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Tensor spaces

Let V=P, Cei, and let x; = e;. The d-th symmetric power Sym9(V)

on Vis

1<iy < <ig

Then, its dual Sym?(V)* is given by formal (possibly infinite) K-linear
combinations of degree-d monomials in the variables xj, xo,.... Consider
a homogeneous symmetric d-form fon V. The couple (V, f) is a tensor
space with fe SI(V)*.

@ homogeneous degree-d polynomials,
o f=xd+xg+--,

o g=X1Xd+Xd+1X2d+
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Specialisation

An endomorphism « in End(V) maps each basis vector to a linear
combination of the e;. The corresponding dual map is an infinite by
infinite matrix with finitely supported columns, in other words, each x;
appears in finitely many a'(x;)’s.

Let g(x1, x2,...) be an element of Sym?(V)*. Then, the right action of «
on Sym?(V)* is given by:

- g(x1, x...) = gla'(x1), &' (x2),...).

Definition:

Let f and g be in Sym9(V)*. Then, we say that g specialises to f, and
write f = g, if there exists an « € End(V) such that « - g = f. We say that
f and g are isogenous if fX g and g < f.

f:x‘lj+x§'+~~~ and g= X1+ X4+ Xgs1 - Xog+ -+ are isogenous.
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Isogeny classes

Example: (Degree one, d = 1)

Any nonzero linear form in VV* can specialise to any other linear form.
Hence, there are two isogeny classes.

€

Example: (Degree two, d = 2)

Any quadratic form is isogenous (via the Gram—-Schmidt process) to

Badae,

BBk,

The set of isogeny classes is isomorphic to Nsg U {co}.

Example: (Degree three, d = 3)

Isogeny classes of polynomials correspond to isomorphism classes. Not
useful.
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Strength

Definition:

The strength of a homogeneous degree-d polynomial f is the minimal
number r such that there exists forms g1, hy,..., g, h, with degree strictly
less than d such that f= Y7, gihi.

k
® xj +---+x has strength [5],
@ any linear form has infinite strength.

Definition:

The collective strength of homogeneous degree-d forms fi,..., fs is the
minimal strength of any nontrivial linear combination.

° x% + x% + -+ has infinite strength,

° x% + x% +--- and x% + - -- have collective strength 1.

Proposition:

Let fi,..., f, be forms of infinite collective strength, and consider scalars
Cl,..., Cr. There there exists a v € V such that f;(v) = ¢;.
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Well-order on infinite-strength cubic forms

Let X 3 be the set of isogeny classes of infinite-strength cubic forms.

Theorem: (Bik-D.-Snowden)

There is an isomorphism of well-ordered sets between X 3 and
Niq U {eo}.

This classification depends on the dimension of the span of the
derivatives in the quotient space S?(V)*/S?(V*).

(1) Z}’le,'(y?l +y22+"')+2i212,-3,
,>1Xl(y21+y22 ')+Zi212?
o Zizlz?-

For an infinite strength cubic use the previous proposition to specialize it
coefficient by coefficient to one of the above three.
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Subrepresentations

The End(V)-subrepresentations of S3(V)* are:

{str < oo, rrk < co}

{str < o0, rrk < oo}

/ \

{str < oo, rrk < co} {str < oo, rrk = 0}

\ /

{str < oo, rrk = 0}

{str =0, rrk = 0}

Take away:
The End(V)-representations of S3(V)* are of finite length.

For higher degrees:
@ Description of the subrepresentations.
@ Description of the isogeny classes in finite terms.
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Basic representations for higher degrees, |

Let S‘Z be the collection of forms in SY(V)* using only variables whose

index is bigger than k. For a subset E of SY(V)* let I1(E) be the set of
elements of the form Y, f; with f; € En S7.

If E are the cubic polynomials, then X3 + 3 + -+ is an element of T1(E).

Let A be the set of formal expressions with

Q 1=[1] €A,

Q@ if 1€ A then [1] € A and [[1]] = [1],

@ if 13,42 € A then 21 - Ax € A (with n+ m=n-m).
We do not consider the expressions of shape [[-]---[-]].

A={L2[2],
l=e,2=elle, [2]= o ,1[2]=ell o ,[1[2]]= o
S PN N
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Basic representations for higher degrees, |l

Set E; = S', For d = 3, these basic representations are
Es, E3), E1[2), Ef1121) as follows:

Epir21] = {str < oo, rrk < oo}

21 + Ef31 = {str < oo, rrk < o0}

/\

Eqf2] = {str < oo, rrk < oo} Ep3) = {str < oo, rrk = 0}

\/

E3 = {str < oo, rrk = 0}

{0} = {str =0, rrk = 0}
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The A-rank

Consider a form fin E; with 1 = [1[»]]. Consider the quotient of Ef,; by
all its proper subrepresentations E‘[’VJ.

Definition:

The A-rank of f is the dimension of the span of the derivatives in the
quotient space E[,]/E‘[’V]. For other A, the A-rank is the supremum of the

strength of d,f modulo proper subrepresentations.

An element of infinite A-rank generates E;, and any homogeneous form
belongs to the sum of basic representations.

o An infinite rank element in Ej1[1[...12]]] generates S°.

@ The sum of cubes generates Ej3;.

Definition:
The collective A-rank is the natural generalization of the collective
strength.

Having high 2-rank means that the forms and all their derivatives behave
as independent variables.
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Description of isogeny classes for higher degree

A theorem by Erman, Sam, and Snowden states that R= P, St is
abstractly a polynomial ring, and it is generated by elements of infinite
collective strength elements in S9(V)*.

A refinement states the elements g ; of infinite collective A-rank in E; for
any 1 € A° ={[o] | o € A} generate R as a C-algebra and they are
algebraically independent.

We then show that isogeny classes are equivalent to isomorphisms classes
in the graded polynomial ring S=Clxy;| 1 € A% i€ [] = P, Sq with
respect to C-algebra morphisms ¢ : S — S such that any monomial

Xoi * "t X0, appearing in ¢(xy ;) satisfies E),...;, C E;.

Indeed, we can write a form f as a polynomial in the gy ;, and there is a
natural surjective map from R to S mapping g;; to x3;
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Finiteness for infinite tensor

In this talk we focused on symmetric forms and used
@ Strength: finite and universal forms, independence of forms,
@ JA-rank: classification of isogeny classes, independence of derivatives,
@ End(V) action: representation theory for infinite forms.

Moreover,

@ generalization of the results of this talk to arbitrary Schur functors
(work in progress),

o Aut(V, f) representation theory:a A-space Vis linearly w-categorical if
and only if Aut(V) is linearly oligomorphic. True for biquadratic
spaces length two.

Thank you for the attention!
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