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Airy equation

q′′ = tq

q(t) = αAi(t) + βBi(t)
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Force field

F (q, t) = tq
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Asymptotics
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Airy functions graph
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Tau function

H(p, q, t) =
p2

2
−

tq2

2
,


dq
dt

=
∂H
∂p

,

dp
dt

= −
∂H
∂q

,

ln τ(t1, t2, α, β) =
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t1

Hdt

H(t) = −
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4πt
e

4
3 t
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(1 + O(t−
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4
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Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 8 / 28



Airy equation Painlevé II equation

Tau function

H(p, q, t) =
p2

2
−

tq2

2
,


dq
dt

=
∂H
∂p

,

dp
dt

= −
∂H
∂q

,

ln τ(t1, t2, α, β) =

t2∫
t1

Hdt

H(t) = −
β2

4πt
e

4
3 t

3
2

(1 + O(t−
3
2 )) +

α2

16πt
e−

4
3 t

3
2

(1 + O(t−
3
2 )), t → +∞

H(t) =
α2 + β2

2π

√
−t + O(t−1), t → −∞

ln τ(t1, t2, α, β) = −
β2

8πt
3
2

2

e
4
3 t

3
2

2 (1 + O(t
− 3

2
2 ))−

α2

32πt
3
2

2

e−
4
3 t

3
2

2 (1 + O(t
− 3

2
2 ))

+
α2 + β2

3π
(−t1)

3
2 + c0 + O((−t1)−

3
2 ), t2 → +∞, t1 → −∞.

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 8 / 28



Airy equation Painlevé II equation

Tau function

H(p, q, t) =
p2

2
−

tq2

2
,


dq
dt

=
∂H
∂p

,

dp
dt

= −
∂H
∂q

,

ln τ(t1, t2, α, β) =

t2∫
t1

Hdt

H(t) = −
β2

4πt
e

4
3 t

3
2

(1 + O(t−
3
2 )) +

α2

16πt
e−

4
3 t

3
2

(1 + O(t−
3
2 )), t → +∞

H(t) =
α2 + β2

2π

√
−t + O(t−1), t → −∞

ln τ(t1, t2, α, β) = −
β2

8πt
3
2

2

e
4
3 t

3
2

2 (1 + O(t
− 3

2
2 ))−

α2

32πt
3
2

2

e−
4
3 t

3
2

2 (1 + O(t
− 3

2
2 ))

+
α2 + β2

3π
(−t1)

3
2 + c0 + O((−t1)−

3
2 ), t2 → +∞, t1 → −∞.

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 8 / 28



Airy equation Painlevé II equation

Tau function

H(p, q, t) =
p2

2
−

tq2

2
,


dq
dt

=
∂H
∂p

,

dp
dt

= −
∂H
∂q

,

ln τ(t1, t2, α, β) =

t2∫
t1

Hdt

H(t) = −
β2

4πt
e

4
3 t

3
2

(1 + O(t−
3
2 )) +

α2

16πt
e−

4
3 t

3
2

(1 + O(t−
3
2 )), t → +∞

H(t) =
α2 + β2

2π

√
−t + O(t−1), t → −∞

ln τ(t1, t2, α, β) = −
β2

8πt
3
2

2

e
4
3 t

3
2

2 (1 + O(t
− 3

2
2 ))−

α2

32πt
3
2

2

e−
4
3 t

3
2

2 (1 + O(t
− 3

2
2 ))

+
α2 + β2

3π
(−t1)

3
2 + c0 + O((−t1)−

3
2 ), t2 → +∞, t1 → −∞.

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 8 / 28



Airy equation Painlevé II equation

Tau function

H(p, q, t) =
p2

2
−

tq2

2
,


dq
dt

=
∂H
∂p

,

dp
dt

= −
∂H
∂q

,

ln τ(t1, t2, α, β) =

t2∫
t1

Hdt

H(t) = −
β2

4πt
e

4
3 t

3
2

(1 + O(t−
3
2 )) +

α2

16πt
e−

4
3 t

3
2

(1 + O(t−
3
2 )), t → +∞

H(t) =
α2 + β2

2π

√
−t + O(t−1), t → −∞

ln τ(t1, t2, α, β) = −
β2

8πt
3
2

2

e
4
3 t

3
2

2 (1 + O(t
− 3

2
2 ))−

α2

32πt
3
2

2

e−
4
3 t

3
2

2 (1 + O(t
− 3

2
2 ))

+
α2 + β2

3π
(−t1)

3
2 + c0 + O((−t1)−

3
2 ), t2 → +∞, t1 → −∞.

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 8 / 28



Airy equation Painlevé II equation

Quasihomogeneous Hamiltonian

H =
p2

2
−

tq2

2
,

H(cp, q, c2t) = c2H(p, q, t)

p
∂H
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+ 2t
∂H
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= 2H
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3
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dq
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− H
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d
dt

(
2tH
3

)

S(t1, t2, α, β) =

t2∫
t1

(
p

dq
dt
− H

)
dt .

ln τ(t1, t2, α, β) =
1
3

S(t1, t2, α, β) +
2tH
3

∣∣∣∣t2
t1

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 9 / 28



Airy equation Painlevé II equation

Quasihomogeneous Hamiltonian

H =
p2

2
−

tq2

2
,

H(cp, q, c2t) = c2H(p, q, t)

p
∂H
∂p

+ 2t
∂H
∂t

= 2H

H =
1
3

(
p

dq
dt
− H

)
+

d
dt

(
2tH
3

)

S(t1, t2, α, β) =

t2∫
t1

(
p

dq
dt
− H

)
dt .

ln τ(t1, t2, α, β) =
1
3

S(t1, t2, α, β) +
2tH
3

∣∣∣∣t2
t1

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 9 / 28



Airy equation Painlevé II equation

Quasihomogeneous Hamiltonian

H =
p2

2
−

tq2

2
,

H(cp, q, c2t) = c2H(p, q, t)

p
∂H
∂p

+ 2t
∂H
∂t

= 2H

H =
1
3

(
p

dq
dt
− H

)
+

d
dt

(
2tH
3

)

S(t1, t2, α, β) =

t2∫
t1

(
p

dq
dt
− H

)
dt .

ln τ(t1, t2, α, β) =
1
3

S(t1, t2, α, β) +
2tH
3

∣∣∣∣t2
t1

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 9 / 28



Airy equation Painlevé II equation

Quasihomogeneous Hamiltonian

H =
p2

2
−

tq2

2
,

H(cp, q, c2t) = c2H(p, q, t)

p
∂H
∂p

+ 2t
∂H
∂t

= 2H

H =
1
3

(
p

dq
dt
− H

)
+

d
dt

(
2tH
3

)

S(t1, t2, α, β) =

t2∫
t1

(
p

dq
dt
− H

)
dt .

ln τ(t1, t2, α, β) =
1
3

S(t1, t2, α, β) +
2tH
3

∣∣∣∣t2
t1

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 9 / 28



Airy equation Painlevé II equation

Quasihomogeneous Hamiltonian

H =
p2

2
−

tq2

2
,

H(cp, q, c2t) = c2H(p, q, t)

p
∂H
∂p

+ 2t
∂H
∂t

= 2H

H =
1
3

(
p

dq
dt
− H

)
+

d
dt

(
2tH
3

)

S(t1, t2, α, β) =

t2∫
t1

(
p

dq
dt
− H

)
dt .

ln τ(t1, t2, α, β) =
1
3

S(t1, t2, α, β) +
2tH
3

∣∣∣∣t2
t1

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 9 / 28



Airy equation Painlevé II equation

Quasihomogeneous Hamiltonian

H =
p2

2
−

tq2

2
,

H(cp, q, c2t) = c2H(p, q, t)

p
∂H
∂p

+ 2t
∂H
∂t

= 2H

H =
1
3

(
p

dq
dt
− H

)
+

d
dt

(
2tH
3

)

S(t1, t2, α, β) =

t2∫
t1

(
p

dq
dt
− H

)
dt .

ln τ(t1, t2, α, β) =
1
3

S(t1, t2, α, β) +
2tH
3

∣∣∣∣t2
t1

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 9 / 28



Airy equation Painlevé II equation

Classical action

S(t1, t2, α, β) =

t2∫
t1

(
p

dq
dt
− H

)
dt .

∂S
∂α

= p
∂q
∂α

∣∣∣∣t2
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= (αAi′(t) + βBi′(t))Ai(t)
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∂q
∂β

∣∣∣∣t2
t1

= (αAi′(t) + βBi′(t))Bi(t)
∣∣t2
t1

Ai′(t)Bi(t)−Ai(t)Bi′(t))
∣∣t2
t1

= 0

S(t1, t2, α, β) =
α2

2
Ai′(t)Ai(t) + αβAi′(t)Bi(t) +

β2

2
Bi′(t)Bi(t)

∣∣∣∣∣
t2

t1
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Constant

Theorem

c0 =
αβ

6π
.
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Painlevé II equation
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Painlevé II equation

q′′ = tq + 2q3

S2

S1

S4

S3

0

S6

S5

Ψ+(λ, t) = Ψ−(λ, t)Sj

S2k =

 1 0

s2k e−
z3
3 +tz 1

 ,

S2k+1 =

 1 s2k+1e
z3
3 −tz

0 1


sj+3 = sj , s1 − s2 + s3 + s1s2s3 = 0

lim
λ→∞

Ψ(λ, t) = I

q(t) = − lim
λ→∞

Ψ12(λ, t)
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Airy equation Painlevé II equation

Asymptotics at −∞

Its, Kapaev (1988) , Kapaev (1992)

special behavior for 1− s1s3 = 0

q(t) ' σ
√
−t
2

∞∑
n=0

bn(−t)−
3n
2 −

s1 + s2
√
π2

7
4 (−t)

1
4

exp

(
−

2
√

2
3

(−t)
3
2

)
(1+O((−t)−

1
4 )), t → −∞

where s1 = −iσ, σ = ±1.

singular behavior for 1− s1s3 < 0

q(t) =
2
√
−t

aeig + be−ig + O((−t)−
3
10 )

where

a =

√
2πe

πβ
2

s1Γ
(

1
2 + iβ

) , b =

√
2πe

πβ
2

s3Γ
(

1
2 − iβ

) , ab = 1,

g =
2
3

(−t)
3
2 +

3β
2

ln(−t) + 3β ln 2−
π

2
, β =

1
2π

ln(s1s3 − 1).
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aeig + be−ig + O((−t)−
3
10 )

where

a =

√
2πe

πβ
2

s1Γ
(

1
2 + iβ

) , b =

√
2πe

πβ
2

s3Γ
(

1
2 − iβ

) , ab = 1,

g =
2
3

(−t)
3
2 +

3β
2

ln(−t) + 3β ln 2−
π

2
, β =

1
2π

ln(s1s3 − 1).
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Airy equation Painlevé II equation

Asymptotics at −∞

generic behavior for | arg(1− s1s3)| < π

q (t) = a+
0,0e

2i
3 (−t)

3
2

(−t)
3µ
2 −

1
4 +a−0,0e−

2i
3 (−t)

3
2

(−t)−
3µ
2 −

1
4 +O

(
|t |

9|Reµ|
2 − 7

4

)
, t → −∞,

µ = −
ln (1− s1s3)

2πi
, a+

0,0a−0,0 =
iµ
2
,

a+
0,0 =

√
π 23µe−

iπµ
2 −

iπ
4

s1Γ(µ)
, a−0,0 =

√
π 2−3µe−

iπµ
2 + iπ

4

s3Γ(−µ)
,

(1)

Andrei Prokhorov UM Connection problem for Painlevé tau functions September 21st, 2019 15 / 28



Airy equation Painlevé II equation

Asymptotics at +∞

special behavior for s2 = 0

q(t) '
is1

2
√
πt

1
4

exp

(
−

2
3

t
3
2

)
(1 + O(t−

3
4 )), t → −∞.

singular behavior for s2 ∈ R, s2 6= 0

q(t) =
iε
√

2

(
ceih − 1 + O(t−

3
4 )

ceih + 1 + O(t−
3
4 )

)
+ O(t−

3
2 )

where

c =

√
2πe

πγ
2

(1 + s2s3)Γ
(

1
2 + iγ

) , h =
2
√

2
3

t
3
2 +

3γ
2

ln t+
7γ
2

ln 2, γ =
1
π

ln(εs2), ε = signs2.
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Airy equation Painlevé II equation

Asymptotics at +∞

generic behavior for

| arg(iσs2)| <
π

2
, σ = sign Re (is2) = ±1 (2)

σq (t) = i

√
t
2

+b+
1,1e

2i
√

2
3 t

3
2 t−

3ν
2 −

1
4 +b−1,1e−

2i
√

2
3 t

3
2 t

3ν
2 −

1
4 +O

(
t3|Reν|−1

)
, t → +∞,

ν =
ln (iσs2)

πi
, b+

1,1b−1,1 =
iν

4
√

2
,

b+
1,1 =

√
π 2−

7ν
2 −

3
4 e

iπν
2 −

iπ
4

(1 + s2s3)Γ (−ν)
, b−1,1 = −

√
π 2

7ν
2 −

3
4 e

iπν
2 + iπ

4

(1 + s1s2)Γ (ν)
.

(3)
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Airy equation Painlevé II equation

Painlevé II: force field for real solutions

Figure: F (q, t) = tq + 2q3
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Airy equation Painlevé II equation

Painlevé II: asymptotics of real solutions

The real nonsingular solutions are parametrized by number s1 ∈ iR, |s1| ≤ 1.
(Kapaev, 1992) The asymptotic at +∞ is given by

q(t) =
is1

2
√
πt

1
4

e−
2
3 t

3
2

(
1 + O

(
1

t
3
4

))
, t → +∞.

If |s1| < 1, then the asymptotics at −∞ is given by Ablowitz-Segur solution

q(t) =
d

(−t)
1
4

sin

(
2
3

(−t)
3
2 +

3
4

d2 ln(−t) + φ

)
+ O

(
1
|t |

)
, t → −∞,

where

d =

√
1
π

ln
(
1− |s1|2

)
, φ = −

π

4
+

3
2

d2 ln 2− arg

(
Γ

(
i
d2

2

))
− arg(s1).

If s1 = ±i , then the asymptotics at −∞ is given by Hastings-Mcleod solution

q(t) = is1

√
−t
2

+ O(t−
5
2 ), t → −∞.
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Airy equation Painlevé II equation

Painlevé II: real solutions
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Airy equation Painlevé II equation

Painlevé II: force field for imaginary solutions

Figure: F (y, t) = ty − 2y3
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Airy equation Painlevé II equation

Painlevé II: asymptotics of imaginary solutions

All pure imaginary solutions q = iy are parametrized by number s1 ∈ C. (Its, Kapaev,
1988) The asymptotic at −∞ is given by

y(t) =
d

(−t)
1
4

sin

(
2
3

(−t)
3
2 +

3
4

d2 ln(−t) + φ

)
+ O

(
1
|t |

)
, t → −∞,

d =

√
1
π

ln
(
1 + |s1|2

)
, φ = −

π

4
+

3
2

d2 ln 2− arg

(
Γ

(
i
d2

2

))
− arg(s1).

If Im s1 6= 0 then the asymptotic at +∞ is given by

y(t) = σ

√
t
2

+
σρ

(2t)
1
4

cos

(
2
√

2
3

t
3
2 −

3
2
ρ2 ln x + θ

)
+ O

(
1
t

)
, t → +∞.

ρ =

√√√√ 1
π

ln

(
1 + |s1|2

2|Im(s1)|

)
, σ = −sign(Im(s1)),

θ = −
3π
4
−

7
2
ρ2 ln 2 + arg(Γ(iρ2)) + arg(1 + s2

1).

If Im s1 = 0 the asymptotic at +∞ is given by the Ablowitz-Segur solution,

y(t) =
s1

2
√
πt

1
4

e−
2
3 t

3
2

(
1 + O

(
1

t
3
4

))
, t → +∞.
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Airy equation Painlevé II equation

Painlevé II: imaginary solutions
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Airy equation Painlevé II equation

Quasihomogeneous Hamiltonian and Classical action

H =
p2

2
−

tq2

2
−

q4

2

ln τ(t1, t2, s1, s2) '
t3
2

24
+

i
√

2
3
νt

3
2

2 −
(6ν2 + 1)

16
ln t2 +

2iµ
3

(−t1)
3
2 +

3µ2

4
ln (−t1) + ln Υ

for generic behaviours at both infinities.

H(c2p, cq, c2t) = c4H(q, p, t),

H = p
dq
dt
− H +

d
dt

(
2tH
3
−

pq
3

)

ln τ(t1, t2, s1, s2) =

(
2tH
3
−

pq
3

)∣∣∣∣t2
t1

+ S (t1, t2, s1, s2) (4)
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Airy equation Painlevé II equation

Classical action

∂S
∂s1

= p
∂q
∂s1

∣∣∣∣t2
t1

∂S
∂s2

= p
∂q
∂s2

∣∣∣∣t2
t2

ln τ(t1, t2, s1, s2) =

(
2tH
3
−

pq
3

)∣∣∣∣t2
t1

+ S (t1, t2, s1, s2)

∂

∂sj
ln τ(t1, t2, s1, s2) =

∂

∂sj

(
2tH
3
−

pq
3

)∣∣∣∣t2
t1

+ p
∂q
∂sj

∣∣∣∣∣
t2

t1

.

ln τ(t1, t2, s1, s2) = ln τ(t1, t2, 0,−i) +

((
2tH
3
−

pq
3

)∣∣∣∣t2
t1

)∣∣∣∣∣
(s1,s2)

(0,−i)

+

(s1,s2)∫
(0,−i)

p
∂q
∂s1

∣∣∣∣t2
t1

ds1 + p
∂q
∂s2

∣∣∣∣t2
t1

ds2

ln τ(t1, t2, 0,−i) ∼
t3
2

24
−

1
16

ln t2 + ln Υ0 (5)
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Numerical constant

ln τ(t1, t2,−i, 0) ∼ −
t3
1

24
−

1
16

ln(−t1) + ln ΥHM , t1 → −∞, t2 → +∞

ΥHM = 2−
1

48 e−ζ
′(−1).

Baik, Buckingham, DiFranco (2008) and Deift, Its, Krasovsky (2008)

q (t ; 0,−i) = e
2πi

3 q
(

te
2πi

3 ;−i, 0
)
.
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Results

Theorem
Its, Lisovyy, P., 2018

Υ = Υ02
3
2µ

2− 7ν2
8 (2π)−

µ
2 −

ν
4 e

πi
8

(
η2+2µ2+2ην−8µη

) √
G (1− ν) Ĝ (η)

G (1− µ) Ĝ
(
η−ν

2

) ,

Υ0 = 2
1

48 e
ζ′(−1)

2 + iπ
48 ,

where ζ(z) - Riemann Zeta function, G(z) - Barnes G-function, Ĝ(z) =
G(1 + z)

G(1− z)
, and

µ, ν, σ, η,Υ,Υ0 are described by (1), (2), (3),(4),(5) and (6)

s−1
3 = eiπηeiπ σ

2 . (6)
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Last slide

THANK YOU
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