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Painlevé equations
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Painlevé equations

Painlevé (1902), Gambier (1910)
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Painlevé equations
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Subcases

~v6 # 0, (PIII(D6))
vy=0, ad#0 or §=0, pBv#0, (PII(D7))
vy=6=0, aBf#0, (P1II(D8))
§#0, (PV)
=0, v#0. (PV-deg)
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Painlevé equations
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Properties

m Equation of sort
@ =F (u @ x)
ax2 " dx’

with right hand side rational in u, % and x.

m Painlevé property (Hinkkanen, Laine (1999), (2001), (2004)):

m Painlevé |, Il, IV — meromorphic solutions
m Painlevé lll, V — meromorphic solutions in variable t = In x
m Painlevé VI — meromorphic solution on the covering of C\ {0, 1}

m General solutions are transcendental (Umemura, Watanabe (1988), (1995),
(1997), (1998), (1999))

m Families of rational, algebraic and special functions solutions. (see
https://dlmf.nist.gov)

= Isomonodromic deformations of linear ODEs with rational coefficients (Jimbo,
Miwa, (1980))

m Backlund transformations (see https://dlmf.nist.gov)
m Hamiltonian systems (Okamoto (1980))
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Painlevé equations
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Applications

gap probabilities in random matrix theory (Tracy, Widom, (1994))
asymptotics of nonlinear PDEs (Ablowitz-Segur, (1977))

Ising model (Barouch, Mccoy, Tracy, Wu (1976))

conformal field theory (Gamayun, lorgov, Lisovyy, (2012), (2013))
quantum cohomology (Dubrovin (1996), Guzzetti (2001))

m diffusion processes (Bloomendal, Virag (2013))
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Painlevé equations
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Hamiltonians

Okamoto (1980)

2
H :W? —2u® — xu, (P
w? Ut UPx
p=t 4 Ux PII
5 T 3 5 Uo (P
w2u?  au B yxu? x
H= L p X PIll
X 2 2u a tae (Pl
v oxu? U 8
H=—2wly— — — 22 _ Z(x2_ = PIV
wusg T2 T T gy (PIV)
w(u—1)°u  au B v sux
H=—" 7" —— 4 = PV
X 2X+2ux+2(u—1)+2(u—1)2’ PY)
w2u(u —1)(u — )
_wAy( u—x)  au n B " Y n .
x(x—1) 2x(x —1)  2u(x—1)  2x(u—1)  2(u—x)
(PVI)
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Hamiltonians: canonical form

p=w, g=u, t=x, (P1)
p=w, g=u, t=x, ((=])]
p=2wu, g=Inu, t=Inx, x>0 (PH1)
p=2w\u, q=+u, t=x, (PIV)

Vi —1
Vu+1

p=2w(u—- 1)y, q:ln( ), t=Inx, x>0 (PV)

r ds q
o= [ ey ot 6

t:|n(1_x>, 0<x<1. (PVI)
X
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Painlevé equations
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Hamiltonians: canonical form

2
H=Z 2 1 @
P® gt ¢t
H=E 9 9% _ PIl
> > 5 9 (P11)
2
H=P _ etta + Bet=9 — Yg2tizq éezrfzq’ (Pl
2 2 2
P® q® gt ? B
H= T 90 92 o)+ 2 PIV
> 8 > 2( a)+ AR’ (PIV)
P? o g Yt 0 o
H=— - —5% — ——5—5 + <€ cosh € h2 PV
2 sinh? g cosh? % + 2 coshq+ 8 cosh<q, (PV)
PPl 500 2.2(9 B (k2 1) (26 —1)(kK2-1)
H="—+4 -q°k“(k* — 1) —ak®sn” ( =, k) + — — ,
2 8 (2 > sn? (§,k)  dn? (2.k) 2cn? (4, k)
where k = —— (PVI)
1+ef
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Painlevé equations
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Equations of motion

d2
B (PI(F)
d2
9ot (PII(F)
2
% = aelt9 + pel =9 + e?112q 4 56?24, (PIIF))
a? 3
dt2q = q +21q° + q(2 — a) + 2237 (PIV(F))
d2q acosh(i) ,Bsmh(g) %
=4 _ — — = h - h(2 PV(F
di2 sinh3(g) cosh3(g) 2e sinh(q) - e 'sinh(29), PV
d?q Q.02 2 q q q pen (g,k)dn (g’k)
ra = _Zk (k* = 1) + ak®sn (E’k) cn (E’k) dn (E’k) + sn3 (g,k)
K2(K2 — 9 k EN 26 — 1) (k2 — 1)sn (Z,k)dn (€, k
+ 2 ( ) (q2 ) (2 ) + ( )( 3 q(2 ) (2 )7 (PV|(F))
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TT e IUPUL

Andrei Prokhorov Connection problem for Painlevé tau functions May 3, 2019 11/64



Painlevé equations
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Painlevé I: force field
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Painlevé II: force field for real solutions

Painlevé equations
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Painlevé equations
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Qualitative description using equation of motion

Painlevé Il: asymptotics of real solutions

The real nonsingular solutions are parametrized by number s; € /R, |sq| < 1.
(Kapaev, 1992) The asymptotic at +oo is given by

. 3 1
q(t) = | : o512 (1 +0 <3>> .t — 4oo.
2/mth th

If |s1| < 1, then the asymptotics at —cc is given by Ablowitz-Segur solution

q(t) = sin (g(—t)% +%d2In(—I‘)+¢) +o(‘17‘), t— oo,

(~t)F

where
1 T 3 a2
d= p In(1—|s1[2), ¢= -7 + §d2In2—arg (F <12>> — arg(s1).

If sy = 4/, then the asymptotics at —cc is given by Hastings-Mcleod solution

q(t) = isﬂl%t + O(t_g), t — —oo.
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Qualitative description using equation of motion

Painlevé II: real solutions
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Figure: o« = 0
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Qualitative description using equation of motion
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Painlevé equations
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Qualitative description using equation of motion

Painlevé Il: asymptotics of imaginary solutions

All pure imaginary solutions g = iy are parametrized by number s; € C. (lts, Kapaev,
1988) The asymptotic at —oo is given by

y(t) = d1sin(%(—t)%—i—%dzln(—t)—i—qﬁ)+O(‘17‘), t — —oo,

] 3 .02
d=1/—In(1+]s?), ¢——Z+2dzln2—arg<r<12>>—arg(S1)~

If Ims; # 0 then the asymptotic at +oc is given by

y(t)=0c £+ gp COS<2\/§t22p2|nX+9>+O(1), t — 4o0.

2 (2n)i 3
1 14 sy |2 .
— —1 - = — I S
p=y = n <2|1m(s1)| . o= —sign(im(sy)),
0= 73% - gpz In2 + arg(M(ip?)) + arg(1 + 512)
If Ims; = 0 the asymptotic at +oc is given by the Ablowitz-Segur solution,
3 1
yity= e 80 (1+o<3>>, t = +oo. '}
2. /wta ta IUPUI
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Painlevé equations

000000@0000000000
Qualitative description using equation of motion

Painlevé Il: imaginary solutions

— 51=5+0.2i
— S1=5

— 51=5-0.2i

Andrei Prokhorov
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Painlevé equations
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Qualitative description using equation of motion

Figure: V. Vasnetsov: Knight at the crossroads.
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Painlevé equations
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Qualitative description using equation of motion

Painlevé 11I(D8): force field for imaginary solutions
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Figure: g = —iy, a=—4%, B=4%, ~v=8=0, F(y,t)=—}e sin(y)
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Painlevé equations
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Qualitative description using equation of motion

Painlevé 111(D8): asymptotics of imaginary solutions

All pure imaginary solutions g = —jy are parametrized by two imaginary numbers
a, b € iR. (Its, Novokshenov, 1988) The asymptotic at —co is given by

y(t) = iat+ib+ O (e‘—‘Real) , - —oo,

11 +)
)

¢=+ - (ib+6iain2) +i|an.

Introduce

2 2r T T

Nl= | D=
NI | NI

If ¢ ¢ 7 then the asymptotic at +oc is given by

y(t) :27rk+4\/—7ue*5 cos (exp (;) + %t +¢) +0 (exp (%(2|Iml’| _ 1))) ’

e = MMk |Re(Q)], o=

. k)
sin2wo

FNJEN
NS

4
» Ren= E{Re(C)}, Imn = Im (%) ,

6= 202+ " arg(I(iv)) —argp, p— —imerlotm)
4 sin 27
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Painlevé equations
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Qualitative description using equation of motion

Painlevé 111(D8): asymptotics of imaginary solutions

If ¢ € 7 the asymptotic at +cc is given by

Y(t) = = + 2k — 2sinh (%’a) \/gexp (72) e (—ef) (14 0(1), 1 +oc.

k= [Re({)]
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Qualitative description using equation of motion

Painlevé 11I(D8): imaginary solutions attaining stable trajectories

— a=-038i

— a=-0.3i

— a=0.3i

— a=0.8i
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Qualitative description using equation of motion

Painlevé 11I(D8): imaginary solutions attaining unstable trajectories

- 20 |
— a=0.6043i
— a=0.1804i
— a=-0.2589i
~— ; — a=-0.6775i
—1ICI —:.= 0 '=I f
IU‘Il:UI
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Painlevé equations
0000000000000 e000

Qualitative description using equation of motion

Painlevé 11I(D6): force field

Figure:q =iy, a=—%, B=-4, ~=5% 6=-% F(y 1) =ecos(y) — e sin2y) llJ
IUPUI
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Qualitative description using equation of motion

Painlevé IV: force field

Figure:aa = B8 =0
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Qualitative description using equation of motion

Painlevé V: force field
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Tau function
oe

Tau function

Definition of tau function

[

) = o5 /H(t)dt

]

Connection problem for tau function

Compute the the constant term in the asymptotic of tau function as t; and &, approach
singularities of solution.

1UPUI
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Tau function
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Phase transition in Ising model

Phase transition in Ising model: notation

The configuration o represents the spin orientation at every point on the integer lattice.
072 = {1,-1}.
Energy of configuration o restricted to M x N rectangle A € Z? is defined by the formula

Ex(0) = —Jd > (0jk0j k1 + 0jk0j11.k), J >0
ke

Spin correlation function along the row is given by

Ep(o)
201,101 01 e~ hr
(0'1,101,n+1> = |/\|\ILT>100 Z Ep(o)
e kT
>
Introduce the parameter z
Z = tanh J

= T )
The critical temperature T¢ is described by the formula

ze=v2-1 IUPUI
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Tau function
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Phase transition in Ising model

Phase transition in Ising model: correlation functions behavior

The spin correlations go through transition from order to disorder.
T <Te:{o1101,n41) = O(1), n— oo,

T=Tc:{(01,101,n41) = O(”_%)v n— oo,

e—cn
T> TC:<U1,1U1,H+1):O(W)7 n — oo.
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Tau function
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Phase transition in Ising model

Phase transition in Ising model: Painlevé-111(D8) equation.

We introduce

R <n2((z+1)22)2>

z(1 - 22)

Barouch, Mccoy, Tracy, Wu (1977) showed that

+o00o
H e sinh($), T > T,
lim n%(a1’1a1,n+1):2%e§exp —/ (*-‘r*) dt (4) ¢
ot f 4 16 cosh(%)7 T<Te.

n—
T—To+0
1 1
where the function q(t) solves PIII(F) equation with o = 3 8= 3 vy=0=0.
2 1
% = Zet sinh q.
The Hamiltonian H is given by
2 t
P e' cosh(q) dg
H = - —7 = 7,
(p.q.0) =" 7 ot
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Andrei Prokhorov Connection problem for Painlevé tau functions May 3, 2019 33/64



Tau function
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Phase transition in Ising model

Phase transition in Ising model: force field for Painlevé equation
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Tau function
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Phase transition in Ising model

Phase transition in Ising model: asymptotic of solution of Painlevé
equation

The asymptotic of solution g(t) appearing above is given by

g(t) ~ —t+4In(2) —2In(6In(2) =2y —t), t— —o0,

t
q(t) ~ 2\/ e‘Ze*ez, t — +oo.

where ~ is the Euler’s constant.
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Tau function
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Phase transition in Ising model

Phase transition in Ising model: graph of solution of Painlevé equation
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Tau function
000000
Phase transition in Ising model

Phase transition in Ising model: connection problem for tau function

Tracy (1991) solved the connection problem for tau function

+oo H et
t 1 1
exp (—/ (E+§) dt) ~etsA %1278, t— -0
t

where A is Glaisher-Kinkelin constant.
He approximated solution appearing above with the family

1-a
q(t) ~ at — 6aln(2) +2In l;gh;r;’ t — —oo,

a(t) = ~2sin () \Eexp (fﬁ) exp (—62) (1+0(1)), t— +oo.

with -1 < a< 0.
The tau function for this family has Fredholm determinant representation.
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Tau function

Review and recent results

Other connection problems for tau function

m Painlevé-V-deg equation, Basor, Tracy, (1991)

= Gap probability at the bulk, Sine kernel Fredholm determinant, Painlevé-V
equation, Deift, Its, Krasovsky, Zhou (2007)

m Gap probability at the soft edge, Airy kernel Fredholm determinant, Painlevé-I|
equation, Deift, Its, Krasovsky, (2008)

m Gap probability at the hard edge, Bessel kernel Fredholm determinant, Painlevé-Ill
equation, Deift, Krasovsky, Vasilevska, (2010)
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Tau function

Review and recent results

Connection problem for tau function and conformal field theory

m Gamayun, lorgov, Lisovyy (2012), (2013), Bershtein, Shchechkin(2015): Painlevé
tau functions are Fourier transforms of conformal blocks.

m lorgov, Lisovyy Tykhyy (2013): Painlevé VI tau function connection problem
m lts, Lisovyy, Tykhyy (2014): Painlevé Ill (D8) tau function connection problem

1UPUI
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Tau function

Review and recent results

Isomonodromic tau function: recent developments on connection
problem

m Definition of isomonodromic tau function Jimbo, Miwa, Ueno (1981). For Painlevé
equations it coincides with integral of Hamiltonian.

m Properties of isomonodromic tau function: analiticity, meaning of zeros: Miwa
(1981), Malgrange (1982), Palmer (1999).

= Monodromy dependence based on work by Malgrange: Bertola (2010,2016)

m Application of Bertola-Malgrange construction for connection problem for tau

function. Its localisation. Discovery of relation between tau function and the
action: Its, Prokhorov (2016).

m Further development of localised Bertola-Malgrange construction. Application to
connection problems: lts, Lisovyy, Prokhorov (2018)

m Relation between action and tau function for all Painlevé equations: Its, Prokhorov
(2018)

m Use of relation between tau-function and action to solve connection problem for
tau function: Bothner, Its, Prokhorov (2019)

= Improvement of relation between tau-function and action: Bothner, Warner (2019)

m Derivation of relation between tau-function and action based on quasihomogeneity

of Hamiltonians: Prokhorov, to appear.
1UPUI
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Connection problem for Painlevé-11I(D8) tau function.
[

Connection problem for Painleve-Il1(D8) tau function.
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Connection problem for Painlevé-11I(D8) tau function.
@000

Description of solutions

Description of solutions

We consider generic complex valued family of solutions of PIII(F) with

1 1
= —— = _ =5§=0
e! 3 B g 7

a’q 1.
F:_Ze sinh q. (1)
It is parametrised by numbers,

sin 27n T

kEZ,o,nE(C:O<Rea<%,0<Ren<%7 ’ar sin27ra<§ (2)
We specify the following behavior at t = —oo,
qty=at+b+0 (91“R"a‘> , t— —oo0,
with
r( —2o)

a=1-4o, b=71'i—27rik—47rin—(2—80’)|n8—2|nm,

1UPUI
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Connection problem for Painlevé-11I(D8) tau function.

0®00
Description of solutions

Description of solutions

The behavior of the solution as t — +oo was obtained in 1985 by Novokshenov. To
describe it introduce parameter

c= %+217<ib+6ialn2) +;In:§%+§§~
2 2

We assume that ¢ ¢ Z. Then the large t behavior of g(t) is oscillatory, and it is given by
the formulae,

q(t) = Car,oexp (iexp (;) + %t - %) (1 +0 (exp (75)))
e (e (£) 1Y (10 (e (1))

—2mik + O (exp (%(2|Imu| - 1))) , t— oo,

sin 27 + Cmvin qyon, | . sin2w(o Fn) 1 _
e = ¢ty =iez Ta2lF 11 xip)—"——-"10 =-ctc

sin 2o’ 0,0 Vor ( v) sin 27n Y 4 70,0700
and I'(z) is Euler's Gamma-function. We denoted by {.. .} the fractional part. [UPUL

Andrei Prokhorov

Connection problem for Painlevé tau functions

May 3, 2019 43/64



Connection problem for Painlevé-11I(D8) tau function.
[e]e] o)

Description of solutions

Description of solutions

We will need more detailed asymptotics at +oo

q(t) ~ Z o pe(2kitt) (22K,
I>k>0, e=+

. t ivt t
r=exp (Iexp (E) + ?) , (=exp (_Z)

+ 'Ci 2 + 1 143
001::t (61/ +4iv—1) ¢y = 8(00’0)

It can be justified using nonllnear steepest descent.
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Connection problem for Painlevé-11I(D8) tau function.
[e]e]e] J

Description of solutions

Asymptotic of tau function

We remind that tau function is given by

t
Inr(ti,tosovn) = [ M) @)
t
where the Hamiltonian is given by
2 t

P e’ cosh(q) dg
H ="+ """ =,
pat)="%+—1— P=

Using the asymptotic of q(t) we arrive at the following asymptotic representation of the
tau functionas t; -+ —oo, b — +o0

ek : 2, &t
In‘r(t1,t2,a,n):T+4ue%+V272*T1+|n7‘ (4)

To solve connection problem means to evaluate constant term in the asymptotics, which
we called T.

1UPUI
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Connection problem for Painlevé-11I(D8) tau function.
@000

Relation to action

Relation between tau-function and action

We remind the formula for Hamiltonian

P2

H= 5 aetd 4 gel=9.

It is quasihomogeneous
H(\p, g, t+2InX) = \H(p, g, 1).
Taking derivative with respect to A and putting A = 1 we get

p% 2% — 2H.
op "ot

We can rewrite it as

or in other words :
In7(t, to,0,m) = 2H|¢ + S(ty, 2, 0,m)

t
ol
S(t17t2707 77) = / (PF(Z - H) at

t

where

. . . IUPUI
is the classical action.
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Connection problem for Painlevé-11I(D8) tau function.
O@00

Relation to action

Differential identity and alternative integral representation for classical
action

Differentiating with respect to parameter p we get

S _ /(c’ﬂpdq+ d(aq) OH op 8H8q)dt

dp dp dt at  9pop 0qdp
]

aq|?
op 4,

t;
j(@@,@@,%@,%@)(ﬂ_ 99
dpdt Opdt Opdp 9qdp ~ Top

Therefore we can write

(o,m)
0]
S(t1,t2,cr,17)=3(t1,t2, ) + ( qdo'+p qdn) ’

(D on t

4’4
We picked the reference point ¢ = 1 = 4, which corresponds to solution g(t) = 0. We
have 1 |

S <t1,t2, 2 4) = Z(e” — e’2).
TUPUI
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Connection problem for Painlevé-11I(D8) tau function.
[e]e] ]o)
Relation to action

Integral representation for connection constant

As the result we have following formula

(o,m)
InT(ti,t,0.m) = 2H|E + %(6‘“ —ef) + (P%do +P%Zdn)
(z-4)

Using the asymptotic of q(t) we obtain the following representation for connection con-
stant T.

t

]

Al

s

Al

(o,m)
InT =22 — & — 2+ / (ics o dc; , — adb).

(3:3)

Al

’

e
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Andrei Prokhorov Connection problem for Painlevé tau functions May 3, 2019 48/64



Connection problem for Painlevé-11I(D8) tau function.
[e]e]e] )

Relation to action

Connection constant for Painlevé-I11(D8) tau function

Skipping the computation of the integral we get the formula for connection constant

Theorem 1 (lIts, Prokhorov, 2016)

Let o and 7 be the “monodromy” parameters of the solution g(t) of Painlevé Il1(D8)(F)
equation (1) satisfying the inequalities (2). Then the tau function (3) has the behavior
(4) as t{y — —oo, bp — +o0 with

P = (27T)2i1/24u2+480'2724o' e47ri(7]272o'7]70'2+27]75) (r(1 — 20) ) 2
r(20)

, . . (5)
G(1 + ) G(1 +20)G(1 — 20)&(o + 1+ 52)\*  (=8i)
Glo +n+ ) 2(G(3))8
where v is defined in (43), G(z) is the Barnes G — function, and G(z) = g(l + 2 o
1UPUI
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Isomonodromic deformations
00000000

Isomonodromic deformations
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Isomonodromic deformations
0O®@000000

System of ODE with rational coefficients

Consider the system of linear differential equations with rational coefficients with n + 1

singularities at ay, . . . , @n, @ = oo on C. It can be written as
dd) n rp+1 k+1 Foo—1
- = A@e, =2 Z = > Akt (O
v=1 k=1 k=0

We shall also assume that all highest order matrix coefficients A, = A, _,, are diago-
nalizable
AV,*V,_, = Gu@u,—r,, Gy_1; el/,fru = diag {gy,1 PR ell,N} s

and that their eigenvalues are distinct and non-resonant:

eu,a?éeu,ﬁ if n,>1, a# B,
Ov,a #0,3 modZ if r, =0, a#p.

1UPUI
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Isomonodromic deformations
00@00000

Canonical solutions

Let a, be an irregular singular point of index r,. Forj=1,...,2r, + 1, let

Q= {z 0<|z—a] <e 9](.1) <ag(z—a,) < 0}2), 9/(2) - 9}1) = %JrS},

be the Stokes sectors around a, (see, e.g., Wasow, 1965 for more details). According to
the general theory of linear systems, in each sector Q; ,, there exists a unique canonical

solution d>/(.") (2) of (6) which satisfies the asymptotic condition

o ()~ o) (2) asz—a, zeQ,, j=1,..2n+1,  (7)
where ¢1("sz (z) is the formal solution at the point a,

1UPUI
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Isomonodromic deformations
000@0000

Formal solutions

o) (2)=GM (2)e®>®, G (2) = G, W (2), 8)

form
where )
W (z) = I+ZE1 Qu,k(27; a), v=1,...,n,
I+Zk:1 9o ,kZ™ 7, v = 00,

and ©,(z) are diagonal matrix-valued functions,

—1 ©
ik(z—a,,)k-f—e,,,oln(z—a,,), v=1,...,n
Ou(2) =4 T ek
kaC: 07(’7 zkf@m,olnz, v = oo.

We emphasize, that in (8) we denoted constant matrices as G, and matrix functions as
G®),
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Andrei Prokhorov Connection problem for Painlevé tau functions May 3, 2019 53 /64



Isomonodromic deformations
[o]e]e]e] lelele]

Stokes and connection matrices

Stokes and connection matrices relate the canonical solutions d>](.”) (2) in different Stokes
sectors and at different singular points:

o) =08 j=1,.. . 2r, o=0l¥c, v=1,...n

1UPUI
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Isomonodromic deformations
00000e00

Riemann-Hilbert correspondence

A= {a,, € C, Ay,_k+1, Aoo,—j—17 @y’_r,,, @oo,_roo € sly ((C), G, € SLN((C),
=1...n,j=0...rc—-2, v=1...n}/ ~
)

k
M= {s}” , 0,0 €sly(C), Cu € SLy(C):j=1...2n,

v=1,....,n00;, p=1,...,n}/ ~
T={aw, ©k€sin(C),k=—r,,...,—1,v=1,...,noo; u=1,...,n}/ ~

The so-called Riemann-Hilbert correspondence states that, up to submanifolds where
the inverse monodromy problem for (6) is not solvable, the space A can be identified
with the product 7 x M, where T denotes the universal covering of 7. We shall loosely
write, ~

A>T x M.
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Isomonodromic deformations
00000080

Isomonodromic deformations

We denote by A(z) = A (z; t; M) the isomonodromic family having the same set

M € M of monodromy data. The isomonodromy implies that the corresponding solution

d(z) = (z, ?) satisfies an overdetermined system
09 =A (z,f) O] (z,?) R ©)
dré=U (z, ?) ® (z,?)

The coefficients of the matrix-valued differential form U = Zt:1 Uy (z, ?) dt, are ratio-

nal in z. The compatibility of the system (9) implies the monodromy preserving defor-
mation equation:
drA=0:U+[U,A] (10)
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Isomonodromic deformations
0000000e

Isomonodromic tau function

Let us recall the standard definition of the Jimbo-Miwa-Ueno differential

wnu =— > resz—a, Tr (&><”> (2)~1 8,60 (2) drO, (z)) RNCED

v=1,...,n,00

It was shown by Jimbo, Miwa, Ueno (1981) that this 1-form is closed on solutions of the
isomonodromy equation (10):
drwymy = 0.
Therefore one can integrate it and define Jimbo-Miwa-Ueno isomonodromic tau function
by
&
07,6, M) = [ wney (12)

t
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Isomonodromic deformations
°
Monodromy dependence of tau function

Monodromy dependence of tau function

Bertola (2010):

2}

dyInT(ty, b, M) = #/rn (\U:1W’_8MJJ*1 +\U;1\U’+J*18MJ) dz

h
Lemma 1 (lts, Lisovyy, Prokhorov (2018))

dInr(t,b,M)= > resz_a,Tr (G(”) (2) 'A(2) dr, GV (z)) ,

v=1,...,n,00
1]

(o, M) = 30 resz—a, T (G (2) A(2) duGY) (2))

v=1,..., n,oo

t
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Isomonodromic deformations
{ Jelele]
Symplectic structure

Symplectic structure on M

Consider 1-form w € A (7~’ X M) given by

w= > resz:avTr<A(z) dG") (z) G(">(z)’1), (13)
v=1,..., n,oo

where d = dy + dug.

Lemma 2 (lts, Lisovyy, Prokhorov (2018))
Form dw is closed form on M independent on 7.

Conjecture 1 (lts, Lisovyy, Prokhorov (2018))
Form dw is nondegenerate form on M.
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Isomonodromic deformations
(o] Jole]
Symplectic structure

Relation to action

The classical action differential can be defined as the differential form on 7 x M,

welg = O Pjdg; — > Hydty = Z (Z Pj* - Hk) dty + Z (Zp, il )

dwels = Z d./\/lp] A dm gj-
)

Conjecture 2 (Its, Prokhorov (2018))
There exists a rational function G(p, G, f) of B, G, f such that,

W = Wglg + dG(ﬁa 67 Z:) (14)

Moreover, the function G(B, G, ) is explicitly computable.
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Isomonodromic deformations
0000
Symplectic structure

Symplectic structure on A

Consider the quotient space
Ao = A/{T = const}
and denote the points f € Aq as
f=(f,...,fy), d=dimM.

Introduce the differential § on the space .Ay. Consider the form

wa= > resz:ayTr(G<V>(z)’1A(z) 66(”)(z)>. (15)

v=1,...,n,00

Form éwg is closed form on Aj.

Conjecture 3

Form dw, is nondegenerate form on Ay.

1UPUI

Andrei Prokhorov Connection problem for Painlevé tau functions May 3, 2019 61/64



Isomonodromic deformations
000®
Symplectic structure

Hamiltonian structure

Usually
dlnr (?, M)
Oty
This identity is sensitive to the changes of coordinates and depends on the choice of
symplectic form.

Let's assume that form dwa is nondegenerate and that there is a family of Hamiltonians
{Hk}f(';"f. The corresponding Hamiltonian vector fields Xy, defined by the formula

= Hk|A(z;T,M)' (16)

1y, Owa = —0Hk, k=1...dimT (17)

Where . denotes the interior product. The dynamics induced by this Hamiltonians on
Ay is described by

df

@:ka[f], fedy, k=1...dmT (18)
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Isomonodromic deformations
[ Jo)
Hamiltonian structure

Hamilonian structure

Introduce the following form

_ - (v)
1 S (G160 (@) ) e (4629 (o) 26
k

(19)

We have the following result.

Lemma 3

Assume that dynamics (18) induced by Hamiltonians {H }$im 7" is isomonodromic and
is described by equations (10). Then

SHk = Q. (20)

Conjecture 4

Form Q is exact.
If this conjecture holds, it provides the formula for Hamiltonians in general case.
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Isomonodromic deformations
oe

Hamiltonian structure

THANK YOU
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