where the second is given by

a3

2
Since H,, and C,, are smooth as functions of y, by Corollarywe have that the normal

Hamiltonian flow in Fb3 is Arnold-Liouville integrable. The integrability of the normal
flow in Fy3 is already known in literature, we refer for example to [2, Exercise 7.80].

— 2
Cy 1= a3py — aapy + a1a3T2 + 5.

7.1.2. N 2,54 as2-abelian extension. Let Ng 2 5.+ be the Carnot group with Lie algebra
spanned by 6 vectors X1, Xo, Y7, Y5, Y3, Y} satisfying the following bracket relations
Yl - [X17X2]7 }/2 = [XluY1]7
Y3 = [Xo, V1], Yy =[X1,Y3] = [Xo, Y3].
[X27Y4] = [Y27X2] = [X17Y4] = [Xla}/3] = 0.
Using the coordinates defined in Lemmawe identify Ng 2 50+ With RS. Choose as left-

invariant orthonomal frame of the distribution the two vector fields X1, X5 € Vec(RS)
defined by

)
Xi(z1,22,0) = o1,

9 o a2 9 o at  wma3 9
X = 9. T 5 70 90, V31 90,
2(@1,22,6) o "0, T2 00, T a0, s T 2 Vo

forall z1, x5 € R, for all § € R%.

ApplyTheoremWithG = Ng 2,54+, A := exp(Span{Y; }i=1, . 4)and p := Z?Zl a;do;,
with a; € Rforalli € {1,..,4}. By we have that the reduced Hamiltonian
H, € C®(T*R?) is

1 x? 23wl 2
Hu(pz,ﬂ;‘) = - (pil + <p;v2 +aix, + ag—l + azx1x9 + ay (1 + L 2)) s

2 2 3! 2
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for all (p,,z) € T*R? The normal Hamiltonian flow is Arnold-Liouville integrable.
Indeed, it was proven in [11] Section 5] that the function

1
(64) I(pz, 0y, x,y) := Px, Py, — Px, Py, + §P32/1,

is an A-invariant prime integral in involution with the normal Hamiltonian and with the
momentum map, where for Z € Vec(Ng 2 54+) the function Pz € C®(T*Ng 254+ ) is
defined by Pz () := (A, Z).

7.1.3. Fyy as 2-abelian extension. Let Fy4 be the free-nilpotent Lie algebra with rank 2
and step 4. The Lie algebra of Fyy is spanned by the 8 vectors X7, X», Y7, ..., Ys. The Lie
algebra structure is defined by the only non trivial bracket relations

Yy = [Xy, X, Yz = [Xy, Y1, Y3 = [Xo, Y1),
Y4 = [X17E]7 }/5 = [X17Y3] = [X271/21]7 }/6 = [X27Y3]'

Identify Fb, with (R®,-) using the coordinates in Lemma Choose as orthonormal
frame for the distribution the two vectorfields X1, X5 € Vec(R®) defined by

0
Xl(xl,xQ,Q) = 87:131
0 o x% 0 0 3 0
Xo(x1,22,0) = TQEQ_‘_ 87914'?87924-1‘1 28 +§8794+
+x%x2i rz3 0

2 005 2 905

for all 1,25 € R, for all § € R®. Apply Theorem [1.2) . 2l with G = Fyy, with A =
exp(Span{Y;}i=1. 6) and u = ZZ 1 a;d0;, with a; € R fori € {1,...,6}. By (40)
the reduced Hamiltonian is

xl.’L‘% l‘%l‘l

1 1 2
H,u(pwvx):§pil+2 (px2+a1$1+a22+a3$1$2+a43 + as 9 + ag 9 ) )

for all (p,,z) € T*R2.

7.2. Engel-type groups. Denote with Eng(n) the Carnot group with Lie algebra spanned
by 2n + 2 vectors X1, ..., Xy, Y0, ..., Yn41 satisfying as only non trivial bracket relations

(65) YL = [X’M}/b]? Yn+1 = [lei/:b}

These groups have been studied in [8]]. Using the coordinates described in Lemma 3.2 we
identify the group Eng(n) with R?"*2. We choose as orthonormal left-invariant frame of
the distribution the vector fields X1, ..., X,,, Yy € Vec(R?"*?) defined forallz € R",6 €
Rn+2 by

Xi(z,0) := %, Vi e {1,...,n},
Yo(z,0) = +Z 0
ST 00, T &= ae 2 aenﬂ

Apply Theoremwith G = Eng(n), Lie(A) := Span({Yi}ieqo,....n+13) and p :=
Zn+01 a;déd;. By we have that the reduced Hamiltonian H,, € C*°(R") is of the
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form

2
(66) Hy(pr2) = 3 lIpall2, + (ao+2awz ”2“|x||3u>  V(pa7) € TR,

where || - ||eu denotes the euclidean norm. Since for all i € Lie(A)* we get the Hamil-
tonian of an harmonic oscillator, the Hamiltonian flow of the reduced Hamiltonian H,,
is Arnold-Liouville integrable for all p € Lie(A)* with set of prime integrals smoothly
depending on p (see for example [5]]). In particular, as an immediate consequence of
Corollary we get Corollary[1.4]

The integrability of the normal Hamiltonian flow in Eng(n) can be proven directly ex-
hibiting 2n + 2 independent prime integrals that are in involution, we refer to Appendix
for an extended presentation.

APPENDIX A. ProOF oF LEMMA [5.3]

Proof of Lemma[5.3 We claim that we can choose € > 0 such that forall y € V~([5 —
€,3]) N Q we have VV(y) # 0 (we denote with V the gradient with respect to the
chosen scalar product). Indeed, if by contradiction this was not possible, we could find
a sequence of points ¥, € V([ — 1,1]) N Q, with n € N, for which VV (y,,) = 0.
Being €2 compact, up to sub-sequence we can assume that {y, },cn converges to some

y € €. By the smoothness of V we would have V (y) = § and VV (y) = 0, this would
contradict the hypothesis that l is a regular value for V restricted to some neighborhood
of Q. Denote Q. := V~!([5 —¢,3]) NQand Q¢ := V7I([5 — §,5]) NQ Set M :

SUPye,veB(0,1) Zi,j m(y)ij. Up to change € we can assume that
(67) §=108(e) := yiensg IVV(y)|]*? — Me >0

Indeed, §(¢) is increasing as € decreases to 0, and §(0) > 0.
We prove equation in two steps:

(i) We show that there exists C. > 0 such that, for all ¢1,¢5 € R, with t; < to, if

(q(t),y(t)) : [t1,ta] = T*R™ solves the Hamilton equation for H, H(q(t1),y(t1)) =

% and one of the two following condition holds

(a) y(t) € Q\ Qg forallt € [tl,tg];
Vi(y(t1)) = V(y(t2)) = 3 —€ y(t) € Qe forall t € [t1, 1], and there exists

t € (t1,t2) such that y(f) € Q¢;
then

/ VICTHOFE <1-C.

(ii) We prove that there exists a sequence {¢; };en with0 < t; < ¢, 41 andlim; oo t; =
+00, such that for all i > 1 one between conditions (a) and (b) of point (1) holds
for (it ¢, 1-

to — 11

If (1) and (2) hold it is trivial to prove that

lim sup — / VI=|lz@®)|Pdt<1-C
T—o0
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Therefore, proving (i) and (ii) we prove and we conclude the proof of the lemma.
We start proving point (i): set C := supg, ||VV]| > 0 and

. € 0 €
(68) Ce = mln{l—\/;7202<1_\/;> }
Being H(Q(t)a y(t)) = % forallt € [tl,tg} and y = g, we have

(69 = /5~ Vo0), Vet

If condition (a) holds, then V (y(t)) < § — § forall ¢ € [y, t2]. Consequently, by (69) we
have ||j|| > /% and therefore

1 t2
/ VI=[i®)[2dt < /1 — % <1-0C..
ty

to — 11

Assume now that condition (b) holds. For all ¢ € [t1, 2] we have

(70) V(@) =VV -5
2

M VO =IO+ Y w000

For all t € [ty,t2], since y(t) € Qe we have by (69) that

72 Ol < Ve

By the definition of § in and equations (70), and (72), we have for all t € [t1, 2]
that

(73) V(y(1) < CVe,
(74) V(y(t)" < 0.
Equations and imply

1

5 €= V() SV(y(t)) + V' (t)(ta = t1) = 3(t2 — 11)?

1
S5t CVe(ty —t1) — 6(ta — t1)*.

Therefore,
(75) ty —t1 < Cg@

Since there exists ¢ such that y(t) € Q¢, and since V (y(t1))
all t € [t1, o], there exist t3 € [t1, t2] such that V(y(t3)) =
forall t € [t1,t3]. By we have

e and y(t) € Q. for

1
1o
—gsandy(t) € Q\ Q¢

1
2

Ve
20"
By (69) we have ||y(t)|| > /5 forall t € [ty,t3]. Therefore

(77) /t 1— [[90)]2dt < (t5 — 1), /1 — %
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We have

1 t2
1 — ||g(t)]]12dt =
o L VT
1 t3
- / VI Ta0dt
t1

to — 1
1 2 .
tt [T TR
2 7 U1 Jtg
(77) — —
& (ts —t1) 1€, a3
- to — 11 2 to—1t
(tg —tl) €
= 1+ V-
+ to — 11 ( 2 )
@9 B e, €3
< 1——(1—-4/1—-=) < 1-C..
- 202( 2) -

thus we concluded the proof of (i).
We prove now (ii). Up to choose € small we can assume z(0) ¢ 2. Choose t; = 0. Define

forall £ € N, with £ > 0,

1
tor, := inf {t > top—1: V(x(t)) = 5 € and

s>t,V(x(s) = % —e = 3s' e (t,s) st x(s) € Qe }
; 1
b= (>t Vi) = )

It is trivial to check that for all £ € N we have that condition (a) holds for |, ., ., 4]
and property (b) holds for |y,, ¢,, .}, thus the proof of point (ii) (and therefore the proof
of the lemma) is concluded. O

APPENDIX B. INTEGRABILITY OF THE NORMAL HAMILTONIAN FLOW IN Eng(n)

This appendix is dedicated to an alternative proof of the integrability of the normal
Hamiltonian flow in Engel-type groups. We refer to Section for the definition of
Eng(n). The proof we present follows [5].

Fix n € N. Choose a base X1, ...., Xy, Yo, ..., Y541 of Lie(Eng(n)) satisfying (65), with
X1, ..., Xp, Yy orthonormal base of the first layer. For X € Vec(Eng(n)) define Px €
C>™(T*M) setting

(78) Px(\) = (\X), VAeT"G.

We remark that the normal Hamiltonian (see (14)) is

(79) H=> P +P.
i=1

When computing Poisson brackets we will make constant use of the following relation:
for all left-invariant vector-fields X, Y € Vec(T* M) we have

(80) {Px, Py} = Pxy)

27



For,i,5 € {1,...,n},i# jand N € {1,...,n} define L;;, Cy € C*°(T* Eng(n))
Ll'j = PXIPYJ - PXiji;

1 E 2
i,je{l,....,N}
1#]

We start proving that the L;;’s and the C'x’s are constant along the flow of the normal
Hamiltonian.

Lemma B.1. The functions L;; and Cy are prime integrals for the normal Hamiltonian
flow in Eng(n).

Proof. Fix i,j € {1,...,n}, i # j. To prove that L;; is constant along the flow of the
normal Hamiltonian H we prove that {L;;, H} = 0:
{Lij. HY @Py (Py, H} + Py, (Px,. H} — Px,{Py,, H} — Py,{Px,,H}
— Py Py, P

Yot+1

+ Py, Py, Py, + Px, Px, Py,

n+1

— Py, Py, Py, = 0.

C'y is constant along the flow of the normal Hamiltonian since it is the sum of functions
that are constant along the flow of the normal Hamiltonian. (]

In the next three lemmas we compute some Poisson brackets that we will need to prove
that the set of prime integrals we consider in the proof of Theorem (B.4)) are in involution.

Lemma B.2. Fixi,j,k,l € {1,...,n}, withi # j and k # l. We have
(82) {Lij, Liu} = Py, (0ixLji + djuLir — SaLji — 0jxLir).

Proof. We start the proof computing the Poisson brackets { Px,, Ly} and { Py, Ly }: we
have

{Px;, Lt} ka{PX” Py} + Py {Px,, Px,}
(83) _PXZ{PXi7PYk}_Pyk,{PXi7PXI,}
PY,LJrl (Px,0it — Px, i),
and
{Py;, L} =Px, {Py;, Pv;} + Pvi{Py,, Px, }
(84) = Px{Py;, Pv.} — Py, {Py;, Px,}
Dpy, .\ (~Pydsn + Pridn)-
Using the two equations above we compute {L;;, Li; } proving the lemma:
{Li, L} ©Px,{Py,, Lu} + Py, {Px,, Lu}
— Px,{Py,,Liu} — Pyv;{Px,, L}
&3.69)
= Py, (Px,(=Pv,0jk + Py, 051) + Py, (Px, i — Px, i)
— Px,(=Py,6ir + Py, 6u1) — Py, (Px, 01 — Px,0;k))
= Py, ., (0ixLji + 65 Lix, — 05 Ljr — d1Li).
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Lemma B.3. The functions L;; and C satisfy
(85) {Cn,Lu} =0 if N<k<l or k<I<N.

Proof. For N € {1,...,n} and k,l € {1, ...,n} we have

N
{Cn, Ly} e Z Lij{Lij, Liu}
(86) n=

N
(32)
= Py, Z L;j(0iLji + 651 Lik — 6uLjk — dxLir).

ij=1
We prove for k <1 < N, the case N < k < [ is analogous. If k < [ < N, then J;,
0;1, 0;1Lj1 and 9, are zero and the lemma is trivially true. Assume now k£ <[ = N. We
have

{Cn,Li} = Py, , Z Lij(0iLji + 051 Lig — 6 Ljr — 61 Lar)

i<j<N
+ Pyn+1 Z Lij(éiijl + (;leik — 62’le1@ — 6jkLil) =0
j<i<N
where in the last equality we used L;; = —Lj;. O

We can finally prove the integrability of the normal Hamiltonian flow in Eng(n).
Theorem B.4. The normal Hamiltonian flow in Eng(n) is Arnold-Liouville integrable.

Proof. We consider first the case of n even. Write n = 2v for some v € N. We claim
that {H, L1 2, L34,...,Lay—1,20,C4,Cs,--- ,Cay} is a set of independent prime inte-
grals for the flow of the normal Hamiltonian H that are in involution. Indeed, by Lem-
mas [B.1 the above functions are all prime integrals that are in involution. The in-
dependence of these functions easily follows by their definitions (see (81)). When n
is odd, we write n = 2v 4 1 for some v € N we can prove in a similar way that
{H,Ls3,L45,...,Lop2v41,C2,Cq,---,C2} is a set of independent prime integrals
for the flow of the normal Hamiltonian that are in involution. (]
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