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ABSTRACT

Prokhorov Andrei Ph.D., Purdue University, August 2019. Connection Problem for Painlevé
Tau Functions. Major Professor: Alexander Its.

We derive the differential identities for isomonodromic tau functions, describing their
monodromy dependence. For Painlevé equations we obtain them from the relation of tau
function to classical action which is a consequence of quasihomogeneity of corresponding
Hamiltonians. We use these identities to solve the connection problem for generic solution
of Painlevé-III(D8) equation, and homogeneous Painlevé-11 equation.

We formulate conjectures on Hamiltonian and symplectic structure of general isomono-

dromic deformations we obtained during our studies and check them for Painlevé equations.



1. INTRODUCTION
1.1 Painlevé equations

Differential equations are used to describe various phenomena in engineering, physics,
economics and biology. Ordinary differential equations (ODE) describe functions depending
only on one variable. The important question is description of singularities of solutions of
differential equations. For linear ODEs with rational coefficients the singularities of solutions
arise from singularities of coefficients. The local behavior of solutions near corresponding
singularities can be described using recursive procedure (see [118]). The relations between
behaviors near different singularities for global solution are called connection formulae. For
classical special functions they can be obtained using contour integral representations (see
[39]). The objective of our work is to find connection formulae in more complicated cases.

For nonlinear ODEs solution can have singularities different from singularities of the
coefficients. If for the general solutions position of branching points does not depend on

initial conditions, the ODE is said to satisfy Painlevé property. In the case of ODE
d*u du

d
with right hand side rational in u, d_u and x Painlevé [105] and Gambier [58] listed all equa-
x
tions with Painlevé property (see [66] for detailed exposition of this list).



Only six of them can not be reduced to linear ODEs or solved in terms of elliptic func-

tions. They were called later Painlevé equations. In standard form they are written as

d*u

a2
@—6U +z,

d2

d—xg:2u3+xu+a,

Pu 1 (du)\® 1 [du +au2+ﬁ+ 3+5
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Pu 1 (du\? 3, B
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In PIII case one also distinguishes three sub-cases

v # 0
v=0, ad#0 or =0, pBy+#0
vy=0=0

(PI)
(PII)

(PIII)

(PIV)

(PV)

(PVI)

(PIII(DG))
(PIII(D7))
(PIII(DR))

The PIII(D7) equation with v = 0 and 6 = 0 are equivalent to each other through the change

of variables (see [80]). Similarly PIII(D8) equation is equivalent to PIII(D6) with o = 0 and

B =0.

The list of necessary conditions required for Painlevé property is called Painlevé test. If

the equation passes Painlevé test then the equation is expected to have Lax pair represen-

tation and admit explicit solutions. See [30] for Painlevé test applied to various ODEs and

PDEs.

The discussion of current progress on analysis of higher degree and higher order analogs

of (1.1) is also presented in [30].



The fact that Painlevé equations can not be reduced to previously known functions was
shown rigorously. Umemura introduced in [113] the notion of classical function. They are

obtained from the constant functions using the following operations
e integration
e differentiation
e sum, difference, product, quotient
e composition with Abelian function
e taking solutions of algebraic equations with coefficients classical functions
e taking solutions of linear differential equations with coefficients classical functions

e taking solutions of algebraic differential equation of first order with coefficients classical

functions

Using differential Galois theory it was shown that generic solutions of Painlevé equations can
not be expressed in terms of classical functions (see [102, 112, 114, 115, 116, 119, 120, 80]).

Non generic solutions can be rational, algebraic or expressed in terms of classical special

functions.

Airy functions (PII)
Bessel functions, (PIII)
Parabolic cylinder functions and Hermite orthogonal polynomials, (PIV)

Confluent hypergeometric functions
and associated Laguerre orthogonal polynomials, (PV)

Hypergeometric functions and Jacobi orthogonal polynomials, (PVI)

Such solutions are presented in [97, 98, 47, 88, 92, 39].
The meromorphic nature of solutions of Painlevé equations is described in [59]: solutions
of (PI), (PII) and (PIV) are meromorphic in complex plane, solutions of (PIII) are (PV)

are meromorphic in complex plane in the variable ¢ = Inx, and solutions of (PVI) admit



meromorphic continuation along any path in C \ {0,1}. One can think of these facts as
rigorous statements of Painlevé property. The estimates on the Nevanlinna characteristic
corresponding to solutions of (PI) — (PV) also can be found in [59].

Painlevé equations are self-similar reductions of various nonlinear integrable PDEs ad-

mitting soliton solutions and therefore they describe nonlinear wave phenomena [1]

Korteweg — de Vries equation, (PI)
modified Korteweg — de Vries equation, (PII)
Sine — Gordon equation, (PIII)
nonlinear Schrodinger equation, (PIV)
Ernst equation, (PV)
three wave resonant interaction equation, (PVI)

Painlevé equations can be interpreted as Newton’s law of motion of particle with time-

dependent acting force. Actually, if we make change of variables

q(t) = u(t) (PI-PII)
q(t) =In (u(e")) (PIII)

q(t) = Vu(t) (PIV)
u(et) — 1
( u(et) + 1) (V)

Ll (V) ey -




with K (k) and F(¢, k) complete and incomplete elliptic integrals of the first kind, then the

equations of motion are given by

d*q
60+t PI(F
az T (PL(F))
d*q 5
o 2¢° + qt + «, (PIL(F))
d2
%(2] — et 4 Bett +762t+2q 4 g2, (PITI(F))
d*q _ 3¢° 3 2 B
- 2 — - PIV(F

T2 = T2 a)+2q3, (PIV(F))
d*q acosh (4)  Bsinh (1) 4, 5
- = - — Le'sinh(q) — =€ sinh(2 PV(F
dt? sinh® (g) cosh® (%) 26 sinh(q) 46 sinh(2g), (PV(F))
d*q 4K3 en(2qK, k)dn(2qK, k)
— = — |ak®n(2qK, k)en(2¢K, k)dn(2q K, k) + : ’
dt2 7T2 ( q ) ( q ) ( q ) ﬂ (SH(ZQK, k>>3

2qK 2qK 1 2qK 2qK
—|—7(1—I<;2)SD( qK, k)dn( C]3,/€) (5__) k21— 2>sn( qK, k)en( qg,k:)

(cn(2¢K, k)) 2 (dn(2¢K, k))

(PVI(F))

The changes of variables described above are mentioned in [109, 3, 90]. The interpretation
as equation of motion helps better understand qualitatively the behavior of solutions, as we
will see below.

The other physical and mathematical applications of Painlevé equations include backward
Kolmogorov equation [107, 13, 29], nonintersecting particle systems [25], fluid dynamics
[81, 57], wave scattering [99], black hole scattering [103], Rabi model [31], Hele-Shaw process
[50], two-dimensional quantum gravity [60, 24, 41], quantum cohomology and topological
quantum field theory [42, 61], conformal field theory [55, 56, 9, 100], gauge theory [19, 18],
impenetrable Bose gas [77], holonomic quantum fields [108], Ising model [7], spin chains
[111], Glauber-Ising chain [40], combinatorics [43, 5], topological recursion [74], orthogonal
polynomials [117], differential geometry of surfaces [16], gap probabilities in random matrix
theory [51].

Simultaneously with the appearance of the Painlevé transcendents in the numerous ap-
plications, their analytical theory has been dramatically developed during the last 40 year.
One of the main reasons why Painlevé functions have been studied so well is that they de-

scribe isomonodromic deformations of the linear systems of ODEs with rational coefficients



and hence admit the so-called Riemann-Hilbert Representation. This allows, in particular, to
perform global asymptotic analysis of the Painlevé transcendents including explicit evalua-
tion of the connection formulae between the asymptotic parameters of the Painlevé functions
at different relevant critical points. In the next two Sections we will outline the basic ideas
and demonstrate the effectiveness of the Riemann-Hilbert method by presenting some of the

known results concerning the Painlevé II and Painlevé VI equations.

1.1.1 Pure imaginary solution of homogeneous PII equation

Consider purely imaginary solutions of PII equation with o = 0. This equation is also
called homogeneous PII equation. To describe it as isomonodromic deformation, consider
the following 2 x 2 linear system of ODE’s with one irregular singular point of Poincaré rank

3 at infinity
dd
dz
Ay = —dioy, Ay =—dqoy, A_j = (=it — 2ig*)os — 2poy

A(z)®, A()=A 322+ A g2+ A . (1.2)

where Pauli matrices oy, 09, 03 are given by

01 0 —1 1 0
01 = ’ 02 = ) 03 =
10 1 0 0 —1

Seven canonical solutions of (1.2) are uniquely specified by the following asymptotic condi-

tions
®; () ~ (I +3 gmz*m> e (Fiz)os L o e, j=1,...,7,  (13)
m=1

where the Stokes sectors are given by

9 .
Qj:{z:%<argz<%}.

There are six Stokes matrices S, ..., Sg defined by the equations
S; =01 (2) Bt (2), j=1,...,6.
These matrices have the familiar triangular structure (see [49, chapter 2, section 1.6]).
1 0 1 sy

SQl—‘rl = ) S?l = ) (14)
Sorp1 1 0 1



For j =1,...,6, let I'; denote the rays

Fj:{zeC:argz:@}.

oriented towards infinity, and let ng) be the sectors between the rays I';_; and I';. Note

that Q¥ ¢ Q;.

We can notice the symmetry
—A(=2) = 02A(2)0,

which implies

@(—Z) = UQ(D(Z)U?v Sn+3 = O_QSnO—Q, Si43 = —S;.

The fact that ¢(t) is purely imaginary solution implies the symmetry
A(Z) = 09A(2)0s.

which gives

P(z) = 029(2)0o, (S_n)_l = 095702, S7-1 =S

Canonical solutions satisfy monodromy condition

It implies the cyclic relation

51595554555 = 1.

which can be written as scalar equation taking into account (1.5)

S1 — 89 + S3 + §18983 = 0.

Using that and (1.7) we get
2:Ims,

IEESPAE

59 S3 — —S81.

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

Therefore Stokes matrices corresponding to pure imaginary solutions ¢(t) are parametrized

by one complex parameter s;.

Define a piecewise analytic function ¥(z) by the relations

U (2) =P, (2) for z € ng).

(1.10)

The function ¥(z) satisfies the following Riemann-Hilbert problem posed on the contour

r=, I



Riemann-Hilbert Problem 1.1.
e VU (2) is analytic for z € C\ T,
o U, (2)=V_(2)J(2) forz €T,
o U (2) satisfies condition (1.3) at infinity.

The contour T' and the associated piecewise constant jump matrices J(z) are depicted in

Figure 1.1.

b

Here “+7 refers to the boundary value from the left of the contour I' and ” —” refers to the

boundary value from the right of the contour I'.

Sy
A
S3
S1
0
Se
Sy
Y Ss

Figure 1.1. Contour I' and jump matrices J(z) for the RHP 1.1

Solution of the Riemann-Hilbert problem is uniquely determined by the parameter ¢
and Stokes matrices. If we fix Stokes matrices, the dependence of W(z) on t is describing
isomonodromic deformation. We have the equation

dv
i U(z2)V, U (z) = —izo3 — qos. (1.11)

In the same time W(z) satisfies (1.2) since it is given by (1.10). The compatibility condition
of (1.2) and (1.11) is given by

dA dU
- HAU] =0,



or in scalar form

dp 3 dq
9 r A
g Ty

This is equivalent to PII equation for ¢(t). It also can be described by the formula,

q=2 (gl>12 )

where ¢; is the first matrix coeflicient in the asymptotic expansion (1.3).
We denote ¢(t) = iy(t). The equation of motion for real valued solution y(¢) has acting
force

F(y,t) = —2¢° + yt.

We present the vector field graph of the acting force on Figure 1.2. We can see that there
t
are two stable trajectories y = + 5 for positive time and trajectory y = 0, which is stable

for negative time and unstable for positive time.

iillllllll Ll
I A A Lol t ot
PLL ULV 3 I Tt
L A A A L ttot ot
O A Sttt
I A R R Torot ot ottt
Lol Tttt ot
[ ottt ot ottt
T LI S S A A |
RS [ A T | D T (s I
| S S S S S B R B [ T TR T T T T
L A A S A S AN S B E R T S R |
TTTTTTTTf_f_ [ S S N S S A |
L A AR A A B !
tttr ot NG
Pttt N N |
TPttt o Tt oo
{%TTTTTTTT [ B 1

TPttt Pttty

Figure 1.2. Force field for pure imaginary solutions of homogeneous PII equation

Finding approximation for large ¢ — +oo for solutions W(z,t) of the Riemann-Hilbert

problem allows to obtain the following description approximations for y(t) (see [68], [38])

d 2. 5.3 1
t) = -sin | =(—t)2 + =d* In(—t) + )+O(—>, t — —00,
() = spsin (G0t + G- +6) +0 (
_Jt ., op 225 3, 1
y(t) = 2—|—<2t)icos< 3 t 2,0 1nt—|—0>+0(t), t — +oo0.
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where

(e

1 2
d= \/—ln(1+|51|2), ¢ = +§d21n2—arg (F (zd—)> — arg(sy). (1.12)
s 4 2 2

= l11 —1+|81|2 o = —sign(Im(s
p—\/ﬁl (). an(im(s,), (113

0 = —??Tﬂ — ;pz In2 + arg(I'(ip?)) + arg(1 + s7). (1.14)

The formula at t — +oo is valid for Im(s;) # 0. If s = i then p = 0 and the asymptotic
has form of power series. The values Im(s;) = 0 correspond to the separatrix case — the

Ablowitz-Segur solution, whose behavior at t — +oc is replaced by

2,3 1
y(t) = o Ce 3t (1 +0 (—5>) , t— 4o0.
2/t ti

One can solve equations (1.12) for sy,

2 1/2 3 d?
|81|:<e”d —1) , arg31:—¢—%+§d21n2—arg(F (z;)),

and then equations (1.13), (1.14) gives the explicit connection formulae between the asymp-

totic parameters (d, ¢) at t = —oo and the asymptotic parameters (p,0,0) at t = +oo.

The connection formulae allow to determine if the particle at positive time will end up
near trajectory y = \/g LY = —\/g or y = 0 based on the phase of particle oscillation
at negative time. It turns out that smallest change in phase oscillation at negative infinity
can change trajectory at positive infinity drastically (see Figure 1.3). Explicit description of
such global properties of solutions is usually available for equations coming from integrable

systems and not for general ODEs.
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Figure 1.3. Different behaviors of pure imaginary solutions of homogeneous PII equation

1.1.2 General solution of PVI equation

Consider another example of general solution of Painlevé VI equation. We look at the

Fuchsian system with 4 regular singularities at 0,1,z and co

id

4 A, A
==+ +

— =A(2)P A : 1.1
- (2) @, (2)=—+——+-— (1.15)
Assume that
0o 0, .
Ag+ A, + A = 5 03 j:E — eigenvalues of A,, v =0,z,1.
Relation between parameters 6y, 61, 0,, 0., and «, 3,7, ¢ is given by
(A —1)? G G o 1-0
a = 2 ) B - 2 ) 7 - 2 ) 5 - 2 )
Ref, >0, v=0,1,z, Refl, >1.
We have four solutions of (1.15) described by convergent series
oW ()= G, |I+ Z Gom (2 — V)m] (z — 1/)67””3 (z—v)™, |z—v|<m
- o=t (1.16)

D) (2) = | T+ Z goo,mz_m] 2_9%0‘732_1%‘”, |z| > R.
L m=1
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Here matrices G, are matrices putting A, in Jordan form. Matrices R, are given by
(

0 r,
, if6,>0, 0, € Z,
0 0
0 0
, if 6, <0, 0, € Z,
R, = r, 0 v=20,1,z,00.

01
., if6, =0,
00

0, otherwise,
\

The solutions ®*) are related to each other using connection matrices C, .
O (2) = dW(2)C,.
We introduce matrices M, by
My, = e'm0=os3emife N p o — C;le”e”‘”e%m"C,,, v=0,1,x,

They are counterclockwise monodromy matrices around v obtained along the loops on Figure

1.4 (z is the base point). They satisfy the condition

21

Figure 1.4. Choice of loops for counterclockwise monodromy matrices M,
for PVI equation.
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Using functions ®*) we can construct solution of the following Riemann-Hilbert problem
Riemann-Hilbert Problem 1.2.

e U(z) is analytic for z € C\ T

o U, (2)=V_(2)J(2) forz €T,

e Near the points 0,1, x,00 the behavior of W(z) is described by (1.16).

Contour I' and jump matrices J(z) are shown on the Figure 1.5 (z is some reference point).

—2mi R, e—m'ez o3

6—27riR0 €—7ri600'3

e—27riR1 €—7ri91 o3

20

627riRoo 6m’(90003

Figure 1.5. Contour I' and jump matrices J(z) for the RHP 1.2

The solution ¥(z) is uniquely determined by z,C,,6,,r,. If we fix C,,0,,7, and start

changing z, then such deformation is called isomonodromic. In this case ¥(z) satisfies the

equation.
av A,
— = v,
dx z—x
It implies the following equations
dGy A, dGy  Ag dG, (Ao Ay
%_xGO’ d:r;_x—lGl’ dx_(ac+a:—1 Ga,

Then the solution of PVI equation is given by

_ z(Ao)12
z((Ao)12 + (A1)12) + (Ao)1z + (Ax)12

u(x)
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Consider the following trace functions
py =Tr(M,), pu=Te(M,M,), v=012 pXe{0,1z}
They satisfy the Jimbo-Fricke relation, which is the trace of (1.17)

Doy + Doy + D21 + PozPorPer — (PoPe + P1Poo)Pox — (PoP1 + PePoo)Po1 — (PeP1 + PoPoo)Pa1t

+pg + P11 + Do+ PopaP1Pes —4 =10 (1.18)

Now to describe all branches of solutions of PVI equation we need to consider two subsets
of solutions.
If My, My, M, generate irreducible representation of 7 (C/{0,1,z}) then it is shown in

[75] that corresponding solutions of PVI equation are parametrized with coordinates

{Pozs po1, p1 : (1.18) holds} (1.19)

If My, My, M, generate reducible representation of 7 (C/{0, 1, x}), then they correspond
to critical points of (1.18) and it was shown in [64, 92] that in this case corresponding
solutions of PVI equation are rational or expressed in terms of hypergeometric functions.

All asymptotic behaviors of PVI solutions as  — 0,1, 0o corresponding to all possible
values of parameters (1.19), including the critical points, are described in [62].

The real solutions with no singularities on the interval [1,00) was considered in [46].
Among the monodromy matrices M, in this case there are 2 matrices with common eigen-
vector. Up to bi-rational transformations, such solutions have asymptotics (41) — (46) in
[62]. It should be also mentioned that the authors of [46] has developed an algorithm to
compute the numbers of zeros, poles, 1-points and fixed points of a real solution of Painlevé
VI equation on the interval (1,+00). and their mutual position. This algorithm is based on
a remarkable link, also discovered in [46], between the real solutions of Painlevé VI equations

and a special geometric object, a one parameter family of circular pentagons.
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1.2 The Painlevé tau functions

The notion of tau function was introduced in the theory of system of linear ordinary
differential equations by Jimbo, Miwa, and Ueno in the 80s ([78]), and it has gradually
become one of the central concepts not only in the theory of linear differential equations
but in the whole general area of integrable systems and their applications, especially in the
problems related to random matrices and statistical mechanics [52, 53, 54, 82, 34]. The exact
definition of the object will be presented in Section 2.1. Here, we only mention that, in the
case of Painlevé equations, a characteristic property of the tau function of a given Painlevé
equation is that its logarithmic derivative is the Hamiltonian of the equation.

Usually, it is not the Painlevé functions per se but the related tau functions that are
objects which actually appear in applications, notably in the description of the correlation
functions of integrable statistical mechanics and quantum field models. The main analytic
issue in these applications is the behavior of the tau functions near the relevant fixed critical
points. Of the special importance is the evaluation of the connection formulae between the
corresponding asymptotic parameters including the evaluation of the constant pre-factors
appearing in the asymptotics. The latter, very often, contain the most important information
of the models in question.

As it has already been indicated in the last paragraph before Section 1.1.1 of this intro-
duction, one of the principal achievements of modern theory of the Painlevé transcendents
is that it is possible to produce connection formulae for these functions in closed form.
However, this fact by itself does not solve the connection problem for the associated tau
functions. Indeed, as it was mentioned above, the defining property of the tau function of a
given Painlevé equation is that its logarithmic derivative is the Hamiltonian of the equation.
Hence, in order to obtain the full connection formulae for Painlevé tau functions one should
be able to evaluate integrals of certain combinations of Painlevé transcendents and their
derivatives — the combinations which make the corresponding Hamiltonians. In other words,
a complete connection formula for a given tau function must include the precise information
of certain constant of integrations (or, rather their ratios at different critical points) which

manifest themselves as pre-factors in the tau function expansions. The evaluation of these
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integration constants is often refer to as a “constant problem”. After the development in
the 90s of the efficient techniques of the asymptotic evaluation of the Painlevé functions per
se ([38, 37]), the constant problem has been a major challenge in the asymptotic study of
Painlevé equations.

The first rigorous solution of a constant problem for Painlevé equations was obtained
in the 1991 work of Tracy [110] where he studied a special solution of the third Painlevé
equation in the context of the phase transition in the 2D Ising model. We describe the

setting of this problem below.

1.2.1 Tau function for special solution of PIII(D8)(F) equation

Consider symmetric Ising model on Z?2. It describes phase transition in ferromagnetism.
The configuration o represents the spin orientation at every point on the integer lattice. It
is given by the function

o: 7% — {1,-1}.

Energy of configuration o restricted to M x N rectangle A € Z? is defined by the formula

EA(O') =—J Z (Uj,kaj,k+1 + O'j,kUjJrl,k:)y J > 0.
J,keA

Introduce spin correlation function along the row

_Ep(9)
201,101,n+1€ kT
(01101041) = lim z NG
|A| =00 Zef o
g

Introduce the notation

J
z = tanh (k_T) .

The critical temperature T, corresponds to the value
2, = V2 —1.

The following results one can find in [95]. For 7" < T, the correlation function exhibits

long range interaction

1
. (£ + 12(42° = (2 = 1)?)]*
| ntl) = My = )
n1_>HC}O<01,101, +1> 0 1624

(1.20)
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Parameter M, is called spontaneous magnetization. For T = T, the correlation function
decays powerlike

(01101 n41) X AN~ 1, N — 00, ¢ = e1 A3, (1.21)

W=

For T > T, the correlation function decays exponentially

e—nlncg

(01101 041) > C2 ( Jan ) ,  M— 00,

(22 —1—22)(22 — 1)? 1 1—2
Co = 3= ——.
? (22— 1+422)1622 C T 21+ 2)

(1.22)

We see that after the temperature surpasses critical value, the spins become much less
correlated. To describe the phase transition between (1.20), (1.21), and (1.22) we introduce
the correlation length ((7") by formula

V(1= 2?)
A1) = |22+ 22— 1|

When the temperature approaches critical value, the correlation length approaches to infinity

and the correlation function approaches to zero

1
(\/§+ 1)(2 - Zc)

This behavior motivates to consider the following double-scaling limit

L My~ 25(V2+1)i(z— 2)7, 2z

(T) =~

t n
T—1T., n-—oo, exp (—) = —— — fixed.
2) 1)
The following formula holds [6]
I H t sinh(%), T' > T,
nh_}rxolo ni<0171017n+1> = Z%eéexp —/ (— + e_) dt 4 C’ (1.23)
T—T.+0 / 416 cosh({), T < T..
The Hamiltonian H here is given by
2 t
p*  e'cosh(q) dq
H == - — = —.
(pa.t) =75 T PEo

The integral appearing in (1.23) is related to the tau function

to
H(t1 ) = exp /Hdt | (1.24)
t1
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1 1
The function ¢(t) solves PIII(D8)(F) equation with a = g’ 8= g = 0=0
d’¢ 1, .
T = 1¢ sinh g. (1.25)

The plot of corresponding vector field is given on Figure 1.6.

Figure 1.6. Force field for PIII(D8)(F) equation (1.25)

We can express ¢(t) in notations of [6, 94]

=20 (e (5) ) = -2 (e (5) )

and in notations of [101, 72]
q(t) = —iu (e%> + .

The asymptotic of the solution ¢(t) appearing in (1.23) is given by (see Figure 1.7)
q(t) ~ =t +4In(2) — 2In(61n(2) — 2y —t), ¢ — —o0, (1.26)

2 L
q(t) ~ 2\/j€4662, t — +oo. (1.27)
T

where 7 is the Euler’s constant. It was rigorously justified in [121, 101].
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-10 -5

Figure 1.7. Solution of PIII(D8)(F) equation (1.25) with asymptotics (1.26), (1.27)

To solve the connection problem for tau function means to compute the asymptotic
t — —oo of the integral (1.23). As it was mentioned earlier, it was done by Tracy in [110]

and the answer is

too g
exp | — / (g + f—;) dt % ~ e SATI270, > —o0 (1.28)
t
where A is Glaisher-Kinkelin constant. Plugging it in (1.23) we get the correct value of
constant ¢; in (1.21). That verifies that the description of transition between (1.20), (1.21),
and (1.22) is given by tau function (1.24). The proof of (1.28) is based on approximation of
the solution (1.26), (1.27) by family of solutions

=
~—~

w||

Q
SN—"

q(t) ~ at — 6aln(2) + 21n i

qlt) = ~2sin (%) \/gexp <—§1) exp (=e8) (14+0(1)), £ +oo.

with —1 < a < 0.

t — —o0, (1.29)

Another approach using approximation of solutions of PIII(D8) equation with family of
solutions PIII(D6) equations is presented in [94, 23]. The analysis of phase transition above

in terms of appearance of Fisher-Hartwig singularity in Toeplitz determinant is given in [28].
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1.3 The goals and the outline of the dissertation

A number of other constant problems for Painlevé tau functions were solved in recent
years [8, 85, 33, 4, 35, 44, 83, 36, 45]. The tau functions that appeared in all these papers,
however, corresponded to very special families of Painlevé functions with some extra, non-
generic properties which were “responsible” for the solution of the problem. The explicit
evaluation of the constant pre-factors in the tau function expansions for generic Painlevé
transcendents has been one of the top open questions in the area since the above mentioned
paper of Craig Tracy [110]. Only very recently, due to the important works of Gamayun,
Torgov, Lisovyy on conformal field theory interpretation of the Painlevé tau-functions [55, 56],
a progress in the “constant problem” began to appear. However, the results obtained in
(67, 70] though very important have not been mathematically rigorous.

A main goal of this dissertation is the rigorous evaluation of the constant pre-
factors for generic families of tau functions for Painlevé IT and III(D8)(F) equations following
(72, 69, 73]. It boils down to Theorems 4.1 and 4.2. We shall conclude this introduction by
outlining the content of the dissertation in more details.

We derive in Chapter 2 the differential identities for general isomonodromic tau function
which allow to reduce the connection problem for tau function to the connection problem for
solutions of isomonodromic deformation equations (see Theorem 2.1). For Painlevé equations
they are the consequence of quasihomogeneity of Hamiltonians as we show in Chapter 3 (see
Theorem 3.1). We use the identities from Chapter 3 to solve connection problem for tau
function for generic solutions of PIII(D8)(F) equation in Section 4.1 and homogeneous PII
equation in Section 4.2.

During the derivation of differential identities mentioned above we arrived to Conjectures
2.1, 2.2, 5.1, and 5.2 on the Hamiltonian and symplectic structure of general isomonodromic
deformations. We formulate them in Chapters 2 and 5 and check for Painlevé equations in
Chapter 6.

We also would like to mention recent works on connection problems for tau functions

22, 20, 23, 87, 86, 93, 32] which appeared after [72, 69, 73].
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2. ISOOMONODROMIC TAU FUNCTION
2.1 Isomonodromic deformations

In this chapter we give the definition of isomonodromic tau function and derive the

differential identities for it. Consider the system of linear differential equations with rational

coefficients with n + 1 singularities at aq, ..., an, s = 00 ON C
d(I) n ry+1 Too—1
— =A(2)P, Av kH — 2 Ao k1. 2.1
dz ( ) v=1 ; V kZ:() e ( )

Without loss of generality we assume that
A i1, Ao —jo1 €8N (C), k=1...rm,+1, j=0...1o—1, v=1...n
We shall also assume that all highest order matrix coefficients A, _,, are diagonalizable
Ayr, =G0, Gl O, ,, =diag{0,1,...0,n},
and that their eigenvalues are distinct and non-resonant:

0o # 0, if r,>1, «a#p,
Opo #06,5 modZ if r,=0, a##p.

Matrices (G, are determined up to right multiplication by diagonal matrices. We make
det(G,) = 1 and keep other N — 1 parameters free. Using the transformation & — C'® with

constant matrix C' we get A, diagonal. If 7o, = 0, then we define

n
Aoo,O = - E Au,0~
v=1

and make it diagonal. In other words, we assume G, = I.
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We introduce the space A of coefficients of (2.1).
-/4 = {ay € Ca Al/,fk+17 Aoo,fjfb 61/,77“1,7 @oo,froo € 5[N (C), Gl/ € SLN((C)7

k=1...r, j=0...r0o—2, v=1...n}/ ~

Two extra constraints are put using change of variable z — az + 3. As the result we have

the following formula for dimension of A

dim A =n+ (N*—1) (im—i—ro@ - 1) +(N=1)(n+1)+n(N*>—-1)—2
v=1 (2.2)

= (irv”w) (N> =1+ (N=1)(n+ 1)+ (N> =1)(n—1)+n—2.

v=1

If the Poincaré index r, of the pole a, is greater or equal to 1, then the pole is called
an irreqular singular point of the system (2.1). In the neighborhood of such a point the
asymptotic behavior of solution ® (z) exhibits the Stokes Phenomenon which is described as
follows.

Let a, be an irregular singular point of index r,. For j =1,...,2r, + 1, let

Q;, = {z :0< |z —a,| <e, 0 < arg (z—a,) < GJ(-Q), 0\ — 9§1) S —1—5} :

j j TV
be the Stokes sectors around a, (see, e.g., [49, Chapter 1] and [118] for more details). Ac-

cording to the general theory of linear systems, in each sector €2;, there exists a unique

)

canonical solution ®;” () of (2.1) which satisfies the asymptotic condition

oV ()~ (2)  asz—a, ze€Q,, j=1,...,2r,+1, (2.3)
where <I>§(’jjm (z) is the formal solution at the point a,
oY) (2)=GW () G¥ (2) =G, (2), (2.4)
where
Ci)(”)(z): ]+Zzozlgy7k(z—ay)k, v=1,...,n,
T4+ 50 goonz ™, v =00,

and ©,(z) are diagonal matrix-valued functions

~1
Z @ij(Z_aV)k+@u,Oln(Z_au>, v=1,...,n
0,(z) = b=r k
v Too @oo,—k k o 1 B
_Zk:1 TZ — Yeo,011 2, v = 00.
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We emphasize, that in (2.4) we denoted constant matrices as GG, and matrix functions
as G . Among the identities that determine 6, (z), ®®) (z) and G™ (z) in terms of A (2)
and G, there is a particularly important family of relations that will be repeatedly used in

what follows. Namely, the structure of the formal solution (2.4) implies that

GV (2) = o (2.5)
0 (277, v = o0.

Az) = G (2)

The matrix A (z) can thus be reconstructed by taking the sum of principal parts of Laurent
series G(")@{,G(”)_l at z = a, (plus a constant part for the point at co). We also can notice
that according to (2.5) Tr(A(z)) = 0 implies Tr(0, (2)) = 0.

Stokes and connection matrices relate the canonical solutions CI>§-”) (2) in different Stokes

sectors and at different singular points:
o =5 =12, o =0C, v=1..n

We can patch the Riemann-Hilbert problem from the canonical solutions @gl’) (z). Consid-
er as an example the case with 4 singularities, a; =0, ao =1, 71 =4, 1o =2, r3 =1, oo = 3.
Riemann-Hilbert Problem 2.1.

e U (z) is analytic for z € C\ T,

o U, (2)=WV_(2)J(2) forz €T,

o U (2) satisfies condition (2.3) at singular points 0,1, as, cc.

The contour I' and the associated piecewise constant jump matrices J(z) are depicted in

Figure 2.1. zy is the reference point.

The general case can be treated in the similar way. The fact that z; is not singular point of

®(z) implies the cyclic relation

. . -1 -1 1
S5 gL 2mi00 (0 e2miO1Lo (sg:g) (5513,1) ...(Sf”) orL

X Cye27020 (sgig)_l (5521)_1 . (SF))_l oyl (2.6)
X Ce2miOn0 (ngf;{)_l (s80-1) o <5§">>_1 Crl=1
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54>

Figure 2.1. Contour I and jump matrices J(z) for the RHP 2.1.

The identity Tr(A(z)) = 0 implies that det(égy) (z)) = const by Liousville’s formula. Taking
the limit to singular points since det(G,) = 1 we get det(@yl) (z)) = 1. Therefore

det(C,) = 1.

The standard computation [118, 49] shows that Stokes matrices SJ(-V) are upper or lower
triangular with ones on the diagonal.

We introduce the space M of monodromy data of the system (2.1) which consists of
formal monodromy exponents ©,,y, connection matrices ), and Stokes matrices SJ(-V). More
explicitly,

M={5", 6,5 €sly (C), C, € SLy(C) : (26) holds, j = 1...2r,,

v=1,....,n,00; p=1,....,n}/ ~
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The cyclic relation (2.6) puts extra N? — 1 constraints. As the result we have

dim M = (iQTV +27“oo> w +m+1)(N—=1)+n(N*—-1)— (N*-1)
v=1 (2.7)

- <irl,+roo> (N>~ N)+ (n+1)(N—1)+ (n—1)(N*>—1).

v=1
We can notice, that it is always even number and one can ask about symplectic form on M,
see Conjecture 2.1 below. We denote M = (myq,...,my) € M, 2d = dim M.

Introduce now the set of times
T={a,, ©,x€sIn(C), k=—r,,...,—Liv=1...,no0; u=1,....,n}/ ~

We put two constraints on this set using change of variable z — az + § (they are the same

as for A). We can write

dimT:njL(irl,—i—rw) (N—-1)—2 (2.8)

v=1
All possible cases with N = 2 and dim 7 = 1 appear in the framework of Painlevé equations

(see Chapter 6).

n=0, 7re=3, (PII)
n=1 r=1, ro=1, (PIII)
n=1 rn=0, re=2, (PIV)
n=2, r=ro=0, 7re=1, (PV)
n=3, T =ry9=173="s =0, (PVI)

We retain the notation £ = (t1,...,t,) € T, L=dimT.
The so-called Riemann-Hilbert correspondence states that, up to submanifolds where the
inverse monodromy problem for (2.1) is not solvable, the space A can be identified with the

product T x M, where T denotes the universal covering of 7. We shall loosely write,
A~ T x M.

Comparing (2.2), (2.7), and (2.8) we can notice dim A = dim M +dim 7 as the confirmation
of this fact.
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Consider the deformation of system (2.1). We denote by A(z) = A (z,t_:M) , G, =
G, (ﬂ M ) the isomonodromic family having the same set M € M of monodromy data.
The isomonodromy implies that the corresponding solution ¢ (z) = @ (z,f) satisfies an

overdetermined system
dd
E :A(Z,ﬂq) (Z,f),

dr® =U (2,1) @ (2,7)

(2.9)

The coefficients of the matrix-valued differential form U = Zle Uk (z, f) dty, are rational in
z. Their explicit form may be algorithmically deduced from the expression for A (z). The

compatibility of the system (2.9) implies the monodromy preserving deformation equation:

dU
drA=—+[U.A] (2.10)

Writing the second equation in (2.9) near singular points a, we also get
drG, =V () G, (t) (2.11)

Let us recall now the standard definition of the Jimbo-Miwa-Ueno differential [78, equa-

tion (5.1)],

. D)
WiMU = — Z res,—q, Tr (CD(”) (z)_1 d(}LZ—Z(z) dr0, (z)) . (2.12)

v=1,...,n,00

It was shown in [78] that this 1-form is closed on solutions of the isomonodromy equation
(2.10):

dTOJJMU =0.

Therefore one can integrate it and define Jimbo-Miwa-Ueno isomonodromic tau function by

—

to

lnT(t_{,t—Q),M) :/WJMU (213)

—

t1
Besides the applications mentioned in the introduction, a remarkable property of this
tau function 7 (t:,tg; M ), which was established in [96] is that it admits analytic contin-
uation as an entire function to the whole universal covering T of the parameter space T .

Furthermore, zeros of 7 (t_{, to; M ) as function of 5 correspond to the points in 7 where the
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inverse monodromy problem for (2.1) is not solvable for a given set M of monodromy data
[89, 106] (or, equivalently, where a certain holomorphic vector bundle over C determined
by M becomes nontrivial). Hence the tau function plays a central role in the monodromy
theory of systems of linear differential equations.

Consider the quotient space

Ao = A/{T = const }’ (2.14)

It is known that system (2.10), (2.11) can be written as Hamiltonian system on space A, (see
[122]). In examples tau function turns out to be generating functions for the Hamiltonians

or in other words

L
WMy = Z Hdty,.

k=1

This precise statement depends on the choice of symplectic structure on Ay and on choice
of Darboux coordinates and might not be true, as we will see in Chapter 6. We discuss the
explicit formulas for Hamiltonians and symplectic structure for isomonodromic deformations

in next section and in Chapter 5.
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2.2 Extension of Jimbo-Miwa-Ueno differential form

To describe dependence of tau function on monodromy we would like to use natural
extension of form wjyyy on the whole space A ~ T x M which would coincide with (2.12)
when restricted to 7. Such extension was described in [89, 11]. It has been defined for
solution W (z) of a general Riemann-Hilbert problem with contour I' and jump matrix J (z)
as an integral

1
wp (0) = — / T (U2 9T T+ U, T710) de. (2.15)
r

4

The fact that in the isomonodromic setting this Malgrange-Bertola form could localize (i.e.
the integral can be evaluated in terms of ¥ and its derivatives with respect to times and
monodromy parameters) and become our form w was first realized in the paper [72] by two
of the authors in the context of Painlevé III (Dg). Shortly after M. Bertola pointed out how
the localization should be carried out for general systems (2.1), see [72, Remark 3]. The
result is 1-form w € Al <% X M) given by

w= Z res,—q, Tr (A (2) dG™) () GV (z)_1> : (2.16)

v=1,...,n,00
where d = dy + d .
The fact that restriction of (2.16) on isomonodromic times coincides with the form (2.12)
was noticed by Jimbo, Miwa and Ueno themselves, cf. [78, Remark 5.2]. We provide the

proof here.

Lemma 2.1 ([69]). The restriction of the 1-form (2.16) on isomonodromic times coincides

with form (2.12)

- dG®) o
wJMU:Z Z res;—q, It (A i (G(”)) >dtk. (2.17)

k=1 v=1,...,n,00

Proof. First of all we can see

oL ddW) 1 dGW)
() — (v)
<(D ) dz (&™) '

Then noticing that (2.4) and (2.1) imply

_ (v) _
(G~ di — (W) AGW) - = (2.18)
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and plugging this into the right hand side of (2.12), we have,

L
- do,
WIMU = — Z Z res,—q, Ir ((G(”)) ! AGY) a, > dty,

k=1 v=1,...,n,00

L
doe, do,
+ Z Z res,—q, It < & di ) dty,.

k=1 v=1,...,n,00

(2.19)

de, do, . .
The expression & d has poles of order at least 2, so it does not have residues and hence
z k
the second sum in (2.19) vanishes. We also have (2.4) and (2.9) implying
d@ —1 —1 dG(V)
L = (G U,G" — (GW : 2.20
O () g - (@) (220

Substituting (2.20) into (2.19) we transform it to the equation

L L 14 —
WIMU = — Z Z res,—q, 1r (AUk)dtk—i—Z Z res,—q, 1r (Adgt( ) (G(V)> 1) dty,.
k

k=1 v=1,...,n,00 k=1 v=1,...,n,00

The function Tr (AUk> is rational, therefore the sum of its residues is zero. So we get (2.17).
O

The expression (2.16) has the important property.

Lemma 2.2 ([69]). The form dw has no cross terms of the kind dt, A dm;,
k=1,....L, j=1,....2d

Proof. Denote

0 dG™) -1 d OG™) -1
I = E IreSz=aq, Tr ( 5mj (A . (G ) ) . (A }mj (G ) >) .

V7k7j
We have
dA dG™) -1 dG®) -1 OG®™) 1
_ () _ () (v)
I = ngjresz_ay Tr (0mj a, (G ) A i (G ) o, (G ) )

oG ™) -1 dGW 1 dAOGW -1
(v) (v) (v)
+ E res,—,, Ir <A m; (G ) » (G ) b om, (G ) ) .

dG®)
dty,

v,k,j

dA
and equation (2.10) to replace —. The

We use the formula (2.20) to get rid of =
k

expression Tr < Uk) is rational function and some of its residues is zero. After some

8mj

cancellations we have

A _,,dO 1 do ~1 0G™) -
_ _ 0 v (W) W) P (W) )
I_Eﬁmz%ﬂ< amjc: ﬁkK;) + AG ﬁkw ) &W(G )>

V7k7j
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o dUk aG v) —1 aG(V) d@y v) —1
Zresz v (dz om; (G ) +A8m]~ dty, (G ) '

v,k,j
We replace Uy, using again formula (2.20).

_ _ (v) _
I_E:m&mfﬁ(—géG DO Gy 4 agw 2 (e 28 (Gw)l)

vhd 8mj dtk dtk ij
d doe 1\ 0G®) -1
— - (V) 2V (V) v)
Vzk:jreszau Tr (dz (G i, (G ) ) o (G ) ) (2.21)
dG™) 1\ 0GW -1 OG™ dO -1
— v) (v) v (v)
Zresz ay LT (dz ( a (G ) ) o, (G")  +4 S, diy (G") > .

v,k,j

The fourth term is regular near z = a,, therefore its residue is zero. Now we notice the
important fact that the residue of the derivative with respect to z of formal series is zero.

Therefore we can ”integrate by parts”, moving the derivative from one term to another
0=res,—q, (fg) =res,—q, ['g+res,—q, [¢. (2.22)
We do that with the third term in (2.21).

DA de ,dO, 1 dGW 1
— _ () v (v) v v) (v)
I g reS,—q, Tr( 8m]~G a, (G ) + AG dtk (G ) am, (G ) )

V7k7j

oG™) de, e, o [dGW -1
) ®) v
+3 resica, T (anKH-w(mm)aW(@yG)>

v,k,j
do, ! 8G(”) 1 8G(V)
= res.—, Tr(dtk (GW) (G¥) - )

vk 8mj
™)
Using (2.18) to replace ag—, we have
z
0A _)dO, oGW d@ 1
I - zZ=a T ——G G(V) A G
Sreme T (=G (6) ! - A )
de 1 0 [(dGW -1 dO ~10G™ 90,
o Tr [ GV =2 (GW) aw Y (GW)
* Soree e (@ (O 5 () @7 G @) T
Finally using (2.18) one more time we get
om; dz om; om; om; 0z om; \ dz
Since Tr 40, 9 _(d5, has pole at least of order 2, we get I = 0. U
dty, Om; \ dz

We have the following corollary of Lemma 2.2.



31

Corollary 2.1 ([69]). Form dw is closed form on M independent on T .
Proof. We notice that
0 = d(dw) = d7(dw) + dp(dw).
Since wyyp is closed form and dw has no cross terms by Lemma 2.2, form dw contains only
differentials with respect to m;. Therefore we have separately

dT(dw) = 0, dM(dw) =0.

Therefore the claim follows. U
Form dw can be computed in terms of monodromy data using the relation with form
(2.15) and results of [10]. We arrive to the following conjecture.

Conjecture 2.1 ([73, 69]). Form dw is nondegenerate form on M.

If it is true, then form dw gives symplectic structure on M. The examples, when Conjecture
2.1 holds are provided in Remark 4.2, Remark 4.4.
Lemma 2.2 also plays a crucial role in rigorous solution of connection problem. Indeed,

a direct corollary of Lemma 2.1 is the following integral formula for the tau function (2.13),

t
)
lnTtl,tg, /Z Z res,—q, T (Adz (G(u))l)dtk. (2.23)

k=1 v=1,...,n,00 k

A key issue in the determlmng of the monodromy dependence of the tau function is the
possibility of the effective evaluation of the derivative of the integral (2.23) with respect to
the monodromy parameters m;. Lemma 2.2 implies that

9 dG(V) 1 d aG
O R )
_8mj E res,—gq, 1T (A i (G ) ) At ; res;—q, Ir ( om, (G ) )

14

Therefore,

olnrt 0 dG®) -1
— _— (v)
am, / ,;: am,; ) E res,—q, It (A i (G ) ) dty,

L 2
d oG -1
— E el ) 2.24
> / i E . res,—q, Ir (A am; (G ) )dtk ( )
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In other words, we conclude that in addition to the differential relation
drint = Z res,—q, Tr (G(”) (z)_lA (z) drGY) (z)) )
v=1,...,n,00
the tau function satisfies the differential relation,
dyInT = Z res,—,, Tr (G(”) (z)_lA (2) dpG™) (z)) :
v=1,...,n,00
These two differential identities allow to evaluate the asymptotic connection formulae up to
the numerical constants. Integrating (2.24) with respect to monodromy we can sum up the

above discussion in the following way

Theorem 2.1 ([73]). The tau function (2.13) can be evaluated alternatively as
oG™) "

m;

dmj.  (2.25)

—

@)

M
In7(ty, tg, M) = In7(t;, 1, My) + / ZresauTr (A
My VI

The arguments which led to the representation (2.24) for the logarithmic derivative of the
tau function with respect to m; are reminiscent to the variational equations for the classical

action. Let us assume that we can identify the classical Darboux coordinates !,

—

p:(pla"'upd)7 JZ (q17"'7Qd)

on the space Ay (given by (2.14)) so that the isomonodromic deformation equations (2.10),
(2.11) can be written as the commuting system of Hamiltonian dynamical equations,

dg; OHy  dp, OHy, .
- - —_— = —— k = ]_ e L — ]. . e d 2'26
dtk apj 7 dtk 6qj ’ ’ e 7 ’ ( )

The compatibility of the system (2.26) means (see, e.g., [2]) that all

OH,  OH,

— o(H,, H)) + &2k
Ckl { ks l}+ (975; atka

kE,l=1,...,L
are the Casimir functions? (maybe depending on the times t;), that is

{cr, f} =0, for any function [ = f(q,p). (2.27)

!The Darboux coordinates on the phase spaces Ay corresponding to Painlevé equations are introduced in
[63], [2];
2Warning: here,

OH, 0 > 7
e AT S .
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The classical action differential can be defined as the differential form on T x M,

Wela = ijdqj — Zdetk = Z (ij dq; Hk> dty, + Z (Zp] %4; ) dmy,
j k

We shall assume that

{(Hy, HY+ =% -2t =0 ki=1,... L (2.28)

Using (2.27), (2.28) it is easy to check that it is closed on the trajectories of the dynamical
system (2.26), i.e

dT (w = 0.

cla | MEconst)
Note that in those cases when the logarithm of the tau function is the generating function

for the Hamiltonians Hy, the Jimbo-Miwa-Ueno differential form is
wiMU = Z Hydty,
k

so that the integral (2.23) is the truncated action integral,

t
lnT:/Zdetk
. k

t1

Suppose that instead of this integral we need to study the complete action, i.e. the integral,

to

S = S(t1,ts, M) _/ Wela(M /Z (ijdt Hk> dty..

1
Then, the usual variational calculus arguments show that in any m,-derivative of S the inte-
gral terms would disappear. In fact, assume that Hamiltonians Hj do not depend explicitly

on m;. We have,
Opj dq] 0 (dg, OHy Op;  OHjy Og;
— | - — dt
8m]0 /Z (Z 8mjo dtk J@mjo dtk 8pj 3mj0 @C]j 8mj0 b

/Z Z 9p; dg;  Oq; dp; OHy 9p; — OHy 9g; dt. (2.29)
é?mjo dtk 6mj0 dtk 8pj 8771]'0 a%‘ a’rnjo ‘

t3

_ ij aq]

—

t1

=Yy 04,
j ]amjo
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and the integral term vanishes because of the equations of motion (2.26). Comparison (2.24)
and (2.29) makes one to suspect some deep connection between the tau function and the
classical action. Indeed, taking the full exterior derivation of w, = wda(f, M), one obtains,

dwela = Z d./\/lp] A d/\/lqj (23())

J
Note, that both, the form dw and the form dw., are the closed 2— forms on M and they
do not depend on the times 7. Therefore we can expect that the two 1-forms, w and wj,,

coincide up to the total differential. We formulate it as the conjecture.

Conjecture 2.2 ([73]). There exists a rational function G(p,q,t) of p,q,t such that,
w=w,,+dG(p,q.1). (2.31)
Moreover, the function G(ﬁ,(_f,f} 1s explicitly computable.

Identity (2.30) means that Conjecture 2.2 implies Conjecture 2.1.

The statement of Conjecture 2.2 has been proven to be true in the case of the Sine-
Gordon reduction of Painlevé III equation [72], in the case of the (homogenous) Painlevé
IT equation [69], and in the case of the Painlevé I equation [87]. In the Chapter 6 of this
paper we demonstrate the validity of this conjecture for the rest of the Painlevé equations
following [73].

Restricting (2.31) to the isomonodromic family M = const, one arrives to the identity

ST =3 (Zmﬁ M g, (57 0. M)J)) it

dt dt
T k * (2.32)
+ 30 Lo 2. q(E ). B .
—
and hence,

— — — — — — —) t_‘
In (i1, i3, M) = S(f, 3, M) + G(ﬁ(t,M),(j(t,M),t) ’ (2.33)

t1

This, in turn, would produce, taking into account (2.29), the following, alternative to (2.24),

formula for the m; — derivative of In 7,

(2.34)
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This version of the variational logarithmic derivatives of the tau functions turns out even
more efficient then (2.24) in the concrete examples related to the “constant problem”. Indeed,
the particular cases of (2.34) have been used in [22] in evaluation of the constant terms in the
asymptotics of the several basic distribution functions of random matrix theory expressible
in terms of the Painlevé transcendents. We provide the derivation of identities similar to
(2.33) for Painlevé equations in Chapter 3 and use them in Section 4.1 and Section 4.2 for

solution of connection problems.



36

3. PROPERTY OF QUASIHOMOGENEOUS HAMILTONIANS

For the Painlevé equations identities (2.33), (2.34) can be obtained using the general
property of their Hamiltonians. We start with the definition.

Definition 3.1. The function f : C* — C is called quasihomogeneous if

Jw, wy, wo, ... w, € Z such that VA € R, A >0
FO 2, X229, 00 A 2y) = A f(xy, e, ..., y,). (3.1)

Taking the derivative of (3.1) with respect to A at A = 1 we get
of of of

9 9D rwm, 2 —wr 3.9
w1x18x1+w2x28:c2+ +wxa$n wf (3.2)

The Hamiltonians for Painlevé equations are listed in [104, 80]. We write the version of

them, corresponding to equations of motions PI(F) — PVI(F)

H= % — 2% — 1, (PI)
H:p;—q;—q%t—qa, (PII)
H= %2 — et 4 Bet 1 — %e%”q + ge2t2q, (PIII)
H:p;—qg—%—q;(ﬁ—a)—l—%, (PIV)
H = %2 - sin}f;(g) - coshi(%) + %et cosh(q) + ge% cosh(2q), (PV)
i = %2 B [75_22 {ak?an(QqK’ k) - sn2(2§K, k) CZ§(12;;,2/1>

g2



We can notice the following properties

H(Xp, Nq, X't) = X°H(p, q, 1),

=

Ap, Aq, Nt Na) = AH (p, g, t, a),

=

)\ q,t—i-ln)\,)\Oé,)\ﬂ):)\QH(p7Q7t7a7ﬁ)7

=

H(Ap,q,t+ 2 ) = N2H(p, ¢, 1),

H

(
(
(
()\Qp, g—In\t+3InA, )\204) = )\4H(p, q,t, ),
(
(Np, Adq, Nt X, A°B) = A°H (p, ¢, t, v, B),

(

H(Ap,q,t +In X\, Na, N8, A7) = N’H(p, q,t,, B,7),

1 1
H (Ap7q7t7)\2aa)‘267 )‘277 5 + >‘2 (5 - _>> = )\2H<p7Q7t7057ﬁ7775)7

2
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(PI)

(PII)
(PIII(D6))
(PIII(D7))
(PIII(D8))
(PIV)
)

(PV

(PVI)

They mean that up to change of variables, the Hamiltonians are quasihomogeneous functions.

The consequence of this fact is that Painlevé equations can be interpreted as dynamical

system on weighted projective spaces [26, 27].

We use these properties to derive identities (3.2)

oOH 0H oOH

3pa— + Qqa— + 4755 =6H,

Qp%—[; + q%—H + 27588—[: + BQZ—Z — 4H,

oH (’9H 8H

P8—p+ a T+ /B_ﬁ: ;

2p%—g—%—H 368—? 204(2—5:4]{,

P 25 —2H,
p%—[;+q%H+2taa—[j+4aa—H 86%: ;
p%—HJr%—[jJr on 26%—[; a—H=2H7
88—;]—1-20486—]—[ 26(?)—15 27%H (25—1)88? 2H,

(PT)

(PII)
(PIII(D6))
(PIII(DT))
(PIII(DS))
(PIV)
(PV)

(PVI)
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Using the equations of motion we can rewrite them as

dq d
5H=5(p——H AtH — 2 PI
(w5 = 1) + gy et = 2p0), 1)
dq d OH
3H =3 ( P~ H) dt(?tH pq) + 304% (PII)
dq dH 8H OH
H=(p—-H — — PIII(D
dq 3dH 1dp 0H
H=(p—-H —— — PITI(D
(pdt >+2dt+2dt+a6a’ (PLLL(D7))
dg dH
H=(p—=—-H 2— PITI(D
(pdt ) 2lll (P11I(DS))
dq d 0H OH
4H =4 i H) + dt(?tH pq) + 4a8_ + 88— 95 (PIV)
dq dH 8H 6H 8H
H=(p—-H — 4+ 20— + 20— — P
dq 0OH H 8H OH
H=(p—-H 20— + 20—+ 2y—+ (26 — 1 ) PVI
(pdt )+ +685+v +(20-1) 55 (PVI)
We introduce the classical action by the formula
7 d
S(ti,ts) = / ( d—‘j - H) dt (3.3)

t1

and we remind that the tau function is given by
1Il7'(t1,t2) = /Hdt

We can write the following formula for derivative of (3.3) with respect to parameter p gen-

eralizing (2.29).

oS 8p dgq d (0q OHOp O0HOq OH
— +pa — - — ——— — — | dt

op : 8p dt dp dp dp  O0q Op  Op
to
(i o omon omon o), y
N pap " Jpdt Opdt 9Opdp 0Oq dp  Ip (34)
dq "™ Fom
=p—| — [ —dt
opl,, dp
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For the second equality we integrated by parts and for the third equality we used equations
of motion. Assume that solutions of Painlevé equation with fixed parameters «, 3,7,0 are

parameterized by m; and msy. Then
OH

8mj

=0.

And we can write the alternative representation of classical action

Moy t
S(t1,ta, M) = S(t1,t2, My) +/ZP£Z' 2dmj- (3.5)
My J=1 7
Using this formula and (3.4) we also get
A PRSI A £ VN A
t1 9 _pap no Op ) ap]\{ j=1 pamj t m]' .

The formula of sort (3.6) was obtained and used first time in [23] for PIII(D6) equation.

Integrating identities for Hamiltonians and using (3.5), (3.6) with p = «, 3,7, 0 we get
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Theorem 3.1. Painlevé tau functions admit the following representations similar to (2.25)

M,

0
+ S(t1,t2, M) +/Zp3773
J

M, I=1

to

1
InT(ty,ta, M) = 5(4tH — 2pq)

t1

ta

2 1 0
IHT(tl,tQ,M) = <3tH - 3pq4r04paz>

ty

+<1 a%—ﬁ ﬁ)( t17t27M0)+/gp88q]t

H
IHT(tl,tQ,M): <+ + « a)

M

0
+ (1 — aaa> (S(tth,Mo) + /
My

M o
th(tl,tQ,M):2H|§?+S(t1,t2,M0)+/Zp q‘
o

1 1 dq
In7(ty,ta, M) = (2 tH — qu—kapa— +208p 5)

B 2. 9q |
+ <1 ass 2635) ( t17t2’Mo)+/jz_;pamj . dmj) ;
ty

dq aq 2
InT(ty,te, M) = H—&—Qapa——i—Qﬁ ——|—7
B} B 2. 9q |
+ (1_ 60[ 26% 37) S(tl,tQ,M0)+ /‘;paTn‘7 . dmj s
My 7~

a8
0 0 Oq Oq
InT(ty,te, M) = <2apaz + 2ﬁp£ + 2’ypa— +(20—-1)p 8(5>

9] 0] 0
<12 8@2686278(251)&» ( (t1,t2, Mo) + /ZP

ta

m;

dmj s
ty1

(PT)

(PII)

(PIII(D6))

(PIII(D7))

(PIII(D8))

(PIV)

(PV)

(PVI)
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4. CONNECTION PROBLEM FOR PAINLEVE TAU
FUNCTIONS

4.1 PIII(D8)(F) equation

1 1
Consider the equation PIII(D8)(F) with o = oy b= 3’ vy=0=0
o Lo (4.1)
— = ——¢"sinhg. .
a2~ 4 1

Solutions of this equation are obtained from ones appearing in Section 1.2.1 by adding 7 to
q(t). It is related to the radial reduction of Sine-Gordon equation considered in [49, 72, 101]
by change of variable
. t
q(t) = —iu (65> :

We can describe ¢(t) using isomonodromic deformations and Riemann-Hilbert problem
in the following way. Consider the system of linear ordinary differential equations with 2
irregular singularities of Poincaré rank 1 at zero and at infinity

a _
dz

» ,
AR)B(2), Alz) = —261‘6’3 + 1’2%1 + 5(icosh(q)os +sinh(q)oz),  (4.2)

The canonical solutions at infinity are specified by the following asymptotic conditions

00 ot
CIDEOO) (2) =~ <I+ Zgﬁnoo)z_m> exp (—%03) ) as z — 00, z€ Qg-oo), J=1....3,
m=1
(4.3)

where the Stokes sectors are given by
(o) _ g (s :
Q7 ={z:7m(j —2) <argz < mj}.
There are two Stokes matrices S\°, 5°°) defined by the equations

05 (2) = 2% (2) S @% (2) = BF (2) S5,
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These matrices have the triangular structure

1 0

S§O°) — —
s 1 0 1

The canonical solutions satisfy monodromy condition
L) (ze¥™) = ™ (2).
The canonical solutions at zero are specified by the asymptotic conditions

<I>§-O) (z) ~ Gy (I + Z gf,?)zm> exp (—203) , as z—0, z¢€ QE-O), ji=1,...,3,
m=1

(4.4)

where

. q . q

Gy = isinh (—) o3 + i cosh <—) o1
2 2
and the Stokes sectors are given by
© _ g . (s :
Q7 ={z:7(j - 2) <argz < 7j}.
There are two Stokes matrices Sfo), Séo) defined by the equations
0 0 0 0 0 0
2 (2) =" ()5, @ (2) =2 (2) 55,
These matrices have the triangular structure
(0)
1 s 1 0
s\ = s = )

0 1 Sy 1
The canonical solutions satisfy monodromy condition

Cbéo) (ze™) = o\ (2).
The connection matrix Cj relates solutions near zero and near infinity

8 (2) = 8" (2) o
We can notice the symmetry

—A(=2) = 01A(2)o
which implies
O(—2) = 01P(2)0 (4.5)

We can construct from functions (PE-V) the solution of the following Riemann-Hilbert problem.
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Riemann-Hilbert Problem 4.1.
o U(z) is analytic for z € C\ I';
o U, (2)=V_(2)J(2) forz €T,
e Near the points 0,00 the behavior of V(z) is described by (4.3), (4.4).

Contour I' and jump matrices J(z) are given on Figure 4.1.

010001

8

Figure 4.1. Contour I' and jump matrices J(z) for the RHP 4.1

The symmetry (4.5) now implies

s = g0 0 o) (4.6)

The jump matrices also satisfy 2 cyclic relations, stating the absence of singularities at the

intersections of contour I
C’OSYX)) = 550)010001, 0100015500) = SéO)C’O. (4.7)

They are related to each other through conjugation by matrix ;. The solution to (4.6), (4.7)

can be described using complex parameters r and s and we allow r to take infinite value

-~ 1 1 r
sV =5 = =50 =5, Co== L+r(s—r1) 1) = 20
- r—s

(4.8)
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The function ¥(z) is uniquely determined by parameter ¢, Stokes matrices and connection
matrix. If we fix the jump matrices, then dependence of W(z) on ¢ is isomonodromic. It is

described by the equation

dv _ izélos  poy

Compatibility condition of (4.2) and (4.9) is given by

dp 1, . dq
a 16 sinh(g), E—p

It is equation (4.1) for ¢(t). The function ¢(t) is given by the formula
q(t) mod 2mi = —2arcsinh(i(Go)11).

The asymptotic of function ¢(t) is presented in [71, 49, 101]. There are three types of

behaviors at —oo.

1. special behavior for s = £21

27
29+ isr

q(t) mod 2mi >~ it + Kkt — 4k In(2) + 2k In (6 In(2) — 2y — t) , T — —o0,
where v is the Euler’s constant and x = —sign Ims.

2. singular behavior for pure imaginary s with is < 2 or is > 2

inh
q(t) mod 27 ~ 2k 1n | sin | 6pln2 4+ 2arg'(1 + ip) — arctan | - sinh(my.) — pt
i cosh(mp) + kr

+rt — 2k In(4p) +im, t - —o0

where
1 s .
[ = —arccosh 5 > (0, Kk = —signlms.
T
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3. generic behavior for other complex values of s

q(t) mod 2mi =at+b+ O (et(l_me“')) , t— —o0, (4.10)
where

2 ' I'(;+4
a = — arcsin (E> , |Rea| <1, b=mi—4min+6aln2 —2In (f (21) , (4.11)

i 2 F(z—%)

14
n = —arcsin [ £4/ ——2— (4.12)
27 L+r(s—r)

1 1
ne{z:|Rez|<Z}U{z:iZ+it:tZO}.

The choice of sign in (4.12) is the same as in (4.8). Parameters (a,b) are related to the ones

in [72, 101] by

Similarly there are three types of behaviors of function ¢(t) at 4o0.

1. special behavior for r = oo

g(t) mod 2mi — ir — iS\/gexp (-%) exp (—exp (%)) (1+0(1)), t— +oo,

(4.13)

where a is given by (4.11). Solutions with such behavior are called separatrix solutions.

2. singular behavior for 1+7(s—r) < 0. We could not find the corresponding asymptotic

formula in the literature.

3. generic behavior for |arg(l1+r(s—1))| <

q(t) mod 27i = ¢f,exp (2 exp (%) + % - %) (1 +0 (exp <—%)))
o (—iom () -2 (1r0 (e (1)) e

+0 (exp (%(2|Imy| - 1))) , t— 00,

where

TV 4T : 1
+ TLF T 5420 ;
Cog=¢€2 227" —TI(1 Fiv)(sEts—2r),
0,0 o (1 ) ) 1 (4.15)
V=g In(l+r(s—r)) = 10&00&0, Imv| < 3"
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Figure 4.2. Force field for pure imaginary solutions of PIII(D8)(F) equation (4.1)

If the solution ¢(t) is purely imaginary we have the symmetry relation
A(Z) = 0,A(2) 04
which gives
W = 09P(z)09, (W) - = 025£0)’(°°)02, Cy = 09Cyoy, s=2Rer.

Therefore purely imaginary solutions can have only generic asymptotic at —oo and generic
or special asymptotic at +o0o. We can expect such behaviors from the analysis of force field.
We denote y(t) = iq(t). The force field in this case takes form F(y,t) = —iet siny. It creates
stable trajectories y = 27k corresponding to generic behavior (4.14) at +oo and unstable
ones y = m+ 27k corresponding to the special behavior (4.13). The plot of F(y, t) is depicted
on Figure 4.2.

We can ask which stable trajectory solution will take if its asymptotic at —oo is given by
y(t) =iat +1ib+ O (et(l_‘Re“D) , t— —o0.

To answer this question we need to determine the number of 27 in the asymptotic of y(¢) at

)

+00 (see [71, 49]). First we rewrite formula (4.11) as

—~

—
NN
|

7

1 1
n=5- arcsin (sin (g + §<zb + 6taln 2) +iln

_|_
[CJISHINTIS]
~—

~—r
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Since ¢(t) is purely imaginary n takes real values. We can notice that values a = b = 0

1

correspond ton = 7, a=0,1b = —m ton =0, and a = 0, 1b = =27 to n = —}1. Since the

asymptotic of y(t) depends continuously on (a,b), the number of 27 in the asymptotic of

q(t) at 400 can be described using parameter ¢

11 i I(i+9)
=3+ (b4 6iam2) + 22
¢ 4+47T<z+zan +27Tn1“(%—%)
If g < (< %, asymptotic of y(t) at 400 is generic and solution lies in the interval

((2k — 1), (2k + 1)7) for large ¢. If ¢ = %, asymptotic of y(t) at +oo is special and solution
approaches (2k — 1)m for large ¢. As the result the formulae (4.14), (4.13) are modified as

y(t) = (2 — ) — 2isin (') \/gexp (-%) exp (—exp (%)) (1+0(1), t— oo,
y(t) = 2wk + 4v/—v exp (—i) Cos (exp (%) + %t + gb) (1 +0 (exp <—%)))

+0 (exp (%(mlm v| — 1))) . t— o0,

¢o=2vIn2+ ?% —arg(I'(iv)) — arg(r), k=1[2C],

where

1 1 sin? 27n) sin 27 (o +n) (4.16)
— r=—1—".

14

a
Rl = n— 2 ) .
4 2m  sin“ 270 sin 27n

These connection formulae are illustrated on Figures 4.3 and 4.4.

— a=-0.8i

— a=-0.73i

a=0.3i

— a=0.8i

Figure 4.3. Pure imaginary solutions of PIII(D8)(F) equation (4.1) attaining
stable trajectories
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— a=0.6043i
— a=0.1804
— a=-0.2589

a=-0.6775i

Figure 4.4. Pure imaginary solutions of PIII(D8)(F) equation (4.1) attaining
unstable trajectories

If the solution ¢(t) is real we have the symmetry relation

A(Z) = 01A(z)o (4.17)

which gives

— 71 -
O(Z) = 01P(2)0y, (Séo)’(oo)> = Jleo)’(oo)ol, Co=01Cho1, s=2iImr. (4.18)

For solutions taking values in R + i7k we also have relations (4.17), (4.18).
For real solutions of (4.1) there is only one stable trajectory ¢ = 0. The corresponding
force field is given on Figure 4.5. Such solutions can have only generic behavior at —oo and

+o00. The asymptotic (4.14) can be written as

y(t) = 4v/0 exp <_§1> sin <exp (%) 4 %t 4 gb) (1 40 <exp (-%)))
10 (exp (%(2|Imy| - 1))) Lt — 400,

where ¢, v and r are given by (4.16). The typical solution is shown on Figure 4.6.
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Figure 4.6. Real solution of PIII(D8)(F) equation (4.1)

For solutions taking values in R — 7w — 27k there is one nonstable trajectory ¢ = —im —
2mik. The force field for y = q 4 iw + 2mwik is given on Figure 1.6. Such solutions can have
all three types of behaviors at —oo and special or singular behavior at +o00. Solutions with
special behavior at +oo and generic or special behavior at —oo appeared in the application

to the Ising model as (1.26), (1.29).
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Let us turn our attention now to the tau function. It is given by the formula
t2
T(t1,t2,0,m) = exp /Hdt : (4.19)
t1

where the Hamiltonian H is given by

e’ cosh(q) dq
e = —. 4.20

2
H(p,q,t) = % +
It is the square of tau function considered in [72].

The connection constant for tau function corresponding to solutions with special behavior
at +o0o and generic or special behavior at —oo was found in [110], as we mentioned in Section
1.2.1.

The connection constant for tau function corresponding to solutions with generic behav-
iors at —oo and 400 was conjectured in [70] and proven in [72]. We will obtain this formula
below.

It is convenient to take o and 71 as the independent parameters. Numbers a and b are

then given by

ra—-2
a=1- 4o, b:m'—4m'77—(2—80)1n8—21n%, (4.21)
where o, n are the complex numbers satisfying
1 IR
n € {z:|Rez| <Z}U{Z:i1+”: tZO}

. (4.22)

sin? 27 1

n#0, larg——| <7, 0<Reo<_

sin“ 2o 2

We rewrite expressions of the asymptotic parameters at t = +00 (4.15) in terms of o and 7

| , .
Coo = I P L iy)w L L sin® 2w

, —_— 4.23
o sin 27n 21 sin? 270 ( )

If we look in more details on asymptotic (4.14) we can notice the following structure (see
[70]),
q(t) mod 2mi ~ Z cf R IR (4.24)
Lk>0, e==
t

‘ 4
t t 1C
r = exp <z exp (5) + %) , ( =exp <_Z> : c(jil = i—g’o (612 & 4iv — 1), Cfo = E(Coi,o)g
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Justification of asymptotic (4.24), can be done using the Riemann-Hilbert approach, cf [38].

Using the fact that [Imv| < % we can notice that formula (4.24) is actually asymptotic

expansion. Substituting it and formula (4.10) at the right hand side of equation (4.19), we
arrive at the following asymptotic representation of the tau function (4.19) as t; — —o0,

ts = +00
to Zt 2t
In7(ty,ty,0,m) ~ %+4V€%+%—%+IHT (4.25)

Our goal is to evaluate constant term in the asymptotics, which we called T.

In Theorem 3.1 we showed the following identity

to
, (4.26)

t1

(o)
2 11 9q 9q
In7(t,ts,0m) = 2H[? + S <t1,t2, 7 Z) + / (p%dff +pa—nd77)

W=
W=

We picked the reference point 0 =n = }1, which corresponds to solution ¢(¢) = 0. Therefore

11 1
St te, =, — ) = =(e"" —e).
(1’ 2’4’4) 4(6 ¢?)

Substituting (4.24) and (4.10) at the right hand side of equation (4.26) and comparing the
result with (4.25), we shall arrive, after rather tedious though straightforward calculations,

at the following formula for T

(o,m)

InY = 2% —a® — 2iv + / (icgpdcy,y — adb). (4.27)
(31)

Following [70], we introduce the parameter p

N
PN

o—irip _ sin 27 (o + 1) .

4.28
sin 27n ( )

It is determined up to a half-integer, which will not affect our calculations. Using connection
formulae (4.23), (4.21), we can re-write the differential form (cgdcy o —adb) as the differential

form in variables 7, p, o and v,

oodcoy — adb = 4vd(Incy ) — adb = —16mi(odn + ivdp) + 4midn — (24 — 960)(In 2)do

(1 - 20)

+(27i +8In2)vdr + (2 — 80)dIn T(20)

+ divdInT'(1 +iv).
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After that we re-write (4.27) as

InY = 2% — 2iv +im? +40°In2 — 1602 + 80 — 1 — 240 In2 + 480%In 2 + 31n 2 + 4rin

(UJI) g v

—mi — 16mi / (odn +ivdp) + /(2 —80)dIn % + /4iudln I'(1+iv).
(3:4)

ST
PN
=

(4.29)

It remains to evaluate the integrals in (4.29). For the integrals involving the I'-functions one

gets,
['(1—20) ['(1—20) 9
2 — In——=2In ————— — 1 1
/( 80)dIn I(20) n 20) 8o 4 160~ +
f (4.30)
1 1
+41n<G(1 —20)G(1 + 20)) —8IndG (—) —4InT (—) ,
2 2
/4iud InD(1 +iv) = 2vi — 2v* — 2ivIn(27) + 4In G(1 + iv), (4.31)
0
where G/(z) is the Barnes G-function and we have used the classical formula,
[ 2(1—2) =z
InT(z)dz = ——  t3 In(27) + 2InT(2) — In G(1 + 2). (4.32)

0
The branch of the logarithms is fixed by the requirement of the expression to be real for
positive z.
Evaluation of the first integral in (4.29) is more challenging. It was done in [70]. First of
all we integrate by parts
(o)m) (o.m)

1
odn +ivdp = on +ivp — / ndo + ipdy — 6
(31)

, 77—>;1L,W6havep—>—ioo, v —

L
PN

(31)

To fix the constant we noticed that when o —

N
RN

=

0, vp—D0.

We can notice that the Hamiltonian (4.20) is invariant under transformation ¢ — —q.

It corresponds to transformations n — % —n and o — % — 0. Using that we can assume

without loss of generality that
1
0 < Ren< Z
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Now parameters p and 7 can be considered as functions of (o, v):

1 . oy e 2
n= o arcsin <j: €T sin 27m> ,

and p is described by (4.28). We have

(om)
2 2
. _n v L. 2mi(o+n—i%) L. —2mi(o+n+i%) 1
ndU+ZpdV = _E+§+@L12(_6 i )—F@ng(—G n )—%, (433)

(3:3)

where Li; (2) denotes the dilogarithm function and we remind the integral formula for it

Liy (2) = — /0 =), (4.34)

T

=
=

To check (4.33) we notice the formula

2cosm(o+n =+ %) = imEoFI— —1p), (4.35)

which implies
In (1 + 627”(‘”’7_%)) —In (1 + e_zm(UJr”J“%)) = 4min (4.36)
In (1 + 62“(0+ﬂ—%>) +In (1 + 6—2“‘(“*"*%)) = 27v — Srip (4.37)

We see using (4.36), (4.37) that derivatives of left and right hand side in (4.33) coincide. We

also remind that
2

. ™
ng(l) = E

We remind yet another classical formula,

Liy(e?™%) = —2miIn G(2) — 2izIn Sin;m) —722(1— 2) + %2, (4.38)
Liy(e72™#) = 270 In G(2) + 2mizIn singzrz) —7m22(1 - 2) + %2, (4.39)

where
G(z) = % (4.40)

The branches of logarithms are fixed by the requirement that In G(z) and Insin(7z) are real

for 0 <z < 1.
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Taking into account the relations (4.33), (4.35), (4.38), (4.39) we arrive at the following
final expression for the first integral in (4.29)

(om) A 4
G(o+n+ 5%

—167i / odn +ivdp = 41n A( 7 12. ) — 8mion + 4min?® — inv
o G(o+n+ 5%)

2

(4.41)

N
N

iy In(2r) — dmio? — Amio + dmin + %Z

Substituting formulae (4.30), (4.31), and (4.41) in (4.29) we arrive at the main result of this

section

Theorem 4.1 ([72]). Let o and n be the “monodromy” parameters of the solution q(t) of
Painlevé III(D8)(F) equation (4.1) satisfying the inequalities (4.22). Then the tau function
(4.19) has the behavior (4.25) as t; — —o0, ty — 400 with

2
T = (27T)2i1/241/2+4802—240647ri(772—2077—02+277—0) (F(l — 20))

['(20)
. . N (4.42)
G(1 +iv)G(1 +20)G(1 — 20)G(0 + 1+ F2) (—8i)
( o+ + ) ) w2 (G(3)*

where v is defined in (4.23), G(z) is the Barnes G — function, and G(z) is given by (4.40).

Remark 4.1. If sin2n (0 + n) = 0 then parameter p is undefined. But we can notice that
the answer (4.42) does not depend on p and is holomorphic in o and v, therefore it stays the

same if sin2w(o 4+ n) = 0.

Remark 4.2. It was shown in [70, 72] that the variables (8mio,n) and (87v, p) are Darbouz
coordinates for the symplectic form given by differential dw of form (2.16). In fact, one has
that

dw = 8mido N\ dn = 8mdv A dp.

That shows Congecture 2.1 in the setting of system (4.2).



95

4.2 Homogeneous PII equation

We are concerned with the solutions of homogeneous second Painlevé equation

d*q
— =23+t 4.43
T =240 T (4.43)

Its interpretation as equation of isomonodromic deformations was given in Section 1.1.1.

The solutions can be parametrized by the set
{(51, Sa, 53) . (19) hOldS}

The respective asymptotics and their explicit monodromy parametrization are presented

in [79], [71], [38], and [49]. There are three types of behaviors at —oo.

1. special behavior for 1 — s;83 =0

—t _3n 51+ So 2v/2 3 1
q(t) ~ o] — bp(—t) 2 ——————Fexp| ———(—t)2 | (1+O0O((—t) %)), t = —o0
D=0y 3 b0t -2 (-0 (a+0(=07)
where s; = —i0, o = +£1. Solutions with such behavior are called increasing tronqué
solutions or separatrix solutions.
2. singular behavior for 1 — s153 <0
24/ —t1
q(t) = — — —
ae’ + be=9 + O((—t)"10)
where , ;
2me’s V2mer
a=—"r—~, b=—7—7, ab=1,
s (5 + @ﬂ) s3I (5 — zﬁ)
2 3 1
g= g(—t)% + 75 In(—t) +35In2 — g, B = %hl(Sng —1).
3. generic behavior for |arg(l — sys3)| <7
q(t) _ a&oe%(_t)% (—t)%“_% + aaoe—%(—t)% (—t)_%“_% +0 (MM—%) , t— —o0,
(4.44)
In (1 — sys3) i
b= """ ag,oao,o ==,
e 2 (4.45)
Y T R e s |

Qoo = ) ay, )
o0 s1I'(1) 00 s3I'(—p)
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There are also three types of behaviors at +oc.

1. special behavior for s; = 0

151 2 s _3
q(t) ~ 2/t exp <—§t2) (14+0(t™ 1)), t - —o0.

Solutions with such behavior are called decreasing tronqué solutions or separatrix so-

lutions.

2. singular behavior for s € R, s9 # 0

I BN

1) = —
att) ce +1+0(t~

ic (ceih —1+0(t”
)

>> +0(t77)

where
V2res 22 s 3y 7 1
= , h:—t+ Int+—1In2, = —In(esy), € = signss.
(1+ s983)T (5 +i7) 2 2 L (552) B2

3. generic behavior for |arg(iosy)| < §, o = signRe (isy) = %1

t 3 4
oq(t) = \/;+b11e23 P i b e T L 0 (B o oo,

(4.46)
In (i :
,_n (2052)7 b be, iv

i ’ ’:4\/57
3

\/E2—L2V—§ - _— \/_ F-1e5+T
- M (T4 sis)T (1)

(4.47)

Pure imaginary solutions of (4.43) were considered in Section 1.1.1. They have generic
behavior at —oo and special or generic behavior at +oc.

For the real solutions the symmetry conditions (1.6), (1.7) are replaced by

A(Z) = 01A(2)0y.

and

\IJ(E) = 0'1(1)(2)0'1, (S_n)_l = 0'157,n0'1, S3 = 8_1

The force field for real solutions of (4.43) is given on Figure 4.7. It provides unstable

trajectory ¢ = 0 for positive time corresponding to special behavior and three trajectories
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[P —
“ e s = —p—p
U —
S —

- - - - - e
- - = = . . ——

ettt o = |- . . e s s &
e — — +— = = o+ e &

Bl T T I = = b
ettt — = — == = = —

[N
——— — — = = = = =
o e e -
et
e — — = = = = =
A A o = -

Figure 4.7. Force field for real solutions of homogeneous PII equation

for negative time: stable ¢ = 0 corresponding to generic behavior and unstable ¢ = £+ %t
corresponding to special behavior. Real solutions can have all three types of behavior at
—o0o and special or singular behavior at +oc.

If —1 < is; < 1, then the real solution has generic behavior at —oo and special behavior
at +o0o0. Such solutions are called Ablowitz-Segur solutions. The formula (4.44) can be

rewritten in this case as

where

1 T 3 d?
d= \/—;ln(l —[s1?), o= 1 §d2 In2+arg (F (Z3)> —arg(s1).

If s; = +i then the real solution has special behavior at —oo and special behavior at
~+00. Such solution is called Hastings-Mcleod solution.

The behavior of Ablowitz-Segur and Hastings-Mcleod solutions is illustrated on Figure
4.8.
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Figure 4.8. Real solutions of homogeneous PII equation

Let us return now to the tau function. It is given by the formula
to
T(tl,t2,81,82> = exXp /Hdt
t1

where the Hamiltonian H is given by

It is the square root of tau function considered in [69].

o8

(4.48)

(4.49)

The tau function connection constant for Ablowitz-Segur solutions was conjectured in

[17] and computed in [22, 21]. The tau function connection constant for Hastings-Mcleod

solution was found in [33, 4].

The tau function connection constant for solutions with generic asymptotics (4.44) at

—oo and (4.46) at +o0o was computed in [69]. We provide the derivation of this formula

below.

Generic asymptotics at —oo and +o0o happens under conditions
|arg(l — sy83)| <m, |arg(ioss)| < g, o = signRe (isy) = £1,
which imply using (4.45) and (4.47)

1 1
Rep| < = Rev| < —.

(4.50)

(4.51)



We will need more terms in the asymptotics of ¢ (¢) for our calculations. Denote

o

3

(—0)%,  (=(=t)%.

r= e%(_t)
We have the following formal asymptotic expansion at t = —oo :

q(t) ~ Z a’ilre(%ﬂ)cﬁlﬂ_

1>k>0, e=+

A few first terms are
q(t) ~ (aafor + a&or_l) ¢+ (aatlr + aalr_l + aflr?’ + ailr_3) T+,

where

, 3
+ iago (F1024* + 364 F 5) + (ago)
a1 = 48 ) G ==
Similarly, denoting
y:e%?:/gt%t_%” gzt_%’

we have a formal asymptotic expansion at t = 400 :

gt)~ >

1>k>0, e=+

€ €(2k+1) ¢61+1 2ek ~61—2
Dopt1,6141Y (@k+1)¢ + Z £,
I>k>0, e==+

€
2k, 61—2Y

Let us record its several first terms:
&2

oq(t) ~ =—

q(t) NG

+ (b 7y + by + b5y° + bsy ) €T+

+ (by 0y ) € (b + 03,97 + byy™?) €

+ (bo,10 + b3 10y” + baaoy 2 + 0oyt + b0y ) €0+

where
3v z\/§ 9
boa = - 2i,4 =T (bfl) )
: 3
bt _biﬂ 51 2_§V¢1_7 i:_(bli,l)
1,7 1,1 6 8 2 16 Y 3,7 2 Y
7

17

4

iv2 (51 1 1
boio = —— (—V2 + —) ) bét,m = (:Fgl/ AT

11 41 v 2
2 Zy _) (bil)Q, bg:El() — i

29

(4.52)

(4.53)

()"
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Justification of asymptotics (4.52), (4.53) can be done using the Riemann-Hilbert approach,
cf [38]. Conditions (4.51) imply that these expressions are actually asymptotic expansions.

Plugging them into (4.48) we get the following behavior as t; — —o0, ty — 400

) 612 + 1 21 s 32
lnT(tl,tQ,Sl,Sg) ﬂ—}— \/_ (1—6)1 t2+?,u( tl)g +—Z ln(—t1)+lHT
(4.54)

Our goal is to evaluate T.

In Theorem 3.1 we showed the following identity

2H r2
th(tl,tQ, S1, 82) = (T — %)

t1

+ S(tl,tQ,Sl, 82) .

Taking derivative with respect to monodromy data s;, sy we have

ilrm’(t to. s s) 9 @_@ : @Q
aS] 1502, 91, 92 aSj 3 3 pasj

Therefore we can write the following representation for tau function

2tH
In7(ty,ta,81,82) = In7(ty,t2,0,—10) + <( _@)

t1

to
t1

(51,82)

3 3

(0,—i)
(s1,82) 9 (4.55)
q
* / p381
(0771‘)

We picked the reference point s; = 0, ss = —i since it can be related to Hastings-Mcleod

to

dSQ

t1

to

Jq
dsy1 + p—
S1 p882

t1

solution of (4.43) (see Section 4.2.1). It corresponds to v = 1 = 0. As a particular case of

(4.54) we have
3

5 1
— 2 - 4.56
In7(ty, 2,0, —i) ~ SYRRET: Inty +1In 7. ( )
We will compute Y in Section 4.2.1.
Now plugging (4.52), (4.53), and (4.56) in (4.55) and comparing the result with (4.54)

we get

51,52
) ) (s1,52)
14

T =InYo— -+ +5 + 542 / (adodang + V2bi,dbi, ) (4.57)
(Ov_i)

Hence, our task is to evaluate the integral in the right hand side of (4.57). To this end, it is

convenient to introduce new monodromy parameters p and 7 by the equations

(14 s5185) "t = €™, 550 = e, (4.58)
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The parameters p and 7 are determined up to even integer, which will not affect our com-
putation. We transforms the integral in (4.57) into

(51,52)

o
21 / aafoda&o + \/ﬁbf’ldbil = — /p (ln aao); du
(0,—4) 0

V (51,52) (4.59)
—% / v (In bil);du — %T / (vdp + 2pudn) .
0 (0,—i)
The first two integrals on the right can be rewritten as
p , n
[nnagy)du= -2 - [dnr ),
0 0
/V (lnbil);dlj = ﬂrl%#l/z - /l/dlnl"(l/).
0 0
Using (4.32) we get
p ' )
/u (lna&o);du = — (ilrl%# 1+ g + % + ghl(Qﬂ') +InG(1 — p), (4.60a)
0
/l/ (In bil);dy = ﬂrl%#lﬂ + g - V; + gln(27r) —InG(1+v). (4.60b)
0

In order to simplify the third integral, we first notice that due to cyclic relation (1.9)

satisfied by the Stokes parameters we may write
1 1 — e 2min 1 1 — e2miv
=———In{——— =——h|(———7F— 4.61
M= o n<1—em@ﬂn>’ 4 win(1—em@ﬂﬂ)’ (4.61)

(4.62)

where

n=mn-—

o] Q

That means that p and p can be considered as functions of v and 1. Now we can express
the third integral in (4.59) in terms of dilogarithms. We have

(s1,82) (s1,82)

&/‘(Vdp-FQMdﬁ)Zzt/‘(2udﬁ-pdV)+-Vp

(0,—1) (0,—%)

_ % [Lig (e—zz‘m) + Li, (62m‘u) — 2L, (eiw(u—n))] + vp,

(4.63)
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where Lis (2) denotes the dilogarithm function given by integral (4.34). We can check (4.63)
by differentiation and using the fact that s; = 0, s, = —i corresponds to p =v =n = 0. To

rewrite (4.63) in terms of Barnes G-function we first notice the relations

(Fpmn—v) M T ey _ I T (4.64)
sinwny sin(—7v)

which can be verified with the help of (4.61). Using the classical formulae (4.38), (4.39) and
(4.64) we get

(s1,82) N
; G 2% . _ 2 2
/ (vdp + 2pdn) = ‘ln ( (?7)) — 2 (G (77 5 V)) - UZ - UZ - % + 2un. (4.65)
(Ov_i)

Plugging (4.65) and (4.60) in (4.57) and (4.59) we arrive at

3

T = TOQ%HQ—%(2@‘%-%6%(n2+2u2+2nu78w7) \/G (- VA) G ) 7 (4.66)
G- G (5Y)
The remaining task is to compute Y.
4.2.1 Asymptotic of tau function for s; =0 and s, = —¢

Consider the transcendental Hastings-McLeod solution ugy () of (4.43). We remind that
it has the following asymptotics on the real axis:

%t +0 ((—t)_% e s 2(”5)%) ,  t— —o0,
upm () =~ t,%e,%t%

2\/m
Denote by Hyy (t) the corresponding Hamiltonian. Plugging the asymptotics of upy () into
the definition (4.49), one finds that

_T 2,3
—|—O<t ie” s ), t — +o0.

2

A +0 ((—t)% e s 2(’”%) ,  t— —o0,
3

O (t’le_§t§> , t — 400.

The rapid decay of Hyy as t — 400 allows to normalize the tau function associated to the

Hastings-McLeod solution by setting

+oo
T (1) := lim 7 (¢,t2,—1,0) = exp { HHM(S)dS} . (4.67)
¢

to——+00
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Its asymptotics is then given by

1 t3

Tam (t) ~ YTaum - (=)0 e 21, ¢t — —o0, (4.68)

The coefficient Ty represents the finite part of the integral in (4.67) as t — —oo. It has

been evaluated in [34, 4] and the result reads

1 _d=n

THM =2 e 2, (469)

where ( (s) denotes the Riemann zeta function. Alternatively, Ty can be expressed in
terms of the Glaisher-Kinkelin constant A = e12-¢'1 or in terms of the special value
G (%) = 2217 135" of the Barnes function.

The Hastings-McLeod solution is associated, via the Riemann-Hilbert correspondence,

to the following Stokes data:
S1 = —i, So = O, S3 = 1.

These parameters do not satisfy genericity conditions (4.50), but we can use Zs-symmetry
of the Riemann-Hilbert problem 1.1. More precisely, the solutions of (4.43) verify the peri-
odicity relation

w(t; s1,82,83) =€ s u(tes ;s3,—S1,—S2),

in which we explicitly indicate the dependence of solutions on monodromy. Introducing a

“rotated” Hastings-McLeod solution
. 2mi 2mi
tpm (t) == €73 ugy (te 3 ;—z,O,z) ,

one may check that @y (f) satisfies Painlevé I equation (4.43) and corresponds to the Stokes
data

§1 = 0, SS9 = —’i, S3 = —1.

These new parameters do satisfy the conditions (4.50) and we used them as reference point
in the main part of this chapter. In the above notations, we have c =1 and u=n=rv =0,

which implies that agy = by, = 0. One may also rewrite ag,, b, in (4.45), (4.47) as

. 93=1e=*F D (1 — 1) 54 L 27T T e T (14 v) (14 s189)
ago = N g by, = Nz ’
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so that for amy (t) = u (¢;0, —i, —i) we get

3mi

+ _ €* + _

Qo0 = ﬁa by, = T
The asymptotics of upy (t) may be continued inside the sectors —3 <argt <0, %’r <argt <
7, see [49]. We record for later use more terms in the relevant asymptotics of Hpyy () as
|[t] — oo:

3
3
5 4

£2 1 27ie5VATTY L 2(emm)* (\t!‘z>
1 ! ’
Hy(t) = ¢ & 100 avm (e o

argt € [2?”,7?] ,

+0 (|t\*%) .|t = oo, argt € [—%,0].
(4.70)
Let Hyy (t) denote the Hamiltonian corresponding to the rotated solution @y (t). The

tau function associated to this solution may be defined as

Fan(t) == lim 7 (ty,t,0, —i) = exp{/; Hu (5) ds}. (4.71)

t1——o0

Its asymptotics contains the so far unknown coefficient Ty (see (4.56)):

3

Fin (1) = Yot 162, ¢ — +00. (4.72)

The main idea of our computation of Yy is to relate the integrals (4.67) and (4.71). To
this end let us substitute ¢ s =y into (4.71) and take into account that Hyy () =

27

e s Hpgym (te 3 ) This yields

211
te 3

Tuwm (t) = exp / .., Haa(y)dy ¢

—ooe 3

where the integral is taken along the line e R.

It follows from (4.68) that

oo 3 Int

. 3 Int .
e = (IHTHM T 1—6) = dm, ( T 1—6)

Since the above integral converges, we may write for a > 0

- 3 Int
Hoo —t

i - s 1 a® Ina
_tggloo(/_aHHM<8)d8+/_t |:HHM(S)—§—|—1—68} ds_ﬂ_1_6>'
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Here the branch cut for the logarithm is chosen to be the negative imaginary axis so that

—5 <argz < 37” For In Ty, one similarly obtains from (4.72)

27i
_ 3 3 Int , tes 3 Int
InYT, = t£+moo (ln Trum (t) — 21 + 1_6> = tlgnoo / Hym (s)ds — —+— | =

. a8’ te s 3 Int
= tlg—noo /;teggm_ Huwm (S) ds + /%237”_ Hygyv (S) ds — ﬁ + 1_6 =
25 te 5" 2 3
ae € S 1 a Ina
= I H d H —— 4+ —|ds— — + —
e /_ts s () ds + /3 { ma (8) =g+ 165] T 16

We would like to deform the contours in the two integrals so as to connect In T with In Tgyr.

The relevant deformations are represented in Figure 4.9.

2mi

te s

Figure 4.9. Contour deformation for the first (left) and second (right) integral
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The crucial observation is that the integrals along the contours shown in Figure 4.9 are
equal to zero. The reason for their vanishing is the absense of poles in the Hastings-Mcleod
solution inside the sectors argt € [—g, O] U [%’r, ﬂ, see [65]. It follows that

2mi

—a ae 3 t
InYTy= lim / Hpy (s) ds + / Hyy (s) ds + Hpy (s) ds
\ _

t—=+o0 —a te™ 3

+/_tH (s) 82+1 d+/_a Huu(s) 82+1 d
§)——+—|ds §)——+—|ds
L™ 8 ' 16s o | 8 ' 16s

te 3 52 1 a® Ina
H - — 4+ —|ds— — + —
+/ { () 3 + 163} s +

Using the asymptotics (4.70) and appropriate version of the Jordan’s lemma, one may show
that the limits of the integrals over two arcs of the big circle are equal to zero. Therefore we
get

. - -t 52 1 a® Ina iw
Mo—tilﬁg{/t g () + {HHM@—WTGS d”ﬂ*ﬁ*@}

i
=—In7T —.
HM + 1R
In combination with (4.69), this gives us the unknown constant in the connection coefficient

(4.66)

1 (=) in
T, = 21e tis,

This evaluation reproduces the numerically observed value T ~ 0.86540.114% and, together

with (4.66) we get the following theorem

Theorem 4.2 ([69]). Under the genericity assumptions (4.50) on the monodromy data, the

asymptotic of the homogeneous Painlevé II tau function ast; — —oo and ty — 400 is given

by (4.54) with

T = 2%#2—%(2#)_%—53%(n2+2u2+2nv—8ﬁ”7) \/G 1~ VA) G m) oo ; (4.73)
G(1-p)G("5")

2

where p, v, o and n are related to Stokes parameters si, ss, s3 by (4.45), (4.47), (4.50),
(4.58), (4.62), and G (2) is the combination of Barnes G-functions given by (4.40).
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Remark 4.3. If s3 = 0 then parameter n is undefined and we can introduce another pa-
rameter \ via s7' = ™ and perform similar calculations. Or we can take into account
asymptotic formula for the Barnes G-function

22 322 2

1 1 1
log G(1+2) = 5lnz—T+§1n(27r)—ﬁlnz+ﬁ—lnA+O (?) , z—o00, |argz|<m.

Then s3 =0 means n — —ico, p— 0, wun— 0 and we get

z'Trl/2 1 (/(71)71‘771—

L/2 14
YT =2%(2m)ie ¥ /Gl —v)2me 7 .

If 1+ s189 = 0 then parameter p is undefined but the final answer (4.73) is holomorphic in

n and v, therefore it stays the same if 1 + sys9 = 0.

Remark 4.4. It was shown in [69] that the variables (2mip,n) and (imp,v) are Darbouz

coordinates for the symplectic form given by differential dw of form (2.16). In fact, one has
that

dw = 2midp N dn = midp A dv.

That shows Congecture 2.1 in the setting of system (1.2).
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5. HAMILTONIAN AND SYMPLECTIC STRUCTURE OF
ISOMONODROMIC DEFORMATIONS

We return to the quotient space Ay introduced in (2.14). We denote the points f € Ay
as

f=(0f,.-, faa), 2d=dimM.

Introduce the differential 4 on the space Aq. Consider the form

Wy = Z res,—q, Tr (G(”) (z)_lA (z) 6GW) (z)) : (5.1)

v=1,...,n,00

Form dw, is closed form on Ay. It was shown in [12] that for Fuchsian systems it coincides
with the extension of Kirillov-Kostant symplectic structure and is nondegenerate. It also
was computed in terms of monodromy data M using the relation to the form (2.15). Similar
identification and proof of non-degeneracy for the case of systems with irregular singularities

remains an open problem and we formulate it as a conjecture.
Conjecture 5.1. Form dw, is nondegenerate form on Ajg.

If this conjecture is true, then we have symplectic form dw, on Ay. We expect that the
isomonodromic deformations become Hamiltonian systems with respect to this form after
proper choice of Hamiltonians.

The Hamiltonian and symplectic structure of isomonodromic deformations was studied
in [84, 14, 15, 122, 63, 91, 2]. It is expected usually, that Jimbo-Miwa-Ueno tau function is
the generating function for the Hamiltonians

81117'({, M)

But as we will see in Chapter 6, such statement is sensitive to the choice of symplectic form

and Darboux coordinates.
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As far as known to the author, there is no explicit description of the Hamiltonian and
corresponding symplectic form in general isomonodromic setting. Below we provide the
method to construct such Hamiltonian assuming Conjecture 5.1. We start with the formula
for the form dw,

dw, = Z res,—q, Ir ((G(”))_1 SA A 5(;(1/))

v=1,...,n,00

Y res,Tr ((G(”>)‘1 3G (GM) 7! /\A(SG(”)> ,

v=1,...,n,00

(5.3)

Let us assume that there is a family of Hamiltonians {H;}$™7 with Hamiltonian vector

fields X, defined by the formula
Lxy 0we = —0Hy, k=1.. .dim T (5.4)

where ¢ denotes the interior product. The dynamics induced by this Hamiltonians on Ajq is

described by

%ZXHk[fL feA, k=1...dimT7. (5.5)
k

If we turn it on we will have

dA  0A ,
0A[Xp,] = v G Xy ] =

dGW) oG W)
dt, ot

k=1...dm7.  (5.6)

Here partial derivative means differentiation only of explicit dependence of corresponding
functions on times.
Introduce the following form

0A _ ., =1 d(6©,) , -1 0G™)
Q= ZresZ:aVTr (8_tk5G( ) (G( )) ) - ZresZ:aVTr (7 (G( )) o, ) (5.7)

v v

We rewrite (5.4) in more details and get the following result.
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Lemma 5.1. Assume that dynamics (5.5) induced by Hamiltonians {Hy,}Hm7 is isomono-

dromic and is described by equations (2.20), (2.10). Then
SHy = . (5.8)
Proof. Taking the interior product of the forrm (5.3) and using (5.6) we get
Lxy, Owa = It + Iy,

where

dG™) )

11:ZresZ:aVTr((G(”) 13—25(} ) ZresZ:aVTr((G(”))_léA i

v v

o -1dGW) 5
—;resZ:aVTr((G( ) i (G)) " A5G >)
D 5a0) (gt 49GY
+ZyjreszzaVTr<(G )" 0GW (G A i)
ag(u))

Iy = — Zresz:auTr ((G(V ) -1 gTA(SG u)) + Zresz:aUTr ((G(V))—l SA o
k - %

v

_ ) _
+ Z res,_q, Tr ((G(V)) 1 8; (G(V)) 1 A(SG(”))
. k

)
d ot

Let us work with ;. We apply (2.10) and get

I, = ZreszzayTr ((G( ) -1 %5G ) ZresZ:aVTr ((G(”))_l [Uk,A](SG(”))

v v

v) _ _
_ Zresz:al,Tr ((G(V)) 1 dt ) I ZTGSZ aVTI" (|: dc(l; (G(V)) 1:| 5G(V) (G(V)) 1) ‘
k k

(5.9)

Consider the first term. We replace Uy, using (2.20)

)yt WUk oyt 4 (4G Ly saw
Zresz:ayTr<(G )G ) ZresZ:aVTr((G ) dz( i (G ) sG

v 14

+Zresz=ayTr ((G(V)) 1ddz (G(V) C;(? (G ))1) 5G(V))
k

(5.10)
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Since G is regular near a, the first term on the right hand side is zero. The second term

we integrate by parts using (2.22). Taking into account (2.18) we have

ZresZ:aVTr ((G(V)) - (G(V) C;?V (G(u))_l) 5G(u)) _
k

Zresz:al,Tr <(G(V))—1 AGW) C;(;)V (G(u))—l (5G(V))
k

v

o, do, -1 do, 1 d
_ ) _ (v)
§ res;—q, < B (G sG ) » res.—,Tr ( i (G~ (oG ))

v

(5.11)
We can use (2.18) again to write
dci(m ) =6AGY) + ASG™ — 5GW) O _ o dd (60,).

Therefore we have

d@l/ v d@y )\ 1 v
_ Zy:resZ:%Tr < i, (G( )) e (5@ )) - XV:reSZ:avTr < i (G( )) SAG( ))

doe, =1 5 doe, d@
—Zresz auTr( (G( )) A5G )) +ZresZ:aUTr ( a, (G( )) sG™) e )

d@ d
+;resz_ayTr < a, dz<5@ ))

(5.12)
The last term here has pole at least of order 2 and therefore vanishes.
Now combining (5.10), (5.11), (5.12) we can write
—1 dUy Ao, , i \—1 5
ZresZ:aVTr ((G( ) EéG ) —ZresZ:aVTr ((5 < i, (G( )) AG( ))>
Y p Y (5.13)
v)\ L v
+;resZ:aVTr (d—tk(é@y) (G( )) AG! )) ‘
We use (2.20) in the first term on the right hand side and get
do, -1
_ Zresz o, Tt ( ( i (G(V)) AG(V))) = _ ZresZ:aVTr (0 (UkA))
Y (5.14)

dG™) o —1
—I—Zl;reszaVTr (5( o (G( )) A)) )

k
The first term here is zero, since dUpA is the rational function and sum of its residues is

zero. To simplify second term we take ¢ of (2.20). We get

dGW) dO® de
_ (v) ) _ w2-v ) v
) ( i, ) = o0U,.G\Y +U,L0G oG i, G\Y§ < i, ) .
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o, . . :
Replacing here — i the third term according to (2.20) we get
k

w) _ _ )
5 (997 —sv,60 UG —sa) (G UG 4G (G) G qos (190
dtk dtk dtk

Using this formula, (5.13) and (5.14) we have

) _
Zresz:aVTr((G( N 1%50 ) § reszzayTr<d((;t (G™) léA)
k

v v

+ ZTGSZ:aUTl“ (AdU) + ZresZ:aVTr ([A, Up]6G®) (G(u))—1>

dGW™) ~1 —1
—l—Zresz o, Ir ({ i (G( )) ,A} sGW) (G(”)) ) _
The second term here is zero since A 0Uy, is rational function on z. Plugging this formula in
(5.9) we get I; = 0.
Let us work now with I5. Using (2.18) we can write

doe 1 dO,

5A=5G<V>d—”(G<V>)’1—G — (GM) L (@)
o . it WGV (5.15)
+G¥2-(50,) (GV) +5( ——(@¥) )

Using (2.18) and (5.15) we get rid of A and §A in I,. We have
0A d(60,) 1 0GW
L=-Y res._,T )=t 22 Y res. o, Tr (=2 (G¥) T S —
9 d res,—q, r((G ) atchG )+ d reS.—q, r( 7 (G ) T
dG®) “1\ 0GW) -1
¥) )
£ e (5( C (@) ) (@) )

dG®) -1 1 0GW 1
(v) ) (W) = (W)
+ EV reSZ:aVTr( 7 (G ) {5G (G ) ot (G ) ])

The last two terms here are zero, since G*) is regular near a,. Using (5.4) we now get (5.8).

O

This result allows us to formulate the conjecture
Conjecture 5.2. Form Q) given by (5.7) is exact.

If this conjecture holds, it provides the formula for Hamiltonians in general case. Below in

Chapter 6 we check Conjecture 5.2 and Conjecture 5.1 for Painlevé equations.



6. ISOMONODROMIC SETTING OF PAINLEVE EQUATIONS
6.1 PI equation

point at z = 0,

The linear system associated with the first Painlevé equation is the 2 x 2 matrix ODE
with one irregular singular point of Poincaré rank 5 at z = co and with one Fuchsian singular

dd
— =A(2)®
7 (2) @,
The matrix coefficients are,

A(z) = Am7_5z4 + Aoo,—fs’z2 + A 22+ Ao -1 + %'

(6.1)

4 0 0 —4u 0 —w
Aoo,—5 = ; Aoo,—3 - ) Aoo,—2 — )
0 —4 4y 0 —v 0
w4+ —2u—=x
Aoo,—l =

1( 01
; AO,O = 3
4 —2uP—x
and so that the space A is parametrized by v, u, and t,

A={(v,u,x)}.

(2.2).

It is not generic system with one irregular singular point of Poincaré rank 5 at z = co and
with one Fuchsian singular point at z = 0 and dimension of A is not given by the formula

The formal solution at z = oo is given by the series,

: 1 425
Do (2) = (I + % y 2% gy % +O (E)) PO O(2) = oy (

St =3+ — tzz
22 23 A 5 )
with the explicit formulae for the first five coefficient matrices g given by the equations,

(6.2)
H? U H? v—a? uH v
1 —H 0 _ | & 2 | a8 24 4 T8
=75 o= L] 9= s | (63)
0 H 3 s T 7§ ®mTt
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H* v—a? u?  uH? vH 2u+x
_ 384 + 48 H+ 8 16 + 16 + 8 6.4
g4 = ) ( : )

uH? vH 2ul+a H* v—z> u?
16+16+ 8 384+ 48H+8

_ HY  v—a?yy2  5ul-2z _ 2vu+l uH3 vH? 2u’+z v—z? 1
3840 192 H 80 H 160 96 + + 6 H+ u+ 16

64 1 48
95 = wH3 vH? 2u2+xH v—x? 1 H° v—x? H2 5u2—2:cH 2vu+1 (65)
T96 0 64 16 — a8 YT 16 3840+192 + 80 + 160
where
v?
H = i 4u® — 2zu. (6.6)

The Fuchsian point z = 0 is a resonant point and hence the generic theory outlined in
the Section 2.1 is not applicable. In fact, the behavior of the solution ®(z) at z = 0 is given
by the formula [87],

1 1
2 1,
O(z) = 27293d(2),
1

where ®(z) is holomorphic and invertible at z = 0.
The isomonodromic deformation of system (6.14) with respect to parameter ¢ yields the
linear matrix differential equation

dd U_
—— =U(2)®,  B(z)= Ulz+71,

dx
1 0 U —u (6.7)
Ul - 9 U—l -
0 -1 U —u
The compatibility condition of (6.1) and (6.7) yields the system of ODEs
du v

— = 12u® + 2z.
dx

which is equivalent to the PI equation.

We are passing now to the forms wyyy and w corresponding to the Painlevé I system (6.1).
Because z = 0 is the resonant Fuchsian point we strictly speaking can not use the definitions
(2.12) and (2.16) for the forms wyyy and w. However, following [87], we take (2.12) and
(2.16), where the undefined contribution of the resonant point z = 0 simply ignored, as the

definitions of these forms in the case of the Painlevé I equations, i.e. we put

dG(z) d@(z)) "

(6.9)

WIMU = — I'eS,—no 1T (G_l(z) P o
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and

w =res,—oo Tr (A (2) dG (2) G (z)fl) : (6.10)
where G(z) and ©(z) are the series and the exponent from (6.2). We obtain from (6.9) at
once that

dl
WMy = dr;de = Hdzx.

The form w needs more work.

Introduce the matrix coefficients h; of the series inverse to the series (6.2),

hi  hy hy Iy 1 g1, 92 93 94 s 1\
e M () = (e B R B I B (2 .
( z 22 23 A 25 - B 26

(6.11)
We have for the first four coefficients the relations,
hi=—=g1, ha=—g+gi, hs=—gs+ 901+ 9192 — 91,
_ 2 2 2 4
hy = =94+ 9301 + 9193 + 95 — 9291 — 919291 — 9192 + 91
Plugging (6.11) and (6.2) into (6.10) we arrive at the formula,
w = Tr(—A4(h4dgl + hgdgg + h2d93 + hldg4 + dg5) — AQ(hgdgl + hldgg + dgg)
—Al (h1d91 + dgz) - Aodgl) .
Using (6.3)—(6.5) we get after (quite a lot of) simplifications
2 1 4
w = §vdu — —udv — —Hdx + —xdH,
5 5 5 5
and properly combining the terms,
4H 2
w= [vdu—Hd:z:de(Tx—%)] . (6.12)

Equation (6.12) proves Conjecture 2.2, in the case of the 2 x 2 system (6.1) and gives the

explicit formula for G (v, u, x),
1
G(v,u,z) = 5(4[{3: — 2@u>.

The corresponding equation (2.32) is

dinT du

d
T <4Hx — 2vu>,

| =
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and, of course, can be easily checked directly.
Let us show now the Conjecture 5.1. Plugging (6.11) and (6.2) into (5.1) we arrive at

the formula,
Wa = TT(—Aoo7—5(h4591 + h30ge + hodgs + h10gs + 0g5) — Aco—3(hadg1 + h10g2 + dg3)

— Ao, —2(h16g1 + dg2) — Aoo,71591>-

Using (6.3)—(6.5) we get again
2 4
Wy = §v(5u — —udv + —xdH.
) 5) 5)

After taking differential § it becomes nondegenerate 2-form

dwg = 0v A du. (6.13)
That shows Conjecture 5.1.
For the form (5.7) we have
0= Tr(—aAoo’_l(Sg1> — §H,
Ox

with H given by (6.6). That means that Conjecture 5.2 holds. We can easily check that

system (6.8) is Hamiltonian system with symplectic form (6.13) and the Hamiltonian (6.6).

6.2 PII equation

According to [76], the second Painlevé equation describes the isomonodromic deforma-
tions of the 2 x 2 linear system having only one irregular singular point at z = oo of the

Poincaré rank 3.

dd
= A(z) D, A(z)=A 32>+ Agz + Ay,
0k v+E —ku (6.14)
Az=o03 A= o0 , A= ) 2 Y .

This representation is differs from the one considered in the introduction (see [48]). The
complex parameters v, u, k, #, and x can be taken as the original coordinates on the corre-

sponding space A. Its dimension is given by (2.2).

A={(v,u,k,0,2)}.
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The formal solution of system (6.14) at its only (irregular) singular point, z = oo, has

the structure

il 3
Do (2) (I + Z gmz_m> exp (03 (% + % —0ln z)) , 2 — 00, (6.15)
m=1

with the first three matrix coefficients g, kK = 1,2, 3 given by the explicit formulae,

k
-H -
g1 = . s (616)
- H
H? v 6 kH ku
| TTi—T =2 t3
92 = vH VU 6 H? v 0 ’ (617)
F Tk Kk oz Tat:
H3 Hv H Hzx6 vu 6? [% kH? kuH k k kxz6
D B e
vH? Hou Ho v? vl VT H3 Hv Hz Hz6 vy 62 [ ’
o PR PR Tm T Ta e T %6 ti "6 6 T
(6.18)
where
2
(% vr
H=— +vu’+ — +uf. (6.19)

2 2
The isomonodromic deformation of system (6.14) with respect to parameter ¢ yields the

linear matrix differential equation

d®
%:U(Z’)q), U(Z):U12+U0,
. ok (6.20)
Ur=503, Uy=3
2 2 v 0
k
The compatibility condition of (6.20) and (6.14) reads
d_u =v+u+ z
dr 2’
d
é = —2vu — 0,
o (6.21)
dr ’
do
= —o.
dx

The last equation of this system is just the statement that 6, as the part of the monodromy

data, is constant. The third equation gives In k(x) as the antiderivative of —u(x). The first
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two first order differential equations are equivalent to one second order differential equation,
indeed, the PII equation, with o = % — 0.

Let us now discuss the forms wjyyy and w corresponding to (6.14). The linear system
(6.14) has only oo as its singular point. Therefore, the general definition (2.12) of the form

wyvu transforms to the equation,

winiv = — 168, —o T (G_l(z)dG(Z) d@(z)> dz.

dz dx

Plugging (6.15) at the right hand side we arrive at the formulae,

1
wymy = —1Ir (59103> )

or, taking into account (6.16) (cf. (5.2),

dlnT
T

dr = Hdzx,

WwiMU =
Similarly, the general definition (2.16) of the form w transforms to the equation,
w =res,—oo Tr (A (2) dG (2) G (z)fl) : (6.22)
Plugging (6.15) into (6.22) we arrive at the formula,
w="Tr (A2d93 — Asdgagy — Asdgigs + Asdgrgi + Ardgs — Ardgigr + A0d91>-

Now, it is more involved to plug (6.16) - (6.18) into the right hand side of the last equation.
However, after performing some algebra, the final expression comes out rather simple,

1 2 dk 2 1 20 — 1
w = —gudv + gvdu — 6? + §:cdH — ngx — Td@,

and can be in turn easily transformed to the equation,

2 1 0> 0
w=uvdu — Hdzx +d ng—gvu—Hlnk—g—i-g +1Inkdb

or, using the definition of the canonical coordinates,
P11 =0, G = u, p2:1nk7 Q2:67

we can write

2 1 2
w = pldql +p2dq2 — Hdzx + d <§H$ — gplql — P2g2 — q§2 + %) . (623)
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Equation (6.23) proves Conjecture 2.2 in the case of the 2 x 2 system (6.14). Indeed, this is

exactly the formula (2.31) with the specification

2 1

2
q q
G(p1,q1,p2, @, @) = §Hx — 3P~ P22 — 52 + 32

The corresponding equation (2.32) is

d d (2 1
:U—Z—H+—(—H;E——uv)+9q.

We want to interpret (6.21) as Hamiltonian system using Conjectures 5.1, 5.2. Plugging

(6.15) into (5.1) we arrive at the formula,
we =Tr (A-3593 — A 309291 — A_36G192 + A_36g197 + A_20gs — A_269191 + A_1591>-

Now, it is more involved to plug (6.16) - (6.18) into the right hand side of the last equation.

However, after performing some algebra, the final expression comes out rather simple,

1 2 ok 2 20 — 1
Wy = —gu&J + gvéu - 9? + §I5H — Téé’,
We take differential 6 and we get
dwa = 0v A du+6(Ink) A 66. (6.24)

Therefore Conjecture 5.1 holds. Now for the form (5.7) we have

0A_4
ox

0= Tr(— 591) — 0H

with H given by (6.19). That means that Conjecture 5.2 holds. We can easily check that

system (6.21) is Hamiltonian system with symplectic form (6.24) and the Hamiltonian (6.19).
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6.3 PIII(D6) equation

The linear system associated with the third Painlevé equation we take again from [76].

This is the system

AP Ao A
T =AEe AR =T+ T A (02
with
(e 0 —0 —ukx
AOO,*l = — ) AO,O = vu(z—v) 00+0 200V ’
0 —x kx + 0k°° o kO; 000
v — z —]{ZI
Ag_1 = :
T vt

The system has two irregular singular points at z = oo and z = 0, both of the Poincaré rank
1.

The corresponding formal solutions are:

o0 oo 1
‘I)gorr)n(z) = (I + ool + O (7)) 6900(Z)7 Ou(2) = 03 (% — 0 In z) ) (6.26)

z z

with
2 _ g2
[ Emr et ku
gOO,l - vu(x—v) 90+900 2w H v 930_9% . ) (627)
ka2 + kr ka2 E—i_%_T_i

at z = oo, and

(Plggzm(z) =G (I + g0z + O (zQ)) e®0(2), Op(z) = 03 (;—Z + 0y In z) (6.28)
with
2 g2
, S-SR %= 2)+ (0 — ) 6.29)
0,1 — _ ) .
~Lout+0,) Hpwmypleho
at z =0. In (6.27) and (6.29),
1

H == (2v°u* 4+ v(2z — 22u® 4+ (405 — D)u) — 2zu(fy + O) + 02 — 0;) (6.30)

x
and G, diagonalizes matrix Ay _1,

— o
Gyt Ao 1Go =~



81

and it is chosen in the form

Gy =— BEN 6.31
0 \/E R a ( )

with a being an extra gauge parameter, so that the full space A is seven dimensional,
A= {v,u,k,a,x,00,0x}, (6.32)

as given by the formula (2.2).
From the series (6.26) and (6.28) it follows that 6, and 6, are the formal monodromy
exponents and the parameter z is the isomonodromic time. The isomonodromicity with

respect to x yields the second differential equation for ®(z) = ®(z, z),

dd U_

= U(()®,  U(2)=Uz+ U+ —, (6.33)

dz z

where,
1 1 0 1 0 —ukx
U = 9 » Uo=1 (z—v) | 610 20 ’
€T vu(r—v o oV
0 -1 kT . k. kz 0
x—2v ]{Z
_ 2x
U_l - v(z—v) 2u—x

kax? 2x

The compatibility condition of the matrix equations (6.25) and (6.33) implies the following
dynamical system on (6.32),

2 _
du _ dvu” u? 4+ u(46o — 1) Lo,
dx T T
2 _
@:_4vu+v(4xu 4900—1-1)_’_290_’_29007
dx x X (634)
dk 4ovuk 20k da a
— = + 2uk — : — = — (2ux + 26,) ,
dx x T dr =
df dby
— =0, — =0.
dx " dx

It should be also mentioned, that the fourth equation, i.e. the equation for the function a(z),
follows from plugging (6.28) into equation (6.33) — the second equation of the Lax pair, and

equating the terms of zero order with respect to z.
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The last two equations of system (6.34) just state that 0. and 6, as the part of the
monodromy data, are constant. The third and the fourth equations give In k(z) and In a(z)
as the antiderivatives of the simple combinations of v and u. The first two equations are

equivalent to the PIII(D6) equation, with
a=80y, [=4—80, ~v=4, 6=-4.

The general formulae (2.12) and (2.16) transform, in the case of system (6.25), into the

equations,
—1(0)
WIMU = — I€S,_o 1T ((G(“)(z)> dG — () d9;;(Z)> s
(6.35)
-1dGO () d
res. o T <(G(0)(z)) Gdz(Z) %)x(z)> ”
and

W = TeS,—0o 1T <A (2) dG™ (z) G (z)fl> +res,—o Ir (A (2)dGY (2) GO (z)71> , (6.36)

respectively. Substituting the series G (z) and the exponentials O, ¢(2) from (6.26) and
(6.28) into (6.35), we obtain that

1 1
WiMU = —§TI‘<900710'3> dt — §T1"<go710'3> dt

and using (6.27) and (6.29) we arrive at the final formula for wyyu,

dl
I;de = Hdz + %dm — wda. (6.37)

WiMU =

Note the additional to Hdx terms in the right hand side of (6.37).
Similar substitution of G(*%(2) from (6.26) and (6.28) into (6.36) leads us to the formula,

w="Tr <A_1dG0G51 + GEIA_QGodgo,l - AOdgooJ)a

and using again (6.27), (6.29) and (6.31) we arrive at the equation,

dk d
w=vdu+ xdH — Opo— — 90—a — xdx.
k a
After regrouping the terms we obtain that

2

w = vdu — Hdz + d (Hx—@oolnk—ﬁolna— %) tInkdo +1Ina dp,
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or, using the definition of the canonical coordinates,

b1 =, q1 = U, P2 = lnkv g2 = 0007 P3s = 1HCL, q3 = 007

we can write

t2
w = pirdqi + padqs + p3dqs — Hdt +d (Ht — @2P2 — q3pP3 — 5) . (6.38)

Equation (6.38) proves Conjecture 2.2, in the case of the 2 x 2 system (6.25) and gives the
explicit formula for G(p;, ¢, 1),

2
x
G(p1, 2,3, q1s 2,43, @) = Ho — qapz — @sps — -
The corresponding equation (2.32) is
dint  du d 2
=v——-—H+—(Hr—0,Ink—6ylna— — ). :
= v +dx< T — 0O In hlna 2) (6.39)

Remark 6.1. One can deduce from (6.34) that

x:é_l%nk 2x

VU 1d1 a Gy + 0

Combining this with (6.37) and (6.39), we arrive at the equation,

1—40 1+ 460 Oy + 0
> + o na+ 0+ Oolnx),

Ink —

de—vdu—de—i-d(Hx—F

where df = d, f = %. In other words, although the truncated action, Hdzx, is not in this case
exactly the Jimbo-Miwa-Ueno form wyy, we still can conclude from the calculations above
the fact that it coincides with the full classical action, up to a total differential. As we will

see, this is true in all other examples when accidentally Hdx # wyvu -

We want now to check Conjecture 5.1. Substitution of G(*%(z) from (6.26) and (6.28)

into (5.1) leads us to the formula
Wq = TI‘ (AQQ&G()GEI + G51A07_1G0590,1 - Aoo7_1($90071> .

Using (6.27), (6.29), (6.31) we arrive at the equation,

W, = VOU — Qooé—k — Hoé—a.
a

k
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and taking differential § we get
dwg = 0v A du+ 6(Ink) A 60 + 0(Ina) A §6,. (6.40)

Therefore Conjecture 5.1 holds.
For Conjecture 5.2 we can notice that in case of Painlevé-III equation second term in
(5.7) starts playing role. We have

DA DA 9A e
Q:Tr(—a—l;lagoo,l 80050()(; n 80 L Godgo1Gat — 60y0G L 33:())

After some computation using (6.27), (6.29) and (6.31) we conclude that (5.8) holds with H

given by (6.30). That means that Conjecture 5.2 is true. We can easily check that system
(6.34) is Hamiltonian system with symplectic form (6.40) and the Hamiltonian (6.30).

6.4 PIV equation

This time (see again [76]) the linear system is the 2 x 2 system with one irregular singular

point at z = oo of Poincaré rank 2 and one Fuchsian point at z =0

dd A
— —A(R)®, A= 4 A 1+ A sz, (6.41)
dz z
where
1 0 x k
Aoo,—2 - ) Aoo,—l - (4v—u—22)+46 )
0 -1 e
) 1 u(4v—2u—2x) _ku
0,0 = 5 u?(dv—u—2x)2—1662 _ u(dv—u—2x)
4ku 2

The corresponding formal solution at z = oo is

2
q)lgsfil( )= (I+ ool 4 M + O < )) e, O(2) =03 (% +az— 0y lnz> (6.42)

with

1 _M% —k
Yool = 5 _u(dv—u—22)+400c  2H4u
2k 2
(6.43)
wd-22)2 — 422 802 2
. ((2H+u+22) 44 802-+802,) —k(2H — u — 4a)
Joo2 = g | (@H-w)(w(v—u—20) 4400 +4)180)  (@Htu+20)2—a021803-802) |

2k 4 )
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and
1 1 1 202
H = 2v*u — gu?’ - iqu + 5(2900 —1—2%)u + 20,02 — 2. (6.44)
u

The behavior of the solution of (6.41) at the (non-resonant, this time) Fuchsian point z = 0

is described by the equation,

S0

form

(2) = Go (I +0(2)) 2%, 20, (6.45)
where Gy diagonalizes the matrix A,
Gyt Ao pGo = byos

and it is chosen in the form,

G ! ~hu ~hu -3 6.46
= 2
0 2\ /kw% _u(dv—u—2x)—40p  u(dv—u—2z)+46o @ ’ ( ) )

2 2

The full parameter space,
A = {Uaua kvaaxaeoaeooa } )

is again seven dimensional with = being the isomonodromic time and 6., and 6y serving as
the formal monodromy exponents at the respective singular points. The dimension is given
by formula (2.2).

The isomonodromicity with respect to z yields the second differential equation for ®(z),

dd

o= U(z)®, U(z)=Uz+ Uy, (6.47)
where
4 0 k
Ul = Hoo=2 UO - u(dv—u—2z)+40 0
2k

and the compatibility of (6.47) and (6.41) implies,

1 1 202
d—u:élvu, d—v:—2v2+§u2+u$+—x2—9m+——ﬁ,
dx dx 8 2 2 P (6.48)
%——(u+2x)k‘ @_4—9061 —deoo—() d—eo—O |
dv de  w | dr O dx

As in the previous section, the fourth equation follows from the substitution of (6.45) into

(6.47).
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Similar to the previous cases, the last equations of (6.48) manifest the time-independence
of the formal monodromy exponents, the third and the fourth equations express k and a in
terms of v and wu, while the first and the second equations are equivalent to a Painlevé

equation, this time to the PIV equation, with
a=20,—1, B=-802.

The general formulae (2.12) and (2.16) transform, in the case of system (6.41), into the

equations

~1dG)(2) d@oo(z)> I

WIMU = — I'eS,—oo 1T <<G(°°)(z)) - .

(6.49)

and
W =TeS,—o 1T <A (2) dG® (2) G (z)_1> +res,—o Ir (A (2) dGO (2) GO (Z)_l) , (6.50)

respectively. Substituting the series G(*)(z) and the exponentials ©,,(z) from (6.42) into
(6.49), and using (6.43) we obtain that

dl 1
“T e = Hdw + Suda. (6.51)
T

WIiMU =

Note again the additional to Hdz term in the right hand side of (6.51).
Similar substitution of G (z) from (6.42) and (6.45) into (6.50) followed by the use of
(6.43) and (6.46) leads us to the formulae,

w = Tr(A_1dGGy"' — Ardgs + Ardgigr — Aodgy)

1 1 1 1 dk da 20 — 1
Regrouping the last equation, we arrive at the final answer for the form w,
H 2 0, 02
w:vdu—de—i-d(Tx—UQ—U—Goolnk:—Golna%—Eo%—?—?’O) +1Ink dfs +1Ina db,

or, using the definition of the canonical coordinates,
pr=v, q=u, pr=1Ink, ¢ =0x ps=Ina, g3="0,

we have

HZL' 2 2
w = p1dqi + p2dqe + psdqs — Hdx + d <7 — % — @2P2 — q3p3 + %3 + % - %) . (6.52)
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Equation (6.52) proves Conjecture 2.2, in the case of the 2 x 2 system (6.41) and gives the
explicit formula for G(p;, ¢, 1),

Hx  pig CJ_§

G<p17p27p37q17QQ7QS7$):T_T—Qng—q?)p?)—k 9 —|— 2 2

The corresponding equation (2.32) and the formula for the truncated action are

dlnt du d (Hx wv
G Vdr @(7—7—9 Ik — 601“)
and
H 1— 20 2
Hdr = vdu — Hde +d | =2 -~ %0 4 CInk—fylnat—), d=d,
2 2 2 2
respectively.

We want to check Conjecture 5.1. Substitution of G(*%(z) from (6.42) and (6.45) into

(5.1) leads us to the formulae
wa = Tr(Ap06GoGyt — A 29002 + Ao —2dG00 19001 — Avo.—1dGo01)-

The use of (6.43) and (6.46) gives us

1 1 1 ok oa 20, — 1
Wq = —§U(5U + §U5U + 51‘(5}[ — 900 i 90— 90590 — 5900
After taking differential § we get
dwe = ov A du~+ 0(Ink) A 605 + d(Ina) A 66, (6.53)
Therefore Conjecture 5.1 holds.
Now for the form (5.7) we have
B 0Aw. -1 0Ao o _ L0Gy
0= Tr(— 3o + 223G Gy — 000G )

After using (6.43) and (6.46) we get (5.8) with H given by (6.44). That means that Conjec-
ture 5.2 holds. We can easily check that system (6.48) is Hamiltonian system with symplectic
form (6.53) and the Hamiltonian (6.44).
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6.5 PV equation

In [76] the following linear system is associated with the fifth Painlevé equation

— =A2)® A = Ao _ — : .54
dz (Z) ) (Z) 00, 1+ +Z—1’ (65 )
where
€T 1 0 —vu—@oo—el k(vu+900+91 —90)
A1 = 5 ;Ao = )
0 -1 —2(vu + b + 0 + bp) VU + 0o + 6,

vu+ 6, —ku(vu + 26)
Ao =

7 —vu — 64
This system has one irregular singular point of Poincaré rank 1 at z = oo and two Fuchsian
singular points z = 0 and z = 1.

The corresponding formal solution at z = oo is given by the formulae,

form

) ()= (1o 1Y) o o (FE
P (2)—(I+Z+O(22)>e , 2 — 00, @(z)—03<2 Hoolnz> (6.55)

with
—H k(vu? — vu + 201u — 0o — 01 + 6p)
91 = Q0 — 20+ 260, + 26, + 20, x (6.56)
- H
xk
and
2 -1 2 2 1
H = w +v (%(90 + 301 + 0oc) + g(a: = 2000 = 461) + — (00 + 61 — 90)>

” (6.57)
+%(90o 40, + 6y)

08— 0 — 0%+ O — 2016
. .

The behavior of the solutions of (6.54) at the (non-resonant) Fuchsian points z = 0 and

z = 1 are described by the equations,

Bt (2) = Go (I +0(2) 27, 2 =0, (6.58)
and
o) () =GI+0(z-1)(z-1)" z-1, (6.59)
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respectively. The matrices G and Gy diagonalize the matrix coefficients Ay and A,
GEIAO,OGO = 0y03, GI1A1,0G1 = 0,03,

and are chosen in the form,

1 kE(2vu + 20 + 260, — 20 k =
o ( 1= 2600) % (6.60)
v/ —4k0, 20u + 200 + 20, +260p 1
and
1 k(vu+2601) ku o3

vV 2]€91 ) 1

The full space
A={v,u,k,a,b,x,0y,01,0,}.

is nine dimensional with x being the isomonodromic time and .., 6y, and #; serving as the
formal monodromy exponents at the respective singular points. The dimension is given by
(2.2).

The isomonodromicity with respect to z yields the second differential equation for ®(z),

dd
where
Ay 4 0 E(—vu? + vu — 201u + O + 01 — b))
Ul - . ) UO - )
T — (vt + 0o — v + 01 + b)) 0

and the compatibility of (6.62) and (6.54) implies,

d 2 -1 2 2 1
ﬁ _ % N %(90 30, + 6.) + %(m = 20 = 461) + — (00 + 01 — ).
dv v? 2u 1 20
i —;(?)u2 —4du+1)—w (x(eo + 301 + 0x) + 5(33 — 200 — 491))) - 71(900 + 01+ o),
dk k
o= _E(Uuz — 20u + v + 201u — 205 — 26,),
d
d_:(z = %(v —vu® — 201u — 26y),
db b 9
e —E(?mu + v — dvu + 20u + 401w + 20pu — 205 — 261 + ),
df db, do,
dx T dx T dx

(6.63)
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As before, the equations for a and b follow from the substitution of (6.58) into (6.62) and
(6.59) into (6.62), respectively, and they simply express the functions a(z) and b(z) in terms
of v and u. The third equation in (6.63) is also trivial — just an expression of k in terms of
v and u, and the last three equations are the manifestation of the time-independence of the
formal monodromy exponents. The nontrivial first two equations are equivalent to the PV

equation, with

(0p — 01 + 0s)*

Of: 2 ) /8:_

_ _ 2
(% 912 0°°), v = (1— 260, — 26,), 5:—%.

The general formulae (2.12) and (2.16) transform, in the case of system (6.54), into the

equations
~1dG) (2) dO(2)
WIMU res,—oo Ir ((G (z)) 7 Is > dx (6.64)
and
_ (o) (00) ()7 (0) 0 ()"
W = TreS,—o 1T (A (2) dG** (z) G (z) ) + res,—o Ir (A (2)dG"™ (2) G (2) )
(6.65)

Y res,_y Tr (A (2)dGD (2) GO (z)_1> ,
respectively. Substituting the series G(*)(z) and the exponent O (z) from (6.55) into (6.64)

and using (6.56), we obtain that

dinTt
T

dx = Hdz. (6.66)

WiMu =

Substituting G0 (z) from (6.55), (6.58), and (6.59) into (6.65) and using after that
(6.56), (6.60), (6.61) leads us to the formulae,

W = Tr(AodGoGal -+ AldGlel — Agdgl)

dk d db
= pd + wdH — 0= — 90;“ — 01+ ddo + dby.

Regrouping the last equation, we arrive at the final answer for the form w,
W= vdu—de—l—d(Hx—Goolnk—Golna—ﬁllnb—i—ﬁo—l—Gl) FIna diy+1nb dfy +Ink db.,,
or, using the definition of the canonical coordinates,

p=v, q=u, p=Ink, @=0. p3s=Ina, q=~0, ps=Indb, q =0,
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we have

w = p1dq1 + p2dqs + psdqs + padqy — Hdzx + d<H:c — (oP2 — q3P3 — qaPs + g3 + q4>. (6.67)

Equation (6.67) proves Conjecture 2.2, in the case of the 2 X 2 system (6.54) and gives the
explicit formula for G(p;, ¢;, z),

G(p1,p2. D3, Pa, @1, 92, 43, 44, ©) = Hx — qopa — q3p3 — qapa + @3 + qu.

The corresponding equation (2.32) is

dl d d
7 :v—u—H—l——(Hx—@oolnk—eolna—gllnb>.
dx dx dx

This equation together with (6.66) make an identity, which would not be so easy to check
directly.

We want to check Conjecture 5.1 now. Substituting G(*%Y(z) from (6.55), (6.58), and
(6.59) into (5.1) leads us to the formulae,

We = TI'(A070(5G0G61 + AL()(SGlGl_l - Aoo,_15gl).
Using after that (6.56), (6.60), (6.61) we get
Wqg = voU + ro0H — Qooé—k — Hgé—a — 91@ -+ 5&0 -+ 5&1
k a b
After taking differential § we obtain

Swa = 00 A du+ 5(In k) A 00s + 5(Ina) A 6y + 5(Inb) A 56, (6.68)

Therefore Conjecture 5.1 holds.

Now for the form (5.7) we have

0A_4
ox

0 =To(-""og)) = oH

with H given by (6.57). That means that Conjecture 5.2 holds. We can easily check that

system (6.63) is Hamiltonian system with symplectic form (6.68) and the Hamiltonian (6.57).
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6.6 PVI equation
Consider the 2 x 2 Fuchsian system with 4 regular singularities at 0,1,z and oo

dd A, A A
=A(2)®, A(x)=24 2 4 2 (6.69)

dz z z—x z-—1

where

Ao, Al,Ax € sly (C) , Ag + Al + Aoc = —0.03. (670)

Following to [76], we introduce the parametrization

A — yo+ 6o  —lyo A= y1+6 —my A= Yo + 0, —NnY,
_yo—lf@o —Yo — 90 _yl—:fgl —Y1 — 91 % Yz — ex

(6.71)
Observe that, 46y, +0,,+6, are the eigenvalues of Ay, A1, A, and that the following con-

straints are satisfied because of (6.70)

Yo+bo+yi+6 +y,+6, =—bu, (6.72)
lyo + my1 + ny, =0, (6.73)
20 26 .+ 20,
YotV T Vet ey (6.74)
l m n

We also introduce the parameters k and u by writing the entry Ajs(z) of the matrix A(z)

7 k(z —u)
(z—1)(z—x)

Alg(Z) = >

Notice that,

lyo(1 4+ ) + my; + ny. = k, lyoxr = ku. (6.75)

Finally we put

+6 +0 + + 0,
:?Jo 0+?/1 1+y

=A . .
! u(w) u u—1 u—2 (6.76)
Solving equations (6.73) and (6.75) with respect to u, v, w, we get
k k(u—1 k(x —
LR C ) N Gl O (6.77)
Yo yi(1—2) yzx(1l — x)

Next, we express yi, y, from (6.72), (6.76), and then we express yo from (6.74). The result is
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o — v2u?(u—1)(u — ) N vu(u —1)(u — x) N Osou(u —x — 1) 02(x — 1)

220 x 2z 200 (u — 1)
Pr(z—1) B(1-—2) Ox(x—1) 6 9_2
20 (u — ) 220 220 20
vulu — 1%z —u)  vulu—1)(r —u) Opu—1)(x—u—1) 62
= (x —1)2604 * r—1 2(x —1) " 2ufo(x — 1)
02z(z — 1) O2x x(x —1) 6?
Woo(lu—2) 2@ — Do 2z — Dbs = 20
~ u(u—1)(z—u)?  vulu—1)(u—2z)  O(u—x)(u+z—1) 02
Yo = x(r —1)20 i x(r—1) 2x(z — 1) 20l (x — 1)
02(x —1) 63 62 62

S Wx(u—1)  2(z—1)bs * 20 © 20
(6.78)
Equations (6.77) — (6.78) provide parametrization of the matrices Ay, Ay, and A, by the

variables u, v, k, 0y, 01, 0,, 0., which will prove to be the Darboux coordinates, and by the

parameter x which is the isomonodromic time.

Solutions of (6.69) have the following behavior at z = 0,1, z, and oo

@ngil( ) = (I +0 (z’l)) 7700 o .

) (2) = Go(I+0(2) 2%, 20,

(6.79)
Por(2) = GLI+0(z = 1)) (z =)', =21,
<1>§;”}m(z) =G, (I+g(z—2)+0((z—2)%)) (z — x)f=7 2 o,
The matrices Go, G1, and G, diagonalize the matrix residues Ay, A;, and A,,
GEIA()GO = 000’3, Gl_lAlGl = 910’3, G;leG;B == ‘9$0'3
and they are chosen in the form,
[k 11 o
N 2801‘ Yo+26o “ 7
lyo
u —_ 1) 1 1 o3
G b3 ‘
L 291 1-— 17 1 yi+20; ) ’ <6 80)
m my1
x — 'u, ]. ]. _ o3
Ge = 291’1—9& 1&)62'
n nYz
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We also have

H u(u —1) Ooo(u — )
(9111 = 20, v29z9§(:v —1)  20,z(x—1)
He u(u —1)c O (u — z)C 0. (2ux — 2% — u)c
(9012 = 5 =90 " 9hae— 1) pr(w— 1) (20, — V(e — ) — 1)
H u(u —1) Oso(u — ) 0. (2ur — x* — u)
(91)21 = 20, (14 26,)c * UQQJCx(a: —1ec ' 20,z(x —1)e (20, + Da(z — D(u—x)c
H u(u — 1) Ooo(u — )
(91)22 = 20, + 0205,;;5(3: —-1)  20,z(x—1)
(6.81)
where
H— U2u(u —1)(u—2) N Uu(u -1) N Oso(l — O0)(u — x)
z(r—1) z(r —1) x(z —1) (6.82)
62 (u — x) 0?(u — x) 02(x? — u(2z — 1)) '
ur(z —1)  (u—Da(z—1) (u—z)x(zr—1)
The whole parameter space 4 has dimension 11 as given by (2.2),
A={v,u,k,a,b,c,z,00,01,0;,0}. (6.83)

The isomonodromicity with respect to z yields the second differential equation for ®(z),

dd A
=T P, .84
dx Z—x (6.84)
and the equations
dGy B A, dGH B A, dG, B A Ay
E_?GO’ dr x—lGl’ dr (?—'—m—l)Gm (6.85)

for the gauge matrices Go, G1, G,. The compatibility of (6.84) and (6.69) together with the
equations (6.85) imply the following dynamical system on (6.83),
du  2vu(u—1)(u—=x) u(u—1)

dx z(rx—1) z(x —1)
% = m (40*(2zu — 3u® — = + 2u) + 40(1 — 2u) + 4050 (0o — 1))
62 N 6? 62
w(r—1) z(u—-12 (u—2x)? (6.86)
dk k(20 — 1)(u — )
dr x(r—1) ’
da  20p(u—x)a db  20i(u—x)b de 20, (u(2x — 1) — 2?)c
dx wr(x—1) " dx  x(z—1)(u—1) dx (u—2)x(x—1)

doy _ doy _ do, _ b _

dr  de  dr  dx
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As before, the only non-trivial equations are the first two, and they are equivalent to the

PVI equation for the function u(z), with

(205 — 1) 1 — 462
a= ", f=2 y =26 6=

The general formulae (2.12) and (2.16) transform, in the case of system (6.69), into the

equations

-1 (=)
WiMU = —Tres,— 1T ((G(x)(z)> deZ(z) d%iz)) dx (6.87)

and

W = TeS,—0o 1T (A (2) dG™ (2) G (2)71> +res,—o Ir (A (2)dGY (2) G© (z)fl>
(6.88)
res,—; Ir (A (2)dGW (z) GW (z)_1> +res,—¢ Tr (A (2) dG@ (2) G@ (z)_1> :
From (6.87) it follows that

winy = 0, Tr (9103>7
and taking into account (6.81), we obtain that,

dl -1
WMy = dr;de:de—vu(Z 1)dx—

Similarly, (6.88) reduces to the equation,
w = Tr (Gy'AgdGo + G 'A1dGy + G MALdGy — A Gyg G ' dx),

which after using (6.80) and simplifying yields the formula

dk d b d
w=vdu— Hdr — 0.2 — 0,22 0,2 _0.% 1 ao...
k a b c

This, in turn, can be rewritten as

W= vdu—deer(Hoo—Go Ina—6; Inb—0, Inc—6 In k) 10 k6 +In adfo+1n b db, +1n ¢ d6,.

or, introducing the canonical coordinates,

PL=v, q1=u, pr=Ink, ¢ =0, p3=1Ina, q3="0,

pa=1Inb, q =0, ps=Inc, q5=0,.
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5
W = ijd%' — Hdx + d(Qz — {3P3 — q4P4 — q5P5 — Q2p2>. (6.89)
j=1

Equation (6.89) proves Conjecture 2.2, in the case of the 2 x 2 system (6.69) and gives the
explicit formula for G(p;, ¢;, z)

G(P17p27p3,p4,p5, 41,492, 93,44, gs, 90) = g2 — q3P3 — q4Pa — G5P5 — G2P2-

The corresponding equation (2.32) and the truncated action are

dl d d
L —<901na—|—011nb+lenc+9<,olnk),
dx dx dx

and

1 (k(g—
Hda::vdu—Hda:+d(§ln< (q x)>—Golna—ellnb—Qxlnc—ﬁoolnk:), d=d,

x(r —1)
respectively.
We now want to check Conjecture 5.1. Substituting G5 (z) from (6.79) into (5.1)

leads us to the formula
wa = Tr (Gg ' AgdGo + Gy 'A16G1 + G A Gy,

which after using (6.71), (6.80) and simplifying yields the formula
ok da b J

c
wazv5u—9m?—90;—91€—9m +6000

?
After taking differential o we get

dwg = 0V A du~+ 6(Ink) A 60 + d(Ina) A 86y + d(Inb) A 66y + 6(lnc) A 66,. (6.90)

Therefore Conjecture 5.1 holds.

Now for the form (5.7) we have

o f0Ay o OA o 0A. .,
0= Tr( T 0GGy !+ GG + G, + ACLdaiG,
e _,0G 06,
—5900'3G0 la_jljo - 5010’3G1 16_[[;1 - 59$U3G$ L O + 50330391) .

After some computation we get (5.8) with H given by (6.82). That means that Conjecture
5.2 holds. We can easily check that system (6.86) is Hamiltonian system with symplectic
form (6.90) and the Hamiltonian (6.82).
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