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1. Symplectic Forms (01/09, YL, MN)

This lecture covers material from [CdS01, Chapter 1].

1.1. Symplectic Linear Algebra. Unless mentioned otherwise, we work over the field
R, and all vector spaces are assumed to be finite-dimensional.

Definition 1.1. A bilinear map Ω: V ˆ V Ñ R is called skew-symmetric if

Ωpu, vq “ ´Ωpv, uq for all u, v P V.

Theorem 1.2. For any skew-symmetric bilinear map Ω, there exists a basis of V in
which

Ωpu, vq “
`

— u—
˘

¨

˝

0 0 0
0 0 Im
0 ´Im 0

˛

‚

¨

˝

|

v
|

˛

‚,

where Im is the m ˆ m identity matrix for some m P N.

Proof. If Ω “ 0, the result is trivial with m “ 0. Otherwise, choose e, f P V such
that Ωpe, fq “ 1. This is always possible: since Ω ‰ 0, there exist e1, f 1 P V with
Ωpe1, f 1q ‰ 0, and we may take

e “ e1, f “
f 1

Ωpe1, f 1q
.

Define the subspace

W :“ tw P V | Ωpe, wq “ 0 “ Ωpf, wqu “ kerpΩpe, ¨qq X kerpΩpf, ¨qq.

We claim that

V “ xe, fy ‘ W and Ω “

¨

˝

0 1 0
´1 0 0
0 0 Ω|W

˛

‚ .

Thus V “ xe, fy ` W . If ae ` bf P W , then

0 “ Ωpe, ae ` bfq “ b, 0 “ Ωpf, ae ` bfq “ ´a,

so a “ b “ 0. Hence xe, fy X W “ t0u, and the decomposition is direct.
The result now follows by induction on dimW . □

Definition 1.3. For any bilinear map Ω: V ˆ V Ñ R, define
rΩ: V Ñ V ˚, rΩpvq :“ Ωpv, ¨q.

Note that
kerprΩq “ tv P V | Ωpv, uq “ 0 for all u P V u

may be nontrivial.

Definition 1.4. A skew-symmetric bilinear map Ω is called symplectic (or non-

degenerate) if rΩ is a bijection. In this case, Ω is called a linear symplectic structure
on V , and pV,Ωq is called a symplectic vector space.

If Ω is symplectic, then:
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‚ dimV “ 2n for some n P N;
‚ there exists a basis e1, . . . , en, f1, . . . , fn such that

Ωpei, fjq “ δij, Ωpei, ejq “ 0 “ Ωpfi, fjq,

for all i, j P t1, . . . , nu.

In such a basis,

Ωpu, vq “
`

— u—
˘

ˆ

0 In
´In 0

˙

¨

˝

|

v
|

˛

‚.

Such a basis is called a symplectic basis.

Definition 1.5. Let pV,Ωq be a symplectic vector space. A subspace W Ă V is

‚ symplectic if Ω|W is non-degenerate;
‚ isotropic if Ω|W “ 0.

Example 1.6. If e1, . . . , en, f1, . . . , fn is a symplectic basis of pV,Ωq, then xe1, . . . , eny

is isotropic, while xe1, f1y is symplectic.

Remark 1.7. A generic even subspace W Ă V is symplectic, because being symplectic
is a non-vanishing condition on detΩ|W . On the other hand it is very special for a
subspace to be isotropic.

Definition 1.8. The standard symplectic vector space is

pR2n,Ωstdq, Ωstd “

ˆ

0 In
´In 0

˙

.

Definition 1.9. A symplectomorphism between symplectic vector spaces pV,Ωq and
pV 1,Ω1q is a linear isomorphism l : V Ñ V 1 such that

l˚Ω1
“ Ω, i.e., Ω1

plpuq, lpvqq “ Ωpu, vq for all u, v P V.

Every symplectic vector space pV,Ωq is symplectomorphic to pR2n,Ωstdq.

1.2. Symplectic Manifolds. Let ω be a differential 2-form on a manifold M . For
each p P M , the map

ωp : TpM ˆ TpM Ñ R
is a skew-symmetric bilinear form.

Definition 1.10. A 2-form ω is symplectic if

(1) dω “ 0;
(2) ωp is non-degenerate for all p P M .

Definition 1.11. A symplectic manifold is a pair pM,ωq where ω is a symplectic
2-form.

Example 1.12 (The standard symplectic structure on R2n). Let M “ R2n with coor-
dinates

px1, . . . , xn, y1, . . . , ynq.
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p TpM
u

v

Figure 1

Define

ωstd :“
n
ÿ

i“1

dxi ^ dyi.

Then pR2n, ωstdq is a symplectic manifold. Moreover, for each p P R2n, the ordered basis
"

B

Bx1
, . . . ,

B

Bxn
,

B

By1
, . . . ,

B

Byn

*

is a symplectic basis of TpR2n.

Example 1.13 (The standard symplectic structure on Cn). LetM “ Cn with complex
coordinates pz1, . . . , znq, where

zk “ xk ` iyk, k “ 1, . . . , n.

Define

ω :“
i

2

n
ÿ

k“1

dzk ^ dz̄k.

Then pCn, ωq is a symplectic manifold. Indeed, a direct computation shows

i

2

n
ÿ

k“1

dzk ^ dz̄k “
i

2

n
ÿ

k“1

pdxk ` i dykq ^ pdxk ´ i dykq

“

n
ÿ

k“1

dxk ^ dyk,

so this symplectic structure agrees with the standard one on R2n under the identification
Cn – R2n.

Example 1.14 (The symplectic structure on S2). Let

M “ S2 :“ tp P R3
| }p} “ 1u.

For p P S2, the tangent space is

TpS2
“ tv P R3

| xp, vy “ 0u.



6 INTRODUCTION TO SYMPLECTIC TOPOLOGY

See Figure 1. Define a 2-form ω on S2 by

ωppu, vq :“ xp, u ˆ vy “ det

¨

˝

— p—
— u—
— v —

˛

‚.

This form is closed since it is a top-degree form on S2. It is also non-degenerate:
ωppu, vq “ 0 if and only if u and v are linearly dependent, i.e. the parallelogram they
span has zero area. Hence pS2, ωq is a symplectic manifold.

2. Cotangent bundles (01/13, MN, YW)

This lecture covers material from [CdS01, Chapters 1,2,3].

2.1. Symplectomorphisms.

Definition 2.1. Let pM1, ω1q and pM2, ω2q be symplectic manifolds. A diffeomorphism

φ : M1 Ñ M2

is called a symplectomorphism if

φ˚ω2 “ ω1.

Equivalently, for every p P M1, the differential

pdφqp : pTpM1, ω1,pq
„
ÝÑ pTφppqM2, ω2,φppqq

is a linear symplectic isomorphism.

Example 2.2. Suppose M is a surface, i.e. dimM “ 2, and ω is a 2-form on M . Then

pM,ωq is symplectic ðñ ω is nowhere vanishing

ðñ ω is an area form .

In this case, symplectomorphisms are precisely area-preserving diffeomorphisms. In
higher dimensions, symplectomorphisms are volume-preserving diffeomorphisms, but
the converse does not hold.

For a Riemannian manifold pM, gq, we can define local invariants (curvature) for a
point p P pM, gq as the obstruction to finding a coordinate chart pU, x1, . . . , xnq about
p where the metric can be expressed in the standard form

gq “
ÿ

dxi b dxi @ q P U .

In contrast, for a symplectic manifold pM,ωq, there are no such local invariants because
the following theorem says that for every point p P pM,ωq, there exists a coordinate
chart pU, x1, . . . , xn, y1, . . . , ynq around p where the symplectic form can be expressed
in the standard form

ωq “
ÿ

dxi ^ dyi @ q P U .
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Figure 2. Natural coordinates px̃1, . . . , x̃n, ξ1, . . . , ξnq on T ˚X induced
from coordinates px1, . . . , xnq on X.

Theorem 2.3 (Darboux). Let pM2n, ωq be a symplectic manifold and let p P M . Then
there exist local coordinates

px1, . . . , xn, y1, . . . , ynq

defined near p such that

ω “

n
ÿ

i“1

dxi ^ dyi

in these coordinates.

Remark 2.4. Darboux’s theorem is the first time we use the condition that ω is a closed
form. In fact, Darboux’s theorem tells us that a non-degenerate 2-form ω is closed if
and only if there exists local coordinates where ω can be written in the standard form.

2.2. Symplectic Form on the Cotangent Bundle. Let X be a smooth manifold
and let T ˚X denote its cotangent bundle. Let

π : T ˚X Ñ X

px, ξq ÞÑ x

be the natural projection, where a point of T ˚X is written as px, ξq with x P X and
ξ P T ˚

xX.

Definition 2.5. The tautological (Liouville) 1-form α on the cotangent bundle
T ˚X (not the base manifold X) is defined by

αpx,ξqpvq :“ ξ
`

pdπqpx,ξqpvq
˘

,

where px, ξq P T ˚X and v P Tpx,ξqpT
˚Xq.

The following diagram unpacks the above definition:

Tpx,ξqpT
˚Xq TxX R

v pdπqpx,ξqpvq ξ
`

pdπqpx,ξqpvq
˘

pdπqpx,ξq ξ
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The above definition is coordinate-free. We now look at the tautological 1-form in
coordinates.

Lemma 2.6. The tautological 1-form on T ˚X takes the form

α “

n
ÿ

i“1

ξi dxi

in natural coordinates of T ˚X.

Proof. The expression α “
řn
i“1 ξi dxi is confusing because dxi is a 1-form on X, while

α is a 1-form on T ˚X. To alleviate this confusion we proceed slowly and spell every-
thing out. Start with coordinates px1, . . . , xnq on an open set U Ă X. This induces
coordinates px̃1, . . . , x̃n, ξ1, . . . , ξnq on π´1pUq Ă T ˚X as follows.

To start, we define the coordinate function x̃i as the composition of the projection
T ˚X Ñ X (restricted to π´1pUq) and the coordinate function xi. Most people let the
projection be implicit, and use the notation xi instead of x̃i, and eventually we’ll adopt
this mild but standard abuse of notation. But for now we keep the tildes. So, given a
point pp, ξq P T ˚X, we have x̃ipp, ξq “ xippq.

We extend these coordinates to a coordinate system px̃1, . . . , x̃n, ξ1, . . . , ξnq by defining
ξipp, ξq to be the coefficient of dxi when ξ is written in px1, . . . , xnq coordinates.

Having been at least momentarily careful to distinguish the coordinate functions (for
example xi) with their values (for example xippq), we now adopt the usual practice of
using the same notation for both, even though this risks some confusion. Thus, the
natural projection π in these coordinates is given by

π : px̃1, . . . , x̃n, ξ1, . . . , ξnq ÞÑ px̃1, . . . , x̃nq .

Next, suppose p P T ˚X has coordinates px̃1, . . . , x̃n, ξ1, . . . , ξnq and v P TppT
˚Xq is a

tangent vector given by

v “

n
ÿ

i“1

ai
B

Bx̃i
`

n
ÿ

i“1

bi
B

Bξi
P TppT

˚Xq .

Then, we can compute αpvq as the composition

TppT
˚Xq TπppqX R

řn
i“1 ai

B

Bx̃i
`
řn
i“1 bi

B

Bξi

řn
i“1 ai

B

Bxi

řn
i“1 ξiai

pdπqp ξ

This establishes that

α “

n
ÿ

i“1

ξi dx̃i .

Finally, we remark again that everybody abuses notation and writes dxi to mean dx̃i
even though xi ˝ π “ x̃i. □

The next Lemma explains why α is called the tautological 1-form on T ˚X. In fact,
it is the unique 1-form that satisfies the following.
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Lemma 2.7. Let µ be a 1-form on X, and let

sµ : X Ñ T ˚X

x ÞÑ px, µxq

be the associated section. Then

s˚
µα “ µ .

Proof. We check the equality at a point x P X:

ps˚
µαqx “ pdsµq

˚
x αpx,µxq (definition of pullback)

“ pdsµq
˚
x pdπq

˚
px,µxq µx (equality αpx,ξq “ pdπq

˚
px,ξq ξ)

“ pdpπ ˝ sµqq
˚
x µx (functoriality)

“ pdpidXqq
˚µx (property of a section π ˝ sµ “ idX)

“ µx

The formulation αpx,ξq “ pdπq˚
px,ξq

ξ is equivalent to Definition 2.5. □

Definition 2.8. The canonical symplectic form on T ˚X is

ω :“ ´dα .

In local coordinates px1, . . . , xn, ξ1, . . . , ξnq the canonical symplectic form takes the
standard form:

ω “ ´dα

“ ´d
`

n
ÿ

i“1

ξidxi
˘

“

n
ÿ

i“1

dxi ^ dξi .

This shows, ω is a symplectic form. Further, notice that ω “ dp´αq is an exact
differential form.

2.3. Lagrangian Submanifolds.

Definition 2.9. In this course, a submanifold Y of a manifold M is a manifold
together with a proper injective immersion

i : Y ãÑ M.

We typically identify Y with its image and view i as an inclusion map.

Definition 2.10. A submanifold Y of a symplectic manifold pM,ωq is called La-
grangian if:

(1) i˚ω “ ω|Y “ 0,
(2) dimY “ 1

2
dimM .

Equivalently, for every p P Y , the subspace TpY Ă TpM is a Lagrangian subspace.
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Remark 2.11. If pM,ωq is two-dimensional, then every one-dimensional submanifold
Y Ă M is Lagrangian. This is because every one-dimensional subspace of pR2,Ωstdq is
a Lagrangian subspace. This is a miracle of low dimension. In higher dimensions, La-
grangian submanifolds are rare (non-generic) and special, analogous to how Lagrangian
subspaces of pR2n,Ωstdq are special for n ě 2.

Example 2.12. The zero section

X0 :“ tpx, 0q | x P Xu Ă T ˚X

is a Lagrangian submanifold of pT ˚X,ωq. In local coordinates, it is given by ξj “ 0 for
all j and hence

i˚
`

n
ÿ

i“1

dxi ^ dξi
˘

“
`

n
ÿ

i“1

dxi ^ dξi
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ξj“0

“ 0 .

Later we shall see that X0 Ă T ˚X is a local model for all compact Lagrangian subman-
ifolds.

Next, we ask what are the other Lagrangian submanifolds near X0 Ă T ˚X. Start by
thinking about what are all the ordinary submanifolds near X0 Ă T ˚X and notice,
$

&

%

perturbations of
the submanifold
X0 Ă T ˚X

,

.

-

ÐÑ

"

sections of the normal bundle
s : X0 ÝÑ NT˚XX0 » T ˚X

*

ÐÑ

"

1-forms on X
µ P ΓpT ˚Xq

*

Among all perturbations, the ones that give Lagrangian submanifolds are precisely the
closed 1-forms.

More concretely, given any section

sµ : X Ñ T ˚X ,

we can view it as:

(1) a 1-form µ on X;
(2) a submanifold Xµ :“ tpx, µxq | x P Xu Ă T ˚X.

Lemma 2.13. The submanifold Xµ is Lagrangian if and only if µ is closed.

Proof. First, recall ω “ ´dα is the symplectic form on T ˚X, where α is the tautological
1-form. Next,

Xµ Ă T ˚X is Lagrangian ðñ ω|Xµ “ 0

ðñ pdαq|Xµ
“ 0

ðñ d
`

α|Xµ

˘

“ 0

ðñ α|Xµ is a closed 1-form on Xµ

ðñ s˚
µα is a closed 1-form on X

ðñ µ is a closed 1-form on X .

The penultimate equivalence follows because sµ induces a diffeomorphism from X to
Xµ Ď T ˚X and the last equivalence is a consequence of Lemma 2.7. Note that here
when we talk about the restriction of a form to Xµ we mean the pullback via the
inclusion of Xµ into T ˚X. □
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Remark 2.14. Lemma 2.13 provides an abundance of Lagrangian submanifolds of the
cotangent bundle, but not all Lagrangian submanifolds necessarily arise in this way.
This is closely related to the nearby Lagrangian conjecture by Arnold.

Remark 2.15. One of the main guiding principles of symplectic topology, to which we
will return on several occasions, is the following:

Lagrangian creed.

“Everything is Lagrangian (when viewed from the right angle).”

The above lemma can be viewed as a first instance of this creed.

3. Generating functions (01/15, YW, JZ)

This lecture covers materials from [CdS01, Chapter 4].
Last time we proved that, for any 1-form µ on X, the following two conditions are

equivalent:

µ is closed ðñ the graph Xµ “ tpx, µxqu Ď T ˚X is Lagrangian.

Definition 3.1. Let µ be an exact 1-form on X. Then any function f satisfying µ “ df
is called a generating function for Xµ.

Question 3.2. Let pM1, ω1q and pM2, ω2q be two symplectic manifolds. When is a dif-
feomorphism ψ :M1 Ñ M2 a symplectomorphism?

The answer to this question is our second example of the Lagrangian creed. Indeed,
consider the diagram

M1 ˆ M2

M1 M2
pr1

pr2

γ

where pr1, pr2 are the projection maps, and γ : M1 ãÑ M1 ˆM2 is the graph embedding
given by p ÞÑ pp, ψppqq. We adopt the following notations:

(1) Impγq is denoted as Γψ. So we will also use γ to denote the inclusion Γψ Ď

M1 ˆ M2;
(2) ω “ ppr1q

˚ω1 ` ppr2q
˚ω2 is a symplectic form on M1 ˆ M2;

(3) ω̃ “ ppr1q
˚ω1 ´ ppr2q

˚ω2 is the twisted symplectic form on M1 ˆ M2. The sign
change will turn out to be convenient.

Proposition 3.3. The diffeomorphism ψ is a symplectomorphism if and only if Γψ is
a Lagrangian submanifold of pM1 ˆ M2, ω̃q.

Proof. By definition, Γψ is Lagrangian iff γ˚ω̃ “ 0. The proposition then follows from
the computation

γ˚ω̃ “ γ˚pr˚
1ω1 ´ γ˚pr˚

2ω2

“ ppr1 ˝ γq
˚ω1 ´ ppr2 ˝ γq

˚ω2

“ ω1 ´ ψ˚ω2.

□
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3.1. Producing symplectomorphisms. We specialize to the situation when the La-
grangians are M1 “ T ˚X1,M2 “ T ˚X2. Recall that each is equipped with the tauto-
logical 1-form αi, and therefore has a canonical symplectic form ωi “ ´dαi for i “ 1, 2.

The productM1ˆM2 is also a cotangent bundle T
˚pX1ˆX2q, which has a tautological

1-form
α “ pr˚

1α1 ` pr˚
2α2

and therefore a canonical form

ω “ pr˚
1ω1 ` pr˚

2ω2.

Definition 3.4. Let σ2 : M2 Ñ M2 be the involution given by px2, ξ2q ÞÑ px2,´ξ2q.
Then σ˚

2α2 “ ´α2, and σ
˚
2ω2 “ ´ω2.

Definition 3.5. Let σ : M1 ˆ M2 Ñ M1 ˆ M2 be given by σ “ IdM1 ˆ σ2. This

(1) is an involution, i.e., σ2 “ Id,
(2) exchanges the two natural symplectic structures on M1 ˆ M2, i.e.,

σ˚ω “ ω̃ and σ˚ω̃ “ ω,

(3) is therefore a symplectomorphism pM1 ˆ M2, ωq Ø pM1 ˆ M2, ω̃q.

For any submanifold Y Ď M1 ˆM2, we let Y
σ denote σpY q. Then Y Ď pM1 ˆM2, ωq

is Lagrangian if and only if Y σ Ď pM1 ˆM2, ω̃q is. Combined with Proposition 3.3, we
have a
recipe for producing symplectomorphisms M1 Ñ M2:

(1) start with a Lagrangian submanifold Y Ď pM1 ˆ M2, ωq,
(2) twist to get a Lagrangian submanifold Y σ Ď pM1 ˆ M2, ω̃q,
(3) check if Y σ is the graph of a map M1 Ñ M2; if so, this map is a symplectomor-

phism.

Let i : Y σ ãÑ M1ˆM2 denote the inclusion. Concretely, step (3) amounts to checking
that pr1 ˝ i and pr2 ˝ i are both diffeomorphisms. If this is the case, then

ψ :“ ppr2 ˝ iq ˝ ppr1 ˝ iq´1

is the desired symplectomorphism M1 Ñ M2.

3.2. Generating functions on M1 ˆM2 “ T ˚pX1 ˆX2q. We want to further explore
when step (3) holds true. To this end, we focus on a particular class of Lagrangians in
pM1 ˆ M2, ωq arising as graphs of exact 1-forms.

Recall that, for any function f P C8pX1ˆX2q, we have a closed 1-form df on X1ˆX2.
By Lemma 2.13, the graph

Yf :“ pX1 ˆ X2qdf “ tpx, y, pdfqpx,yqqu Ď M1 ˆ M2 is Lagrangian.

We can also split the cotangent coordinates by writing pdfqpx,yq “ dxf ` dyf , and

therefore pdfqpx,yq “ pdxf, dyfq. Note this means in local coordinates, dxf “
ř

Bf
Bxi
dxi

and similarly dyf “
ř

Bf
Byi
dyi.

Definition 3.6. If Y σ
f “ σpYf q is the graph of a diffeomorphism ψ : M1 Ñ M2, we say

(1) ψ is the symplectomorphism generated by f , and
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(2) f is the generating function of ψ.

Question 3.7. Given f P C8pX1 ˆX2q, what is a necessary condition for it to generate
a symplectomorphism ψ?

In addition to finding a necessary condition, we also explore what might be sufficient
for ψ to exist locally.

So we work locally. Let pU1, x1, ¨ ¨ ¨ , xnq and pU2, y1, ¨ ¨ ¨ , ynq be coordinate charts of
X1 and X2, which induce charts

pT ˚U1, x1, ¨ ¨ ¨ , xn, ξ1, ¨ ¨ ¨ , ξnq of M1, and

pT ˚U2, y1, ¨ ¨ ¨ , yn, η1, ¨ ¨ ¨ , ηnq of M2.

In order for f to generate some ψ, Y σ
f must be the graph of said ψ. In other words,

the two sets

Γψ “ tpx, ξ, y, ηq : ψpx, ξq “ py, ηqu, Y σ
f “ tpx, y, dxf,´dyfqu

are equal. This means for any px, ξq P M1 and py,ηq P M2, we have

ψpx, ξq “ py, ηq ðñ ξ “ dxf and η “ ´dyf.

Let us fix any px, ξq P T ˚U1, and try to compute ψpx, ξq. We have ξ “ dxf and
η “ ´dyf at any px, yq P U1 ˆ U2; in coordinates, this means

ξi “
Bf

Bxi
px, yq and ηi “ ´

Bf

Byi
px, yq.

We need to find an implicit solution to the left hand side that gives y as a function
in terms of x, ξ. Then we can feed y into the right hand side to express η in terms of
x, ξ as well.

By the implicit function theorem, to locally solve for y in the left hand side, we
necessarily need a non-degeneracy condition at point px, yq P U1 ˆ U2,

det
´

B

Byj

´

Bf

Bxi

¯¯n

i,j“1
‰ 0.

This guarantees f to locally generate ψ, albeit not necessarily globally. This gives
an answer to Question 3.7 (and actually shows something a bit stronger, namely a
sufficient condition for local generation).

Here is another point of view: We assume ψ exists (generated by f), and ask what this
implies. Since it already exists by assumption, we are really using the easier direction of
the implicit function theorem, and we should be able to see directly that the Jacobian
determinant of some map is nonzero. Write ψ “ pψ1, ψ2q, i.e., ψ1px, ξq “ y. By above,
this implies ξ “ dxf . So locally,

ψ1px1, ..., xn,
Bf

Bx1
px1, ..., xn, y1, ..., ynq, ...,

Bf

Bxn
px1, ..., xn, y1, ..., ynqq “ py1, ..., ynq.

Suppressing the x variables, this just says ψ1 ˝ p
Bf
Bx1
, ..., Bf

Bxn
qpyq “ y. In other words, for

fixed x, the map y ÞÑ p
Bf
Bx1

px, yq, ..., Bf
Bxn

px, yqq is a diffeo, so its Jacobian determinant
is nonzero. Therefore, this determinant being nonzero is certainly necessary for f to
generate a symplectomorphism ψ.
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4. The Poincare Birkhoff Theorem (01/20, JZ, ZH)

From last time:

Theorem 4.1. Let φ :M1 Ñ M2 be a diffeomorphism. Then φ is a symplectomorphism
if and only if Γφ Ă pM1 ˆ M2, ω̃q is Lagrangian.

This is the second instance of the Lagrangian creed !

Today, we will discuss the Poincare-Birkhoff theorem, which ensures the existence of
fixed points. Recall: for any map φ :M Ñ M , the number of fixed points is

#Fixpφq “ #p∆ X Γφq,

where ∆ Ă MˆM is the diagonal and Γφ is the graph of φ. This works in basically any
situation, even just at the level of sets. Note also that if φ is a symplectomorphism,
then ∆ Ă pM ˆ M, rωq is Lagrangian (just check this directly or use that ∆ “ Γid).
Thus,

#Fixpφq “ #p∆ X Γφq “ #pintersection of two Lagrangians).

Major nontrivial theme: Often the symplectic assumption gives much more than
topology alone could get you.

Remark 4.2. One of the main pillars in symplectic geometry, the Arnold conjecture, is
about counting fixed points. The statement is as follows: Suppose pM,ωq is compact
symplectic. Given a function H : M Ñ R, we get an associated vector field XH defined
by ωpXH , ¨q “ ´dH (compare to what is done in the proof of Moser’s theorem in next
lecture!). Then, given a one-parameter family Ht : M Ñ R, we get the associated XHt

which in turn has an associated flow map ϕt : M Ñ M (also discussed in more detail
in the next lecture). The Arnold conjecture states that the number of fixed points of
ϕ1 (assuming they are all nondegenerate) is at least as large as the minimal number of
critical points of any Morse function on M . More simply, by Morse theory, this implies
#Fixpϕ1q ě

ř

bk where the bk are the Betti numbers ofM . Floer theory was developed
to prove this conjecture.

Setup: Diffeomorphisms of the Annulus. Next, we will consider the easiest, most
elementary situation, where “symplecto” gets you more fixed points than “diffeo”.

Consider a diffeomorphism of an annulus/cylinder:

A “ S1
ˆ ra, bs, S1

“ R{Z.

Such a diffeomorphism need not have fixed points, for example, just rotate everything.
In order to try to ensure fixed points, we must impose more conditions. The first

condition we assume is the “twist condition” that the top of A rotates right while the
bottom rotates left:
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Top rotates right

Bottom rotates left

We encode this in the following notation for a map φ : A Ñ A. Any map

φ : S1
ˆ ra, bs Ñ S1

ˆ ra, bs

can be written in the form φprxs, yq “ prfpx, yqs, gpx, yqq where

f : R ˆ ra, bs Ñ R, g : R ˆ ra, bs Ñ ra, bs,

with
fpx ` 1, yq ” fpx, yq pmod Zq, gpx ` 1, yq “ gpx, yq.

Note that here rxs is the class of x in S1 “ R{Z. The assumption “top moves right,
bottom moves left” says:

(‹) fpx, aq ă x, fpx, bq ą x.

Implicit in this is also the fact that gpx, aq “ a and gpx, bq “ b, i.e., the bottom of the
strip is mapped to the bottom and the top of the strip is mapped to the top.

Still, this does not guarantee fixed points! For example, we could have that gpx, yq

only depends on y, with gpyq ą y if y ‰ a, b, with all interior points moving upward
and boundary points moving as prescribed above. Such a map on the cylinder looks
like:

Bottom (y “ a)

Top (y “ b)

However, such examples will not be area-preserving. Once we add this second assump-
tion, we obtain:

Theorem 4.3 (Poincaré–Birkhoff). An area-preserving diffeomorphism φ : S1ˆra, bs Ñ

S1 ˆ ra, bs satisfying the twist condition (‹) has at least two fixed points.
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Remark 4.4. Area-preserving is the same as symplectic for dimension 2! But this is just
a nice coincidence. In general, symplectic maps are more special than area-preserving
in higher dimensions.

Remark 4.5. We will only show there exists one fixed point.

Proof. We work entirely with the map

φ “ pf, gq : R ˆ ra, bs Ñ R ˆ ra, bs.

In other words, just view φ as a map Ã :“ R ˆ ra, bs Ñ R ˆ ra, bs that satisfies all the
facts we’ve mentioned above. If this map has a fixed point, then the induced map on
A also has a fixed point.

Assume that φ has no fixed points. We can define a “direction moved map”:

ρ : R ˆ ra, bs Ñ S1
Ă R2.

px, yq ÞÑ
φpx, yq ´ px, yq

}φpx, yq ´ px, yq}

By the twist condition assumption, ρpx, aq “ ´1 and ρpx, bq “ 1. We use ρ to define a
function on paths from the bottom of the cylinder to the top, based on winding number.
Consider a path γ : r0, 1s Ñ R ˆ ra, bs from a point in R ˆ tau to a point in R ˆ tbu.
The composite map ρ ˝ γ : r0, 1s Ñ S1 starts at ´1 and goes to 1. The composite map
can be homotoped to a unique constant speed path which either goes clockwise (CW)
or counter-clockwise (CCW). Here, we implicitly use that π1pS

1q “ Z.
Since the map γ ÞÑ tCW,CCWu is continuous and any path r0, 1s Ñ R ˆ ra, bs from

a point in R ˆ tau to a point in R ˆ tbu can be deformed to any other such path, the
map γ ÞÑ tCW,CCWu does not depend on our choice of γ.

We say that “φ turns CW” or “φ turns CCW” depending on whether the image of
this map is CW or CCW.

In particular, φ turns all curves CW or it turns all curves CCW. We will show ρ
turns both clockwise and counterclockwise, giving a contradiction.

Warm up: If there exists γ such that φpγptqq always has y-component greater than
or equal to the y-component of γptq then γ is forced to be CW. This is because ρ ˝ γ
will necessarily be pointing up, so the winding pattern will be homotopic to a single
half turn clockwise.

Now, we “cheat” by replacing φ with the perturbed map φϵ : Ã Ñ R2 defined by
φϵ “ φ` p0, ϵq. Note that adding a shift preserves area, so φϵ is still an area-preserving
homeomorphism onto its image (the image being the annulus itself, just shifted up
slightly). Let

δ “ min
px,yqPA

}φpx, yq ´ px, yq}.

Since the cylinder A is compact, δ exists and it is non-zero because φ has no fixed
points. Then for any ϵ with ϵ ă δ, the map φϵ does not have a fixed point. From now
on, assume ϵ is always smaller than δ so that φϵ is an area preserving map with no fixed
points.
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We will use φϵ along with the area-preserving assumption to guarantee existence of
curves that are CW. Then, running the same argument but with φ´ϵ will guarantee the
existence of curves that are CCW.

Consider the region D0 “ ta ď y ă a ` ϵu Ă Ã. Then φϵ moves the line R ˆ tau to
R ˆ ta ` ϵu. It follows that D0 is disjoint from the iterates φkϵ pD0q “: Dk and hence
all of the Dk’s are disjoint from each other. Since φϵ is area-preserving, there must be
an integer k ě 2 such that Dk´1 Ć Ã. Therefore, there is a point x0 P R such that the
y-coordinate of φkϵ px0, aq is greater than b. Here we crucially use that φ was originally
a function on the finite area space A to know that the Dk do indeed eventually overflow
out of the strip. Let l be a straight line between px0, aq and φϵpx0, aq. Then, by applying
iterates of φjϵ to this line (with j “ 0, . . . , k ´ 1), define the path γ0 as the path from
px0, aq to pxk, ykq as seen below in Figure 3.1

a

a ` ε

ηptq

px0, aq

pxk, ykq

γ0pT q

pxk´1, yk´1q

D0

D1

Dk´1

Figure 3. Constructing the paths γ0, rγ, and γ

Let T be the first time that γ0pT q P R ˆ tbu and let η be the portion of γ0 that
travels from pxk´1, yk´1q :“ φk´1

ϵ px0, aq to γ0pT q. Then, since η is contained in Ã, φϵ
is defined on points of η and we can extend γ0 by concatenating with φϵpηq. Call this
extended path rγ. Since φϵpηq starts at φϵpxk´1, yk´1q “ pxk, ykq which is where γ0 ends,
rγ is continuous. Finally, let γ “ γ̃|r0,T s be the path that starts at y “ a and ends at
y “ b at the top of the strip.

For convenience, reparameterize so that T “ 1, i.e., γ is a function r0, 1s Ñ Ã and rγ
is a function r0, 1 ` τ s Ñ Ã where τ is the amount of time taken to travel from γ0p1q

to the end of φϵpηq. In total, this setup has ensured that φϵ sends points on γ to later
points on γ (i.e., φϵpγptqq “ γpsq for a unique s ą t) or to a point above Dk´1. Even
more precise, φϵ sends points on γ to later points on rγ.

1Made by Google Gemini with inspiration taken from page 349 of [MS17]
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Lemma 4.6. The path γ is CW.

Proof. Consider the following maps ρϵ, µ : r0, 1s Ñ S1:

ρϵptq “
φϵpγptqq ´ γptq

}φϵpγptqq ´ γptq}

µptq “

#

φϵpγp2tqq´γp0q

}φϵpγp2tqq´γp0q}
0 ď t ď 1{2

φϵpγp1qq´γp2t´1q

}φϵpγp1qq´γp2t´1q}
1{2 ď t ď 1.

In words, ρϵ is the same “direction moved map” from above. The map µ is the path
which is direction from γp0q to φϵpγp2tqq for the first half and then direction from γptq to
φϵpγp1qq in the second half. By the warm-up, µptq can only turn clockwise because µptq
always points upwards. In particular, γp0q is at the bottom of the strip so automatically
µ points up in the first half; and φϵpγp1qq is ϵ above the strip while γp2t´ 1q is always
in the strip, so µ also must point up in the second half.

For ϵ very small (namely, small compared to }φpγp0qq ´ γp0q}), µp0q “points” mostly
left. Crucially, we are using that φ moves the bottom of the strip to itself so there is
no upwards movement. Similarly, if ϵ is small compared to }φpγp1qq ´ γp1q} then µp1q

points mostly right. So for ϵ small compared to δ, see that µp0q « π and µp1q « 0.
In total, letting ϵ Ñ 0, see that µptq approaches a CW path from π to 0. By all these
observations, µ is CW, or at least, is close to approximating a CW path (so homotopic
to one half CW turn, but which might not start exactly at π and end exactly at 0).

Now, we claim ρϵptq is homotopic to µ. This is where it is useful to have the extended
curve rγ. By the setup above, both γptq and φϵpγptqq are points on rγ. Therefore, both ρϵ
and µ are paths of the form “direction from point on rγ to a later point on rγ”. Crucially,
any such paths are all homotopic to each other since I is contractible. This is made
more precise in the lemma below. Thus, ρϵ and µ are homotopic. Noting that ρϵ and µ
agree at end points, it follows that ρϵ also turns CW, starting approximately at π and

ending approximately at 0. Letting ϵ Ñ 0, see that ρ0 “ ρ ˝ γ “
φpγptqq´γptq

}φpγptqq´γptq}
itself must

turn clockwise, so Φpγq “ CW. As mentioned, it follows that Φ sends every curve to
CW, i.e., φ is CW. □

Lemma 4.7. Let γ : r0, bs Ñ R2 be an injective map and pick T P p0, bq. For i “ 0, 1,
let ci, hi : r0, T s Ñ r0, bs be maps such that hiptq ą 0 and ciptq ` hiptq ď b for all t. For
i “ 0, 1, let µi : r0, T s Ñ S1 be the map

µiptq “
γpciptq ` hiptqq ´ γpciptqq

}γpciptq ` hiptqq ´ γpciptqq}
.

Then µ0 is homotopic to µ1.

Proof. Crucially, hiptq ą 0 so a straight-line homotopy is well defined, showing the two
maps are homotopic. □

Remark 4.8. We now explain how to apply Lemma 4.7 to show that the maps ρϵ and
µ are homotopic: We must show both paths are of the form

rγpciptq ` hiptqq ´ rγpciptqq

}rγpciptq ` hiptqq ´ rγpciptqq}
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for some ci, hi. For ρϵ, cρϵptq is just t, although with domain r0, 1s instead of r0, 1 ` τ s.
Then hρϵptq is always positive, depending on how much φϵ shifts γ. Specifically, hρϵptq
satisfies φϵpγptqq “ rγpt ` hρϵptqq for all t P r0, 1s. Since φϵ shifts Di to Di`1, the value
hρϵptq is certainly positive. Note that hρϵp1q “ τ . For µ, we are forced to set

cµptq “

#

0 0 ď t ď 1{2

2t ´ 1 1{2 ď t ď 1

hµptq “

#

2t ` hρϵp2tq 0 ď t ď 1{2

1 ` τ ´ p2t ´ 1q 1{2 ď t ď 1
.

Plugging in and using φϵpγptqq “ rγpt ` hρϵptqq, see that these are the c and h which
work for µ. Since τ ą 0, hµ is clearly positive. Thus, we can apply Lemma 4.7 to show
ρϵ and µ are homotopic.

We can now conclude our proof of Poincaré–Birkhoff. With the proof of Lemma 4.6,
we can conclude that Φ maps γ and therefore every path to CW. But, by making the
same argument with φ´ϵ instead, we also deduce Φ maps everything to CCW, which is
a contradiction. Thus, φ must have a fixed point, and we are done. □

Remark 4.9. Without area preservation, one might get stuck at some point without
having any iterate Dk land above the strip. The picture is as follows:

b

a

a ` ε
D0

D1

Dk´2

Dk´1

px0, aq

pxk, ykq

Consider the map φ similar to the one mentioned above except that shifts everything
down and which does not have a fixed point. Our argument fails because we might
get stuck somewhere in the strip and therefore we won’t be able to construct γ. In
this case, the direction move map always points down, so Φ maps all curves to CCW
without a contradiction.

5. Moser’s Trick (01/22, YL, MN)

This lecture covers material from [CdS01, Chapters 6,7].
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5.1. Review of differential topology. The goal of this section is to review the ma-
terial needed to justify the key calculation underlying Moser’s trick:

d

ds

`

ρ˚
sωs

˘

ˇ

ˇ

ˇ

ˇ

s“t0

“
d

ds

`

ρ˚
sωt0

˘

ˇ

ˇ

ˇ

ˇ

s“t0

` ρ˚
t0

˜

dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

“ ρ˚
t0

`

Lvsωt0 |s“t0

˘

` ρ˚
t0

˜

dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

“ ρ˚
t0

˜

Lvsωt0 |s“t0
`
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

“ ρ˚
t0

˜

Lvt0ωt0 `
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

“ ρ˚
t0

˜

dιvt0ωt0 ` ιvt0dωt0 `
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

.

We begin by defining the objects involved. Let M be a smooth manifold, and let

ρ : M ˆ R Ñ M

be a smooth map. For each s P R, define ρsppq :“ ρpp, sq.

Definition 5.1. The map ρ is called an isotopy if ρs : M Ñ M is a diffeomorphism
for all s P R and ρ0 “ idM .

An isotopy ρs determines a time-dependent vector field vs via

vs :“
dρs
ds

˝ ρ´1
s .

See Figure 4 to understand the role of ρ´1
s . Equivalently,

(1) vt0ppq “
d

ds
ρspqq

ˇ

ˇ

ˇ

ˇ

s“t0

, q “ ρ´1
t0

ppq.

Conversely, given a time-dependent vector field vs, the Picard–Lindelöf theorem al-
lows us to solve (1) locally to obtain a locally defined isotopy. If M is compact, the
solution exists globally and for all time. Thus, we obtain a one-to-one correspondence:

␣

Isotopies ρs : M Ñ M
(

ÐÑ
␣

Time-dependent vector fields vs
(

.

Remark 5.2. If vs ” v is independent of s, the associated isotopy is called the expo-
nential map of v, denoted exppsvq, and defined by

exppsvq
ˇ

ˇ

s“0
“ idM ,

d

ds
pexppsvqppqq

ˇ

ˇ

ˇ

ˇ

s“t0

“ v
`

exppt0vqppq
˘

.
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tρspqq, s P Ru

q “ ρ´1
t0 ppq

p “ ρt0pqq

vt0ppq

Figure 4. Time-
dependent vector
field at a point p.

tρsppq, s P Ru

M

p

ωppq ωpρsppqq

ρ˚
s pωpρsppqqq

ρsppq

Figure 5. The Lie derivative of
ω at s “ 0.

It is also common to call exppsvq the flow (for time s in the vector vector v). In fact,
many authors even use the word flow for the isotopy corresponding to a time dependent
vector field, but [CdS01] uses the word isotopy instead and reserves the word flow for
use with vector fields that do not dependent on time.

Definition 5.3. Let vs be a time-dependent vector field generating an isotopy ρs. The
Lie derivative with respect to vs is defined by

Lvs |s“t0
: Ωk

pMq Ñ Ωk
pMq,

where

Lvsω|s“0 :“
d

ds
pρ˚
sωq

ˇ

ˇ

ˇ

ˇ

s“0

,

Lvsω|s“t0
:“ pρ´1

t0
q

˚

˜

d

ds
pρ˚
sωq

ˇ

ˇ

ˇ

ˇ

s“t0

¸

.

Remark 5.4. Usually, the Lie derivative is defined only for time-independent vector
fields. The two notions are related by observing that

Lvs ω|s“t0
“ Lvt0 ω,

where the Lie derivative on the left-hand side is taken with respect to the time-
dependent vector field vs, while the Lie derivative on the right-hand side is taken with
respect to the time-independent vector field vt0 . Here, vt0 represents the vector field vs
“frozen” at the time s “ t0.

Proposition 5.5 (Cartan’s Magic Formula). For any differential form ω P ΩkpMq and
a time-independent vector field v, we have

(2) Lvω “ ιvdω ` d ιvω.

Remark 5.6. This identity shows that the Lie derivative is chain homotopic to zero; in
particular, it induces the zero map on de Rham cohomology.
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Remark 5.7. The Lie derivative encapsulates two effects: (i) the variation of the coef-
ficients of the form ω along the flow ρs, and (ii) the variation of the coefficients of the
vector field v. This explains the two terms on the right-hand side of Cartan’s Magic
Formula (2). We illustrate this with two examples:

(1) Let M “ R, ω “ fpxq be a 0-form, and v “ B

Bx
. Then

Lvω “
Bf

Bx
` 0.

(2) Let M “ R, ω “ dx be a 1-form, and v “ apxq B

Bx
. Then

Lvω “ 0 `
Ba

Bx
dx.

Now that we have established the necessary tools, we can justify the main calculation
appearing in Moser’s trick:

d

ds

`

ρ˚
sωs

˘

ˇ

ˇ

ˇ

ˇ

s“t0

p1q
“

d

ds

`

ρ˚
sωt0

˘

ˇ

ˇ

ˇ

ˇ

s“t0

` ρ˚
t0

˜

dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

p2q
“ ρ˚

t0

`

Lvsωt0 |s“t0

˘

` ρ˚
t0

˜

dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

p3q
“ ρ˚

t0

˜

Lvsωt0 |s“t0
`
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

p4q
“ ρ˚

t0

˜

Lvt0ωt0 `
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

p5q
“ ρ˚

t0

˜

dιvt0ωt0 ` ιvt0dωt0 `
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

.

Equality (1) is an instance of the following matrix-calculus rule:

d

ds
rApsqvpsqs

ˇ

ˇ

ˇ

ˇ

s“t0

“ A1
pt0qvpt0q ` Apt0qv

1
pt0q .

Equality (2) is the definition of the Lie derivative, equality (3) factors out ρ˚
t0
, equality

(4) follows from Remark 5.4, and equality (5) follows from Cartan’s Magic Formula.

5.2. Moser’s Theorem.

Theorem 5.8 (Moser). Let M be a closed smooth manifold, and let tωsusPr0,1s be a
smooth family of symplectic forms such that

rωss “ rω0s P H2
pMq for all s P r0, 1s.

Then there exists an isotopy ρ : M ˆ r0, 1s Ñ M such that

pρsq
˚ωs “ ω0 for all s P r0, 1s.

In particular, ρ1 : pM,ω0q Ñ pM,ω1q is a symplectomorphism.
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Remark 5.9. The assumption rωss “ rω0s is necessary since ρs is isotopic to idM , and
hence pρsq

˚ acts trivially on cohomology.

Proof. (Moser’s Trick) Assume the desired isotopy exists. Then

ρ˚
sωs “ ω0.

Differentiating with respect to s and evaluating at s “ t0 gives

d

ds

`

ρ˚
sωs

˘

ˇ

ˇ

ˇ

ˇ

s“t0

“ 0.

Using the computation above, this becomes

0 “
d

ds

`

ρ˚
sωs

˘

ˇ

ˇ

ˇ

ˇ

s“t0

“ ρ˚
t0

˜

dιvt0ωt0 ` ιvt0dωt0 `
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

.

We now use the assumptions:

(1) Each ωs is symplectic, hence closed: dωt0 “ 0.
(2) The cohomology class rωss is constant with s, that is,

drwss

ds
“

„

dws
ds

ȷ

“ 0

in H2pMq and, hence,
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

“ dµt0 .

Notice that µt0 is not unique and, in fact, leads to the non-uniqueness of solution
of the isotopy ρs. Nonetheless, we can make a choose a smooth family of 1-forms
µs.

Using these assumptions, we obtain:

0 “ ρ˚
t0

˜

dιvt0ωt0 ` ιvt0dωt0 `
dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

¸

“ ρ˚
t0

`

dιvt0ωt0 ` 0 ` dµt0
˘

“ ρ˚
t0
d
`

ιvt0ωt0 ` µt0
˘

This is what we get by assuming there is a isotopy ρt0 . Now we turn this on its head
by starting with

0 “ ιvt0ωt0 ` µt0
and reversing our steps to obtain the required isotopy ρt0 . Thus, it remains to produce
a vector field vt0 such that for each p P M

ιvt0 ppqωt0 “ ´µt0ppq .

We know that ´µt0ppq is a linear functional on TpM , and that ωt0ppq is a non-degenerate
bilinear form on TpM . Therefore, the map v P TpM ÞÑ ωt0ppqpv, ¨q P pTpMq˚ is a
bijection, and we can find vt0ppq as the unique inverse image v of ωt0ppqpv, ¨q “ ´µt0ppq.

□
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Remark 5.10. A special case is

ωs “ p1 ´ sqω0 ` sω1,

for which
dωs
ds

“ ω1 ´ ω0

is independent of s. In this case, the 1-form µs may be chosen independent of s, although
the vector field vs will still depend on s through ωs.

6. Relative Moser theorem (01/27, AK, JS)

This lecture covers material from [CdS01, Chapters 6.2–6.3, 7.3].

Last time, we studied the Moser trick. Let us recall the main ideas: Suppose ωs
is a smooth path of symplectic forms such that the cohomology class rωss P H2pMq is
constant with s. This implies that

dωs
ds

ˇ

ˇ

ˇ

ˇ

s“t0

“ dµt0

for some smooth family of 1-forms µs. Assuming that the isotopy ρs with ρ˚
sωs “ ω0

exists, we derive the equation
ιvt0ωt0 “ ´µt0 .

Solving this equation gives us a time-dependent vector field vt0 with ωt0pvt0 , ¨q “ ´µt0 ,
and its flow ρt0 is the desired isotopy.

Now we move on to the relative Moser theorem, which is strictly stronger than
the previous version and will be used frequently going forward.

Theorem 6.1 (Relative Moser theorem). Let M be a manifold with compact subman-
ifold i : X Ñ M . Let ω0, ω1 be symplectic forms on M with

ω0|p “ ω1|p, @p P X.

Then there exists neighborhoods U0, U1 of X in M and a diffeomorphism φ : U0 Ñ U1

with φ|X “ id|X and φ˚ω1 “ ω0.

If i : X Ñ M is a submanifold, we can take its normal bundle NX after fixing
a Riemannian metric on X. The tubular neighborhood theorem states that there is a
neighborhood U0 of X in NX which is convex in each fiber, a neighborhood U of X in
M , and a diffeomorphism ψ : U0 Ñ U such that the following diagram commutes:

U0 U

X

ψ

U0 Ă NX and U Ă M are interchangeably called tubular neighborhoods of X in M .

Lemma 6.2. Let i : X Ñ M be a connected submanifold and U0 be a tubular neighbor-
hood of X in M . If ω P ΩdpU0q is a closed form such ωx “ 0 for all x P X, then ω is
exact, i.e. ω “ dµ for some µ P Ωd´1pU0q. Moreover, we can choose µ such that µx “ 0
for all x P X.
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Proof. For every 0 ď t ď 1, define the map

ρt : U0 Ñ U0, px, vq ÞÑ px, tvq.

So ρ1 “ id, ρ0 “ i0 ˝ π0 where i0 : X Ñ U0 is the inclusion and π0 : U0 Ñ X is the
projection. Since π0 is a deformation retraction of U0 onto X, the maps ρ0 and ρ1
induce same maps on cohomology. We build a chain homotopy Q between ρ0 and ρ1,
i.e.

Q : Ωd
pU0q Ñ Ωd´1

pU0q

which satisfies

(:) id ´ pi0 ˝ π0q
˚

“ dQ ` Qd.

Since dω “ 0 and i˚ω “ 0, we get

pid ´ pi0 ˝ π0q
˚
qω “ ω ´ pπ˚

0 ˝ i˚0qω “ ω;

pdQ ` Qdqω “ dQω.

Hence we have ω “ dQω “ dµ for the pd ´ 1q-form µ “ Qω.
We will give an explicit chain homotopy map Q which will result in µ vanishing

pointwise on X. Define

Qω “

ż 1

0

ρ˚
t pιvtωqdt,

where the vector vt at ρtppq is tangent to the path ρsppq at s “ t. Since ρt|X “ idX for
all t and ωx “ 0 for x P X, vt vanishes on X and thus µx “ 0 for all x P X.
So we are done once we verify the chain homotopy property p:q for the map Q defined

as above. This is a straightforward computation involving Cartan’s magic formula and
the definition of the Lie derivative:

Qdω ` dQω “

ż 1

0

ρ˚
t pιvtdωqdt ` d

ˆ
ż 1

0

ρ˚
t pιvtωqdt

˙

“

ż 1

0

ρ˚
t pιvtdω ` dιvtωqdt

“

ż 1

0

ρ˚
tLvtω dt “

ż 1

0

d

dt
pρ˚
t ωqdt “ ρ˚

1ω ´ ρ˚
0ω.

□

Proof of 6.1. Pick a tubular neighborhood U0 of X. The 2-form ω1 ´ ω0 is closed on
U0 and pω1 ´ ω0qx “ 0 for all x P X. By Lemma 6.2, there exists a 1-form µ on U0

such that µx “ 0 for all x P X and satisfies ω1 ´ ω0 “ dµ. Taking a path of 2-forms
ωt “ p1 ´ tqω0 ` tω1, we have

d

dt
ωt “ ω1 ´ ω0 “ dµ.

Now we solve the Moser equation ιvtωt “ ´µ to obtain a vector vt such that ωtpvt, ¨q “

´µ. Note that vt vanishes on X for all t. Following the final steps of the Moser trick,
we can integrate vt (after shrinking U0 if needed to ensure ωt is symplectic on U0 for all
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t) to get an isotopy pρtq with ρ˚
t ωt “ ω0 and ρt|X “ idX for all t. Taking φ “ ρ1 and

U1 “ ρ1pU0q, we are done. □

Now we are in good position to prove Darboux’s theorem, which states that all
symplectic manifolds are locally symplectomorphic to each other.

Theorem 6.3 (Darboux’s theorem). Let pM,ωq be a symplectic manifold and p P M .
Then we can find a coordinates system pU ; x1, . . . , xn, y1, . . . , ynq at p such that ω is
standard on U , i.e.

ω “

n
ÿ

i“1

dxi ^ dyi.

Proof. Use a symplectic basis for TpM to construct coordinates px1
1, . . . , x

1
n, y

1
1, . . . , y

1
nq

near p with ωp “
řn
i“1 dx

1
i ^ dy1

i. Set ω0 “ ω|U 1 . Then by the relative Moser theorem
with X “ tpu, there are neighborhoods U0, U1 of p and a diffeomorphism φ : U0 Ñ U1

such that φppq “ p and φ˚ω1 “ ω, where we take ω1 “
řn
i“1 dx

1
i ^ dy1

i on U1. This gives
the result with coordinates xi “ x1

i ˝ φ, yi “ y1
i ˝ φ, since

ω “ φ˚
p

n
ÿ

i“1

dx1
i ^ dy1

iq “

n
ÿ

i“1

dxi ^ dyi.

□

The relative Moser theorem has the assumption that

ω0|p “ ω1|p, @p P X

which means

ω0|ppv, wq “ ω1|ppv, wq

for all tangent vectors v, w P TpM . We might like to weaken this to

i˚ω0 “ i˚ω1

for the inclusion i : X Ñ M , which is exactly the same statement but for v, w P TpX. In
general, this is too much to ask for. But we will show that it is true if X is Lagrangian
for ω0 and ω1, i.e. i

˚ω0 “ i˚ω1 “ 0 and dimX “ 1
2
dimM .

7. Weinstein’s Neighborhood Theorem (01/29, JS, SC)

7.1. Weinstein’s Neighborhood Theorem. In the previous lecture, we saw that the
relative Moser theorem requires the strong hypothesis that two symplectic forms agree
pointwise along a submanifold X Ă M , i.e. ω0|p “ ω1|p for all p P X. Equivalently,
the two forms must agree on all of TpM for every p P X. In general, this condition
cannot be weakened to the equality of pullbacks i˚ω0 “ i˚ω1.

However, an important simplification occurs when X is Lagrangian for both symplec-
tic forms. Recall that if X is Lagrangian, then i˚ω “ 0 and dimX “ 1

2
dimM . In this

case, the symplectic orthogonal satisfies TXKω “ TX, so the transverse obstruction
disappears. This observation motivates the following theorem, which can be viewed as
a strengthening of the relative Moser theorem under a Lagrangian hypothesis.
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Theorem 7.1 (Weinstein’s Lagrangian Neighborhood Theorem). SupposeM is a man-
ifold, ι : X ãÑ M a submanifold and ω0, ω1 symplectic forms on M such that X is
Lagrangian on pM,ω0q and pM,ω1q. Then there exists neighborhoods U0, U1 of X in M
and a symplectomorphism from pU0, ω0|U0q to pU1, ω1|U1q.

The proof proceeds by reducing the problem to the relative Moser theorem, after
establishing appropriate linear-algebraic preliminaries and the Whitney extension the-
orem.

We first record two results from symplectic linear algebra.

Proposition 7.2. Suppose pV,Ωq is a symplectic vector space and U Ă pV,Ωq a La-
grangian subspace. Let W be any vector space complement to U . Then W canonically
determines a Lagrangian complement to U .

Some context : Consider the space pR4, stdq with basis e1, e2, f1, f2. There are many
Lagrangians, and many Lagrangian complements. For instance, the subspace U “

spanpe1, e2q is Lagrangian, and naturally we see that L “ spanpf1, f2q is a Lagrangian
complement to U ; however, the space L1 “ spanpf1 ` e2, f2 ` e1q is also a Lagrangian
complement to U , and there are clearly many others.

Proof. The moral of the argument is that we start with some space W and we “shift”
until it becomes Lagrangian. We begin by noting that since U is Lagrangian, then
Ω restricts to a non-degenerate pairing Ω : U ˆ W Ñ R, where pu,wq ÞÑ Ωpu,wq.

Therefore, the natural map rΩ : U Ñ W ˚, with u ÞÑ Ωpu, ¨q is an isomorphism. And so,
on one hand we have that each w P W determines an element ofW ˚ via w1 ÞÑ Ωpw,w1q.
On the other hand, since the restriction Ω is non-degenerate we also have U » W ˚.
Hence, there exists a unique uw P U such that Ωpuw, w

1q “ Ωpw,w1q for all w1 P W .
Now, we compute for w, y P W

Ωpw ´
uw
2
, y ´

uy
2

q “ Ωpw, yq ´
1

2
Ωpuw, yq ` Ωpw,´

uy
2

q ` Ωp
uw
2
,
uy
2

q

“ Ωpw, yq ´
1

2
Ωpuw, yq ´

1

2
Ωpw, uyq

“ Ωpw, yq ´
1

2
Ωpw, yq ´

1

2
Ωpw, yq “ 0,

where the second equality follows from the fact that elements of U pair to 0 since U is
Lagrangian. And so, we can take the complement to be tw ´ 1

2
uw : w P W u. □

Another proposition that we need is the following, where in our context, the vector
spaces V will be the corresponding tangent spaces.

Proposition 7.3. Let V be a vector space and Ω0,Ω1 be linear symplectic forms on V .
Let U be a subspace of V Lagrangian to both pV,Ω0q and pV,Ω1q. LetW be a complement
to U in V . Then from W we can canonically construct a linear isomorphism L : V Ñ V
such that L|U “ id and L˚pΩ1q “ Ω0.

Proof. The proof was not given in class, but it is in the textbook. □
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We will also use the following classical result, which we state without proof.

Theorem 7.4 (Whitney Extension Theorem). Let M be a manifold, ι : X ãÑ M a
submanifold, and dimpXq ă dimpMq. Suppose at each p P X we are given a linear
isomorphism Lp : TpM Ñ TpM such that p ÞÑ Lp is smooth and Lp|TpX “ id for all
p P X. Then there exists a neighborhood N of X and an embedding h : N Ñ M such
that h|X “ id and dhp “ Lp for all p P X.

In our context, this theorem allows us to extend pointwise linear identifications near
X to genuine local diffeomorphisms. The proof is standard and was skipped in class.

Proof. (Weinstein’s Neighborhood Theorem) Pick for each p P X a complementary
space Wp to TpX in TpM such that p ÞÑ Wp is smooth; e.g. we can take Wp “ pTpXqK

using some Riemannian metric. By the two previous linear algebra propositions and
Whitney’s extension theorem, there exists a neighborhood N of X and h : N Ñ M
with h|X “ id and dhp “ Lp for all p P X, where Lp is produced as in the previous
proposition. We then have

ph˚ω1qp “ pdhpq
˚ω1|p “ pL˚

pqω1|p “ ω0|p.

Now apply Relative Moser to ω0, h
˚ω1 to get a neighborhood U0 of X and a f : U0 Ñ N

such that f |X “ id and f˚ph˚ω1q “ ω0. Then h ˝ f is the desired symplectomorphism
from pU0, ω0q Ñ pU1, ω1q. □

Note that the heart of the argument is just Relative Moser, and the main difference
was at the linear algebra level.

Remark: There is a slightly more general version of this result called the Coisotropic
Embedding Theorem. It says that Weinstein is true under a weaker assumption that
TpX is coisotropic for ω0, ω1, for all p (i.e. there is no v P TpMzTpX orthogonal to
TpX). One still needs equality of pullbacks.

One of the main corollaries of Weinstein is the following result, which will be discussed
in the upcoming lectures.

Corollary 7.5. If L Ă pM,ωq is Lagrangian, there exists a neighborhood N of L and
a symplectomorphism from pN , ω|N q to a neighborhood of 0 in T ˚L.

7.2. Applications of Weinstein. We are interested in studying the tangent space (at
the identity) to the group

SymppM,ωq “ tSymplectomorphisms M Ñ Mu.

It is clear that this is indeed a group, and we should think of it as being infinite-
dimensional. Furthermore we also have to be careful about working with the right
underlying topology; to that end, we begin by stating the definitions of C0, C1 topolo-
gies.

Definition 7.6. (1) A sequence of maps fi : X Ñ Y is said to be C0-convergent
if it converges uniformly on compact sets.

(2) A sequence of maps fi : X Ñ Y is said to be C1-convergent if the sequence
dfi : TX Ñ TY C0-converges.
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Let pM,ωq be a compact symplectic manifold and f P SymppM,ωq. Previously, we
have seen that Graphpfq and ∆ :“ Graphpidq are Lagrangian in pM ˆM, ω̃q. The idea
now is to pick f close to id so that Graphpfq is close to Graphpidq which is Lagrangian;
the upshot being that we are then in situation we can handle via closed 1-forms. Indeed,
by Corollary 7.5, there exists a neighborhood U of ∆ » M in pM ˆ M, ω̃q which is
symplectomorphic to a neighborhood U0 of the zero section in T ˚M via φ : U Ñ U0

with φpp, pq “ pp, 0q.
In particular, suppose f is C1-close to id:

(1) Then Graphpfq Ă U and let j :M ãÑ U , wherem ÞÑ pp, fppqq, be the embedding
of the graph and ι :M ãÑ U with p ÞÑ pp, pq.

(2) ι and j are C1-close.
(3) Compose with φ to get j0 : M ãÑ U0 and ι0 : M Ñ U0, where j0 “ φ ˝ j and

ι0 “ φ ˝ ι “ Zero Section.
(4) j0 being C1-close enough to ι0 implies that j0pMq intersects each fiber of T ˚

pM
at one pt µp and p ÞÑ µp is smooth.

(5) j0pMq is the image of the smooth section µ : M Ñ T ˚M ; i.e. it is a 1-form, so
graphpfq “ φ´1ptpp, µpquq.

And recall that f is a symplectomorphism if and only if µ is closed. Therefore, we
conclude that a C1-neighborhood of id in the group SymppM,ωq is homeomorphic to
a C1-neighborhood of 0 in the vector space of closed 1-forms. Whence, it is natural to
identify

TidpSymppM,ωqq » tclosed 1-formsu.

8. Weinstein Tubular Neighborhoods (02/03, SC, AW)

This lecture covers material from [CdS01, Chapter 9]. For today, let M be a sub-
manifold of Rn, so that M has a natural Riemannian metric that it inherits from that
on Rn.

Lemma 8.1. If X Ď pM,ωq is Lagrangian, then T ˚X – NX as smooth vector bundles
on X.

Proof. There is a natural map

NX ÝÑ T ˚X given by px, vq ÞÝÑ px, ωpv, ¨qq .

This is clearly a bundle map and is fibre-wise injective, for if there is a v P pNXqx
such that ωpv, ¨q is identically zero, then it would be possible to enlarge the isotropic
subspace TxX Ď TxM , which is absurd since TxX is Lagrangian in TxM with respect
to ωp¨, ¨q. Finally, since both NX and T ˚X are bundles of the same rank, this map
must be an isomorphism. □

Recall the Tubular Neighborhood Theorem:

Theorem 8.2 (Tubular Neighborhood Theorem). Let ι : X ãÑ M be a submanifold,
and ι0 : X ãÑ NX be the zero-section. Then there exist neighborhoods U0 of X in NX
and U of X in M , and a diffeomorphism φ : U0 Ñ U with ι “ φ ˝ ι0.

Combining the last two results with Weinstein’s theorem from last time, we have:
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Theorem 8.3 (Weinstein Tubular Neighborhood Theorem). Suppose pM,ωq is a sym-
plectic manifold, ι : X ãÑ M a compact Lagrangian submanifold, and ι0 : X ãÑ T ˚X the
zero-section. Then there exists a neighborhood U0 of X in T ˚X, a neighborhood U of
X in M , and a symplectomorphism φ : pU0, ω0q Ñ pU, ωq with φ ˝ ι0 “ ι, where ω0 is
the canonical symplectic form on T ˚X.

Proof. Since T ˚X – NX, the Tubular Neighborhood Theorem gives neighborhoods N0

of X in T ˚X and N of X in M and a diffeomorphism ψ : N0 Ñ N such that ψ ˝ ι0 “ ι,
where we use ι0 to denote the zero-section of the cotangent bundle as well.

Let ω1 “ ψ˚ω. Using Weinstein’s Lagrangian Neighborhood Theorem (7.1), we can
find neighborhoods U,U1 of X in N0, and a diffeomorphism θ : U Ñ U1 such that
θ˚ω1 “ ω0. Finally, set φ “ ψ ˝ θ, and shrink neighborhoods appropriately if necessary
to conclude. □

Remark 8.4. This theorem shows that cotangent bundles are important. Even if one is
primarily interested in compact manifolds, they cannot escape the non-compact case!

Last time we saw the following application of Theorem 7.1:

Proposition 8.5. A small C1 neighborhood of id in Symp pM,ωq is homeomorphic to
a C1 neighborhood of 0 in the vector space of closed 1-forms.

We take a look at another application involving fixed points today.

Theorem 8.6. Let pM,ωq be a compact symplectic manifold with H1
dRpMq “ 0. Then

any symplectomorphism of M that is C1-close to the identity has at least two fixed
points.

Proof. Let f P SymppM,ωq be C1-close to the identity. Then graphpfq corresponds to
a closed 1-form µ on M due to Proposition 8.5. Since H1

dRpMq “ 0, µ is exact, that is,
µ “ dh for some h P C8pMq. Further, since M is compact, h has at least two critical
points corresponding to the point of global maximum and the point of global minimum.
Consequently, µ “ dh is zero at at least two points. Hence, graphpfq intersects the
diagonal in M ˆ M at least twice, so that f has at least two fixed points. □

Example 8.7. Any f P SymppS2q that is C1-close to the identity has at least two fixed
points. On the other hand, consider SymppS1 ˆ S1q, where H1

dR ‰ 0. In this case a
symplectomorphism inducing a tiny rotation need not have any fixed points.

Lagrangian Intersection Problem.

Definition 8.8. A submanifold ιY : Y ãÑ M is C1-close to a submanifold ιX : X ãÑ M
if there is a diffeomorphism φ : X Ñ Y such that ιY ˝ φ is C1-close to ιX .

Theorem 8.9. Let pM,ωq be a symplectic manifold. Suppose X ãÑ M is a compact
Lagrangian submanifold with H1

dRpXq “ 0, then every Lagrangian submanifold of M
which is C1-close to X intersects it in at least two points.

Proof. Note that the following is the same proof as that of Theorem 8.6. X has a
neighborhood that is a neighborhood of the zero-section in T ˚X. Write the C1-close
Lagrangian submanifold as the image of a closed 1-form µ on X. Again, µ “ dh for
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some h P C8pXq, which has at least two critical points, whence the section (of the
cotangent bundle) corresponding to µ admits at least two intersection points with the
zero-section. □

Definition 8.10. f P SymppM,ωq is exactly homotopic to the identity if it is the
time 1 map ρ1 of an isotopy pρtq generated by a time-dependent vector field vt satisfying
ιvtpωq “ dht for some smooth family of functions ht.

Remark 8.11. Most people would say pρtq is a Hamiltonian flow, and ρ1 is Hamiltonian.
The “exact” in the name comes from the exactness of the form dht. These generate a
“finite codimension” subgroup HampM,ωq Ď SymppM,ωq

The Arnold Conjecture. Let pM,ωq be a compact symplectic manifold, f : M Ñ M be
exactly homotopic to the identity. Then

#Fixpfq ě minimum number of critical points of a smooth function h P C8
pMq.

If we assume the fixed points are non-degenerate, we get

#Fixpfq ě minimum number of critical points of a Morse function h P C8
pMq

ě
ÿ

i

dimH i
dRpMq.

Special Case 1. Assuming f is C1-close to the identity, we have proved it above.

Special Case 2. Flow in solution to ιvtpωq “ dh but with h not time-dependent, has
also been proved above.

tcritical points of hu ÐÑ tzeros of the vector fieldu

ÐÑ tfixed points of the flowu

Ď tfixed points of time 1 mapu .

Contact Manifolds. Note that a symplectic manifold pM,ωq is even dimensional.
What about odd-dimensional manifolds? In particular, if one has a symplectic manifold
with boundary (whatever that means), what structure does its boundary inherit? This
motivates the following

Definition 8.12. A contact element on a manifold M is a point p P M , called the
contact point, together with a hyperplane2 Hp Ď TpM .

Note that the set of hyperplanes in a vector space V corresponds to the projectivi-
sation of the dual space, that is,

PV ˚
“ pV ˚

zt0uq
L

Rˆ,

where an element rαs P PV ˚ corresponds to the hyperplane kerα.
Suppose H is a smooth field of contact elements on M , that is H : p ÞÑ Hp Ď TpM .

Then H can be locally defined as the “kernel” of some smooth 1-form α, i.e., Hp “

kerαp. This smooth form α is called a locally defining 1-form. Note that α is not
unique, but is defined up to multiplication by a smooth (nowhere-vanishing) function.

2a linear subspace of codimension 1
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9. Contact Structures (02/05, RB, ZH)

From last time, we recall Definition 8.12: a contact element on a manifold is a pair
pp,Hpq with p P M , Hp Ă TpM a hyperplane. A smoothly varying family of contact
elements p ÞÑ Hp Ă TpM is given locally by a 1-form α with H “ kerα (the locally
defining 1-form).

Definition 9.1. A contact structure on a manifold M is a smooth field of contact
elements H such that for any locally defining 1-form α, pdαqp|Hp is a symplectic form on
Hp. In this case α is called a (local) contact form. The pair pM,Hq is called a contact
manifold.

Remark 9.2.
(1) At each point p P M we can choose a splitting

TpM “ Hp ‘ L

with Hp “ kerαp and L one-dimensional. Since Hp admits a symplectic form,
it is even dimensional, so TpM (and M) must be odd-dimensional. The bilinear
form pdαqp is degenerate since dimTpM is odd, and by assumption on Hp we
have that kerpdαqp “ tv P TpM | pdαpqpv, wq “ 0 @w P TpMu is one dimensional.
So we can arrange the splitting to be given by L “ kerpdαqp (here we use that
pdαqp|Hp is non-degenerate since it is symplectic). A warning is that kerpdαqp
is not canonical: it depends on the choice of α, and changes under replacing α
with fα for f a nowhere vanishing function on M .

(2) Note also that α must be non-zero on any 1-dimensional complement L above.
(3) The condition that pdαqp|Hp is symplectic is equivalent to pdαpq

n|Hp ‰ 0 being
a volume form on Hp, where dimM “ 2n ` 1.

(4) A global contact form exists if and only if the line bundle TM{H is trivial. The
idea is that if the quotient has a nowhere vanishing section s, we can replace
any locally defining form α with αnew :“ α{αpsq. Since αnewpsq “ 1 these forms
all glue.

For now we will assume that there is a global contact form.

Proposition 9.3. Let H be a field of tangent hyperplanes defined by a 1-form α, so
that Hp “ kerαp. Then H is a contact structure if and only if α ^ pdαqn is a volume
form.

Remark 9.4. This condition should be viewed as the form α being “generic everywhere,”
similar to how the non-degeneracy condition for a 2-form holds generically.

Proof. Since α defines a hyperplane field, it is everywhere non-zero. Both conditions
are local so it suffices to assume there is a local trivialization e1, f1, e2, f2, . . . , en, fn, r of
TM where ei, fi, . . . , en, fn forms a basis of H “ kerα pointwise, and dimM “ 2n` 1.
Note that by definition we have αprq ‰ 0 and αpeiq “ αpfiq “ 0, and so

α ^ pdαq
n
pe1, f1, . . . , en, fn, rq “ ˘αprqpdαq

n
pe1, f1, . . . , en, fnq.

Now α^pdαqn is a volume form if and only if it is nonzero when evaluated on the above
basis, which by the equality holds if and only if pdαqn|H ‰ 0, i.e. if and only if pdαq|H
is symplectic. □
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The following provides motivation for the definition of a contact structure.

Lemma 9.5. Let N be a manifold of dimension 2n ` 1. Then a 1-form α on N is a
contact form on N if and only if dpetαq is a symplectic form on N ˆ R, where t is the
coordinate on R.

Proof. We calculate

(3) dpetαq “ etdα ` etdt ^ α “ etpdα ` dt ^ αq.

As we will see below, we would actually like to work with dα ` dt ^ α, but it isn’t
clear this form is closed, which is why we multiply by et. Using the fact that ^ is
commutative for even forms, and that dt ^ dt “ 0, we have

pdpetαqq
n`1

“ epn`1qt
ÿ

i`j“n`1

ˆ

n ` 1

i

˙

pdαq
i

^ pdt ^ αq
j

“ pn ` 1qepn`1qt
pdαq

n
^ dt ^ α.

This is non-zero (i.e. dpetαq is non-degenerate) if and only if α ^ pdαqn is nonzero,
which is exactly the condition for a contact structure (note that since dpetαq is exact,
dpetαq is closed). □

Say pN,αq is a contact manifold with defining 1-form α and dimN “ 2n ` 1. If
L0 Ă N is a submanifold, we set

L “ L0 ˆ R Ď pN ˆ R, dpetαqq.

Motivated by the Lagriangian Creed, we are led to the following
Question: When is L isotropic in N ˆ R?
Answer: Note that B

Bt
P Tpp,tqL for any p P L0 and t P R. Thus for any v P TpL0, we

need dpetαqp B

Bt
, vq “ 0. Using p3q and dtp B

Bt
q “ 1 we compute that

dpetαq

ˆ

B

Bt
, v

˙

“ etαpvq.

So we require TpL0 Ď Hp “ kerpαpq for all p P L0. Also, if v, w P TpL0, we require

0 “ dpetαqpv, wq “ etdαpv, wq,

and so we must have dα is zero on L0. To sum up, if ι : L0 Ñ N is the embedding,
a necessary and sufficient condition for L to be an isotropic subspace is paq ι˚α “ 0
and pbq ι˚dα “ 0 (for the converse, just trace the equalities backwards). Note that in
addition L is Lagrangian if additionally dimL0 “ n (equivalently if dimL “ 1

2
pdimN ˆ

Rq “ n ` 1).

Remark 9.6.
(1) The naturality of d gives paq ùñ pbq above. So it suffices to assume that

TpL0 Ď Hp for all p P N .
(2) We define L0 Ď pN,Hq to be Legendrian if L defined above is Lagrangian, i.e.

if TpL0 Ď Hp for all p P L0 and dimL0 “ n.
(3) The above discussion shows that any submanifold L0 of N everywhere tangent

to H (meaning TpL0 Ď Hp) has dimL0 ď n. Since dimHp “ 2n, this might be
surprising! This means that H is “maximally non-integrable”.
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In what follows we will describe some contact manifolds without proof.

Example 9.7. Set N “ R2n`1 with coordinates px1, . . . xn, y1, . . . , yn, zq, and defining
1-form α “ dz ´

řn
i“1 yidxi. This is known as the standard contact structure. The

below figure displays the hyperplane field H “ kerα on the plane z “ 0 in the case
n “ 1.

Figure 6. The standard contact plane field on R3.

Note that in this case one can see the fact that H is non-integrable: a small counter-
clockwise loop starting at the origin initially moving in the positive x-direction would
arrive back at the origin with negative z-coordinate.

Example 9.8. We can take N “ S2n´1 with defining 1-form α to be the restriction of
the Liouville form

řn
i“1 xidyi´yidxi where R2n Ą S2n´1 has coordinates px1, . . . xn, y1, . . . ynq.

Example 9.9. For any M , the projectivized cotangent bundle PpT ˚Mq has a contact
structure.

Example 9.10. Every compact orientable 3-manifold has a contact structure (this is
not an easy theorem).

In general, it is interesting to classify contact structures on a given manifold.
From now, we will study Example 9.7 in the case n “ 1 (also the case depicted in

Figure 6). Explicitly, this is pR3, α “ dz ´ ydxq. A calculation shows that

Hpx,y,zq “ span

ˆ

B

By
,

B

Bx
` y

B

Bz

˙

.

Remark 9.11. Note that Hpx,y,zq is invariant under translation in the x and z directions.
On lines parallel to the y-axis, the hyperplanes H “spin”. Compare with Figure 6.

A Legendrian submanifold in pR3, dz ´ ydxq has dimension 1. If it is compact and
connected, we call it a Legendrian knot.

If ϕ : S1 Ñ R3 is a submanifold given by ϕptq “ pxptq, yptq, zptqq, being Legendrian
amounts to the condition

0 “ pdz ´ ydxqpϕ1
q “ z1

ptq ´ yptqx1
ptq,
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or equivalently (if x1ptq ‰ 0)

(4) yptq “
z1ptq

x1ptq
.

In words, this says that “the y-coordinate is the slope in the x-z plane.”

Example 9.12. In this example and the next, we replace S1 with R for convenience.
Define pxptq, yptq, zptqq “ p1

2
t2, t, 1

3
t3q. One can verify that Equation (4) is satisfied

by differentiating. If we project onto the xz plane, we get the cuspidal cubic curve
8x3 “ 9z2 depicted below. Note that we have a cusp in the projection but not in R3:
one can check that y1p0q “ 1 and so we have an embedded subamnifold.

Figure 7. The equation 8x3 “ 9z2 in the xz-plane

Example 9.13. Fix a parameter a P R. We define

xptq “ t ` apt3 ´ 3tq

yptq “ t

zptq “
1

2
t2 ` a

ˆ

3

4
t4 ´

3

2
t2
˙

.

We leave it to the reader to verify condition p4q. We don’t know why this is cool yet,
but we will next time. As we vary a, we get a Reidemeister move! This will tell us
about Legendrian knots.

10. Legendrian knots (02/10, MN, AK)

A good reference for this lecture is [Etn05, Sections 1, 2.1-2.3, 2.4-2.7].

The goal is to study closed 1-dimensional Legendrian submanifolds (i.e. Legendrian
knots) in R3, equipped with its standard contact structure. We will see that Legendrian
knots are simultaneously flexible and rigid: flexible enough that there exist lots of
examples, yet rigid enough to support invariants that go beyond those of smooth knot
theory.

Legendrian knots can be viewed as the contact analogues of Lagrangian submanifolds
in symplectic geometry. A major advantage of working in the 1-dimensional setting is
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that one can write down explicit equations and directly visualize many of the phenomena
that arise.

10.1. Setup. The standard contact structure on R3 is given by the contact form

α “ dz ´ y dx,

which satisfies
α ^ dα “ dz ^ dx ^ dy ‰ 0.

The associated completely non-integrable contact plane field is

Hpx,y,zq “ pkerαqpx,y,zq “ span

"

B

By
,

B

Bx
` y

B

Bz

*

.

Figure 8. The standard contact plane field on R3. Image reproduced
from [Sab09].

Definition 10.1.

(1) A Legendrian knot in R3 is an embedding

ϕ : S1
Ñ R3

such that ϕ is everywhere tangent to the contact plane field H, i.e.

ϕ1
ptq P Hϕptq @ t P S1.

(2) Two Legendrian knots L0 and L1 are said to be Legendrian isotopic if there
is a continuous family Lt of Legendrian knots starting at L0 and ending at L1.

3

Unlike smooth knots in R3, Legendrian knots are constrained to lie inside the twist-
ing, non-integrable plane field H, and therefore exhibit additional geometric rigidity.
However, as in the smooth category, reparametrizations of Legendrian knots remain
Legendrian.

3By the Contact Isotopy Extension Theorem (see Theorem 2.12 of [Etn05]), classifying Legendrian
knots up to Legendrian isotopy is equivalent to classifying them up to ambient contact isotopy, despite
the latter being a priori a stronger equivalence.

43D visualization available at: https://public.websites.umich.edu/~alexmw/LU.html

https://public.websites.umich.edu/~alexmw/LU.html
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Figure 9. A Legendrian unknot,4 with its front projection in back
and its Lagrangian projection below. The explicit parametrization is
pxptq, yptq, zptqq “

`

cosptq, sinp2tq,´2
3
sin3ptq

˘

. Image reproduced from
[Sab09].

To write down explicit equations of a Legendrian knot, we parametrize the knot as

ϕptq “
`

xptq, yptq, zptq
˘

,

and observe the condition:

ϕ is Legendrian ðñ αpϕ1
ptqq “ 0 @ t

ðñ z1
ptq ´ yptq x1

ptq “ 0 @ t.(5)

Assuming a mild genericity condition5, the y-coordinate is determined by the slope of
the projection onto the px, zq-plane:

(6) yptq “
z1ptq

x1ptq
if x1

ptq ‰ 0, and yptq “ lim
sÑt

z1psq

x1psq
if x1

ptq “ 0.

Definition 10.2. The projection of a Legendrian knot L to the px, zq-plane is called
the front projection of L. Explicitly, if L is parametrized by ϕ, the front projection
is the map

ϕΠ : S
1

Ñ R2
x,z

t ÞÑ
`

xptq, zptq
˘

.

Lemma 10.3 (Properties of front projection). Suppose L is a Legendrian knot satis-
fying the genericity condition in Footnote 5. Then its front projection ϕΠ satisfies:

(1) ϕΠ is a smooth immersion except at finitely many points (generalized cusps);
(2) The image of ϕΠ has a well-defined tangent line everywhere;

5Namely, that x1ptq vanishes only at finitely many points of S1.
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(3) The image of ϕΠ has no vertical tangent lines;
(4) At each self-intersection of ϕΠ, the strand with the higher slope has the higher

y-coordinate (“under strand”).

Proof. The properties follow from the smoothness of the original knot ϕ:

(1) By the genericity assumption, x1ptq vanishes finitely often. At points where
x1ptq ‰ 0, the map is an immersion. Where x1ptq “ 0, equation (6) implies
z1ptq “ yptqx1ptq “ 0. Thus, the derivative of the projection vanishes only at
these finitely many points (singularities).

(2) Since L is a smooth knot, yptq is a continuous function. By equation (6), the
slope of the curve in the px, zq-plane corresponds exactly to yptq. Since yptq
exists everywhere, the geometric tangent line is well-defined everywhere.

(3) The slope of ϕΠ at t is given by yptq P R. Since yptq is finite everywhere, the
slope is never infinite. Hence, there are no vertical tangent lines.

(4) Let the self-intersection occur at parameter values t1 ‰ t2. Since the knot is
embedded in R3, we must have ypt1q ‰ ypt2q. Since yptq is the slope of the front
projection, the strand with the larger slope corresponds to the larger y-value.

□

10.2. Flexibility of Legendrian Knots. The goal of this section is to show that
every smooth knot in R3 can be isotoped to a Legendrian knot. Recall that smooth
knots in R3 can be faithfully studied through their projections to 2-planes, called knot
diagrams. Furthermore, two smooth knots are smoothly isotopic in R3 if and only if
their knot diagrams can be related by a sequence of the three Reidemeister moves.

There is a parallel theory for Legendrian knots:

Theorem 10.4.

(1) Legendrian knots can be faithfully studied through front diagrams.
(2) Two Legendrian knots are Legendrian isotopic if and only if their front diagrams

can be related by a sequence of the three Legendrian Reidemeister moves.

Moreover, any knot diagram can be perturbed into a front diagram, establishing:

Corollary 10.5. Every smooth knot in R3 can be isotoped to a Legendrian knot.

Definition 10.6.

(1) A front diagram is a knot diagram in the px, zq-plane with the following mod-
ifications, motivated by Lemma 10.3:
(a) The diagram is smooth everywhere except at finitely many points (at least

two). At these non-smooth points, the diagram has a generalized cusp.6

6Formally, a generalized cusp is a singularity that is locally diffeomorphic to the map t ÞÑ pt2, t3q

around t “ 0.
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Figure 10. Knot dia-
gram of smooth unknot
and trefoil knot.

Figure 11. Front dia-
gram of Legendrian un-
knot and trefoil knot.

Figure 12. Smooth
Reidemeister moves.

Figure 13. Legendrain
Reidemeister moves.

(b) There are no vertical tangencies.
(c) At each crossing, the strand with the higher slope goes under the strand

with the lower slope.
(2) The three Legendrian Reidemeister moves are depicted in Figure 13.

Figure 14. Left: The front diagram of the Legendrian figure eight knot.
Right: Disallowed configurations in a front diagram.
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Remark 10.7 (Understanding the crossing rule, i.e. condition (c)). From Lemma 10.3,
we know that the strand with the higher slope has the higher y-coordinate. However,
we must consider the orientation of our axes. As shown in Figure 15, we view the
px, zq-plane such that the positive y-axis points away from the viewer (into the page).

Therefore:

Higher Slope ùñ Higher y ùñ Further Back ùñ Under Crossing.

Figure 15. Orientation of the axes: the y-axis goes under the px, zq-
plane.

Proof of Theorem 10.4.

(1) Lemma 10.3 shows that the front projection of any Legendrian knot is a front
diagram. In the other direction, given a front diagram, we can parametrize it
as pxptq, zptqq and recover the y-coordinate by defining it to be the slope:

yptq :“

#

z1ptq
x1ptq

if x1ptq ‰ 0,

limsÑt
z1psq

x1psq
if x1ptq “ 0.

We assume that front diagrams are regular enough that the limit above always
exists and yptq is continuous. Appealing to equation (6), we see that

ϕ : t ÞÑ pxptq, yptq, zptqq

is a Legendrian knot whose front projection gives the required front diagram.
(2) Neither direction of this part is easy (see [Świ92]). The most complex move

is the one involving the creation/cancellation of cusps. To aid intuition, Alex
Wright, with the help of ChatGPT, produced Example 9.13 and an animation
visualizing how these cusps are formed under Legendrian isotopy.7

□

Proof of Corollary 10.5. Any smooth knot diagram can be modified to a front diagram
by performing the following local perturbations:

(1) Perturb vertical tangencies into “zig-zags” (adding one cusps).
(2) At crossings where the slope rule is violated (i.e. higher slope goes over), perform

a local twist to restore the condition.

These modifications are depicted in the following figure. □

7Animation available at: https://public.websites.umich.edu/~alexmw/LR.html
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Figure 16. Modifying smooth knot diagram to a front diagram. Image
reproduced from [Etn05].

Remark 10.8. Note that there is a choice involved when modifying a smooth knot
diagram to a front diagram (specifically, the choice of where to add zig-zags). Different
choices may lead to inequivalent Legendrian knots starting from a single smooth knot
type (See rotation number in Definition 10.9).

10.3. Rigidity of Legendrian knots. By the definition of Legendrian knots, every
Legendrian knot is a smooth knot. This gives us a natural “forgetful” map:

"

Legendrian knots
up to Legendrian isotopy

*

ÝÑ

"

Smooth knots
up to smooth isotopy

*

.

In Subsection 10.2, we established that the above map is a surjection. We did this by
constructing a partial inverse:

"

Legendrian knots
up to Legendrian isotopy

*

ÐÝ

"

Smooth knot
diagrams

*

.

Furthermore, the three standard Reidemeister moves have Legendrian counterparts.
Despite this, the partial inverse does not descend to a well-defined map on smooth
isotopy classes. That is, we do not have an inverse:

"

Legendrian knots
up to Legendrian isotopy

*

ÐÝ̂

"

Smooth knot diagrams
up to equivalence

*

.

The fundamental reason for this failure is depicted in Figure 17. A smooth isotopy
(like pulling a string tight) can remove the “zig-zag” shown in the figure, but in the
Legendrian world, this zig-zag is rigid.
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Figure 17. The two segments on the left are smoothly isotopic (one can
be pulled straight), but on the right, the two are not Legendrian isotopic.

To understand why the two segments in the right of Figure 17 are distinct, recall
that a Legendrian knot is tangent to the contact plane field H. Consequently, as shown
in the figure below, we can define a canonical non-vanishing normal vector field to a
Legendrian knot ϕptq by picking vptq in Hϕptq orthogonal to ϕ1ptq. This is called the
Thurston–Bennequin framing of the knot.

Figure 18. Oriented Legendrian unknot and front projection along
with contact field and canonical non-vanishing normal vector field
(Thurston–Bennequin framing).

Drawing the contact plane field and normal vector field to the knot segments in
Figure 17, we see in the following figure that the two Legendrian knot segments are
not isotopic because they are not isomorphic as “ribbons,” i.e., the normal vector field
for the zig-zag knot segment twists around the knot by 2π while the normal vector
field for the straight knot segment has no twisting. Such rigidity of Legendrian knots
is captured by numerical invariants.

Definition 10.9 (Invariants of Legendrian Knots). A Legendrian knot L possesses
classical smooth invariants (like knot type). Further, it has many strictly Legendrian
invariants such as:

(1) The Thurston–Bennequin number, denoted tbpLq, measures the “twisting
of H around L”. It is defined as:

tbpLq :“ lkpL,L1
q
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Figure 19. Two knot segments along with contact field and canonical
normal vector field (Thurston–Bennequin framing).

where L1 is the push-off of L along the canonical normal vector field. Combina-
torially, for a front diagram:

tbpLq :“ wpLq ´
1

2
p# of cuspsq,

where wpLq is the writhe (the signed crossing number).

(2) For oriented Legendrian knots that are topologically null-homologous, the ro-
tation number, denoted rotpLq, is the winding number of the tangent vector
field ϕ1ptq (relative to a trivialization). Combinatorially, for an oriented front
diagram:

rotpLq :“
1

2

`

p# of down cuspsq ´ p# of up cuspsq
˘

.

Remark 10.10. To get a feeling for these invariants, observe that the above combina-
torial counts do not change under Legendrian Reidemeister moves depicted in Figure
13.

To see another form of rigidity of Legendrian knots, we turn to the projection of a
Legendrian knot in the px, yq-plane (See Figure 9).

Definition 10.11. The projection of a Legendrian knot L to the px, yq-plane is called
the Lagrangian projection8 of L. Explicitly, if L is parametrized by ϕ, the Lagrangian

8The terminology “Lagrangian projection” comes from the fact that dα|xy-plane, which is a sym-
plectic form, vanishes when restricted to πxypLq. This is more notable in higher dimensions.
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projection is the map

πxy : S
1

Ñ R2
x,y

t ÞÑ
`

xptq, yptq
˘

.

Lemma 10.12. For any oriented Legendrian knot, the signed area enclosed by the
Lagrangian projection in the px, yq-plane is exactly zero. In particular, the Lagrangian
projection cannot be a loop without self-intersections.

Proof. Let L be an oriented closed Legendrian knot parametrized by ϕptq “ pxptq, yptq, zptqq

for t P S1. Since L is a closed curve, the total change in the z-coordinate as we traverse
the entire knot must be zero. Therefore,

ż

S1

z1
ptq dt “ 0 .

Recall that Equation (5) for Legendrian knots gives:

z1
ptq “ yptqx1

ptq .

Next, Green’s Theorem says the signed area A enclosed by the Lagrangian projection
πxypLq in the px, yq-plane is given by the line integral:

A “ ´

¿

πxypLq

y dx “ ´

ż

S1

yptqx1
ptq dt “ ´

ż

S1

z1
ptq dt “ 0 .

□

Remark 10.13.

(1) The Lagrangian projection of the Legendrian unknot in Figure 9 has two loops
enclosing equal but opposite area.

(2) Using a similar calculation as above, note the Legendrian knot can be recovered
from its Lagrangian projection, up to translation along the z-axis9, using the
formula:

zptq :“ z0 `

ż t

0

ypsqx1
psq ds .

(3) Unlike the front projection, the Lagrangian projection is an immersion into the
px, yq-plane. This is because x1ptq and y1ptq cannot simultaneously be zero; if
they were, Equation (5) would force z1ptq to also be zero, violating the condition
that the Legendrian knot is embedded in R3.

11. Almost complex structure (02/12, YW, YD)

Reference: da Silva V.12-13.

9Notice that translation along the z-axis is a contactomorphism of pR3, αq.
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11.1. Almost complex structure.

Definition 11.1. Let V be a finite dimensional vector space over R. A complex struc-
ture on V is a linear map J : V Ñ V with J2 “ ´Id. We call pV, Jq a complex vector
space.

If V has a symplectic form Ω, then a complex structure J is compatible with Ω if
Gpu, vq :“ Ωpu, Jvq on V ˆ V is an inner product.

Remark 11.2. (1) G is symmetric if and only if ΩpJu, Jvq “ Ωpu, vq. Indeed, note

GpJu, vq “ ΩpJu, Jvq and Gpv, Juq “ Ωpv,´uq “ Ωpu, vq.

(2) If G is positive definite, then Ωpu, Juq ě 0 for all u. If for some u we have
Ωpu, Juq “ 0 then u “ 0.

Example 11.3. Consider pR2,Ωq with Ωpe, fq “ 1,Ωpe, eq “ Ωpf, fq “ 0. Define a
complex structure by

Jpeq “ f, Jpfq “ ´e.

One can check

(1) J2 “ ´Id,
(2) Ωpv, wq “ ΩpJv, Jwq, so G is symmetric,
(3) Ωpxe` yf, Jpxe` yfqq “ Ωpxe` yf,´ye` xfq “ x2 ` y2. This is the standard

inner product on R2.

Remark 11.4. (1) Generalizing the example above, any symplectic vector space
pV,Ωq has a compatible complex structure.

(2) The textbook shows that, given pV,Ωq and any inner product G0, we can canon-
ically get a complex structure J compatible with Ω. However, Ωp¨, J ¨q may not
recover G0. This is because, by Riesz representation theorem, we get a unique
linear operator I : V Ñ V such that G0p¨, ¨q “ Ωp¨, I¨q, but we don’t necessarily
have I2 “ ´Id, and if this is the case, then I ‰ J .

Definition 11.5. A Riemannian manifold is a pair pM, gq, where M is a manifold,
x ÞÑ gx is a smoothly varying family of inner products on TxM .

Definition 11.6. An almost complex structure on a manifold M is a smoothly varying
family x ÞÑ Jx P EndpTxMq, where J2

x “ ´Id for all x P M . The pair pM,Jq is called
an almost complex manifold.

Note that in the two definitions above, there is no symplectic form involved.

Example 11.7. Let M be a complex manifold. An almost complex structure Jx is
given by multiplication by i on TxM for any x P M . If an almost complex structure
arises in this way, we say it is integrable.

Example 11.8. When the real dimension of a compact manifold M is two, then by
uniformization, any almost complex structure is integrable. This is not true in higher
dimension.

Definition 11.9. Let pM,ωq be a symplectic manifold. An almost complex structure
J is compatible with ω if x ÞÑ gxpu, vq :“ ωxpu, Jvq is a Riemannian metric. We call
pω, g, Jq a compatible triple.
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An important insight due to Gromov is that, among all almost complex structures,
although integrability is rare, we can always find compatible ones, which suffice for
many purposes.

Proposition 11.10. Let pM,ωq be a symplectic manifold. Then there are (many)
compatible almost complex structures.

Proof. Skipped. (Put many Riemannian metrics on M and use Remark 11.4(2).) □

Next, we return to Moser’s equation (cf. Theorem 5.8). Recall that if we have
cohomologous symplectic forms rωts “ rω0s for, say, t P r0, 1s, then r d

dt
ωts “ 0, and so

there are smooth 1-forms µt such that dµt “ d
dt
ωt. Moser’s equation seeks a solution vt

in
ιvtωt “ ´µt.

Whereas before we wanted ωt to vary, so we could relate different symplectic forms,
now we want to fix ωt “ ω. Let us consider some special situations.

(1) The case when µt “ dht is exact is important. If this is the case, then the
flow generated by vt is called a Hamiltonian flow. (In textbook, this is called
an isotopy exactly homotopic to the identity.) The function ht is called the
Hamiltonian.

(2) If ht is independent of t, then so is vt. This special case is called autonomous.

Let pω, g, Jq be a compatible triple. For any u, we have

dhtpuq “ gpgradphtq, uq “ ωpgradphtq, Juq “ ωpJgradphtq,´uq.

Then Moser’s equation translates to

ωpvt, uq ` ωpJgradphtq,´uq “ 0.

Hence the solution can be explicitly written as

vt “ Jgradphtq.

Remark 11.11. Since

gpu, Juq “ Ωpu, J2uq “ Ωpu,´uq “ 0,

geometrically J rotates vectors by 90˝.

Example 11.12. In the autonomous case, we can consider level sets of ht “ h. Then
vt “ Jgradphq is tangent to level sets of h. That is to say, the flow generated by
vt preserves h. This fact admits a shorter proof, without knowing that the solution
to Moser’s equation v can be written as Jgradphq. This is because Dvh “ dhpvq “

´ιvωpvq “ ´ωpv, vq “ 0, hence h doesn’t change in the v-direction.

11.2. J-holomorphic maps.

Definition 11.13. Let pM1, J1q, pM2, J2q be two almost complex manifolds. A smooth
map ϕ : M1 Ñ M2 is called J-holomorphic if for any x P M1, we have

pDϕqx ˝ pJ1qx “ pJ2qϕpxq ˝ pDϕqx.

In particular, holomorphic maps are J-holomorphic.
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(1) If dimpM1q “ 2, this is called a J-holomorphic curve.
(2) A submanifold X of pM,Jq is almost complex if for all x P X, the subspace

TxX Ď TxM is Jx-invariant.

Lemma 11.14. If pM,ω, Jq is compatible and X is an almost complex submanifold,
then X is symplectic.

Proof. We need to show ωx|TxXˆTxX is non-degenerating at any x P X. For any 0 ‰ u P

TxX, we have ωxpu, Juq ą 0. Since Ju P TxX by assumption, we are done. □

Definition 11.15. Let pM,ωq be a symplectic manifold. If M is also a complex man-
ifold, and J is its associated integrable almost complex structure, and J is compatible,
then pM,J, ωq is a Kähler manifold.

Example 11.16. The projective space CPn with ω being the Fubini–Study metric is
Kähler. Any complex submanifold of a Kähler manifold is also Kähler.

11.3. More on the group Symp. By the correspondence between C1 neighborhood
of Id P SymppX,ωq and a neighborhood of the zero section in the vector space of closed
1-forms (cf. Lecture 7), and using the group structure to translate, we know:

Corollary 11.17. The topological group SymppX,ωq is locally path connected.

We define two subgroups of SymppX,ωq.

Definition 11.18. The subgroup Symp0pX,ωq is the identity component of SymppX,ωq.
Moreover, let HampX,ωq be the set of all ϕ P Symp0pX,ωq which admit a Hamiltonian
flow from the identity.

Remark 11.19. The set HampX,ωq is a subgroup, and is normal in Symp0pX,ωq.

We will also use the universal cover ČSymp0pX,ωq, which is also a topological group.

12. Flux (02/17, YD, JS)

Reference: [MS17, Chapter 10.2, Chapter 12.1 and Chapter 12.4] and [Eva23, Chap-
ter 1.1].

12.1. From Symplectomorphism groups to flux. Recall the symplectomorphism
groups defined in the last lecture:

HampX,ωq Ÿ Symp0pX,ωq Ď SymppX,ωq

We now introduce the flux homomorphism, which measures the difference between
HampX,ωq and Symp0pX,ωq. However, before that, there might be a well-definedness
problem if we just consider the map from Symp0pX,ωq. So we need to consider the
universal covering of it. Intuitively, different paths will result in different flux, even
if they have same start and end points. That is why we need to record not only the
endpoint, but also the homotopy class of the path.
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Definition 12.1. The universal cover ČSymp0pX,ωq is defined as the space of paths
starting at the identity, modulo homotopy with fixed endpoints:

ČSymp0pX,ωq “ tψ : r0, 1s Ñ Symp0pX,ωq | ψ0 “ idu { „

where ψ „ ϕ if they are homotopic relative to their endpoints.

Before defining the flux homomorphism, we must formally ensure that ČSymp0pX,ωq

is actually a group, so that we can talk about homomorphisms from it.

Theorem 12.2. ČSymp0pX,ωq is a topological group. For any two classes rtgtus and
rthtus, the group multiplication is defined geometrically via the concatenation and trans-
lation of paths.

pg ¨ hqt “

#

g2t, 0 ď t ď 1
2

g1 ˝ h2t´1,
1
2

ď t ď 1

This traces the path gt from id to g1, followed by the path ht translated by g1, arriving
at the final endpoint g1 ˝ h1.

Proof. Let Fsptq and Gsptq be homotopies such that F0 “ ϕ, F1 “ ϕ1, G0 “ ψ, G1 “ ψ1,
with fixed endpoints Fsp1q “ ϕ1 and Gsp1q “ ψ1, Fsp0q “ Gsp0q “ id Define the
concatenated homotopy Hs : r0, 1s ˆ r0, 1s Ñ Symp0pX,ωq as

Hsptq “

#

Fsp2tq, 0 ď t ď 1
2

ϕ1 ˝ Gsp2t ´ 1q, 1
2

ď t ď 1

Hsptq is continuous at the boundary t “ 1
2

Fsp2 ˆ
1

2
q “ Fsp1q “ ϕ1 “ ϕ1 ˝ id “ ϕ1 ˝ Gsp0q

And

H0ptq “ ϕψptq

H1ptq “ ϕ1ψ1
ptq

So, Hsptq is a homotopy from ϕψ to ϕ1ψ1, they are in the same homotopy class of path.

Then we check the existence of inverse. For gt P ČSymp0pX,ωq, ḡt “ g´1
1 ˝ g1´t is the

inverse. We can check this by:

g´1
0 “ g´1

1 ˝ g1 “ id

And

pgḡqt “

#

g2t, 0 ď t ď 1
2

g1g
´1
2t´1 “ g1g

´1
1 g2´2t “ g2´2t,

1
2

ď t ď 1

The path first goes from id to g1, then reverse back via the same path. Hence it is
homotopic to id.

pḡgqt “

#

g´1
2t “ g´1

1 g1´2t, 0 ď t ď 1
2

g´1
1 g2t´1 “ g´1

1 g2t´1,
1
2

ď t ď 1
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The path first goes from id to g´1
1 g0 “ g´1

1 , then reverse back via the same path. For
the same reason it is homotopic to id. Thus, ḡ is indeed the inverse of g.

□

Now, we can get into flux.

Definition 12.3. The flux homomorphism is defined as

Flux : ČSymp0pX,ωq Ñ H1
dRpX;Rq

Fluxprtψtusq “

ż 1

0

rιXtωsdt

where H1
dRpX;Rq denotes the first de Rham cohomology group of X and d

dt
ψt “ Xt ˝ψt

(so Xt is the time depending vector field generating the isotopy tψtu).

Theorem 12.4. Flux is well defined and

“ kerpFluxq “ HampX,ωq”

i.e.
ϕ P HampX,ωq ðñ D rtψtus P kerpFluxq s.t. ψ1 “ ϕ.

The equality comes from taking the time-1 maps.

Proof. We first verify that flux is well defined. Let tψtu and tϕtu be two homotopic
symplectic isotopies with fixed endpoints. We want to show

Fluxprtϕtusq “ Fluxprtψtusq.

Since the de Rham pairing

H1
pM ;Rq ˆ H1pM ;Rq Ñ R

detects cohomology classes, it suffices to prove that for every closed curve γ representing
a class rγs P H1pM ;Rq we have

xFluxprtϕtusq, rγsy “ xFluxprtψtusq, rγsy .

The de-Rham pairing is given by

xFluxprtϕtusq, rγsy “

B
ż 1

0

rιXtωs dt, rγs

F

“

ż 1

0

xrιXtωs, rγsy dt

“

ż 1

0

ˆ
ż

γ

ιXtω

˙

dt.

“

ż 1

0

ˆ
ż 1

0

ωpXtpγpsqq, 9γpsqqds

˙

dt

We claim the last integral is only depent on rγs and rtϕtus. Indeed, define β as follows:

β : R{Z ˆ r0, 1s Ñ M, βps, tq “ ϕ´1
t γpsq

Differentiating ϕβps, tq we obtain both
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‚ dϕtpβq
Bβ
Bs

“ 9γpsq

‚ ´dϕtpβq
Bβ
Bt

“ Xt ˝ ϕtpβps, tqq “ Xtγpsq

Thus, we can rewrite the integral above as
ż 1

0

ˆ
ż 1

0

ωpXtpγpsqq, 9γpsqqdsq

˙

dt “

ż 1

0

ˆ
ż 1

0

ωp´dϕtpβq
Bβ

Bt
, dϕtpβq

Bβ

Bs
qds

˙

dt,

and since ϕ˚ω “ ω, the right hand side is given by
ż 1

0

ż 1

0

ωp´dϕtpβq
Bβ

Bt
, dϕtpβq

Bβ

Bs
qdsdt “

ż 1

0

ż 1

0

ωp´
Bβ

Bt
,

Bβ

Bs
qdsdt “

ż 1

0

ż 1

0

ωp
Bβ

Bs
,

Bβ

Bt
qdsdt “

ż

R{Zˆr0,1s

β˚ω.

Moreover, as dω “ 0, by Stokes’ theorem it follows that

ż

R{Zˆr0,1s

β˚ω is invariant under

homotopies of β with fixed boundary. But the homotopies of β only depend on the
homotopies of γ and homotopies of ϕt with fixed boundary.

Now, to show “ kerpFluxq “ HampX,ωq”, begin by taking ϕ P HampX,ωq. Then
there exist a Hamiltonian isotopy ψ such that ψ1 “ ϕ, ψ0 “ id and dHt “ ιXtω, which
means ιXtω is exact; thus rιXtωs “ 0 and we see

Fluxprtψtusq “

ż 1

0

rιXtωsdt “ 0

Conversely, suppose rtψtus P kerpFluxq,

ż 1

0

rιXtωsdt “ 0 so the integral is exact, and

thus
ż 1

0

ιXtωdt “ dF

for some function F . We can construct a new isotopy ψ1, where

ψ1
t “

$

’

&

’

%

ψ2t, 0 ď t ď
1

2
,

ϕ 1´2t
F ˝ ψ1,

1

2
ď t ď 1.

satisfies
ż 1

0

ιX 1
t
ωdt “ dF ´ dF “ 0

since ω is non-degenerate
ż 1

0

X 1
tdt “ 0

We define:

Yt “ ´

ż t

0

X 1
sds

Let θst be the flow generated by Yt; we then have

Bsθ
s
t “ Yt ˝ θst θ0t “ id.
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Also, as Y0 “ Y1 “ 0, then θs0 “ θs1 “ id. Let ψ2
t “ θ1t ˝ ψ1

t. We can see that ψ2
0 “ id,

and ψ2
1 “ ϕ´1

F ˝ ψ1. Furthermore, notice

Fluxptψ2
t u0ďtďT q “ Fluxptθ1t u0ďtďT q ` Fluxptψ1

tu0ďtďT q

“ FluxptθsT u0ďsď1q `

ż T

0

rιX 1
t
ωs dt

“ rιYTωs `

ż T

0

rιX 1
t
ωs dt

“ 0.

This means from 0 to any time Flux is 0, which also means ψ2
t is an Hamiltonian isotopy,

we have that ψ2
1 “ ϕ´1

F ˝ψ1 is Hamiltonian. Because ϕF is Hamiltonian, then ψ1 is also
Hamiltonian, which completes our proof. □

This proof also gives us a picture of what flux looks like. The double integral mea-
sures the symplectic area swept out by that loop under the isotopy. In this sense, the
symplectic form ω serves as a natural tool for measuring how much a symplectic isotopy
moves a curve.

Figure 20. The Flux cylinder through a loop γ.

Example 12.5. Let T 2 “ R2{Z2 with ω “ dx ^ dy, and consider

ψtpx, yq “ px, yq ` pat, btq.

Then the generating vector field is

Xt “ 9at Bx ` 9bt By,

and hence
ιXtω “ 9at dy ´ 9bt dx.

Therefore
Fluxprψtsq “ pa1 ´ a0qrdys ´ pb1 ´ b0qrdxs.

Since dx and dy are not exact on T 2, if the isotopy has nonzero net displacement then
its flux is nonzero; thus it is not Hamiltonian.
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This example highlights that in general Symp0pX,ωq ‰ HampX,ωq.

12.2. Symplectic rigidity. One obvious observation is that for a symplectic manifold
pM2n, ωq, the symplectic form ω itself measures 2-dimensional quantities, while ωn

measures 2n-dimensional volume. We want to see which is more rigid.

Definition 12.6. In the symplectic space pM2n, ωq, we define the ball and the cylinder

‚ B2npRq :“ tpx, yq P R2n | |x|2 ` |y|2 ă R2u

‚ Z2npRq :“ tpx, yq P R2n | |x1|2 ` |y1|
2 ă R2u.

Note that Z2npRq only restricts the first symplectic coordinate pair px1, y1q, and is
unbounded in the remaining directions.

Throughout the course so far, we have seen several results that show how symplectic
manifolds can be quite similar, for instance at the local level. The upcoming theorem
is a result that goes in the other direction.

Theorem 12.7 (Gromov’s non-squeezing theorem). If there exists a symplectic embed-
ding

pB2n
prq, ω0q ãÑ pZ2n

pRq, ω0q,

then

r ď R.

Remark 12.8. We omit the proof here as it requires techniques beyond the scope of this
text. The proof refers to [MS17, Chapter 12.1 and Chapter 12.4]

Remark 12.9. This is trivial when n “ 1. The theorem is important for higher dimen-
sions.

Remark 12.10. The statement will be invalid if we use “volume-preserving embedding”
to replace “symplectic embedding” when n ą 1. For example,

px1, y1, . . . , xn, ynq ÞÑ

ˆ

x1
r{R

,
y1
r{R

,

´ r

R

¯
1

pn´1q

x2,
´ r

R

¯
1

pn´1q

y2,

. . . ,
´ r

R

¯
1

pn´1q

xn,
´ r

R

¯
1

pn´1q

yn

˙

is a volume-preserving embedding map for arbitrary r, R ą 0 so the theorem statement
doesn’t hold. This implies symplectic forms are more rigid than volume forms.
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Remark 12.11. The statement is false for Z2n
allpRq :“ tpx, yq P R2n | |x1|

2 ` |x2|
2 ă R2u.

For example,

px1, y1, . . . , xn, ynq ÞÑ

ˆ

x1
r{R

, y1pr{Rq,

x2
r{R

, y2pr{Rq,

. . . ,

xn, ynq

is a symplectomorphism since it preserves all dxi^dyi. This holds for arbitrary r, R ą 0,
which again contradicts the statement.

Definition 12.12. A symplectic capacity is a function

c : tsymplectic manifoldsu Ñ r0,8s

such that:

(1) Monotonicity: if there exists a symplectic embedding

pM1, ω1q ãÑ pM2, ω2q,

then

cpM1, ω1q ď cpM2, ω2q.

(2) Conformality: For λ ą 0,

cpM,λωq “ λ cpM,ωq.

(3) Non-triviality:

cpB2n
p1q, ω0q ą 0, cpZ2n

p1q, ω0q ă 8.

Remark 12.13. The third axiom (non-trivial) is essential. If one removes it, then trivial
examples such as the zero function and VolpM,ωq1{n would satisfy the remaining axioms.
Thus the third condition rules out invariants that are too coarse to detect symplectic
rigidity.

Remark 12.14. The non-squeezing theorem is equivalent to the existence of capacity
such that:

cpB2n
p1q, ω0q “ cpZ2n

p1q, ω0q

Remark 12.15. A modified capacity can be used to prove:

Theorem 12.16 (Eliashberg’s C0-rigidity theorem).

SymppM,ωq
C0

X DiffpMq “ SymppM,ωq.

This says that any diffeomorphism which is a C0 limit of symplectomorphisms is a
symplectomorphism.
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12.3. Mechanics. We now move to mechanics. Let pp, qq be the coordinates of R2 and
Hpp, qq be a smooth function.

Definition 12.17. We say a smooth path ppptq, qptqq satisfies Hamilton’s equation for
a Hamiltonian H if:

9p “ ´
BH

Bq
, 9q “

BH

Bp
p˚q

Let H be the energy, m be the mass, v be the velocity, p be the momentum and q be

the position. We know H “
p2

2m
is kinetic energy. Then p˚q becomes:

9p “ 0, 9q “ p{m “ v

This is exactly Newton’s first law. If we add some external force on it, for example, the
potential energy then,

H “
p2

2m
` Upqq

and p˚q becomes:

9p “ ´
BU

Bq
, 9q “ v

Notice the term ´BU
Bq

is the negative gradient of U , which is force. So actually this is

Newton’s second law. Then we check the energy

9H “
BH

Bq
9q `

BH

Bp
9p “ ´ 9p 9q ` 9q 9p “ 0

Hence, the energy is conserved.

13. Basics of Hamiltonian flows (02/19, AK, JS)

13.1. Orbits/periods of Hamiltonian flows. Reference: Evans Chapter 1.1, 1.2.
Recall that pp, qq form a coordinate system on R2 with Hamiltonian H : R2 Ñ R.

Hamilton’s equations for p “ pptq, q “ qptq are

9p “ ´
BH

Bq
, 9q “

BH

Bp
,

where the dot denotes time derivative. By the chain rule, we can show that the Hamil-
tonian is constant along the orbit of ppptq, qptqq:

9H “ 9p
BH

Bp
` 9q

BH

Bq
“ 0.

Example 13.1. [Harmonic oscillator] For a simple harmonic oscillator, the Hamiltonian
is given by

H1 “
1

2
pp2 ` q2q.

Then Hamilton’s equations are
9p “ ´q, 9q “ p.

The solution is
ˆ

pptq
qptq

˙

“

ˆ

cos t ´ sin t
sin t cos t

˙ˆ

pp0q

qp0q

˙
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which describes rotational motion with constant angular speed and period 2π.

Example 13.2. Consider the Hamiltonian

H2 “
a

p2 ` q2 “
a

2H1.

Then Hamilton’s equations are

9p “ ´
q

H2

, 9q “
p

H2

.

We know that H2 is constant along the orbit of ppptq, qptqq. The key point is that p 9p, 9qq
is the same as the example above with an additional factor of 1{H2. Hence the solution
becomes

ˆ

pptq
qptq

˙

“

ˆ

cospt{H2q ´ sinpt{H2q

sinpt{H2q cospt{H2q

˙ˆ

pp0q

qp0q

˙

.

Note that the orbits in this example have period 2πH2.

Theorem 13.3. If all level sets of H are periodic orbits (i.e. circles), then there exists
α : R Ñ R such that for the Hamiltonian α ˝ H, the orbits have period 2π.

From the point of view of this theorem, the two examples above are related by
H1 “ 1

2
H2

2 , so αpxq “ x2

2
.

Proof. Hamilton’s equation for α ˝ H can be derived as

9p “ ´
Bpα ˝ Hq

Bq
“ ´α1

pHq
BH

Bq
;

9q “
Bpα ˝ Hq

Bp
“ α1

pHq
BH

Bp
.

Replacing H with α ˝ H leads to replacing p 9p, 9qq with α1pHqp 9p, 9qq, i.e. ‘speed up’ the
velocity of the flow by α1pHq.

Let the period for the periodic orbit H´1pbq of the original flow be T pbq. For the new
flow its period is T pbq{α1pbq. Setting

αpbq “
1

2π

ż b

0

T pcqdc

gives us α1pbq “ 1
2π
T pbq, which implies that the new flow has period 2π. □

In general, periods can be tricky to compute explicitly. For instance, calculating the
period of a simple pendulum requires elliptic integrals. Here’s one useful expression for
the period that leads to a geometric interpretation of the period as symplectic area:

Theorem 13.4. In a one-parameter family of periodic orbits (circles) Ωb :“ H´1pbq of
a Hamiltonian flow, the period T pbq of Ωb is

d

db

ż

Ωb

p dq.
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Proof. For each orbit Ωb, we pick a new coordinate system so that q is valued in R{2πZ,
which allows us to write

Ωb :“ tppbpqq, qq : q P R{2πZu ,

where p “ pbpqq : R{2πZ Ñ R is a family of functions smoothly varying in b. The
period can be written as

T pbq “

ż

Ωb

dt “

ż 2π

0

dq

9q
“

ż 2π

0

dq

BH{Bp
.

Note that since Hppbpqq, qq “ b, differentiating each side by b gives us

BH

Bp

Bpb
Bb

“ 1

by the chain rule. Hence we have

T pbq “

ż 2π

0

Bpb
Bb
dq “

ż

Ωb

dp

db
dq “

d

db

ż

Ωb

p dq.

□

Remark 13.5. In the last result, we had

αpbq “
1

2π

ż b

0

T pcqdc

with T pbq “ 2πα1pbq. We replaced H with α ˝ H to get all periods of the new flow to
be equal to 2π. Note that the last result implies that

αpbq “
1

2π

ż

Ωb

p dq

up to a constant. Hence we have

αpb1q ´ αpb0q “
1

2π

ż

Ωb1
YΩb0

p dq “
1

2π

ż

Cb0,b1

dp ^ dq

by Stokes’ theorem, where Cb0,b1 is the cylinder bounded by Ωb0 and Ωb1 . If αpb0q “ 0,
then αpb1q is (1{p2πq times) the symplectic area of the cylinder. It follows that T pbq “

2πα1pbq, i.e. the period is proportional to the derivative of the area.

13.2. Back to symplectic forms. Given the 2-form ω “ dp ^ dq and vector field
V “ p 9p, 9qq, we have that

dH “
BH

Bp
dp `

BH

Bq
dq;

iV pωq “ iV pdp b dq ´ dq b dpq “ 9pdq ´ 9qdp.

Hence we have

iV pωq “ ´dH ðñ 9p “ ´
BH

Bq
, 9q “

BH

Bp
.

Recall that iV ω “ ´dH is how Hamiltonian flow is defined in Evans’ book.
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Definition 13.6. The solution VH to the equation iVHω “ ´dH is called a Hamil-
tonian vector field with Hamiltonian H. The flow ϕHt generated by the solution VH
is called the Hamiltonian flow generated by H.

The Hamiltonian flow leaves both the symplectic form and the Hamiltonian invariant:

pϕHt q
˚ω “ ω, pϕHt q

˚H “ H.

This is a simple check that can be done using Cartan’s magic formula:

d

dt
pϕHt q

˚ω “ pϕHt q
˚LVHω

“ pϕHt q
˚
piVHdω ` diVHωq “ pϕHt q

˚
p´ddHq “ 0.

One can similarly check that d
dt

pϕHt q˚H “ 0 via

LVHH “ iVHdH “ ´ωpVH , VHq “ 0.

Lemma 13.7. The Lie bracket of two Hamiltonian vector fields is another Hamiltonian
vector field given by

rVF , VHs “ VωpVF ,VHq.

Proof. We recall Cartan’s second magic formula:

LV ˝ iW ´ iW ˝ LV “ irV,W s.

Plugging in our vector fields, we obtain

irVF ,VH sω “ LVF iVHω ´ iVHLVFω “ LVF iVHω,
where the second term vanishes by LVFω “ 0 as ω is preserved. Now we are done by
applying Cartan’s first magic formula:

irVF ,VH sω “ LVF iVHω “ iVF ˝ dpiVHωq ` d ˝ iVF piVHωq

“ ´iVF ˝ dpdHq ` d ˝ iVF iVHω

“ 0 ` dωpVH , VF q “ ´dωpVF , VHq.

□

Definition 13.8. The Poisson bracket of functions F,H is defined by

tF,Hu “ ωpVF , VHq.

Corollary 13.9. Two Hamiltonian flows ϕFt and ϕHt commute if and only if d tF,Hu

is zero, i.e. tF,Hu is locally constant.

Recall that two flows commute if and only if the Lie bracket of the two generating
vector fields vanishes. The corollary above is a result in a similar vein, showing us that
two Hamiltonian flows generated by F and H commute if and only if their Poisson
bracket is locally constant.

But does ϕFt preserve H? For the flows to not only commute but also preserve each
other’s level sets, we must indeed have that the Poisson bracket is zero. This is justified
by the following calculation:
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Lemma 13.10.
d

dt
pF ˝ ϕGt q “

␣

G,F ˝ ϕGt
(

.

Proof. Note

d

dt

ˇ

ˇ

ˇ

ˇ

t“0

pF ˝ ϕGt q “ dF pVGq “ ´ωpVF , VGq “ ´ tF,Gu “ tG,F u .

□

14. Integrable Hamiltonian Systems (02/24, YW, AW)

Reference: [Eva23, Chapter 1.3–1.4].

14.1. Integrable Hamiltonian systems.

Definition 14.1 (Hamiltonian Rn-action). Suppose pX,ωq is symplectic, with a map

H “ pH1, . . . , Hnq : X Ñ Rn

satisfying tHi, Hju “ 0 for all i, j. Let VHi
the Hamiltonian vector field associated to

Hi. Assume that VHi
can be integrated for all t. We have an Rn-action on X by

t “ pt1, ¨ ¨ ¨ , tnq P Rn
ÞÑ ϕHt “ ϕH1

t1 ˝ ¨ ¨ ¨ ˝ ϕHn
tn .

This is called a Hamiltonian Rn-action.

For any x P X, we use the following notation to denote the orbit of x under this
action

Ωpxq “ tϕHt pxq : t P Rn
u.

Intuitively, X is foliated by level sets of H and the Rn action preserves all the leaves.

Example 14.2 (Non-Example). Let H “ pH1, H2q : R
2 Ñ R2 be given by

H1px, yq “ x, H2px, yq “ y,

and let ω “ dx ^ dy be the standard symplectic form on R2. From

ιVH1
pdx ^ dyq “ ´dx

it follows that

VH1 “
B

By
and ϕH1

t px, yq “ px, y ` tq,

which does not preserve level sets of H2. Similarly,

VH2 “ ´
B

Bx
and ϕH2

t px, yq “ px ´ t, yq,

which does not preserve level sets of H1. This is because

tx, yu “ ωpVH1 , VH2q “ pdx ^ dyq

ˆ

B

By
,´

B

Bx

˙

‰ 0.

Lemma 14.3. Suppose H : X Ñ Rn generates a Hamiltonian Rn-action. Then the
orbits are isotropic. Moreover, if H has a regular value, then n ď dimpXq{2.
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Proof. For any x P X, the tangent space TxΩpxq is spanned by tVH1 , . . . , VHnu, and by
the assumption on the action, ωpVHi

, VHj
q “ tHi, Hju “ 0. So Ωpxq is isotropic.

If Hpxq is a regular value for some x P X, then pdH1qx, . . . , pdHnqx are all linearly in-
dependent. Since the map H ÞÑ VH is linear, the vectors pVH1qx, . . . , pVHnqx are linearly
independent. So dimTxΩpxq “ n. Since Ωpxq is isotropic, we have n ď dimpXq{2. □

Corollary 14.4. If dimpXq “ 2n, all fibers of H : X Ñ Rn are connected, and
tHi, Hju “ 0 for all i, j, then each regular fiber of H is a Lagrangian and is a sin-
gle orbit.

Here, a fiber F of H is regular if H is regular at all points in F .

Proof. If b is a regular value of H, then H´1pbq is an n-dimensional submanifold of X.
Moreover, for any x P H´1pbq, the orbit Ωpxq is also an n-dimensional submanifold of
X. Because all Hi are constant on Ωpxq, we further have Ωpxq Ď H´1pbq and is open.
Since H´1pbq is connected, equality Ωpxq “ H´1pbq must hold. □

Definition 14.5. Let pX2n, ωq be a symplectic manifold. We say that a smooth map
H : X Ñ Rn is a complete commuting Hamiltonian system if

tHi, Hju “ 0 for all i, j.

We say that a complete commuting Hamiltonian system H is an integrable Hamiltonian
system if moreover:

(1) HpXq contains a dense open set of regular values,
(2) H is proper ( ùñ the flows are complete),
(3) H has connected fibers.

Remark 14.6. In light of Lemma 14.3, an integrable Hamiltonian system has as many
commuting conserved quantities as possible. Condition (1) rules out trivial examples,
e.g. when all Hi are constant, and condition (2) implies that the flows are complete.

Definition 14.7. LetH : X Ñ Rn generate a HamiltonianRn-action, and pick an open
subset B Ď HpXq. A local section over B is a map σ : B Ñ X such that H ˝ σ “ IdB.

Remark 14.8. If X is a family of genus one tori, then a choice of σ might be compared
to picking an origin to turn a family of genus 1 Riemann surfaces into a family of elliptic
curves.

Remark 14.9. Because H ˝σ “ IdB, the differential dH is surjective on σpBq, and hence
σpBq consists entirely of regular points.

Remark 14.10. Because the set of regular points is invariant under Rn-action, if each
fiber is a single orbit, then B consists entirely of regular values.

Definition 14.11. The period lattice at b P B is

ΛHb – tt P Rn : ϕHt pσpbqq “ σpbqu “ Stabpσpbqq Ď Rn.
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The period lattice is the bundle

ΛH “ tpb, tq P B ˆ Rn : t P ΛHb u.

The period lattice is standard if

ΛH “ B ˆ p2πZq
n.

The goal for the next few lectures is to make the period lattice for H standard by
post-composing it with a change of coordinates. In physics, this corresponds to the
existence of action-angle coordinates. In math, this is related to an integral affine
structure on B.

14.2. Translation surfaces. Lastly, we discussed an interlude, which is not related to
the content before. Let X be a Riemann surface, and ω be a holomorphic 1-form on
X, which locally can be written as ω “ fpzqdz. Let Σ be the set of zeros of ω. By
integration, for any p R Σ there is a local coordinate w near p such that ω “ dw near p.

Any two such local coordinates w1, w2 are equivalent if, on the overlap of their do-
mains of definition, we have dw2 “ T ˚pdw1q, where T is the transition map. Then
dT ” 1 and so T pw2q “ w2 ` c for some constant c P C. This means XzΣ is a
translation surfae. In particular, it admits a flat metric.

15. Liouville Coordinates (02/26, JZ, AK)

Reference: [Eva23, Chapter 1.4-1.6].
Recall from last lecture:

Definition 15.1. Let pX2n, ωq be a symplectic manifold. Then H : X Ñ Rn is a
complete commuting Hamiltonian system if tHi, Hju “ 0 for all i, j. It is an integrable
Hamiltonian system if moreover,

‚ HpXq contains a dense open set of regular values.
‚ H is proper and has connected fibers.

Remark 15.2. Recall from our discussion at the end of Lecture 13 that tHi, Hju “ 0
is equivalent to H1, . . . , Hn having commuting flows and these flows preserving each
other’s level sets.

The setup for what follows: Take open subset B Ă HpXq in Rn and a local section
σ : B Ñ X to H. Define

ΛHb “ tt P Rn : ϕtpσpbqq “ σpbqu,

ΛH “ tpb, tq P B ˆ Rn : t P ΛHb u.

The set ΛHb is called the period lattice at b. Note that this is just the stabilizer
Stabpσpbqq of the action. The set ΛH is called the period lattice, or the isotropy subgroup.
It makes more sense to think of ΛH as a bundle of lattices, with fiber ΛHb over the

point b P B. But Evans calls ΛH the period lattice, so this is the terminology we will
use. If ΛH “ B ˆ p2πZqn, we say ΛH is standard. In the next lecture, we will show
that we can always alter H, at least locally, so that ΛH is standard. The first step in
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showing this is proving the existence of Liouville Coordinates (known as action-angle
coordinates in physics).

Before we prove the existence of Liouville Coordinates in Theorem 15.10, we establish
the following facts about the period lattice at b:

Lemma 15.3. ΛHb consists of t P Rn such that ϕHt fixes every point of the orbit Ωpσpbqq.

Proof. Since Ωpσpbqq “ tϕHs pσpbqq : s P Rnu, we want to show ϕHt pσpbqq “ σpbq if
and only if ϕHt pϕHs pσpbqqq “ ϕHs pσpbqq for all s. One direction is trivial. Assuming
ϕHt pσpbqq “ σpbq, observe that

ϕHt pϕHs pσpbqqq “ ϕHs pϕHt pσpbqqq “ ϕHs pσpbqq

where we use ϕHt ˝ ϕHs “ ϕHt`s to swap ϕHs and ϕHt . □

Remark 15.4. If Ωpσpbqq is dense in H´1pbq, then ΛHb “ tt : ϕHt |H´1pbq “ idu.

The following lemma ensures our terminology makes sense.

Lemma 15.5. For all regular values b P B, ΛHb is a discrete subgroup in Rn.

Proof sketch. Since ΛHb “ Stabpσpbqq, it is automatically a subgroup of pRn,`q. Since
the flows ϕHi

t are smooth, it is a closed subgroup. So by general Lie group theory,
ΛHb – Rk ˆ Zl. It suffices to show there is no Rk part. Crucially, we need b to be a
regular value so that the VHi

are linearly independent. It follows that for small enough
values of t, but not t “ 0, each flow ϕHi

ti moves σpbq in an independent direction. This
implies that t “ 0 is an isolated point in ΛHb . Therefore ΛHb – Rk ˆ Zl for k ą 0 is
impossible. □

See Evans for a proof without Lie group theory, although the main idea is still to
show ΛHb X Bϵp0q “ t0u using that the VHi

are linearly independent.

Example 15.6. Recall Example 13.1, with H1 : R2 Ñ R, H1pp, qq “ 1
2
pp2 ` q2q. Let

B “ Rą0 and define the section σpbq “ p
?
2b, 0q. From the computation in Example

13.1, ϕH1
t pσpbqq “ p

?
2b cosptq,

?
2b sinptqq. Thus ΛH1 “ tpb, 2πkq : b P B, k P Zu “

B ˆ 2πZ — the period lattice is standard!

Example 15.7. Recall Example 13.2, with H2 : R2 Ñ R, H2pp, qq “
a

p2 ` q2. This

time, let B “ Rą0 and σpbq “ pb, 0q. We have ϕH2
t pσpbqq “ pb cospt{bq, b sinpt{bqq. Thus,

ΛH2 “ tpb, 2πbkq : b P B, k P Zu which is not standard.

Example 15.8. Here is a more involved example:
Consider some H : R2 Ñ R whose level sets are shown in the picture above. Let b0
be the value such that H´1pb0q are the two isolated points, and b1 the value such that
H´1pb1q is shaped like the 8 symbol. Neither b0 nor b1 are regular values, but all
other values of b are regular since the picture implies one of dHpBxq or dHpByq will be
nonzero.

For a specific example of this setup, let Hpx, yq “ y2 `px2 ´1q2, B “ Rą0, b0 “ 0 and
b1 “ 1. The fiber H´1pb1q is also called a separatrix, because it is the boundary that
“separates” the two different types of fibers. Namely, H´1pbq is either diffeomorphic to
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Figure 21. Level sets of a Hamiltonian system (left) and its correspond-
ing period lattice (right). Image reproduced from [Eva23, Figure 1.3].

one circle or two disjoint circles for all b ‰ b0, b1. The fiber H´1pb1q is the case that
occurs “in between”.

There are three types of orbits in this example. The first type are fixed points
(marked in a ‚ in the diagram). Then there are the two parts of the separatrix, i.e.,
the figure eight minus the center fixed point. One can check that the separatrices have
infinite orbits, i.e., by solving a differential equation, we find it takes infinite time to
go around one side of the 8 symbol. Finally, the closed loops inside or outside of the
separatrix are closed orbits.

15.1. Liouville Coordinates. Now we consider the special case where σ : B Ñ X is
a Lagrangian Section, meaning that the image σpBq is a Lagrangian submanifold in X.
As seen by the next theorem, this extra assumption gets us lots of mileage, ensuring
the existence of Liouville Coordinates, also known as Action-Angle coordinates.

First, note that the assumption that σ is Lagrangian can always be achieved, at least
locally:

Lemma 15.9. Let H : X Ñ Rn be an integrable Hamiltonian system. Then for any
regular point x P X, there exists a local Lagrangian section passing through x.

Theorem 15.10 (Liouville Coordinates). Let H : X Ñ Rn be an integrable Hamiltonian
system, B Ă Rn be an open set, and σ : B Ñ X be a local Lagrangian section. Define

Ψ: B ˆ Rn
Ñ X, Ψpb, tq “ ϕHt pσpbqq.

Then Ψ is both an immersion and a submersion and

Ψ˚ω “
ÿ

dbi ^ dti,

i.e., pbi, tiq
n
i“1 are standard symplectic coordinates on a neighborhood of σpBq.

Proof. We just need to compute that Ψ˚ω “
ř

dbi ^ dti. From this, it follows that Ψ
is an immersion and a submersion at all points p, as otherwise Ψ˚ω will be degenerate
at p.
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In order to show the 2-forms Ψ˚ω and
ř

dbi ^ dti are equal, we just need to show
they are equal as functions on pairs of tangent vectors. In other words, we must check
that the two 2-forms evaluate the same on the three different types of pairings, i.e., on
pBti, Btjq, on pBbi, Bbjq, and on pBbi, Btjq. This is a good exercise in understanding the
definitions. Argue as follows:

‚ On Bti, Btj: We have pΨ˚ωqpBti, Btjq “ ωpΨ˚pBtiq,Ψ˚pBtjqq. By definition of the
flows, Ψ˚pBtjq “ VHj

. So then

ωpΨ˚pBtiq,Ψ˚pBtjqq “ ωpVHi
, VHj

q ˝ Ψ “ tHi, Hju ˝ Ψ “ 0.

This matches how
ř

dbi ^ dti evaluates on Bti, Btj.
‚ On Bbi, Bbj: We have pΨ˚ωqpBbi, Bbjq “ ωpΨ˚pBbiq,Ψ˚pBbjqq. By definition of the
flows, Ψ˚pBbiq “ pdpϕHt q˝dσqpBbiq. Note that this vector is tangent to ϕ

H
t pσpBqq.

By assumption, σpBq Ă X is Lagrangian and since the Hi flows preserve the
symplectic form, it follows that ϕHt pσpBqq is also Lagrangian. So ω evaluated at
pairs of tangent vectors of ϕHt pσpBqq must vanish, i.e., ωpΨ˚pBbiq,Ψ˚pBbjqq “ 0.
Again, this matches how

ř

dbi ^ dti evaluates on Bbi, Bbj.
‚ On Bbi, Btj: We have

pΨ˚ωqpBbi, Btjq “ ωpΨ˚pBbiq,Ψ˚pBtjqq “ ωpΨ˚pBbiq, VHj
q “ dHjpΨ˚pBbiqq.

Unwrapping the chain rule, this is the same as dpHj ˝ΨqpBbiq. Since ϕ
H
t preserves

the level sets, we have pHj ˝Ψqpb, tq “ bj, so this is just dpbjqpBbiq “ δij. In total,
pΨ˚ωqpBbi, Btjq “ δij which is exactly how

ř

dbi ^ dti evaluates on Bbi, Btj.

This finishes the proof. □

Remark 15.11. The assumption that σpBq is Lagrangian is quite important in the proof!
At least locally, we can always find some σ satisfies this property. This is also an exercise
in Evans.

In total, this shows Ψ: pB ˆ Rn, ωstdq Ñ pX,ωq is a local symplectomorphism. It
follows from the theorem that

ΛH “ Ψ´1
pσpBqq Ă B ˆ Rn

is Lagrangian because Ψ preserves the symplectic forms and σpBq is Lagrangian.

Theorem 15.12 (Little Arnold-Liouville). Let H be an complete commuting Hamilton-
ian system and σ : B Ñ X be a local section. Then each orbit Ωpσpbqq is diffeomorphic
to Rk{Zk ˆ Rn´k for some k.

Proof. Use the orbit-stabilizer theorem. The stabilizer is ΛHb and the orbit is Ωpσpbqq,
and working locally we see that this bijection is actually a diffeomorphism. □

In particular, if H is a Hamiltonian integrable system, then every regular fiber over
B is a torus by compactness.

Remark 15.13. Since integrable Hamiltonian systems are proper, it follows that the
fibers are compact. In particular, if H is a Hamiltonian integrable system, then every
regular fiber over B is a torus by compactness. Note also that we did not need σ to be
a Lagrangian section here.
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Our next goal is to mimic Theorem 13.3, showing (possibly after shrinking B) that
there exists α : B Ñ C Ă Rn such that α ˝ H has the standard period lattice. We
will discuss a more conceptual reason for this fact, but one can also just write out the
equations and show some differential equation has a solution (this is what Evans does).
In the next lecture, we will show:

Theorem 15.14 (Action-Angle Coordinates). Let H be an integrable Hamiltonian sys-
tem over a disc with only regular fibers and let σ : B Ñ X be a Lagrangian section. Then
each point in the disc has a neighborhood B such that there exists a diffeomorphism
α : B Ñ C with standard Λα˝H .

Setting G “ α ˝ H, this says that pc, tq ÞÑ ϕGt pσpα´1pcqqq descends to a symplecto-
morphism

C ˆ Rn
{p2πZq

n
Ñ G´1

pCq “ H´1
pBq.

Later, we will say that G generates a Hamiltonian torus action. The Liouville (or
standard) coordinates associated to G are called action-angle coordinates, where ci “

αi ˝ H P C are the action coordinates and ti P R{2πZ are the angle coordinates.

Corollary 15.15 (Big Arnold-Liouville). If H :M Ñ Rn is an integrable Hamiltonian
system, then any regular fiber is a torus and has a neighborhood symplectomorphic to

pB ˆ T n,
n
ÿ

i“1

dbi ^ dtiq,

where B is an open disc in Rn. Under this symplectomorphism, the orbits of the original
system correspond to the tori tbu ˆ T n.

Conceptually, this can be understood as a version of the Weinstein tubular neigh-
borhood theorem that also keeps track of the group action on M . This will make more
sense after discussing how to naturally view B ˆ Rn as T ˚B in Lecture 17.

16. pG,Xq structures on manifolds (03/10, MN, YL)

A good reference for this lecture is [Gol22, Chapters 1 and 5].

Affine Structures on Manifolds.

Definition 16.1.

(1) The affine group of Rn is defined as:

AffpRn
q “ tx ÞÑ Ax ` b | A P GLpn,Rq, b P Rn

u .

(2) For U Ď Rn open and connected, φ : U Ñ Rn is called an affine map if any
one of the two equivalent conditions hold:
(a) φ is a restriction of an affine map, or
(b) pDφqx is constant for all @x P U and pDφqx is invertible.

(3) An affine structure on a manifold Mn is a (maximal) atlas of charts all of
whose transition functions are affine maps.10

10Some care must be taken if one is requiring maximality, since if one works with disconnected
charts one should use locally affine maps. This same comment applies later when we discuss pG,Xq

structures.
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(4) A constant 1-form on U Ď Rn is the exterior derivative, d, of a linear function.
Equivalently, in coordinates, constant 1-forms are those that can be expressed
as

ÿ

Cidxi

where the Ci’s are constant.

Lemma 16.2. Suppose φ : U Ñ V is a diffeomorphism between connected open subsets
of Rn. Then φ is affine if and only if φ˚ takes constant 1-forms to constant 1-forms.

Proof. Recall that

φ˚
pdxiq “

ÿ

j

Bφi
Bxj

dxj .

Lastly,

φ is affine ðñ Dφ is constant

ðñ φ˚
pdxiq is a constant 1-form

ðñ φ takes constant 1-forms to constant 1-forms

□

Corollary 16.3. Suppose M has an atlas of charts whose transition functions pull
back constant 1-forms to constant 1-forms. Then, this atlas gives an affine structure
on M . □

Example 16.4. A flat (0-sectional curvature) Riemannian manifold has an affine struc-
ture because the transition maps of a flat Riemannian manifold lies in IsompRnq and

IsompRn
q Ă AffpRn

q .

Remark 16.5. The previous example suggests that affine structures are a natural gen-
eralization of flat Riemannian structures. We can make this precise by noting that an
affine structure on M provides a globally consistent notion of “straightness” by model-
ing the manifold locally on Rm. More concretely, an embedded submanifold Nn Ă Mm

is considered “straight” (or an affine submanifold) if, within any local affine coordinate
chart, N coincides with a union of affine subspaces of Rm.

Definition 16.6. Analogous to Definition 16.1,

(1) The integral affine group of Rn is defined as:

AffZpRn
q “ tx ÞÑ Ax ` b | A P GLpn,Zq, b P Rn

u .

(2) An integral 1-form on U Ď Rn is the exterior derivative, d, of a linear function
with integral coefficients. Equivalently, in coordinates, integral 1-forms are those
that can be expressed as

ÿ

midxi

where the mi’s are integers.
(3) An integral affine structure on a manifold Mn is an atlas of charts all of

whose transition functions are integral affine maps. Alternatively, the transition
functions pullback integral 1-forms to integral 1-forms.
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Remark 16.7. An integral affine structure on a manifold M gives

(1) a canonical volume form d vol on M (assuming M is oriented11) by taking

d vol :“ dx1 ^ ¨ ¨ ¨ ^ dxn ,

in “oriented integral affine charts” ofM . This is well-defined because the deriva-
tives of the transition maps take values in

GLpn,Rq
`

X GLpn,Zq Ď SLpn,Rq .

(2) a notion of “rational directions” on M by taking v P TxM to be rational if

αpvq P Q @ integral 1-forms α .

(3) a notion of integral affine submanifolds N Ă M . Geometrically, N is an integral
affine submanifold if it looks locally “straight” and aligns with the integral
structure of M ; that is, within any integral affine coordinate chart, N coincides
with a union of integral affine subspaces12 of Rn.
Exercise: What are the integral affine submanifolds of Rn{Zn?

Example 16.8. Given A P GLpn,Zq and an invariant open subset Ω Ă Rn on which
xAy acts properly discontinuously such that the quotient is Hausdorff13, we have:

Ω{xAy

is a manifold with an integral affine structure. In the case n “ 2 we have three possi-
bilities:

(1) A is elliptic. For example,

A “

ˆ

0 ´1
1 1

˙

has order 6 and xAy{xA6y acts freely properly discontinuously on

Ω :“ R2
zt0u .

(2) A is parabolic. For example,

A “

ˆ

1 1
0 1

˙

11When M is not oriented, we only get a canonical density or a measure on M as non-oriented
manifolds do not admit global volume forms.

12A subspace W Ă Rn is integral if W is the span of integral vectors. An affine subspace H Ă Rn

is integral if H is a translation of an integral subspace by a real vector b P Rn. Alternatively, H is
an integral affine subspace if H can be defined by linear equations whose coefficients are all integral
except possibly the constant terms.

13To ensure the quotient space X{Γ of a properly discontinuous action is Hausdorff, the action must
satisfy an additional separation condition (proper action). Specifically, for any two points x, y P X
that do not lie in the same orbit, there must exist neighborhoods Ux of x and Uy of y such that
gpUxq X Uy “ H for all g P Γ. In the third example above, xAy acts properly discontinuously on
R2ztp0, 0qu, but the resulting quotient is not Hausdorff. Because of the hyperbolic dynamics of the
matrix A, if we pick one point on the expanding eigenline and another on the contracting eigenline,
any open neighborhoods around them will eventually be stretched and compressed into each other by
the group action.
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acts freely properly discontinuously on

Ω :“ tpx, yq P R2 : y ą 0u .

(3) A is hyperbolic. For example,

A “

ˆ

2 1
1 1

˙

acts freely properly discontinuously on

Ω :“ R2
z pEs Y Euq ,

where

Eu “ unstable generalized eigen-space

“ span

"ˆ

1`
?
5

2
1

˙*

Es “ stable generalized eigen-space

“ span

"ˆ

1´
?
5

2
1

˙*

.

Figure 22. Fundamental domains under the action of an elliptic, para-
bolic, and hyperbolic A on R2.

pG,Xq-structures on manifolds. An affine structure on a manifold M is a special
kind of geometry where the transition maps take values in AffpRnq. We can consider
other geometries on a manifold where the transition maps take values in a specified Lie
group G. Towards this, consider a manifold X and a Lie group G with an action

G↷ X

that is faithful14 and transitive. Pick a basepoint x0 P X and consider the orbit map:

ϕ : G Ñ X

g ÞÑ g ¨ x0 .

By the transitivity of the action, it follows that

G{Stabpx0q » X

14Recall that G acts on X faithfully if g “ e is the only element that acts as the identity on X.
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that is, X is a homogeneous space.

Example 16.9. Examples of pG,Xq:

‚ pAffpRnq,Rnq

‚ pIsompRnq,Rnq

‚ pIsompSnq, Snq

‚ pIsompHnq,Hnq

‚ pPGLpn ` 1,Rq,RP nq

‚ pPGLpn ` 1,Cq,CP nq

‚ pPSpp2g,Rq, hgq

Given a pair pG,Xq, we call X the model space and G the group of symmetries.

Remark 16.10. Notice that in all the examples above, G is a finite-dimensional Lie
group. One could also consider the pair pDiffeopMq,Mq, but that would be quite
different.

Definition 16.11. A pG,Xq-structure on a manifold M is an atlas of charts
tpUi, φiqu where the charts φi : Ui Ñ X take values in the model space X and the
transition maps φi ˝ φ´1

j are restrictions of action by elements of the group of symme-
tries G. The charts of such an atlas are called pG,Xq-charts.

Example 16.12.

(1) An affine structure is an pAffpRnq,Rnq-structure.
(2) An integral affine structure is a pGLpn,Zq ⋉Rn,Rnq-structure.
(3) A Riemannian manifold with constant curvature ´1 is an pIsompHnq,Hnq-structure.

A pG,Xq-structure on M gives rise to a developing map and a holonomy representa-
tion.

Lemma 16.13. Suppose M has a pG,Xq-structure.

(1) There exists a global developing map

dev : ĂM Ñ X

that is compatible with the pG,Xq-charts of M . That is, for any chart pφ,Uq

where U has a lift rU Ă ĂM , the two maps:

φ ˝ π : rU Ñ X

dev : rU Ñ X

are equal up to postcomposition by the action of G. Pictorially, see Figure 23.

(2) For any choice of dev : ĂM Ñ X, there exists a unique group homomorphism
called the holonomy representation:

ρ : π1pMq Ñ G

such that devpγ ¨xq “ ρpγq ¨devpxq for all γ P π1pMq and x P ĂM . In other words,
the developing map

dev : ĂM Ñ X
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Figure 23. Developing map and compatibility with pG,Xq-charts.

is equivariant with respect to the action of π1pMq on ĂM by deck transformations
and the action of π1pMq on X via the holonomy ρ.

Reference: Goldman Theorem 5.2.2.
Recall, in Riemannian geometry, a Riemannian manifold M is complete if geodesics

can be extended for all time.

Definition 16.14. A pG,Xq-structure is complete if the developing map dev: M̃ Ñ X
is a covering map (i.e. a global diffeomorphism if X is simply connected).

Example 16.15. Three examples of incomplete pG,Xq-structures along with their
developing maps and holonomy representations.

(1) The punctured plane, R2zt0u, with an pIsompR2q,R2q-structure:

‚ Let π : ČR2zt0u Ñ R2zt0u be the universal cover.

‚ dev: ČR2zt0u Ñ R2 is the same as π.
‚ ρ : π1pR2zt0uq Ñ IsompR2q is the trivial homomorphism.

(2) An open cylinder realized as the quotient

tx ą 0, y ą 0u{xAy

where A is the doubling map which in terms of matrices is

A “

ˆ

2 0
0 2

˙

.

This open cylinder has an pAffpR2q,R2q-structure:
‚ Let π : tx ą 0, y ą 0u Ñ tx ą 0, y ą 0u{xAy be the universal cover.
‚ dev: tx ą 0, y ą 0u Ñ R2 is just the open inclusion.
‚ ρ : π1ptx ą 0, y ą 0u{xAyq » xAy Ñ AffpR2q is just the inclusion of A P

GLp2,Rq into A P AffpR2q.
(3) A torus realized as the quotient

`

R2
zt0u

˘

{xAy

where A is again the doubling map. This torus has an pAffpR2q,R2q-structure:

‚ Let π : ČR2zt0u Ñ pR2zt0uq{xAy be the universal cover.
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‚ dev: ČR2zt0u Ñ R2 is the same as the developing map in the first example.
‚ ρ : π1ppR2zt0uq{xAyq Ñ AffpR2q is given by

π1ppR2
zt0uq{xAyq » xA, γy Ñ AffpR2

q

A ÞÑ A

γ ÞÑ Id

Here, γ is the element θ ÞÑ eiθ P pR2zt0uq{xAy.

Figure 24. Affine structures on open cylinder and torus obtained as a
quotient of action of A on quadrant and punctured plane.

Remark 16.16.

(1) Unlike Riemannian geometry, where compact Riemannian manifolds are always
complete, the third example above shows that compact affine manifolds are not
necessarily complete. To get a feeling for this, notice that the simple closed loop
γ P pR2zt0uq{xAy cannot be represented by a “straight” curve (affine submani-
fold).

(2) If the holonomy representation ρ is trivial, the equivariant map dev: ĂM Ñ X
becomes invariant under the action by deck transformations and descends to

dev: M Ñ X .

(3) If ĂM is compact and X is non-compact, then M does not admit any pG,Xq-

structure because the developing map dev: ĂM Ñ X would necessarily have
critical points and fail to be a local isomorphism. For example, Sn does not
have an affine structure.

Fact 16.17. A closed surface Σg of genus g ě 2 does not have an affine structure.

To get a sense of this, notice that the following polygon in R2 can be used to define an
(in fact, many) affine structure on Σ2ztpu. But somehow, this affine structure cannot
be extended over the corner point p.

17. Action-Angle Coordinates (03/12, YL, MN)

This lecture covers material from [Eva23, Section 1.6].
Book-keeping Fact: Recall that there is a bijection between flat connections on a

vector bundle E Ñ B and atlases of local trivializations ϕi : E|Ui
Ñ Ui ˆ Rn where

ϕi ˝ ϕ´1
j px, vq “ px,Aijvq for x P Ui X Uj, and Aij is a constant matrix.



INTRODUCTION TO SYMPLECTIC TOPOLOGY 71

Figure 25. The regular octagon along with a choice of affine identifica-
tion of the edges defines an affine structure on Σ2ztpu.

Remark 17.1. There is a map p˚q from affine structures on M to flat connections on
TM , defined by mapping an atlas of charts tpUi, ϕiqu where ϕj ˝ ϕ´1

i P AffpRnq to an
atlas of charts tpUi ˆ Rn, pϕi, Dϕiqqu. Note that the transition maps are:

pϕj, Dϕjq ˝ pϕi, Dϕiq
´1

“ pϕj ˝ ϕ´1
i , Dϕj ˝ pDϕiq

´1
q

“ pϕj ˝ ϕ´1
i , Dpϕj ˝ ϕ´1

i qq

where Dpϕj ˝ ϕ´1
i q is a constant matrix due to the affine nature of ϕj ˝ ϕ´1

i .
Furthermore, the map p˚q can be shown to be a bijection onto the torsion-free flat

connections.

Auslander Conjecture: Let M be a complete compact affine manifold. Then
π1pMq has a finite-index subgroup which is solvable.

Example 17.2. (Affine structures on the 2-torus) Take a quadrilateral in R2 where
at least one pair of opposite sides are parallel, and pick two affine transformations ϕ1, ϕ2

that map edges to their opposite edges while leaving the lines containing the adjacent
edges invariant. Identifying the edges of the quadrilateral using ϕ1 and ϕ2 defines an
affine manifold homeomorphic to the 2-torus. (The identification of the two parallel
edges has derivative that is a scalar multiple of the identity.)

Back to Evans Chapter 1:

Let pX2n, ωq be a symplectic manifold. A map H : X Ñ Rn is a complete com-
muting Hamiltonian system if tHi, Hju “ 0 for all i, j P t1, ..., nu.

If both of the following additional conditions are met, it is called an integrable
Hamiltonian system:

‚ HpXq has a dense open subset of regular values.
‚ H is proper (so that fibers are compact) and has connected fibers.

Given an integrable Hamiltonian system, fix an open subset B Ă HpXq with a
Lagrangian section σ : B Ñ X.
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The period lattice at b P B is defined as:

ΛHb :“ tt P Rn
| ϕHt pσpbqq “ σpbqu

Note that this is a discrete subgroup in Rn.
Define the global period lattice to be:

ΛH :“ tpb, tq P B ˆ Rn
| t P ΛHb u

The “Liouville local coordinate” is the map Ψ : B ˆ Rn Ñ X given by pb, tq ÞÑ

ϕHt pσpbqq. We have the relation:

Ψ˚ω “

n
ÿ

i“1

dbi ^ dti

B b

t ΛH

pb, tq

X

σpBq

Ψpb, tq

Figure 26. X viewed as quotient of B ˆ Rn by ΛH

Theorem 17.3. (Little Arnold-Liouville) Given an integrable Hamiltonian system,
each orbit Ωpσpbqq :“ tϕHt pσpbqq | t P Rnu, for b a regular value, is a torus, i.e., it is
diffeomorphic to Rn{Zn.

Theorem 17.4. (Action-Angle Coordinates) Let H : X Ñ B Ă Rn be an inte-
grable Hamiltonian system over a disc B with only regular fibers and with a Lagrangian
section σ. Then, for any b0 P B, there is a subdisc B0 Ă B and a diffeomorphism
α : B0 Ñ C Ă Rn such that if G “ α ˝ H, then ΛG “ C ˆ p2πZqn.

Corollary 17.5. The map pc, tq ÞÑ ϕGt pσpα´1pcqqq from C ˆ pRn{p2πZqnq to G´1pCq “

H´1pB0q is a symplectomorphism.

Proof. By definition, this map is a bijection, and as previously established, it is a local
symplectomorphism. □

Remark 17.6. The flows ϕGt and ϕHt have the same fibers and hence share the same
orbits. We can think of ϕGt as a reparametrization of ϕHt .

Proof of Theorem 17.4.

Pick sections τi : B Ñ B ˆ Rn such that 2πτ1pbq, . . . , 2πτnpbq form a Z-basis for
ΛHb Ă BˆRn at each b P B. This global frame exists because the disc B is contractible.
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Note that each image 2πτipBq is locally the preimage of the Lagrangian section
σpBq via the local symplectomorphism Ψ. Consequently, each τipBq is a Lagrangian
submanifold of B ˆ Rn.

Under the standard identification B ˆ Rn – T ˚B, each section τi naturally corre-
sponds to a 1-form ηi P Ω1pBq, given in local coordinates by

pηiqb :“
n
ÿ

j“1

pτiqjpbq dbj .

The condition that τipBq is a Lagrangian submanifold is exactly equivalent to the
condition that ηi is a closed 1-form.

B

σpBq

2πτ1pBq

2πτ 2pBq

Rn Rn Rn Rn

Figure 27. The n linearly independent Lagrangian sections (or images
of closed 1-forms in T ˚B) spanning the period Lattice over B.

Because B is a simply connected disc, these closed forms are exact. We can therefore
define the map α : B Ñ Rn using:

dαi :“ ηi ,

or equivalently as

αpbq :“

ˆ
ż b

b0

η1, . . . ,

ż b

b0

ηn

˙

.

Because the sections tτiu
n
i“1 span the fibers of B ˆ Rn, the 1-forms tpηiqb0uni“1 form a

basis for pT ˚Bqb0 . Thus, the components of dα are linearly independent at b0, meaning
there is a disc neighborhood B0 Ă B of b0 where α is a diffeomorphism from B0 to
αpB0q “: C.

Without loss of generality, we can set B0 “ B and let G “ α ˝ H. We now want to
show that ΛG “ C ˆ p2πZqn.
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Key Claim: If we view pc, tq as an element of T ˚C, then ΨGpc, tq “ ΨHpα˚pc, tqq.
Assuming the claim holds, we can compute the new period lattice directly:

ΛG “ tpc, tq | ΨG
pc, tq “ ΨG

pc, 0qu

“ tpc, tq | ΨH
pα˚

pc, tqq “ ΨH
pα˚

pc, 0qqu

“ tpc, tq | α˚
pc, tq P ΛHu

“ tpc, tq | α˚
pc, tq P spanZt2πη1, . . . , 2πηnuu

“ tpc, tq | α˚
p
ÿ

i

tidciq P spanZt2πη1, . . . , 2πηnuu

“ tpc, tq |
ÿ

i

ti ¨ α˚
pdciq P spanZt2πη1, . . . , 2πηnuu

“ tpc, tq |
ÿ

i

tidαi P spanZt2πη1, . . . , 2πηnuu

“ tpc, tq |
ÿ

i

tiηi P spanZt2πη1, . . . , 2πηnuu

“ C ˆ p2πZq
n □

Remark 17.7. The key idea in the preceding proof was to shift focus from the Hamilton-
ian H and the Lagrangian section σ to the cotangent bundle T ˚B and the period lattice
Λ Ď T ˚B spanned by closed 1-forms. Over a simply connected base, this manifests as
an equivalence of categories:

pB,X,H, σq ↭ pB,ΛBq ,

where the dictionary between them is given by:

ΛHb pX,ωq

B

Hσ

ΛBb pT ˚B{ΛB, ωstdq

B

π0

σ : Lagrangian section 0 : zero section (closed 1-form)

B ˆ Rn Ñ X :
Liouville local coordinates

B ˆ Rn – T ˚B Ñ T ˚B{ΛB :
quotient by lattice ΛB

ΛH “ spanZtZ-basisu
“ spanZtσi : B Ñ B ˆ Rn | n Lag secu

ΛB “ spanZtZ-basisu
“ spanZt2πτi | n closed 1-formsu

ϕHt : flow on X induced by
ω and H˚db1, . . . , H

˚dbn

ϕBt : flow on T ˚B{ΛB induced by
ωstd and π˚db1, . . . , π

˚dbn

Integral affine structure on B
induced by H

Flat torsion-free connection on T ˚B
induced by the local system ΛB
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18. Lagrangian Fibrations (03/17, JS, YW)

Reference: [Eva23, Chapter 1.6-2.2].
Last time, in the discussion of action-angle coordinates, we had the following.

Theorem 18.1 (Action–Angle coordinates). Let H : X Ñ B Ď Rn be an integral
Hamiltonian system with a Lagrangian section. Then, locally near a regular fiber, we
can find α : B Ñ C Ď Rn such that

Λα˝H
“ C ˆ 2πZn.

Set G “ α ˝ H.

Recall we have ΦHpb, tq “ ϕHt pσpbqq and ΦGpc, tq “ ϕGt pσpα´1pcqqq.
Key claim. If we view pc, tq P C ˆ Rn as an element of T ˚C, then

ΦG
pc, tq “ ΦH

`

α˚
pc, tq

˘

.

So it is natural to think of C ˆ Rn as T ˚C.

Proof of claim. It suffices to note that the usual definition

ΦH
pb, tq “ ϕHt pσpbqq

really only depends on
ř

tidhi as a 1-form, instead of the map H.
One way to write ϕHt is

ϕH1
t1 ˝ ϕH2

t2 ˝ ¨ ¨ ¨ ˝ ϕHn
tn ,

with Hi “ bi ˝ H; another way is (exercise in Evans) ϕ
ř

tiHi

1 . By definition, this is the
flow at t “ 1 in the vector field X solving

ιXω “ ´d
´

ÿ

tiHi

¯

“ ´H˚
´

ÿ

tidbi

¯

(by naturality)

Note that this only depends on
ř

tidhi. □

The following theorem is an analog of the orbit-stabilizer theorem.

Corollary 18.2 (Big Arnold–Liouville Theorem). For any integral Hamiltonian sys-
tem, any regular fiber has a neighborhood isomorphic to BˆT n, where T n “ Rn{p2πZqn.

More on the coordinate-free point of view: For any closed 1-form df on B (a disc), we
get a closed 1-form H˚pdfq “ dpf ˝ Hq on X. There is a map

tclosed 1-forms on Bu ÝÑ HampX,ωq p˚q

df ÞÝÑ ϕf˝H
1 .

Remark 18.3. Some people call this an “action of T ˚B on X.” That is, solve ιXpωq “

´H˚pdfq and then flow to time 1.
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The kernel of p˚q corresponds to

ΛH Ă B ˆ Rn
“ T ˚B.

Key fact:

The period lattice ΛH is standard ðñ kernel of p˚q is 2π spanZpdbiq p˚˚q.

(This is why we get integral affine structures.)

18.1. Lagrangian Fibrations.

Definition 18.4. A stratification of a topological space B is a filtration

H “ B´1 Ď B0 Ď B1 Ď ¨ ¨ ¨

where

B “
ď

i

Bi,

and

SdpBq :“ Bd ´ Bd´1;

this is a d-dimensional manifold (possibly H). We say B is n-dimensional if

Bn ‰ H, SdpBq “ H for d ą n.

The Si are called strata, and Sn is the top stratum.

Definition 18.5. Let pX2n, ωq be a symplectic manifold, and B be an n-dimensional
stratified space. A proper continuous map f : X Ñ B is a Lagrangian (torus)15 fibration
if

(1) f restricted to the preimage of the top stratum is a smooth submersion with
connected Lagrangian fibers.

(2) The other fibers are connected stratified spaces with isotropic strata.

We call Breg :“ SnpBq the regular locus pn “ dimBq.

Warnings.

(1) B is now very general (not always Ď Rn).
(2) Lagrangian torus fibrations need not be fibrations.

Definition 18.6. A Lagrangian fibration is regular if B “ Breg (Therefore, f is a
proper submersion with connected Lagrangian fibers).

Lemma 18.7. Let pX,ωq be a symplectic manifold. Suppose H : X Ñ R is a (Hamil-
tonian) function and L is a Lagrangian submanifold contained in a fiber H´1pcq. Then
L is invariant under ϕHt .

15We will see that the torus part follows from the conditions, so the two names are the same.
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Proof. H is constant on L Ď H´1pcq, so dHpwq “ 0 for all w P TL. By definition,

ιVH pωq “ ´dH.

So, if w P TxL,

ωpVH , wq “ pιVHωqpwq “ ´dHpwq “ 0.

Thus, VH is symplectically orthogonal to TL. Because L is a Lagrangian, we have
VH P TL. Since VH is tangent to L, the flow in VH preserves L. □

Lemma 18.8. Let pX2n, ωq be symplectic manifold and f : X Ñ Bn be a regular
Lagrangian fibration. Let b1, . . . , bn be local coordinates for B. Then

tbi ˝ f, bj ˝ fu “ 0 @i, j.

Proof. We have

tbi ˝ f, bj ˝ fu “ ω
`

Vbi˝f , Vbj˝f

˘

.

This is 0 since the fibers of f are Lagrangian and the Vbj˝f are tangent to the fibers by
the last lemma. □

We have thus obtained:

Corollary 18.9. The bi ˝ f are an integral Hamiltonian system.

So “f restricted to a coordinate chart” is an integral Hamiltonian system.

Corollary 18.10. The fibers are Lagrangian tori.

Next, we are going to see that there is an integral affine structure on the base.

Lemma 18.11. Suppose G : X Ñ Rn, H : X Ñ Rn are submersions defining integral
Hamiltonian systems with standard period lattices ΛH , ΛG, respectively.

Suppose φ : HpXq Ñ GpXq is a diffeomorphism (change of coordinates on the base)
and G “ φ ˝ H. Then φ is integral affine

i.e. Dφ P GLpn,Zq.

Proof. Proof 1. See Evans’ text.
Proof 2. From p˚˚q, the standard period lattice is related to

2π spanZpdbiq.

Therefore, φ˚ must pull back 2π spanZpdxiq to 2π spanZpdxiq.
Hence it pulls back integral 1-forms to integral 1-forms; whence φ is affine. □
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Corollary 18.12. If f : X Ñ B is a regular Lagrangian fibration, then B has a natural
integral affine structure.

Proof. We cover B by charts where f is an integral Hamiltonian system. Hence, we can
cover by charts where additionally the period lattice is standard. □

19. Torus actions and moment images (03/19, AK, JZ)

Reference: [Eva23, Chapter 3.1]
Recall that given a regular Lagrangian fibration f : X Ñ B, the base space B

inherits an integral affine structure. One question we should think about is whether
this structure depends on the choice of Lagrangian section σ : B Ñ X.

Theorem 19.1. Suppose we have regular Lagrangian fibrations f : X Ñ B, g : Y Ñ B
that give the same integral affine structure on B. If both fibrations have global La-
grangian sections, σ and τ , respectively, then there is a unique fibered symplectomor-
phism Φ : X Ñ Y such that Φ ˝ σ “ τ .

Proof. See [Eva23, Theorem 2.26]. □

Let T n “ pR{2πZqn be the n-torus. The Arnold-Liouville theorem states that under
suitable assumptions and after a suitable change of coordinates, the Rn-action gener-
ated by the Hamiltonian H factors through a T n-action. From here on, we will work
backwards, assuming that there is a global T n-action and analyze the critical points of
the Hamiltonian. From this viewpoint the Hamiltonian will also be called the moment
map.

We note that every T n-action gives a Rn-action, and conversely every Rn-action
with p2πZqn contained in its kernel gives a T n-action. The stabilizer of a point by a
Hamiltonian torus action can either refer to a subgroup of T n or its lift to Rn. We will
call both of them ‘stabilizers’ interchangeably.

Definition 19.2. Let H : X Ñ Rn be an integrable Hamiltonian system whose asso-
ciated Rn-action factors through T n (also known as a Hamiltonian torus action).
Then we call H the moment map for the torus action and denote it µ instead of H.

We also know from Theorem 19.1 that the image of the Hamiltonian sometimes
determines the integrable Hamiltonian system up to fibered symplectomorphism. This
motivates us to focus on the image µpXq of the moment map.

Definition 19.3. A symplectic 2n-manifold is a toric manifold if it admits a Hamil-
tonian T n-action. Moreover, µpXq is called the moment image or moment poly-
tope.

One also requires the action to be effective (no non-identity element acts trivially).

Example 19.4. Let us analyze the Hamiltonian torus action on the fibers of critical
points. Suppose the moment image µpXq is a closed (round) two-dimensional disc.
(This will lead to a contradiction.)



INTRODUCTION TO SYMPLECTIC TOPOLOGY 79

‚ Take a point p P BµpXq with vertical tangency, which implies that µ1 “ x1 ˝ µ
has a critical point at every point in the fiber µ´1ppq. Hence dµ1 “ 0 and the
flow ϕµ1t acts trivially on that fiber. On the other hand, since dµ2 is nonzero
at points in µ´1ppq, the action of ϕµ2t on the fiber is not trivial. Therefore, for
points in the fiber, their stabilizer contains the subgroup Re1 but is not all of
R2. Hence, the fiber is R2{pR ˆ 2πZq – S1, i.e., µ´1ppq is a circle.
Compare this to what happens to interior points of the moment image, where

the fibers are 2-tori with discrete stabilizers.

Figure 28. The fiber of p P BµpXq with vertical tangency is S1.

‚ Now suppose that q P BµpXq has an irrational tangent slope, say orthogonal to
p1,

?
2q. So µ1 `

?
2µ2 has a critical point at every point of the fiber µ´1pqq.

Hence dµ1 `
?
2dµ2 “ 0 and the stabilizer of a point on the fiber contains

R ¨ pe1 `
?
2e2q. Its image under the quotient map R2 Ñ T 2 is dense, and since

stabilizers are closed, the stabilizer under the T 2-action must in fact be all of
T 2. Thus, the stabilizer under the R2 action is all of R2. It follows that the
fiber µ´1pqq is just a single point.

On the other hand, traveling parallel to the tangent slope should result in
greatest change, i.e., dp´

?
2µ1 ` µ2q won’t be zero! Therefore we should still

expect the fiber to be a circle.

In reality, µpXq cannot be a disc, which can be explained by the contradicting de-
scriptions of the fiber µ´1pqq above. The Atiyah-Guillemin-Sternberg convexity the-
orem, which we will precisely state next lecture, tells us that the moment image is
always rational convex polytope. We won’t directly prove this fact, but the following
proposition provides some evidence for it.

Proposition 19.5. Let pX2n, ωq be a symplectic manifold and µ : X Ñ Rn be a moment
map for a Hamiltonian T n-action. Assume

δ : p0, 1q
n´1

Ñ BµpXq

is a smooth embedding with a smooth lift γ : p0, 1qn´1 Ñ X such that δ “ µ ˝ γ. Then
the image of δ is contained in an affine hyperplane of rational slope (α P Qn, c P R):

Φ “ tx P Rn
|α ¨ x “ cu .

Moreover, if z P µ´1pimpδqq, then Stabpzq “ Rα.
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Proof. The main claim is that a vector α “ pα1, ¨ ¨ ¨ , αnq normal to impδq Ă BµpXq is
proportional to a rational vector. Suppose for contradiction that it is not.

Figure 29. Boundary of moment map with normal vector α.

Fix a point b “ δptq and ball B around b. Take an affine function s : B Ă Rn Ñ R
such that ker s “ TbBµpXq and H “ s ˝ µ is locally minimized on µ´1pbq. So for
z P µ´1pbq we have 0 “ dHz “ dsb ˝ dµz.
Observe that H generates a R-action by tt ¨ pα1, ¨ ¨ ¨ , αnq : t P Ru Ă T n. Note that

this R-action fixes all points of the fiber µ´1pbq, for the same reason as demonstrated in
the example above. The stabilizer of any z P µ´1pbq is a closed subgroup of T n, so if α
is not rational, we have dimStabpzq ě 2. So we can pick two directions in the stabilizer,
for example Rxe1, e2y Ă Stabpzq. Then dµ1, dµ2 “ 0 on µ´1pbq and so rkpDµq ď n ´ 2.
Recall we assume the existence of a lift γ : p0, 1qn´1 Ñ X. So rkpδq ď n ´ 2, which

contradicts the assumption that δ is a smooth embedding. This proves the main claim.
It follows that α is constant (because it is continuous and takes values in a countable
set) and hence that impδq is a hyperplane.

□

Definition 19.6. A rational convex polytope of Rn is a finite intersection of half
spaces Sα,b “ tx P Rn|α ¨ x ď bu with α P Zn and b P R. We say that such a polytope is
Delzant if every point has a neighborhood integral affine equivalent to a neighborhood
of zero in r0,8qn´k ˆ Rk. Such a point is said to be in a k-face. A vertex is called
Delzant if the germ of the polytope at that vertex is Delzant.

Here is a simple example that demonstrates a unique feature of Delzant polytopes.
Let’s temporarily drop the integrality and call such polytopes R-Delzant (this is non-
standard terminology). In n “ 1 and n “ 2, all polytopes are R-Delzant. But for n “ 3,
take a cone where there are four 2-faces meeting at a cone point. Note that there is
no affine equivalence between a neighborhood of that cone point and a neighborhood
of the cone point of r0,8q3, where three 2-faces meet at the cone point. Hence this
3-dimensional cone is not R-Delzant.
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Figure 30. A three-dimensional polytope with a non-Delzant cone
point.

In the next lecture, we will continue with our effort of better understanding the
concept of Delzant polytopes by reintroducing the integrality condition.

20. Delzant Polytopes and examples (03/26, JS, YW)

Reference: [Eva23, Chapter 3.2-3.3].
We begin by recalling the following definition from the previous lecture.

Definition 20.1. A rational convex polytope P is a subset of Rn defined as the
intersection of a finite collection of half-spaces

Sα,b “ tx P Rn
| α ¨ x ď bu

with α P Zn and b P R.

We say such a P is Delzant if every point has a neighborhood isomorphic via an
integral affine map to a neighborhood of the origin in

r0,8q
n´k

ˆ Rk.

A vertex is called Delzant if the germ at that vertex is Delzant.

Figure 31. Non-Delzant Polygon P

Example 20.2. The polygon P above is not Delzant, because the vertex p0, 0q is not
Delzant. Indeed, the primitive integral vectors in the directions of the Z edges leaving
p0, 0q are p0, 1q and p2, 1q. Note that

spanZxp0, 1q, p2, 1qy “ tpa, bq P Z2
| a evenu
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is of index 2 in Z2. This index is invariant under the GL2pZq-action. This can also be
seen from the fact that the fundamental domain at this vertex has area

| det

ˆ

0 1
2 1

˙

| “ 2.

This area is also invariant under the GL2pZq-action. However, the vertex p0, 1q is
Delzant, as the primitive integral vectors in the two edge directions are p0, 0q, p0, 1q.
Similarly, we can also observe that p2, 1q is Delzant as well.

A fundamental result is the following:

Theorem 20.3. Let X be a compact toric manifold (a compact symplectic manifold
X2n with a Hamiltonian Tn action and a moment map µ : X Ñ Rn). Then

(1) (Atiyah–Guillemin–Sternberg convexity Theorem) The moment image ∆ :“ µpXq

is a Delzant polytope. Moreover, if X is compact, ∆ is the convex hull of
µpFixTnq.

(2) (Delzant Existence Theorem) Every compact Delzant ∆ arises in this way. More-
over, X can be taken to be a projective variety.

(3) (Delzant Uniqueness Theorem) The moment polytope determines the pair pX,µq

up to a fibered symplectomorphism.

We will not prove p1q or p3q although the arguments can be found in the standard texts,
and the proof of p2q will be discussed later on in the course.

Next, we consider the example pCn, ωq with ω “ dx1 ^ dy1 ` ¨ ¨ ¨ ` dxn ^ dyn. As a
warm up, let H “ 1

2
|z1|

2 “ 1
2
px21`y21q and V “ ´y1

B

Bx1
`x1

B

By1
Then dH “ x1dx1`y1dy1,

and we can verify that ιV ω “ ´dH. The flow of H corresponds to rotation in constant
angular speed. The image HpCnq is r0,8q.

More generally, we can work with µ : Cn Ñ Rn, where

µpz1, . . . , znq “
1

2

`

|z1|
2, . . . , |zn|

2
˘

.

The Hamiltonian flow is ϕµt pz1, . . . , znq “
`

eit1z1, . . . , e
itnzn

˘

. and the image is ∆ “

µpCnq “ r0,8qn.

Figure 32. n “ 1 Example
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Understanding toy examples is key:

‚ n “ 1: The moment map µ : C Ñ r0,8q is in the sketch above, where the circles
are 1 dimensional tori, and we have the degenerate circle corresponding to 0 in
the image.

‚ n “ 2: Here the preimages of the moment map µ : C2 Ñ r0,8q ˆ r0,8q behave
in a similar manner. Write b1, b2 for the axes in the image of the map, and note
that the preimage of a point on the positive b1-axis corresponds to a fixed radius
circle. Recall that if we restrict to the b1-axis, then we are back in the n “ 1
situation. Likewise, if we take a point in the interior of the plane, then one
would obtain a torus, and if p0, 0q in the image, this corresponds to the origin
C2.

Figure 33. n “ 2 Example

Remark 20.4. As we saw in these two initial examples, the critical values of µ are
the boundary of the polytope; they are stratified: e.g. dimension 0 corresponds to
points/vertices, dimension 1 corresponds to edges, and so on.

By definition, a Delzant polytope is locally isomorphic to Rk ˆ r0,8qn´k in a neigh-
borhood of a k-dimensional face. So, by Delzant uniqueness, this means the integral
Hamiltonian system in a neighborhood of a critical point on a k-dimensional face is
fibered isomorphic to

µ : Rk
ˆ pS1

q
k

ˆ Cn´k
Ñ Rn, µpp, q, zk`1, . . . , znq “

ˆ

p,
1

2
|zk`1|

2, . . . ,
1

2
|zn|

2

˙

.

The Rk ˆ pS1qk is the smooth part, whereas Cn´k is the singular part. If k “ n, then
this is precisely the action-angle coordinates. Additionally, in a neighborhood of 0 in
C, one obtains C Ñ R, where z ÞÑ 1

2
|z|2, and the corresponding Hamiltonian action is

rotation.

Example 20.5. Back to µ : C2 Ñ R2, where µpz1, z2q “ 1
2

`

|z1|2, |z2|
2
˘

. Let S3 be
tpz1, z2q : |z1|

2 ` |z2|
2 “ 1u Ď C2. What is µpS3q? As we can see in the figure below, it

lies over the diagonal. The image also illustrates that the center point in the diagonal
corresponds to a torus; moreover, the midpoint divides the diagonal into two segments,
each corresponding to solid tori, and the endpoints correspond to core circles in the
solid tori, as we had seen previously. The two solid tori glue to S3.
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Figure 34. µpS3q

Example 20.6. Consider pS2, ωq, where ω is the area form on unit sphere S2 Ă R3,
and µ : S2 Ñ R with µpx, y, zq “ z. Then the image is r´1, 1s. Below we have an
illustration of the map.

Figure 35. pS2, ωq example

Two nice exercises based on this example are:

(1) Exercise 1: µ is a moment map for a Hamiltonian S1 action, acting by rotating
the sphere horizontally.

(2) (Archimedes) If pa, bq Ă r´1, 1s, then Areapµ´1pa, bqq “ 2πpb ´ aq. In other
words, there is an area preserving map from the sphere with two poles removed
to a cylinder.

Example 20.7. A bit more generally, consider the generalization pS2, λωq, with µpx, y, zq “

λz. Note that Impµq “ r´λ, λs, and this generates the same circle action on S2.
Even more generally, consider pS2 ˆ ¨ ¨ ¨ ˆ S2,

ř

λipr
˚
i pωiqq , where pri is the natural

projection. Then

Impµq “
ź

i

r´λi, λis.
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Figure 36. µpS2 ˆ S2q and the collapsing fibration

21. Polytopes and Integral Affine Map (03/31, YD, YD)

The source for this lecture is [Eva23, Sections 3.3, 3.4].
Let’s recall from the last lecture, the Delzant polytopes correspond to compact toric

symplectic manifolds. Recall also the action-angle coordinates, in which ω “
ř

dbi^dti.
Then we have:

Corollary 21.1. If S Ă ∆ “ µpXq, then V olωpµ´1pSqq „ V olRnpSq.

This corollary tells us the symplectic volume of the preimage of the set is a constant
multiple of its Euclidean volume in the moment polytope

In this lecture, we will understand affine length and edge preimages.

Definition 21.2. If ℓ : r0, Ls Ñ Rn is a line segment of the form

ℓptq “ at ` b a P Zn, b P Rn

and assume a is primitive. Then we say ℓ is a rational line segment and define its affine
length to be L.

Example 21.3. Here the affine lengths of the edges are 1, 1, 2.

Figure 37

Remark 21.4. Thus the affine length is the length of the segment when it is parametrized
by a primitive vector.

Equivalently, after applying an integral affine map, it is the euclidean length of the
image segment when it starts at the origin and points in a coordinate direction.



86 INTRODUCTION TO SYMPLECTIC TOPOLOGY

Lemma 21.5. Suppose ℓ is a rational line segment whose image is an edge of the
moment polytope ∆ “ µpXq. Then µ´1pℓq is a symplectic sphere, and its symplectic
area is :

ż

µ´1pℓq

ω “ 2πL

where L is the affine length.

Proof. By Delzant uniqueness, the preimage of the edge is equivariantly symplectomor-
phic to the toric 2-manifold associated to a line segment of affine length L. Along the
interior of the edge, the fiber is S1, and this circle collapses at the two endpoints, so
the full preimage is a 2-sphere. Hence it is symplectomorphic to pS2, L

2
ωS2q, where ωS2

is the standard area form on S2 normalized by
ż

S2

ωS2 “ 4π.

Therefore,
ż

µ´1pℓq

ω “

ż

S2

L

2
ωS2 “

L

2
¨ 4π “ 2πL.

□

Example 21.6. Consider CPn and µ : CPn Ñ Rn defined by

µprz1 : z2 : ¨ ¨ ¨ : zn`1sq “

ˆ

|z1|2

|z|2
,

|z2|
2

|z|2
, ¨ ¨ ¨ ,

|zn|2

|z|2

˙

where |z|2 “
řn`1
i“1 |zi|

2. This has the Fubini-Study symplectic form. For pt1, t2, ¨ ¨ ¨ , tnq P

T n, we have:

pt1, t2, ¨ ¨ ¨ , tnq ¨ rz1 : z2 : ¨ ¨ ¨ : zn`1s “ reit1z1 : ¨ ¨ ¨ : eitnzn : zn`1s

The moment image is tpb1, ¨ ¨ ¨ , bnq P Rn|bi ě 0,
ř

bi ď 1u. For n “ 1, the moment
polytope is one-dimensional, hence it is a line segment. For n “ 2, it is two-dimensional,
and the inequalities b1 ě 0, b2 ě 0, and b1 ` b2 ď 1 describe a triangle. The situation
is similar for larger n.

Figure 38
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Example 21.7. The total space of the tautological bundle over CP1 is

Op´1q “ tpz1, z2, rz3 : z4sq P C2
ˆ CP1

|z1z4 “ z2z3u.

It has a map

π : Op´1q Ñ CP1, πpz1, z2, rz3 : z4sq “ rz3 : z4s.

The fiber of a point is the line corresponding to it. There is a symplectic form ωC2 ‘ωCP1

on C2 ˆCP1. We can pull it back to Op´1q, and since Op´1q is a complex submanifold,
the pullback i‹pωC2 ‘ ωCP1q is symplectic. And there is a Hamiltonian torus action:

pt1, t2qpz1, z2, rz3 : z4sq “ peit1z1, e
it2z2, re

it1z3 : e
it2z4sq

The associated moment map is

µpz1, z2, rz3 : z4sq “

ˆ

1

2
|z1|

2
`

|z3|
2

|z3|2 ` |z4|2
,
1

2
|z2|

2
`

|z4|
2

|z3|2 ` |z4|2

˙

Then the image is pb1, b2q with bi ě 0 and b1 ` b2 ě 1. Notice here the zero section is
b1 ` b2 “ 1.

Figure 39

Remark 21.8. This example is important because the map

p : Op´1q Ñ C2 ppz1, z2, rz3 : z4sq “ pz1, z2q

is a blow down map. To see this, for any point except the origin we have p´1pz1, z2q “

pz1, z2, rz1 : z2sq, but for the origin we have that p´1p0, 0q is the whole CP1.

Example 21.9. The moment polytope in 21.7 is integral affine equivalent to the mo-
ment polytope below.

p1, 1q

Proof. Consider the matrix:

A “

ˆ

1 0
1 1

˙

P GLp2,Zq.

Clearly this is an integral affine map and we have:
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‚ A

ˆ

0
1

˙

“

ˆ

0
1

˙

‚ A

ˆ

1
0

˙

“

ˆ

1
1

˙

‚ A

ˆ

1
´1

˙

“

ˆ

1
0

˙

This completes our proof. □

Example 21.10. For n ě 1, we can consider:

Op´nq “ tpz1, z2, rz3 : z4sq P C2
ˆ CP1

|z1z
n
4 “ z2z

n
3 u

It carries a Hamiltonian T 2-action whose moment image is integrally affine equivalent
to the polygonal region shown below. The compact horizontal edge corresponds to the
zero section, and the outgoing noncompact edge has primitive direction pn, 1q.

Figure 40

Example 21.11. For positive n, there is a picture of Opnq that is similar, but the
polytope is not compact and the map to the polytope is not proper (so does not give an
integrable Hamiltonian system). It is best thought of as a local picture near the edge.

Figure 41

Lemma 21.12. Let ∆ Ă R2 be a moment polytope. Then for any edge e, there exists
a neighborhood of µ´1peq fibered symplectomorphic to a neighborhood of the 0 section of
Op´nq, where n “ detprw, vsq

Figure 42
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Proof. Suppose v “ pa, 1q, w “ pb, 1q, e “ p1, 0q. Then detrw, vs “ b ´ a. We can
consider the matrix:

A “

ˆ

1 ´a
0 1

˙

It is an integral affine map, and we have

‚ Av “

ˆ

0
1

˙

‚ Aw “

ˆ

n
1

˙

‚ Ae “ e

This shows that the two local polytope neighborhoods are integrally affine equivalent.
Therefore, by Delzant uniqueness, their preimages are equivariantly fibered symplecto-
morphic. Thus a neighborhood of µ´1peq is fibered symplectomorphic to a neighborhood
of the zero section in Op´nq.

□

Example 21.13. [Non-Delzant polytope] Let µn be the group of n-th roots of unity.
Consider the action of µn on C2 given by

pz1, z2q ÞÑ pµz1, µ
az2q, gcdpa, nq “ 1.

The quotient

X “ C2
{µn

is not a manifold, but a symplectic orbifold with cyclic quotient type

1

n
p1, aq.

Its associated cone is generated by p0, 1q and pn, aq, which is non-Delzant when n ą 1.

Remark 21.14. The cone generated by p0, 1q and pn, aq is Delzant if and only if

det

ˆ

0 n
1 a

˙

“ ´n

has absolute value 1. Hence for n ą 1 the cone is not Delzant.

22. Symplectic Reduction (04/02, YD, ZH) ,

The sources for this lecture are [Eva23, Sections 4.1-4.3] and [Kar].
In this lecture, we study how a symplectic form can descend to a quotient after re-
stricting to a level set of a regular value of a Hamiltonian. This construction is called
symplectic reduction. We begin with the slice theorem (for a proof, see [Kar, page 3]).

Theorem 22.1 (The Slice Theorem). Let G ↷ M be a proper action of a Lie group
on a manifold. Let m P M and let H :“ Stabpmq. Consider

V “ TmM{TmpG ¨ mq
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as an H-representation. Then there exists an H-invariant neighborhood D of the origin
in V , a G-invariant neighborhood U of the orbit G ¨ m in M , and a G-equivariant
diffeomorphism

G ˆH D Ñ U

taking rpe, 0qs to m.

Remark 22.2. Note that if G “ S1, then proper is automatic.

We have the following setup: let pX,ωq be a symplectic manifold, and let H : X Ñ R
be a Hamiltonian. Suppose that ϕH2π “ id. Then the flow gives rise to an action of the
circle S1 “ R{2πZ on X. Let Mc :“ H´1pcq denote the level set of c. The level set Mc

is a submanifold of X when c is a regular value of H.

Definition 22.3. An action G ↷ X is called free if Stabpxq “ teu for all x P X. The
action is called effective if

Ş

xPX Stabpxq “ teu.

Remark 22.4. Free is much stronger than effective. Free means that no element of G
other than e can fix any point of M , whereas effective means that elements of G are
allowed to fix some (but not all) points of M pointwise.

Corollary 22.5. Let G↷M be a proper action of a Lie group on a manifold.

(1) If the action is free, then M{G is a manifold.
(2) If all stabilizers are finite, then M{G is orbifold.

Lemma 22.6. Suppose that H : X Ñ R generates an S1-action.

(1) The critical points of H are the fixed points.
(2) The level sets of H are preserved by the action.
(3) If x P Mc is a regular point, then

TxpMcq “ kerpdHxq.

(4) If v P TxpMcq satisfies ωpv, uq “ 0 for all u P TxpMcq, then v P spanpVHpxqq,
where VH is the Hamiltonian vector field at x.

Lemma 22.7. If c is a regular value of H, then Qc :“ Mc{S
1 is an orbifold.

Proof. By Lemma 22.6, since the S1-action on M preserves the levels sets of H, the
quotient Qc is defined.
By Corollary 22.5, it suffices to show that the stabilizer of every point x P Mc is

finite. If the stabilizer subgroup Stabpxq of x were S1, then we would have dHx “ 0,
but this would contradict the assumption that c is a regular value of H. Hence, Stabpxq

must be a proper subgroup of S1. We also have that Stabpxq is a closed subgroup of S1.
Since the only proper closed subgroups of S1 are of the form Z{kZ, the result follows.

□

22.1. Symplectic Reduction. We have that S1 acts on Mc. If this action is free,
then Mc{S

1 “: Qc is a smooth manifold. We now show that this quotient inherits a
symplectic form.
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Lemma 22.8 (Symplectic Reduction). Suppose that a Hamiltonian H : X Ñ R gen-
erates an S1-action, and that c is a regular value of H. For simplicity, assume that the
S1-action on Mc is free.

Let ic : Mc ãÑ X and p : Mc Ñ Qc be the inclusion map and quotient map, respectively.
There exists a unique symplectic form σ on Qc such that

i˚cω “ p˚σ.

We call pQc, σq the symplectic quotient or symplectic reduction of pX,ωq at level c.

Proof. We will prove that there exists a 2-form σ on Qc such that i˚cω “ p˚σ. We leave
it as an exercise to the reader to verify that σ is symplectic and that it is unique.

Suppose u, v P TxMc. We want to show that ωpu, vq depends only on p˚puq, p˚pvq P

TppxqQc (so that ωpu, vq “ σpp˚u, p˚vq for some 2-form on Qc). We will show this by
verifying that if ppxq “ ppx1q and u1, v1 P Tx1Mc with p˚pu1q “ p˚puq and p˚pv1q “ p˚pvq,
then ωpu, vq “ ωpu1, v1q.

Since x and x1 are in the same orbit, x1 “ ϕHt pxq for some t. Since p ˝ ϕHt “ p, we
have p˚pϕHt q˚ “ p˚ and so

p˚pv1
´ pϕHt q˚vq “ p˚pv1

q ´ p˚pvq “ 0.

Since kerpdpx1q “ Tx1pS1 ¨x1q “ spanpVHpx1qq “ is spanned by VHpx1q (here, we use that
TxpS1 ¨xq is one-dimensional and that VH is in TxpS1 ¨xq because the orbit S1 ¨x comes
from flowing x along ϕHt ), we have that

u1
´ pϕHt q˚u “ aVHpx1

q

for some a P R. Similarly,
v1

´ pϕHt q˚v “ bVHpx1
q

for some b P R. Therefore,
ωpu1, v1

q “ ωppϕHt q˚u ` aVH , pϕ
H
t q˚v ` bVHq

“ ωppϕHt q˚u, pϕ
H
t q˚vq ` ωppϕHt q˚u, bVHq ` ωpaVH , pϕ

H
t q˚vq ` ωpaVH , bVHq

“ ωpu, vq ` bdHpuq ´ adHpvq ` 0.

Since u, v P TxMc “ kerpdHxq, we have

bdHpuq “ adHpvq “ 0.

Thus, ωpu1, v1q “ ωpu, vq. □

Lemma 22.9. Suppose that G : X Ñ R Poisson commutes with H.

(1) The restriction G|Mc descends to a function

G : Qc Ñ R.
(2) The Hamiltonian vector field of G is

VG “ p˚pVGq.

(3) If G generates a Hamiltonian circle action on Mc, then G generates a Hamil-
tonian circle action on the symplectic quotient Qc.

We now describe symplectic reduction on CPn´1 and weighted projective space.
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Example 22.10. Let X “ R2n “ Cn with coordinates px1, y1, . . . , xn, ynq and the
standard symplectic form ω “

ř

i dxi^dyi. Consider the Hamiltonian H “ 1
2

ř

i x
2
i `y2i .

The corresponding Hamiltonian vector field VH is VH “ p´y1, x1, . . . ,´yn, xnq. This
generates an S1 action on X by rotating each xiyi-plane at constant angular speed. If
c ą 0, Mc is a sphere of radius

?
2c and the symplectic quotient is

Mc{S
1

“ S2n´1
{S1

“ CPn´1.

If c “ 1, the symplectic form on CPn´1 is called the Fubini-Study form (the symplectic
form is normalized so that CP1

Ă CPn´1 has area 2π).

Example 22.11 (Weighted Projective Space). Fix pa1, a2, . . . , anq P Zną0. Consider the
Hamiltonian

H : Cn
Ñ R

pz1, z2, . . . , znq ÞÑ
1

2

n
ÿ

k“1

ak|zk|
2

This generates the S1 action

t ¨ pz1, . . . , znq “ peia1tz1, . . . , e
iantznq

The symplectic quotient Mc{S
1 is an orbifold called the weighted projective space

Ppa1, a2, . . . , anq. The point whose coordinates are non-zero only in the k-th coordi-
nate has Z{akZ as its stabilizer. If gcdpai, ajq “ 1 for all i ‰ j, then these points are
the only orbifold points.

22.2. Symplectic Cut. We illustrate the idea of the (naive) definition of the symplec-
tic cut with the following example.

Example 22.12. Consider the cylinder X “ RˆS1 with symplectic form ω “ dp^dq,
where p and q are the coordinates on R and S1 respectively. The Hamiltonian

H : X Ñ R
pp, qq ÞÑ p

generates a (free) circle action which rotates the S1 factor. The symplectic reduction
at any level c is a single point, so if we only quotient H´1pcq by this circle action, the
space we get is the cylinder “pinched” at level c. This pinched cylinder is the union of
two symplectic disks XHďc and XHěc whose intersection is H´1pcq{S1 (see Figure 43).

Definition 22.13 (Naive definition of the symplectic cut). If a Hamiltonian H gener-
ates an S1 action, then the symplectic cut at (a regular value) c is

H´1
ppc,8qq Y pH´1

pcq{S1
q.

The naive definition does not make it clear that the result is a manifold (or orb-
ifold), and does not show the result has a symplectic form. The following rather clever
definition addresses these issues.
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Figure 43. The symplectic cut of a cylinder

Definition 22.14 (Actual definition of the symplectic cut). Let pX,ωq be a symplectic
manifold and suppose that H is a Hamiltonian generating a circle action. Let c be a
regular value for which the circle action on H´1pcq is free.
Consider X ˆ C with symplectic form ω ` dp ^ dq (where ξ :“ p ` iq P C). Define

the Hamiltonian

pHcpx, ξq “ Hpxq ´ c ´
1

2
|ξ|

2.

The Hamiltonian pHcpx, ξq generates a circle action on X ˆ C by sending px, ξq to

pϕHt pxq, e´itξq. The symplectic cut of X at level c is defined to be pH´1
c p0q{S1.

Note

‚ pH´1
c p0q “ tpx, ξq : Hpxq ´ 1

2
|ξ|2 “ cu.

‚ ProjXp pH´1
c p0qq “ tx : Hpxq ě cu.

‚ If ξ ‰ 0, the circle action kills ξ.
‚ If ξ “ 0, the circle action really quotients H´1pcq.

The actual definition of the symplectic cut works very nicely and realizes the naive
definition of the symplectic cut.

23. Symplectic cuts and focus-focus singularities (04/07, ZH, YD)

The sources for this lecture are [Eva23, Sections 4.4, 4.5, 5.1, and 6.1], however note
that unlike Evans our matrices act from the left.
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We begin with the following meta-example: Suppose X is a toric manifold and
µ : X Ñ Rn is the moment map with moment image ∆ “ µpXq. Pick an integral
linear map s : Rn Ñ R and take H “ s ˝ µ. If we symplectically cut at level c, where c
is a regular value of H, the result is still toric and the moment image is

tx P ∆ : spxq ě cu.

Figure 44

Exercise: We need s to be integral linear so that H “ s ˝ µ generates an S1-action.
This implies the following existence theorem:

Theorem 23.1. Any convex rational polytope ∆ occurs as the moment image of a toric
Hamiltonian system (on a possibly singular space).

Example 23.2. Suppose X is Cn and Hpzq “ 1
2

řn
i“1 |zi|

2. The symplectic reduction
at level c ą 0 is CP n´1. If we instead do the cut at c, we get a toric manifold with
image

tpb1, . . . , bnq P Rn
ě0 :

n
ÿ

i“1

bi ě cu,

where bi “ 1
2
|zi|

2. This is the symplectic blow-up of X in the ball

Bc “ tz P Cn : |z|
2

ď 2cu.

Figure 45

We can use this symplectic blowup to desingularize. We will describe how to desin-
gularize the space from Example 21.13 by resolving the singularity of this space at the
origin (for more details, see [Eva23, Example 4.30]).
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Example 23.3. Consider the cyclic quotient singularity 1
n

p1, aq from Example 21.13.
Here, n ě 2, 0 ă a ă n, and gcdpa, nq “ 1. Its moment image πpn, aq is the convex
cone in the plane generated by p0, 1q and pn, aq (see Figure 46).

Figure 46. The moment image πpn, aq

Since n ě 2 and gcdpa, nq “ 1, the origin is a non-Delzant vertex of the moment
image and we can desingularize this vertex as follows. We symplectically cut along a
horizontal slice at level c ą 0 to obtain a polygon π̃pn, aq that has two vertices (see
Figure 47): a Delzant corner (on the left side) and another corner (on the right side)
that might not be Delzant.

Figure 47. The polygon π̃pn, aq obtained from symplectically cutting

We can apply a matrix M in GL2pZq to the primitive integral vectors in the two
edge directions (p´1, 0q and pn, aq) coming from this vertex to put these two primitive
integral vectors in the form p0, 1q and px, yq for a certain px, yq (we will clarify what
exactly px, yq should be soon). More specifically, we want to construct M “ p A B

C D q so
that

ˆ

A B
C D

˙ˆ

´1 n
0 a

˙

“

ˆ

0 x
1 y

˙

.

Since the left-hand side is equal to
ˆ

´A An ` Ba
´C Cn ` Da

˙

,

we should have that A “ 0 and C “ ´1. Therefore, the matrix
ˆ

´A An ` Ba
´C Cn ` Da

˙

,
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simplifies to
ˆ

0 Ba
1 ´n ` Da

˙

.

Set B to be 1 and D to be rn
a

s. We have that ´n ` Da is the unique integer in r0, aq

congruent to ´n pmod aq and we denote this integer by “ ´ n pmod aq”. As a result,
we have

ˆ

x
y

˙

“

ˆ

a
“ ´ n pmod aq”

˙

.

To summarize, by applying a symplectic cut to πpn, aq horizontally at a level above
the singularity, we obtain a new polygon π̃pn, aq consisting of a Delzant corner and
another corner that can be modeled by 1

a
p1, “´n pmod aq”q. This second corner might

not be Delzant, but we can repeat this procedure applying a symplectic cut to π̃pn, aq

horizontally. From it, we get a decreasing sequence of positive integers, and so this
procedure must eventually terminate.

In particular, this procedure replaces one non-Delzant vertex with finitely many
Delzant vertices and we get a Delzant polygon. The sequence of positive integers we
get is related to the continued fraction expansion of a

n
, although the continued fraction

expansion of a
n
that we get here is slightly non-standard. In addition, we get a chain

of symplectic spheres, corresponding to the edges of this Delzant polygon, and whose
self-intersection numbers can be understood through this continued fraction expansion.

23.1. Brief scan of Chapter 5 of [Eva23]. Suppose we have the same setup as before.
One can ask:

Question 23.4. What Lagrangians can I “see” from the setup?

The most obvious answer is the fibers, but it is possible to carefully mix fiber and
base directions while still being Lagrangian. But the nicest way to do this is constrained
as follows.

Theorem 23.5 ([Eva23, Theorem 5.1]). Consider the integrable Hamiltonian system

H : Rn
ˆ T n Ñ Rn

pp, qq ÞÑ p

and the symplectic form on Rn ˆ T n is
ř

i dpi ^ dqi. Let L Ă Rn ˆ T n be a Lagrangian
submanifold. Suppose H|L : L Ñ Rn factors as H|L “ f ˝g, where g : L Ñ K is a bundle
over a k-dimensional manifold, with k ă n and with compact fibres, and f : K Ñ Rn is
an embedding (so K – fpKq). Then K – fpKq Ă Rn is contained in a k-dimensional
affine linear subspace of Rn which is rational with respect to the lattice p2πZqn.

Definition 23.6. Lagrangians which project this way are called visible Lagrangians.

Example 23.7. Consider X “ R2ˆT 2 with coordinates pp1, p2, q1, q2q. The Lagrangian
embedding

i : R ˆ S1
Ñ X

ps, tq ÞÑ ps, 0, 0, tq
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is visible for the projection pp, qq ÞÑ p by composing the bundle map

g : R ˆ S1
Ñ R

ps, θq ÞÑ s

with the embedding

f : R Ñ R2

s ÞÑ ps, 0q.

The Lagrangian torus

j : S1
ˆ S1

Ñ X

ps, tq ÞÑ psinpsq, 0, s, tq

is also visible for this projection map: the Lagrangian torus projects to r´, 1, 1s ˆ t0u

and we have a bundle over p´1, 1q ˆ t0u (the preimage over a point in p´1, 1q ˆ t0u is
a pair of circles).16

23.2. Focus-Focus singularities. We now briefly mention focus-focus singularities
(we will say more about this in the next lecture).

Example 23.8 (standard focus-focus system). Consider the following pair of Hamil-
tonians on pR4, dp1 ^ dq1 ` dp2 ^ dq2q:

F1 “ ´p1q1 ´ p2q2

F2 “ p2q1 ´ p1q2.

If we use the (non-compatible) complex coordinates

p “ p1 ` ip2, q “ q1 ` iq2, F :“ F1 ` iF2

then (check) F “ ´p̄q.

Lemma 23.9 (Exercise). F1 and F2 generate the following flow

ϕF1
t pp, qq “ petp, e´tqq, ϕF2

t pp, qq “ eitpp, qq.

In addition, the Hamiltonians F1, F2 Poisson commute.

We can understand the ϕF1-flowlines and the ϕF2-flowlines via an auxiliary map (that
is not the moment map) pp, qq ÞÑ p|p|, |q|q (see Figure 48). The orbits of ϕF1 map to
hyperbolas. The ϕF2 orbits project to points.

24. Focus-focus singularities and monodromy (04/09, AK, JZ)

Reference: [Eva23, Section 6.3], [Sym02, Section 2.3].

16Technically, the projection of the Lagrangian torus to r´1, 1s ˆ t0u is not a bundle. The issue
of the projection map to r´1, 1s ˆ t0u not being a bundle stems from the fact that in the map S1 Ñ

r´1, 1s, s ÞÑ sinpsq, the preimage of x P r´1, 1s is two points except when x “ ˘1.
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Focus-focus singularities. Recall the standard focus-focus system pR4, dp1 ^ dq1 `

dp2 ^ dq2q with complex coordinates p “ p1 ` ip2, q “ q1 ` iq2. We have Hamiltonians
F1 “ Rep´p̄qq and F2 “ Imp´p̄qq which generate the following flows:

ϕF1
t pp, qq “ petp, e´tqq, ϕF2

t pp, qq “ eitpp, qq.

Figure 48. Plot of |p|, |q| coordinate plane. The hyperbolae are flow
lines of ϕF1 .

Note that on the |p|, |q| coordinate plane, the flow generated by F1 moves points
along the hyperbolae |p| ¨ |q| “ c, while the flow generated by F2 fixes every point. The
orbits along the axes above look like a cylinder with its center circle pinched to a point:

Figure 49. Orbits of points on the coordinate axes.

Note that the orbits of points on the coordinate axes form a pinched cylinder. The
central point x (pink) is completely fixed by both flows. The flow generated by ϕF2

rotates, whereas the flow of ϕF1 moves points along the pinched cylinder.

Definition 24.1. A focus-focus chart for an integrable Hamiltonian systemH : X Ñ

R2 is a pair of embeddings:

R4 Ą U pX,ωq

R2 Ą V R2

E

F H

e
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where

‚ U Ă R4 is a neighborhood of the origin with E˚ω “ dp1 ^ dq1 ` dp2 ^ dq2;
‚ V “ F pUq, where F “ pF1, F2q is as in the standard focus-focus system;
‚ H ˝ E “ e ˝ F .

We say H : X Ñ R2 has a focus-focus critical point or a focus-focus singularity
at x P X, where Ep0q “ x.

Lemma 24.2. Let H : X Ñ R2 be an integrable Hamiltonian system with a focus-focus
critical point at x and no other critical points. Then H´1p0q is homeomorphic to a
pinched torus.

Proof. By assumption, the fiber H´1p0q is compact and connected. Recall that H´1p0q

is a disjoint union of orbits. Moreover, since H´1p0qz txu consists of regular points,
each orbit other than txu is either R2, R ˆ S1, or T 2. But the last case cannot occur
since it would be clopen in H´1p0q and hence would give a connected component of
H´1p0q not containing x. In particular, the orbits other than txu must contain closed
circle orbits and be non-compact. The only possible such orbit is R ˆ S1.
Let ΩP be the orbit containing the line tpp, 0q : p ‰ 0u, and ΩQ be the orbit containing

tp0, qq : q ‰ 0u, as depicted in Figure 49. The key claim is that ΩP “ ΩQ. Suppose
not, then ΩP Y ΩQ Y x is not compact. This implies that H´1p0q is not compact; use
the fact that H´1p0qz txu is a 2-manifold. Hence ΩP “ ΩQ, so ΩP Y txu is a compact
pinched torus. Since H´1p0q is connected and H´1p0qz txu is a manifold, this pinched
torus must be all of H´1p0q. □

Monodromy around F-F singularities. Note that a punctured neighborhood of the
base of a focus-focus chart admits an integral affine structure, as pX,ωq admits a torus
fibration once we remove the singular fiber. One naturally wonders how this integral
affine structure changes as we go around the origin, i.e. what kind of monodromy we
have in this system. The answer is that the monodromy acts as a Dehn twist around the
curve pinched at the focus-focus singularity. We give a brief description and justification
for this claim. For a more rigorous explanation, see [Eva23, Section 6.3].

Recall that the local model of the singularity is

R4
– C2

Ñ R2, pp, qq ÞÑ pRepF q, ImpF qq,

where F “ ´p̄q. Now making an R-linear change of coordinates

u “ ´p̄ “ ´p1 ` ip2, v “ q “ q1 ` iq2,

we obtain F “ uv. Consider the level sets

F´1
ptq “

␣

pu, vq P C2 : uv “ t
(

.

In particular, F´1p0q are two copies of C meeting at the origin forming a nodal singu-
larity. We describe the setting in the following picture:
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Figure 50. Sketch of focus-focus singularity. The origin of the base,
marked by the red cross, has the pinched torus as its fiber.

The local model describes the cylinders, including the pinched one, with thick outlines
filled in with light yellow. Note that there is a consistent choice of two waist circles on
the fibers including the singular fiber. This splits the fibers into two parts, one colored
in light yellow and the other in magenta.

The magenta cylinders form a fiber bundle over the base B – D2, which can be
trivialized and hence does not exhibit any nontrivial monodromy around the origin.
On the other hand, the yellow cylinders form a fiber bundle only over the punctured
disc B ´ p0, 0q. Hence we obtain a monodromy map for cylinder C:

(:) Z – π1pB ´ p0, 0qq Ñ ModpC, BCq – Z.

Let us analyze this map in local coordinates. Taking t “ ρeiθ ‰ 0 with ρ ą 0 and
θ P R{2πZ, we can parametrize the fiber F´1ptq in the following polar form:

u “
?
ρes`iϕ, v “

?
ρe´s`ipθ´ϕq,

where s P R, ϕ P R{2πZ. Restricting to the neighborhood U “ tpu, vq : |u|, |v| ď εu
corresponds to restricting to |s| ď L, where L “ log ε

?
ρ
. Hence in both the u and v

coordinates, the fiber is an annulus with the same inner/outer radii and corresponds to
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the yellow cylinders above. The annuli in the u, v coordinates are identified as

(˚) v “
t

u
“
ρ

u
eiθ.

Let us fix ρ ! ε2 and analyze the annular fiber Fθ “ F´1pρeiθq as we vary θ P R{2πZ.
To find the mapping class we fix the coordinates on parts of Fθ that meet the boundary
BU . Looking at Fθ in the v-coordinate plane, the outer boundary of the annuli has
|v| “ ε, so is fixed as we vary θ. On the contrary, the inner boundary has |u| “ ε so
we fix its u-coordinate. By (˚), this means that on the v-coordinate plane the inner
boundary is rotating by angle θ.

Figure 51. The annular fiber Fθ in the v-coordinate plane. The outer
boundary is fixed, while the inner boundary is rotated by θ. We smoothly
interpolate this action to the interior and trace out the radial line seg-
ments in red/blue as we vary θ from 0 to 2π.

Smoothly interpolating this action to the interiors of the annuli and varying 0 ď θ ď

2π, we see that the mapping class on the cylinder as we go around the puncture in the
base is precisely a Dehn twist. Thus we have justified that the monodromy map (:) is
nontrivial.

Addendum. An additional argument is required to justify the previous calculation.
Yes, the magenta cylinders form a trivial bundle over the disc, but why can we pick
such a trivialization to agree with the implicit chosen trivialization of the boundary of
the yellow part defined by the outer boundary of the u annulus in fixed u-coordinates
and the outer boundary of the v annulus in fixed v-coordinates?

The reason is that these target trivializations (that we want to agree with) are defined
over the whole disc. We can pick any preliminary trivialization of the magenta bundle
and adjust it as required by boundary reparametrizations (such as rotations near the
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boundary): make the required adjustment on the boundary and taper it off as we move
slightly into the cylinder. This gives the desired trivialization of the magenta part.

There are two key points here: an isotopy prescribed on the boundary can be extended
over a collar of the boundary; and the fact that the target trivializations are defined
over the whole disc.

Three notions of monodromy. There are three notions of ‘monodromy’ in play here:

‚ the mapping class group monodromy in π0pHomeopT
2qq;

‚ the induced push-forward action on H1pT
2q – Z2;

‚ the linear part of the holonomy of the integral affine structure.

In this case, all three of these turn out to be equivalent:

(i) There is a natural map

ModpT 2
q “ π0pHomeopT

2
qq Ñ AutpH1pT

2
qq – GLp2,Zq,

which is an isomorphism specifically for the torus and not for higher genera
surfaces.

(ii) The induced action on H1pT
2q contains the same information as the linear part

of the affine holonomy. This is a more general phenomenon compared to (i). In
fact, the affine coordinates can be written as

1

2π

ˆ
ż

α

λ,

ż

β

λ

˙

for a basis tα, βu of H1pT
2,Zq and the Liouville 1-form λ on the cotangent

bundle of T 2. Recall that we have dλ “ ω after identifying a neighborhood of
the zero section of T ˚T 2 with a local trivialization of X.

Why is this true? A quick answer is that X is locally symplectomorphic to
B ˆ T 2 with ω “ db1 ^ dθ1 ` db2 ^ dθ2 and λ “ b1dθ1 ` b2dθ2. From this we
immediately see that

pb1, b2q “
1

2π

ˆ
ż 2π

0

b1dθ1,

ż 2π

0

b2dθ2

˙

.

But more conceptually, this equivalence is baked into the definition of the inte-
gral affine structure via 1-forms:

ΛHb “ H1pπ
´1

pbqq “ H1pRn
{Λq “ Λ.

Addendum. The linear part of holonomy and the action on H1 are transpose of each
other. Indeed, fixing a loop γ in the base, suppose the action on homology is M P

GLp2,Zq. Analytically continuing the coordinates

B “
1

2π

ˆ
ż

α

λ,

ż

β

λ

˙

around the chosen loop gives the coordinates

1

2π

ˆ
ż

Mα

λ1,

ż

Mβ

λ1

˙

.
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Here λ1 is the analytic continuation of λ, and we have dλ “ ω “ dλ1. Since λ and λ1

differ by a closed form, the analytically continued coordinates have the same linear part
as

B1
“

1

2π

ˆ
ż

Mα

λ,

ż

Mβ

λ

˙

.

So, in other words, the starting coordinates are pairing with λ, and the end coordi-
nates are multiply by M and then pair with λ. As is usual, the pullback defined by
pre-composition with a linear map gives the formula

B1
“ MTB,

if we write B1 and B now as column vectors.
We now recall the equation linking holonomy to the developing map

holpγxq “ ρpγq holpxq.

Up to constants, B1 is holpγxq and B is holpxq. So we get MTB “ ρpγqB, and ρpγq “

MT .
To confuse matters, there is yet another operation in play: You can ask about parallel

translating tangent vectors along γ. That operation is computed by pMT q´1. (It is the
inverse of ρpγq because the parallel translate points in a constant direction under the
developing map: so the parallel translate of v must be the vector equal to v after
applying MT .)

25. The Auroux System (04/14, JZ, AK)

Reference: [Eva23, Chapter 7.1].
Now, we turn to a key example of a focus-focus system, the Auroux system. This will

serve as a crucial example which will allow us to “mess up” toric behavior to almost
toric behavior. This gives much more flexibility for the objects that we can study. Most
of today’s section will be about the Auroux system.

Example 25.1 (The Auroux system). Let c be positive. Consider the Hamiltonians
H “ pH1, H2q : C2 Ñ R2 given by

H1pz1, z2q “ |z1z2 ´ c|2, H2pz1, z2q “
1

2
p|z1|

2
´ |z2|

2
q.

One should think of H1 as being “weird” while H2 is similar to Hamiltonians we have
seen before. In particular, one can easily compute ϕH2

t pz1, z2q “ peitz1, e
´itz2q (note that

the minus sign in the definition of H2 leads to a minus sign in the second coordinate of
the flow). Since peitz1qpe´itz2q “ z1z2, it follows that the flow ϕH2

t preserves the level
sets of H1. Then, Lemma 13.10 implies tH1, H2u “ 0.

While the flow of H1 is harder to compute, we can think about it geometrically using
the auxilary map π : C2 Ñ C defined by πpz1, z2q “ z1z2. This map gives a conic
fibration since for each t P C, π´1ptq “ tz1z2 “ tu is a conic. Note that there is one
singular fiber, π´1p0q “ tz1z2 “ 0u which is a union of two complex lines. Consider the
following pictures of the generic fibers:
There is also a picture of the singular fiber over t “ 0 at the top of the next page in
Figure 53.
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Real picture of z1z2 “ t Complex picture of z1z2 “ t

|z1| Ñ 8, |z2| Ñ 0

|z1| Ñ 0, |z2| Ñ 8

Figure 52. The real and complex points of the generic fiber for the map
πpz1, z2q “ z1z2. A particular level set of H2 is pictured in red.

Real picture of z1z2 “ 0 Complex picture of z1z2 “ 0

Figure 53. The real and complex points of the singular fiber π´1p0q.

To summarize, for fixed t ‰ 0, the fiber π´1ptq is a conic. Then for fixed b2 and t ‰ 0,
the set

pπ,H2q
´1

pt, b2q “ tz “ pz1, z2q : πpzq “ t,H2pzq “ b2u

contains all points on the conic with a fixed height w “ H2 “ b2, i.e., the fiber
pπ,H2q

´1pt, b2q is just a circle. Another way of seeing this is to just solve for z1 in
πpzq “ z1z2 “ t and H2pzq “ 1

2
p|z1|2 ´ |z2|

2q “ b2. This determines |z1|, but the ar-
gument of can be anything. Then, z1 determines z2. This is another way to show the
fiber pπ,H2q

´1pt, b2q is a circle. As expected, the circle action induced by H2 (which
gives a global torus action) is just to rotate along these circles.

Then, is useful to note that

H1pz1, z2q “ distpc, z1z2q
2

“ distpc, πpzqq
2.

Therefore, the fiber H´1
1 pr2q is exactly the set of points in π´1ptq ranging over all t P C

that are r away from c. In other words, the fiber is the union of conics over the circle
of radius r with center c. In particular, assuming r ‰ c, the fiber H´1

1 pr2q is S1 ˆ conic
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(which makes sense since we expect fibers of H1 to have 3 real dimensions). This can
be pictured as in Figure 54:

Figure 54. A generic fiber H´1
1 pr2q is shown as well as the fiber of π

over t “ 0.

Finally, the generic fiber pH1, H2q
´1pr2, b2q equals a union of pπ,H2q

´1pt, b2q’s over the
circle |t ´ c| “ r — the fiber is just S1 ˆ S1!

There are also some special fibers (pictured below in Figure 55): For example, con-
siderH´1pc2, 0q, which is a torus with one curve pinched. Another example isH´1p0, b2q
which involves points over the circle a radius 0 centered at c. Such a circle is a sin-
gle point, i.e., the fiber is just a single circle contained in the conic above c. Since
H1pzq ě 0 for all z P C2, you can think of this as occurring at the edge of the Delzant
polytope. One can check that pz1, z2q “ p0, 0q is the focus-focus singular point of the
system. In particular, p0, 0q is the unique point on the singular fiber π´1p0q with height
w “ H2pzq “ 0. Technically, we still need to check that a neighborhood of p0, 0q in
C2 can be given a focus-focus chart. As explained on the top of page 103 in Evans, it
suffices to check order 2 information, in which case this becomes a computation.

Remark 25.2. Although the system is locally toric on the regular fibers, the focus-
focus singularity prevents it from being the moment map of a global Hamiltonian torus
action! While the Hamiltonians H1, H2 define an integrable system, they fail to be
action coordinates because they don’t define a global torus action. Actually, as already
noted H2 does induce a global action and the problem occurs with H1. We will show
how the focus-focus singularity creates monodromy that obstructs the action being
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Figure 55. Adding to Figure 54, we have labeled a generic fiber of H,
H´1pr2, b2q – S1 ˆ S1 and the singular focus-focus fiber H´1pc2, 0q.

globally toric. Another way to see this is to just compute the equations for the action
to find that the period of the H1 action blows up as pr2, b2q Ñ pc2, 0q.

Next, consider the image of H. Since H1 ě 0 and H2 can be anything, the image is
the right half plane. The singular values come in two types: There is is the isolated
focus-focus singular value at pc2, 0q and there is the toric boundary line of elliptic critical
values whose fibers are circles instead of tori, occurring along the y-axis.

Let B “ tpb1, b2q : b1 ě 0uztpc2, 0qu be the set of nonsingular fibers (including
the toric boundary). The existence of monodromy prevents there from being global
action coordinates. However, making a branch cut, consider the simply connected
B0 “ tpb1, b2q : b1 ě 0uztpb1, 0q : b1 ě c2u. As will be explained, we can define global
action coordinates α : B0 Ñ R2.

Remark 25.3. It is particularly informative to consider the case of c “ 0, where we can
just use the entire right half plane B “ tpb1, b2q : b1 ą 0u (which is simply connected)
instead of passing to B0. Now we have H “ pH1, H2q where H1pzq “ |z1z2|

2 and
H2pzq “ 1

2
p|z1|2 ´ |z2|

2q. Compare this to µ “ pµ1, µ2q where µ1pzq “ 1
2
|z1|

2 and

µ2pzq “ 1
2
|z2|2. In particular, H1 “ 4µ1µ2, H2 “ µ1 ´ µ2 and the values of µ determine

the values of H are vice versa (eg, given H1, H2 recover µ1 as the nonnegative root
of H1 “ 4µ1pµ1 ´ H2q). The upshot is that H and µ have the same fibers. Since we
understand µ really well (its Delzant polytope is just the right quadrant), we can use
this get global action angle coordinates for the system determined by H.

Returning to the case of c ą 0, the base still has an integral affine structure, but
it is only defined locally. Because of the focus-focus singularity, this affine structure
has nontrivial monodromy, so there are no global action coordinates. However, after
passing to the universal cover, we do get global action coordinates. It is useful to think
of B0 as being a fundamental domain for the π1pBq “ Z action on B̃. A good model
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for B̃ is pictured below in Figure 56. As you travel around the focus-focus singularity
in the base, you move from one copy of B0 to another copy in B̃. Therefore, if we give
one B0 an integral affine structure, we can analytically extend to another copy via the
affine monodromy. As explained in the previous lecture, traveling around the focus-
focus singularity induces monodromy i.e., the local integral affine structure is sheered
compared to the structure on the previous sheet.

b1 “ 0 Branch Cut
ˆ

pc2, 0q

p

B0

B̃

Figure 56. The universal cover B̃ over the base space B. The funda-
mental domain B0 is formed by making a branch cut along b1 ě c2. The
universal cover B̃ consists of infinitely many glued copies of B0, glued
along the branch cut.

As mentioned, we can define global action coordinates on B̃. Moreover, we have the
following:

Proposition 25.4. Viewing B0 as a fundamental domain for the π1pBq action on B̃,
we can define global action coordinates on B̃ such that the image of B0 under the action
coordinates is

tpb1, b2q : 0 ď b1 ď ϕpb2qu z tpb1, 0q : b1 ě mu

for some m ą 0 and ϕ : R Ñ p0,8s.

Proof. The existence of action angle coordinates (Theorem 17.4) is only ensured locally,
and because of monodromy, there is no globally defined change of coordinates α : B Ñ

R2 such that α ˝ H generates a global torus action. However, since the fundamental
domain B0 is simply connected, we can patch together local action-coordinate charts to
obtain global action coordinates α : B0 Ñ R2. SinceH2 already generates a torus action,
the second component of α can stay unchanged, i.e., αpb1, b2q “ pGpb1, b2q, b2q for some
function G. If we add back the branch cut, then we can still consider α : B Ñ R2 with
αpb1, b2q “ pGpb1, b2q, b2q, except we need to allow G to be multi-valued. In particular,
when you go around the focus-focus singularity, the value pGpb1, b2q, b2q is replaced with
pGpb1, b2q`b2, b2q. In other words, G is the multi valued function which takes on exactly
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the values Gpb1, b2q ` b2Z, where the amount of b2’s added on depends on how many
loops around the focus-focus you have traveled from some original reference. In this
way, α can be thought of as a single-valued global action coordinate map B̃ Ñ R2.
In order to prove the claim, note that is suffices to show one of the B0’s making up

B̃ has its y-axis mapping to the y-axis of R2 (or even just a vertical line). For then
we have a function αpb1, b2q “ pGpb1, b2q, b2q which only moves points horizontally and
which preserves the y-axis. We can also assume G is always ě 0. Then, the claim
follows immediately by taking ϕpb2q “ supb1ě0Gpb1, b2q and m “ Gpc2, 0q.
It suffices to show we can find some fundamental domain such that α sends the y-axis

to a vertical line. Since l :“ tp0, b2qu Ă B0 is a toric boundary, Proposition 19.5 implies
its image under α is a line with rational slope. Then, we must somehow argue that
the slope is 1{n for some n P Z (see Evans for more details about how to show this).

Then, by post-composing with

ˆ

1 ´n
0 1

˙

, we can assume l gets mapped to a vertical

line, which can be made the y-axis after a horizontal shift.
Note that we can’t use an arbitrary integral affine map to change coordinates so that

l is vertical because then we will no longer have α moving points horizontally. We
actually need to ensure we can make l vertical via a sheer.

□

In the next lecture, we will define almost toric fibrations, and will see how the Auroux
system is the prototypical example of such a phenomenon.

26. Almost Toric Fibrations and Nodal Trades (04/16, MN, YD)

This lecture covers material from [Eva23, Chapter 8]. Another excellent reference is
[Sym02].

In this lecture, we will explore how to modify an existing Lagrangian fibration on a
symplectic 4-manifold to construct new Lagrangian fibrations. Two concrete applica-
tions of constructing new Lagrangian fibrations are that they allow us to: (i) better
understand and “visualize” the topology of the symplectic 4-manifold, and (ii) find
new Lagrangians inside symplectic 4-manifolds. For example, in [Sym02, Section 11],
Symington constructs an almost toric fibration that allows us to visualize the homology
classes and intersection form of a K3 surface17:

H2pK3,Zq » E8p´1q
‘2

‘ U‘3 .

Recall that a toric 4-manifold is a symplectic manifold X4 equipped with a Hamil-
tonian T2-action associated with a moment map µ : X Ñ R2 (cf. Definition 19.3). In
particular, the fibers are either T2,T1, or a single point. We now relax this definition by
allowing the map to have focus-focus singularities, thus permitting a pinched 2-torus
to also be a fiber.

17This is especially exciting because, in standard K3 literature, the isomorphism H2pK3,Zq »

E8p´1q‘2 ‘ U‘3 is not explicit and is typically established via the classification of even indefinite
lattices of a given rank and signature.
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Definition 26.1. An almost toric fibration is a Lagrangian torus fibration f : X Ñ

B on a 4-dimensional symplectic manifold such that the discriminant locus, BzBreg, in
the base B comprises a collection of 0- and 1-dimensional strata (cf. Definition 18.5).
Furthermore, the smooth structure on B extends over these strata, and f is smooth
with respect to this extended smooth structure, possessing either toric or focus-focus
critical points there.18

Remark 26.2. We emphasize that the symplectic manifold X, which is the total space
of the almost toric fibration, has no singularities and is completely smooth, even though
individual fibers may be singular, i.e. a pinched torus. The situation is completely anal-
ogous to an ordinary double point (or A1) singularity in algebraic geometry/symplectic
fibrations where the total space is smooth, but the fiber over the critical value has a
nodal singularity.

Explicitly, working over R, consider

π : R2
Ñ R

px1, x2q ÞÑ x1x2

Over C, we have

π : C2
Ñ C

pz1, z2q ÞÑ z1z2

Continuing the general discussion on almost toric fibrations, notice that away from
the fibers containing focus-focus critical points,

f |Xzf´1pfpFFqq : Xzf´1
pfpFFqq Ñ BzfpFFq ,

the total space Xzf´1pfpFFqq is a (non-compact) locally toric manifold. In particular,
BzfpFFq admits an integral affine structure.

We proceed to study almost toric fibrations by studying the base B with certain
singularities.

18To expand, a point b P BzBreg is called toric critical value if there is a neighborhood, Nb, of b so
that f´1pNbq is a toric manifold on which f is the toric moment map; in particular, the fiber over b
is a smooth torus, Tk. Next, b P BzBreg is called focus-focus critical value if it contains a focus-focus
critical point in its fiber (see Definition 24.1).
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Figure 57. Analogous to the real case above, the singular fiber over 0 is
a union of two copies of C intersecting transversely at a single point. This
singular fiber along with the other smooth fibers “fit” together inside the
smooth total space C2.

Example 26.3. The Auroux system, introduced in the previous lecture, is the primary
one-parameter family of almost toric fibrations. It serves as the local model (in a
neighborhood of the focus-focus fibers) for the constructions that follow. Recall that it
is a global, explicit Hamiltonian system depending on a real parameter c ą 0, defined
as:

H : C2
Ñ R2

H1pz1, z2q “ |z1z2 ´ c|2

H2pz1, z2q “
1

2
p|z1|

2
´ |z2|

2
q

The critical point at the origin p0, 0q P C2 is a focus-focus singularity, which corresponds
to the nodal singularity of the pinched 2-torus fiber over the point pc2, 0q in the base.
To use this as a local model, we examine the integral affine structure on the regular
part of the base Bztpc2, 0qu (see Figure 58).

The key observations are:
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Figure 58. Three equivalent representations of the integral affine struc-
ture on the base Bztpc2, 0qu of the Auroux system.

(1) There are several ways to represent the integral affine structure on the base
Bztpc2, 0qu, all of which are integral affine equivalent.

(2) The one-dimensional stratum is always a straight line. Certain representations
depict a “illusionary corner” created by the choice of branch cut and the resulting
monodromy around the nodal point.

(3) In all three representations in Figure 58, the dotted line (the branch cut) acts
as an eigenline for the monodromy matrix.

(4) The monodromy around the nodal point is the unique integral affine map that
fixes the dotted line pointwise and “straightens” the illusionary corner into a
straight line.

Figure 59. Fibers of the Auroux system over different points in the
base, showing the evolution of homology cycles. The cycles on distinct
fibers are related via the Gauss–Manin connection (Ehresmann’s theo-
rem).

26.1. Nodal Trade. The basic operation used to produce examples of almost toric
fibrations is the nodal trade. It is a local operation in a neighborhood of the origin
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in C2 that allows us to “trade” a Delzant corner for a focus-focus singularity. This
operation is performed by replacing a neighborhood of the Delzant corner with a neigh-
borhood of the Auroux system as illustrated below:

Before Trade (Toric)

‚ No focus-focus singularity.
‚ One Delzant corner.
‚ The corner is “real.”
‚ Toric boundary: two symplectic discs
intersecting transversely at p0, 0q.

After Trade (Almost toric)

‚ One focus-focus singularity.
‚ No Delzant corner.
‚ The corner is “illusionary.”
‚ Toric boundary: a single symplectic
cylinder.

Explanations:

‚ Operation. The shaded circular regions in the two pictures are integrally affine
equivalent and the preimages of these two regions are fiber-preserving symplec-
tomorphic. This allows us to excise the Delzant corner and replace it with the
Auroux system by gluing along the common symplectomorphic preimages.

‚ Toric boundary. This is the preimage of the boundary of the moment image.
A nodal trade “smooths” two symplectic discs intersecting transversely into a
single symplectic cylinder.

Figure 60. Three different almost toric fibrations on CP2 obtained by
performing one, two, and three nodal trades.

Example 26.4. Almost toric fibrations on CP2 can be obtained by performing nodal
trades at one or more vertices of the standard Delzant triangle of CP2, as depicted in
Figure 60. Furthermore, observe that:
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(1) The direction of the dotted line at any vertex is uniquely determined by the rule
that the dotted line, together with the Delzant corner, is integrally affine equiv-
alent to the standard diagonal dotted line paired with the standard “quadrant”
Delzant corner.

(2) The monodromy around any dotted line is precisely the unique integral affine
map that fixes the dotted line pointwise and straightens the delusional corner
into a straight line.

(3) The toric boundaries in the three examples are:
(a) two symplectic spheres intersecting transversely at two points, where one

sphere has twice the symplectic area of the other.
(b) a pinched torus, obtained from a symplectic sphere with a single self-

intersection, having a symplectic area of three.
(c) a torus having a symplectic area of three.

Remark 26.5. There is a closely related operation called a generalized nodal trade that
can be used to smooth the singularities of toric orbifolds. To illustrate this, consider a
singular cubic surface:

tz0z1z2 “ z33u Ď CP3

with three A2 singularities at r1 : 0 : 0 : 0s, r0 : 1 : 0 : 0s, and r0 : 0 : 1 : 0s. This cubic
admits a torus action given by:

rz0 : z1 : z2 : z3s ÞÑ re3iθz0 : e
3iφz1 : z2 : e

iθ`iφz3s

Performing generalized nodal trades on the moment polytope associated with this action
yields a smooth cubic surface.

26.2. Nodal Slide. Recall that the Auroux system is a family of systems parametrized
by c ą 0. Each value of c gives a different almost-toric fibration with different lengths
for the dotted line19. Such a family of fibrations is called a nodal slide (see Figure
61).

Figure 61. A nodal slide is the operation of changing the length of the
branch cut.

19Question: What is the relationship between the affine length of the dotted line and parameter c?
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Theorem 26.6. Suppose that X and X 1 are almost toric manifolds whose almost toric
base diagrams B and B1 are related by a nodal slide or a nodal trade. Suppose that the
base diagrams have the homotopy type of a punctured 2-dimensional surface. Then X
and X 1 are symplectomorphic.

26.3. Classification of closed 4-manifolds admitting toric and almost toric
fibrations. In the theory of toric varieties, the following classification theorem is es-
tablished through the study of fans associated with the varieties.

Theorem 26.7. Let X be a smooth, complete (i.e., closed) toric variety over C of
complex dimension 2. Then X is obtained via a finite sequence of toric blow-ups (at
torus-fixed points) from one of the following minimal models:

‚ The complex projective plane CP2.
‚ A Hirzebruch surface Hr “ PpOP1 ‘ OP1prqq for an integer r ě 0, with r ‰ 1.

Analogously, in [Sym02, Appendix A], Symington discusses the classification of smooth
closed 4-manifolds that admit a symplectic toric fibration by studying their moment
images.

Theorem 26.8. Let X be a smooth closed 4-manifold that admits a symplectic toric
fibration. Then X is diffeomorphic to one of the following or their blow-ups (i.e., the

connected sum with finitely many CP2
):

‚ The complex projective plane CP2.
‚ The product of two spheres S2 ˆ S2, which is diffeomorphic to Hr for all even
r.20

Moving to almost toric fibrations, Leung and Symington [LS10, Theorem 2.6] show
that the collection of closed manifolds admitting almost toric fibrations is a modest
expansion of those admitting toric fibrations.

Theorem 26.9. Let X be a smooth closed 4-manifold that admits an almost toric
fibration. Then X is diffeomorphic to one of the following:

‚ S2 ˆ S2 or S2 ˆ T 2,
‚ blow ups of n ě 0 points on CP2 or the non-trivial oriented sphere bundle over
the torus,

‚ the K3 surface or the Enriques surface,
‚ a specific kind of torus bundle over the torus or over the Klein bottle.

27. Mutations and the Markov equation (04/21, YW, MN)

27.1. Shearing along the eigenline. Let x be a node in R2, i.e., the image of a focus-
focus singularity. The one eigenline of monodromy bisects the base into two parts. We
can shear the branch cut either CW or CCW:

20The odd Hirzebruch surfaces, Hr with odd r, are all diffeomorphic to CP2#CP2
.
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In each case, the affine structure on the base can be described as

This rotation gives us different pictures of the same object: neither the total space
pX,ωq nor the almost toric fibration have changed. To better understand this, consider
the following example, keeping in mind that the two edges adjacent to a vertex with a
node is actually a straight line:

Depending on the situation, the word mutation can have two different meanings:

(1) it is the rotational move above;
(2) it is the rotational move above followed by a nodal slide, which does change the

fibration structure.

Definition 27.1. Given a rational triangle whose edges are of affine lengths ℓ1, ℓ2, ℓ3,
we define new coordinates called the Markov coordinates :

p1 “ 3pℓ2ℓ3q
´1{2, p2 “ 3pℓ1ℓ3q

´1{2, p3 “ 3pℓ1ℓ2q
´1{2.

Because ℓ1 “ 3p1{pp2p3q and similarly for ℓ2, ℓ3, this change is invertible.

Example 27.2. Consider the triangle

where the affine lengths are ℓ1 “ ℓ2 “ ℓ3 “ 3. Then pp1, p2, p3q “ p1, 1, 1q.

Example 27.3. Consider the triangle



116 INTRODUCTION TO SYMPLECTIC TOPOLOGY

where the affine lengths are ℓ1 “ ℓ2 “ 3{2, ℓ3 “ 6. Then pp1, p2, p3q “ p1, 1, 2q, which
are integral.

Definition 27.4. The Markov equation is

p21 ` p22 ` p23 “ 3p1p2p3.

In ℓi-coordinates, this becomes

9

ℓ2ℓ3
`

9

ℓ1ℓ3
`

9

ℓ1ℓ2
“

92

ℓ1ℓ2ℓ3
.

Multiplying both sides by ℓ1ℓ2ℓ3, this implies ℓ1`ℓ2`ℓ3 “ 9, that is, the affine perimeter
of the corresponding triangle is 9.

27.2. Elementary discussion of the Markov equation. First, it is quadratic in
each variable. For example, in p1 it can be written as

p21 ` p´3p2p3qp1 ` pp22 ` p23q “ 0.

The roots are

p1 “
3p2p3 ˘

a

9p22p
2
3 ´ 4p22 ´ 4p23

2
.

Definition 27.5. The Vieta involution is

σ1pp1, p2, p3q “ p´p1 ` 3p2p3, p2, p3q.

It preserves the Markov equation. Similarly we can define σ2, σ3.

Remark 27.6. The involutions σ1, σ2, σ3 do not commute. In fact, xσ1, σ2, σ3y “ pZ{2q ˚

pZ{2q ˚ pZ{2q.

From now on, we restrict to triangles obtained from the standard CP2 triangle by
repeated mutations, with the normalization above.

Lemma 27.7. If we mutate the diagram below at vertex i

then the Markov coordinates change from pp1, p2, p3q to σipp1, p2, p3q.
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Corollary 27.8. All triangles arising from the repeated mutation from the triangle with
affine lengths ℓ1 “ ℓ2 “ ℓ3 “ 3 have Markov coordinates that form an integral solution
to the Markov equation.

Conversely, it is a fact that any positive integral solution of the Markov equation can
be obtained from the the initial triangle with all three affine edge lengths equal to 3
by repeated Vieta involution, and all such solutions together form an infinite trivalent
tree:

Corollary 27.9. Positive integral Markov triples describe the triangular almost toric
diagrams arising from these mutations

There are many consequences of this result, and we will only list the statements:

(1) There are infinitely many exotic monotone Lagrangian tori in CP2 (the tori
over a certain center point of each mutated triangle).

(2) There is a famous problem as follows: consider the ellipsoid

Ep1, aq “ tpz1, z2q P C2 : |z1|
2

`
|z2|

2

a
ď 1u

and set

cpaq :“ inftµ : D symplectic embedding Ep1, aq ãÑ Bp0;
?
µq Ď C2

u .

The graph of cpaq turns out to contain an infinite staircase as depicted in Figure
62. The embeddings can be concretely constructed using the shape of moment
polytope of Ep1, aq, which can be embedded into balls using Delzant uniqueness.

27.3. Almost toric blowups. In addition to the symplectic blow-up discussed in
Example 23.2 using symplectic cut, there is another way to achieve a blow-up for
toric/almost-toric manifolds called almost toric blowup. This involves modifying the
moment image as follows:
This operation introduces a new nodal fiber. The following figure compares (a) the
earlier symplectic blowup with (b) the almost-toric blowup applied on CP2 with the
standard toric fibration.
Performing nine almost-toric blowups along with three nodal trades on CP2 gives an
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Figure 62. The graph of cpaq vs a in three domains (See [MS12, The-
orem 1.1.2.]). Note cpaq ě

?
a as symplectic embedding are volume

preserving.

almost toric fibration on CP2#9CP2
:

This manifold is the rational elliptic surface Ep1q. Notice the toric boundary of this
almost-toric manifold is a single smooth torus. Gluing two copies of Ep1q appropriately
along the toric boundaries leads to a K3 surface! For more details, see [Sym02].
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