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RADIATION RESEARCH 47, 359-376 (1971)

Considerations on the Random Traversal of Convex Bodies
and Solutions for General Cylinders'

ALBRECHT M. KELLERER

Radiological Research Laboratory, Department of Radiology, College of Physicians & Surgeons,
Columbia University, New York, New York

KeLLERER, ALBRECHT, M. Considerations on the Random Traversal
of Convex Bodies and Solutions for General Cylinders. Radiat. Res.
47, 359-376 (1971).

The basic concepts applicable to the random traversal of convex bodies
are discussed, and a set of theorems relevant to the problem is presented.
Formulae are derived for the chord length distribution in eylinders of
arbitrary convex cross section in a uniform isotropic field of straight
random tracks.

1. INTRODUCTION

Chord length distributions resulting from the random intersection of convex
bodies by straight lines have been discussed in such different fields as acoustics
(1-8), reactor design (4—6), ecology (7), and microscopy (8, 9). In radiation
physies chord length distributions are needed for the evaluation of pulse height
spectra obtained with proportional counters (10, 11); the distributions are also
relevant to various other problems of microdosimetry (12, 13), general dosimetry
(14), and radiation shielding.

For spheroids chord length distributions have been given in analytical (156) and
in numerical (16) form. For circular cylinders the problem is more complicated
and several different ways have been chosen to derive chord length distributions.
Schwed and Ray (17) have attempted analytical solutions. Wilson and Emery
(18) have applied mixed analytical and numerical methods. Birkhoff et al. (19)
have used Monte Carlo techniques; they have also given a useful survey of the
topic and have pointed out that the results from the various methods are not in
full agreement. Little work has been done for cylinders of noncircular cross section.
But Coleman (20) has obtained the solution for a cube.

1 Based on work performed under Contract AT-(30-1)-2470 for the U.S. Atomic Energy
Commission.
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360 KELLERER

In this paper a formula for chord length distributions in cylinders of arbitrary
cross section will be given. The idea of the solution is that the problem is reduced
to one in two dimensions. The chord length distribution in the cylinder is expressed
in terms of the chord length distribution for the cross section of the cylinder.

Sections 2 and 3 contain considerations of general interest to problems involving
the random traversal of convex bodies. Some of the theorems listed in section 3
are used in the solution for cylinders.

2. CONCEPTS

An excellent outline of the problems arising in the random traversal of convex
bodies is given by Kendall and Moran in “Geometrical Probability”’ (21). Recently
Kingman (3, 22) and Coleman (20) have derived various results on random
chords. Some of these results will be used in the following considerations. The
original works should be used for reference, but the basic concepts will in brief
and simple form be stated in the present paper.

Coleman defines five different kinds of randomness of the secants of a convex
body. Three of these are relevant in the present context:

Mean free path randomness (u-randomness). A chord of a convex body K is de-
fined by a point in Euclidian space and a direction. The point and the direction
are from independent uniform distributions. This randomness results if the convex
body is exposed to a uniform, isotropic field of straight infinite tracks; it is the main
object of the present paper.

Surface radiator randomness (S-randomness). A chord of a convex body K is
defined by a point on its surface and a direction. The point and the direction are
from independent uniform distributions. S-randomness results if the surface is a
uniform, isotropic radiation source.

Interior radiator randomness (I-randomness). A chord is defined by a point in the
interior of K and a direction. The point and the direction are from independent
uniform distributions.

The distributions of chord length are different for the various types of ran-
domness. This difference and the use of the word randomness in an unspecified sense
are the basis of some of the so-called paradoxes of probability (21). In the follow-
ing, indices will be used to identify the different kinds of randomness. The ex-
pectation values will be labeled in the same way. For example f,(1) is the probability
density of chord length I under u-randomness, while 7, and [, are the mean and the
second moment of the distribution.

Sum distributions will be symbolized by the capital letter corresponding to the
small letter used for the differential distribution. For convenience and because
this simplifies some of the formulae the sum distributions are summed from the
tail of the distribution. Thus F,(I) is the probability that the chord length exceeds
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RANDOM TRAVERSAL 361

[ under y-randomness:’
R = [ fu(a) da. (1)
1

Surface radiator randomness has been discussed in the context of radiation
physics; specifically it has been shown that for a sphere of diameter d one obtains
the constant density (23):

fs) =d?', 0<1=d, (2)
while for u-randomness one has
fu() =2/d, 0<I1=d. (3)

S-randomness will not be further discussed in this paper. It appears that there is
no simple relation between the distributions fs(I) and f,(I). It is an open question
whether there exists a unique relation between fs(I) and f.(l), and to what degree
these distributions determine the shape of the body K.

Kingman (3) has shown that I-randomness is closely related to u-randomness:

f1@) = (D). (4)

From this relation one finds that the mean chord length I; under I-randomness
always exceeds the mean chord length /, under u-randomness,

ZI=ZP/L=(VM+1)ZM: (5)

where V, is the fractional variance of the distribution f,(7):

o
o~
ol

Q
*®

!

Vi=s7=7,—1 (6)

m

=
o~

For a sphere V, is equal to 0.125 as can readily be derived from relation (3). One
may assume that all nonspherical convex bodies have a larger fractional variance
of their chord length distribution. It seems, however, that a proof of this simple
assertion has yet to be found.

One must note that interior radiator randomness is not what one obtains if the
interior of a convex body K is a uniform source of straight particle tracks. The
definition of I-randomness refers to full straight lines while an actual radiation
source produces tracks which, even if they are assumed to be infinite, represent
only half lines. If one generalizes the concept of a chord so far as to include the

2 The upper limit of integration is given as « in all cases where the integration extends
to the maximal chord length. This is correct because the densities and the sum distributions
are zero for I > In.x . One must, however, be careful to observe this condition in actual cases
where the distributions may be given analytically.
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362 KELLERER

segments of these half lines which are contained in the body K one may introduce
the corresponding concept which shall be named ¢nternal source randomness and
labeled by the small letter <.

For 7-randomness one obtains the density,

fi‘(l) = Fn(l)/zn ’ (7

where F,(1) is the sum distribution of [ under u-randomness according to the formula:
B = [ 5 da. (8)

Proof

Relation (4) has already been derived by Kingman. Here its validity will be
demonstrated again in a consideration which can then be varied to yield relation
(7).

f.(1) is the chord length distribution if K is exposed to an isotropic field. Consider
an infinitesimal sphere of cross section Ae centered around a position distributed
uniformly over the interior of K. The probability that a chord of length [ intersects
the infinitesimal sphere is [ Aa/V, where V is the volume of the body K. If one
samples the chords which intersect the infinitesimal sphere in all its possible posi-
tions one fulfills the conditions for I-randomness (see above), and one therefore
obtains,

50 & FUD = U0, (9)

or with proper normalization,

50 = 150/ [ i) de = D/, (10)

In case of an internal source one counts the half tracks originating from the point
of emission separately (7-randomness). In this case the probability that the chord
of length 7 intersects the infinitesimal sphere is still ! Aa/V, but the point of inter-
section on the chord must be considered. This point of intersection is distributed
uniformly over the length of the chord. The chords of length [ therefore give rise
to an equidistribution of half segments s:

fi(s) = 1/1, 0<s=lLl (11)
Integration over all chords occurring in 7-randomness yields Eq. (7):

fi(s) = f ) L ayl = B/ (12)

From the preceding considerations it is apparent that the mean chord length for
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RANDOM TRAVERSAL 363

an internal source is half the mean chord length under /-randomness and is there-
fore related to the first and second moment of the chord length distribution under
w-randomness in the following way [see Eq. (5)]:

vV, + 1
2

L =10/2=122l,= l. (13)
The relation can also be derived by partial integration from Eq. (12), and it can be
generalized to

‘F
TN+’

In section 4 results are given for chord length distributions in uniform, isotropic
fields (u-randomness). Relation (7) means that the results can also be applied
to the case of interior sources.

One should note that all considerations in this section, with exception of relations
(2) and (3) which refer to a sphere, equally apply to three-dimensional and two-
dimensional Euclidian space.

A

N # —1. (14)

3. AUXILIARY RELATIONS

This section contains theorems relevant to the problem of chord length distri-
butions. Some of the relations will be applied in section 4. Theorems 3.1-3.7 have
been derived earlier (3, 10, 20). For convenience proofs and some applications are
included here.

3.1 DISTRIBUTION OF THE ANGLE OF INCIDENCE TO A SURFACE ELEMENT

Theorem

If a surface element is exposed to an isotropic field (u-randomness) and if 8
is the angle between the incident line and the normal of the surface element at the
point of incidence, then 8 is distributed according to the density f,(8):

£.(6) d6 = 2 sin 6 cos 6 db, 0§o<"§’, (15)
while the sum distribution, i.e. the probability that the angle of incidence exceeds
0, is

F.(6) = cos’ 6. (16)
Proof

The distribution of 6 on a surface element in an isotropic uniform field does not
depend on the orientation of this surface element. One may therefore consider the
surface of a sphere. For a sphere one can, however, assume a unidirectional field
instead of an isotropic field. This is schematically represented in Fig. 1. The total
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364 KELLERER

B
— =

8
F16. 1. Determination of the distribution of angles of incidence to a surface element.

cross section of the sphere of radius r is equal to 7’x. The disc whose projection in
Fig. 1 is the line A B represents the cross section for angles of incidence equal to or
less than 6. Its area is ’r sin’9, and the fraction of tracks incident on the sphere with
angles exceeding 6 is therefore given by Eq. (16). By differentiation one obtains
relation (15).

As an example of the application of relation (16) one can derive the chord length
distribution in an infinite slab of thickness 4. This distribution will be used in section
4. The chord length as a function of the angle of incidence is

I = h/cos . (17)
Inserting this in (16) one has the sum distribution
Fu(l) = B/, 12, (18)
and therefore the density
fu)) = 2n*/0. (19)

3.2 DISTRIBUTION OF THE ANGLE OF INCIDENCE TO A LINE ELEMENT
Theorem

In 2-space the angle 6 of incidence to a line element in an isotropic field has the
sum distribution

F.6) = 1—sing, 0=0<m2, (20)
and therefore the density®
fu(6) = cos #. (21)

The angle of incidence 6 is the angle between the random track and the normal to
the line element.
The proof can be omitted. It is analogous to the proof in 3.1.

8 A frequent source of confusion in considerations on chord length distributions is failure
to distinguish between u-randomness and S-randomness. For a surface source in three di-
mensions the angle 6 of entrance into the body K is distributed according to the density:
f+(8) = sin 6; while the density in the two-dimensional case is constant: f,(0) = 2/x.
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RANDOM TRAVERSAL 365

One can use Eq. (20) to derive the chord length distribution in a circle, which
will be used in section 4. For a circle of diameter d one has:

l = dcosé. (22)

By substitution in (20) and transition to the complementary probability in order
to account for the inverse variation of § with [ one obtains the sum distribution

Ful) = V1 =0/&, 1=, (23)
and the density
{
Another example is an infinite strip of height %. In this case one has
sin § = V1 — r/P, (25)
and therefore
Ful) = 1—=~1=m/E, 12h (26)
and
h2
3.3 ToraL TracKk LENGTH IN A VOLUME
Theorem

In a uniform field of fluence ® the expected’ total track length per unit volume
element is equal to ®.

Proof

The fluence is defined as the expectation value of the number of traversals of a
sphere of unit cross section. The total track length per unit volume is a function of
& only. In order to obtain the numerical relation one may consider a cylinder of unit
cross section and height & and a uniform unidirectional field of fluence ® parallel
to the axis of the cylinder. The expected number of traversals is ®, the expected
total track length is ®h, and the expected total track length per unit volume is
therefore &.

4 Here and in the following subsections the term expected is used as an abbreviation for
expectation value of. The term mean i8 not used in order to avoid confusion with the mean of
the chord length distributions.
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366 KELLERER

3.4 NuMBER OF TRAVERSALS THROUGH A SURFACE ELEMENT

Theorem

In an isotropic uniform field of fluence ® the expected number of travers-
als through a unit surface element is ®/2. The expected number of chords through a
convex body of surface S is therefore S®/4.

Proof

As discussed in 3.1 one can consider a sphere exposed to a unidirectional field of
fluence &. The expected number of chords is 7. Each chord intersects the surface
of the sphere twice. The expected number of intersections per unit surface element is
therefore equal to ®/2; the expected number of chords is equal to S®/4.

3.5 TorAaL TrACK LENGTH AND NUMBER OF TRAVERSALS IN Two DIMENSIONS

Theorem

In two-dimensional space fluence ® is defined as the expected number of traversals
of a circle of unit diameter. The expected total track length per area element in an
isotropic uniform field is , the expected number of intersections with a unit line
element is 2&/7.

The proof is analogous to the proof of 3.3 and 3.4.

3.6 MEaAN Cuorp LENGTH IN THREE DIMENSIONS

From 3.3 and 3.4 one obtains a relation which is sometimes called the Cauchy
theorem. The relation, implicity deduced by Cauchy (24) in 1850, seems to have
first been stated by Czuber (25).

Theorem
_ If a convex body has the volume V" and the surface S, then the mean chord length
l, is equal to

I, = 4V/8. (28)
Proof

The theorem follows from the fact (see 3.3 and 3.4) that the mean chord length
is equal to the total track length ®V in the body divided by the number S&/4 of
chords through the body.

3.7 MEaN CHorp LENGTH IN Two DIMENSIONS
Theorem

For a two-dimensional convex figure of area A and circumference C one has
I, = nA4/C. (29)
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RANDOM TRAVERSAL 367

Proof

This theorem which has also been implicitly deduced by Cauchy follows from the
fact (see 3.5) that the mean chord length is equal to the total track length A® in
the figure divided by the number &C/x of chords through the figure.

From the proofs of 3.6 and 3.7 one concludes  that, with the interpretation of a
track segment as asimply connected piece of the track within the region, the Cauchy
theorem is valid for a uniform isotropic field even if the random tracks are not
straight (13). The generalization applies equally to two and three dimensions. One
can furthermore show that the tracks may be branched; but they must not be closed
curves. The present discussion will, however, be confined to straight random tracks.
The generalization of the Cauchy theorem to the case of finite straight tracks is
given in the following subsection.

A similar simple relation exists for the fourth moment of the chord length dis-
tribution (21, 26). But the case is more complicated for the second and third mo-
ment, and such characteristics of the distribution as fractional variance or skewness
must therefore be evaluated numerically in each particular case.

3.8 MEAN SEGMENT LENGTH IN THE CASE oF FINITE TRACKS

The following theorem deals with the mean segment length which results in a
convex body when exposed to random tracks of finite length. It can be considered
as the generalized form of the Cauchy theorem. All considerations in this and the
following section refer to u-randomness. The index u is therefore omitted. Through-
out this paper the letter F will be used for distributions referring to infinite random
tracks, while P will be used for distributions which result if the random tracks are of
finite length.

Theorem

Assume that the finite random tracks have an orientation. A random track is
then defined by a starting point, a direction, and a length. The point and the direc-
tion are from independent uniform distributions, the length is distributed according
to 7(u). This is the generalization of u-randomness to finite tracks. r(u) is called
the range distribution.

If a convex body of mean chord length I = 4V/8 is exposed to a uniform, iso-
tropic field of random tracks of mean range %, then the resulting mean segment
length §in the body is given by the relation

+ (30)

Ol |
S|

|

Proof

The total track length in the body is V& (éee 3.3), and the number of end points
plus starting points of tracks in the body is therefore 2V®/4, the number of traversal

This content downloaded from 141.211.4.224 on Fri, 16 Sep 2016 12:17:27 UTC
All use subject to http://about.jstor.org/terms



368 KELLERER

points on the surface of the body is S®/2 (see 3.4). Each track segment has two
terminal points which are either starting points or end points of tracks, or traversal
points. The mean segment length § is therefore equal to the total track length
divided by half the number of terminal points:

5= <FV/«:LE“@ — (@ + §/4V) (31)

One can readily show that Eq. (30) holds also in the two-dimensional case.

3.9 Crorp LeENGTH DisSTRIBUTIONS IN THE CASE oF FiNniTE Ranpom TRAcCKS
Theorem

Assume that the convex body K has the sum distribution F(I) of chord length
under uy-randomness and that it is exposed to an isotropic uniform field of straight
random tracks whose length u has the sum distribution R(u). Then the resulting
sum distribution of segment length in K is

P(s) = k (F(s) [ " R(z) dz + R(s) [ " P dx). (32)

The normalization constant has the value k = (@ + I)”', where [ is the mean
chord length 4V/S, and 1 is the mean range of the tracks.

In the special case where all random tracks are of a fixed length u, the formula
reduces to

P(s) = Hﬁ((u — $)F(s) + fw F(z) dx), s < (33)

Note that the sum distributions are summed from the right, i.e., equal to the
probability that the random variable exceeds a given value.

Proof

First an auxiliary relation has to be given: If two intervals of length » and ! on a
straight line overlap randomly, then the length s of the overlap has the sum dis-
tribution:

H(s) = (u4+1—-28)/(u+1), s = wu,l (34)

The relation follows from the geometrical consideration indicated in Fig. 2. The
solid line represents the interval of length u, the dotted line those positions of the
left border of the other interval which correspond to overlaps. The positions which

Fia. 2. Determination of the overlap probability of two intervals.
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RANDOM TRAVERSAL 369

belong to an overlap greater than s are inside BC. The ratio of the interval length BC
to 4D is equal to H(s).

Assume a sphere S which is centered around the body K and has a diameter large
as compared to the dimensions of K and the maximum length of the random tracks.
Consider a track of length « inside S. The probability that the straight-line exten-
sion of the track intersects K is independent of . If an intersection occurs the prob-
ability for a chord length ! in K is proportional to f(I). Given the values % and I,
the probability that the track itself intercepts K is proportional to u + .

The resulting sum distribution of segment length is therefore

P(s)

Il

k j:o j;mf(l)r(u)(u + DH(s) dudl

K f ) f " (1= 29 (D)) du dl (35)

—k (F(s) [ urtw) du — sB(s)] + R(s) [ [ T - sF(s)]).

By another partial integration one obtains Eq. (32). The value of k results from the
condition P(0) = 1. This ends the proof.
By differentiation of Eq. (32) one obtains the probability density

p(s) = k (f(s) [ " R(x) dz + r(s) [ P as + 2F(s)R(s)), (36)

and in the special case of a fixed track length u,

p(s) = k(f(s)(u —8) +6(s — u) [w F(z) dz +2F(s)), s=<wu (37)

One can show that the three terms in Eqgs. (36) and (37) correspond to those
segments which Caswell (12) categorizes as crossers, insiders, and as starters and
stoppers.

In Eq. (32) the first term represents the contribution of the interior source
(#-randomness) and the second term the random tracks originated outside K. If
Eq. (32) is split up into the contribution of crossers, insiders, and starters and
stoppers it takes the form

P(s) = k(m) fw R(z) dz — fw F)R(z) de
+ ) [ Pla) do - fw F(2)R(z) dz (38)

+2 j;w F(z)R(x) da:)
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370 KELLERER
or in the case of a fixed track length u,

P(s) = k((u — 8)F(s) - fu F(z) dx
+ [ F@) a (39)

+2f F(z) dx), s = u.

These formulae are important for microdosimetric calculations where one deals
with finite charged particle tracks incident on a sensitive volume of cylindrical or
spherical shape. In the case of a sphere which has been treated by Caswell one has
to insert the functions
3

f(s) = 2s/d", F(s) =1 —sYd", fm F(z) dz = gd — s+ S ,
s 3d?
(40)
s=d.

For eylinders the corresponding functions will be derived in the next section.

Theorems (32) and (33) have been derived here for 3-space. Going through the
arguments in the proof one finds that they equally hold in 2-space. This will be
used in section 4.

4. SOLUTION FOR GENERAL CYLINDERS

This section deals with the derivation of chord length distributions for right
cylinders in an isotropic, uniform field (u-randomness). The principle underlying
the solution is to reduce the problem to one in two dimensions. All distributions and
expectation values are understood to refer to u-randomness, if not otherwise stated.
The index u is therefore omitted.

4.1 DERIVATION OF THE CHORD LENGTH DISTRIBUTIONS

Assume that the cylinder has height 4 and an arbitrary convex cross section, and
consider the orthogonal projection of the random tracks and of the cross section
of the cylinder onto a plane parallel to the faces of the cylinder. Figure 3 represents
this projection. The heavy line segments are the projections of those segments of
the random tracks which lie inside the infinite slab formed by the two planes through
the faces of the cylinder. The length u of the projection is related to the length »
of the actual segment in the slab by

o= K+ (41)
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RANDOM TRAVERSAL 371

Fig. 3. Projection of a cylinder exposed to random tracks.

With this relation and Eq. (18) one obtains the sum distribution of the projection
length:

G(u) = h/1 = 1/(1 + 4*/h%). (42)

The projections are uniform and isotropic in the plane. The straight lines through
these projections form the chord length distribution in 2-space, f(t), in intercepting
the cross section of the eylinder. The distribution f(¢) is known for a circle and for a
rectangle [see Eqs. (24) and (61)]; for more complicated convex figures it can be
derived numerically. The mean chord length in the cross section is .

When the intervals 4 and ¢ overlap, then the segment s of overlap is the projection
of the actual chord in the cylinder. The problem thus reduces to a determination
of the distribution of these segments. This problem has been solved in 3.9. For a
fixed projection length %, one obtains the following sum distribution of segments s
in the projection of the cylinder in accordance with Eq. (33):

o) = 1 ((u = 9)F(s) + [ F(z) dx) - (43)

The true chord length 1 in the cylinder is proportional to s:
I = s1 4+ rB¥/ud (44)

With this relation and with the abbreviation
Fs) = [ F(a) do — sF(s), (45)

one obtains the chord length distribution for a given angle of incidence of random
tracks relative to the axis of the cylinder:

l l L
) = t+ ("F(m) +F (e 2)) I S Vut + 1. (46)

Except for a stretching by the factor /1 + A?/u? the distribution is equal to the
distribution (43) which results when the cross section of the cylinder is exposed to
random tracks of length w.
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372 KELLERER

Integration over the distribution of % yields the full solution. As in Eq. (35) and
for the same reasons one has to include the weight factor (f + ») in the integral

© l * l
et =+ [ (o () + 7 (G 0w,

where the lower limit @ of integration is 0 for I < % and v/ — &2 for I > h. The
chord length distribution in the cylinder is designated by the letter C and not F
because F is used for the 2-space chord length distribution of the cross section of
the cylinder. With the substitution

and with G(u) from Eq. (42),
G(u) =1 -4, (49)
one obtains the general formula for the chord length distribution in right cylinders:

c(l) = 2 ]: (\TI}L—%—: F(lz) + xF*(lx)) dz,

SL‘2
0 forl £ h (50)
V1 =’/ forl > h.

4.2 REsSULTS

In this section the result of 4.1 will be restated, and the formulae for the chord
length density will be added. The auxiliary function f(¢) will be given for the special
cases of a circle and a square.

The chord length distribution in a right cylinder exposed to a uniform isotropic
field of straight infinite tracks (u-randomness) can be expressed in terms of the
chord length distribution of the two-dimensional figure which is the cross section of

the cylinder.
Let f(t) and f be the differential distribution and the mean value of chord length
t for the cross section. The sum distribution of ¢ is

F@) = [ 1) da, (51)
and F*(¢) is an auxiliary function:
F*t) = j;mF(x) dr — tF(t) = fwxf(x) dz — 2tF(¢). (52)

Then the sum distribution of chord length in the cylinder, i.e., the probability that
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RANDOM TRAVERSAL 373
a chord exceeds length [, is given by the formula:

C(l) = 2k [ (\/1 ) (53)

h is the height of the cylinder. The lower limit @ of the integration is 0 for I < h and
v/1 — B2/Bforl > h. The normalization constant is
1 1
T¥a ~(A/CFh3)’ (54)

as follows from 3.7 and from Eq. (42). A is the area and C the perimeter of the
cross section of the cylinder. By differentiation of Eq. (53) one obtains

c(l)=—w— 2Icf(

i (55)
a a *
2%k 7 (\ﬁl——a? F(la) + oF (la)) .
The probability density of chord length is therefore equal to
! had s 9
C(l) = 2k /; ((VW - X l) f(lx) + 2z F(lx)) dx
2kh® [ (56)
+ 2 [ F@) da,

vViz_p2

where the second integral applies only to values I = h.

Equations (53) and (56) are the formulae for chord length distributions of
cylinders of arbitrary convex cross section. In the general case the chord length
distribution f(¢) for the cross section has to be evaluated numerically. For circular
and square cross sections one can, however, give f(t), F(t), and F*(t) in analytical
form.

For a circle of diameter d one obtains according to Eqgs. (23), (24) and (52),

ft) = d—vh’ F(t) = V1 — &/d (57)
j: F(z) dx = garccosg — % V1 = /& (58)
F*(t) = garccost— \/1 t2/d2 . (59)

All functions are zero for ¢t > d.
Coleman (20) has derived the chord length distribution f(¢) for a rectangle One.
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may note that one can obtain this function from Eq. (47). This equation is valid in
a space of arbitrary dimensions, and a rectangle can be considered as a cylinder in
two dimensions. In the special case of a square of side length ¢ one inserts the dis-
tribution G(u) for an infinite strip of height ¢ [see Eq. (26)] and a delta function
8(t — ¢) for f(t). Equation (47) with the substitution (48) then takes the form:

=0
P(t) kfb( =+ 2t>d b= 1 prese
a ‘\/1—222 a—"\/]. 02/t2f01‘6<t§\/§»
b =c/t
(60)
1 —1t/2 fort < ¢
B t/2c — /1 — &/t forc <t /2
By differentiation one obtains the chord length density for the square:
1/2¢ fort = ¢
@) = e (61)

W_—}—I/ZC forc <t <42

Evaluation of the integrals in (53) and (56) for the special cases of circular or
square cross section, analysis of the moments of the distribution, and discussion of
the limiting cases of very long and very flat cylinders will be the object of a forth-
coming paper. In general it is practical to evaluate the integrals numerically. Nu-
merical results for circular cylinders have already been given (27).

In work with eylindrical proportional counters the case of a unidirectional radia-
tion field is of some interest. One must then use Eq. (46) instead of Eq. (53). The
value of u is equal to A tg6, where 6 is the angle between the field and the axis of
the cylinder. In the general case of an anisotropic field one has to use Eq. (47) and
the distribution G(») which belongs to the angular distribution of the field.

If one deals with finite tracks of a range distribution R (%) or of the fixed range u,
one can first derive the chord length distribution C(I) for infinite tracks and then
apply the theorem (32) or (33). The distribution C takes the place of F in these
equations.

Finally one should notice that except for a normalization constant Eq. (53) gives
the probability density of segments created in a cylinder by an internal source. This
follows from the considerations given in section 2.

ACKNOWLEDGMENTS

This study has profited greatly from the interest and advice of Dr. William Gross and
Dr. Harald H. Rossi. I am also grateful to my brother, Dr. Hansgeorg Kellerer, for various
suggestions.

REecErvep: January 18, 1971

This content downloaded from 141.211.4.224 on Fri, 16 Sep 2016 12:17:27 UTC
All use subject to http://about.jstor.org/terms



10

11

12

13

14

15

16

17

18

19

20
21
22

RANDOM TRAVERSAL 375

REFERENCES

. G. JAGER, Zur Theorie des Nachhalls, Sitzungsber. Wien. Akad. Math. Naturw. K. 120,
1Ia, 613-634 (1911).

. A. E. Bates and M. E. PiLLow, Mean free path of sound in an auditorium. Proc. Phys.
Soc. London 59, 535-541 (1947).

. J. F. C. KinaMAN, Mean free paths in a convex reflecting region. J. Appl. Prob. 2, 162-168
(1965).

. P. A. M. Dirac, K. Fucus, R. PeierLs, and P. D. PresToN, Applications to the oblate
spheroid, hemisphere, and oblate hemispheroid. Declassified British Report MS-D-5,
Part 2 (1943).

. K. M. Casg, F. pE HorrmaN, and G. Praczex, Introduction to the theory of meulron
diffusion. Los Alamos, U.S. Atomic Energy Comm. (1953).

. A. M. WeinBErG and E. P. WigNEr, The Physical Theory of Neutron Chain Reactors.
Univ. of Chicago Press, Chicago (1958).

. G. A. McInTYRE, Estimation of plant density using line transects. Ecology 41, 319-330
(1953).

. W. P. Rep, Distribution of sizes of spheres in a solid from a study of slices of the solid.
J. Math. Phys. Cambridge, Mass. 34, 95-102 (1955).

. A. HENNIG, A critical survey of volume and surface measurement in microscopy. Zeiss
Werkzeitschrift 30, 78-87 (1958).

. H. H. Rossi, Energy distribution in the absorption of radiation. Advan. Biol. Med. Phys.
11, 27-85 (1967).

. H. H. Rossi, Microscopic energy distribution in irradiated matter. In Radiation Dosime-
try, (F. H. Attix and W. C. Roesch, eds.), Vol. 1, pp. 43-92. Academic Press, New York
(1968).

. R. 8. CasweLL, Deposition of energy by neutrons in spherical cavities. Radiat. Res. 27,
92-107 (1966).

. A. M. KELLERER, Analysis of patterns of energy deposition, In Proceedings of the Sympo-
sium on Microdosimetry, Stresa (H. G. Ebert, ed.), pp. 107-135. Euratom, Brussels (1969).

. F. W. Sriers, Dosimetry at interfaces with special reference to bone. In Proceedings of the
Symposium on Microdosimetry, Ispra (H. G. Ebert, ed.), pp. 473-502. Euratom, Brussels
(1968).

. A. Aruisy and M. BouTiLLoN, Distribution de 1’énergie déposée par des neutrons i 1’
intérieur d’ellipsoides de révolution. In Proceedings of the Symposium on Microdosime-
try, Stresa (H. G. Ebert, ed.), pp. 183-192. Euraton, Brussels (1969).

. A. M. KELLERER, Mikrodosimetrie, Monograph B-1, Gesellschaft fiir Strahlenforschung,
Munich (1968).

. P.Scawep and W. A. RAy, Distribution of path lengths in a cylindrical ionization chamber
for homogeneous isotropic flux. Research Inst. for Adv. Studies, Baltimore, Maryland
(1960).

. K. 8. J. WiLsoN and E. W. EmERY, Path length distributions within cylinders of various
proportions. In Proceedings of the Symposium on Microdosimetry, Ispra (H. G. Ebert,
ed.), pp. 79-92. Euratom, Brussels (1968).

. R. D. BirknorF, J. E. TurNER, V. E. ANDERsON, J. M. FEoLa, and R. N. Hamum, The
determination of LET spectra from energy-proportional pulse-height measurements.
I. Track-length distributions in cavities. Health Phys. 18, 1-24 (1969).

. R. CoLEMAN, Random paths through convex bodies. J. Appl. Prob. 6, 430-441 (1969).

. M. G. KEnpaLL and P. A. P. MorAN, Geomelrical Probability. Hafner, New York (1963).

. J. F. C. KinaMAN, Random secants of a convex body. J. Appl. Prob. 6, 660-672 (1969).

This content downloaded from 141.211.4.224 on Fri, 16 Sep 2016 12:17:27 UTC
All use subject to http://about.jstor.org/terms



376 KELLERER

23. H. H. Rosst and W. RosENzWEIG, A device for the measurement of dose as a function of
specific ionization. Radiology 64, 404411 (1955).

24. A. Caucay, Mémoire sur la rectification des courbes et la quadrature des surfaces courbes
(1850). In Oeuvres Completes, Vol. 2. Gauthier Villard, Paris (1908).

25. E. CzuBER, Zur Theorie der geometrischen Wahrscheinlichkeiten. Sitzungsber. Akad.
Wiss. Wien Abt. 2 90, 719-742 (1884).

26. G. HosTiNsky, Sur les probabilités géométriques. Publ. Fac. Sct. Um'v.] Masaryk, Brno
(1925).

27. A. M. KELLERER aND W. B. BELL, Theory of microdosimetry, in Annual Report NYO-
2740-7, U.S. Atomic Energy Commission (1970).

This content downloaded from 141.211.4.224 on Fri, 16 Sep 2016 12:17:27 UTC
All use subject to http://about.jstor.org/terms



	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7
	image 8
	image 9
	image 10
	image 11
	image 12
	image 13
	image 14
	image 15
	image 16
	image 17
	image 18

	Issue Table of Contents
	Radiation Research, Vol. 47, No. 2, Aug., 1971
	Considerations on the Random Traversal of Convex Bodies and Solutions for General Cylinders [pp.  359 - 376]
	An Assessment of Wall Effects in Microdosimetric Measurements [pp.  377 - 386]
	Structure-Function Studies of the Aminothiol Radioprotectants. Effect of Carbon Chain Length in Mercaptoethylamine Homologs: Mammalian Radioprotection [pp.  387 - 391]
	X-Radiolysis of Aqueous Erythrosin [pp.  392 - 401]
	Inactivation of Cells by Heavy Ion Bombardment [pp.  402 - 425]
	A Comparison of Unscheduled DNA Synthesis, D<sub>0</sub>, Cell Recovery, and Chromosome Number in x-Irradiated Mammalian Cell Lines [pp.  426 - 436]
	Potentiation of X-Ray Killing by 5-Bromodeoxyuridine in Chinese Hamster Cells: A Reduction in Capacity for Sublethal Damage Accumulation [pp.  437 - 449]
	Persistence of Heritable Changes in an Irradiated Rat Population after Cessation of the Exposures [pp.  450 - 460]
	Effect of Whole-Body X-Irradiation on Pulmonary Bactericidal Function [pp.  461 - 471]
	Mechanism of Renal Acid Excretion Following X-Irradiation of the Dog [pp.  472 - 479]
	The Induction of Leukemia and Life Shortening in Mice by Continuous Low-Level External Gamma Radiation [pp.  480 - 490]
	Factors Influencing Clasmatosis in Vivo: Observations of Periodicity of Clasmatosis in Lymphocytes and Hematopoietic Recovery after Irradiation [pp.  491 - 499]
	䥮⁖楴牯⁕灴慫攠潦⁍潤敬⁁浩湯⁁捩摳⁢礠剡琠䱩癥爠䙯汬潷楮朠坨潬攭䉯摹 댭䥲牡摩慴楯渠孰瀮†㔰〠ⴠ㔱そ
	Relation between RBE and LET to Inhibit Neural Impulse Conduction [pp.  511 - 525]
	Biological Factors Affecting the Radioprotective Efficiency of S-2-[3-Aminopropylamino]Ethylphosphorothioic Acid (WR-2721): <tex-math>${\rm LD}_{50(7)}$</tex-math> Doses [pp.  526 - 529]
	Genetic Variation in Irradiated and Nonirradiated Populations of the Lizard, Uta stansburiana [pp.  530 - 536]
	Chemical Protection of the Mouse against Radiation-Induced Life Shortening [pp.  537 - 547]
	Radiation Effects on Macromolecular Synthesis in Contact Inhibition-Sensitive Cells Synchronized by Medium Change [pp.  548 - 561]
	Cytogenetic Investigation of Industrial Workers Occupationally Exposed to Gamma Rays [pp.  562 - 570]
	Book Review
	untitled [p.  571]

	Back Matter [p.  572]



