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Introduction

Cette thése a pour sujet principal les variétés projectives convexes. Plus précisément, la
majeure partie des travaux présentés ici (i.e. les chapitres 5 & 9) est consacrée a ’étude
de la dynamique du flot géodésique de ces variétés. Les variétés projectives convexes
généralisent les variétés hyperboliques réelles, du point de vue de leur modéle projectif,
aussi appelé modéle de Beltrami-Klein. Considérons une surface hyperbolique orientée
S décrite a Paide du modéle projectif, c’est-a-dire que S = H2/A, ott H? := {[z1 : 29 :
z3) € P(R3) : 22 + 22 < 23} (on note P(R3) I'espace projectif associé a R3) et A est
un sous-groupe discret et sans torsion de la composante neutre PO(2, 1)y du stabilisateur
de H? dans PSL(R?). On voit 14 le prototype d'une structure géométrique uniformisable
U/A, ot U est un ouvert d’une variété X et A un sous-groupe discret du stabilisateur de U
dans un groupe de Lie G qui agit transitivement sur X ; c’est dans ce cadre abstrait que
s'incrivent également les variétés projectives convexes. Un autre point de vue important
sur S, qui permet de définir le flot géodésique qui lui est naturellement associé, est de la
voir comme une surface munie d’'une métrique riemannienne de courbure constante égale
a —1 ; cette métrique induit un flot géodésique sur les fibrés unitaires tangents 7 H? et
T'S, et les orbites de ce flot dans H? sont des portions de droites projectives.

Fixons un espace vectoriel réel V de dimension finie. Les variétés projectives convexes
sont des variétés munies d’une structure géomeétrique uniformisable modelée sur P(V), sur
lequel agit le groupe de Lie PGL(V). Un sous-ensemble de P(V) est dit proprement conveze
s’il est convexe et borné dans une carte affine. Les orbivariétés (resp. variétés) projectives
convezres sont les quotients de la forme M = Q/T ou Q C P(V) un ouvert proprement
convexe et I' est un sous-groupe discret (resp. discret et sans torsion) du stabilisateur
Aut(Q2) de 2 dans PGL(V).

Rappelons rapidement pourquoi les terminologies d’«orbivariété» et de «variété» sont
justifiées ; cela nous donne 'occasion d’introduire la célébre distance de Hilbert dg sur les
ouverts proprement convexes 3 C P(V). Celle-ci est donnée par la formule do(z,y) =
%log[a,x,y, bl, ot z,y € Q et a,b € ON sont tels que a,z,y,b sont alignés dans cet ordre
(voir la figure 1), et [a,x,y,b] est le birapport projectif, tel que [0,1,¢,00] = t pour tout
t € R sous 'identification P(R?) = RU {oc}. La fonction dg définit une distance, qui de
surcroit est Aut(Q)-invariante et propre (les boules fermées sont compactes). Ceci implique
que tout sous-groupe discret I' C Aut(2) agit proprement discontintiment sur €2, de sorte
que M est une orbivariété ; si de plus I' est sans torsion alors il agit aussi librement sur €2,
et M est une variété.

Nous travaillerons autant que faire se peut sur des orbivariétés, notamment car il existe
une classe importante constituée d’orbivariétés projectives convexes 2/I' qui ne sont pas
des variétés, I' étant un groupe de Coxeter (voir la section 0.1.3 et le chapitre 11). Dans les
chapitres 7 et 9, nous aurons plusieurs fois recours a des arguments qui ne fonctionnent que
sur des variétés ; toutefois on pourra étendre aux orbivariétés les résultats ainsi obtenus
grace au célebre lemme de Selberg [Sel60], qui dit que tout sous-groupe de type fini de

9



10 INTRODUCTION

Figure 1: La distance de Hilbert et le flot géodésique (t = dq(z,y))

GL(V) ou PGL(V) admet un sous-groupe d’indice fini sans torsion.

Toute droite projective intersecte €2 en une géodésique de celui-ci, dite rectiligne, ce qui
permet de définir un flot géodésique naturel (¢;); sur le fibré unitaire tangent 7', tel que
pour tout v € T'Q, la trajectoire (m¢;v); paramétrise la géodésique rectiligne tangente a
v, ot 'on a noté 7 : T1Q — Q la projection naturelle. Le flot (¢;); commute avec 'action
de Aut(Q), par conséquent il induit un flot, encore noté (¢;)s, sur le quotient THM :=
(T'Q)/T, appelé fibré unitaire tangent de M. Notons que dg provient d’une métrique
finslérienne, qui, lorsque Q = H?, coincide avec la métrique riemannienne évoquée plus
haut. Remarquons aussi qu’il existe des cas oil {2 contient des géodésiques non rectilignes
(voir le chemin vert de 2’ & y' dans la figure 1, ainsi que le fait 2.1.13), contrairement au
cas ot © = H2.

Les premiers travaux sur les variétés projectives convexes qui ne sont pas nécessaire-
ment des variétés hyperboliques réelles remontent & Kuiper [Kui54] dans les années 50. Ils
abordent des problématiques orientées vers la théorie générale des structures géométriques,
et ont connu de considérables développements, avec un intérét particulier porté sur le cas
des variétés compactes, qui ont recu une terminologie spéciale. Lorsque I' agit cocom-
pactement sur , on dit qu’il divise Q, et que € est divisible. Benoist a écrit en 2008
un article de survol [Ben08] sur les convexes divisibles, qui approfondit beaucoup de su-
jets traités dans cette introduction. Une autre référence importante sur la géométrie des
ouverts proprement convexes de P(V), plus récente, est [PT14].

Les aspects dynamiques du flot géodésique sur les orbivariétés projectives convexes
(autres que les orbivariétés hyperboliques) constituent un sujet d’étude plutdt récent : il a
été initié par Benoist en 2006 [Ben06a|. Avant d’expliquer en détails les avancées effectuées
ces derniéres années sur ce théme, nous allons faire un rappel historique succinct a propos
du flot géodésique sur les variétés hyperboliques, centré sur les propriétés dynamiques
considérées dans cette thése ; pour des définitions précises de ces propriétés on pourra se
reporter au chapitre 1.

0.1 Contexte

0.1.1 Le flot géodésique sur les variétés hyperboliques

Les premiers travaux sur le sujet sont dus & Hadamard [Had98] en 1898, et concernent en
fait la dynamique du flot géodésique sur des surfaces riemanniennes a courbure négative
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variable, plongées dans R3. Une des motivations de Hadamard était d’ordre dynamique
: il s’agissait de trouver et comprendre un systéme physique (dans son cas une bille bien
huilée glissant sur une surface aimantée, en I’absence de force extérieure) qui posséde, sous
une forme plus accessible, la complexité de ceux de la mécanique céleste ; voir 'article de
vulgarisation [Buzl13] écrit par Buzzi & propos du papier d’'Hadamard. Si, aujourd’hui, les
flots considérés par Hadamard jouent un réle moins proéminent dans la théorie des sys-
témes dynamiques, dans la mesure ou 'on dispose d'une panoplie plus diverse d’exemples,
nous pensons que les motivations d’Hadamard sont encore d’actualité et s’étendent aux
flots géodésiques des orbivariétés projectives convexes. Notons par ailleurs que les flots
géodésiques possédent un autre point commun, pas encore connu en 1898, avec les prob-
lémes de la mécanique céleste : selon la théorie de la relativité d’Einstein, les mouve-
ments de particules soumises & la seule force de la gravitation sont donnés par des lignes
géodésiques sur une certaine variété pseudo-riemannienne de dimension quatre.

Bien que la notion de groupe fondamental fiit encore & ’époque en travaux, Hadamard
a établi la correspondance entre les orbites peériodiques du flot géodésique (¢)¢ et les
classes de conjugaison du groupe fondamental, et en utilisant la structure de groupe de ce
dernier, il a mis en évidence une abondance d’orbites périodiques, mais aussi et surtout de
trajectoires récurrentes plus compliquées.

Quelques années plus tard, les idées d’Hadamard furent reprises et développées, avec
un recentrage sur le cas des surfaces hyperboliques réelles, par un grand nombre de math-
ématiciens (tels que Birkhoff, Hopf, Morse, Hedlund...), voir I'article de survol de Hed-
lund [Hed39]. Ces auteurs ont affiné les propriétés de récurrence de nature topologiques de
(¢1)t, en développant entre autres les concepts d’orbite récurrente, transitivité topologique,
mélange topologique, point non-errant. De plus, ils ont introduit dans ce domaine de
recherche des questions et des outils de nature probabiliste provenant de la physique statis-
tique, comme les notions d’ergodicité, conservativité, mélange (probabiliste).

Dans les années 60, Anosov [Ano67| a défini une classe trés générale de systémes dy-
namiques, appelés flots et difféomorphismes d’Anosov, qui englobe les flots géodésiques sur
les variétés riemanniennes fermées & courbure négative. Rappelons qu’un flot sur une var-
iété compacte est d’Anosov s’il préserve dans le fibré tangent deux distributions supplémen-
taires a la direction du flot, 'une (dite stable) qu’il contracte, et 'autre (dite instable) qu’il
étire. C’est dans ce cadre que Margulis [Mar70] et Bowen [Bow71] ont donné une descrip-
tion de la répartition des orbites périodiques (sous I'hypothése du mélange topologique).
Leur description fait notamment intervenir la notion d’entropie, qui provient de la physique
et avait été introduite quelques années plus t6t par Kolmogorov en théorie des systémes
dynamiques (& chaque mesure invariante est associée un nombre réel appelé entropie).
Margulis et Bowen ont démontré qu’il existe une unique mesure d’entropie maximale, ap-
pelée mesure de Bowen—Margulis, pour laquelle les orbites périodiques de période inférieure
a T se répartissent de fagon de plus en plus dense et uniforme & mesure que T grandit.
Une référence classique concernant les flots d’Anosov, et plus généralement les systémes
dynamiques dits hyperboliques, est le livre de Katok—Hasselblatt [HK95].

Transposer le résultat de Bowen et Margulis au flot géodésique des orbivariétés pro-
jectives convexes constitue 'objectif principal de cette thése. Ce résultat avait déja été
généralisé 4 de nombreux flots géodésiques dans des contextes géométriques différents.
Citons deux auteurs qui ont particuliérement influencé cette thése : Knieper [Kni98| a
étudié le flot géodésique de certaines variétés riemanniennes compactes a courbure néga-
tive ou nulle, dites de rang 1 (dont le flot géodésique n’est pas d’Anosov en général), et
Roblin [Rob03] a étudié le cadre trés général du flot géodésique sur des quotients non
compacts d’espaces CAT(—1). Knieper et Roblin ont tous deux eu recours & un outil
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congu par Patterson [Pat76] et Sullivan [Sul79| : les densités conformes, qui permettent
de construire des mesures invariantes par le flot géodésique, appelées ici mesures de Sulli-
van, possédant de bonnes propriétés (par exemple l'une d’elles est dans beaucoup de cas
intéressants 1'unique mesure d’entropie maximale). Citons quelques travaux trés récents
sur les flots géodésiques en géométrie riemannienne et CAT(0) qui font usage des densités
conformes ou de généralisations de ces derniéres : [BCFT18, BAPP19,Lin20, Ric, LWW20].
Notons que les travaux de Bowen et Margulis évoqués ci-dessus ne font pas appel aux
densités conformes, en particulier ils construisent différemment 'unique mesure d’entropie
maximale ; il existe encore d’autres facons de construire cette mesure : citons par exem-
ple une construction due & Hamenstddt [Ham89] dans le cadre des variétés riemanniennes
compactes de courbure négative.

Pour finir, mentionnons une application de la théorie des flots d’Anosov a ’étude des
sous-groupes discrets des groupes de Lie, due & A.Sambarino [Sam14] ; précisons qu’on
a restreint pour simplifier le cadre des travaux cités dans ce paragraphe. Considérons a
nouveau une surface hyperbolique fermée S = H?/A. Labourie [Lab06] a défini une large
classe de représentations de A dans PGL(V) (o1 V est de dimension finie quelconque), ap-
pelées représentations anosoviennes car leur définition fait explicitement intervenir un flot
d’Anosov, lié¢ au flot géodésique (¢;); sur T1S. Fixons une représentation projectivement
anosovienne p de A. Alors I'image p(g) de chaque élément non trivial g € A posséde dans
P(V) un point fixe attracteur x;f(g) et un point fixe répulseur o) Pour tout g € PGL(V),
notons ||g|| la norme d’opérateur de n’importe quel relevé de g dans GL(V) de déterminant
+1.

Sambarino donne une description de la répartition dans P(V)?2, lorsque T tend vers
I'infini, de ’ensemble des couples (m;(g),:c;(g)), ol g € A est tel que ||p(g)|| < T. Ces

couples correspondent & des couples de points fixes attracteur/répulseur dans OH?, qui
correspondent 3 des géodésiques de H?, et passent au quotient en des géodésiques fermées
de S. Mais compter les éléments g € A tels que ||p(g)|| < T ne revient pas a compter les
(¢¢)-orbites périodiques de période inférieure & T : d’aprés les travaux de Sambarino, il
faut en fait considérer une reparameétrisation (elle aussi d’Anosov) bien choisie de (¢¢), a
laquelle s’appliquent par exemple les travaux de Bowen et Margulis.

Dans le cas oit V = R3, I'ensemble des représentations p étudiées par Sambarino
incluent celles dont l'image p(A) divise un ouvert proprement convexe  de P(V), et
les flots d’Anosov considérés par Sambarino incluent en particulier le flot géodésique sur
T'Q/p(A). Les travaux de Sambarino montrent que I'étude du flot géodésique sur les
orbivariétés projectives convexes peut aussi étre motivée par la théorie des sous-groupes
discrets des groupes de Lie.

0.1.2 Le flot géodésique des variétés projectives convexes compactes de
type “courbure négative”

Un des principaux résultats de Benoist [Ben04, Th. 1.1] concernant le flot géodésique (¢¢)¢
sur les variétés projectives convexes compactes M = Q/I" est le suivant, établissant un
lien entre la dynamique de (¢¢); et la régularité du bord 9. Benoist a démontré que les
assertions suivantes sont équivalentes :

e O est strictement convexe (i.e. son bord 02 ne contient pas de segment non trivial);
e 0Q est une sous-variété de P(V) de classe C! (on dira simplement que 952 est C1);

e [ est Gromov-hyperbolique pour la métrique des mots;
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e le flot géodesique sur TP M est d’Anosov.

Ainsi, les résultats de Bowen et Margulis dont on a parlé a la section précédente s’appliquent
a (¢pr)s si et seulement si Q est strictement convexe. Par analogie avec les variétés rieman-
niennes, on dira qu’une orbivariété projective convexe M = /' (pas nécessairement
compacte) est de type “courbure négative” si ) est strictement convexe et 9 est C'. Par
la suite, on portera un intérét tout particulier au flot géodésique sur les orbivariétés pro-
jectives convexes qui ne sont pas de type “courbure négative”, flot qui a pour l'instant été
peu étudié. De plus, nous essaierons autant que faire se peut d’étendre nos résultats a des
orbivariétés non compactes.

0.1.3 Exemples de convexes divisibles

Dans cette section nous récapitulons les exemples connus de convexes divisibles. L’ouvert
proprement convexe H? C P(R?) est bien stir un convexe divisible ; une méthode célébre
et commode pour construire des surfaces hyperboliques fermées est de décomposer en
pantalons une surface topologique de genre supérieur & 2, puis de mettre une structure
hyperbolique sur chaque pantalon, et enfin de recoller les pantalons (voir par exemple [IT92,
Chap. 3]). L’existence en toute dimension de variétés hyperboliques compactes est due a
Siegel [Sie51], qui a construit par des méthodes arithmétiques des réseaux (i.e. sous-groupes
discrets de covolume fini) cocompacts de PSO(d, 1) pour tout d > 2.

En dehors des espaces hyperboliques réels (H"),>2, on trouve, parmi les convexes di-
visibles, ceux dits symétriques, irréductibles et de rang supérieur, qui sont les modéles
projectifs des espaces symétriques de PGL,,(K), ou n > 3 et K est le corps des réels, des
complexes, ou 'algébre & division des quaternions (ou des octonions pour n = 3) (voir la
section 5.5 pour une description plus précise), grace & un théoréme de Borel [Bor63| qui
généralise celui de Siegel en construisant des sous-groupes discrets cocompacts dans tout
groupe de Lie semi-simple réel. Le flot géodésique des quotients des convexes divisibles
symétriques irréductibles de rang supérieur intervient dans la section 5.5, ot I'on voit ap-
paraitre un lien entre ces flots et des flots plus classiques : des sous-groupes & un paramétre
de PGL, (K) (formeés de matrices diagonales) agissant sur des quotients de PGL,,(K) par
des sous-groupes discrets. On pourra comparer les résultats obtenus en section 5.5 avec un
article de Dang—Glorieux [DG]| et un autre plus récent de Dang [Dan)].

11 existe un moyen, étant donnés deux convexes divisibles ; C P(V1) et Q2 C P(V3), de
produire un convexe divisible plus gros : le joint de €2y et 2o est défini comme I’ensemble des
points de P(V; & V3) de la forme [v; 4+ v ot v; € V; {0} est tel que [v;] € Q; pour i = 1,2;
il est facile de voir que le joint est lui aussi divisible, et I'on dit qu'il est réductible (les
convexes divisibles qui ne sont pas des joints sont dits irréductibles). 1’espace projectif réel
de dimension zéro P(R'), qui est réduit 4 un point, est un convexe divisible; en particulier,
pour n > 3, le joint de n copies de P(R!) est le simplexe S = {[z1e1+- - +zne,] € P(R?) :
xi,...,Tn > 0} C P(R™), ou (ey,...,e,) est la base canonique de R™. Avec sa distance
de Hilbert, S est isométrique & un espace vectoriel réel de dimension n — 1 muni d’une
norme (dont les spheéres sont des polytopes — des hexagones en dimension deux), de sorte
que les translations de cet espace correspondent & l’action sur S par les classes de matrices
diagonales. A ma connaissance, il n’existe pas d’é¢tude de la dynamicque du flot géodésique
sur les quotients de joints d’ouverts proprement convexes.

Une méthode plus sophistiquée pour construire des convexes divisibles est celle dite du
pliage (bending en anglais), développée par Johnson-Millson [JM87]. Etant donnée une
variété hyperbolique compacte M = H" /T (ot n > 2) qui posséde une hypersurface totale-
ment géodésique, cette technique produit une famille & un parameétre de représentations
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(pt)i>0 de T dans PGL(R"™!) telles que pg est Uinclusion et p;(T") est Zariski-dense dans
PGL(R""1). Un théoréme de Koszul [Kos68, Cor. p. 103] affirme qu’alors, pour ¢ assez pe-
tit, p¢(I") divise un ouvert proprement convexe €2, qui n’est pas un ellipsoide. En raffinant
la méthode de pliage, Kapovich [Kap07, Th. 1.1] a construit des variétés convexes projec-
tives compactes Q/I" ou I' est Gromov-hyperbolique mais pas abstraitement isomorphe a
un réseau de PO(n, 1) pour n > 2.

Enfin, on peut construire des convexes divisibles ) en recollant les images d’un poly-
tope P de P(V) par le groupe I' engendré par les réflexions projectives le long des faces
du polytope. C’est d’ailleurs de cette fagon que Poincaré [Poi82] a construit les premiers
exemples de sous-groupes discrets cocompacts de PSLa(R) (voir aussi [Mas88, §4.H|). Vin-
berg a par la suite considérablement développé l'idée : il explique dans [Vin71] sous quelles
conditions l'intérieur 2 de I' - P est un ouvert proprement convexe de P(V) tel que PN
soit un domaine fondamental pour I’action de T' (qui est dans ce cas un groupe de Coxeter
en tant que groupe abstrait) ; il montre de plus que I" divise Q si et seulement si I'- P = ),
si et seulement si pour chaque facette de P, le sous-groupe de I' engendré par les réflexions
le long des faces attenantes a la facette est fini.

Benoist [Ben06a, Prop. 1.3] a utilisé les techniques de Vinberg pour construire des con-
vexes divisibles non strictement convexes, irréductibles, et non symétriques (voir aussi
[Mar10,BDL18, CLM20]) ; les exemples ainsi construits sont tous de dimension inférieure
a 7. Danciger-Guéritaud-Kassel-Lee-Marquis [DGKLM]| ont récemment utilisé les tech-
niques de Vinberg pour décrire tous les polytopes P et groupes de réflexions associés I tels
que I' agit convere cocompactement sur Q0 =T - P, et démontrer qu’il en existe beaucoup
pour lesquels T' n’est pas Gromov-hyperbolique (notamment en toute dimension). Nous
revenons sur la notion de convexe cocompacité en section 0.1.5, son intérét dans la thése
étant que pour comprendre la dynamique du flot géodésique sur les quotients d’actions
convexes cocompactes, il suffit de la comprendre sur une partie compacte, ot 'on peut
souvent raisonner comme sur les orbivariétés projectives convexes fermées.

0.1.4 Les orbivariétés de Benoist

Soit M = /T une orbivariété projective convexe compacte irréductible telle que €2 n’est
pas strictement convexe, ni symétrique. L’orbivariété M ne peut étre une surface d’aprés un
théoréme de Benzécri [Ben60, Prop. 5.3.9]. Par contre, il existe des exemples en dimension
3, construits par Benoist & I'aide de groupes de Coxeter. Supposons dim M = 3. Benoist a
donné une description géométrique trés riche [Ben0O6a, Th. 1.1] de M, et 'on dira donc que
M est une orbivariété de Benoist. Cette description fait intervenir des triangles proprement
plongés dans Q, qui sont des sous-ensembles de la forme 7" = QN P(W) od W est un
hyperplan de V', et T est un triangle dans P(W) dont le bord 0,1 dans P(W) est contenu
dans 0. Un point de 99 est dit C' ou lisse si 2 admet un unique hyperplan de support
en ce point. Donnons quelques éléments du théoréme de structure sur les orbivariétés de
Benoist :

e ) contient un nombre fini (non nul) de I'-orbites de triangles proprement plongés ;
e deux triangles proprement plongés distincts sont d’adhérences disjointes ;

e les points non extrémaux de 92 sont exactement les points des cotés des triangles
proprement plongés ;

e les points non lisses de 02 sont exactement les sommets des triangles proprement
plongés ;
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e le stabilisateur dans I' d’'un triangle proprement plongé est virtuellement isomorphe
4 Z? (i.e. contient un sous-groupe d’indice fini isomorphe & Z?2), et tout sous-groupe
de T virtuellement isomorphe a Z? stabilise un triangle proprement plongé.

Tout triangle proprement plongé 7' C €2 étant isométrique & R? (muni d’une norme hexago-
nale, cf. la section 0.1.3), il peut étre vu comme un plat de €2, par analogie avec les variétés
riemanniennes compactes de courbure négative ou nulle.

Notons que 1’énoncé originel du théoréme de structure de Benoist ne concerne que
les variétés projectives convexes, mais il se généralise facilement aux orbivariétés gréce
au lemme de Selberg ; rappelons que tout sous-groupe de PGL(V) qui divise un ouvert
proprement convexe est de type fini, c’est un cas particulier du lemme de Milnor-Svarc
(voir par exemple [BH99, Th.1.8.10]).

On a vu en section 0.1.2 que le flot géodésique (¢;); sur T'M n’est pas d’Anosov.
Bray a étudié pendant sa thése la dynamique de (¢;);. Les résultats qu’il a obtenus font
notamment intervenir les notions de densité conforme et de mesure de Sullivan, définies en
section 1.4.2, dont on a déja parlé plus haut. Bray a démontré que :

e les orbites périodiques de (¢;); sont denses dans T M ;

e le flot géodésique (¢y); est topologiquement mélangeant sur le fibré unitaire tangent
T'M, c’est-a-dire que pour toute paire d’ouverts U et V non vides, ;(U) rencontre
V pour tout t assez grand ;

e la notion de densité conforme peut étre adaptée aux orbivariétés de Benoist (ce sont
des familles de mesures sur le bord projectif 9€2, et ’on leur associe naturellement
une dimension), tout comme la notion associée de mesure de Sullivan sur 7'M (ce
sont des mesures (¢ )¢-invariantes) ;

e il existe une unique densité conforme p dont la dimension est [’exposant critique de

r

’ 1
or :=limsup = log# (I'- 0N Bq(o, R)) ; (0.1.1)
Rooo R
e la mesure de Sullivan m sur T'M associée a p est ergodique, c’est-a-dire que tout
sous-ensemble mesurable (¢;)-invariant de T'M est de mesure pleine ou nulle ;

e on a l’estimée suivante sur le volume des boules dynamiques de rayon R > 0 :
m ({w € T'M : dpip(dv, prw) < R VO<t <T}) < Ce T,

oit C est une constante indépendante de T > 0 et v € T*M (c’est la moitié d’une
estimée classique en théorie des systémes dynamiques, appelée propriété de Gibbs),
et m est d’entropie maximale (voir la section 1.3.1 pour la définition précise) ;

e il existe une constante C' > 0 telle que pour tout R assez grand,

Ot < 4 (T 0N Bg(o, R)) < Ce’rE,

Pour conclure cette section, notons que le théoréme de structure des orbivariétés de
Benoist est conjectural en dimension supérieure & 4, et fait I’'objet de recherches actuelles
trés intéressantes : voir [BDL18, CLM20]| pour des exemples et [IZ,Bob]| pour des résultats
partiels. Les résultats que nous allons présenter ici généralisent en dimension quelconque
et & des situations non compactes les travaux de Bray, et donnent de plus une description
plus fine de la dynamique du flot. Leur démonstration ne fait pas appel & une description
similaire au théoréme de Benoist.
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0.1.5 Finitude géométrique et convexe cocompacité

Aprés les travaux de Benoist sur le flot géodésique, et avant ceux de Bray, Crampon—
Marquis se sont intéressés [CM14b] au flot géodésique des orbivariétés projectives convexes
non compactes de type “courbure négative” M = Q/I". Ils ont défini [CM14a, Déf. 5.14]
les orbivariétés projectives convexes de type “courbure négative” géométriguement finies
(voir aussi la section 9.1), qui généralisent les orbivariétés hyperboliques réelles du méme
nom. Rappelons que l'ensemble limite Ar de I' est constitué des points d’accumulation
dans 052 de toute I'-orbite dans €2 ; on appelle ceur convere de M la projection dans M de
Penveloppe convexe dans 2 de Ap. L’orbivariété M est géométriquement finie si son coeur
convexe se décompose en une partie compacte et un nombre fini de parties non compactes,
dites cuspidales, dont la géométrie est élémentaire (plus précisément ce sont des quotients
d’un convexe de ) par un sous-groupe virtuellement nilpotent de I' qui fixe un point du
bord 0f2). Le groupe I' agit convexe cocompactement sur € si le coeur convexe de M est
compact, c’est-a-dire si M est géométriquement finie avec une partie cuspidale vide.

Crampon—-Marquis ont démontré des propriétés de récurrence topologiques de (¢;);
sur les orbivariétés projectives convexes de type “courbure négative” non élémentaires
(hypotheése non-élémentaire est peu restrictive, et signifie que le groupe fondamental ne
contient pas de sous-groupe nilpotent d’indice fini) :

e le ceeur convexe contient toute la dynamique de (¢); ; plus précisément [’ensemble
non errant NW(T'M), c’est-a-dire 'ensemble des vecteurs v € T*M dont les voisi-
nages U vérifient ¢;UNU # () pour des temps t arbitrairement grands, est exactement
I’ensemble des vecteurs tangents aux géodésiques contenues dans le cceur convexe ;

o les géodésiques périodiques sont denses dans I’ensemble non errant ;
o le flot géodésique est topologiquement mélangeant sur ’ensemble non errant.

Lorsque M est de plus géométriquement finie, Crampon et Marquis ont établi des propriétés
dynamiques de (¢;); plus fines comme 'uniforme hyperbolicité et des propriétés liées aux
exposants de Liapounov, dont on ne parlera pas ici.

Crampon s’est aussi intéressé, dans sa thése [Crall], aux densités conformes et aux
mesures d’entropie maximale. Il a remarqué que les notions de densités conformes et de
mesures de Sullivan, et plusieurs résultats associés pour les orbivariétés hyperboliques, se
généralisent facilement aux orbivariétés projectives convexes de type “courbure négative”.
Nous allons voir que la généralisation de ces notions aux orbivariétés projectives convexes
qui ne sont pas nécessairement de type “courbure négative” est plus compliquée a mettre
en ceuvre (rappelons que cela a été fait par Bray dans le cas compact de dimension 3).
Crampon a démontré que la mesure de Sullivan de dimension I’exposant critique sur les
orbivariétés projectives convexes de type “courbure négative” géométriquement finie est
Punique mesure d’entropie maximale (mesure de Bowen—Margulis).

F.Zhu [Zhua] a récemment démontré dans le cadre des orbivariétés projectives convexes
de type “courbure négative” que, si elle est finie, alors la mesure de Sullivan m de dimension
St est mélangeante, au sens ot m(¢;(A) N B) m(T*M) tend vers m(A)m(B) quand t tend
vers l'infini, pour tous A, B C T'M. Zhu s’est de plus servi du mélange pour obtenir des
résultats d’équidistribution pour les T'-orbites de €2 et pour les (¢;)¢-orbites périodiques de
M, en s’inspirant des travaux de Roblin [Rob03].

La notion de finitude géométrique pour les orbivariétés projectives convexes générales,
sans hypothése de régularité sur le revétement universel {2, n’est pas encore fixée, bien
que des avancées intéressantes aient été effectuées par A.Wolf dans sa thése |Wol20].
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Par contre il existe depuis peu une notion satisfaisante de convexe cocompacité, due a
Danciger—Guéritaud-Kassel [DGKa], que nous utiliserons comme cadre naturel pour cer-
tains résultats présentés dans ce texte. Soit M = /T" une orbivariété projective convexe
qui n’est pas nécessairement de type “courbure négative”. Comme {2 n’est pas forcément
strictement, convexe, les points d’accumulation dans 02 d’une I'-orbite dans Q peuvent
dépendre de D'orbite choisie. Danciger—Guéritaud—Kassel ont contourné ce probléme en
définissant [’ensemble limite orbital total comme

AP =T 2\T 2 (0.1.2)
zeN

Le ceeur convexe de M est la projection de ’enveloppe convexe dans 2 de ’ensemble limite
orbital total, et ’action de I' sur €2 est dite conveze cocompacte si le coeur convexe de M
est compact et non vide. Nous renvoyons le lecteur désireux de comprendre pourquoi
ceci est la bonne notion de convexe cocompacité & 'article de Danciger—-Guéritaud—Kassel,
qui contient quantité de résultats et d’exemples, ainsi qu’a leur récente collaboration avec
Lee et Marquis [DGKLM], qu’on a évoquée plus haut : ils classifient les actions convexes
cocompactes obtenues par la théorie de Vinberg.

Une des motivations de Danciger—-Guéritaud—Kassel pour introduire cette notion de
convexe cocompacité était d’étendre la classe les représentations anosoviennes & des repré-
sentations de groupes non nécessairement Gromov-hyperboliques. Un sous-groupe de
PGL(V) est dit conveze cocompact dans P(V') s'il existe un ouvert proprement convexe de
P(V) sur lequel il agit convexe cocompactement. Remarquons que Danciger—Guéritaud—
Kassel avaient d’abord défini dans [DGK18] une notion de HP4~-convere cocompacité
pour des sous-groupes de PO(p, ¢) (avec p, ¢ quelconques), qui est un cas particulier de la
notion de convexe cocompacité dans P(V) et qui généralise la notion de groupe AdS-quasi-
fuchsien étudiée par Mess [Mes07] (pour ¢ = 2 et p = 2) puis Barbot-Mérigot [BM12]
(pour ¢ = 2 et p quelconque).

Le lien avec les représentations anosoviennes est le suivant : un sous-groupe discret
Gromov-hyperbolique I' € PGL(V) qui préserve un ouvert proprement convexe est convexe
cocompact dans P(V) si et seulement si I'inclusion de I dans PGL(V) est projectivement
anosovienne, et dans ce cas il agit convexe cocompactement sur un ouvert proprement et
strictement convexe a bord C'. Danciger—Guéritaud-Kassel [DGK18] ont d’abord démon-
tré ceci pour des sous-groupes de PO(p, q), généralisant les travaux de Mess [Mes07] et
Barbot-Mérigot [BM12], puis dans le cas général dans [DGKa]. Indépendamment, Zim-
mer [Zim20] a montré que si I' C PGL(V) est un sous-groupe irréductible qui préserve
un ouvert proprement convexe de P(V), alors U'inclusion I' < PGL(V) est projectivement
anosovienne si et seulement s’il existe un ouvert proprement convexe I'-invariant £ et un
convexe fermé I'-invariant C' C € tels que les points de C' N OS2 sont extrémaux et C!, et
C/T est compact.

Remarquons que toute représentation projectivement anosovienne p dans PGL(V) ne
préserve pas un ouvert proprement convexe, cependant on peut toujours trouver un espace
plus grand V' et un plongement ¢ : PGL(V) < PGL(V”) tel que ¢ o p préserve un ouvert
proprement convexe, et soit encore anosovienne (cf. [DGKa] et [Zim20]).

Notons également que Kapovich-Leeb [KL18] et Zhu [Zhub| ont défini des notions
de représentations relativement anosoviennes, qui généralisent aussi les représentations
anosoviennes, mais dans une direction différente. Pour faire simple, les représentations
projectivement convexe cocompactes ajoutent aux variétés hyperboliques fermées les var-
iétés de Benoist (entre autres), tandis que les représentations relativement anosoviennes
leur ajoutent les variétés hyperboliques non compactes de volume fini (entre autres). Plus
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généralement, Zhu montre que si €2 est strictement convexe de bord C!, et si l’action de T
sur ) est géométriquement finie au sens de Crampon—Marquis, alors l'inclusion de I" dans
PGL(V) est relativement anosovienne.

0.1.6 Orbivariétés convexes projectives de rang un

On a vu a travers les orbivariétés de Benoist (section 0.1.3) qu'il existe une analogie entre
les orbivariétés projectives convexes et les variétés riemanniennes a courbure négative ou
nulle. Cette analogie s’est récemment trouvée renforcée par les travaux de M. Islam [Isl] et
A.Zimmer [Zim], qui ont défini les orbivariétés projectives convexes de rang un.

Rappelons qu’une variété riemannienne de courbure négative ou nulle est dite de rang
un si elle possede une géodésique fermée de rang un, ¢’est-a-dire une géodésique le long
de laquelle les champs de Jacobi parallélement transportés par le flot géodésique sont
tangents a la géodésique (voir par exemple [Kni02, Def.5.1.1]) ; grosso modo cela signifie
que la géodésique n’admet pas de géodésique qui lui soit paralléle, et cela implique que
le flot géodésique a un comportement de type anosovien & proximité de la géodésique.
Il existe une littérature trés riche concernant la dynamique du flot géodésique sur les
variétés riemanniennes de courbure négative ou nulle et de rang un (ou plus généralement
sur les espaces localement CAT(0) de rang un), a laquelle ce texte doit beaucoup, voir la
section 0.1.1. Ainsi, on considérera principalement dans ce texte des orbivariétés projectives
convexes de rang un, dont on donne a présent la définition.

Soit M = Q/T" une orbivariété projective convexe. On dira qu'un point de ON2 est forte-
ment extrémal s’il n’appartient & aucun segment non trivial du bord 9. Une géodésique
de €2 — ainsi que sa projection dans M — est dite de rang un si ses extrémités dans OS2
sont C! et fortement extrémales. L’orbivariété M est dite de rang un si elle posséde une
géodésique fermée de rang un. Les géodésiques d’une orbivariété projective convexe de
type “courbure négative” sont toutes de rang un. Un élément g de Aut(Q) est dit de rang
un s’il est d’ordre infini et s’il préserve une géodésique de rang un.

On peut démontrer facilement que si M est de rang un, alors ) n’est pas un joint, et
de plus € n’est pas symétrique de rang supérieur. Sous la condition que M est compacte,
il existe une réciproque a ce fait, appelée théoréme de rigidité en rang supérieur (analogue
du théoréme du méme nom en géométrie riemannienne), et due & Zimmer |[Zim, Th. 1.4].
En particulier, les orbivariétés de Benoist sont de rang un.

0.2 Présentation des résultats de la thése

La principale problématique de la thése est ’étude de la dynamique du flot géodésique
sur les orbivariétés projectives convexes. Les résultats obtenus en ce sens, réunis ici dans
la partie III, ont donné lieu & trois articles, dont un en collaboration avec Feng Zhu.
Le premier |Bla] concerne des propriétés de récurrence topologiques du flot géodésique,
et fait I'objet du chapitre 5. Le deuxiéme [Bla21b] concerne des aspects de récurrence
probabilistes, par rapport & une famille de mesures dites de Sullivan, qu’on a déja évoquées :
cet article fait ’objet des chapitres 6 et 7. Le troisiéme article [BZ21], en collaboration avec
F.Zhu, traite de questions d’équidistribution de I'-orbites et de (¢¢);-orbites périodiques,
vis-a-vis aussi des mesures de Sullivan : cet article fait ’objet des chapitres 8 et 9.

Les recherches qui ont abouti aux résultats de [Bla21b|, avant d’atteindre le niveau
de généralité qui est & présent le leur, ne concernaient dans un premier temps que le flot
géodésique des orbivariétés projectives convexes compactes. Les premiéres preuves qui ont
éte elaborées dans ce cadre étaient étroitement lices & une question de Benoist [Benl2,



0.2. PRESENTATION DES RESULTATS DE LA THESE 19

Prob. 5] a propos du bord des convexes divisibles, a laquelle nous avons pu apporter une
réponse ; cette derniére fait I'objet du chapitre 4 et de l’article [Bla2la]. Le lien entre
ce chapitre et la partie III est & présent plus ténu : celui-la permet de simplifier une
preuve de celle-ci dans le cas particulier des orbivariétés projectives convexes compactes.
Le chapitre 4 est contenu dans la partie 11, qui comporte d’autres résultats préliminaires de
géométrie projective convexe. On introduit dans le chapitre 3 les orbivariétés projectives
convexes de rang un, qui constitueront le cadre principal de la partie III ; on y démontre
de plus quelques résultats utiles. La notion “de rang un” en géométrie projective convexe
est die a Islam [Isl], et est analogue a la notion du méme nom en géométrie riemannienne.

Au cours de la thése, un autre sujet a été abordé, qui concerne aussi les orbivariétés
projectives convexes, mais pas directement leur flot géodésique. Partiellement en col-
laboration avec Harrison Bray, nous étudions certains espaces de modules de structures
projectives convexes, dans le but de comprendre le comportement de I'exposant critique,
ou au moins de mettre en lumiére certains phénomeénes intéressants. Ce projet fait ’objet
de la partie IV, et de deux articles en cours de rédaction (le second avec H. Bray).

La partie I introduit les notions et résultats classiques dont nous aurons besoin par
la suite : le chapitre 1 concerne la théorie des systémes dynamiques, et le chapitre 2 la
géométrie projective convexe.

0.2.1 L’ensemble limite proximal des groupes cocompacts

Le chapitre 4, trés court et indépendant du reste de la thése, répond & une question
de Benoist concernant l’ensemble limite proximal (défini ci-dessous) des sous-groupes de
PGL(V) qui divisent un ouvert proprement convexe.

Rappelons qu’un élément g € PGL(V) est dit prozimal si son action sur P(V) admet un
point fixe attractif x;, et biprozimal si g et g~ sont proximaux (on pose alors T, = x;ll).
L’ensemble limite prozimal AR d’un sous-groupe I' C PGL(V) est Uadhérence dans P(V)
de I'ensemble des points fixes attractifs des éléments proximaux de I'. Si I’ préserve un

ouvert proprement convexe €2, alors AX"** est contenu dans ’ensemble limite orbital total
AP € 99 de (0.1.2).

Théoréme 0.2.1. Soient Q C P(V) un ouvert proprement conveze et I' C Aut(Q2) un
sous-groupe discret et Zariski-dense dans PGL(V) qui divise Q. Alors AD'™* = 0.

On utilise pour démontrer ce théoréme un résultat de rigidité en rang supérieur de
Zimmer |Zim, Th.1.4] qui nous dit que Q/T" est de rang un sous les hypotheéses de la
proposition. De plus, on fait appel a une version faible du lemme de ’ombre de Sullivan,
qui ne fait pas intervenir les densités conformes : on démontre que toute ombre de rayon
suffisamment grand contient un point de AX™** (une ombre de rayon R étant une projection
stéréographique dans 9 d’une boule de rayon R de Q pour la distance de Hilbert). A cela
s’ajoute un lemme de topologie algébrique, qui permet de démontrer que s’il est non vide,
Pintérieur (par rapport a 9Q2) de I'ensemble des points non extrémaux de 92 contient des
ombres de rayons arbitrairement grands.

0.2.2 Propriétés de récurrence topologiques

Soit M = /T une orbivariété projective convexe. On s’intéresse dans le chapitre 5 aux
propriétés de récurrence topologiques de (¢¢):, plus précisément a I'adhérence des orbites
périodiques, a ’ensemble non errant, et au mélange topologique. Dans le cas ou M est de
type “courbure négative” et non élémentaire, on a vu a la section 0.1.5 que les orbites péri-
odiques sont denses dans I’ensemble non errant, qui coincide avec ’ensemble, noté T Mo,
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en général, des vecteurs tangents aux géodésiques contenues dans le coeur convexe, et le flot
géodésique est topologiquement mélangeant dessus. Dans le cas général, la situation est
plus variée : les divers sous-ensembles (¢;);-invariants de T'M qui sont dynamiquement
ou géométriquement intéressants peuvent différer ; cependant il existe toujours un fermé
invariant naturel sur lequel (¢;); est topologiquement mélangeant, que nous introduisons
maintenant.

Par définition, le fibré unitaire tangent biprozimal de M, noté Tleip, est la projection
dans T'M de I’ensemble des vecteurs v € T tels que les extrémités de la géodesique
rectiligne tangente & v, notées Poov 1= lim;_o TPV et P_oov, sont dans I'ensemble limite
proximal AP (défini & la section 0.1.6).

Notons Per C T' M I'ensemble des vecteurs périodiques, et Peryip C Per I'ensemble des
vecteurs périodiques dont les relevés dans T sont tangents & une géodésique de la forme
Jo7, 2 [C Q avec v € T biproximal. En général on a

Peryi, C T Myip C T Meor.

Si de plus T" est fortement irréductible (i.e. ne préserve pas d’union finie de sous-espaces
projectifs propres de P(V)), alors

0 C Peryip = T My, C Per € NW(T'M) € T Moy € T' M, (0.2.1)

et il existe des exemples ot aucune des inclusions, a part Per € NW(T!M), n’est une
égalité (et tels que T' est Zariski-dense dans PGL(V) et agit convexe cocompactement
sur €2) ; de tels exemples peuvent étre construits en utilisant l’article en préparation de
Danciger—Guéritaud-Kassel [DGKb] (dont I'un des principaux outils est une technique de
“ping-pong”), cf. [DGKa, Prop. 12.5]. En revanche, je ne connais pas d’exemple fortement
irréductible ot Per est différent de NW (T M) (il existe des exemples compacts Q/T" ot
est un triangle et le flot géodésique sur 7'M n’admet pas d’orbite périodique).
Le principal résultat du chapitre 5 est le suivant.

Théoréme 0.2.2. Soient Q C P(V) un ouvert proprement conveze et I' C Aut(2) un

sous-groupe discret fortement irréductible. Alors (¢r); est topologiquement mélangeant sur
Tl(Q/F)bip'

La preuve utilise de fagon cruciale les travaux de Benoist [Ben96, Ben97, Ben00a]. Elle
repose sur une petite étude des variétés stables des ouverts proprement convexes, sur la
construction de sous-semi-groupes Schottky de I' constitués d’éléments biproximaux, et
enfin sur l'utilisation des travaux de Benoist sur les propriétés asymptotiques des pro-
jections de Jordan et de Cartan des sous-semi-groupes Zariski-denses des groupes de Lie
réels semi-simples. Ces propriétés asymptotiques permettent notamment d’établir la non
arithméticité du spectre des longueurs, c’est-a-dire le fait que les longueurs des (¢;)-orbites
périodiques engendrent un sous-groupe (additif) dense dans R ; I’équivalence entre mélange
topologique et non arithméticité du spectre des longueurs a été établie dans le cadre rie-
mannien de courbure négative par Dal’bo [Dal00].

La collaboration avec F.Zhu a révélé que pour les orbivariétés de rang un, I’hypothése
d’irréductibilité forte peut étre remplacée par ’hypothése plus faible “non élémentaire”.
Pour tout ouvert proprement convexe 2 C Aut(Q2), un sous-groupe de rang un discret
I' C Aut(Q) est dit non élémentaire s'il n’est pas virtuellement nilpotent, ce qui revient
en fait & dire qu’il n’est pas virtuellement isomorphe & Z. Le résultat suivant est contenu
dans |BZ21].
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Théoréme 0.2.3. Soient Q@ C P(V) un ouvert proprement conveze et I' C Aut(2) un
sous-groupe discret. Supposons que M = Q/T est de rang un et est non élémentaire. Alors
le flot géodésique est topologiquement mélangeant sur Tleip.

Je pense que le théoréme 0.2.3 implique le théoréme 0.2.2, mais je ne sais pas le dé-
montrer pour l'instant.

Conjecture 0.2.4. Tout sous-groupe discret fortement irréductible de PGL(V) qui préserve
un ouvert proprement convexe §) est de rang un.

Les théorémes 0.2.2 et 0.2.3 sont complétés par le résultat de minimalité suivant, qui
repose sur une étude des vecteurs de 7'M qui sont récurrents sous I’action de (¢;);. Rap-
pelons qu’un flot continu (1), sur un espace X est dit topologiquement transitif si tout
ouvert non vide (¢¢)¢-invariant est dense (voir la section 1.1.3), et (¢¢); est dit non errant
sur X si son ensemble non errant est X.

Proposition 0.2.5. Soient Q@ C P(V) un ouvert proprement conveze et I' C Aut(Q)
un sous-groupe discret. Soit X C T M un fermé invariant non vide sur lequel (¢¢); est
topologiquement transitif et non-errant. Si () # Tleip C X, alors X = Tleip.

On trouvera dans la section 5.1.2 une comparaison des résultats énoncés ci-dessus avec
un résultat sur le flot géodésique de variétés riemanniennes & courbure négative ou nulle
et de rang un, da a Coudéne-Schapira [CS10].

Pour clére cette section, mentionnons un dernier résultat du chapitre 5, qui concerne
des orbivariétés projectives convexes pour lesquelles Tleip est vide.

Proposition 0.2.6. Soit M une orbivariété projective conveze compacte irréductible et de
rang supérieur (i.e. pas de rang un). Alors NW(T'M) a plusieurs composantes connezes,
sur lesquelles le flot géodésique est topologiqguement mélangeant.

0.2.3 La dichotomie de Hopf-Tsuji—Sullivan—Roblin

On a vu que les densités conformes de Patterson et Sullivan sont des outils précieux pour
étudier les variétés riemanniennes de courbure négative ou nulle, les orbivariétés projec-
tives convexes de type “courbure négative”, et les orbivariétés de Benoist. Il semble donc
naturel de vouloir les adapter a ’étude probabiliste du flot géodésique sur les orbivariétés
projectives convexes de rang un M = Q/T.

Au chapitre 6 nous introduisons les densités conformes sur le bord projectif 99, et
les mesures de Sullivan associées sur T'Q, T'M = T'Q/T et Geod(Q)) = T'Q/(¢¢)s, puis
établissons la dichotomie de Hopf-Tsuji-Sullivan-Roblin (HTSR). Ce dernier résultat est
analogue au théoréme du méme nom en géométrie riemannienne et plus généralement en
géométrie CAT(0), ou il tient un role central : il fait le lien entre la dynamique de (¢¢):
— plus précisément les aspects probabilistes de cette dynamique vus par les mesures de
Sullivan — et la géométrie de T' en tant que sous-groupe de PGL(V).

Rappelons rapidement la définition de quelques propriétés de récurrence probabilistes
qui apparaissent dans la dichotomie HTSR. Soit H un groupe topologique localement
compact & base dénombrable et unimodulaire (dans notre cas H est R ou un groupe
dénombrable ou le produit de R avec un groupe dénombrable), qui agit sur un espace
mesurable X muni d’une mesure o-finie G-invariante m. Un sous-ensemble mesurable
A C X est errant par rapport & m si {g € G : gr € A} est relativement compact pour
m-presque tout x € A. L’action de G est conservative si les ensembles errants sont tous
de mesure nulle, et dissipative si X est, & un ensemble de mesure nulle prés, une union
dénombrable d’ensembles errants.



22 INTRODUCTION

L’ensemble limite conique Af™™ est 'ensemble des points & € 9 pour lesquels il existe
x € Q et une suite divergente (v, ), C I tels que (y,x), reste a distance bornée de [z, £[C .
On note Oy 'ensemble des points C! et fortement extrémaux de 05).

Théoréme 0.2.7. Soient Q@ C P(V) un ouvert proprement conveze et I' C Aut(£2) un
sous-groupe discret. Supposons que M = Q/T est de rang un et non élémentaire. Soient
0 >0 et (uz)zeq une densité conforme I'-équivariante de dimension 6 sur 0. On note
respectivement m, mr et mg les mesures de Sullivan sur T1Q, T'M et Geod(QY). Fizons
o€ Q. Iy a alors deux possibilités :

1. ou bien Y p e~090(079) < 0o, ququel cas p1,(AS") = 0, et les systemes (T'Q,R x
T,m), (T'M, (¢¢)e, mr) et (Geod(2), T, mg) sont dissipatifs et non ergodiques.

2. ou bien Zwer e042(070) — 5 ququel cas § = Or, et

o (ug)y est lunique densité conforme I'-équivariante de dimension ¢ (& multipli-
cation par un scalaire prés);

o [16(Dssef N AR N AS™) = 11,(00Q) et po n'a pas d’atome ; en particulier le
support de mr est Tleip;

o les systemes dynamiques (T'Q,RxT,m), (T'M, (¢¢)¢, mr) et (Geod(Q), T, mg)
sont conservatifs et ergodiques;

e si mr est finie, alors elle est mélangeante sous Uaction de (¢py);.

Par définition, dr est le supremum des nombres § > 0 tels que la série de Poincaré
Z'yEF e~942(070) diverge. D’apres Danciger-Guéritaud—Kassel (voir le fait 2.2.9), le fait
que la série de Poincaré diverge ne dépend pas de o ni de {2, mais seulement de I' en tant
que sous-groupe de PGL(V).

Le théoreme 0.2.7 donne beaucoup plus d’informations dans le cas (2), dit divergent,
qui est d’ailleurs souvent considéré comme le cas le plus intéressant de la dichotomie.

La démonstration de la dichotomie HTSR que nous donnons dans le chapitre 6 est
calquée sur celle de Roblin [Rob03] dans le cadre de la géométrie CAT(—1) ; en particulier,
elle fait intervenir une version projective convexe du lemme de 'ombre de Sullivan, qui
estime la mesure des ombres (voir la section 0.2.1). Un passage important de la démon-
stration, qui n’existe pas chez Roblin, est celui ot 'on démontre que Ossef2 est de mesure
pleine, qui est utilisé ensuite dans la preuve de 'ergodicité et du mélange. Pour démontrer
ceci, nous établissons d’abord la conservativité (grace aux idées de Roblin), puis utilisons
une idée de Knieper (en géométrie riemannienne de courbure négative ou nulle), qui est que
par le théoréme de récurrence de Poincaré, presque tous les vecteurs sont récurrents, enfin
on étudie la limite a l'infini ¢oov des vecteurs v € THQ qui se projettent sur un vecteur
récurrent de TP M.

Le fait que, dans le cas divergent, presque tous les points du bord sont C! et fortement
extrémaux s’avére utile lorsque ’'on étudie des propriétés plus fines du flot géodésique,
comme dans les chapitres 7 et 8.

0.2.4 La mesure d’entropie maximale

Le chapitre 7 est consacré aux orbivariétés projectives convexes de rang un M = Q/I" qui
ont un cceur convexe compact non vide ('action de I" sur 2 est donc convexe cocompact au
sens de la section 0.1.5). On y démontre, en s’inspirant des travaux de Knieper [Kni98| en
géométrie riemannienne de courbure négative ou nulle, que la mesure de Sullivan associée
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a toute densité conforme de dimension Jr, une fois renormalisée, est 'unique probabilité
d’entropie maximale ; on 'appellera probabilité de Bowen—Margulis.

La définition d’entropie est un peu fastidieuse a énoncer, ¢’est pourquoi nous renvoyons
a la section 1.3.1 ; on précise seulement qu’étant donné un flot continu sur un espace com-
pact, on peut associer & chaque probabilité invariante un nombre positif appelé ’entropie,
qu’on peut décrire comme le taux de croissance exponentiel quand ¢ grandit de la quantité
d’information qu’il faut avoir sur un point pour connaitre sa trajectoire jusqu’au temps t ;
I’'entropie topologique est le supremum des entropies des probabilités invariantes.

Théoréme 0.2.8. Soient Q C P(V) un ouvert proprement conveze et I' C Aut(2) un
sous-groupe discret. Supposons que M = Q/T" est non élémentaire de rang un, et que son
ceeur convexe est compact. Alors la mesure de Sullivan associée & une densité conforme
de dimension Or est finie, et, aprés renormalisation, est 'unique probabilité d’entropie
mazimale sur T Moy, d’entropie Op.

Pour démontrer que la mesure de Sullivan est finie, il suffit de voir qu’elle est & support
dans T' M., qui est compact, puis utiliser le fait qu’elle est de Radon. Cela implique
d’aprés le théoréme de récurrence de Poincaré que 'on est dans le cas divergent de la
dichotomie HTSR (théoréme 0.2.7). Grace a un argument da & Manning [Man79|, on dé-
montre que 'entropie topologique est plus petite que dr. Il faut ensuite établir la propriété
de Gibbs pour mr sur T' M, c’est-a-dire une estimation du volume des boules dynamiques,
de la forme

Cle T < ({w eT' M, : driy(prv, pow) < R VO <t < T}) < Ce*‘SFT,

pour tous v € T' Mo et T > 0 et R > 0, ot C ne dépend que de R. La majoration sert
a démontrer que 'entropie de mr est plus grande que dr, donc égale & dr et a ’entropie
topologique. La minoration, combinée a 'ergodicité de mp (résultant de la dichotomie
HTSR, i.e. du théoréme 0.2.7.2), et & un résultat général di & Bowen sur les flots expansifs
pour l'entropie, sert & démontrer 'unicité de la mesure d’entropie maximale.

En s’inspirant & nouveau des travaux de Knieper, on peut utiliser le théoréme 0.2.8
et le mélange de mr (théoréme 0.2.7.2) pour établir des résultats d’équidistribution et
de comptage sur I'’ensemble des orbites périodiques. Rappelons que pour toute variété
hyperbolique fermée, il existe une correspondance entre les (¢;)-orbites fermeées et les
classes de conjugaison du groupe fondamental. Cette correspondance ne tient plus dans
le cas général des orbivariétés projectives convexes de rang un, mais il existe toujours
un lien fort entre les (¢y)p-orbites périodiques et les classes de conjugaison de T' (voir la
section 3.3). Notons [['] = {[y] : v € I'} 'ensemble des classes de conjugaison de T', et [[']"!
(resp. [[]*'"8) le sous-ensemble de [I'] constitué des classes d’éléments de rang un (resp. qui
ne sont pas de rang un) — cf. la section 0.1.6. Pour tout élément ¢ € [I]*!, on note Lc
I'unique probabilité (¢;)s-invariante sur 7'M dont le support est la géodésique de rang un
associée a c. Pour tout élément g € PGL(V), on pose

1 A(9)
(g) = = log —~,
(9) = 5 log i1 ()
ot g € GL(V) est un relevé de g dont les modules des valeurs propres sont A;(g) > --- >
Aa+1(g) ; cette quantité ne dépend que de la classe de conjugaison de g dans PGL(V).
Pour tout sous-ensemble A C [I'] et tout 7' > 0, on pose Ap :={ce A:{(c) <T}.

Théoréme 0.2.9. Sous les hypothéses du théoréeme 0.2.8, il existe § < o et C > 1 telles
que
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1. C~1erT < #[TH < CerT pour tout T > 0 assez grand;
2. #[F]?ping < CeT pour tout T > 0;

3. pour tout A C [I'] tel que limy_,o T~ log(# A7) = 6r, la famille (ﬁ > eeay LOT>0
converge, pour la topologie faible-étoile, vers la probabilité d’entropie mazimale sur
T Moy, lorsque T tend vers Uinfini.

Rappelons que la topologie faible-étoile sur ’ensemble des mesure de Radon sur un
espace topologique X est la topologie qui rend continues les évaluations sur les fonctions
continues & support compact.

Islam |[Isl, Th.1.12] a obtenu 'estimée (1) dans le cas ou M est compacte avec des
méthodes différentes. Avec encore d’autres méthodes, cette estimée est améliorée dans le
chapitre 8 (voir le théoreme 0.2.11), issu de la collaboration avec F. Zhu, ou 'on redémontre
avec des méthodes différentes I’énonceé d’équidistribution 0.2.9.(3) pour A = [[]*t. On
pourra rapprocher lestimée (2) d'un autre résultat de Islam [Isl, Th.1.11] concernant
(dans le cas compact) les marches aléatoires sur T'.

La démonstration du point (1) repose sur le mélange du flot géodésique et sur un
lemme de fermeture des orbites qui reviennent trés prés de leur point de départ (c’est le
lemme 5.4.13). Le point (2) est démontré a l'aide de 'unicité de la mesure d’entropie
maximale : les classes de conjugaison d’éléments qui ne sont pas de rang un correspondent
a des géodésiques fermées (pas forcément rectilignes) dans un fermé (¢;)-invariant de
T Moy qui est de mesure nulle pour la mesure d’entropie maximale, si bien que 'entropie
topologique du flot géodésique sur ce fermé est strictement inférieure & épr. Enfin, pour
établir le point (3), il s’agit de démontrer que tout point d’accumulation de la famille de
probabilités en question a une entropie supérieure a Jr.

0.2.5 Equidistribution des I'-orbites et des géodésiques fermées

Dans le chapitre 8, qui résulte d’une collaboration avec Feng Zhu, on étend des résultats
d’équidistribution de F.Zhu pour les orbivariétés projectives convexes de type “courbure
négative” & la classe plus générale des orbivariétés projectives convexes de rang un. Les
preuves sont fortement inspirées des travaux de Roblin [Rob03], et ont pour principaux
outils le mélange du flot géodésique et le lemme de 'ombre. Soit M = Q/T" une orbivariété
projective convexe. Le premier résultat décrit la facon dont les points d’une I'-orbite se
répartissent sur le bord 0f).

On note ||p|| la masse totale d’'une mesure finie 4 ; étant donnés des espaces mesurés
(X, ) et (Y,v), on note p ® v la mesure produit X x Y ; étant donnés X et z € X, on
note D, la mesure de Dirac de masse 1 en x.

Théoréme 0.2.10. Soient Q C P(V) un ouvert proprement conveze et I' C Aut(Q) un
sous-groupe discret tels que M = Q/T" est non élémentaire de rang un. Soient (1z)zcq une
densité conforme de dimension 6 sur O, et mr la mesure de Sullivan associce sur T'M.
Supposons que mr est finie. Alors pour tous x,y € §2,

—orT
5pHmrHe r EEF Dy, ® 'Dyf1x T:>>o Pz & Ly
v
do(zyy)<T

pour la topologie faible-étoile. En particulier,

el - eyl sor
el :dq(x, <T} ~ —/———T".
#{v (z,9y) < T} ~ Sl
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L’ingrédient le plus important dans la démonstration de ce théoréme est le mélange de
mr (en fait, d’aprés Roblin, le théoréme ci-dessus est équivalent au mélange de mr). A
cela il faut ajouter des estimées dans le style du lemme de 'ombre de Sullivan et de la
propriété de Gibbs, mais en faisant attention & contréler les constantes multiplicatives qui
apparaissent.

Le deuxiéme résultat, dont la preuve fait appel au théoréme 0.2.10, décrit la facon dont
les géodésiques fermées de rang un (définies a la section 0.1.6) se répartissent dans Tt M. 11
est similaire au théoréme 0.2.9. On note G*! ’ensemble des (¢, );-orbites périodiques de rang
un de T' M. Pour chaque ¢ € G*! on note £(c) sa période, et I’on note Lc 1'unique probabilité
(¢¢)¢-invariante sur c. Enfin pour tout 7" > 0 on pose Q{pl ={ceg?t:lc)<T}

Théoréme 0.2.11. Sous les hypothéses du théoréme 0.2.10, pour la topologie faible-étoile
on a
orT —orT :
rT||mr|le Z Lc Jolmr
cegt

En particulier, si I' agit convere cocompactement sur §2, alors #g;l o T /(6pT).
—00

Contrairement au théoréme 0.2.9, la convergence des mesures dans le théoréme ci-dessus
ne nécessite pas d’hypothése de convexe cocompacité ; de plus, le résultat de comptage
obtenu dans le cas convexe cocompact est plus précis. Le théoréme 0.2.9 avait en revanche
ceci d’intéressant que 1’équidistribution s’appliquait a des sous-ensembles de [I]'!, et que
I'on avait des estimée sur le nombre de classes de conjugaison qui ne sont pas de rang
un. Il est possible d’affiner le théoréme 0.2.11 en y ajoutant un résultat sur les classes de
conjugaison qui ne sont pas de rang un, mais ce résultat est plus délicat & formuler car il faut
expliquer quand et comment on peut réaliser ces classes en tant que géodésiques fermées
dans M ; mentionnons simplement le fait que pour tout = € 2, le nombre d’éléments v € T’
qui ne sont pas de rang un et tels que dq(z,yz) < T est négligeable devant €T quand T
tend vers linfini.

La démonstration du théoréme 0.2.11 a ceci en commun avec celle du théoréme 0.2.9
qu’elle utilise un lemme de fermeture (lemme 5.4.11), qui implique que, ayant fixé z € Q, la
distance dans P(V)? entre (v~ 'z, vz) et (z7,2) (les points fixes répulsif et attractif de )
tend vers zéro quand T tend vers I'infini pour presque tous les éléments de rang un v € I’
tels que dq(x,vyx) < T. 1l s’agit alors de combiner cette propriété avec le théoréme 0.2.10.

0.2.6 Equidistribution dans les orbivariétés projectives convexes de type
“courbure négative” géométriquement finies

Inspiré une fois encore par les travaux de Roblin |[Rob03], ainsi que ceux de Crampon
[Cralll], Feng Zhu [Zhua| a considéré des problémes d’équidistribution dans les orbivariétés
projectives convexes de type “courbure négative” géométriquement finies M = Q/T". 1l a
démontré que pour de telles orbivariétés, la mesure de Sullivan de dimension dr est finie, et
il a établi une version plus forte de I’équidistribution du théoréme 0.2.11, plus précisément
la convergence a lieu pour une topologie plus fine, celle qui rend continues les évaluations
sur les fonctions continues bornées (non nécessairement a support compact).

1l est pour le moment difficile de généraliser ce résultat au cadre des orbivariétés de
rang un non nécessairement de type “courbure négative”’, dans la mesure ot la notion de
finitude géomeétrique n’y est pas encore suffisamment bien développée. Toutefois nous
avons pu améliorer légérement ce résultat en remarquant qu’il s’étend a une classe plus
large d’orbivariétés projectives convexes M = Q/I' de type “courbure négative”, dites
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géométriquement finies au bord (voir la section 9.1), qui furent définies par Crampon—
Marquis [CM14a] en méme temps que celles géométriquement finies. Cette généralisa-
tion fait I’objet du chapitre 9. Crampon-Marquis ont donné un exemple d’orbivariété
géométriquement finie au bord mais pas géométriquement finie au sens fort, que Feng et
moi avons trouvé trés intéressant : nous voulions comprendre la dynamique de son flot
géodésique. Crampon—Marquis expliquent que I'une des difficultés pour comprendre de
telles orbivariétés provient du fait que le cceur convexe de M privé de ses pointes n’est pas
compact ; 'observation faite au chapitre 9 qui permet de contourner cette difficulté est que
T' Mo, privé des pointes est lui compact (voir la proposition 9.3.4).

Comme M est de type “courbure négative”, les géodésiques sont toutes de rang un,
et les éléments v € I' qui sont de rang un sont exactement ceux pour lesquels £(y) > 0
(Crampon-Marquis les qualifient d’hyperboliques, qui est la terminologie usuelle dans le
cadre des variétés hyperboliques).

Théoréme 0.2.12. Soient Q C P(V) un ouvert proprement conveze et I' C Aut(Q) un
sous-groupe discret tels que M = Q/T" est non élémentaire de rang un. Soient (fiz)zeq
une densité conforme de dimension dp sur 0S), et mr la mesure de Sullivan associée sur
TYM. Supposons que M est géométriqguement finie au bord. Alors mr est finie, et pour
toute fonction continue bornée f sur T'M, on a

orT lmrlle” T > fdce —» fdmp.
ce[]:! TIM T—oo JT1pp
T

En particulier, #[[1%} ~ T /(orT).
T—o00

Pour démontrer que mr est finie, nous nous inspirons de la thése de Crampon [Crall]
sur les surfaces projectives convexes géométriquement finies. Un passage délicat est de dé-
montrer que les sous-groupes paraboliques maximaux de I' associés aux pointes de M sont
divergents : lorsque M est géométriquement finie au sens fort, ces sous-groupes préser-
vent un ellipsoide de P(V) et cela permet d’utiliser des résultats classiques sur les variétés
hyperboliques. Dans le cas général ce n’est plus vrai, mais on sait quand méme d’aprés
Crampon—Marquis que ces sous-groupes sont virtuellement des réseaux cocompacts de
groupes unipotents, ainsi il suffit de montrer que les groupes unipotents sont divergents
(au sens de la section 2.3.8), or ceci est une conséquence d’un lemme de géométrie al-
gébrique de Benoist—Oh [BO12, Prop. 7.2].

Pour établir I’équidistribution, suivant I’exemple de Roblin, on utilise le théoréme 0.2.11
pour se ramener au probléme suivant. Pour chaque pointe p C T My, trouver une suite
décroissante de sous-pointes p = p; D p2 D p3 D ... telles que p \ p, est relativement
compact pour tout n, et (p,), sort de tout compact du cceur convexe, puis montrer que
lim supy_, o, Te=or” ZcemrTl Lc(py) tend vers zéro quand n tend vers infini.

0.2.7 L’exposant critique des orbivariétés projectives convexes

Dans la derniére partie de la thése, il est encore question d’orbivariétés projectives con-
vexes, mais on en examine un aspect différent : on fixe une orbivariété topologique et ’on
s’intéresse au comportement asymptotique de l'exposant critique défini en (0.1.1) pour
certaines familles de structures projectives convexes sur Iorbivariété.

De maniére générale, & tout groupe I' agissant par isométries sur un espace métrique
propre (X, d) on peut associer I'exposant critique

4(T, X, d) := limsup % log(#{vy €T : d(xz,vz) <7}),

r—00
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indépendant du choix de z € X. Cette quantité a fait I’objet de nombreux travaux, dans
des cadres géométriques variés (par exemple riemanniens, CAT(—1), CAT(0), Gromov-
hyperboliques, projectifs convexes). L’une des raisons est qu’elle coincide souvent avec
d’autres quantités géométriques ou dynamiques importantes, comme ’entropie du flot
géodésique, le taux de croissance exponentiel du nombre de géodésiques fermées, ou la
dimension de Hausdor{l de I’ensemble limite ; parmi les travaux les plus anciens qui font
état du lien entre ces diverses quantités, citons [Mar69,Pat76,5ul79,Man79] ; notons que les
théorémes 0.2.8, 0.2.9, 0.2.11 et 0.2.12 donnent aussi des exemples de ce lien, en géométrie
projective convexe.

I’exposant critique intervient dans de nombreux résultats de rigidité : dans un arti-
cle fondateur [Bow79|, Bowen a montré que tout sous-groupe discret convexe cocompact
de PSLy(C) obtenu en déformant continiiment un réseau cocompact de PSLa(R) (groupe
quasi-fuchsien) a un exposant critique supérieur a 1, avec égalité si et seulement s'il est con-
jugué a un sous-groupe de PSLa(R). Des théorémes de rigidité analogues a celui de Bowen
ont été établis dans des cadres géomeétriques divers (mentionnons par exemple le célebre
article [BCG95| de Besson—Courtois—Gallot). En géométrie projective convexe, Cram-
pon [Cra09] a montré que pour toute orbivariété projective convexe fermée M = Q/I" de
type “courbure négative”, 'exposant critique de I est inférieur & dim(M) — 1, avec égalité
si et seulement si M est hyperbolique. Ce résultat a été généralisé aux orbivariétés projec-
tives convexes de volume fini par Barthelmé-Marquis-Zimmer [BMZ17] et aux orbivariétés
projectives convexes de type “courbure négative” dont le coeur convexe est compact par Zim-
mer [Zim20] ; des résultats de rigidité différents, plus proches de [BCG95], ont récemment
été obtenus dans [ABC19,BC]. Précisons enfin qu'un résultat de Tholozan [Thol7, Th. 2]
(voir le Fait 2.3.17) implique que l'exposant critique de n’importe quelle orbivariété pro-
jective convexe M est inférieur a dim(M) — 1.

Borne inférieure pour les exposants critique

Crampon a posé dans [Cra09, p. 3] la question suivante :

Question 0.2.13 ([Cra09]). Quelle est la borne inférieure de l'ensemble des exposants
critiques des orbivariétés projectives convexes compactes de type “courbure négative” de
dimension 4 ¢

X. Nie [Niel5b] y a répondu en dimensions deux, trois et quatre, en construisant des
suites de telles orbivariétés dont 'exposant critique tend vers zéro. Les résultats de Nie sont
en fait plus précis que cela. Il a considéré certaines orbivariétés topologiques compactes M
de groupe fondamental Gromov-hyperbolique, puis il a considéré I’espace, noté X, de toutes
les structures projectives convexes sur M, et enfin il a étudié 'exposant critique en tant que
fonction sur X. Le choix de M fait par Nie est tel qu’on peut lui appliquer les travaux de
Vinberg [Vin71]| (le groupe fondamental de M est un groupe de Coxeter), et on peut utiliser
ces travaux pour montrer que, dans les cas considérés par Nie, X est ou bien réduit a un
point, qui correspond a une structure hyperbolique, ou bien homéomorphe & [0, co[, auquel
cas 0 € [0, 00[ est l'unique point correspondant & une structure hyperbolique. Supposons
qu’on est dans le cas on X s’identifie & [0, co[. D’aprés Crampon [Cra09], 'exposant critique
associé & un point x €]0, 0o est strictement inférieur a dim(M) — 1 ; Nie montre que cet
exposant critique tend vers zéro quand x tend vers l'infini, autrement dit lorsque “x € X
s’éloigne des orbivariétés hyperboliques”.

Par la suite, des résultats analogues ont été obtenus dans le cadre des surfaces projec-
tives convexes fermées (sans singularités, i.e. dont le groupe fondamental est sans torsion).
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Fixons une surface topologique fermée et orientée 3 de genre supérieur & deux, et no-
tons X Despace des structures projectives convexes sur ¥. T.Zhang [Zhal5b] a utilisé la
paramétrisation de Goldman [Gol90] (qui généralise les coordonnées de Fenchel-Nielsen)
de X pour donner un sens a “xz € X s’éloigne des structures hyperboliques”, et il a montré
que cela impliquait que 'exposant critique associé a x tendait vers zéro. Indépendamment,
Nie [Niel5a| a fait de méme en utilisant une autre paramétrisation, due a Labourie [Lab07]
et Loftin [Lof01].

Généralisation aux représentations de Hitchin

Zhang a généralisé ses résultats au cadre suivant. Fixons une représentation injective
d’image discréte pg : m1(X) — PSLa(R), et une représentation irréductible ¢ : PSLa(R) —
PSL(V) (ot V est un espace vectoriel réel de dimension d+1 < 00). Les représentations de
Hitchin de m(X) dans PSL(V) sont celles obtenues en déformant contintiment ¢ o pg. Une
représentation de Hitchin préserve un ouvert proprement convexe de P(V) si et seulement
si d est pair.

Tl existe une généralisation naturelle de I'exposant critique défini en (0.1.1) qui s’applique
a toutes les représentations dans PGL(V) (voir la section 2.3.8), et donc en particulier aux
représentations de Hitchin. Notons que cet exposant critique “projectif” ne coincide pas en
général avec ’exposant critique classique obtenu en considérant ’action par isométries sur
Pespace symétrique riemannien de PGL(V) (le premier est supérieur ou égal au second).

Zhang |Zhal5al a utilisé une paramétrisation de I’espace des représentations de Hitchin
due & Bonahon—Dreyer [BD14] pour en construire une autre, plus proche des coordon-
nées de Fenchel-Nielsen. Il a alors donné un sens “s’éloigner du lieu fuchsien dans cette
paramétrisation”, o le lieu fuchsien désigne I’ensemble des représentations de la forme
top,oup: m(X) — PSLe(R) est injective d’image discréte. Puis Zhang a montré
que 'exposant critique projectif tend vers zéro lorsque la représentation s’éloigne du lieu
fuchsien. Ces résultats sont & comparer au résultat de rigidité plus récent de Potrie-
Sambarino [PS17, Th. A], qui concerne aussi les représentations de Hitchin.

Les surfaces projectives convexes de volume fini

Crampon [Crall, Prop.4.3.4] a montré que ’exposant critique d’une surface projective
convexe non compacte de volume fini de type “courbure négative” est strictement supérieur
a 1/2, qui est l'exposant critique des pointes de la surface. Ainsi la question 0.2.13,
transposée 4 ce type de surface, doit admettre une réponse différente, et nous montrons
que cette réponse est simplement 1/2. Ceci est la conséquence d'un résultat plus précis,
similaire & celui de Nie [Nielba|, résultat qui utilise une paramétrisation de ces surfaces
due & Benoist-Hulin [BH13|, généralisant la paramétrisation de Labourie et Loftin.

Soit ¥ une surface (de caractéristique d’Euler strictement négative) obtenue en enlevant
un ensemble fini {p;,...,P,} de points & une surface orientée fermée . Benoist-Hulin
[BH13, Th.1.1] ont construit un homéomorphisme entre 'espace des structures projectives
convexes marquées de volume fini sur ¥ et un certain fibré vectoriel (de dimension finie)
au-dessus de I'espace des structures hyperboliques marquées de volume fini sur 3. (Voir le
chapitre 10 pour plus de détails.) Nous démontrons le résultat suivant.

Théoréme 0.2.14. Soit S une surface hyperbolique non compacte de volume fini. Notons
V lensemble des structures projective converes marquées de volume fini au-dessus de S
dans la paramétrisation de Benoist—-Hulin, et firons une norme || - || dessus. Alors il existe
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une constante C' > 0 telle que pour tout v € V, si § est lexposant critique de v, alors

llvll

% << % 4+ Ce T .

Rappelons I'idée de Nie [Niel5a| pour traiter le cas d’une surface hyperbolique compacte
S’ = H?/T’ (ot H? est le disque de Poincaré), dont la fibre dans la paramétrisation de
Labourie et Loftin, notée V', est munie d’une norme || - ||. Chaque structure projective
convexe marquée v € V' induit sur H? une distance I"-invariante d,, (la distance de Hilbert),
de sorte que l’exposant critique de v est I'exposant critique de I’action de I sur (HZ2,d,).
La distance dy est la distance usuelle de H?. On peut alors reformuler la stratégie de
Nie comme suit : il existe une constante C' > 0 telle que pour tout v € V' non nul, on
a d, > C7v||'Y3(dy — C). Ainsi, 'exposant critique de v est plus petit que C|v||~1/3
(rappelons que 'exposant critique de S’ est égal a 1).

Autrement dit, la surface S’ équippée de la structure projective convexe v € V' est de
plus en plus “grosse” & mesure que v grandit en norme, et plus elle est “grosse”, plus son
exposant critique est petit.

L’idée de la preuve du théoréme 0.2.14 est la suivante. On décompose S en une partie
compacte et un nombre fini de pointes disjointes ; on applique alors sur la partie compacte
la stratégie de Nie |[Nielba| ; puis on étudie les pointes, plus précisément on démontre
que pour tout v € V de norme suffisamment grande, chaque pointe A de S contient une
sous-pointe A’ C A comparable a une pointe hyperbolique standard (et A’ est de plus en
plus loin dans A & mesure que v grandit en norme).

Notons que ’exposant critique est une fonction continue sur ’espace tout entier des
structures projectives convexes marquées de volume fini sur ¥, d’aprés Crampon [Crall,
Prop.5.4.1]. Ce résultat, combiné au théoréme 0.2.14, au théoréme de Tholozan [Thol7],
et au fait que 'exposant critique d’une surface hyperbolique de volume fini est égal a 1, a
pour corollaire le résultat suivant.

Corollaire 0.2.15. L’ensemble des exposants critiques des surfaces projectives converes
non compactes de volume fini est égal 4 ]1/2,1].

0.2.8 L’exposant critique de certains groupes de réflexions projectives

Le dernier chapitre de la thése est issu d’'une collaboration avec Harrison Bray. Notre
objectif est de prolonger les travaux de Nie [Niel5b] présentés a la section 0.2.7, en répon-
dant & la question 0.2.13 pour d’autres types d’orbivariétés projectives convexes issues de
la théorie de Vinberg [Vin71], comme des orbivariétés de Benoist, ou des orbivariétés pro-
jectives convexes non compactes de volume fini. Précisons que le théoréme 0.2.14 ne nous
était pas connu lorsque nous avons commencé ce projet.

Les travaux de Marquis [Marl0] fournissent beaucoup d’exemples d’orbivariétés pro-
jectives convexes de dimension 3 “a la Vinberg”. Fixons une telle orbivariété M. Le critére
d’hyperbolicité de Moussong [Mou88, Th. B], allié¢ au théoréme de Benoist discuté en sec-
tion 0.1.2, permet de savoir si M est une orbivariété de Benoist. Par ailleurs, d’autres
travaux de Marquis [Marl7, Th. A] permettent de savoir si M est de volume fini.

Il reste donc & trouver une méthode pour estimer ’exposant critique des orbivariétés
projectives convexes “a la Vinberg” M = Q/T". 1l existe un moyen simple de le minorer,
qui n’utilise d’ailleurs pas les travaux de Vinberg : si I posséde un sous-groupe libre non
abélien I, alors dpv < dr, or 'exposant critique d’un groupe libre est plus facile a estimer
(voir la section 11.2). Une application de ceci est que les exposants critiques de la famille
d’orbivariétés construite par Benoist [Ben06a, §4.3] pour établir I'existence des orbivariétés
de Benoist, sont minorés par une constante strictement positive (cf. la section 11.4.1).
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Pour établir une majoration de ’exposant critique, nous reprenons la stratégie de Nie,
et 'adaptons & des classes plus larges d’orbivariétés “a4 la Vinberg”. Cela nous améne
notamment a définir pour ces orbivariétés une quantité géométrique appelée grosseur, a
laquelle s’applique la méme idée que dans la section 0.2.7 précédente : plus 'orbivariété
est “grosse”, plus son exposant critique est petit.

Appelons polytope de Cozeter hilbertien tout couple (P, ) ou 2 C P(V) est un ouvert
proprement convexe et P C {2 un polytope de ) qui vérifie les conditions suivantes :

e le long de chaque face de P, il existe une réflexion projective qui préserve € ;

e soit S I'ensemble des réflexions le long des faces, et I' le groupe engendré par .S, alors
P est un domaine fondamental pour 'action de I' sur €.

Le couple (I',S) est appelé le groupe de (P,€)), et on définit 'exposant critique de (P, ()
comme celui de ' (agissant sur ).

Les polytopes de Coxeter hilbertiens (P, (2) considérés par Nie sont ceux pour lesquels
Q) est strictement convexe et P est un simplexe compact de 2.

On définit la grosseur d’un polytope de Coxeter hilbertien (P, ) comme U'infimum des
écarts entre les facettes disjointes de P, ol par écart entre deux sous-ensembles A et B de
Q on entend 'infimum des dg(z,y) ot z € Aet y € B.

Théoréme 0.2.16. Soit (I',S) un systeme de Cozeter. Il existe une constante C > 0
telle que pour tout polytope de Cozeter hilbertien de groupe isomorphe a (I',S), d’exposant
critique 0 et de grosseur R, on a

C

o< —.

R
Pour construire des exemples de suites de polytopes de Coxeter hilbertiens dont la
grosseur tend vers l'infini, de sorte 'exposant critique tende vers zéro, on utilise les travaux

de Vinberg, et ’observation élémentaire suivante servant a minorer la grosseur.

Observation 0.2.17. Soient (P,Q) un polytope de Cozeter hilbertien de groupe (I',S) et
Fy, F5 deuz faces de P. Soit 1 (resp. v2) un élément du stabilisateur de Fy (resp. Fy)
dans T'. Alors lécart entre F et F' est plus supérieur ou égal a %E(%’yg).

Pour appliquer I'observation précédente a des exemples concrets, i.e. pour obtenir des
estimations des longueurs de translations, on peut faire appel au théoréme de Puiseux.
Plus précisément, étant donnée une famille de matrices (y¢)ier € GL(V) dont les coeffi-
cients dépendent de ¢ comme des fractions rationnelles, le théoréme de Puiseux donne un
algorithme pour estimer les coefficients de £(7¢) en tant que série de Puiseux en t.

Le dernier résultat de la thése concerne l'exposant critique de certains polytopes de
Coxeter hilbertiens dits & pointes paraboliques de type Agq—1, qui sont de volume fini d’aprés
les travaux de Marquis [Mar17]. Un tel polytope P est I'intersection avec 2 d’un polytope
de © qui rencontre 92 en un nombre fini de sommets appelés sommets @ ’infini ; de plus,
on demande que, pour chaque sommet & l'infini, le groupe engendré par les réflexions le
long des faces adjacentes au sommet soit conjugué a un sous-groupe de GL(V) bien précis
(celui donné par la représentation de Tits du groupe de Coxeter affine de type /Td,l).

La grosseur de ces polytopes est nulle car I’écart entre deux facettes disjointes adjacentes
a4 un méme sommet & 'infini est nul. C’est pourquoi nous définissons un autre type de
grosseur. On montre dans la section 11.5.2 que, pour chaque sommet & l'infini de P,
on peut choisir de fagon canonique un voisinage dans 2. La grosseur non cuspidale de
(P,Q) est définie comme l'infimum sur deux ensembles : d’une part ’ensemble des écarts
entre deux facettes disjointes non adjacentes & un méme sommet a l'infini ; d’autre part
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I’ensemble des écarts entre le voisinage canonique d’un sommet & I'infini et une facette non
adjacente au sommet.

Théoréme 0.2.18. Soit (I, S) un groupe de Cozeter. Il existe une constante C' > 1 telle
que pour tout polytope de Cozeter hilbertien (P,(2) a pointes paraboliques de type Aq—1, de
groupe (I, S), d’exposant critique § et de grosseur non cuspidale R, on a

d-1 d-1

T<5§7+Ce—%
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Chapter 1

Reminders on dynamical systems

In this chapter we recall the definitions of several classical dynamical properties for a
general action by a topological group. Historically, the first recurrence properties to be
considered were of probabilistic nature, and they came to mathematics through statistical
physics. The first mathematical theorem on this topic is probably the celebrated Poincaré
recurrence theorem.

By dynamical system we mean here a group acting on a set, preserving some structure,
like a topology or a measure. The three kinds of dynamical systems we shall keep in mind
are the following. Let M = Q/T be a convex projective orbifold. The group R acts on
T'M := T'Q/T via the geodesic flow (¢;)s; the group T' acts on Geod(Q2) := T Q/(¢1)s,
which identifies with {(&,7) € 992 : [£,7] N Q # 0} C 9Q2; finally, it will be natural to
consider the combination of the two previous actions (which commute), in other words
that of ' x R on T'€).

To make the interaction between these three dynamical systems formal, we consider the
following general setting. We fix a group G acting on a set X, and we fix a normal subgroup
H C @G, so that G/H acts naturally on H\X, and we have a G-equivariant projection
7wy X — H\X. In this generality, the idea that the dynamics of G on X and that of
G/H on H\X have the same features works well for the most basic recurrence properties,
such as non-wandering and transitivity properties (whose definitions are recalled in the
present chapter). However, this idea fails when we look at more sophisticated dynamical
notions such as mixing or entropy (which are notions for G = Z or R).

Indeed, suppose we have two simply connected spaces Y and Y’ both equipped with free
and proper commuting actions by R (we denote the induced flows by (¢¢):) and a discrete
group I', and suppose we have a homeomorphism f : Y/I' — Y’/T' that sends every
(¢¢)-orbit on a (¢p¢)i-orbit. Then f lifts to a I'-equivariant homeomorphism Y — Y’ that
descends to a I'-equivariant homeomorphism Y/(¢¢): — Y'/(¢¢):. Thus, the two dynamical
systems (Y/(¢¢):,I') and (Y'/(¢¢)¢,T) are the same, although the homeomorphism f :
Y/T' — Y'/T" we started with might not be (¢);~equivariant. To be able to distinguish the
two [-actions on Y/(¢¢); and Y'/(¢¢)s, and retrieve the dynamical systems (Y/T', (¢¢)r)
and (Y'/T, (¢¢)¢), one needs extra data: for instance, in the setting of convex projective
orbifolds M = Q/I' (or Riemannian manifolds), one needs to know the periods of the
elements of T', i.e. the lengths of the associated periodic (¢)¢-orbits; this extra data is
usually refered to as the length spectrum. Ledrappier wrote a very interesting and complete
paper [Led95] on this subject, in the setting of negatively curved Riemannian manifolds.

The material presented in this chapter is classical. Let us give a (very) small list of
references on the theory of dynamical systems: [HK95, FH19] for G = N,Z,R, and X
compact; [Kre85] for G = Z and ergodic theory; |Zim84| for general G and ergodic theory:;
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[GH55] for general G and topological dynamics; [CKNO07]| for discrete G and topological
dynamics.
When G = R, we shall denote its action by t - z = ¢¢(x).

1.1 Topological recurrence

Let us fix for the whole section a secound countable locally compact topological group G
acting continuously on a secound countable locally compact topological space X, and a
normal closed subgroup H C G. The quotient space H\X is endowed with the quotient
topology, so that the projection mp : X — H\X is continuous and open, and induces a
bijection between the G-invariant closed subsets of X and the G /H-invariant closed subsets
of H\X.

1.1.1 Proper actions

The action of G on X is said to be proper (properly discontinuous if G is discrete) if
for every compact subset K C X, the set of elements g € G such that gK N K # () is
compact. In this case, the quotient space G\X equipped with the quotient topology is
second countable and locally compact.

Let d be a metric on X that induces its topology. The metric is said to be proper if every
closed ball is compact. In this case, the group of isometries Isom(X, d), endowed with the
compact-open topology, acts properly on X. If G is a closed subgroup of Isom(X,d), and
mg : X — G\X denotes the natural projection, then the formula dg\ x (7c(z), 76 (y)) =
inf{d(z, gy) : g € G} yields a proper metric on G\ X.

We assume for the rest of this section that H acts properly on X.

1.1.2 Non-wandering, recurrent and attracting points

Let z € X. If x is fixed by some element g € G, then z is said to be attracting for g if it
admits a neighbourhood U such that (¢"y), converges to = for any y € U. If z is attracting
for ¢!, then it is said to be repelling for g. The point z is said to be recurrent if for any
neighbourhood U of z, the set {g € G : gx € U} is not relatively compact. The point x is
said to be non-wandering if for any neighbourhood U of z, the set {g € G : gUNU # 0}
is not relatively compact.

That z is an attracting fixed point of some g € G (and is not isolated, i.e. {z} is not
open) implies that z is a fixed point of some g € G with {¢" },>0 not relatively compact,
which implies that = is recurrent, which implies that x is non-wandering.

If G =R, then x is called periodic when {t > 0 : ¢y = x} is non-empty, in which case
the smallest element of this set is called the period of x. The point z is called forward
(resp. backward) recurrent when {t > 0 : ¢z € U # 0} (resp. {t < 0: ¢px € U # 0}) is
not relatively compact for any neighbourhood U of . Observe that any recurrent point
is forward recurrent or backward recurrent. Note also that given a non-wandering point
x € X and a neighbourhood U of z, one can find arbitrarily large positive times ¢t such
that ¢:U NU # 0; indeed, if U NU # B, then ¢_,UNU # 0.

The set of non-wandering points is called the non-wandering set and is denoted by
NW(X,G); it is closed and G-invariant. The action of G on X is called non-wandering if
NW(X,G) = X. Note that if X is compact but G is not, then the set of recurrent points,
and hence also the non-wandering set, are non-empty.



1.1. TOPOLOGICAL RECURRENCE 37

Recall that a subset of X is Gs-dense if it is the intersection of countably many open
and dense subsets; it can be seen as a topological analogue of measurable subsets with full
measure. The following two facts are classical and elementary.

Fact 1.1.1. If the action of G is non-wandering, then the set of recurrent points contains
a Gg-dense set.

If moreover G = R, then the set of forward recurrent points also contains a Gg-dense
set.

Fact 1.1.2. Any point x € X is non-wandering (resp. recurrent) with respect to G if and
only if g (x) is non-wandering (resp. recurrent) with respect to G/H.

1.1.3 Topological transitivity and minimality

The action of G on X is called topologically transitive if any G-invariant non-empty open
subset of X is dense, i.e. if any G-invariant, proper and closed subset has empty interior,
i.e. if for any non-empty open subsets U,V C X, there exists g € G such that gU intersects
V. The action of G is said to be minimal if X does not admit any G-invariant, non-empty;,
proper and closed subset; this implies topological transitivity.

If G = R, then the action is forward topologically transitive if for any two non-empty
open subsets U,V C X, there exists ¢ > 0 such that ¢,U intersects V. Note that forward
topological transitive is equivalent to the following: for any two non-empty open subsets
U,V C X, there exists t < 0 such that ¢;U intersects V.

The following fact is classical and elementary.

Fact 1.1.3. If the action of G on X is topologically transitive, then the set of points with
a dense orbit contains a Gg-dense set.

If moreover G = R and its action is non-wandering, then the set of points with a dense
forward orbit and o dense backward orbit contains a Gg-dense set; in particular the action
1s forward topologically transitive.

In general, topological transitivity does not imply non-wandering. However it does
under some local topological condition on X and G, which can roughly be formulated by
saying that X is locally “much bigger” than G, so that a G-orbit has to come back often
in order to fill an open set. For instance, if G is discrete, X has no isolated point and the
action is topologically transitive, then it is non-wandering.

The following fact is classical and elementary.

Fact 1.1.4. The action of G on X is topologically transitive (resp. minimal) if and only
if that of G/H on H\X 1is topologically transitive (resp. minimal).

1.1.4 Topological mixing

If G =R, then its action on X is called topologically mizing if for any two non-empty open
subsets U,V C X, there exists T' > 0 such that ¢.U intersects V for any ¢t > T. In this
case, the reversed flow (¢_;); is also topologically mixing. Observe that topological mixing
implies forward topological transitivity and non-wandering.

One could extend the previous definition to other groups by asking that for any two
non-empty open subsets U,V C X, there exists K C GG compact such that g - U intersects
V for any g € G ~~ K. However this definition is not relevant for us, because there is no
analogue of Facts 1.1.2 and 1.1.4. For instance, the geodesic flow on a compact hyperbolic
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manifold M = Q/T is topologically mixing, while the action of I" on the set of geodesics
Geod () is not topologically mixing in the above sense.

Let us recall roughly how the topological mixing of the geodesic flow on T'M can be
interpreted in terms of the action of T' on Geod(2) and its length spectrum. The proof of
the topological mixing relies on the two following properties:

1. the local non-arithmeticity of the length spectrum, i.e. the set of length of periodic
(¢1)¢-orbits through any given open set generates a dense subgroup of R (in particular

periodic orbits are dense);

2. the existence for each periodic (¢¢)s-orbit x of period 7 of a sufficiently large “at-

tracting (resp. repelling) manifold” — usually called strong stable (resp. unstable)
manifold —, consisting of points y such that (¢n,y), converges to x as n goes to 0o
(resp. —o0).

A periodic orbit of the geodesic flow naturally corresponds to a pair (£,7) € Geod(2) fixed
by an element of v € I, the period may be expressed as an algebraic quantity of v, and
the existence of attracting and repelling manifolds is interpreted in terms of £ and 7 being
attracting or repelling points of v in 0€).

1.2 Measure-theoretic recurrence

Let us fix for the whole section a locally compact, secound countable and unimodular group
G acting measurably on a standard Borel space X (i.e. X is measurably isomorphic to R),
and a G-invariant and o-finite measure m on X. We also fix a Haar measure on GG, denoted
by dg, and an integrable positive function ¢ on X.

1.2.1 The Hopf decomposition and quotients of measures

For any non-negative measurable function f on X, we denote by fG f the G-invariant mea-
surable function defined by [, f(z) = [ f(g92)dg; this also denotes the induced function
on G\ X.

A measurable subset A C X is said to wandering (with respect to m) under the
action of G if for m-almost any x € A, the transporter T(x,A) := {g € G : gx € A} is
relatively compact. The following fact is classical, and serves as a definition of the Hopf
decomposition.

Fact 1.2.1. Let C := {f,0 = oo} and D := {[,0 < oo} C X. The decomposition
X = CUD is a Hopf decomposition, in the sense that every wandering subset of C has
m-measure zero, and D is a countable union of wandering subsets of X. Any two Hopf
decompositions agree on some m-full subset of X. The dynamical system (X, G, m) is said
to be conservative (resp. dissipative) if m(D) =0 (resp. m(C) =0).

Proof. Let A C C be a measurable subset, and let us prove that fG 14 is infinite on m-

almost every point of A. On the one hand, if, for R > 0, we denote Ag := {fG 14 < R}INA,
then

/ o(g) L4 () dg dm(x) = 0o - m(Ap),
XxG
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while on the other hand, since G is unimodular and m is G-invariant,

/ 0(g2) 14 () dg dm(z) = / o(2)14, (g) dg dm(z)
XxG XxG

_/XJ</GlAR>dm

§R/ odm < oo.
X

Therefore m(Agr) = 0 for any R > 0, hence m(UgrAg) = 0. For any compact subset
K C G, we consider Bk := {0 > 1/2- [,0} C D, and observe that it is wandering.
Indeed if € Bk and g € G are such that gz € B, then [ o(x) + ng o(z) > [o(x),
thus K N Kg # () and ¢ € K~ - K which is compact. Furthermore D = U, By, if
G =U,K,. O

Fact 1.2.2. Assume that X is a locally compact topological space with countable basis,
and that the action of G is continuous. If m is conservative, then m-almost all points are
recurrent. In particular the action of G is non-wandering on the support of m.

If moreover G = R, then m-almost all points are forward and backward recurrent.

Proof. Without loss of generality we may assume that X = supp(m). Let us prove that
for any measurable subset A C X, the function fG 14 is infinite on m-almost every point
of A. Suppose by contradiction that there exists R > 0 and a measurable subset A C X
with finite and positive measure such that 14 fG 14 < R. Since m is G-invariant,

/ / 14(ga)dgdm(a) < Rm(A) < oo.
AJG

This contradicts the conservativity of m.
Let V be a countable basis of open sets of X which have finite m-measure. The set of
non-recurrent points is contained in

VLGJV{?JEVZ/le(gy)dg<oo},

which has zero measure.
When G =R, the rest of the lemma is proved by using the following observation.

/A /RlA(@a) dtdm(a) =2 /A /0 " 1a(60a) dt dm(a). -

Note that if the action of G on X is smooth (namely G\ X is a standard Borel space)
and has compact stabilisers, then (X, G, m) is dissipative. In particular, this observation
applies when X is a locally compact second countable topological space and the action of
G is continuous and proper.

Definition 1.2.3. The guotient of m on G\ X is the o-finite measure defined as

me = (/G a> " ren(om).

where 7w denotes the projection X — G\ X, and we use the convention 1/00 = 0. This
definition is independent of the choice of o.
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Remark 1.2.4. Assume that m is dissipative. Then for any non-negative (or integrable)

function f on X,
Jotom= o (L) o

As a consequence, if mg.m’ = mg for some measure m’, then m = [, g.m/ dg, in the sense
that [ fdm = [y ([ f) dm/ for any non-negative measurable function f.

We fix for the whole section a unimodular, normal and closed subgroup H C G whose
action on X is smooth and with compact stabilisers, so that m is dissipative with respect to
H, and we denote by my its quotient on H\X (which is G/H-invariant). The projection
7w X — H\X induces a correspondence between G-invariant measurable subsets of X
and G/H-invariant measurable subsets of H\X, where sets of zero m-measure correspond
to sets of zero mp-measure. The projection 7 also induces a correspondence between
G-invariant o-finite measures on X and G/H-invariant o-finite measures on H\X.

Fact 1.2.5. The Hopf decomposition of X projects under wr onto the Hopf decomposi-
tion of H\X. In particular, (X,G, m) is conservative (resp. dissipative) if and only if
(H\X,G/H, mpg) is conservative (resp. dissipative).

Proof. Observe that the Haar measure on G/H is the quotient of the Haar measure on G
by the action of H. Therefore, if o is a positive integrable function on X, then fH ois a
positive integrable function on H\X, and [, 0 = fG/H Jyo. O

1.2.2 Ergodicity

The action of G on (X, m) is said to be ergodic if any G-invariant measurable subset of X
has null or full measure. The idea is that a dynamical system is ergodic when almost any
orbit “equidistributes”. This statement is made formal in the case where G = R and m
is finite by the celebrated Birkhoff ergodic theorem, which we do not need nor state here.
One can weaken this equidistribution property to obtain a topological statement, whose
proof is elementary.

Fact 1.2.6. Assume that X is a locally compact topological space with countable basis, and
that the action of G is continuous. If m is ergodic, then m-almost all points have a dense
orbit in supp(m); in particular G acts topologically transitively on supp(m).

If moreover G = R and m is conservative, then m-almost all points have a dense
forward orbit and a dense backward orbit in supp(m), and the action of R on supp(m) is
forward topologically transitive.

Remark 1.2.7. If X is a locally compact second countable space and G acts continuously
and ergodically, and if every G-orbit has measure zero, then the action of GG is conservative.

The following fact is classical and elementary.

Fact 1.2.8. (X,G,m) is ergodic if and only if (H\X,G/H, mpy) is ergodic.

1.2.3 Mixing

Suppose that G = R and that m is finite. The action of R on (X,m) is said to be
(measure-theoretically) mizing if for any two measurable subsets U,V C X,

m(U)m(V)

mUNGY) 23 T

Note that in this case the reversed flow is also mixing.
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Fact 1.2.9. Assume that X is a second countable locally compact topological space, and
that the action of G = R is continuous (and that m is finite). If the action of R is mizing,
then its restriction to the support of m is topologically mizing.

Given a convex projective orbifold M = Q/T", we will need to interpret what it means
in the universal cover Q that the geodesic flow on T'M is mixing.

Remark 1.2.10. Assume that the action of G on X is smooth with compact stabilisers,
that the quotient mg of m on G\X is finite, and that we have a measurable flow (¢:); on
X which preserves m, commutes with the action of G and descends to a mixing flow on
(G\X,mq).

If o, are integrable functions on X such that |af [, |a| and |8] [, |B| are integrable
on X (e.g. if a and S are bounded and zero outside of a measurable set of finite measure
A such that T'(z, A) C K for any = € A, where K C G is a fixed compact subset), then

o) o) = Lo e e

Therefore the mixing property can be reformulated as

1
/ /a-( ogo¢y)dmdg — —— adm-/ Bdm.
geG J X t—oo [|m| X

Also, if 8 is a G-invariant function on X that lifts a square-integrable function 8 on G\X
and « is an integrable function on X such that |a| [, |a| is integrable, then

/a-(ﬁogbt)dm—) ! /adm- Bdmg.
X t—oo |mal Jx G\X

Assume further that X is a locally compact second countable space and that the action of
G is continuous and proper. Then for any two relatively compact Borel subsets A, B C X,

_ m(A)m(B)

tooo [lmgl]|

/ m(AN égB) —
geG

As for topological mixing, with the notations of Remark 1.2.10, the mixing property
of (¢¢): on G\ X cannot be interpreted purely in terms of the action of G on X/(¢)¢; for
instance in the setting of convex projective orbifolds (or negatively curved Riemannian
manifolds), one needs to take into account the length spectrum of G.

1.2.4 Criterions for ergodicity and for mixing

Coudéne stated and proved a convenient criterion for the ergodic property, based on the
ergodic theorem and the celebrated Hopf argument, and another for the mixing property,
based on an idea of Babillot [Bab02]. We will use these criteria in Chapter 6.
Consider a Borel flow (¢;)tcr on a metric space (X, d). The strong stable manifold of
a point x € X is
W) = {y € X : d(6yz, duy) — 0},

The strong unstable manifold W"5(x) is the strong stable manifold of the time-reversed
flow. Consider a (¢;)icr-invariant o-finite measure on X. A measurable function f: X —
R is said to be W*-invariant when there exists a measurable subset £ C X with full
measure such that for all x and y in F, if they are on the same strong stable manifold then
f(x) = f(y). The notion of W*5“-invariance is similarly defined.

Coudéne’s criteria are the following.
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Fact 1.2.11 (|Cou07al). Let (X, d) be a metric space, (¢1): a measurable flow on it, m a
conservative (¢y)-invariant measure, and assume that some m-full subset of X is covered
by a countable family of open sets with finite m-measure. If every W*, W5% and (¢¢)¢-
wnvariant measurable function is essentially constant then the flow is ergodic.

Fact 1.2.12 ([Cou07b]). Consider a Borel flow preserving a finite measure on a metric
space. If every We°- and W*"-invariant Borel function is essentially constant then the flow
1S MiTINg.

1.3 Entropy

As for topological and measure-theoretic mixing, the notion of entropy has only been
developped (to my knowledge) for dynamical systems (X, G) with G = R or Z (or R>q or
N with their semi-group structure). As mentioned in the introduction, one can think of
the entropy as the exponential growth, as ¢ tends to infinity, of the minimum quantity of
information that we need to know for each point in order to know its trajectory up to time
t. The nature of the information can be topological, metrical or measure-theoretic.

1.3.1 Topological entropy

Let (X,d) be a proper metric space, and (¢;)iecr be a continuous flow on it, such that ¢
is uniformly continuous for any t € R.

e Let € > 0. A subset S C X is (d,€)-separated if d(s,s’) > € for all s # ¢’ in S. For
any A C X, we denote by N(A,d,¢) the maximal cardinality of a (d, €)-separated
subset of A, and we set N(d,e) = N(X,d,e).

e Let e >0and A C X. A subset S C X (d,e€)-spans A if for any a € A, there exists
s € S with d(a, s) < e. We denote by S(A,d,€) the minimal cardinality of such a set
S, and S(d,e) = S(X,d,e€).

e We take the classical notation d®)(z,y) := maxo<s<; d(dsz, dsy) for t > 0 and z,y €
X; this defines a family of metrics on X.

e The topological entropy of ¢ on a compact subset K C X is

1 1
hiop (¢, K) == 151(1) lim sup —log N (K, d", ¢) = lim lim sup zlog S(K,d® e).

t—soo T =0 {500

The topological entropy on the whole space X is denoted by htop(¢) and defined as
the supremum over all topological entropies on compact subsets of X.

One defines similarly the topological entropy of a uniformly continuous homeomorphism
by replacing ¢t € R>g by n € Z>o. Note that the topological entropies of the flow and of
the underlying time-one map are the same. Also note that the the reparametrised flow
(¢t )ter, where k € R, has topological entropy equal to |k| times the topological entropy
of (¢t)ter-

In practice, we will only talk about entropy on compact spaces. For these, the topo-
logical entropy is independent of the metric d.



1.3. ENTROPY 43

1.3.2 Measure-theoretic entropy

Let f be an inversible measurable map of a measurable space X, which preserves a prob-
ability measure pu. Let P be a finite measurable partition of X.

e The entropy of P is

H,(P):= =Y pu(P)log pu(P).
PepP

e For each integer n > 1, we set

PO = (PN f PN NP, P eP, 0<k<n—1}.

e The entropy of f with respect to u and P is

H,(f,P):= lim M

o The entropy of f with respect to u is

hu(f) :=sup{H,(f, Q) : Q measurable partition}.

Let us now consider a measurable flow (¢;):cr on a measurable space X preserving a
probability measure p. The entropy of the flow with respect to p is defined to be the
entropy of the time-one map ¢;.

Remark 1.3.1. The reparametrised flow (¢p¢)ier has measure-theoretic entropy equal to
|k| times the measure-theoretic entropy of (¢;)cr.

The relation between topological and measure-theoretic entropies is given by the fol-
lowing famous principle, for more details see [HK95, Th.4.5.3].

Fact 1.3.2 (Variational Principle). Let ¢ = (¢¢)ier be a continuous flow on a compact
metric space (X,d). Denote by P?(X) the set of ¢-invariant probability measures on X.
Then

htop(¢) = sup  hy(d).
peP?(X)

1.3.3 Entropy-expansive maps

We recall the definition of entropy-expansive maps from Bowen [Bow72]. Consider a uni-
formly continuous homeomorphism f of a proper metric space (X, d) and € > 0. The map
f is said to be (d, €)-entropy-expansive if for each x € X, the action of f on the (compact)
Bowen ball

{lye X :VneZ, d(f"x, f'y) < €}

has zero entropy. If X is compact, then we say that f is entropy-expansive if there exists
e such that f is (d, €)-entropy expansive, and this does not depend on d by compactness.
The notion of entropy-expansivity generalises the notion of expansivity (f is expansive
if there exists € > 0 such that any Bowen ball of radius € is reduced to a singleton).
Remark 1.3.3. If f is (d, €)-entropy-expansive then f" is (d™), e)-entropy-expansive.

The following is one of the main result of Bowen on entropy-expansive maps.
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Fact 1.3.4 ((Bow72, Th.3.5]). Let € be a positive number; let f be a (d, €)-entropy-expansive
homeomorphism of a compact metric space (X, d); let p be a f-invariant probability measure

on X; let P be a finite measurable partition all of whose elements have diameter less than
€. Then

hu(f) = Hu(f,P)-

Remark 1.3.5. Consider an entropy-expansive homeomorphism of a compact metric space.
By Fact 1.3.4, the measure-theoretic entropy depends upper semi-continuously on the
measure (with respect to the weak* topology), and there exists a measure of maximal
entropy.

Unit tangent bundles of closed hyperbolic surfaces H?/T" equipped with their geodesic
flow are examples of entropy-expansive systems, if I' is torsion-free. However, if I' C
PGL2(R) is a discrete cocompact triangle group generated by the orthogonal reflections
along the sides of a triangle of H?, then the geodesic flow on T'H?/I" is not entropy-
expansive. We want to include such examples in the present work, and we need in Chapter 7
to be able to apply the work of Bowen.

This is possible thanks Selberg’s lemma [Sel60], which ensures the existence of a torsion-
free normal subgroup IV C T, as soon as I is finitely generated (this is true if I' is a triangle
group, and this condition will also be satisfied in Chapter 7). Then the group I'/T” is finite
and acts on I"\T'H?, and the quotient by I'/T" is I'\T*H?. We can then apply the following
elementary observation.

Observation 1.3.6. Let (¢¢): be a measurable flow on a measurable space X that preserves
a probability measure u, and G a finite group that acts measurably on X and commutes
with (¢¢)e. We denote by m: X — X/G the natural projection, and (¢¢); the induced flow
on the quotient. Then h, (X, (¢1)t) = ha,u(X/G, (¢1)r). In particular, if X is a compact
topological space and the actions of (¢¢): and G are continuous, then hiop(X, (¢r)r) =

hiop (X/ G, (P1)1)-

I do not know of a way to prove that hiop(X, (¢1)t) = hiop(X/G, (¢¢)¢) (with the
notations of the previous observation) without using the variational principle.

1.4 Horoboundary, Patterson—Sullivan densities and Sullivan
measures

Fix a proper metric space (X, d).

1.4.1 The horocompactification

The horofunction at points x,y, z € X is defined as follows:
bz(:l:a y) = d(l‘a Z) - d(yv Z)'

The set of points 4’ € X such that b,(z,y’) = 0 is the sphere centred at z and passing
through x. Note also that horofunctions satisfy the cocycle relation b,(z,y') = b.(x,y) +
b.(y, ')

We now recall the definition of the horocompactification, due to Gromov [Gro81, §1.2].
The idea is that it is the smallest compactification where balls and spheres extends contin-
uously to generalised balls and spheres, respectively called horoballs and horospheres. By a
compactification of X we mean a compact topological space Y together with an embedding
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X — Y with open and dense image; then the subset Y\ X = dy X is called the boundary
of the compactification. Another compactification Z dominates Y if there is a continuous
map from Z to Y which is compatible with the embeddings of X. Using the Arzela—Ascoli
theorem, one can show that the following is well defined.

The horocompactification of (X,d) is denoted by X® and is the smallest compactifi-
cation of X such that z + b,(z,y) extends continuously to X® for every x,y € X. The
horoboundary 0, X of (X,d) is the boundary of X®.

For any £ € X® and = € X, the (open) horoball (resp. closed horoball, resp. horosphere)
centred at ¢ and passing through z, denoted by He(z) (vesp. He(z), resp. OHe(z)), consists
of the points y € X such that bg(z,y) > 0 (resp. be(z,y) > 0, resp. be(x,y) = 0).

Under some additional conditions, for instance if X is a geodesic space (i.e. any two
points are connected by a geodesic segment), a sequence (£,), in X® converges to ¢ if and
only if (He,(z)), converges to He(z) for any x € X, in the sense that the limit of any
converging sequence of [[, He, () is in He(z), and conversely any point of He(z) is the
limit of such a sequence.

Note that X® is metrisable and the function (§,z,y) € X® x X x X > be(z,y) is

continuous. Any isometry of X extends continuously to a bi-Lipschitz homeomorphism of
X®

1.4.2 The Patterson—Sullivan densities

Let us recall the definition of Patterson—Sullivan measures on the horoboundary of a proper
metric space.

Let I' C Isom(X, d) be a closed subgroup. Given ¢ € R, a (I'-equivariant) é-conformal
density on OpX is a family of finite measures (py)zex on dy X such that

e 1y is absolutely continuous with respect to p, for all x,y € X, and the Radon-
Nikodym derivative is :

dpiy —6b

V() = e OPely),

dﬂx( )

(This implies that the family is entirely determined by pu, for any o € X.)

e for every v € I' and x € X the push-forward by ~ of g is :
Vxlae = Hyz-

Let us recall the classical example of a conformal density, which we will need in this
paper. For any measured metric space (X, d, ) with infinite mass, the volume entropy is,
for any o € X,

1
0, = limsup —log u(Bx (0,7)) € R>o U {oo}. (1.4.1)
r—oo T -
Fact 1.4.1 (|Pat76, §3|). Let (X,d) be a proper metric space, let o € X be a basepoint,
let T' be a non-compact closed subgroup of Isom(X,d) and let Vol be a T'-invariant Radon
measure on X. We assume that the volume entropy dvo is finite. Then there exists a
continuous non-decreasing function h : Ry — Rsq such that

h(d(o, x))e=va1d(o:) d Vol(x) = oo;

* zeX

e for every € > 0, there exists R > 0 such that h(r +1t) < eh(r) for all 7 > R and
t>0.
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Furthermore, if we define, for s > dvo, the probability measure p, s on X such that

foA h(d(o, J:))e_Sd(o’x) d Vol(x)
ex Mld(o,2))e 0 dVol(z)

/11075<A) =

for any Borel subset A C X, then any accumulation point of (fos)s—sy, 0 the space
P(X™) of probability measures on X is supported on O, X and is a dvo1-conformal density.

A typical example of ['-invariant Radon measure on X is the push-forward by an orbital
map of the Haar measure Haarpr on I' (i.e. the counting measure if I' is discrete). In this
case, the volume entropy is called the critical exponent of I'; and is given by

1
or := lim sup - log (Haarp{y € T : d(z,vyzx) < r}), (1.4.2)

r—00

which does not depend on the choice of x € X.

1.4.3 The Gromov product and the Sullivan measures

The Gromov product of three points z,&,n € X is defined by

(&) = 5 (A, ) + () — d(€,m)) > 0. (1.43)
For any y € X, we have
(&me =0 d&,n) = d§, x) + d(x,n); (1.4.4)
(€1 = {61y + 3P0 0) + 3ol ) (145)
(&M — (& m)yl < dalz,y). (1.4.6)

Note that d(§,n) = d(&, z) + d(z,n) holds for example if z lies on a geodesic segment from
& to n.

Suppose we are given an open subset G C (X®)? that contains X2 and such that
(&,m,x) — (§,n), extends continuously to G x X. Then (1.4.5) and (1.4.6) also extend to
(&,m,2,y) € G x X2, Set G® =GN o X2.

Suppose further that we are given a closed subgroup I' C Isom(X, d) and a §-conformal
density (pz), for some § > 0. Then the Sullivan measure induced by (uz), on G is
defined by the following formula due to Sullivan [Sul79, Prop. 11].

dmg(&,1) = e®EModp, (€)dpo(n),

for any o € X. The measure mgr does not depend on the choice of o, and is I'-invariant,
and invariant under the flip action «(&,n) = (n,£). Moreover it is Radon (i.e. gives finite
measure to compact sets) since the Gromov product is continuous and p, is finite; however
it may be zero.

The Sullivan measure on G*° x R is simply defined by

It is Radon and invariant under the natural flow ¢s(&,n,t) = (§,7n,t + s), and under the
actions by I of the form - (£, 7,t) = (v&,yn, t+b, (70, 0)), where o € Q. These actions by
I' are interesting for the following reasons. First because they are proper, hence the action
of (¢¢)r on G x R/I" is relevant and can give information on the action of I' on G* and
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OnX. Second because in the case where X is the hyperbolic plane H? and I' C Isom(H?),
the horoboundary is the usual visual boundary 90X, we can take G to be the set of pairs
of distinct points of X, and the (I, (¢)¢)-space G* x R is isomorphic to T'H?, via the
celebrated Hopf parametrisation. We will check that this fact also holds, to some extent,
in the setting of convex projective orbifolds.






Chapter 2

Reminders on convex projective
geometry

2.1 Properly convex open subsets of real projectives spaces
and their geodesic flow

In the whole thesis we fix a finite-dimensional real vector space V = R3*1. Let Q C P(V)

be a properly convex open set. Recall that () admits a proper metric called the Hilbert

metric and defined by the following formula: for (a,z,y,b) € 9Q x Q x Q x 9 aligned in
this order (see Figure 2.1),

1
dQ(x7y) = 5 IOg([CL, z,Y, b])?

where [a,x,y,b] is the cross-ratio of the four points, normalised so that [0,1,¢,00] = ¢ in
P(R?) identified with R U {oo}. In other words, if A C P(V) is an affine chart which

contains 2 and is equipped with some norm || - ||, then
16—z - fla -yl
la,z,y,b] = : (2.1.1)
lo—al- b=yl

By definition, this metric is invariant under projective transformations: g : (©2,dq) —
(92, dg0) is an isometry for any g € PGL(V). In particular, any element of Aut(Q2) =
{g € PGL(V) : ¢ = Q} yields an isometry of . Most results on the geometry of the
Hilbert metric that we present in this section, as well as many others, can be found in the
Handbook of Hilbert geometry [PT14].

If Q is an ellipsoid, then (€2, dq) is the Klein model of the real hyperbolic space of dimen-
sion d, and if Q is a d-simplex, then (2, dq) is isometric to R* endowed with a hexagonal
norm. In general, the Hilbert metric is a Finsler metric, and (€, dg) is Riemannian if and
only if it is CAT(0), if and only if 2 is an ellipsoid (this is due to Kelly—Strauss [KS58],
see also [PT14, §6.4-5]). The formula to compute the Finsler metric will not be needed in
this thesis.

Any discrete subgroup I' C Aut(2) must act properly discontinuously on 2 since it
preserves the proper metric dg (see Section 1.1.1), and therefore the quotient M = Q/T" is
an orbifold. Furthermore, M is a manifold if the action is free. If ' is torsion-free, then it
clearly acts freely on €2; the converse holds by Brouwer’s fixed point theorem, applied to
the convex hull of a finite orbit of a torsion element. Note that by Selberg’s lemma [Sel60],
if " is finitely generated, then it has a torsion-free finite-index subgroup. We will work in
general with T’ not necessarily torsion-free, so we set the notation T'M = T'Q/T.

49
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Figure 2.1: The Hilbert metric and the geodesic flow (¢t = dq(x,y)).

The intersections of 2 with projective lines can be parametrised to be geodesics (for
dq), which are said to be straight. However, an interesting feature in the non-strictly convex
case is that when there are two coplanar non-trivial segments in the boundary 92, one
can construct geodesics which are not straight, see for instance the green broken segment
from 2’ to ¥’ in Figure 2.1. In order to define the geodesic flow we only take into account
straight geodesics: for v in T, let t — c(t) be the parametrisation of the projective line
tangent to v such that ¢ is an isometric embedding from R to Q and ¢/(0) = v. For t € R
we set ¢¢(v) = ¢ (t) € T'Q. See Figure 2.1.

The geodesic flow on T* M is well defined because the two actions of Aut(€2) and (¢¢)cr
on T'Q commute.

Notation 2.1.1. We denote by 7 : T'M — M and 7 : T'Q — Q the foot-point projections.
For any v € T'Q, we denote by ¢oov (resp. ¢_oov) the limit in 9Q (for the topology of
P(V)) of m¢v as t tends to oo (resp. —co). We denote by ¢ the flip involution of T,
that satisfies @_ ootV = Poo¥, PootlV = P_sov and v = V.

2.1.1 The metrics we use

We consider the following metrics for 7' > 0 (if 7' = 0 then we omit it):

Va,y € M, dy(z,y) = min{da(z,79) : 7,7 € Q lifts of z,y},
1 (T) _
Yo, w € T, Ay (v, W) = Ogrglgajzgrl do(Topv, Tdrw),
Vo, w e T'M, A% (v, w) = min{d5), (5, @) : 5,@ € T'Q lifts of v, w}.

Notation 2.1.2. For any space X equipped with a metric of the form d% (resp. Jg‘(), we
denote by B (z,r) (resp. B (x,r)) the open ball of radius » > 0 centred at € X, and

B%(x,r) (resp. B&(x,r)) the corresponding closed ball.

2.1.2 Comparison between the Hilbert metric and the projective metric

Fix an affine chart of P(V) containing ). Then an elementary computation yields
Bo(z,r)c(1—e)(Q—x) 42

for all x € Q and r > 0, where (1 —e~2")(Q— )+ is the image of Q under the homothety
(of the affine chart) centred at o and with ratio 1 — e™2".
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A consequence of the above formula is that for any Riemannian metric dp(vy on P(V),
there exists a constant C' > 0 (depending on ) such that do > Cdp(v.

2.1.3 Comparison between two Hilbert metrics

Fact 2.1.3 ([Bir57]). Let Q, C P(V) be two properly conver open sets. If Q' C Q,
then do(x,y) < do/(x,y) for all x,y € Q. If O C Q, then there exists C < 1 such that
dﬂ(l‘ay) < Cdﬂ’(m7y) for all x,y € Q'

Proof. Fix an affine chart that contains Q, and equip it with a norm, denoted by || - ||
Consider a € 9Q, o' € Y, z,y € ',V € 9, and b € 90 aligned in this order. Set
a=|la’ =z, § =o' =yl t = lla=d, " = b/ =y, B’ = ||V’ — 2| and " = [[b—V'||. By
definition of the Hilbert metric,

t+a t'+d a o
doo) =tog (5 219 < doton) =105 (55

Let us now assume that Q' C Q. Set 7 = min{[lp — ¢|| : p € 9Q, ¢ € IV} and
R = max{||p — ¢|| : p,q € Q}. To conclude the proof of Fact 2.1.3, it is enough to show

that
t+ o « t'+ o r o
log <w> <e R log (6) s and log (HB/) <e R lOg (B/ .

The two inequalities are proved the same way. Set f(s) = loglog iig for s € [0, t].

f() — f(0) —/0 f'(s)ds < tmax{f'(s) : s € [0,¢]} < rmax{f'(s): s €[0,t]}.

Thus it is enough to prove that f/(s) < % for any s € [0,¢]. An elementary computation
yields:

1 st8
f'(s) = =
s+
(s+ B)log <;+a)
for s € [0,¢]. This concludes the proof since logu < u — 1 for any u > 0, and ¢t + 8 =
la—yll < R. O

2.1.4 The Hilbert balls are convex

Busemann proved [Bus55, 18.6] that the Hilbert balls of any properly convex open set
Q C P(V) are convex. In fact, he even proved that any uniform neighbourhood of a
convex subset of € is convex. If €) is strictly convex then Hilbert balls are also strictly
convex. Finally, for any r € N, the boundary 0f2 is C” if and only if the Hilbert spheres
are so.

2.1.5 Crampon’s lemma

The Hilbert balls are convex, but the Hilbert metric does not satisfy the stronger con-
vexity property that the functions ¢ — dg(ci(t), ca(t)) are convex for ¢; and ¢y straight
Hilbert geodesics (see [SMO02]). However, a weaker property holds, which was observed by
Crampon, and of which we make extensive use.
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B’

c1(00)

co(—00) ca(—00) 9

c1(—o0) c1(—00)

co(00)

Figure 2.2: Proof of Crampon’s Lemma 2.1.4

Lemma 2.1.4 ([Cra09, Lem. 8.3]). Let 2 be a properly convex open subset of P(V). Let c1
and ca be two straight geodesics parametrised with constant speed, but not necessarily with
the same speed. Then for all 0 <t < T,

do(c1(t), c2(t)) < da(c1(0), ¢2(0)) + da(er(T), c2(T)).

Proof. Tt is enough to establish Lemma 2.1.4 when ¢1(0) = ¢2(0). Indeed, suppose the
lemma true in this case. Consider two straight geodesics c¢; and ¢y, each parametrised with
constant speed. Let c3 be the straight geodesic, parametrised with constant speed, such
that ¢3(0) = ¢1(0) and ¢3(T") = c2(T'). For t < T we have

da(c1(t), c2(t)) < da(ei(t), es(t)) + da(es(t), ca(t))
< dQ(Cl (T), C3 (T)) + dQ (03 (O), Co
S dQ(Cl (T), (&) (T)) + dQ (01 (0), C2

)
))-

We now assume ¢1(0) = ¢2(0) (and that ¢; and o are not constant, otherwise the proof
is trivial). We can then assume that Q has dimension 2, and we can consider an affine
chart in which both projective lines (¢1(—00) @ ca(—o0)) and (c1(00) @ c2(0)) are vertical.
Fix 0 <t <T. We draw Figure 2.2 (left-hand side) which contains the following points:

0
0

e A and B are the intersection points of the line (c2(T") @ ¢1(7")) with 0€;
e C and D are the intersection points of the line (c2(t) @ c1(t)) with 0Q;

e (' and D’ are the intersection points of the line (c2(t)@c1(t)) with the lines (¢1(0)®A)
and (c1(0) @ B).

If we are in the case, as in Figure 2.2, where the lines (¢1(t) @ c2(t)) and (¢1(T) ®co(T))
do not intersect inside €, then by convexity of Q the point C’ lies between C' and co(t)
and D’ lies between D and c¢;(t). Therefore by definition of the cross-ratio we deduce that

do(c1(T), e2(T)) = dicr,pry(er(t), e2(t))
> die,py(ci(t), er(t))
> dg(cr(t), e2(1)).
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It remains to prove that the lines (ci(t) @ ca(t)) and (c1(T") & c2(T")) do not cross
inside €2 (this is the missing explanation in Crampon’s original proof). We draw Figure 2.2
(right-hand side) which contains the points:

e A’ and B’ are the intersection points of the line (¢a(T)@c1(T)) with the lines (¢1(c0)®
c2(00)) and (c1(—00) @ co(—00)).

e z and y are the intersection points of the line (co(—o00) @ c2(00)) with the lines
ci(t) ® A') and (c1(t) @ B).

e a is the intersection point of the line (¢1(—o00) @ ¢1(00)) with the line (ca(—o00) ® A').

And we observe that it is enough to prove that ca(t) is on the segment [z,y]. In other
words we want to establish:

do(c2(0),9)  _ da(ex(0),e2(8) _ ¢ _ da(er(0),e1(t) _ da(es(0),)

da(c2(0), c2(T)) ~ da(c2(0),c2(T)) T da(ci(0),c1(T)) ~ da(ca(0), ca(T))’

For example, if we want to establish the inequality on the right, we see by definition of the
cross-ratio that it is enough to prove:

da(c1(0),c1(t) _ daei(eo)(€1(0), (1)

da(c1(0), c1(T)) ™ dig,er(c0)) (€1(0), er(T)))
It is a consequence of the following lemma. This, and a similar argument for the inequality
on the left, conclude the proof of Lemma 2.1.4. O

. diap)(@y) _ diar p) (@)
(a.b) < day) /
Observation 2.1.5. Tany) @) = s 0)(@7) foralla<ad <x<y<z<belR

Proof. Up to acting by a projective transformation we can assume that x =0, y = 1 and

b = oo. For z > 1 we consider the function: a — f.(a) = % on (—o0,0). We have

to check that this function f, is non-decreasing. This follows immediatly from the fact

—1
that f.(a) = 22Ut

= oe(1=2) for every a < 0, and from the computation of the derivative. O

2.1.6 Weak stable manifolds

The metrics we have chosen on T (Section 2.1.1) combines well with Lemma 2.1.4:

Lemma 2.1.6. Let Q C P(V) be a properly convex open set and v,w € TQ such that
GooW = Goov. Then the function t — dpiq(Prv, prw) is non-increasing.

Proof. In order to prove that ¢ — dpiq(pv, ¢pw) is non-increasing, it is enough to prove
that ¢t — dqo(wdrv, Torw) is non-increasing. Observe that it will also have as a consequence
that dpig (v, w) < do(mv, mw). We fix t > 0. Consider a sequence (z,,)nen € QF converging
to &, and for each n € N, take v, € T}, Q and w, € T}, which define geodesic rays con-
taining x,. Then ¢(v) = lim, 00 P¢(vy) and ¢(w) = limy, 00 Pr(wy,). By Lemma 2.1.4,

do(mdivn, Wqﬁtdg((m,,zn)) wy,) < do(mv, Tw)
do(mv,zn

for any n, and we get the desired inequality by taking the limit, since (%)n tends

to 1. ]
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2.1.7 Shadows

Let z € Q and y € Q and R > 0. The shadow cast on 02 by the balls of radius R around
y with a light source at x are:

QR(%@/) = {5 €0Q: [I‘,f] HEQ(va) 7£ @}’
OR(xvy) = {5 €00 : [x>£] N BQ(va) 7£ ®}

By convexity of Hilbert balls (Section 2.1.4), these two shadows are homeomorphic to
respectively R~ and its closed unit ball, as soon as x ¢ Bq(y, R). By Lemma 2.1.4, for
any ' € [z,y] we have Or(z,y) C Ogr(2/,y).

2.1.8 Terminology for convex sets

We recall here some terminology on convex sets.

Notation 2.1.7. For any subset X of the projective space P(V), the closure (resp. interior
resp. boundary) of X, denoted by X (resp. int(X) resp. 0X), will always be considered
with respect to P(V).

Let K C P(V) be properly convex, i.e. convex and bounded in some affine chart.

e The relative interior (resp. relative boundary) of K, denoted by intye (K) (resp. Ore KX)
is its topological interior (resp. boundary) with respect to the projective subspace it
spans.

e For x € K, the open face of x in K, denoted by Fk(x), consists of the points y € K
such that [x,y] is contained in the relative interior of a (possibly trivial) segment
contained in K. The closed face of x is F(z) = Fk(z).

e A point x € K is said to be extremal (vesp. strongly extremal) if F(x) = {x} (resp.
Fg(xz) ={z} and [z,y] Nint,e) K # 0 for y € Oy K \ {z}); one says that K is strictly
convez if all the points in the relative boundary are extremal (and hence strongly
extremal).

e Assume that K spans P(V) and let £ € OK. A supporting hyperplane of K at & is a
hyperplane which contains £ but does not intersect int(K). Note that there always
exists such a hyperplane. The point ¢ is said to be a smooth or C' point of OK if
there is only one supporting hyperplane of K at &, denoted by T:0K.

e Assume that K spans P(V). The set of smooth (resp. non-smooth, resp. smooth and
strongly extremal) points of 0K is denoted by Osmooth IS (resp. Osing K, resp. Osse K ).

2.1.9 Duality
Let us recall the notion of duality for properly convex open sets, and set some notations
and identifications.

Notation 2.1.8.

e We denote by V* the dual of V| i.e. the vector space of (real) linear forms on V,
and we identify V** with V;

e for each element g € End(V), we denote by ‘g € End(V*) its transpose, defined by

tg-a =aogfor any o € V*, and if g is inversible, then we set g* = fg~1;
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the dual projective space P(V*) identifies with the set of projective hyperplanes of
P(V); note that for any g € PGL(V) and any H € P(V*) seen as a hyperplane of
P(V*), the hyperplane gH = {gx : x € H} C P(V) identifies with ¢*H € P(V*);

the dual of 2, denoted by Q*, is the properly convex open subset of P(V*) defined
as the set of projective hyperplanes which do not intersect €2;

Q) identifies with Q**;

00" identifies with the set of supporting hyperplanes of €2, and if we let € 9Q2 and
H € 99*, then x € H (where H is seen as a supporting hyperplane of Q) if and only
if H € x (where x € 9Q*" is seen as a supporting hyperplane of Q*);

g € PGL(V) — g* € PGL(V") induces an isomorphism between Aut() and
Aut(Q).

Observation 2.1.9. Let Q C P(V) be a properly convex open set.
(i) H € 0Q* is smooth if and only if H N OQ is a singleton.

(i) A smooth point x € 0N is strongly extremal if and only if its tangent space T,0 is
a smooth point of OQV*; in this case T,ON) is strongly extremal.

(i1i) For any H,H' € 0Q*, the segment [H, H'] C Q" is contained in dQ* if and only if
H N H NN is non-empty.

2.1.10 More metrics

In this section we define two metrics : one on the projective boundary 9f2, and one on €.

e The simplicial distance between two points £ and n of 9 is defined as follows (and
it is possibly infinite).

dsp1(&,m) = inf{k : Jag,...,ap € 0N 1 ag = &, a, =, V0 < i <k, [a;, ai41] C 0N}

We set Byp1(€, R) = {&' € 0Q : dopi (€, &) < R} and B (€, R) = {& 1 depi(€,€) < R}
for any R > 0.

e Consider &, 7 € Q. When £ and 7 are on the same open face F of 0, we set dg(&,n) ==
dr(&,n), and otherwise we set dg(€,n) to be infinite. We set Bg(§, R) = {¢ €

d5(¢,¢") < R} and Bg(€, ) {&' + dg(€,¢') < R}, and 0Bq al&, R) = {¢
dg(&,&) = R} for any R > 0.

If © is strictly convex, then dg(§,n) = dsp1(&, 1) = oo for all £, € 0.
The following elementary observation is quite useful, we use it several times in this
thesis.

Fact 2.1.10. Let Q C P(V) be a properly convex open set. The functions dgp) : o0? —
R U {oo} and dg : Q> — RU {oo} are lower semi-continuous. As a consequence, for any
R >0, the map B

Bs(wR) : Q@ — {compact subsets of Q}
§ — Bgl&R)

18 upper semi-continuous in the following sense: all accumulation points of Eﬁ(n, R) when
n — & for the Hausdorff topology must be contained in Bg(§, R).
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Proof. Let us check that dg is lower semi-continuous. Let (2, y, ), converge to (z,y) in [o%
and be such that (dg(@n, Yn))n converges; let us show that the limit is at least dg(z,y). We
may assume that x # y and z,, # y,, for all n. For each n, let a,, b, € 0Q (resp. a,b € 9N)
be such that ay,, T, Yn, by, (resp. a, x,y, b) are aligned in this order and [ay, by,] (resp. [a, b]) is
maximal for inclusion among segments of ; by definition dg(Tn, Yn) = loglan, Tn, Yn, bn)/2
and dg(z,y) = logla,x,y,b]/2, where we set [a,z,y,b] = coif a = x or b = y. Up to
extracting, we may assume that (a,,b,), converges to some (a’,t’) € 9Q2. Since [a,b] is
maximal in Q, it contains [a/, V'], and a,a’, z,y, b, b are aligned in this order. The following
concludes the proof:

[an, Tny Yn, bn] — [d',2,y,0] > [a,z,y,b]. O
n—oo

2.1.11 Benzécri’s compactness theorem and proper densities

In this section we recall Benzécri’s famous compactness theorem, and we see a first con-
sequence for PGL(V)-equivariant volume form on properly convex open sets. We denote
by Ev (resp. &y) the set of properly convex open sets (resp. pointed properly convex
open sets) of P(V). We equip £, with the pointed Hausdorff topology (i.e. the metrisable
topology such that any sequence (z,,,) in & converges to (z,Q) € &£y if and only if
(zn)n converges to x, any sequence in [[, ©, that converges in P(V) has its limit in Q,
and any point of  is the limit of such a sequence).

Fact 2.1.11 ([Ben60, Ch. 5,82, Th.2|). The action of PGL(V) on &3, is continuous, proper
and cocompact.

We recall the notion of a proper density on the set of properly convex open sets. They
prescribe the way to choose a volume form on each properly convex open set in a PGL(V)-
equivariant manner. For the whole paper we fix a density Volp(y) on P(V), seen as a
measure.

Definition 2.1.12. A proper density on &y is a map of the form Q — Volg, where
Q C P(V) is a properly convex open set and Volg is a density on Q with Radon—Nikodym
derivative f(x,Q) > 0 with respect to Volp(v), satisfying the following three conditions.

e (Continuity) The function f : &y — Ry is continuous.

e (Monotone decreasing) Let (x, ) and (y,) € &y,. If x =y € Q C ' then
fa, ) < f(z, Q).
e (PGL(V)-equivariance) For any T € PGL(V),

T, Vol = Volr(q) -

See [Ver17| for more details and examples. We fix for the whole paper a proper density
Q — Vol on &v. One of the key observations that we will need on proper densities is that
for any R > 0, the following quantities are positive and finite (this is a direct consequence
of Fact 2.1.11).

0<x_(R):= min Volg(Bq(z,R)) < x+(R):= max Volg(Bq(z,R)) < .
(2,Q)€EY, ()€€,

(2.1.2)



2.2. AUTOMORPHISMS OF PROPERLY CONVEX OPEN SETS o7

2.1.12 Non-straight geodesics

The following fact says that the only case where a non-straight geodesic can appear is the
one shown in Figure 2.1.

Fact 2.1.13. Let Q C P(V) be a properly convex open set. For x,y € Q distinct, consider
(Qzy, byy) in 002 such that Ay, T, Y, bey are aligned in this order. Let x,y,z € € be pairwise
distinct. Then do(z,2) = da(x,y) + da(y, z) if and only if az. € [azy,ay:] and by, €
[b2y, byz].

This property can be used to prove the following.

Fact 2.1.14 ([FK05]). Let Q C P(V) be a properly convezr open set, I C R a non-trivial
interval and ¢ : I — Q an isometric embedding. For all t < s € I, consider (ais,bis) in
90?2 such that ays, c(t),c(s), bs are aligned in this order. Let Fy (resp. F_) be the smallest
closed face of Q) that contains {bs : t < s € I} (resp. {ars :t <s € 1}). Then Fy and F_
are proper faces of Q, whose dimension is the dimension of the convex hull of ¢(I) minus
1.

Moreover, if supl = oo (resp. inf [ = —o0), then (c(t)); converges to a point of Fy
(resp. F_) when t goes to 400 (resp. —o0).

2.2 Automorphisms of properly convex open sets

2.2.1 Automorphisms with a spectral gap

Notation 2.2.1. If W7 and Wy are two subspaces of V such that W3 N Wy = {0}, we
write Wi @ Wy C V for their direct sum and P(W;) & P(Wy) = P(W; & Wa) for its
projectivisation. In particular, if x,y € P(V) are two distinct points, we write = @ y for
the projective line through = and y. We will often identify subspaces of V with subspaces
of its projective space P(V).

Notation 2.2.2. Let g € End(V) be non-zero.
1. M(g) > -+ > Aat1(g) > 0 are the moduli of the complex eigenvalues of g;

2. w;r C V (resp. Ty, resp. acg) is sum of generalised eigenspaces associated to eigenval-
ues of modulus A\;(g) (resp. Aa+1(g), resp. in the interval (Ag+1(g), A\1(9)));

3. weset yf = af ®a) and y, =z, @), and f = (zF,y)) and f; = (z;,y;);

4. (g) = 3log )\;\ig?g) is set to be zero if A\1(g) = 0 and infinite if A\1(g) > Aa+1(g9) = 0.

Note that .T;]t, ygi, 938, fgi, and £(g) only depends on the image of g in P(End(V)).

Any non-zero element g € End(V) defines a map P(V) \ Ker(g) — P(V). If (g) >0
(i.e. g has a non-zero spectral gap), then we can iterate this map on the smaller subset
P(V) ~\ z,, and its dynamics has the following elementary but interesting feature: the
forward orbit of any compact subset of P(V) ~\ y, accumulates on x;r, which can be seen
as an attracting space for g. If moreover g is an automorphism of a properly convex open
set, the attracting space x;“ must be located on the boundary of the convex set.

Fact 2.2.3. Let Q C P(V) be a properly conver open set.
1. Let g € P(End(V)) be in the closure of Aut(QY), then its kernel and its image intersect
Q but not Q;
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2. let g € Aut(Q) be such that €(g) > 0, let I C R be a segment, and let X be the sum
of the generalised eigenspaces associated to the eigenvalues of norm in I, then X NQ
is a closed face of Q, which is non-empty if I contains A1(g) or Aa+1(9g).

The second point applies in particular when X = :13;, y;, Ty O Y, .

For any g € End(V), its transpose ‘g (see Notation 2.1.8) has the same complex eigen-
values as ¢ (with the same multiplicities) and, under the identification of P(V*) with the
set of hyperplanes of P(V), for any subset A € R, the sum of generalised eigenspaces of
tg associated to eigenvalues with real part in A is exactly the set of hyperplanes of P(V)
that contain the sum of generalised eigenspaces of g associated with eigenvalues with real
part in R \ A.

2.2.2 Proximal elements

Among the endomorphisms with a spectral gap, those which display the simplest (forward)
dynamics on the projective space are the proximal ones.

Definition 2.2.4. Let g € End(V) be non-zero.

1. g is prozimal if X\i(g) > Aa2(g), i-e. if 2} is a line of V, which we identify with the
associated point in P(V);

2. g is biprozimal if it is proximal, invertible and if its inverse is proximal, in this case
xf @z, (see Notation 2.2.1) is the azis of g and is denoted by axis(g).

Note that proximality, biproximality and axis(g) are well defined for g € P(End(V)). Also
note that g is proximal if and only if its transpose ‘g (Notation 2.1.8) is proximal, and xtg
identifies with y ", which is a hyperplane of P(V).

Remark 2.2.5. The set of proximal linear transformations is open in End(V), and the map
sending a proximal linear transformation g to the pair (x;r, associated real eigenvalue) is
continuous.

The previous section implies that proximal elements have an attracting fixed point in
P(V) (i.e. a fixed point z € P(V), with a neighbourhood K such that (¢"K), converges
to x as n tends to infinity). The converse is also true, as attested by the following classical
result.

Fact 2.2.6. Let g € PGL(V) and © € P(V). Suppose that x is an attracting fized point
of g. Then g is proximal and x; =uz.

Proof. Set W := xf. Since any orbit (¢"y), with y ¢ y, accumulates on z}, the point =
must lie in :I:;r, and x is an attracting fixed point of the restriction of g to P(W), denoted
by h. Let us show that W has dimension 1. Consider lifts v € W of z and h € GL(V) of
h such that hv = v. All eigenvalues of k are on the unit circle. If by contradiction A has
another eigenvector w € W, then the restriction of h? to Span(v,w) is the identity, which
contradicts the fact that x is attracting. If by contradiction h has a complex eigenvalue,
then there exists a plane P C 'V (of dimension 2), and a basis v1,v2 € P such that the
restriction of h to Span(v, P), written in the basis v, vy, ve, is

1 0 0
0 cos(f) sin(h)
0 —sin(f) cos(0)
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for some 6 € R, which also contradicts the fact z is attracting. We have proved that
the only eigenvalue of h is 1 and that h has only one eigenvector. If by contradiction
dim(W) > 2, then we can find a plane P C W (of dimension 2) which is preserved by h
1) , and this contradicts

. . . .. = . (1
and contains v. In a suitable basis, the restriction of h to P is <0 1

the fact that x is attracting.

This, combined with Fact 2.1.3, yields the following generalisation of (a weak version
of) the Perron—Frobénius theorem.

Fact 2.2.7 (|Bir57]). Let g € PGL(V). Suppose that g contracts a properly convex open
set, in the sense that there exists a properly convex open set 0 C P(V) such that g(Q) C €.
Then the restriction of g to Q is C-Lipschitz for some 0 < C < 1, with respect to the

Hilbert metric, and g is prozimal with x; € Q (which is the only fized point of g in §1).

2.2.3 The translation length of automorphisms of properly convex open
sets

For any automorphism ¢ of a properly convex open set 2, the algebraic quantity £(g)
(Notation 2.2.2) may be interpreted thanks to the following fact as a geometrical quantity
of the action of g on €2: more precisely as its translation length.

Fact 2.2.8 (|CLT15, Prop.2.1]). For any properly convex open set Q@ C P(V) and g €
Aut(Q) and o € Q,

1
U(g) = inf{dq(z,gz) :x € Q} = le —dq(o,9"0).
n—o0o N

If 0, go and g*o are aligned, then dq(o, go) = £(g).

The question whether this infimum can be attained is interesting. Let ) be a properly
convex open set and g € Aut(€2). Recall that if Q is an ellipsoid, then there are three
possibilities: either g fixes a point of Q (g is elliptic), or £(g) = 0 and ¢ fixes exactly one
point of Q, which is in 9Q (g is parabolic), or £(g) > 0 and g fixes exactly two points of
012, and the geodesic between them is exactly the set of x such that do(z, gx) = £(g) (g is
hyperbolic). This classification still hold when € is strictly convex case (see Section 9.1),
but not in general.

2.2.4 Quantifying the properness of the action of automorphisms

For any element g € GL(V), define

(9) = 5108 (lall ™), (22.1)

where ||-|| is the operator norm on End(V); this quantity is also well defined if g € PGL(V).

Fact 2.2.9 (|[DGKa, Prop.10.1]). For any properly conver open set Q C P(V) and any
point © € Q, there exists C > 0 such that k(g) — C < dq(z,gx) < k(g) + C for any
g € Aut(9).

The constant C' is a function of (z,2) € & that can be taken continuous.
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2.3 Groups of automorphisms of properly convex open sets

2.3.1 Irreducibility and strong irreducibility

A subgroup I' € PGL(V) is irreducible if it does not preserve any proper subspace of P(V).
It is moreover called strongly irreducible if every finite-index subgroup is irreducible.

Notation 2.3.1. For any subgroup I' C PGL(V), we denote by I'4 the Zariski-connected
component of the identity component. It is a finite-index subgroup, and it is topologically
irreducible for the Zariski topology, in the sense that every Zariski-open non-empty subset
is Zariski-dense.

If the action of I on P(V) is strongly irreducible, then the action of ' is irreducible.
Conversely, assume that I'Z is irreducible. Let P(W7)U---UP(W,,) C P(V) be a finite union
of proper subspaces, and z € P(V). The sets {g € I'% : gz & P(W;) }1<i<n, are Zariski-open
and non-empty since the action of I'4 irreducible; by topological Zariski-irreducibility, these
sets are Zariski-dense, and hence have a non-empty intersection. We have proved that I'g,
and hence T, act strongly irreducibly on P(V).

Fact 2.3.2 ([Ben97, Lem. 3.6.ii]). Let I’ C PGL(V) be a strongly irreducible subgroup that
contains a proximal element. Then I' contains a biprorimal element.

Proof. Let v € T'Z be proximal. Let A € P(End(V)) be an accumulation point of (y7"),.
By strong irreducibility, we can find g and h € T§ such that gz & Ker(A), and hAgxd ¢
Yy, » and g_1:1:;r ¢ Ker(A) and h_lAg_l:L“;r ¢y, . Then gy"hy~™ is biproximal for n large
enough. O

2.3.2 The proximal limit set

Following the work of Guivarc’h and Benoist, we define as follows the proximal limit set of
any subgroup of PGL(V) (which do not necessarily preserve a properly convex open set).

Definition 2.3.3. Let I' C PGL(V) be a subgroup. The prozimal limit set of I, denoted
by AP or simply Ap, is the closure of the set of attracting fixed points of proximal
elements of I

Of course, the proximal limit set is sometimes empty, even for interesting groups. The
following fact ensures that most of the groups we are concerned with in this thesis have a
proximal element.

Fact 2.3.4 (|Ben00a, Prop.1.1]). Let Q C P(V) be a properly convex open set and I' C
Aut(Q) an irreducible subgroup. Then T' contains a prozimal element.

We will also see (Proposition 2.3.15) that if T acts cocompactly (or more generally
convex cocompactly) on €, then I" must contain a proximal element, even if it is not
irreducible.

Remark 2.3.5. As observed by Benoist [Ben97, Lem. 3.6.ii], for any irreducible subgroup
I' € PGL(V) which contains a proximal element, the proximal limit set is the smallest
closed T-invariant non-empty subset of P(V); in particular, the action of ' on Ar is
minimal (i.e. any orbit is dense). Indeed, consider any closed I'-invariant non-empty subset
X C P(V) and any proximal element v € T'. By irreducibility, X contains a point = outside

Y5 , and then :cfyr, which is the limit of the sequence (y"x),en, belongs to X.
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IfT' € PO(d, 1) is the fundamental group of a (non-elementary) real hyperbolic orbifold
M of the form Q/T (where Q is an ellipsoid), then the proximal limit set of T" in P(R3*1)
coincides with the set of accumulation points in 92 of any I'-orbit of , simply called limit
set in this setting. Then there is a rich interaction between the action of I' on pairs of
points of the limit and the action of the geodesic flow on 7M. This is the reason why

we want to make the following definition in the more general setting of convex projective
orbifolds.

Definition 2.3.6. Let 2 C P(V) be a properly convex open set and I' C Aut(2) a discrete
subgroup; set M = Q/T". The biprozimal unit tangent bundle is denoted by Tleip, and
consists of the vectors whose lifts v € T'Q have ¢oov and ¢_oov in Ar.

2.3.3 The biproximal limit set

Guivarc’h and Benoist actually defined much more general limit sets for subgroups of more
general semi-simple Lie groups. More precisely these limit sets are subsets of a flag variety
of the semi-simple Lie groups. We will not enter such a generality here, but we need to
introduce the limit set in another flag variety of PGL(V):

Notation 2.3.7. Using the same notations as Benoist [Ben00a|, we denote by Q(V) the set of
pairs (z, H) € P(V) x P(V*) such that x € H. Two pairs (z, H), (', H') € P(V) x P(V*)
are called transverse if v # 2/, H # H', x ¢ H' and 2/ ¢ H, in which case we write
(z, H) th (', H'). Observe that, for any biproximal element g € PGL(V), the point f" is
an attracting fixed point for the action of g on P(V) x P(V*), i.e. (¢"(x, H)), converges
to f,5 for any pair (z, H) € P(V) x P(V*) transverse to f, .

Definition 2.3.8. Let I' C PGL(V) be a subgroup. The biprozimal limit set, denoted by
Atlilp, is the closure in Q(V) of {f, : g € I biproximal}.

Benoist proved that the following results, analogous to Remark 2.3.5. Later on we will
need a generalisation of them, that encompasses groups which are not necessarily strongly
irreducible (see Proposition 3.2.3).

Fact 2.3.9 ([Ben97, Lem.3.6.ii]). Let I' C PGL(V) be a strongly irreducible subgroup
that contains a prozimal element. Then the biproximal limit set is the smallest closed T'-
invariant non-empty subset of P(V) x P(V*); in particular, the action of I' on A‘;lp 18
minimal, and the projection of A?ip on the first coordinate in P(V) is AR

More precisely, for any (x,H) € P(V) x P(V*), for any biproximal element v € T, for
any neighbourhood U C P(V) x P(V*) of f, the subset {g € TG : g(x,H) € U} C T}
18 Zariski-dense. In particular, the set of flags of A?P which are transverse to (x,H) is
dense.

2.3.4 Convex cocompact actions

Let M = Q/T' be a convex projective orbifold. The proximal limit set of I" is contained
in 9Q, but if Q is not strictly convex, then it can happen that the set of accumulation
points in 9 of I' - x depends on z € 2, and contains Ar as a proper subset. Based on this
observation, Danciger-Guéritaud-Kassel defined another limit set.

Definition 2.3.10 ( [DGKa|). Let Q C P(V) be a properly convex open set and I' C
Aut(Q) a subgroup, set M = Q/T". The full orbital limit set of T is

AFP@) =00n T =,
€
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which we denote by Al‘lrb when the context is clear. Similarly to T’ 1Mbip, we consider
TlMcor = {U S TIQ : ¢ioov € Ai—)\rb}/l_‘ (- TlM

Finally, the convex hull in  of the full orbital limit set is denoted by C&"(I'), and its
projection in M is called the convezr core of M. Observe that Affb (resp. T Meor) always
contains Ap = AR (resp. T Myyp).

One can check that if Q is strictly convex with C! boundary and I is non-elementary
rank-one, then Ap = A%rb.

The full orbital limit set turns out to be the good way to define convex cocompact ac-
tions in general convex projective geometry. Recall that in real hyperbolic geometry, many
properties of compact manifolds are actually also true for the broader class of manifolds
with a compact convex core, in other words manifolds that are quotients of convex cocom-
pact actions, and the proofs of these properties generally work verbatim. This observation
remains valid in convex projective geometry.

Definition 2.3.11 (|[DGKa, Def. 1.11]). Let Q@ C P(V) be a properly convex open set, and
I' C Aut(92) a discrete subgroup. The action of I on Q is said to be convex cocompact if
the convex core of M = Q/I" is non-empty and compact.

If the action of I' on 2 is convex cocompact, then the convex core of M and CF*(I') C Q
are closed subsets, and one can further prove the following.

Fact 2.3.12 (|[DGKa, Cor.4.9 & 4.11]). Let Q C P(V) be a properly convex open set, and
I' C Aut(2) a discrete subgroup that acts convex cocompactly. Then A = C&*(T') N 0N
(and hence is closed), and it contains the open face of all its points.

This implies that 7" M., consists exactly of the vectors whose entire (¢¢)-orbit lies in
the convex core of M.

Note also that if I" divides a properly convex open set €2, then the convex hull of any I'-
orbit in € is equal to Q (this is due to Vey [Vey70, Prop. 3]), hence C§*(I') = Q and I acts
convex cocompactly on 2. Compared to cocompact actions, one of the advantage of convex
cocompact actions is that they are easier to construct: see for instance [DGKa, §1.4-1.6—
1.7-4.1-10.7] and [DGKLM]J.

2.3.5 The conical limit set

Like in hyperbolic geometry, there is a characterisation of convex cocompactness in terms
of a third limit set. This limit set also has a dynamical interpretation, which, as we saw
in the introduction, plays an important role in the HT'SR dichotomy (see Theorem 6.0.1).

Definition 2.3.13. Let Q C P(V) be a properly convex open set, and I' C Aut(Q) a
discrete subgroup. £ € Al(lrb is a conical limit point if there exists a sequence of elements
(Yn)n C T such that (y,2), converges to ¢ and sup,, do(Vnz, [z,&)) < co for some x € Q.
We denote by A" the set of conical limit points.

One can check that if £ € Af" then the entire open face Fq(&) of £ is contained in
AR,

Fact 2.3.14 ([DGKa, Cor.4.9 & Lem. 4.19]). Let Q C P(V) be a properly convez open set,
and T' C Aut(Q) a discrete subgroup. Then the action of T' on  is convexr cocompact if
and only if A‘f?b 1s closed and every point in it is a conical limit point.
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2.3.6 Proximality of convex cocompact actions

Proposition 2.3.15. Let Q C P(V) be a properly convex open set, and I' C Aut(Q2) a
discrete subgroup that acts conver cocompactly on Q. Then I' contains a proximal element,
and AX'™* is the closure of the set of points Alofb that are extremal in Q.

Proof. Before giving the proof in full generality, let us explain it in a particular case.
Suppose I' is irreducible and acts cocompactly on €2, and is a subgroup of SL(V) instead
of PGL(V). Let £ € 00 be extremal, and (z,), a sequence in Q converging to . By
cocompactness, there exists (y5)n C I' such that (y,2), is at bounded distance from (z,,)p
for any z € Q. Moreover Fq(¢) = {£} since ¢ is extremal, so (Bq(zn, R)), converges to
{&} for R > 0 by Fact 2.1.10. This implies that

(V)0 — & Ve el (2.3.1)

Up to extraction, we may assume that (|vn|~'yn)n converges to some non-zero vy €
End(V), where || - || is any fixed norm on End(V). Then (2.3.1) implies that the im-
age of v is contained in the line £. Since « is non-zero, its image is exactly €. Since I’
is irreducible, there is g € I' such that the kernel of v¢g does not contain &, so that vg is
proximal with attracting fixed point . Proximality is an open condition, so ||y, | vng,
and hence also v,g9 € T, is proximal for n large, with attracting fixed point near &.

We now give the proof in full generality. We denote by T the closure of ' in P(End(V)).
By Fact 2.3.12, each extremal point of the properly convex open set C°" = C§"(I') is an
extremal point of Q. For each extremal point & € AP of C, we can choose a point
z € Q and a sequence (V,), in I' such that (y,2), converges to &, and (7,), converges
to an element A¢ of I'. By Fact 2.2.3, the kernel of A¢ does not intersect €2, and (y,y)n
converges to Ay for any y € Q. By Fact 2.1.10, and since § is extremal for €2, the sequence
(YnY)n also converges to £ for any y € 2. As a consequence, the image of A¢ is exactly &.

Let us fix & € A°™P extremal and prove that & € AP™. Since Cr is the convex
hull of its extremal points, we can find one outside Ker(A¢, ), which we denote by &. By
induction, we can find &, ..., &1 € AP extremal such that &1 ¢ Ker(4g,) for any
1 <7 < d, and this implies that § = A¢, 41 € I' - §41. By induction, § € I' - &; for any
1 <i<d+ 1. For each i we set A; = Ag,.

Let us assume by contradiction that & ¢ AP™X, Then & ¢ AP for any 1 <i<d+1
as AP™ is closed and I'-invariant. For all 1 < ¢ < j < d+ 1, the image of A;---A; is
&, therefore A;---A;j is not proximal, so its kernel, i.e. Ker(A;), must contain &. For
any 1 <14 < 4, the point &1 is in Ker(A;+1) N--- N Ker(Ag4+1) but not in Ker(A4;). We
have proved that (Ker(A4;) N ---NKer(Aqs1))] is an increasing sequence of non-empty
subspaces of P(V) of length d+ 1; this contradicts the fact that V has dimension d+1. 0

2.3.7 Duality for convex cocompact actions

Let Q C P(V) be a properly convex open set and I' C Aut(Q2) a discrete subgroup. If T’
acts cocompactly on €, then it also act cocompactly on the dual Q* (see [Ben04, Lem. 2.8]).
However, it is not always true that if I' acts convex cocompactly on 2 then it also acts
convex cocompactly on Q*. Convex cocompactness is stable under duality in a weaker
sense thanks to the following result.

Fact 2.3.16 (|[DGKa, Cor.4.18-5.4 & Prop.5.10|). Let Q C P(V) be a properly convex
open set and I' C Aut(Q) a discrete subgroup that acts convex cocompactly on Q. Then

there exists a I'-invariant open convezr subset 1 C Q such that I acts conver cocompactly
on both 1 and Q7.
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Moreover, AZP(T) = AZP(D) and C™(T) = CE™(T), hence (TMQ/T)cor = (T1Q1 /T )cor-
Finally, Q1 < A?{P(F) has compact quotient under I', and has bisaturated boundary, in the
sense that [£,1] N Qy is non-empty for all € € A and n € Q1 ~ A°™,

Given a discrete subgroup I' C PGL(V) that acts convex cocompactly on some properly
convex open set, Danciger—-Guéritaud—Kassel gave an interesting description of the set of
[-invariant properly convex open sets [DGKal.

2.3.8 A convex projective critical exponent

Let Q C P(V) be a properly convex open set and I' C Aut(2) a closed subgroup equipped
with a Haar measure Haarpr. We have seen in Section 1.4.2 the importance of a geometrical
quantity associated to I' and the Hilbert metric on €2 called the critical exponent, and
defined, for any z € €, as

dr = limsup ! log Haarp{y € I' : do(x,vx) < r}.
r—oo T
In Section 2.1.11, we have fixed a Aut(2)-invariant measure on €2, denoted by Volg, and
in Section 1.4.2 we have also seen the importance of the volume entropy of Volg, denoted
by dvol,. One can check that ér is always bounded above by the volume entropy dvol,-
The following result will allow us to apply Fact 1.4.1 to our convex projective setting.

Fact 2.3.17 ([Thol7, Th.2|). Let Q C P(V) be a properly conver open set. Then dyo), <
d — 1. In particular, for any closed subgroup I' C Aut(QY), the numbers dp and dvol, are
finite.

Acoording to Fact 2.2.9, it turns out that the critical exponent Jr is independent of
Q) and its Hilbert metric, and the defition of critical exponent can naturally be extended
to any closed subgroup of PGL(V), and more generally to any representation of a locally
compact second countable group in PGL44+1(C). We will need this generality for several
reasons in Sections 9.2 and 11.2.

Let T" be a locally compact second countable group with a Haar measure Haarr and
p: T — PGLg11(C) a representation. The (convex projective) critical exponent of p is

d, = limsup ! logHaarp{y € T : k(p(v)) < r} € [0, x0]. (2.3.2)
r—oo T

In other words, if I' is non-compact, then ¢, is the supremum of the numbers § such that

> er e~ 9%5(r(M) diverges. Moreover, p is said to be divergent if > ver e~ 00r(P(M) diverges,

with the convention that e™>° = 0.

If I' € PGLg41(C) (resp. GLg+1(C)), then we denote by dr the critical exponent of
the inclusion (resp. projection) of I' in PGL44+1(C), and T is said to be divergent if this
inclusion (resp. projection) is.

The following classical fact is a consequence of the Tits alternative and of the sub-
additivity of k. It applies to all strongly irreducible discrete subgroups of PGL441(C),
and non-elementary rank-one discrete groups of properly convex open sets. See also
Lemma 11.2.1.

Fact 2.3.18. Let I' € PGLq411(C) be a discrete subgroup that is not virtually solvable.
Then ér > 0.
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Chapter 3

The rank-one condition

In this chapter, we recall the definition, due to M. Islam [Isl], of rank-one automorphisms
and rank-one groups of automorphisms of a properly convex open set, and of rank-one
convex projective orbifolds. We establish several useful properties of these.

3.1 Rank-one automorphisms

3.1.1 The definition

The dynamics of biproximal elements g € PGL(V) on P(V) display a generalised (higher-
rank) form of North-South dynamics with poles z}" and T, , in the sense that the forward
(resp. backward) orbit of a point in P(V) \ y, (resp. P(V) ~\ ) tends to z (resp.
z, ). (Recall Notation 2.2.2 and Definition 2.2.4.) However, the forward orbit of a point in
Yg {:r;} accumulates in xg. For our purpose, it will be convenient to consider biproximal
automorphisms of a properly convex open set ) that satisfy additional properties: having
a North-South dynamics on € in the usual sense, i.e. the forward (resp. backward) orbit
of any point of Q distinct from x; (resp. ) tends to ] (resp. z, ), and also having an
axis inside €; following the work of M. Islam [Isl| (and also A.Zimmer [Zim]), we shall call
such automorphisms rank-one. Figure 3.1 illustrates three basic examples of rank-one and
non-rank-one automorphisms. Note that Islam’s definition is formulated differently; we
check in the next section that his definition is equivalent.

Definition 3.1.1 ([Is], Def. 6.2 & Prop. 6.3]). Let  C P(V) be a properly convex open set
and g € Aut(Q2). The element g is called rank-one if it is biproximal, if y; Uy, intersects

Q exactly at x; and z,, and if the axis of g intersects (2.

Definition 3.1.1 was inspired by a similar notion in Riemannian geometry, introduced
by Ballmann—-Brin-Eberlein [BBES5, Def. p. 1].

3.1.2 Characterisations

Given a biproximal automorphism g of a properly convex open set €1, there is an interesting
relation between the rank-one property of g, that of its dual ¢* € Aut(2*) (Notation 2.1.8),
and several regularity properties (from Section 2.1.8) of x; and z, € 0N The following
results generalise characterisations of Islam [Isl, Prop. 6.3|, with shorter proofs.

Lemma 3.1.2. Let Q C P(V) be a properly conver open set and g € Aut(QQ) biprozimal.
Then

67
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+ 0t
" 1
Jg x;— J!}
— —— Yy
5”2 T, :1:2 z
y, NOQY# {x,} g is rank-one axis(g) N Q2 =0

Figure 3.1: Rank-one and non-rank-one biproximal automorphisms. Note that the right
picture is the dual of the left picture.

1. axis(g) N Q is non-empty if and only if x;r s smooth, in which case ng;@Q = y;r;

2. g is a rank-one automorphism of Q0 if and only if its dual is a rank-one automorphism
of QF, if and only if :c; and x, are smooth and strongly exiremal points of OS2, if
and only if x; and x; are strongly extremal.

Proof. The proof basically follows from Observation 2.1.9. Recall also that x;r,:r; € 00
and that y, and y; are supporting hyperplanes of Q by Fact 2.2.3. The fact that y N9Q =
{z} exactly means that y; is a smooth point of the boundary of the dual Q* of Q. Since
the backward orbit of any point of y ~\ {z}} accumulates in z, it is also equivalent to
asking that :1:2 NQ is empty, or, in other words, that the axis of g* intersects Q*. Therefore, if
g is rank-one, then =}~ and z, are smooth and strongly extremal points of 9€; the converse

g
holds trivially. O

Let us give another characterisation of the rank-one property, which uses the simplicial
metric dgp) introduced in Section 2.1.10.

Lemma 3.1.3. Let Q C P(V) be a properly convex open set and g € Aut(QQ) such that
(9" )n is not relatively compact, and such that g fizes two points &, 1 € 0 with dsp1 (€, 1) > 1.

(1) If & and n are extremal, then g is biprozimal and {§,n} = {x},x, }.
(2) If dspi(§,m) > 2, then g is rank-one and {&,n} = {z ],z }.

Proof. We fix x € (£®n)NQ; up to switching £ and 1, we can assume, since g has infinite
order, that (¢"x),, converges to & (resp. ) when n goes to +oo (resp. —oo). Then € € :1:;
and n € x, by Fact 2.2.3.

Let us assume that £ and 7 are extremal, and show that g is proximal. The natural
projections of (Bq(g"z,1)), in P(V/n) yields a sequence of properly convex open sets
(Q,)n, which is non-increasing for the inclusion by Lemma 2.1.6. Since & is extremal,
dg is lower semi-continuous, and since (¢"x),>o converges to &, the sequence (Qy)n>0
converges to the projection of £ in P(V/n). The projection in P(V/n) of £ lies in Qy,
so it is an attracting fixed point for the action of g. By Fact 2.2.6, the action of g on
P(V /n) is proximal, and so it is on P(V) (since n € x,). Since { € x}, we have { =z}
Symmetrically, g~! is proximal with n = Ty

Assume that dgp1(€,1) > 2. According to (1) and Lemma 3.1.2, it is enough to show
that ¢ (and similarly n) is strongly extremal. Assume the contrary: then we can find
g € 00 ~\ {£} extremal with [, ¢'] C 0Q. By upper semi-continuity of dg and since
dg(&,[n,¢']) = oo, the Hilbert distance from ¢"x to [n,£'] goes to infinity with n. As a
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consequence, the Hilbert distance from x to [n, g7"¢'] also goes to infinity, which implies
that [n,&"] € 99Q for any accumulation point " of (¢7"¢),. But [£,&"] C 09, which
contradicts that dspi(&, 1) > 2. O

Corollary 3.1.4. For any properly convex open set Q2 C P(V), the set of rank-one elements
of Aut(Q) is open.

Proof. This is an immediate consequence of the fact that biproximality is an open condi-
tion, of the fact that dgp is lower semi-continuous, and of Lemma 3.1.3. O

3.2 Rank-one groups

We shall use the following terminology.

Definition 3.2.1. Let Q C P(V) be a properly convex open set. A subgroup I' C Aut(£2)
is rank-one if it contains a rank-one automorphism of €.

In this case, we say that I' is non-elementary if no finite-index subgroup fixes a point
of Q, or, equivalently, if T4 (from Notation 2.3.1) fixes no point of Q.

3.2.1 Non-elementary rank-one groups act minimally on their limit set

The goal of this section is to prove the following result, which is analogous to Remark 2.3.5
and Fact 2.3.9. Recall that transversality was defined in Notation 2.3.7, and the biproximal
limit set in Definition 2.3.8.

Proposition 3.2.2. Let Q C P(V) be a properly conver open set and I' C Aut(Q)) a
non-elementary rank-one subgroup. Then Alliip projects onto ALY and is the smallest T'-
invariant subset of Q x Q*; in particular I' acts minimally on it.

More precisely, for any (z, H) € Q x Q*, for any biprorimal element v € T, for any
neighbourhood U C P(V) x P(V*) of ff, the subset {g € T : g(x,H) € U} C T§ is
Zariski-dense. In particular, the set of flags of the biprorimal limit set A}Zip which are
transverse to (x, H) is dense.

A more general result

In order to prove Proposition 3.2.2, we will use the following more general result, which
can also be used to prove Fact 2.3.9.

Proposition 3.2.3. Let I' C PGL(V) be a subgroup that contains a biprozimal element,
and F C P(V) x P(V*) a closed I'-invariant subset that contains A?ip, Assume that for
all f,f' € F, there exists g € T% such that gf is tranverse to f'. Then for any f € F, for
any biprozimal element v € T', for any neighbourhood U C P(V) x P(V*) of f,;r, the subset
{9 €T%:gf € U} C 1% is Zariski-dense. In particular, _Altiip 1s the smallest I'-invariant
non-empty closed subset of F, so I' acts minimally on Ablp, and finally the set of flags in

bi . .
AL® which are transverse to f is dense.

Proof. The subsets {g € TG : gff M f7} and {g : gf t f} of T§ are Zariski-open,
and non-empty by assumption; by topological irreducibility, they are dense. Thus, their
intersection A is Zariski-open and Zariski-dense in I'3.

Let us show that the Zariski-closure B of {g € T4 : gf € U} in '} contains A. Let
g € A. Let K C U be a compact neighbourhood of f,j’ such that K U gK is made of
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elements transverse to f.. The set S = {g € T§: g(K U {f} C K} is a sub-semi-group of
I'Z which is contained in B. Let N > 0 be large enough so that v*(K UgK U{f} C K for
any n > N. Then v and v"g~™ belong to S for any n > N. Since the Zariski-closure of
a semi-group is a group, we conclude that g € B. ]

Putting flags into general position

Let us now check that we can apply Proposition 3.2.3 to non-elementary rank-one groups.
For this, let us first state an immediate consequence of Fact 3.1.3. Let Q C P(V) be a
properly convex open set, g € Aut(Q) a rank-one element, and (z, H) € Q x Q* any pair. If
v #xf and H # yl, then (z, H) i f5; if (z, H) € Q(V) (i.e. if z € H) and (z, H) # f,,
then f i (x, H).

Lemma 3.2.4. Let Q C P(V) be a properly convex open set and I' C Aut(Q) a non-
elementary rank-one subgroup. Then for all (z, H),(2', H') € Q x Q*, there ezists g € I'%
such that g(x, H) is transverse to (z', H').

Proof. Let v € T be rank-one. Let us show first that there exists g € I'Z such that
g(z, H)  f. Indeed let g, h € T§ be such that f, gf and hfl are pairwise distinct,
and hence transverse. If (z, H) is not transverse to fj nor g fj , then it must be transverse
to hfl.

Let us conclude the proof. Let g € T§ be such that g(z, H) t f, so (y"g(z, H))n
converges to f-F. Let h € I'§ be such that hf i (2, H'), then hy"g(z, H) i (z', H') for
n large enough. O

Proof of Proposition 3.2.2

Thanks to Proposition 3.2.3 and Lemma 3.2.4, we only have to prove that A})ip projects
onto AP'™*. Consider g € T4 proximal. Pick (z, H) € A?p. By Lemma 3.2.4, there exists
h € T4 such that h(x, H) is transverse to (z,y, ), where y, =z, @ xg. Then hx & y, ,
and (g"hx), converges to x;.

3.2.2 How to make non-elementary rank-one groups strongly irreducible

In this section, which is part of a collaboration with F.Zhu [BZ21]|, we show that non-
elementary rank-one groups behave as if they were strongly irreducible, although this is
not always the case; consider for example a cocompact lattice T of SO(1,2) C SO(1,3) C
SL(4,R), where T' preserves the span of the proximal limit set AR (Definition 2.3.3),
which is a proper subspace of P(R%).

A criterion for irreducibility

The following result asserts that the only other possible obstruction is that the span of the
dual proximal limit set is a proper subspace of the dual projective space.

Proposition 3.2.5. Suppose we have Q C P(V) a properly conver open set, and T a
non-elementary rank-one subgroup of Aut(2). Then the following are equivalent:

(i) AL spans P(V) and AR spans P(V*);
(i) T is irreducible, i.e. the only T-invariant subspaces of V' are trivial;

(iii) T is strongly irreducible, i.e. all finite-index subgroups of I' are irreducible.
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Proof. Strong irreducibility implies a fortior: irreducibility, i.e. (iii) implies (ii).

(i) implies (i) because AL (resp. APY™) is I-invariant (resp. [*-invariant), and I is
irreducible if and only if I'* is irreducible.

Any finite-index subgroup of I' is non-elementary and rank-one, with limit set AR,
and dual limit set AP.”. Thus, to establish that (i) implies (iii), it is enough to prove that
(1) implies (ii).

Suppose we have a I'-invariant subspace W C V. If P(W) contains a point of A?“’X,
then it contains them all by Proposition 3.2.2, and W = V since AL spans V. Let us
assume the contrary. Then for any proximal element v € I', we have xj ¢ W, and one
can check that this implies that W C y (because W is ~-invariant). In other words,
W C ﬂHeAlEi‘”‘ H which is trivial because AR” spans V*. O

Restricting and projecting properly convex open sets

As Crampon—Marquis observed in the strictly convex setting, Proposition 3.2.5 has inter-
esting consequences: in many cases, given a non-elementary rank-one group I', one can, by
“restricting to the spans of AP and ARX™, project I" onto a strongly irreducible rank-one
group IV, and then try to pull back properties of I to obtain results on I'. Let us formalise
this idea.

Consider two subspaces Vi1, Va C V. Given a subgroup G of GL(V) (or of PGL(V)),
we denote by G'1 (resp. G¥1'V2) the set of elements of G preserving P(V7) (resp. P(V}) and
P(13)); we naturally identify V1 /(ViNVa) (resp. (V/V3)*) as a subspace of V/V3 (resp. V¥).
To produce the natural map from GL(V)"1:"2 to GL(V;/(V1NV3)) (resp. from GL(V)"2 to
CGL((V/V2)*)) one can equivalently go through GL(V;)'"2 or GL(V /V,)Y1/(ViV2) (resp.
GL(V /V3) or GL(V*)(V/V2)"),

Consider a properly convex open set 2 C P(V). We write QNV; to denote QNP (V;) and
2/ V5 to denote the projection of 2 in P(V/V5). Assume that QNV; # @, that QNVe = @
(i.e. Q*N(V/Va)* # @), and that (2N V7)/(V1NV3) is equal to (/Ve) N (V1/(ViNV3)).
Then (£2/V5)* naturally identifies with Q* N (V /V5)*. Denote by p the natural map from
Aut(Q)V1Y2 to Aut((Q2N V4)/(Vi N Va)). Using Fact 2.2.9, one can find a constant C' > 0
such that

C~'k(g) < rlp(g)) < Cr(g) (3.2.1)

for any g € Aut(Q)"""2; in particular, this implies that the map p is proper. Note that to
find C one can use a duality argument, in order to reduce to the case where V5 is trivial.

Another useful formula (using Notation 2.2.2) will be the following: for any g €
Aut(Q)V1:V2

U(p(g)) = €(g)- (3.2.2)

To see this, it suffices (using again a duality argument) to fix g € Aut(Q)"* with £(g) > 0
and check that ¢(p1(g)) = ¢(g). That £(p1(g)) < £(g) is obvious. To establish the converse
inequality, we only need to show that gt N'Vj and g~ N V; are nonempty, where g+ (resp.
g~ ) is the sum of all generalised eigenspaces associated to eigenvalues with maximal (resp.
minimal) moduli. Observe that any accumulation point of (¢"x), (resp. (¢7"x)y), where
x € QN V7, belongs to gt NP(Vy) (resp. g~ NP(V1)).

Let us apply the previous observations to non-elementary rank-one subgroups of I' C
Aut(2). Then the span Vi of the proximal limit set AR intersects €, and similarly
Vy = Span(AR) intersects Q* # 0. Furthermore, (2N V1) /(ViNVa) is equal to (2/V2) N
(Vi/(Vi N Va)), where Vo = (V*/V3)* is the intersection of all hyperplanes in Aj.. Thus,
we obtain by Proposition 3.2.5, and (3.2.1) and (3.2.2), the following lemma.
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Lemma 3.2.6. Any non-elementary rank-one group T' preserving a properly convex open
set projects via a morphism p onto o strongly irreducible rank-one group preserving a prop-
erly convez open set, with £(p(7y)) = €(~y) for any v € I'. If moreover I' C PGL(V) is closed
(resp. discrete), then p may be taken proper (resp. with finite kernel and discrete image).

Note that the restriction to AR of the projection P(V) — P((VNV;)/(VanVh)) is not
in general injective, so we cannot identify AX™* with its image AEE?’)‘. However injectivity

holds if €2 is strictly convex.

3.3 Rank-one convex projective orbifolds

3.3.1 The definition

We shall use the following terminology.

Definition 3.3.1. Let Q@ C P(V) be a properly convex open set and I' C Aut(2) a discrete
subgroup; set M = Q/T". The orbifold M is said to be rank-one if ' is rank-one. In this
case, M is said to be non-elementary if I is.

Let v € T’ be a biproximal (resp. rank-one) element whose axis meets . Then the
projection of axis(y) on T'M is a periodic (¢)-orbit, which is said to be associated to
v, and to be biprozimal (resp. rank-one); the unit tangent vectors along this geodesic are
also said to be biprozimal (resp. rank-one) periodic. Thus, M is rank-one if and only if it
contains a rank-one periodic geodesic.

Let us also define rank-one geodesics which are not necessarily closed.

Definition 3.3.2. Let Q@ C P(V) be a properly convex open set. A unit tangent vector
v € T'Q, and the geodesic it spans, are called rank-one if ¢oov and ¢_oov are C' and
strongly extremal points of 0.

3.3.2 A characterisation of the non-elementary condition for rank-one
convex projective orbifolds

Let us prove the following result, which is classical in several geometrical settings, such as
hyperbolic geometry.

Proposition 3.3.3. A rank-one convex projective orbifold M = Q/T" is non-elementary
if and only if ' does not contain Z as a finite-index subgroup, which is also equivalent to
asking that #A}lilp > 3.

In other words, for any properly convex open set Q C P(V), a discrete rank-one
subgroup of Aut(£2) is non-elementary if and only if it does not contain Z as a finite-index
subgroup. Note that, if for instance  is an ellipsoid, then the stabiliser in Aut(£2) of any
point of 9N is a (non-discrete) elementary rank-one subgroup of Aut(2), is not virtually
isomorphic to Z, and its proximal limit set is 0f2.

How to use discreteness

The following lemma is a convex projective version of a result which is classical in the
setting (for instance) of hyperbolic geometry. We use it to prove Proposition 3.3.3.
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Lemma 3.3.4. Let Q C P(V) be a properly convex open set and T' a discrete subgroup of
Aut(Q). Consider two infinite-order elements g,h € T, and suppose that g (resp. h) fizes
two points v,z € 90 (resp. y~,y*) such that [x~,xT] (resp. [y~,yT]) intersects Q. If
" and y* are in the same open face, then g and h have a power in common, and x~ and
Yy~ are in the same open face.

Proof. Take x € [z7,2T]| NQ (resp. y € [y~,yT] N Q) and v € T (resp. w) such that
v =z (resp. 7w = y) and ¢oov = x1 (resp. poow = yT). Without loss of generality we
can assume that (g"z), (resp. (h"y),) converges to x& (resp. y=) as n goes to +00. By
Lemma 2.1.4, do(m¢v, mdpw) < do(z,y) + dg(zt,y™) for any ¢ > 0. Then

do(z, g "W y) < do(z,y) + dg(z™,y") + daly, hy)

dQ (x,gz)
da (y,hy)

this implies the existence of N, M > 1 such that ¢ = h™ =: k. Then by lower semi-
continuity of dg,

for any n > 1, where m,, := Ln J Since the action of I' on €2 is properly discontinuous,

dﬁ(l'_,y_) < h_>m dﬂ(k_nxak_ny) = dQ($7y) < 00,

hence 2~ and y~ are in the same open face. Moreover, dg(z™,y™) < do(z,y). O

Corollary 3.3.5. Let Q0 C RP"™ be a properly convex open set and I' o discrete subgroup
of Aut(Q2). Let g, h € T" be rank-one elements. If :z:;|r = a:,'f, then x; =z, , and g and h
have a common power.

Proof of Proposition 3.3.3

Let ' C Aut(92) be a rank-one discrete subgroup, and g € I' a rank-one element. If I is
non-elementary, then we can apply Proposition 3.2.3. The fact that {f’ € A?lp cfhf}is
dense in Affb for any f € A‘F’rb implies that A?lp is perfect (i.e. has no isolated point) and
hence infinite.

If ' is virtually isomorphic to Z, then any biproximal element of it has a common power
with 79, hence shares the same axis, so A?Ip = {f, f%}ilas cardinality 2.

If T is elementary, then I'Z fixes a point of z € Q. In particular v fixes z, so
v € {ad,23 )}, say © = af. For any v € T§, we have a:f;_lvw =z =x = xz. By

Corollary 3.3.5, this means that vz = x;‘lvw = z,. We have proved that I'Z preserves
the axis of 4y, which implies by proper discontinuity of the action that -y generates a

finite-index subgroup of T'.

3.4 Periodic geodesics and conjugacy classes

Let M = Q/I" be a convex projective orbifold. In this section we recall the link between
periodic (¢)¢-orbits of T'M and conjugacy classes of I'. In Definition 3.3.1, we have
associated to any biproximal element v € I" whose axis meets ) a periodic geodesic in M
(and T'M). To any non-trivial power or conjugate of 7 is associated the same periodic
geodesic. If M is compact hyperbolic and T is torsion-free (or more generally if " consists
of rank-one elements), then this yields a (well-known) correspondence between the periodic
(¢p¢)¢-orbits in T1M (as subsets) and the conjugacy classes of primitive elements of I'. (An
element v € T is called primitive if it does not belong to {¢¥ : g € T', k > 2}.)
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This correspondence holds more generally if I' consists exclusively of rank-one elements,
for instance if I' is Gromov-hyperbolic and torsion-free, and acts convex cocompactly on
Q (by [DGKa, Th.1.15] or [Zim20, Th.1.22-27]). However the correspondence fails for
general convex projective orbifolds, for several reasons which can combine.

3.4.1 Examples

Let us enumerate three (well-known) examples to illustrate how the correspondence be-
tween periodic (¢;)¢-orbits and conjugacy classes might fail.

1. If M is a non-compact hyperbolic manifold with finite-volume, then I' contains an
element ~ such that ¢(v) = 0, and which preserves no geodesic of €; i.e. it does not
correspond to any (¢ );-periodic orbit in T M.

2. If M is a Benoist manifold (i.e. M = Q/T" is compact with Q not strictly convex,
I strongly irreducible, and dim(M) = 3), then some (biproximal) elements of T' do
not preserve any straight geodesic of 2. If M is one of the examples constructed
by Benoist [Ben06a, §4.3] (or is a finite cover of one of these examples), then some
elements of I' preserve uncountably many geodesics.

3. Let I be a cocompact torsion-free discrete subgroup of PSO(2,1), which naturally
embeds in PSO(3,1), and M’ = H3/T’; let r € PO(3,1) be the orthogonal reflection
of H3 that preserves the natural embedding of H? in H?, so that » commutes with I'';
let T' be the group generated by IV and r (i.e. T ~ I’ x Z/27Z), and M = H3/T". Pick
a periodic vector v € T'M. Tt lifts to exactly one periodic vector v/ € T'M’, which
corresponds to a conjugacy class [y'] € [I'] of a primitive element v € I, which is
also primitive in I'. The element ry € T is also primitive, has the same axis in H?
as v, and the same translation length. Therefore, the periodic orbit {¢;v}; may be
associated to two natural conjugacy classes of primitive elements in I'. Note that r?
is also primitive in I', although its translation length is twice that of ~.

3.4.2 Rank-one periodic orbits and rank-one strongly primitive conju-
gacy classes

In this section we examine the problem encountered in Example 3 of the previous section.

Let M = Q/I" be a rank-one non-elementary convex projective orbifold. Consider a
rank-one element v € I', and a vector v € T'Q tangent to the axis of v with ¢oov = :Ef; Let
G := Stabr(z; ) NStabr(z), and H := Stabp(v). We have a natural morphism a : G — R
with kernel H such that gv = ¢,4)v for any g € G. Let £ be the minimum of a(G) NRxo.

The element ~ is said to be strongly primitive if a(y) = ¢. The union of conjugacy
classes of elements in a~!(¢) are called the (strongly primitive) conjugacy classes associated
to {¢ymrv}s, where 7p is the natural projection from 7€) to TT M.

The number of these conjugacy classes is bounded above by the cardinality of H. Let
g € a1(¢) and h € T such that hgh™ € a~1(¢). Then h € G, so we can find n € Z and
h' € H such that h = h/g", hence hgh™' = h'gh’~'. Therefore the number of strongly
primitive conjugacy classes associated to {¢;mrv}; is precisely the number of conjugacy
classes in a~!(¢) under the action by conjugation of H. If for instance G is abelian then
this number is exactly #H.

More generally, consider k € Z. Then the number of conjugacy classes of T' that
intersects a~!(kf) is the number of conjugacy classes in a~!(kf) under the action by
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conjugation of H, is bounded above by #H, and is equal to #H if G is abelian. These
conjugacy classes are called the conjugacy classes of length kl associated to {pymrv}y

In Example 3, every rank-one periodic geodesic is associated to exactly two strongly
primitive conjugacy classes. In general two different rank-one periodic geodesics may be
associated to a different number of conjugacy classes; let N be the minimal number of
conjugacy classes associated to a rank-one periodic orbit. The idea is that “most rank-one
periodic orbits” should have exactly N associated conjugacy classes.

Let F C T be the set of elements that fixes every point of the span of AP; it is a
normal finite subgroup, called the core-fizing subgroup of T'.

Observation 3.4.1. Let M = Q/T be a rank-one non-elementary convex projective orb-
ifold, and let F C T be the core-fizing subgroup. Then the set of points x € AR with
Stabr(z) = F is Gs-dense in AY. If T'Qyp, is the preimage by 70 : T'Q — T'M of
Tleip, then the set of vectors v € Tlflbip with Stabr(v) = F is open and dense in TIQbip,
and I'-invariant.

Proof. Consider v € I' . F. The set of z € AP"™ such that yz # = is open. Let us show
that it is dense, which will imply that the set of points € AR'™ with Stabp(z) = F
is Gg-dense in AP, Let U C AY™ be non-empty open. By Proposition 3.2.2, we can
find three distinct strongly extremal points z,y,z € U. If vo = x and vy = y, then ~
is rank-one by Lemma 3.1.3, and hence vz # z. Therefore not all three points z,y, z are
fixed by ~.

In order to show that the set of vectors v € T Qy;, with Stabr(v) = F is open and
dense in T IQbip, it is enough to show thanks to the previous point that this set is open.
This is an immediate consequence of the fact that the map v € T'Q + Stabp(v) is lower
semi-continuous. O

In particular, this implies that the core-fixing subgroup contains the centre of T'.

Question 3.4.2. Let M = Q/T" be a rank-one non-elementary convez projective orbifold,
and let F' C T be the core-fizing subgroup. Can we find an integer N > 1 and o U-invariant,
open and dense subset U of Tlflbip such that for any v € U, we have Stabr(v) = F, and
if mrv € TYM is rank-one periodic, then the number of conjugacy classes associated to
{mréwv}y is exactly N ?

If A" spans P(V), then F is trivial so the answer to this question is positive, and we
can take N = 1.

3.4.3 Non-straight periodic geodesics

In this section we examine the problem encountered in Example 2 of Section 3.4.1, more
precisely the fact that in compact rank-one convex projective manifold, we may find a closed
curve that is not freely homotopic to a periodic (¢;);-orbit. However, by a compactness
argument, one may still find in each free homotopy class a closed curve with minimal length,
whose length is the translation length of the associated conjugacy class in the fundamental
group; this observation generalises to convex projective orbifold with a non-empty compact
convex core.

Fact 3.4.3 (|DGKa, Prop.10.4]). Consider a discrete subgroup I' C PGL(V) that acts
convex cocompactly on a properly convex open sets Q C P(V). Then for any v € T, there
exists x € C"(I") such that do(x,vx) = (v).
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Let M = Q/T" be a convex projective manifold with non-empty compact convex core,
and consider an infinite-order element v € I'. According to the previous fact, we can find
x € C° such that do(z,vx) = £(7); let v € TS be such that mv = x and 7¢yv = yz. The
orbit segment {¢:v}o<i<¢ projects to a closed curve of M, but not necessarily to a closed
curve of TP M. This orbit still provide useful information, for instance because, according
to the following result, we can choose v so that its entire orbit {¢;v}ier lies in C°"; this
will be useful in order to count non-rank-one conjugacy classes in Section 7.4.3.

Lemma 3.4.4. Let I' C PGL(V) be a discrete subgroup, and Q@ C P(V) a I'-invariant
properly conver open set. If I' acts convex cocompactly on ), then for any infinite-order
element v € T and vector v € T'Q such that mv € C°" and Thy(1)v = YTV, the endpoints
D_o¥ and ¢uov belong to A?{b(f‘), In other words, v projects to a vector of T"Mcoy.

Lemma 3.4.4 is a consequence of Facts 2.3.16 and 3.4.3, and the following result.

Lemma 3.4.5. Let Q be a properly convex open set. Let g € Aut(Q2) with £(g) > 0 and
suppose there exists x € §Q such that do(x,gx) = (g). Consider a,b € 0Q such that
a,x,gx,b are aligned in this order. Then

(1) the path c : R — Q, defined by c(t) € [g"x, g" 2] and do(c(t), g"x) =t — n for all
n€Z andt € [n,n+ 1], is a geodesic;

(2) the restriction of g to xf © x, is diagonalisable over C;
(3) the restriction of g to the span P(W) of {g"x},, is biprozimal;

2F 2N PW)NQ (resp. 2o & 29N P(W) N Q) is the smallest g-invariant closed
(4) zg ® zy p. T, O Ty g
face of Q2 that contains b (resp. a);

(5) if x, gz, g*x are not aligned, then :cg N Q is non-empty;
(6) if g is not rank-one, then dspi(a,b) = 2.

Proof. Let us check that (1) holds. Consider three real numbers r < s < t, pick three
integers k <n <msuch that k <r<k+landn<s<n+landm<t<m+1. By
Fact 2.2.8, we have

da(c(r), c(t)) = da(g"z, g™ 'z) — da(g"x, c(r)) — da(c(t), g™ x)
> (g™ F) — da(g¥, (1)) — da(c(t), g )

= Z da(g'z, 9" @) — da(g"z, c(r)) — da(c(t), ")

i=k
m—1
=da(c(r), ¢"'a) + Y dalg'z, g™ 'x) + da(g™z, c(t))
i=k+1

> do(c(r),e(s)) + da(c(s), c(t)).

For all distinct pair of points (y,z) € ﬁz, let us denote by si € 0 the point such
that y, 2, s are aligned in this order. Let P(W) C P(V') be the span of {g"x},ez, with
dimension k > 1; we set ' = QN P(W). By Fact 2.1.14, the smallest closed face of €2 that
contains {¢"b}nez (resp. {g"a}tnez), denoted by Fy (resp. F_), is proper, and therefore
its span P(W,) (resp. P(W_)) has dimension k£ — 1. Moreover sifﬁ € Fy (resp. F.)
for all m > n (resp. m < n), and (g"x), converges to some point &, € Fy N (resp.
§— € F_ Nz ) which is fixed by g, when n goes to +oo (resp. —c0).
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Consider a lift § € GL(V) of g that preserves one connected component C C V ~ {0}
of the preimage of 0, and such that A;(g) = 1. Let us examine the Jordan normal form of
g: there exists £ > 0 and a decomposition

~ 4
g=u+ ot ue— (W + ) o+ v+ by (3.4.1)

which satisfies the following. The product of any two matrices in this sum is zero. The
integers «, 8 > 0 are not both zero. The sequence (ﬁh")n tends to zero. The matrices

Ui, .., Ua, Uy, ..., u,, are all conjugate to the matrix with zeros everywhere except on the
upper-left block of size £+ 1, which is the exponential of the upper-triangular matrix whose
(i, 7)-entry is 1 if j =i + 1 and zero otherwise. For # € R and 1 < i < 3, the matrices r?
and v; are simultaneously conjugate to the matrices with zeros everywhere except on the
upper-left block of size 2¢ + 2, where they are respectively of the form

0 I
rot? . . )
and exp ' ' , with rot? = co.bﬁ sin 6 and I, = rot’.
. —sinf cos6
rot? I
0
Finally 01,...,03 € R\ 7Z. Let 4; = lim, %u? and @} = lim,_, %u;” for1<i<a

and 7; = lim,_yeo %v? for 1 < i < 3; the set of accumulation points of (Tin(h)n is {rf :
0 € 6;Z+2rZ} for 1 <i < . Let £ € C be a lift of z € . The accumulation points of
(%g%)n are

{Z wE + ()™ udE + er%@ :m e {0,1}, 0/ € 0;(2Z + m) + 27rz} :

which are non-zero by Fact 2.2.3. Since (¢"z),, converges to £, these accumulation points

are all in &t N C, and this imply that @,z =0 for 1 <i <o and 1;2 =0for 1 <i < f.
Up to considering another basis, we can assume that @;x = 0 for any 2 <i < a.

The element § commutes with every matrix of its decomposition (3.4.1), and hence also
with {@i}1<ica, and {@}}1<icar, and {r{}1<icp, ger and {0;}1<icp. Thus {@§"%}o<i<a;
{@,g"T}<i<or, and {0;§"%}1<i<p are zero for any n > 0. By construction of W, all
elements {ﬂi}2§i§a7 and {ﬂ;}lgiga/, and {T}i}lgigﬁ are zero on W.

Suppose by contradiction that the restriction of g to x;r is not diagonalisable over C,
i.e. that £ > 0. Then @&y = 0 for any lift £, € W of £,. This, and the fact that @, # 0,
imply that w19 # 0 for any lift § € C of y := s§+ € F_. As a consequence, (¢"y), converges
to £4. Since F_ is closed, it contains £, as well as x: contradiction. For the same reasons,
the restriction of g to z, is diagonalisable over C, and this concludes the proot of (2).

The sequence of restrictions (gﬁ/‘,)n converges to uyyy which is proximal because it is
a projector with rank 1. Therefore §|”W is proximal for n large enough, and so is gjyy. For

the same reasons, g‘—mﬁ is proximal, and this concludes the proof of (3).

In order to establish (4), it is enough to prove that ' (resp. F.) is contained in z} @wg
(resp. =z, @ xg), since its dimension is k — 1. Pick & € Fl; the sequence (¢™¢)n>0 cannot
converge to {_ since this point does not belong to F4.. That gpyy is biproximal implies
that € € xg' @ a:(g). The proof of F. C z/ @ :zg is similar.

Suppose that x, gz, g?x are not aligned. Then b € Fy \ {&,} C :L';r @ xg ~ $g+, hence
(97"b)y, accumulates in x(g). This proves (5).

Suppose that g is not rank-one. Since x € [a,b] N, the simplicial distance between
a and b is at least 2. If z, gz, g?x are aligned then @ = £_ and b = &, are fixed by g,
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and dgpi(a,b) < 2 by Lemma 3.1.3.(2). Otherwise, there is £ € ) N9, and dgpi(a,b) <
dspi(a, &) + dspi(€,b) < 2 since § € Fy N F_. This proves (6). O

Proof of Lemma 3.4.4. By Fact 2.3.16, we may assume that I' acts convex cocompactly on
Q*. By Lemma 3.4.5, ¢p1o0v € :Uff <) a;g N 02, hence the segment between ¢1.,v and any
accumulation point of (y*"mv), is contained in Q. This implies that ¢+.ov € A since
Q . A°P has bisaturated boundary by Fact 2.3.16. O

Another consequence of Facts 2.3.16 and 3.4.3 and Lemma 3.4.5 is a characterisa-
tion of the rank-one condition for convex projective orbifold with a non-empty compact
convex core, which generalises results of Islam [Isl, Lem.6.4] and Zimmer [Zim, Th.7.1]
for compact convex projective orbifolds; one may also compare this to a remark of Is-
lam [Isl, Rem. A.1.C] which concerns not necessarily compact convex projective manifolds
with a compact convex core.

Corollary 3.4.6. Let I' C PGL(V) be a discrete subgroup that acts conver cocompactly
on a properly convex open set  C P(V).

e Any biprozimal element of T whose dual azis in P(V*) intersects Q* is rank-one; in
particular, if TY(Q* /T)pip # 0, then QT is rank-one.

e Suppose that I acts convexr cocompactly on QF, then any biproximal element of T’
whose azis intersects 0 is rank-one; in particular, if (T'Q/T)pip # 0, then Q/T is
rank-one.

Proof. The first point is an immediate consequence of Fact 3.4.3 and Lemma 3.4.5.(5). Let
us establish the second point. Let v € T' be biproximal with axis(y) N Q # 0. Since I acts
convex cocompactly on Q*, the first point implies that ~y, seen as a rank-one automorphism
of 2%, is rank-one. Thus, « is a rank-one automorphism of Q by Lemma 3.1.2. O

3.5 The biproximal unit tangent bundle of reducible compact
convex projective orbifolds

In this section we explain, for completeness, why the biproximal unit tangent bundle of a
reducible compact convex projective orbifold is empty.

Vey [Vey70, Th. 3| (see [Ben08, §5.1]) proved that, given any properly convex open set
Q C P(V) divided by a discrete group I' C Aut(€2), the group I is not strongly irreducible
if and only if €2 is reducible, i.e. there exists a decomposition V = V; @ V5 and convex open
cones C; C V; with P(C;) € P(V;) properly convex for i = 1,2, such that Q = P(C; + Co);
in this case we say that M = Q/I" is a reducible compact convex projective orbifold.

Lemma 3.5.1. Suppose that dim(V) =d+ 1 > 2. Let Q C P(V) be a reducible properly
convezr open set, and I' C Aut(Q) a discrete subgroup. Then the quotient M = Q/T is
higher-rank (i.e. not rank-one) and Tleip 1s empty. In particular, reducible compact con-
vex projective orbifolds are higher-rank and have an empty biproximal unit tangent bundle.

Proof. Let us show that € contains no strongly extremal point (this implies that M is
higher-rank), and that [z,y] C 99 for all extremal points of 9 (this implies that T My,
is empty since one can check that Ar is contained in the closure of the set of extremal
points). Consider a decomposition Q = P(Cy + C2), where C; C V; is a convex cone for
i=1,2, with V =V} @ Va.
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Observe that the boundary of  is equal to P(9C; +Cs) UP(C1 +9C) UP(C1 +0)UP(0+
C2). Take x € 99, and let us check that z is not strongly extremal. If z = [tv+ (1 —#)w] for
v€dC; and w € Cjand 0 <t <1, withi#je{1,2}, then {[sv+(1—s)w:0<s<1}is
a non-trivial segment of 92 that contains z. If x € P(C;), then we take y € P(9C;) ~ {z},
or in P(0C;), with ¢ # j € {1,2} (y exists because dim(V) > 2), and [z,y] C 0Q is a
non-trivial segment.

Observe that the set of extremal points of € is equal to P(E; +0)UP(0+ E3), where E;
is the preimage in V of the set of extremal points of P(C;) for i = 1,2. If z,y € P(E;) with
i =1,2, then [z,y] C P(C;) C 9Q. If 2 € P(E}) and y € P(E3), then either = € P(8C;) or
y € P(9C2) (since dim(V) > 2), and [z,y] C P(0C; + C2) UP(Cy + dC2) C 9. O






Chapter 4

The proximal limit set of cocompact
groups

4.1 Introduction

In this chapter, we prove Theorem 0.2.1, which says that the proximal limit set of any
rank-one divisible convex set is the full projective boundary.

4.1.1 Structural results on divisible convex sets

The result that we discuss here continues a line of structural results on divisible convex
sets 2. These make the link between several kinds of regularity properties of the projec-
tive boundary 992 C P(V), of algebraic properties of Aut(2) and its discrete cocompact
subgroups, and of dynamical properties of the action of Aut(€2) and its subgroups on P(V).

One cornerstone of these structural results is the following result due to Vey [Vey70,
Th. 3|, which we discussed in Section 3.5. Consider a divisible convex set @ C P(V). Then

e cither there exists two proper subspaces Vi,Vo C V with V = V; & V5 and two
properly convex open cones C; C V; and Cy C Vs such that P(Cy) € P(V;) and
P(Cs) C P(Va) are divisible convex sets and Q = P(C} + C3) — in this case () is said
to be reducible;

e or any cocompact closed subgroup of Aut(€2) is strongly irreducible; in this case € is
said to be irreducible.

Let us assume that Q is irreducible. Combining work of Koecher [Koe99|, Vinberg
[Vin65] and Benoist [Ben03] yields the following dichotomy:

e cither Aut(Q2) C PGL(V) is a semi-simple Lie subgroup that acts transitively on €,
in which case € is called symmetric;

e or Aut(Q2) C PGL(V) is a discrete Zariski-dense subgroup.

If © is symmetric, then it naturally identifies with the Riemannian symmetric space of
Aut(Q, and there is yet another natural dichotomy: namely, either Aut(2) has real rank 1,
in which case €2 is an ellipsoid and Aut(f2) is isomorphic to PO(n, 1) for n = dim(V) — 1,
or Aut(2) has real rank greater than one, it is isomorphic to PGL(n, K) for some n > 3,
and for K = R, C, or the classical division algebra of quaternions, or of octonions if n = 3
(see Section 5.5 for more details).

81
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Recently, A.Zimmer proved the following higher-rank rigidity result [Zim, Th.1.4],
analogous to a celebrated result in Riemannian geometry by Ballmann [Bal85] and Burns—
Spatzier [BS87|. If Q is not symmetric, then Aut(2) is rank-one (in the sense of Defini-
tion 3.1.1).

By Lemma 3.5.1 and Remark 5.5.2, reducible divisible convex sets and symmetric
irreducible divisible convex sets with higher-rank automorphism groups are not rank-one,
hence called higher-rank. On the other hand, ellipsoids are rank-one.

4.1.2 The proximal limit set

Let @ C P(V) be an irreducible divisible convex set. The prozimal limit set of € is defined

as follows

AR = AR (4.1.1)

By Fact 2.2.3, the proximal limit set is contained in the closure of the set of extremal
points of . Vey [Vey70, Prop. 3] proved that we actually have equality.

Fact 4.1.1. Let Q C P(V) be an irreducible divisible convex set. Then its prozimal limit
set is the closure of the set of extremal points.

Note that Proposition 2.3.15 is a generalisation of Vey’s result to the convex cocompact
case.

If Q is an ellipsoid, i.e. a rank-one symmetric divisible convex set, then AR = 9 and
Aut(Q) acts transitively on it. If Q is a higher-rank symmetric irreducible divisible convex
set, then AP™ is an analytic submanifold of P(V) of dimension less than dim(V) — 2, and
hence is a proper subset of 92 (see [Bla, §7]), on which Aut(Q2) acts transitively.

Our goal is to prove the following result.

Theorem 4.1.2. Let Q C P(V) be a rank-one divisible convez set. Then AL = 9.

Combined with Zimmer’s higher-rank rigidity theorem |[Zim, Th.1.4|, Theorem 4.1.2
yields the following answer to a question of Benoist [Benl2, Prob. 5.

Corollary 4.1.3. Let Q C P(V) be a non-symmetric irreducible divisible convez set. Then
AD* = 09.
Q

Let 2 be a rank-one divisible convex set. The conclusion of Theorem 4.1.2 holds trivially
if Q is symmetric (i.e. is an ellipsoid). Thus we may assume that €2 is not symmetric, hence
that Aut(92) is discrete and Zariski-dense in PGL(V) (and finitely generated).

Benoist [Ben04, Th.1.1] proved that Aut(€2) is Gromov-hyperbolic if and only if € is
strictly conver (i.e. all points of 0§ are extremal), if and only if OQ is C!. In this case,
strict convexity implies that A" = 9. One may find in [Ben04] more precise results on
the regularity of 0€2.

Benoist [Ben06a] also studied non-strictly convex 3-dimensional rank-one divisible con-
vex sets. He constructed examples, and established a precise description of these (discussed
in Section 0.1.4) which implies that AR = 9.

Islam—Zimmer [IZ] generalised Benoist’s description to higher-dimensional rank-one
divisible convex sets, under the assumption that Aut(Q) is relatively hyperbolic, and their
result implies that AY* = 9 in this case. M. Bobb [Bob]| also generalised Benoist’s result
under the assumption that each non-trivial face of Q (see Section 2.1.8) is contained in
a properly embedded simplex of dimension dim(V) — 2, namely a closed simplex S C Q
whose relative interior (see Section 2.1.8) is exactly S N Q; Bobb’s result also implies that
AY” = 0.
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Figure 4.1: Tllustration of the proof of Lemma 4.2.1. The green shadow Og, (zy,y) fills
more and more of 9 \ K as n tends to infinity

4.1.3 Organisation of the chapter

In Section 4.2 we establish a weak, convex projective version (Lemma 4.2.1) of Sullivan’s
celebrated Shadow lemma. This result can be seen as a consequence of Lemma 6.3.1,
which is a more standard convex projective version of the Sullivan Shadow lemma. In
Section 4.3 we establish two topological results (Lemmas 4.3.2 and 4.3.4) which concern
the arrangement of faces on the boundary of a convex set. In Section 4.4 we use Sections 4.2
and 4.3 to prove Theorem 4.1.2.

4.2 A weak Shadow lemma

Let Q C P(V) be a properly convex open set. For z € Q, y € Q and R > 0, we consider
the set

OR(x7y> = {5 €00 : [.ZL‘,f] N BQ(y7R) 7é ®}7

interpreted as the shadow cast on 02 by the balls of radius R around y with a light source
at x.

Lemma 4.2.1. Let Q C P(V) be a rank-one divisible convex set. Then there exists R > 0
such that Og(x,y) contains a point of the prozimal limit set AL™™ (see Section 4.1.2) for
all x,y € €.

Proof. Recall from Fact 4.1.1 that AR is the closure of the set of extremal points of 9.
By contradiction, suppose that there is a diverging sequence of positive numbers (Ry,),
and sequences of points (T )n, (Yn)n in © such that for any n > 0, the set Og, (xy, yn) does
not contain any extremal point of 9€2. Since (2 is divisible, Aut(£2) acts cocompactly on €2,
and so we may assume that (y,), remains in a compact subset of 0, and up to extracting,
we may further assume that (y,), converges to a point y € Q. Up to replacing R, by
R, + da(yn,y), we may actually assume that (y,), is constant equal to y.

Up to extraction, we assume that (z,,), converges to some £ € Q. If £ € Q, then for n
such that R, > dq(0,&) + 1 and do(zy, &) < 1, we have Og, (xy,,y) = 082, which is absurd;
hence £ € 0f).

Let K C 09 be the set of points n such that [£,n] C 9Q. Then

0~ K | ) Or,(zx,y).

n k>n

See Figure 4.1. Let n € 9Q \ K, and z € [{,n] N Q. Since (x,), converges to &, we can
find z, € [zn,n] N Ba(z,1) for any large enough n. On the other hand, R, > da(y, z) + 2
for n large. Thus, 2, € Bq(y, R,) and hence n € Og, (x5, y) for any large enough n.
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S R .
.

]

Figure 4.2: On the left: the whole set Qf C P(R?) as in Section 4.3 for a 27-periodic
function f which is constant on R \ 27Z and discontinuous on 27Z. On the right: a zoom
on {1y at point x, with blue vertical segments representing several dﬁf—balls.

By assumption, this implies that all extremal points are contained in K. Since Aut(£2)
is rank-one (Definition 3.2.1) and irreducible, and by Lemma 3.1.2, 92 contains a strongly
extremal point which is different from £. Such a point cannot lie in K; this yields a
contradiction. O

4.3 Two lemmas on general properly convex open sets

In this section we prove two lemmas on the arrangement of faces on the boundary of a
general properly convex open subset of P(V), which is not necessarily divisible.

Let us first give a family of examples of non-divisible properly convex open subsets of
P(R*) that one may wish to keep in mind while reading the lemmas of this section. Let
f:R —[1,00) be a 2m-periodic upper semi-continuous function. Let ¢ be the interior of
the convex hull in R? of

{(cos(8),sin(0), £(0)) : 0 € R} U {(cos(8),sin(0), —f(9)) : § € R}. (4.3.1)

Since f is upper semi-continuous and 2m-periodic, it is bounded, and so is Q. Let us
identify R3 with an affine chart of P(R%), so that ¢ is a properly convex open subset of
P(R?). One can check that (4.3.1) is exactly the set of extremal points of Q, and that for
any 0 € R, the set {(cos(f),sin(8),z) : z € (—f(0), f(#))} is an open face of of Q.

4.3.1 More comparison results for Hilbert balls in a fixed affine chart

We will need the following elementary fact, in the spirit of Section 2.1.2.

Fact 4.3.1. Let Q C P(V) be a properly convex open set and A C P(V) an affine chart
containing Q). For all a € A and t > 0, we denote by h!, the homothety of A with centre a
and ratio t. Consider x € Q and 0 < r < R. Then
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1. Fo(z) C h) (Bg(z,r)), where

B diamA(FQ(ZC>)(€2r +1)
B dA(-ra arelFQ<$)>(e2r - 1)

> 1;

2. W (Bg(z,r)) C Bg(z, R) where pp = (e*® —1)/(e*” —1) > 1.

Proof. We see A as a vector space by setting x = 0. Let y € 0,1 Bg(,7), and consider
a > 0 and b > 1 such that —ay and by lie in O, Fa(x). To establish (1), it is enough to
prove that

max(a, b)(e?" + 1)

min(a,b)(e? — 1)’

This is an immediate consequence of (2.1.1), which implies that (a + 1)b = e* a(b — 1),
hence that

b<

b ae’ +b
a(e?r —1)°
Consider ¢ € (1,b) such that ty € 0raBg(x, R). By (2.1.1), we have
1= ab(e? —1) and ‘o ab(e*ft —1)
ae’ +b ae?ft +b -
Thus,
‘o (€2 —1)(ae? +b) S et —1
(€2 —1)(ae2f +b) = e —1’
and this proves (2). O

4.3.2 Existence of a point on the boundary with a sufficiently small
Hilbert ball

Let Q C P(V) be a properly convex open set. We saw in Fact 2.1.10 that, for any R > 0,
the map Bg(-, R) is upper semi-continuous on Q. However, it is not continuous in general.
For instance, in Figure 4.2 on the left, each orange point x € 0§}; is extremal, hence
Eﬁf (z,R) = {z} for any R > 0, and orange points accumulate to a green point y which

has a non-trivial face, hence Bg (v, R) # {y}, and so Bg (-, R) is discontinuous at y.
f f
The goal of the next lemma is to show that in any open subset of 02, one can find a
point at which Bg(-, R) is “almost continuous”.

Lemma 4.3.2. Let Q C P(V) be a properly conver open set, 0 < r < R and U C 9 a
non-empty open subset. Then one can find a point x € U such that Bg(x,r) is contained
in any accumulation point of Bg(y, R) (for the Haudorff topology) when y tends to x.

Note that if 2 € 0 is an extremal point, then Bg(z,7) = {z}, and so Bg(-, R) is
continuous at x. Thus, the lemma is immediate when U contains an extremal point.

Suppose 2 = Qy for some 2m-periodic upper semi-continuous function f : R — [1, 00),
consider the open subset U = {(cos(6),sin(f),z) : z € (—1,1), # € R}, and consider
6 € (0,2m), z € (—1,1) and z = (cos(d),sin(f), z). Fix R > 0. Then Bg(-, R) is continuous
at x if and only if f is continuous at 6. In particular, if f is discontinuous everywhere, then
Eﬁf(-,R) is discontinuous everywhere on U. Proving Lemma 4.3.2 in the case Q = Qy
roughly amounts to proving that for any € > 0, we can find 6, € R at which f is “e-almost
continuous”, i.e. such that

f(0c) — e <liminf f(0) <limsup f(0) < f(0e).
0—0e 0—6.
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Proof. Fix an affine chart A that contains 2, and a Euclidean norm on A whose associated
metric is denoted by dp, with associated balls denoted by By(z,t) for x € A and ¢t > 0.
For the rest of this proof, we set By(z) = Bg(z,t) for z € Q and ¢ > 0, and denote by
B.(z) the set of accumulation points (for the Hausdorff topology) of By(y) when y tends
to x.

First step: We reduce U to control the dimension of faces.

Let k be the largest integer such that {z € U : dim Fo(z) > k} has non-empty interior
in U. Let z9 € U and € > 0 be such that By(xg,2¢) N IQ is contained in this interior,
and dim Fq(xg) = k. Note that D := {z : dim Fu(z) = k} N Ba(xo,€) N N is dense in
U’ := Ba(xg,€) N 0. Up to taking € even smaller, we can assume that diamy Q < 1.

Second step: We bound from below the size of faces of dimension k.

Consider for this step x € D. We denote by A, the affine subspace of A spanned by
Fq(z), which has dimension k. Any point in 0, Fo(z) has a face of dimension strictly less
that k, hence is not in By (zg, 2¢) by definition of zg and e. By triangular inequality, this
implies that

Bp(z,e) NA, C Fo(x) C A,.

Set A 1= e 2(e2® +1)/(e?® — 1) > 1. For all a € A and t > 0, we denote by h!, the
homothety of A with centre a and ratio . By Fact 4.3.1.1,

Fo(x) C hy (Br(x)).
As a consequence, we have
Ba(z,e/N) N A, C Br(z) C A,. (4.3.2)

By upper semi-continuity of Br (Fact 2.1.10) and the above (4.3.2), any accumulation
point of By (y, e/A)NA, (for the Hausdorff topology) when y € D tends to x is contained in
Bg(z) C A,. One may easily deduce that the map y € D — Ba(y,€/\) N A, is continuous
for the Hausdorff topology.

By upper semi-continuity of Br and density of D, any element K € Br(x) contains
the limit of some sequence (Br(xy)), where (z,,)n, C D converges to z. By (4.3.2), this
implies that

Bp(z,e/N)NA, C K C Br(x) C Ay, (4.3.3)

hence K has dimension k.

Third step: We find a minimal element in Br(zo).

Let us show that Br(xg) contains an element which is minimal for inclusion; by the
Zorn lemma, it is enough to show that for every totally ordered subset A C Br(zg), the
intersection K of all elements of A belongs to Br(zo).

The Hausdorff topology on the set of compact subsets of P(V) is metrisable, and K is
in the closure of A4, so we can find a sequence (K,), in A that converges to K. If K,, = K
for some n, then K € Br(x(); let us assume the contrary. For any n, we can find m > n
such that K, C K, since, otherwise, K C K,, C K,, for any m > n so (K,,)m would not
converge to K. Thus, up to extraction, we may assume that (K,), is non-increasing.

For each n, let (z,, 1), be a sequence converging to xo such that (Br(zy,))r converges
to K. Then (Br(xnn))n converges to K, which thus belongs to Br(xo).

Let K € Bgr(zop) be a minimal element for inclusion, and let (z,), be a sequence in
U’ converging to xg such that (Bgr(zy))n converges to K. By density of D in U’, upper
semi-continuity of Br and minimality of K, we may assume that (z,), is in D.

Fourth step: We prove that B,(z;,) is contained in any element of Br(z,,) for n large
enough.
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Assume by contradiction that for each n there exists K,, € Br(z,,) that does not contain
B, (zy,); since, by the previous step, K,, and B,(z,,) are convex subsets of A, that contain
Z, in their interior relative to A, , we may find y,, € O K, N By (zy).

Up to extraction, we can assume that (K,), converges to some K’ and (yy,), converges
to some y. One can check that K’ € Bgr(z). By (4.3.3), the compact convex sets K’
and {K,}, have dimension k. According to the following classical and elementary fact, y
belongs to Opq K.

Fact 4.3.3. If (A,)n is a sequence of k-dimensional compact convez subsets of A that con-
verges to a k-dimensional compact convex set A for the Hausdorff topology, then (Ore1An)n
converges to Ol A.

That K, C Br(z,) for each n implies that K/ C K, which in turn implies, by mini-
mality of K, and because K’ € Br(x), that K' = K.

Let u = (e?—1)/(e?* —1) > 1. By Fact 4.3.1.2, since y,, € B,(z,,) for each n, we have
h%, yn € Br(xy,). As a consequence, hy,y € K, which contradicts the fact that y € 9,q K,
xo € inte K and p > 1. O

4.3.3 The Grain of sand lemma

Consider a properly convex open set Q C P(V), positive numbers r < R, a point z € OS2
at which Fﬁ(-,R) is “almost continuous” in the sense of Lemma 4.3.2, and a compact
neighbourhood U of x in 0f).

The Grain of sand lemma (Lemma 4.3.4) says that the collection of balls Bg(y, R)
centred at points y € U “foliates” a neighbourhood of Bg(x,r), i.e. that no “grain of sand”
is inserted between the convex “leaves” of this “foliation”.

To illustrate this idea, we use again Figure 4.2, which represents the set = ()
(defined at the beginning of Section 4.3) for a 27-periodic function f which is constant on
R \ 27Z and discontinuous on 27Z. On the right of the figure, U C 0€; is the compact
neighbourhood of the pink point  which is delimited by the pink rectangle on the cylinder.
The vertical light blue segments are dﬁf—balls of radius R centred at points of U, while the
dark blue segment is a ball of radius r € (0, R) centred at z. The union Bﬁf (U, R) of the
balls (Bﬁf (y, R))yeu is the region delimited by the light blue rectangle, to which one must
add the tall central light blue vertical segment. The set Bﬁf(U7 R) is not open in 0. Its
relative interior intpn (Bﬁf(U ,R)) is the region delimited by the light blue rectangle, and
it is foliated by light blue balls for dﬁf' This relative interior contains the ball Bﬁf (x,r).

Lemma 4.3.4. Let Q C P(V) be a properly conver open set, 0 < r < R and x € 02
such that Bg(x,r) is contained in any accumulation point of Bg(y, R) (for the Hausdorff
topology) when y tends to x. Then for any compact neighbourhood U C 9 of x,

Bg(z,7) C intoa(Bg(U, R)),
where Bg(U, R) := UyeU Bg(y, R) is the uniform R-neighbourhood of U for the metric dg.
As in the previous section, the lemma holds trivially if x is extremal, since
Bg(z,r) = {z} Cintgq U C intpa(Bg(U, R)).

If x is not extremal, then the situation is more delicate. In fact, the problem is related
to the Invariance of Domain theorem. For instance, Lemma 4.3.4 is a consequence of this
classical theorem under the assumption that there exists a neighbourhood U’ of x such that
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dim(Fq(y)) = dim(Fq(x)) for any y € U’ (more details on how to apply the Invariance of
Domain in this particular case are given in the following proof). This assumption is satisfied
when € = Qy for some 2m-periodic upper semi-continuous function f : R — [1,00), and
x = (cos(f),sin(#), z) for some 6 € R and z € (—1,1). In fact, in this last case, one can
prove the lemma by hand.

In the general case, the strategy of proof of Lemma 4.3.4 is similar to one of those of
the Invariance of Domain theorem.

Proof. We first embed U into a hyperplane of P(V).

Let A be an affine chart of P(V) containing Q. Let P(V’) be a supporting hyperplane of
Qat p, let p € Q, let ¥ be the projection from P(V)~{p} to P(V’). The map ¢)jgq, is a local
homeomorphism onto P(V’), it is injective on Fg(x), and ¢(Fq(z)) C A’ := AnP(V).
As a consequence, there exists a compact neighbourhood W of Fg(z) in 9 such that
Yyw is an open embedding whose image lies in A’. Moreover, there exists a compact
neighbourhood Uy of x such that Bg(y, R) C W for any y € Uy. We may assume that
U c U

For any y € ¢(U) and 0 < t < R, we let Bi(y) = ¥(Bg(v " (y),t)), U' = ¢(U) and
2’ = (x). We want to prove that

| Bu() cinta | | Bry)

o<t<r yeU

Fix any t € (0,r) and any affine subspace A; C A’ containing 2’ and transverse to the
span of Br(z). For s > 0 we denote By, (x,s) := {z € A; : dy/(z,2) < s}. For any two
points p,q € A’, the difference p — ¢ is a vector of the linear space associated to the affine
space A’ and for any subset E C A’ we denote E+p—q:={e+p—q:e € E}. To
conclude the proof it is enough to find € > 0 such that for any z € By(z),

Bul.0+:-a'c |J Balw.
yeU'NAy

By assumption that any accumulation point of Br(y) (for the Hausdorff topology) as
y tends to 2’ contains B, (z’), and because t < r, we can find « > 0 small enough so that
Bgr(y) intersects Aj + 2z — x for all y € By, (2',a) and z € By(a2'). Since Bp is upper
semi-continuous, the map (y, z) € By, (2, a) x By(z') — Br(y)N (A1 + 2z —x) is also upper
semi-continuous.

Let us explain how the rest of the proof works in a particular case, before we proceed
to the general case. Let us assume that for any y € By, (2, «), the dimension of Bg(y) is
the same as that of Br(z'). Fix z € B(z'). Up to taking « even smaller, we may further
assume that, for any y € By, (¢, @), the intersection Br(y) N (A1 + z — x) is reduced to a
singleton that we denote by {f(y)}. One can check that y — Bgr(y) N (A1 + z — 2) being
upper semi-continuous implies that the map f is continuous. Moreover, f is injective since
two open faces of Q intersect if and only if they coincide. We can conclude the proof of
Lemma 4.3.4 by using the Invariance of Domain theorem, which says that f(Ba,(2/,@)) is
a neighbourhood of z = f(2') in A + 2z — 2.

We go back to the general case. For any open subset O of an affine space, we denote
by CvxCpt(O) the topological space consisting of non-empty convex compact subsets of
O, endowed with the weakest topology making upper semi-continuous maps continuous.
We consider the following continuous map:

[ Ba,(2',0) x Bi(2') — CvxCpt(Aq)
(Z/, z) — (BR(y) —z+ l’) NA;.
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Note that by definition of By, for all 2 € By(z) and y € By, (2/,a) ~ {z}, we have
f(z,z) = {x} while © € f(y,z). Therefore we can consider 0 < € < « such that ¢ <
da, (z, f(y, 2)) for all z € B(z) and y € 8y Ba, (, ).

To conclude the proof of Lemma 4.3.4, it is enough to prove that for any z € By(x),

EAI (:E/,G) - U f(y,z).

yEEAl (z',a)

It will be a consequence of the following result, whose proof we postpone until the next
section.

Lemma 4.3.5. Let O be an open subset of an affine space. Then the map

O — CvxCpt(0)

15 an embedding and a weak homotopy equivalence.

Let us fix 2 € By(2') and p € By, (7', €) \ {2'}, and assume by contradiction that p is
not in UyGEAl («/.0) /(4> 2)- Then the continuous map

Ove1 Ba, (z,€') — CvxCpt(A; \ {p})
y — f(y,2)

is homotopically trivial; it is also homotopic to y — f(y, '), which is in turn homotopic
to y — {y}. By Lemma 4.3.5, this means that the inclusion Oy Ba, (2/, @) < A ~ {p} is
homotopically trivial. This is a contradiction because p € By, (z, «). O]

4.3.4 Proof of Lemmma 4.3.5

We use the following fact, which is probably well known to experts. We recall its proof for
the reader’s convenience.

Fact 4.3.6. Let p € Y C X be a topological space, a subspace and a point. Assume that
for any integer n > 0, for any continuous map f : [0,1]" — X, there exists a continuous
map H :[0,1]""1 — X such that :

e H(x,0) = f(z) for any x € [0,1]";
e H([0,1]" x {1}) CY;

e for any face F C [0,1]" (i.e. of the form F = Fy x---x F,, with F; € {[0,1],{0},{1}}
for each 1 <i<n), if f(F)CY (resp. {p}) then H(F x [0,1]) CY (resp. {p}).

Then the inclusion map ¢ :' Y — X is a weak homotopy equivalence.

Proof. Let n be a natural number. Let us prove that ¢, : 7, (Y, p) — m,(X, p) is surjective.
We consider a continuous map f : [0,1]" — X, we want to prove that it is homotopic to a
continuous map [0,1]® — Y. The homotopy is exactly given by the map H : [0,1]"*1 — X
provided by our assumption.

Let us prove that ¢y : m,(Y,p) — m(X,p) is injective. We consider continuous map
f:[0,1]™ = Y and a homotopy A : [0, 1]n+1 — X from f = h\[(],l]"x{()} to h‘[071}n><{1} which
is constant equal to p. By assumption we can find a continuous map H : [0,1]""! — X
such that:
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e For any z € [0, 1]""!, H(z,0) = h(x).
o H([0,1]"" x{1}) CY.

e For any face F C [0,1]"*! (i.e. of the form F = F| x --- x F,41 with F; €
{0,1], {0}, {1}}), i h(F) C ¥ (xesp. {p}) then H(F x [0,1]) C Y (resp. {p}).

Since h([0,1]™ x {0}) C Y, this means that H([0,1]™ x {0} x [0,1]) C Y. Then f is
homotopic in Y to Hjg 1jnx{0}x{1}, Which is homotopic in Y to Hjg 1jnx{1}x{1}, Which is
constant equal to p because h([0,1]" x {1}) = p. O

Proof of Lemma 4.3.5. Consider an integer n > 1 and a continuous map f : [0,1]" —
CvxCpt(O). By continuity there exists N > 1 such that for each x € {0, %, %, U
there is a convex compact set K, C O such that for any y € [0,1]",if Vi € {1,...,n}, |z;—
yi| < % then f(y) C K,. Fix for each z € {0, %, %, ..., 1} a point p, € K,. We define
for each x € {0, %, %, o %}", for each y € [0,1]" and for each ¢ € [0, 1],

H(l‘ + 7>t) =1 Z H (161:13/1' + 1€i:0(1 - yz)) szr% + (1 - t)f(l‘ + E)

N
ec{0,1}n \1<i<n

And finally we apply Fact 4.3.6. O

4.4 Proof of Theorem 4.1.2

Suppose by contradiction that there exists an open subset U C 0f) that does not contain
any point of A{". Take R > 0 from Lemma 4.2.1 and fix o € Q. By Lemmas 4.3.2 and
4.3.4, we can find x € U such that, given any compact neighbourhood A C U of z, the
ball Bg(z, R) is contained in the interior of Bg(A, R + 1) relative to 9.

By Fact 2.1.10, any accumulation point of Eﬁ(y, R) for the Hausdorff topology, as y
tends to x, is contained in Bg(z, R) and hence in the interior of Bg(A, R + 1) relative to
oN.

The stereographic projection Q \ {0} — 9Q sends Bq(y, R) onto the closed shadow
Or(o,y) for any y € Q ~ Bq(o,R). By continuity of this stereographic projection, for
any sequence (y,), in  converging to z, the sequence (Bq(yn, R)), converges for the
Hausdorff topology if and only (Og(0,yn))n converges, in which case they have the same
limit.

Thus, for any y € € close enough to x, the open shadow Og(o,y) is contained in the
interior of Bg(A, R+ 1) relative to 09, which contains no extremal point since A contains
no extremal point. Since Og(o,y) C 9Q is open, it does not contain any point of A
(which is the closure of the set of extremal points). This contradicts Lemma 4.2.1.



Part 111

The dynamics of the geodesic flow on
convex projective orbifolds

91






Chapter 5

Topological mixing of the geodesic
flow on convex projective orbifolds

5.1 Introduction

The main result of this chapter concerns the topological mixing of the geodesic flow on
the biproximal unit tangent bundle of a convex projective orbifold. Moreover, we collect
some other results on topological recurrence properties of this geodesic flow. Finally, we
study the dynamics of the geodesic flow of higher-rank (i.e. not rank-one) compact convex
projective orbifolds on its non-wandering set, after observing that the biproximal unit
tangent bundle is in this case is empty.

5.1.1 Topological mixing

The main result is the following.

Theorem 5.1.1. Let Q C P(V) be a properly convex open set, I' a discrete group of
automorphisms of 0, and denote by M the quotient Q/T. Suppose that T is either strongly
wrreducible or non-elementary rank-one. Then the geodesic flow on Tleip 18 topologically
mizing.

This theorem is due to a collaboration with F. Zhu in the case where I' is non-elementary
rank-one. In order to prove Theorem 5.1.1, we establish a more general and abstract
result, namely Theorem 5.3.4, which concerns subgroups of PGL(V) that do not necessarily
preserve a properly convex open set.

Let us recall previous results on this topic. Let M = Q/I' be a convex projective
orbifold. Benoist [Ben04, Th.1.2] proved that if M is compact and € is strictly convex,
then the geodesic flow is topologically mixing on T'M. In this case, T* My, = T'M by a
result of Vey [Vey70, Prop. 3| saying that if M is compact, then AP is the closure of the
set of extremal points of Q.

Bray [Bra20b, Th.5.7] extended this result to the case where M is compact and 3-
dimensional, I' is strongly irreducible, and €2 is not necessarily strictly convex. For this,
Bray used — and this is where the assumption that /I" is compact and 3-dimensional is
crucial — the description of these compact 3-orbifolds by Benoist [Ben0O6a, Th.1.1] that
we mentionned in Section 0.1.4; Benoist’s work, combined in the result of Vey mentioned
above, implies that 7'M = T'My, (see Exemple 5.4.5). More generally, we proved in
Chapter 4 that if M is compact and rank-one, then T My, = NW(T M) = T M.

93



94 CHAPTER 5. TOPOLOGICAL MIXING OF THE GEODESIC FLOW

When (2 is strictly convex, one can see that 7'My, = NW(T*M) (see [CM14b, §3.3]
or Observation 5.4.1), and Crampon—Marquis [CM14b, Prop. 6.1] showed that in this case
the geodesic flow is topologically mixing on NW (T'M), if 9Q is C'. Thus, the point of
Theorem 5.1.1 is to treat the non-strictly convex case. In this case, Tleip is still contained
in NW(T'M) (Observation 5.4.1), but the inclusion might be strict (see (0.2.1) and the
following discussion); the following result asserts that if the inclusion is strict then the
geodesic flow on the non-wandering set is not topologically transitive.

Proposition 5.1.2. Let Q C P(V) be a properly convex open set and T' C Aut(Q) a discrete
subgroup; set M = Q/T. If Tleip 1s non-empty, then it is mazrimal for inclusion among
all closed invariant subsets of T M on which the geodesic flow is topologically transitive
and non-wandering.

If M is compact and higher-rank, then Tleip is empty by Corollary 3.4.6, while
NW(T!M) is non-empty.

5.1.2 Related results in Riemannian geometry

Let us briefly relate Theorem 5.1.1 to older results for non-positively curved Riemannian
manifolds. Let M = Q/T" be a convex projective orbifold and X a non-positively curved
Riemannian manifold.

Topological transitivity of (¢;)ier on NW (T M) when € is strictly convex, 9Q is C! and
71 (M) is non-elementary [CM14b, Prop. 6.1] is analogous to that of (¢¢)ier on NW(T1X)
when X is negatively curved and 71(X) is non-elementary, proved by Eberlein |Ebe72,
Th.3.11].

The situation where €2 is not necessarily strictly convex but I' is rank-one is analogous
to X being non-positively curved and rank-one. By work of Ballmann [Bal82, Th.3.5], if
X is rank-one and NW(T'X) = T'X (e.g. if X is rank-one and compact), then (¢;)icr
is topologically mixing on T'X. Coudéne-Schapira studied the action of (¢;)ier on
NW (T X) without assuming that NW(T'X) = T'X; they established [CS10, Th.5.2]
topological transitivity of (¢¢);cg on some invariant subset NWq (7T X) of NW(T!X), de-
fined in [CS10, §5.1|, consisting of rank-one vectors with an extra recurrence condition;
this set is analogous to Tleip when I' is rank-one.

In the Riemannian setting, if X is higher-rank (i.e. not rank-one), then NW1(T!X)
is empty, while NW(T!'X) may be non-empty, for example if X is compact. If X is
compact and rank-one, then NW (7! X) is dense in NW(T!X) = T1X [CS10, §5]. How-
ever, Coudéne—Schapira [CS10, §5.2] constructed an example where X is non-compact and
NW;(T!X) is non-empty and not dense in NW(T1X).

5.1.3 The higher-rank, irreducible and compact case

When M is compact, higher-rank and irreducible (in the sense that I' is strongly irre-
ducible), Theorem 5.1.1 does not tell us anything since T’ 1Mb-1p is empty. However, in this
case, the investigation of dynamical properties of the geodesic flow happens to be easier,
thanks to recent work of Zimmer [Zim, Th.1.4|, which classifies these orbifolds (this is
similar to a classification of compact higher-rank non-positively curved Riemannian man-
ifolds by Ballmann [Bal85, Cor.1| and Burns—Spatzier [BS87, Th.5.1]). More precisely,
he proves, building on work of Benoist [Ben03|, that universal covers in P(V) of higher-
rank irreducible compact convex projective orbifolds belong to a narrow and explicit list
of properly convex open sets, called symmetric (see Section 5.5). We use this to establish
the following.
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Proposition 5.1.3. Let M be a higher-rank irreducible compact convex projective orbifold.
Then the non-wandering set of the geodesic flow on T'M has several (more than one)
connected components, and the geodesic flow is topologically mizing on each of them.

Proposition 5.1.3 is a direct consequence of Proposition 5.5.4, where the connected
components of the non-wandering set are described more precisely.

5.2 Reminders on Benoist’s work

In this section we recall results of Benoist on asymptotic properties of linear groups, and
derive several consequences.

5.2.1 Schottky semi-groups

The definition of Schottky sub-semi-groups of PGL(V') that we use here is due to Benoist
[Ben96, §6.2], building on previous work of Tits [Tit72] and others.

For all z,y € P(V), set dpv)(z,y) = /1 — (v, w)?, where (-,-) is the canonical scalar
product on V = R%! and v,w € V are lifts of =,y with norm 1. Identify V and V* via
the scalar product on V, and transport to P(V*) the metric of P(V). For any x € P(V)
and A C P(V), we set dp(v)(z, A) = inf{dpv(7,y) : y € A}.

For any z € P(V) and H € P(V*), we have dpv(z, H) = [(z,y)| = dprv+)(H,z),
if y is orthogonal to H, and if we see H as a hyperplane of P(V) and = as a hyperplane
of P(V*). Finally, set dpv)xpv+)((z, H), (z', H')) = dpevy(z,2") + dpov+)(H, H') for all
z,2’ € P(V)and H,H' € P(V*).

The following uses Notation 2.2.2.

Definition 5.2.1. Consider €, ¢g with € < min(ep/2,1/2). An element g € PGL(V) is said
to be (e, €g)-prozimal if it is proximal, if dp (v (x;r,yg_) > €p, and if the restriction of g to
{z € P(V) : dpvy(,y,) > €} has its image in {z : dp(vy(z,2)) < €} and is e-Lipschitz
for dp(v); if moreover g~ ! is (e, eo-proximal, then g is called (e, eg)-biprozimal.

A family of elements F' C PGL(V) is said to be (¢, €9)-Schottky if each element is (¢, €9)-
biproximal and for each g # h € F, the distances dp (v, (J};_, Yy, Uy;{) and dp(v)(z,, Y, Uy;)
are greater than ¢g.

Note that the transpose ‘g € PGL(V*) (Notation 2.1.8) of a e-proximal element g €
PGL(V) is also e-proximal.

Fact 5.2.2 (|Ben96, §6]).

1. Let F C PGL(V) be a finite family of biproximal elements such that the elements of
{fga :g € F, a ==} are pairwise transverse. Then there exists ey > 0 such that for
any 0 < € < €y, there is N > 0 such that for any n > N, the family {g" : g € F'} is
(e, €0)-Scholtky.

2. Let €, €y be such that 0 < e < min(eg/8,1/2). Let F' be a (¢, €p)-Schottky family.

o [ generates a discrete free group I';
e cvery non-trivial element of T is (2€, g — 2¢)-biprozimal;
o for every element of the form g = g{"* --- g.*, with g; € F, n; > 0 and g; # gi+1

fori=1...k, the distances dp(v)xpv+)(f;, f;}) and dprvyxpve (fy , fy,) are
bounded above by 2¢;

e for any g # h € T~ {id} the flags ;, fqg f}j', [}, are pairwise transverse.
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5.2.2 A criterion for strong irreducibility

Lemma 5.2.3. Let F' C GL(V) be a finite family of biproximal elements with #F > 2
and such that:

(a) Span{ac;k tgEF}=V,

(b) Nyerzy =0,

(c) the elements of {fg : g € F, a = %} are pairwise transverse.
Then the group I' generated by F' acts strongly irreducibly on V.

Proof. Let us first check that the action of I' on V is irreducible. Consider a non-empty
I-invariant subspace P(W) C P(V) and a point « € P(W). Using assumption (b), we can
find ¢ € F such that x ¢ x(g], and then o = + such that = ¢ y,“, so that the sequence
(9°"z)n converges to xfy. This means that zf € P(W). Similarly, for any h € F'\ {g} and
B = &, because fg' M f}:’g (by (c)), we have azg = lim,, hﬁnxg € P(W). Since #F > 2 we
deduce that z,;* € W. By (a) this means that W = V.

Now let I'1 C T be a finite-index subgroup. There exists an integer N > 0 such that I'
contains the family {¢g" : g € '}, which satisfies conditions (a), (b) and (c), and therefore
generates an irreducible group. Thus, I'; is irreducible. We have proved that I is strongly
irreducible. O

5.2.3 Density of the group generated by Jordan projections
A proof of the following result can be found in [CM14b, Prop. 6.5].

Fact 5.2.4 (Ben00a, Rem. p.17]). LetT' C SL(V) be a strongly irreducible discrete subgroup
that contains a proximal element. Then the Zariski-closure of ' in SL(V) is semi-simple
and non-compact.

The following fact uses the language of semi-simple Lie groups, see e.g. [BQ16, Ch. 6|
for definitions.

Fact 5.2.5 ([Ben00Ob, Prop.p.2|). Let G be a connected real semi-simple linear Lie group.

Let ag be o Cartan subspace of its Lie algebra, let ag C ag be a closed Weyl chamber,

and let A\g : G — ag be the associated Jordan projection. Let I' C G be a Zariski-dense
sub-semi-group. Then the additive group generated by Ag(T") is dense in ag.

Note that, with the convention chosen in Notation 2.2.2, if aéLL(V) is the set of diagonal
matrices in the Lie algebra of SL(V') with non-increasing diagonal entries, then Ag,1)(g) is
the diagonal matrix with diagonal entries log(A1(g)), .. .,log(Aa+1(g)) for any g € SL(V);
recall also that ¢(g) = 1/21og(A1(g)/Aa+1(9))-

Corollary 5.2.6. Let I' C SL(V) be a sub-semi-group whose Zariski-closure in SL(V) is
wrreducible, semi-simple and non-compact. Then

((y), vel)=R.

Proof. Recall that V = R%™! so that SL(V) identifies with SLqt1(R). Let agpvy (resp.
a;L(V)) be the set of diagonal matrices (resp. diagonal matrices with non-increasing entries)

in the Lie algebra of SL(V), and denote by o : agv) — agL(V) the reordering of the
diagonal entries (0 = Agp,(v) o exp). Denote by €; : agp,v) — R the linear form which gives
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the i-th entry of the diagonal for ¢ = 1,...,d + 1. Denote by G the Zariski-closure of '
in SL(V), and p : G — SL(V) the inclusion. The point is that we can choose a Cartan
subspace ag of G such that dp(ag) C agr(v), but we cannot always choose a Weyl chamber
al, C ag such that dp(af;) C aérL(V). In other words, oodp : aj; — aérL(V) is not always the
restriction of a linear map, and the additive subgroup of agy,vy generated by Agp,v)(I') is
not always the image under dp of the additive subgroup of ag generated by Ag(I).

It happens, however, that, for i = 1 (resp. i = d 4+ 1), the map ¢;0c0o0dp: ag — Ris
the restriction of a linear form, namely the highest weight x4 of the representation p of G
(resp. the highest weight x_ of the dual representation in SL(V*)). As a consequence, the
group generated by ¢(T") is the image under the linear form %()@r —x—)odp of the subgroup
of ag generated by Ag(T'), which is dense by Fact 5.2.5, and because G has finitely many
connected components (as a real Lie group). O

Corollary 5.2.7. Let g,h € PGL(V) be two biprozimal elements such that f, ;" I fr
are pairwise transverse, and S the sub-semi-group generated by g and h. Then {{(s) : s €
S} generates a dense subgroup of R.

Proof. Let us prove this by induction on the dimension of V. By Fact 5.2.2.1, we may
assume that g and h form an (e, €p)-Schottky family, for some €, ¢y with € < min(ey/8,1/2).

o If W = Span{zf : s € S} is a proper subspace of V, then, using notations from
Section 3.2.2, let p : PGL(V)"W — PGL(W) be the restriction map. Any image p(s)
of an element s € S is biproximal with ¢(p(s)) = ¢(s), and f;Eg)’ foe) f;?h), fony axe

pairwise transverse. Therefore we can apply the induction hypothesis.

o If W =g 7Y is non-trivial, then, using again notations from Section 3.2.2, let p :
PGL(V)" — PGL(V /W) be the natural projection. Any image p(s) of an element
s € S is biproximal with ¢(p(s)) = E.(s), ar.ld f;(g),fpf(g)., f;(h),f;(h) are pairwise
transverse. Therefore we can apply the induction hypothesis.

o If Span{zf : s € S} = V and (N,cg2? = 0, then g and h generate a strongly
irreducible group by Lemma 5.2.3. We can apply Fact 5.2.4 and Corollary 5.2.6 to
conclude. O

5.3 Topological recurrence properties

Let M = Q/T be a (non-elementary) hyperbolic surface. Thanks to the work of Benoist
[Ben96, Ben00a, Ben97, Ben00b|, one can reformulate the classical proof of the topological
mixing of the geodesic flow on NW(T*M, (¢;);), and decompose it into several steps so
that the geodesic flow itself only appears at the very last step, while all the other steps only
involve the subgroup I' C PGL(V) and its actions on P(V) and P(V*). In this section we
try to establish each of these steps in the most general context we can think of. For this
we use results from Section 2.3.3.

5.3.1 Abundance of closed geodesics

The following is due to Benoist for I' strongly irreducible: see [Ben0OOa, Lem.2.5.3.c| and
[Ben97, Lem. 3.6]. Recall that we denote by T'4 the identity component of T for the Zariski
topology.

Proposition 5.3.1. Let I' C PGL(V) be a subgroup. Assume that
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o I' contains a biproximal element;

e forall f,f € A?ip, there exists g € T4 such that gf is tranverse to f'.

2

Then for any non-empty open subset U C (A?ip) , there exists g € ' biprozimal with

(fy 1) eU.

Proof. By Proposition 3.2.3, we can find non-empty open subsets U_,U; C A?ip such
that U_ x Uy is contained in U and consists of pairs of transverse flags. Let g,h € T’
be biproximal with f;r € Uy and f; € U_. Take k € ' such that kf, fq - Since
xf €y and a2} € yf, the element v = g"kh™" is biproximal with (f, fF) € U for n
large enough. O

5.3.2 Non-wandering and topological transitivity

Proposition 5.3.2. Let I' C PGL(V) be a closed subgroup. Assume that
o ' contains a biproximal element;

e forall f,f" € Alklip, there exists g € T4 such that gf is tranverse to f'.
Then the action of I on Alkiip X A‘;ip 18 non-wandering and topologically transitive.

Proof. For any biproximal element v of I', the point (f, f) € (Allzip)2 is non-wandering
since it is fixed by the diverging sequence (y"),. By Proposition 5.3.1, such pairs are
dense in (A?p)2, and NW((A?p)z,F) is closed. Therefore NW((Alklip)z,F) = (A?ip)Q, ie.
the action of I' is non-wandering. .

Let U and V be two non-empty open subsets of (A?lp)z. By Proposition 3.2.3, up
to reducing U and V, we can assume that for every (f1,f2) € U and (f{,f}) € V, the
flags f1, f2, f1, f5 are pairwise transverse. Let g,h € T' be such that (fg_,fg"’) € U and
(f,j',fh_) e V,and f = (f,:,f;). Then (¢~ "f), and (h"f), respectively converge to
(fy> f;) and (f, . f,j) As a consequence, h"¢g"U NV is non-empty for n large enough. [

5.3.3 Local non-arithmeticity

Proposition 5.3.3. Let I' C PGL(V) be a subgroup. Assume that
o I' contains a biproximal element,

e forall f,f € A?ip, there exists g € T's such that gf is tranverse to f'.

Let U C A?ip X A?ip be a non-empty open subset. Then we can find two elements g,h € T
(a Schottky family in the sense of Definition 5.2.1) that generates a sub-semi-group S C T’
consisting of biproximal elements v with (f,y_,fj) € U, and such that ¢(S) generates a
dense subgroup of R.

Proof. Let us find a Schottky family with attracting/repelling pair in U. By Proposi-
tion 5.3.1, there exists g € T' biproximal with (f;, f;7) € U, and then we can find h € T
biproximal with (f,, f,’f) € U and such that f]j, IR f; are pairwise transverse. Now
apply Fact 5.2.2: large powers of ¢ and h form a Schottky family and generate a free
sub-semi-group S C T' which consists of biproximal elements v with (f., fj ) e U. To
conclude, apply Corollary 5.2.7. 0



5.3. TOPOLOGICAL RECURRENCE PROPERTIES 99

5.3.4 Topological mixing

We are about to state the topological mixing in a setting which is a bit abstract. However
the idea of the proof remains the same as in more classical settings such as for the geodesic
flow on hyperbolic surfaces. Figure 5.1 illustrates the proof in the setting of the geodesic
flow on a convex projective surface M = Q/T".

One crucial ingredient in the following proof is non-arithmeticity of the length spectrum,
established in the previous section. The equivalence between non-arithmeticity of the
length spectrum and topological mixing of the geodesic flow was established by Dal’bo
[Dal00] in the negatively curve Riemannian setting.

Theorem 5.3.4. Let I' C PGL(V) be a closed subgroup. Assume that
o I' contains a biproximal element,

e foradll f,f € A?ip, there exists g € TE such that gf is tranverse to f’.

Let A = Alklip, or its projection in P(V). Let X be a properly metrisable space with a
continuous proper action by I, and with a continuous flow (¢r)¢ without fixed point that
commutes with the action of I'. Assume that X/(¢r): is isomorphic as a I'-space to a I'-
invariant open subset G C A%, denote by mr : X — G the natural projection, and assume
that for any v € T biprozimal with (f;,fj) € G and for any T € Wﬂg1<f,;, fj), we have
vz = ¢yyyx. Then the action of (¢1)r on X/T' is topologically mizing.

Proof. Let us assume that A = A?ip; the proof of Theorem 5.3.4 in the case where A is the
projection of AP in P(V) is similar.

It is enough to prove that for any two non-empty open sets U,V C X/T" and for any
e >0, theset {t >T:¢,VNU # 0} is e-dense in [T, 00) for some T' € R. Indeed, if we
do so, then for any two non-empty open sets U,V C X/T', we can find e > 0 and V' C V
such that ¢_.qV’ C V, and then {t : ¢,V N U # 0} contains the e-neighbourhood of
{t: V' NU # D}

Let U,V C X be open, relatively compact and non-empty, let 0 < e < 1/2, and let us
show that {t: ¢,V NI -U # 0} is Se-dense in [T, 00) for some T.

Observe that G is an open dense subset of A? by topological transitivity of the action
of I' (Proposition 5.3.2). Using this and Proposition 3.2.3, and up to reducing U and V,
we can assume that for any (f_, fy) € mrU and (f_, fi) € mrV, the flags f_, fy, f_, fi
are pairwise transverse and (f", f1) € G.

By Proposition 5.3.1, we can find g € T" such that (fg_,f;) € mrU and ¢(g) > 1. By
Proposition 5.3.3 and Observation 5.3.5, we can find h € I" such that (f,, f}j) € mrV and
U(g)Z + £(h)Z is e-dense in R. Let N > 0 be such that {¢(g)n + £(h)m : |n|,|m| < N} is
2e-dense in [0, £(g)].

There exists a basis of neighbourhoods U_ of f,~ such that ¢ 'U_ c U_. Using this,
one can check that there exists a neighbourhood U_ (resp. V) of f~ (resp. £;F) such that
g 'U_ c U_ (resp. hU, C Uy ) and such that for any 0 < n < 2N,

9 " buetg) (U N1z (U= x {ff 1)) C ¢-cqU (5.3.1)
Wby (VN g ({fy ) x U2)) € GeqV (5.3.2)
Consider z € mp ' (f;7, f;)NU, and y € ' (f, . ff) NV, and z € mi ' (f;,, f;)- Let k>0

(resp. m > 0) be such that g*kfh_ € U_ (resp. hmf;r € V4), and 7 € R (resp. o) such that
¢rg %2 € U (resp. poh™z € V).
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Figure 5.1: Proof of mixing. On the left: in . On the right: in the quotient M = Q/I".

Let
T={t>0: ¢t+Tg_kz € gNU} and S={s>0:¢_s1,h"z¢€ h_NV}.

Then
{t+s+7—0:teT,seS}C{t: VNI U #0},

therefore to conclude the proof it is enough to prove that T +S:={t+s:t € T,s € S}
is Se-dense in [T, co) for some T.

By definition of 7 and o, zero belongs in 7 and S. According to (5.3.1) (resp. (5.3.2)),
for any ¢t € T (resp. s € S) and any 0 < n < 2N, we can find oy, (resp. fs,) with norm
less than e such that ¢t + nl(g) + cun € T (resp. s +nl(h) + Bsn € S); by definition of N,
this implies that [t +s+T,t+ s+ T +¢(g)] is contained in the 4e-neighbourhood of 7 + S,
where T := N (¢(g) + £(h)). Let us conclude by proving that 7 + S is 5e-dense in [T, 00).

Define (t5,)n in 7 by induction: tg = 0 and 41 = t, + €(g) + o, 1 for any n > 0, so
that the segments [t,, + T, t,+T+£4(g)+¢€| and [ty +1+7T, tnt1+7T+£(g)+€] have non-empty
intersection. Then the union J,,~o[tn + T, tn + T + £(g) + €] is connected. Moreover, it
contains T and the sequence (¢, + T),, which goes to infinity (since £(g) > 1/2+¢€). Thus,
this union contains [T, 00), while it is contained in the 5e-neighbourhood of 7 + S. O

Observation 5.3.5. Let A be a subset of R which generates a dense additive subgroup G
of R. Let x,e > 0. Then there exists g € A such that xZ + gZ is e-dense in R (i.e. any
point in R is at distance at most € from zZ + g7).

Proof. Up to replacing A by A/x and € by €/x, we can assume that = 1. Then there are
two possibilities.

e The set A contains an irrational number g. Then Z + ¢gZ is dense in R.

e The set A is contained in Q. Let gy € N* be such that q% < €. The subgroup ﬁZ is
not dense in R, so A must contain an element outside of it, of the form g with p and

q coprime and ¢ > qo. The group Z + gZ = %Z is e-dense in R. ]
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5.4 Consequences on the geodesic flow of convex projective
orbifolds and further results

In this section we interpret the results of the previous section for the geodesic flow on
convex projective orbifolds, and we give additional results, which can be used, among
other things, to give another proof of the topological mixing for the geodesic flow on the
biproximal unit tangent bundle, which is more in the spirit of the theory of Anosov flows,
or of [CS10].

First observe that Theorem 5.1.1 is an immediate consequence of Theorem 5.3.4 with
A = AP with X = T'M, with (¢;)¢ being the geodesic flow on 7'M, and with G =
Geod(2) N A2. Indeed, let us check that the assumptions of Theorem 5.3.4 are verified.

The group I' contains a biproximal element by Fact 2.3.2 in the stronly irreducible
case, and by definition of the rank-one property (Definition 3.1.1) in the rank-one case.
The second assumption is obviously verified in the strongly irreducible case, and is a
consequence of Lemma 3.2.4 in the rank-one case. The fact that Altilp projects onto AR is
due to Fact 2.3.9 in the strongly irreducible case, and to Proposition 3.2.2 in the rank-one
case. The fact that yv = ¢y,yv for any biproximal v and any v tangent to (w; , xj) is a
consequence of Fact 2.2.8.

5.4.1 The non-wandering set for convex projective orbifolds

Observation 5.4.1. Let Q C P(V) be a properly convez open set, let I’ be a discrete group
of automorphisms of 0, and denote by M the quotient Q/T. Then NW(T'M, (¢4)ier) C
TYMeor. If moreover T is strongly irreducible or non-elementary rank-one, then Tleip C

NW (T M, (¢)¢)-

Proof. Consider a non-wandering vector v € T'Q for the action of I' x R. Let = be the
footpoint of v. We want to show that ¢.ov is an accumulation point of I'- . Since v is non-
wandering, we can find sequences of vectors (vy,), in T converging to v, of positive times
(tn)n going to infinity, and of automorphisms (7,), in I such that (dpig(or, vn, Ynv))n
tends to zero. Since (vy,)y, tends to v and (¢5,), goes to infinity, (w¢z, vy )y must converge to
$oov. By Section 2.1.2, the fact that (do(7wor, vy, Ynx)), tends to zero implies that (y,z)y
also converges to ¢oov in P(V).

If moreover I' is strongly irreducible or non-elementary rank-one, the fact that Tleip
is contained in NW(T!M, (¢;);) is an immediate consequence of Proposition 5.3.2. O

5.4.2 A criterion for being rank-one

Proposition 5.3.1 yields a criterion for a convex projective orbifold with strongly irreducible
fundamental group to be rank-one.

Lemma 5.4.2. Let Q C P(V) be properly convex and open, and I' C Aut(Q) a strongly ir-
reducible subgroup. Then T is rank-one if and only if A2 contains two points at simplicial
distance at least 3.

Proof. If T is rank-one, then the attracting/repelling pair of any rank-one element does
the job. Conversely, if there exists &,n € AR with dg,1(§,m) > 2, then by lower semi-
continuity of dgp1 and by Proposition 5.3.1 (and Fact 2.3.2), there exists v € I' biproximal

such that dgpi (3, 27) > 2. By Lemma 3.1.3,  is rank-one. O

Using the previous result, combined with the recent work of Islam—Zimmer, we can
see that many convex cocompact actions are rank-one. Recall that a properly embedded
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simplex (PES) in a properly convex open set Q C P(V) is a simplex S C Q whose relative
interior is .S N 0.

Fact 5.4.3 ([1Z, Th.1.7 & 1.8]). Let Q@ C P(V) be a properly conver open set and I" C
Aut(Q) a strongly irreducible discrete subgroup. Assume that I' acts conver cocompactly
on Q, and that T is relatively hyperbolic with respect to a collection of virtually abelian
subgroups of rank at least two. Then the set of mazimal (for inclusion) PES of Q which are
contained in the convex core Ci°* is discrete and closed as a subset of the space of compact
subsets of P(V) endowed with the Hausdorff topology. Moreover, two differents mazimal
PES have disjoint relative boundary, and any non-trivial segment in Al‘lrb s contained in

a PES.

Fact 5.4.4 ([Isl, Prop. A.2|). Let Q C P(V) be a properly convex open set and I' C Aut(Q)
a strongly irreducible discrete subgroup. Assume that I' acts convexr cocompactly on 2
and %, and that T is relatively hyperbolic with respect to a collection of virtually abelian
subgroups of rank at least two. Then M = Q/T" is rank-one.

Proof. By Fact 5.4.3, any non-trivial segment of Alfirb is contained in a PES, and that the
relative boundaries of two distinct maximal PES are disjoint. This means, since Q\A‘Erb has
bisaturated boundary by Fact 2.3.16, that two distinct points of A%rb are at finite simplicial
distance if and only if they lie in the same PES. Consider £ € AF™*. By irreducibility, we
can find v € I" such that £ and v do not belong to the same PES, and hence are at infinite
simplicial distance. We conclude using Lemma 5.4.2. O

Exemple 5.4.5 below is a more concrete application of the Lemma 5.4.2, whose proof is
exactly the same as the previous one, except that we use Benoist’s work [Ben(06a| instead
of Islam—Zimmer’s. It can also be seen as a consequence of Fait 5.4.4 and [Ben06a|, or as
a consequence of Zimmer’s higher-rank rigidity [Zim, Th. 1.4].

Example 5.4.5. Any 3-dimensional irreducible compact convex projective orbifold is rank-
one.

Proof. Let M = Q/T be an irreducible compact convex projective orbifold of dimension
3. Benoist proved [Ben0O6a, Th.1.1] that any segment of 92 is contained in a properly
embedded triangle (PET), and that two distinct PETs are disjoint. This means that two
distinct points of 0 are at finite simplicial distance if and only if they lie in the same
PET. Consider £ € AP, By irreducibility, we can find v € I such that & and v¢ do not
belong to the same PET, and hence are at infinite simplicial distance. We conclude using
Lemma 5.4.2. O

5.4.3 Recurrent vectors of convex projective orbifolds

The following lemma can be seen as a generalisation of Lemma 3.1.3.(2). It is inspired by
an analogous result of Knieper [Kni98, Prop.4.1] in the non-positively curved Riemannian
setting. Recall the definition of Osse$2 and Osing§2 from Section 2.1.8.

Lemma 5.4.6. Let Q) C P(V) be a properly convez open set, I' C Aut(2) a closed subgroup,
and v € T'Q. If v is recurrent under the action of T x R and dspl(Pocs P—ocv) > 2, then
P00V € Ossef2.

As a consequence, if T is non-elementary rank-one, then the subset AR **NgeC2 C AR
contains a Gg-dense set.

To prove it, we will need the following result, which is a particular case of a more
general theorem of Benzécri.
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Figure 5.2: Hlustration of the second part of the proof of Lemma 5.4.6

Fact 5.4.7 (|Ben60, Prop.5.3.9]). Suppose that dim(V) = 3. Let (z,Q) € & and & €
Osing§). Let T' € Ey be a triangle and o € T. Then we have the following convergence in
Ev/PGL(V).
[y, — o, T].

y—E

yelz,)
Proof. We briefly recall the proof of this fact, which is very easy in this particular case.
Consider a projective line P(W) that does not intersect [z,€], and for each y € [z,£),
denote by g, € PGL(V) the unique element that fixes £ and P(W), and such that g,y = .
Let p: P(V) N {{} — P(W) be the stereographic projection. Since £ is a singular point
of 09, the image p(Q2) is a properly convex open subset of P(WW), i.e. the interior of a
segment. As y tends to £, the properly convex open set g,{) converges to the convex hull
of p(2) and &, which is a triangle containing x. O

Proof of Lemma 5.4.6. Since v is recurrent, there exist diverging sequences (t,,), and (y,)n
in I such that (y,¢¢,v), tends to v. Up to flipping v, we may assume that ¢, > 0 for any
n.

Suppose by contradiction that ¢o.v is singular. Then there exists a projective plane
P(W) C P(V) which contains v and such that £ is a singular point of 02 N P(W). Up
to extraction, we can assume that (y,P(W)),, converges to some P(W'). By construction,
(7P, v, 2 N 4 P(W)), converges to (wv, Q2 N P(W’). Since ¢ov is singular, we can
apply Fact 5.4.7, and we obtain that Q N P(W’) is a triangle that contains ¢+.v, hence
dspl(P—oo¥, Poov) < 2, which is a contradiction.

Suppose by contradiction that there exists £ € 92 \ {¢oov} such that [£, poov] C I
We can take £ extremal. Up to extraction we can assume that (7,£), converges to some
& € 09. Observe that [deov,&’] C 99, since it is the limit of the sequence of segments
([YnPoov, Yn€])n that are contained in the boundary (see Figure 5.2). Since ¢ is extremal,
the Hilbert distance of m¢y,v to [¢p—oov,&] N Q tends to infinity with n; this implies that
[$—o0ov,&'] C ON. Thus dgpi(P—ooV, poov) < 2, which is a contradiction.

Let us assume that I' is non-elementary rank-one. Let TlQbip C T'Q be the set
of vectors v with ¢oov and ¢_oov in AR, let A C T'Q be the set of vectors v with
dspl (P—ooV, Poov) > 2, and let B C TIQbip be the set of recurrent vectors for the action of
I'xR. By Proposition 5.3.2 and Fact 1.1.4, the action of I' xR on Tlﬂbip is non-wandering
and topologically transitive. A C T'Qp, is open, [-invariant and non-empty (since I is
rank-one), hence dense by topological transitivity. By Fact 1.1.1, the subset B C Tlﬁbip
contains a Gg-dense set. Thus, ANB C TlQbip contains a Gg-dense set. On the one hand,
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T 09

Figure 5.3: Vectors v,w € T in the same strong stable manifold, with footpoints x and
y on the same horosphere

the map ¢oo : T Qi — AR that sends v to ¢oov is continuous, open and surjective,
hence ¢oo (AN B) contains a Gs-dense set. On the other hand, the first part of Lemma 5.4.6
implies that ¢oc(A N B) C dseQ N AP, This concludes the proof. O

5.4.4 Ingredients for another proof of topological mixing

In this section, we collect three results that can be used to give a proof of Theorem 5.1.1
which focuses more on the geometrical properties of properly convex open set equipped with
their Hilbert metric. More precisely, one can perform the same proof as Bray’s [Bra20b, §5|
in the particular case of Benoist manifolds (see Section 0.1.4).

In particular, we establish a specification property for the geodesic flow; see [CS10] for
precise and general statements on this property.

Strong stable manifolds in convex projective geometry

The goal of this section is to establish the following geometrical description of the strong
stable manifolds (in the sense of Section 1.2.4) of the unit tangent bundle T2 of a properly
convex open set ). Let us first recall the definition of horospheres of €2 centred at C! points
of 99 (see Sections 1.4.1 and 6.1 for more details on horospheres).

Let £ € 90 be C! and x € Q, take n € 99 such that = € [, £]. The horosphere centred
at ¢ and passing through z is the image of the map that sends ( € 99 \ T:0Q to the
intersection point of [¢, (] with Span(x, T:02 N Span(n, ¢)); see Figure 5.3. Note that this
map is the restriction of a projective transformation that fixes every point of T¢0f.

Proposition 5.4.8. Let Q C P(V) be a properly conver open set and v, w € T'Q); denote
by P(W) C P(V) the smallest subspace containing v and w (it has dimension 1 or 2 or
3), and Q' = QNP(W). Then (dpiq(drv, drw)): converges to zero as t tends to infinity if
and only if pooV = Poow, if this point is a C' point of O, and if mv and Tw belong to the
same horosphere of ' centred at €.

Proposition 5.4.8 is a consequence of the following more explicit result. See an illus-
tration for the notation in Figure 5.4.

Lemma 5.4.9. Let Q C P(V) be a properly conver open set and v,w € T'Q with ¢ov =
DooW =: & and P—_ooV # P—cow. Let a, € ¢_oo¥ ® d_oow be such that a DE and SHE are
tangent to O at £ and o, p_oov, P_oow, B are aligned in this order (o and 8 may coincide).
Let ¢ be the intersection point of mv & Tw and ¢—_cv B d_cow. If ¢ B E does not intersect
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Figure 5.4: Tllustration for the notation in Lemma 5.4.9

Q, then (dpig(div, prw))s converges, as t tends to infinity, to
1 1 1
max <2 1Og[aa¢foov7¢foowaﬁ]a ilog[c, ¢7oov»¢foouhﬂ]» ilog[av ¢OOU7¢OOU}’C]) )

with the convention on the cross ratio that [00,0,1,00] = 1 in P(R?) = R U {co}.

Proof. We consider x; = m¢pv and y; = wépw, and xg = x and y = yo. Since do(x,z:) =
t = da(y,y:) and by definition of the cross-ratio, we see that y, € (y & &) N (¢ ® zy). Let
at, by € 9 be such that the four points ay, x¢, y¢, by are aligned in this order. Let ay (resp.
Bt) be the intersection point of ¢_ocv @ ¢p_cow and & & a; (resp. £ @ b;). By definition of
the Hilbert metric and by Lemma 2.1.6,

drig(érv, prw) = da(ze, yi) = %log[at, P—o0, P—ocoW, Bi].
In conclusion, there are three possibilities:
e if ¢, )0V, p_oow, B are in this order, then oy (resp. B;) converges to a (resp. 5);
o if a, ¢, 0_oo¥, p_oow, B are in this order, then oy (resp. ;) converges to ¢ (resp. 3);

o if a, ¢ v, 0_cow,c, B are in this order, then oy (resp. ;) converges to a (resp.
c). O

Proof of Proposition 5.4.8. If poov = ¢oow, if this point is a C! point of €Y', and if 7v and
mw belong to the same horosphere of Q' centred at &, then the fact that dpig (@i, prw)
goes to zero as t goes to infinity is an immediate corollary of Lemma 5.4.9 (note that in
this case ¢ = a =  with the notation of Lemma 5.4.9).
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If dpig(pv, dpw) goes to zero as t goes to infinity, then do(moiv, méw) also goes to
zero, as well as dp(v)(m¢1v, Tgrw) by Section 2.1.2, whence poov = limt 00 TPtV = Poow.
Using the notations of Lemma 5.4.9, we have

1 1 1
0= 5 1Og[a7 (b—oo'U, ¢—wwa B] = 5 log[ca ¢—OO1)7 ¢—<X>w7 B] = 5 lOg{Oé, ¢—OO1)7 ¢—<X>w7 C]a

therefore ¢ = a = 3, and £ is a smooth point of 9, and 7mv and 7w belong to the same
horosphere centred at &. O

A Weak orbit-glueing lemma

The idea of the following lemma is that if ¢ is a (not necessarily continuous) concatenation
of a finite sequence of straight geodesic segments ci,...,c, such that the end of ¢; is
sufficiently close to the starting point of ¢;4q for ¢ = 1,...,n — 1, then one can find one
long straight geodesic that stays close to c.

Recall that in hyperbolic geometry, this fact holds for concatenations of an infinite
number of geodesics (as long as the length of all geodesics is bounded below by some
constant €). This is not true for general properly convex open sets, for instance in the
triangle.

Lemma 5.4.10. For any n > 0 and n > 0 integer, there is ¢ > 0 such that the following
holds. Let Q C P(V) be a properly convex open set, and v1,- -+ ,v, € T Q, t1,...,t, € R>.
If dpio(or,vi,viv1) < € for any 1 < i < n, then there exists v € T'Q such that for any
1<i<nandanyt € 0,t],

dr1Q (Pt +-ttsy +1V, PrV;) < 1.

Proof. The proof is an induction on n > 2 (the case n = 1 is trivial).

Step 1 : Show Lemma for n =2 and 7¢, vy = mva. Let n > 0. It is enough find
€ > 0 so that for all v # o' € T'Q and t,t' > 2, if dpig(v,v') < e and if 7o = ™' =z
then there is u € T'Q such that mu = z and dpig(psu, psv) < 1 for any 0 < s < t and
dpig(d—su, p_sv") < nfor any 0 < s < t'. We can assume without loss of generality that
V has dimension 3.

Denote by a,b the points of 9Q such that a,7¢1v, 710, b are aligned in this order.
Let €' be the interior of the convex hull of the points ¢eov, Poc?’, b, P_oov, G_oov’ and a,
so that Q' C Q and dq(y1,y2) < do/(y1,y2) for any yq,y2 € . Consider an affine chart so
that x = (0,0) and ¢+o0v = (£1,0) and ¢1o0v" = (0, £1). The shape of ' depends only
on the position of a and b. The smaller do/ (Td1v, TP10") = dpig/(v,v") (this equality is a
consequence of Lemma 2.1.4), the further a and b. See Figure 5.5.

Suppose do/(mp1v, mP1v") < 1, so that the segments [P_cot’, Poov] and [P— oo, Poo?’]
both intersect €. Denote by B the intersection point of ¢uov @ Poot’ and ¢_ oot B P’
(in the affine chart B is at infinity in direction (1, —1)). Denote by y € €’ the intersection
point of £ @ B and ¢_ov B ¢, and w the unitary vector at y pointing at ¢ov. Note
that the orbit of w under the geodesic flow is the same in €' and in . According to
Lemma 2.1.4, it suffices to find e small enough so that dq/(x,y) < n. Pick ¢,d € 9 so
that ¢,y,z,d are aligned in this order. Notice that ¢ (resp. d) is the intersection point of
z® B and [¢_coV', poov] (resp. [Pp—_oot, doov’]). When do (mé1v, md10") goes to zero the
points a and b converge to B, and so do ¢ and d, hence dg/(x,y) goes to zero.

One can give an explicit formula for €, for instance log(e — e "7 + e*g) should work.
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P—_oo¥

stooUQ

Figure 5.5: Hlustration of the proof of the weak orbit-glueing lemma for n = 2,
where x5, = Tdsv and 2!, = w50 and ys = wpsw for s € R

Step 2 : show Lemma for n = 2. Let n > 0. Let ¢ < 3 small enough as in
step 1 for n = 3. Let vy # v € T'Q and t1,t2 > 2, such that dpg(vy,v) < 5. Call
v} the unitary vector at o = mvy pointing at ¢ovi. By Lemma 2.1.4, dpig(v],v2) <
dpig(vi,v1) + dpig(vr,v2) <e.

By step 1, there exists v such that the trajectory (¢;v2)—r,<i<¢;, 5-shadows the concate-
nation of (¢iv2)_t,<t<o and (¢4v])o<i<t,. Since (Pev])o<i<t, and (@pv1)o<i<t, are e-close
by Lemma 2.1.4, we see that (¢4v])_t,<t<t, n-shadows the concatenation of (¢1v2)_t,<t<o0

and (¢pv1)o<t<t, -

Step 3 : Induction step. Assume the lemma is true for the n > 2. Let n > 0.
Let 7 > € > 0 be as in the lemma for (n = 2, n = n). Let ¢/2 > € > 0 be as in the
lemma for (n = n, n = ¢/2). Let v1,--+ ,vp41 € T1Q, and t1,...,t,+1 € R>p, such that
driq(évi,vig1) < € for any 1 < i < n. By the inductive hypothesis, there is w € T'Q
such that for any 1 <i < n and any ¢ € [0, ],

Ao (Pt + oty +W, Prvi) < €/2.

By Step 2, there is v € T such that dpig (¢, grw) < n for any t € [0,¢) +--- +t,], and
for any t € [0, tp+1]
Ar10(Pt 4t +tV, PrUn41) < 1).

Then dpiq(dt, 4 tt;_1+tV, orv;) < 2n for any 1 <i <n+1 and any t € [0, t;]. O

A Closing lemma

In this section we state a closing lemma, generalising [Bra20b, Th.4.4] and weaker than
the classical one from Anosov [Ano67, Lem. 13.1]. We briefly recall the idea: whenever a
geodesic segment comes back sufficiently close to its starting point (no matter how long it
is), we can find closed geodesic which tracks it. The following version is a more geometrical
formulation of the closing lemma. We state the dynamical version below.

We use several notations from Section 2.1, for instance we use closed faces, shadows,
and the metrics dg and dgp).
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Lemma 5.4.11. Let Q C P(V) be a properly convex open set, x € Q and (£_,&y) € 0Q2.
Assume that de (&4, Fo(6-)) > 2 and depi(é—, Fo(&1)) > 2. Then there exists R > 0 such

that for any neighbourhood W of Bg(¢—, R)x Bg(&+, R) in ﬁz, there exists a neighbourhood
U of (€_,&,) such that for any g € Aut(Y), if (97w, gx) € U, then g is biprozimal and

(z,,25) € W,

Proof. The case where dim(V) =d + 1 = 2 is trivial, and we assume that dim(V) > 3.
(1) By assumption, we can find R > 0 large enough so that Og(é4, x) contains Fo(&5).

(2) By lower semi-continuity of dg, we may find a neighbourhood Uy C Q\ Bg(z, R) of
&4 such that Og(¢, x) contains Op(x,y) for all £ € Uy and y € QN Us.

(3) Our assumption ensures that dsp1 (€, Fo(é5)) > 2 for any € € Bg(&x, R), so we can
find R’ > R large enough so that O/ (€, z) contains Fq(¢) for any € € Bg(éx, R).

(4) By lower semi-continuity of dg, we may find a neighbourhood Wi C Q \ Bq(z, R')
of Bg(&+, R) such that Op/(&, z) contains Op/ (€, y) for all £ € W4 and y € QN We,
and such that W_ x W, C W.

(5) Take a neighbourhood U/, C Ux of &4 such that Og(z,y) is contained in Wy for any
yeQnUL.

Consider g € Aut(f2) such that g™z € U/, and let us show that g is biproximal with
(z;,z}) in W. By (2) and since gz € Uy and g~'z € U_, we have

g@R(gfla:,x) = Og(z,g7) C OR(gflx,m).

Hence g fixes some point 7y € Og(z, gr) by the Brouwer fixed point theorem (Og(g~ 'z, x)

is homeomorphic to [0, 1]971, see Section 2.1.7). Symmetrically, g fixes some point n_ €
OR(xagil )
By (5), the point 74 lies in W, | and n_ lies in W_. By (4), this implies that

9Or/(n-,z) = Op/(n-, gz) C O (n—,x).

Therefore, according to Fact 2.2.7, the projection ¢’ € PGL(V/n-) of g is proximal,
and its attracting fixed point corresponds in P(V) to a line of the form n_ @ {4, where
¢+ € Op/(n_,gx) is fixed by g.

By Fact 2.2.3, since £(g) > ¢(¢') > 0 and since n_ @ (4 intersects 2, we either have
(n-,¢y) € x; x xf or (n-,¢y) € xf x x,. The latter case contradicts the fact that
dim(V) > 3 and ¢’ is proximal. Hence n- € x; and ¢y € z, and g is proximal with
¢4 = . Symmetrically, g~' is also proximal and 7y € z]. We have proved that g is

biproximal with (z,,2;) = (n-,n1) € W. O

Corollary 5.4.12. Let Q C P(V) be a properly convex open set. Letx € Q, (£_,&,) € 902
and W a neighbourhood of ({—,&+). Then there exists a neighbourhood U of (§—,&4) such
that for any g € Aut(Q) with (9 'z,gx) € U,

o if dspi(&—,&4) > 3, then g is rank-one;

o if & and &4 are extremal and dspi(§—,&4) > 2, then g is biprozimal and (x;,x;r) €
w;

e if & and &y are distinct and strongly extremal, then g is rank-one and (:z:g_, x;) eWw.



5.4. CONSEQUENCES AND FURTHER RESULTS 109

Recall that, given a convex projective orbifold M, we use B to denote the open

. TIM

balls for the metric dgzg (Section 2.1.1).

Lemma 5.4.13. Let Q C P(V) be a properly convex open set and I' C Aut($2) a discrete
subgroup; denote M = QJ/T. Consider o > 0 and vog € T'M such that the endpoints
Dol and doolo of any lift Dy are extremal (resp. strongly extremal). Then there exists
e > 0 satisfying the following. For any v € Bpiy(vo,€), and for any time t > «, if
¢v € Brips(vo,€), then one can find a biprozimal (resp. rank-one) periodic vector w €
B%)M(v, «) with period in [t — a,t + a].

Proof. Let W be a neighbourhood of (¢— o0, o) such that [£_, &4 ]NBrig(divo, /8) #
() for any 0 < t < 1. By Corollary 5.4.12, we can find a neighbourhood U =U_ x U, C W
of ¢1ooto such that for any v € T, if (y~'ndg,yntg) € U then ~ is biproximal (resp.
rank-one) and (:z:;,x:f) € W. Let to > 0 and ¢; < /8 be such that Bq(md0,€1) C Ux
for any ¥ € Bpig(9o,€1) and t > tg.

Now consider t > ty and v € Bypir(vo,€1) such that ¢yv € Bpigs(vo,€1). We can
find a lift o € Brig(?o,€1) and an element v € I' such that ¢, € Brig(y99,€1). Then
(v~ 'm0, ymo) € U, hence 7 is biproximal (resp. rank-one) and (27, 27) € W. Be defini-
tion of W, we can find w € Bpiq(09, «/8) tangent to the axis of 7. Then dpiq(w,v) < a/4
and dpio (v, ¢10) < a/4; since Y = ¢y W, by triangular inequality we have |[£(y) —t| <
a/2, and dgzg(ﬁi,ﬁ) <a.

To finish the prooof, it remains to find € < €1 such that for all o < ¢t < ty and

v € Bpiy(vo,€), if ¢pv € Brip(vo,€), then one can find a biproximal (resp. rank-
one) periodic vector w € B;tl)M(v,a) with period in [t — «,t 4+ of. If vy is not peri-
odic, then we take € < € small enough so that Bpiy(vo,€) C Béff])\/[(vo,EQ/Q), where
€2 1= ming<t<s, dp1pr(rvo,vo). If vg is periodic, then it is biproximal (resp. rank-one)
since ¢1o000 are extremal (resp. strongly extremal). We then take € < ¢; small enough so
that BTlM(vo, €) C Bgf])w(vo, €2/2), where €3 := mine7 dp1 7 (drvo, v9) and T is the set of
times a < t < tg such that ¢svg # vg for any t —a < s <t+ a. O

Sketch of the other proof of topological mixing

Let us briefly explain what differences it would make to use Proposition 5.4.8 and Lem-
mas 5.4.10 and 5.4.13 in order to prove Theorem 5.1.1. Let Q C P(V) be a properly convex
open set, I' C Aut(Q) a strongly irreducible, rank-one, torsion-free and discrete subgroup,
and set M = Q/I.

The Weak orbit-glueing lemma (Lemma 5.4.10) and the Closing lemma (Lemma 5.4.13),
combined with the topological transitivity of the geodesic flow, may be used to upgrade a
global non-arithmeticity property into a local non-arithmeticity property, similar to Propo-
sition 5.3.3.

More precisely, suppose we know that the lengths of all rank-one periodic geodesics of
M generate a dense subgroup of R, fix any non-empty open subset U of T leip, and let
us see how to find rank-one periodic geodesics passing through U whose lengths generate
a dense subgroup of R. We may assume that U is a small enough neighbourhood of a
rank-one geodesic so that we may apply Lemma 5.4.13. Let ¢ : [0,1] — T'M be a rank-
one periodic geodesic of M with length £. By topological transitivity, there is a geodesic
c1 from U to near ¢(0) = ¢(1) with length ¢, and a geodesic ¢y from near ¢(0) to U with
length. By the Weak orbit-glueing Lemma and the Closing lemma, we may find a rank-one
closed geodesic c3 through U, shadowing the concatenation of ¢; and ¢ and with length /3
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close to £1 + 5. Similarly, we may find a rank-one closed geodesic ¢4 through U, shadowing
the concatenation of ¢1, ¢ and ¢y and with length ¢4 close to £ + £ + £5. The difference
£4 — f3 is then close to £.

Note that, in order to establish a global non-arithmeticity property, one would still
need Benoist’s work [Ben0OOb] on asymptotic properties of linear groups, and it would
not be much easier that establishing directly the local non-arithmeticity property as in
Proposition 5.3.3. It would be slightly simplified for instance if I' is Zariski-dense in
PGL(V) (which is true if M is compact, see Section 4.1.1).

Proposition 5.4.8 would ease the proof of topological mixing in the following way.
Suppose U,V C Tleip are two non-empty subsets, which have rank-one periodic vectors
x € U and y € V whose periods £ and ¢ generate an “almost” dense subgroup of R, as in
the proof of Theorem 5.3.4 and Figure 5.1. Consider a vector z € T My, whose forward
(resp. backward) endpoint in the universal cover is the same as x (resp. y). Since rank-one
periodic vectors have smooth endpoints in the universal cover by Lemma 3.1.2, one may
apply Proposition 5.4.8 and obtain that T := {t : ¢z € U} (resp. S := {s: ¢p_s2 € V})
contains {7 + nf : n € N} (resp. {oc + ml¢’ : m € N}) for some 0,7 € R. Finally one
concludes that {t: ¢V NU # 0} DT + S is “almost” dense in [T, 00) for some T.

5.4.5 Maximality of the biproximal unit tangent bundle

In this section we give a proof of Proposition 5.1.2. For this, we need the following lemma,
which is a consequence of Lemma 2.1.6.

Lemma 5.4.14. Let Q C P(V) be a properly convex open set and I' C Aut(S2) a discrete
subgroup; set M = Q/T. Consider two vectors v,w € TM with w in the closure of the
forward orbit {¢pyv : t > 0}. Then ¢ belongs to the closure of the orbit T - g for all
lifts ,w € T'Q.

Proof. By assumption there exist sequences (t,), € [0,00)N and (7)., € TN such that

’)/ngﬁtn’lj — w.
n—oo
This implies that, for n large enough, [v,¢—0o?, doo®] N 2 is non-empty; let us consider
Up € TYQ such that ¢_ooliy = Ynd—oo®, and Guolly, = oo, and i, is a closest point of
[YnP—o00?, PooW] to mw for the Hilbert distance. We easily observe that (i, ), converges to
w as n tends to infinity. By Lemma 2.1.6, we obtain

dria(0, v -t i) < dpig(dr, 0, M iin) = drig(Yndt, D, in)
< dpig (e, 0, W) + dpig (W, Uy)

— 0.
n—00

Therefore, v, L hoot® = 7;, ooty tends to ¢o® as n goes to infinity. O

Proof of Proposition 5.1.2. Consider a closed invariant subset A C T M containing Tleip
and on which (¢;); is topologically transitive and non-wandering. By Fact 1.1.3, there ex-
ists v € A such that both {¢v: ¢ > 0} and {¢sv: ¢t < 0} are dense in A.

Take w € T" My, (which is non-empty by assumption), and consider respective lifts
0,1 € T'Q of v,w. By definition of v, the vector w is in the closure of the forward orbit
{¢wv : t > 0}, so we can apply Lemma 5.4.14 and we obtain ¢o0 € AX". Using again
Lemma 5.4.14, and the fact that w is in the closure of {¢(—v) : t > 0} = {—¢v : t < 0},
we see that ¢_o.0 € ARL'™*. We have proved that v € T My, therefore

A={pw:t € R} C T My, C A,



5.5. THE GEODESIC FLOW IN THE HIGHER-RANK COMPACT CASE 111

and this concludes the proof. O

5.5 The geodesic flow in the higher-rank compact case

The goal of this section is to prove Proposition 5.1.3. We are actually going to prove a
finer statement: that the connected components of the non-wandering set of the geodesic
flow are quotients of homogeneous spaces whose Haar measure is mixing.

In this section we denote by H the classical division algebra of quaternions (and we
stop calling H? the poincaré disk), and by O the classical non-associative division algebra
of octonions. Fix an integer N > 3 and the algebra K = R, C, H, or, if N = 3, O. We
shall use the following notation. (In the case K = R, conjugation is the identity and we
abusively say Hermitian instead of symmetric.)

e For z € K, the element T € K is the conjugate of z.
e We consider the Hermitian bilinear form on KV given by (x,y) = Zf\i 1 Tili-

e The real vector space V = Vjy g consists of the Hermitian matrices of size N with
entries in K.

e The cone C' = Cnx C 'V consists of the positive-definite Hermitian matrices.
e The properly convex open set Q = Qyx C P(V) is the projectivisation of C.
e The group Aut(C) C GL(V) consists of the transformations preserving C'.

e The group G = Gy = Aut(?) = Aut(C)/R* is the automorphism group of €,
where R* is seen as the group of homotheties of GL(V).

e The group K C Aut(C) is the stabiliser of the identity matrix; note that the map
K — G is an embedding, and that K is a maximal compact subgroup of G.

e Finally the group A consists of the diagonal matrices of size N with entries in Rsq;
we see it embedded in Aut(C), acting on V by the following formula: a - X = aXa
fora e Aand X € V.

Let us be more explicit about the case K = R. The group Aut(Cn ) identifies with
the quotient GLy (R)/{%1}, acting on Vy g by the formula ¢g- X = gXg*; the group Gy g
identifies with PGLy(R); the group K identifies with O(N)/{£1}.

We come back to the general case. The spectral theorem (see [F1X94, Th. V.2.5]) ensures
that for every X € V there exists kK € K such that k- X is diagonal with real entries.
This, using the action of A, has two consequences: Aut(C) acts transitively on C, and
can be written as the product KAK = {kjaks : k1,ko € K,a € A}. Then, the quotient
group G acts transitively on €2, and can be written K(A/R~o)K — actually, the element
of A/R~¢ in the decomposition can be taken with non-increasing entries on the diagonal,
and this yields the Cartan decomposition of G. The Lie algebra of G is sl(IN,K) when
K # O, and eg(_g6) if K= O (see [FK94, p.97]), therefore G is a non-compact real simple
Lie group, with finitely many connected components, and with trivial centre. Observe that
Q) identifies as a G-space with the Riemannian symmetric space of G.

Since 2 = G/K, a discrete subgroup I' C G acts cocompactly on Q if and only if
G/I' is compact, i.e. I' is a uniform lattice of G; uniform lattices exist by a theorem of
Borel [Bor63, Th. C|. The properly convex open sets Q0 k are called the symmetric divisible
convez sets. Zimmer |Zim, Th. 1.4] recently proved that the higher-rank irreducible closed
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convex projective orbifolds are exactly the quotients of the form Qyx/T", where N > 3,
the field K =R, C, H, or O (if N = 3), and I' is a uniform lattice of Gy k.

5.5.1 The non-wandering set of G x R on T'(Q

In this section we describe the non-wandering set NW(7Q, G x R) and prove that G acts
transitively on each of its connected components.

The boundary of §2 is the projectivisation of the cone of positive semi-definite Hermitian
matrices. For 1 < 4,57 < N — 1, we denote by TIQM the set of unit tangent vectors
v € T such that the respective ranks of ¢_,v and ¢oov (meaning the rank of any
representative in V) are i and j. Note that T1€); ; is non-empty if and only if i +j > N
(see Proposition 5.5.1.(1)). The subsets 77Q; ;, for 1 < 4,5 < N and i + j > N, are
invariant under the automorphism group Aut({2) and the geodesic flow (¢;)iecr. They
stratify 71Q in the following way:

e T'Q) is the disjoint union of the ', ;,

e the closure of TlQm- is the union of the TIQM for1<k<iand 1 </ <7y,
e in particular, TlQi7N_i is closed for 1 <i < N —1,

. TlQN_LN_l is open and dense in 7.

When K = R we compute dim(7"Q; ;) = i(N — i) + w +j(N—j7)+ w -1

We denote by Geod™(f2);; the quotient T7€; ;/(¢i)ier. Observe that the space of
all geodesics Geod™(Q) := T'Q/(¢;)ier identifies with the set of pairs (z,y) in 902
such that Ker(z) N Ker(y) = . We are going to prove that NW(Geod™(Q2),G) is the
union (J;<;«n_1 Geod™(Q); n—i. This exactly means, according to Section 1.1.2, that
NW(T'Q,G x R) is Ui<i<n—1 Tlﬁwv_i. We choose a basepoint v; n—; € Tlﬁwv_,-, such
that mv; N—i, gb,oovi’N,;a_nd ?®soVi,N—; are the projectivisations of, respectively, the iden-
tity matrix, the orthogonal projection onto K’ x {0} and the orthogonal projection onto
{0} x KN=%. We set

e2I; 0
Ai,N—i = {at = |: 0 et/zfj:| 1t e R} C A,

where [ is the identity matrix of size k, and we observe that for any ¢ € R, the image
ay - v N—i s exactly ¢yv; n—;. We denote by Gg the identity component of G (for the
topology induced by the structure of real Lie group) and by K; ny—; the stabiliser in Gy of
v;, N—i; they are normalised by A; y—; C Go.

Proposition 5.5.1. Consider N > 3, the algebra K = R, C, H, or O (if N = 3), the
vector space V. = Vi, the properly conver open set Q = Qnx C P(V), and the group
G = Gk, with identity component Gg.

(1) For1<i,j5 <N —1, the set T'Q; ; is non-empty if and only if i +j > N.

(2) For 1 < i < N — 1, the group Gq acts transitively on T'Q; y—;. If we identify
TYQ; n—; with Go/K; n—i, then the geodesic flow identifies with the action by right
multiplication of A; N—i on Go/K; n—;.

(8) The non-wandering set of G on Geod™(2) is

NW(Geod®(),G) = ] Geod™(Q);n—i.
1<i<N-—1
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Proof. (1) Suppose there exists v € T1(); ;. Because Gy acts transitively on Q we can

find g1 € Go such that gi7v is the projectivisation of the identity matrix. Then
by the spectral theorem there exists an automorphism go € K (i.e. fixing gi7v)
such that Ker(gag1¢—oov) = {0} x KN~ since the space of (N — i)-dimensional
right K-sub-modules of K"V is connected, we can take go in Go. We note that the
subspaces Ker(g291¢—oov) and Ker(gag1¢0v) are orthogonal. (Indeed, if 7" and T”
are representatives in 'V of ¢2g1¢_oov and ¢gog1doov such that T+ T” is the identity
matrix, and if 2 € Ker(T') while y € Ker(7"), then (z,y) = (z, Ty+T"y) = (x,Ty) =
(T'x,y) = 0.) This implies that i +j > N.

Let 1 <i < N-—1. Let us show that there exists g € G such that g-v is the basepoint
v; N—i of TlQi,N,i. We have already seen that there are g1, go € G such that mgagiv is
the projectivisation of the identity matrix, and Ker(g2g1¢_oov) = {0} x K¥~%. Then
Ker(g291600v) = K? x {0}, since Ker(g2g1¢_oov) and Ker(g2g1600v) are orthogonal.
Moreover gog1¢—oov and gog1¢sov are the projectivisations of the orthogonal projec-
tions onto K? x {0} and {0} x K¥~%. (Indeed, consider representatives 7" and T of
D 09291V and ¢oogagiv in V such that T+ T” is the identity matrix; then 7" and T
are the orthogonal projections onto K? x {0} and {0} x KN=%)

The stabiliser of (¢—oo¥i N—i, PooVin—i) € Geod™(2); N—; contains A; y_;, there-
fore the stabilisers of points in Geod™(€2); n—; are non-compact, hence the union
Uf\:ll Geod™(§2); n—; is contained in NW(Geod™(Q2), ). Let us prove the converse
inclusion.

Suppose by contradiction the non-wandering set NW(Geod**(£2), G) is not contained
in the union Uf\; _11 Geod™(Q2); y—;- We may assume the existence of sequences of
positive semi-definite Hermitian matrices (Sp)nen, (Tn)nen in V', of automorphisms
(gn)nen in Aut(C) and of positive scalars (tn)nen, (Vn)nen, such that

e (Sp)ns (ngnSn)n, (Tn)n, and (vpgnTh )y respectively converge to S, S’, T, and
T,

e the rank of S and S’ is 4, the rank of T and 7" is j, with 1 <i,7 < N — 1 and
i+j5>N,

e Ker(S) NKer(T) = Ker(S") N Ker(T") = {0},

e ([9n])n € G leaves every compact subset of G.

Using Aut(C) = KAK and extracting, we may assume (up to renormalising) that
gn = an € A converge in End(V) to a non-invertible non-zero diagonal matrix a
with non-negative coefficients. We extend to a the action of A on V', with the same
notation: a - X = aXa for any X € V.

Since Ker(S) NKer(7T) = {0}, up to exchanging S and T, we can assume that the
image of a is not contained in Ker(S), and this implies that a-S # 0. Both (ay - Sn)n
and (fnay, - Sp)n converge to a non-zero element of V, so (i), must be bounded,
and we may assume that it converges to 1, without loss of generality. Therefore,
a-S =5 which means the rank of a is bounded below by 4. Since i +j > N, the
kernel of a is not contained in Ker(7T"), and a - T # 0. As before, without loss of
generality, we can assume that a - T = T’. But now the kernel of a is contained in
Ker(S’) N Ker(7") = {0}, this is a contradiction. O
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5.5.2 The non-wandering set of (¢;),cg on T M

Let T" be a lattice of G, not necessarily uniform. We set M = Q/T.

Remark 5.5.2. The biproximal unit tangent bundle T 1Mbip is empty. To see this, recall
that the attracting fixed point of a proximal automorphism of  is always an extremal
point of €, so by definition the proximal limit set of I' is contained in the closure of the set
of extremal points of €2. Here, since {2 is symmetric, the set of extremal points is closed
and consists of projectivisations of rank-1 positive semi-definite Hermitian matrices, so the
set of straight geodesics between two extremal points is Geod® ()5 1, which is empty since
N > 3.

For 1 <1i,7 < N —1, we denote by TlMi,j the quotient Tlﬁi’j/f‘. In this section we
use the following celebrated theorem of Howe-Moore to study the action of the geodesic
flow on each TlMi,N,i, with 1 <¢ < N.

Fact 5.5.3 ([HMT79], see e.g. [Zim84, Th.2.2.20]). Let G be a connected non-compact simple
Lie group with finite centre, let m be a unitary representation of G in o separable Hilbert
space, without any non-zero G-invariant vector. Let x,y be two vectors in the Hilbert space.
Then (x,gy) converges to zero when g goes lo infinity, i.e. g leaves every compact subset

of G.

By Proposition 5.5.1 and Fact 1.1.2,

NW(Geod®(Q),T) C | Geod™(Q)in—;,
1<i<N-1

NW(T'QIxR)c | T'Qinoi,
1<i<N-—1

1\1\)\](171]\47 ((bt)tGR) C U TlMZ'7N_i.
1<i<N-1

We are now going to see that we actually have equalities. Recall that a finite measure p
preserved by a measurable flow (¢;):er is mixing if, for any two functions f, g € L?(u) with
zero integral, we have

[+ oondn o

Recall also that a continuous flow is topologically mixing on the support of a mixing
invariant measure (Fact 1.2.9). Therefore Proposition 5.1.3 is an immediate consequence
of the following proposition, and of Zimmer’s rigidity theorem [Zim, Th.1.4].

Proposition 5.5.4. Consider N > 3, the algebra K = R, C, H, or O (if N = 3), the
vector space V = Vi, the properly convex open set Q = Qnx, and the group G = Gy k.
Take a lattice T' of G, not necessarily uniform, and denote by M the quotient Q/T". Then
for any 1 < i < N — 1, the (finite and fully supported) Haar measure on T'M; n_; is
mizing under the geodesic flow; as a consequence the geodesic flow is topologically mizing
on TYM; n—;. Furthermore, NW (T M, (¢1)1er) has ezactly N — 1 connected components,
which are {TlMi,Nfi}lgingl-

Proof. Up to replacing I' by a finite-index subgroup, we can assume that I' is contained
in Gg. Since T is a lattice, the Haar measure m on I'\Gy is finite. Fix 1 <7 < N — 1.
By applying the Howe—Moore theorem (Fact 5.5.3) to the unitary representation of Gy in
L2(I'\Go, m), we obtain that m is mixing under the action of the (one-parameter) non-
compact subgroup A; ny—; of Gy. According to Proposition 5.5.1.(2), it immediately follows
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that the induced measure on T'M; xy_; = T\G/K; n—; is mixing under the action of the
geodesic flow. Since the Haar measure in fully supported, the geodesic flow on TlMLN_Z-
is topologically mixing, and its non-wandering set is T*M; y_;. O






Chapter 6

The HopfTsuji—Sullivan—Roblin
dichotomy

The goal of this chapter is to define conformal densities on the projective boundary of
properly convex open sets, to construct the Sullivan measures on the unit tangent bundle of
non-elementary rank-one convex projective orbifolds, and then prove the HT'SR dichotomy.
Let us state now this dichotomy, even though we have not yet defined the Sullivan measures;
recall that we gave a hint in Section 1.4.3 of how the Sullivan measures are constructed.

Theorem 6.0.1. Let @ C P(V) be a properly convez open set and I' C Aut(2) a non-
elementary rank-one discrete subgroup; set M = QJT. Let § > 0 and (pz)zeq a T'-
equivariant conformal density of dimension § on 02. Let m, mr and mg be Sullivan
measures on T'Q, T'M and Geod™ () associated to (jiz),. Fiz o € Q. Then there are
two possibilities:

1. esther Zwer e~%40(079) < oo, in which case Vo(AP™) = 0, and the dynamical systems
(T'Q,R x T',m), (T*M, (¢¢)¢, mr) et (Geod™(Q),T,mg) are dissipative and non-
ergodic.

2. 01 ) cr e942(07) — o6 in which case § = or, and

o (vy)z 1s the only T-equivariant conformal density of dimension ¢ (up to multi-
pliciation by a scalar);

o Up(Tsse XNAT T NAS™) = 1,(0Q) and v, has no atom: in particular the support
of mr s Tleip;

e the dynamical systems (T*Q, RxT,m), (T*M, (¢4), mr) and (Geod™(Q2),T', mpg)
are conservative and ergodic;

e if mr is finite, then it is mizing unde the action of (¢¢)¢.

The proof of this theorem is based on that of Roblin [Rob03] for CAT(—1)-spaces.

In Section 6.1 we collect results on the horocompactification of properly convex open
sets equipped with their Hilbert metric. In Section 6.2 we define the Hopf coordinates and
the Gromov product in the setting of convex projective geometry, in order to make sense
of Sullivan’s formula [Sul79, Prop. 11|, which defines Sullivan measures. In Section 6.3 we
state and prove a convex projective version of the Shadow lemma, a fundamental lemma
in the study of conformal densities. In Section 6.4 we establish the convergent case of
the HTSR dichotomy. In Section 6.5 we assume that I' is divergent, and follow closely
Roblin’s proof of HTSR dichotomy in order to produce the convex projective version of

117
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Theorem 6.0.1.2. The proof is divided into several steps: proving that the conical limit
set has full measure (Sections 6.5.1 and 6.5.2); proving that any dp-conformal density is I'-
ergodic, when restricted to a coarser o-algebra of 02 which does not distinguish two points
belonging to the same face (Section 6.5.2); proving that the Sullivan measure is conserva-
tive (Section 6.5.3); proving that O has full measure (Section 6.5.4); proving that the
Bowen-Margulis measure is ergodic, and moreover mixing when finite (Section 6.5.7); and
finally proving that AP™* has full measure (Section 6.5.8).

To establish the mixing property when m is finite, we use a general result of Coudéne
(see Section 1.2.4) that are inspired by work of Babillot [Bab02]. In particular, cross-
ratios of quadruples of points on the boundary of a properly convex open set are a crucial
component of the proof of the mixing property. Zhu proved the mixing property |Zhua,
Th. 18] in the case where € is strictly convex with C! boundary by using the same strategy.

6.1 The horoboundary of a properly convex open set

In this section we recall results on the horoboundary of a properly convex open set. Recall
that the horoboundary was defined for general proper metric spaces in Section 1.4.1.

6.1.1 The horocompactification dominates the projective compactifica-
tion

Lemma 6.1.1. Let Q be a properly convex open set, £ € Q, x € Q and y € [x,£). Then
b.(x,y) converges to do(x,y) as z € Q tends to &.

Proof. For any z € €, let y, € Q2 be a closest point of [, z] to y for any fixed metric dp(v)
on P(V). It is clear that y, converges to y in P(V) as z tends to &, hence dq(y, y.) tends
to zero. Therefore by triangular inequality we have on one hand

bz(x7y) = dQ(Z,I‘) - dQ(Zay)
> dQ(Zvyz) + dQ(ysz) - dQ(Z,yZ) - dﬂ(y,my)
> do(y, z) — 2do(y2, y) " do(y, ©),

while on the other hand b, (z,y) < dq(z,y) for any z € 2, by another triangular inequality.
O

A first consequence is the following fact, originally due to Walsh. Note that Walsh
who gave in [Wal08] a description of the horoboundary of properly convex open sets, with
important consequences on the group of isometries of properly convex open sets.

Fact 6.1.2 ([Wal08, Th.1.3]). Let Q@ C P(V) be a properly convex open set. Then the
horocompactification QF dominates the projective compactification Q. We denote by my, the
map QF — Q.

Proof. Consider two distinct points £, € 91, and two sequences (&), and (9,), in Q
that respectively converge to £ and n in Q, and to p and ¢ in ", and let us show that
p # q. Fix a two-dimensional subspace P(WW) C P(V) that contains £ and 7, and intersect
Q. It is clear that we can find two points ¢’ and ' € P(W)N9IQ such that & and nd 7/
intersect at some point = € €, and such that & @ n/ intersect Q. Let y € [z,n') at Hilbert
distance 1 from z. By Lemma 6.1.1, we have by(y,z) = 1.

For any two points 2/,y" € Q, let ayy, by, € O be such that ayy, 2,y by, are
aligned in this order. For any n, we set a, = ay¢, and b, = by,, and denote by aj,
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(resp. b,) the intersection point of [&,, aye, ] and [aysz, aze, ] (vesp. [&n, by, | and [bye, bye,,])-
Finally, fix a normed affine chart that contains Q, with norm denoted by |- |. By definition
of the Hilbert metric,

Lo 100 =yl - llap =& |

1+ do(z, &) = da(y,z) + do(z, &) = 9 0g 16!, — &all - lal, — |

for any n. As a consequence,

L Moyl llan— & | 16—yl -l — & |
be, (y,x) =1+ = log — —log —2 I
e (9:2) = 14 3108 Iy — e T an— gl 2% o —&ul- o vl
/— . J—
1 gl o= |
218 ot =&l lan = ol

Observe that (an), and (aj,), converge in P(V) to respectively aye and the intersection
point of [aye, y] with [/, £']; these two points are different because we have chosen &', 7’ so
that & &' NQ # 0. Thus b,y(y,z) <1 and p # q. O

An important consequence of Lemma 6.1.1 is that, if we are given £ € {2 and one
horosphere centred at &, then we can geometrically describe all horospheres centred at € in
terms of the given horosphere and the projection m,(§) € 9€2. More precisely, for all z,y €
Q with y € [z, m(&)], the map sending 2’ € 9H¢(x) to the unique point v’ € [2/, m(§))
at distance do(z,y) from 2’ is a homeomorphism from 9H¢(x) onto OHe(y); we then see
the horospheres centred at £ foliate the properly convex open set 2. Observe also that
horoballs are convex, since Hilbert balls are convex by Section 2.1.4, and their boundaries
are the horospheres, which are homeomorphic to R~

6.1.2 Horospheres at smooth points of the projective boundary

As observed by Crampon-Marquis [CM14a| and Bray [Bra20a], regularity properties on
the projective boundary 02 have repercussions on the geometry and regularity of the
horospheres.

If € is smooth, then it has only one preimage by my, and the horospheres centred at
¢ coincide with the algebraic horospheres defined by Cooper—Long-Tillmann [CLT15, §3],
which are images under a projective transformation of the set of points n € 9€) such that
E@nNQ # ). We will from now on abuse notation by identifying any smooth point of the
projective boundary with its preimage in the horoboundary ; if 9 is C! then it identifies
entirely with On{2.

Fact 6.1.3 (|Bra20a, Lem. 3.2]). Let Q C P(V) be a properly convez open set. Let & be a
smooth point of 02. Then it has only one preimage by m, : O — 0. More precisely, let
n € INNTe0Q and x € [€,n] N, then the horosphere OHe(x) is the image of the map that
sends ¢ € 0\ T¢0N) to the intersection point of [€, (] with Span(x, T¢0Q N Span(n, ¢))

Recall that we have already considered these horospheres in Section 5.4.4.

Proof. For any two points y, z € Q, let ay,, by, € 9Q be such that ay.,y, z, by, are aligned
in this order. Fix ¢ € 0Q \ T¢092, let A be the intersection point of T¢0€2 and Span(n, (),
and let y be the intersection point of [¢,(] with Span(z, A). Figure 6.1 illustrates the
previous notation. Let us show that b,(z,y) converges to zero as z € Q tends to &.

We may assume that z, y and £ are not aligned. For each z € Q, let A, € P(V) be the
intersection point of the lines b,. @ by, and az. ® a,., and let y, € €2 be the intersection
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Qyz

Figure 6.1: Tllustration of the proof of Fact 6.1.3

point of y @ z with A, @ x. By definition of the Hilbert metric, b.(z,y) = da(y,y.), so
we only need to prove that y, in €} converges to y as z goes to £. It is enough for this to
establish that A, converges to A. Since a,. tends to n and ay. tends to ¢, any accumulation
point of A, belongs to n @ (. Since b,, and b,, converge to £, any accumulation line of
by. ®by. contains £ but does not intersect €2, hence it is contained in T¢0f2, which therefore
contains any accumulation point of A,. O

One can refine the previous fact by showing that a point £ € 0f) has exactly one
preimage in Gy€) if and only if it is a smooth point of 9.

6.1.3 Conformal densities on the projective boundary

Definition 6.1.4. Let Q@ C P(V) be a properly convex open set and I' C Aut(f2) a
discrete subgroup. For § > 0, a §-conformal density on Of) is the push-forward by m,
of a d-conformal density on 0y{). Note that such a family is made of I'-quasi-invariant
measures.

Note that, if it was not true that 0,2 dominates 9S2, we could have considered a
common refinement of 3,2 and 02, where the conformal densities are also well defined.
6.2 Construction of the Sullivan measures
In this section we apply the discussion in Section 1.4.3 to properly convex open sets

equipped with their Hilbert metric, in order to define the Sullivan measures on the unit
tangent bundle of convex projective orbifolds.

6.2.1 The Gromov product

Let 2 C P(V) be a properly convex open set. Recall that the Gromov product of three
points x, &, n € (1 is defined by

(€)= 5 (A2, €) + dae,n) — da(€.m) > 0, (621)
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and the following are three immediate properties of the Gromov product, for y € {:

z € [6,n] = (€M =0; (6.2.2)

(€1 = (€ 1y + 30e(es) + 500l 9); (623

(€M — (€ myl < da(z,y). (6.2.4)

We denote by Geody () (resp. Geody®(£2)) the set of pairs (£,7) in ()2 (resp. 0,0?)

such that [£, 7] NQ # 0, where [&,n] := [m(§), ™ (n)]-

Proposition 6.2.1. Let Q C P(V) be a properly conver open set. The map (§,n,x) —
(€,m)e defined on Q3 extends continuously to Geody () x Q, as well as (6.2.2), (6.2.3) and
(6.2.4).

Proof. Let A := {(&,m,2,y) € Geodn(Q) x Q2 : y € [£,1]}. The projection (&,7,x,y)
(&,m, x) from A to Geody () x §2 is continuous, surjective and open. Therefore, it is enough
to prove that the function (&,7,z,y) — (£,1), defined on A N Q* extends continuously to
A. This is a consequence of (6.2.2) and (6.2.3) combined, which yield, for any (&,7n,z,y) €
ANQY,

1 1
<§7T’>x = §b§($7y) + 7b77($7 y)

2
Note that (6.2.2) extends to (£,7) € Geody(2) because the set {(&,n,2) € Q3 : x €
[€,n]} s dense {(€,7,) € Geodn(D) x 9 7 € [€,7]}. .

Recall that for general Gromov hyperbolic spaces, the extension to the boundary cannot
always be made continuously, and requires taking a sup liminf, (see [BH99, §II1.H.3.15]).
The fact that the Gromov product extends continuously to the projective boundary of C!
properly convex open sets was proved by Benoist [Ben06b, Lem. 5.2].

If Q is strictly convex with C' boundary, then we have identified 3,Q with 02, and we
see that the Gromov product is well defined on the set 9% of pairs of distinct points of
o0q.

6.2.2 The Hopf coordinates

Let Q C P(V) be a properly convex open set and o € Q. The Hopf parametrisation based
at o of the unit tangent bundle T is the (¢;);-equivariant continuous surjective map

Hopf,: Geod®(Q) x R — TQ,

that sends (£,7,t) € Geodp® () xR to the vector Hopf (£, n,t) tangent to [, 1] = [mn&, TN
and such that b, (o, 7Hopf,(&,n,t)) = t.

When the context is clear, we will simply write Hopf instead of Hopf,. Changing the
base-point for x € Q yields the following formula: for any (£,7,t) € Geody®(2) x R,

Hopf, (¢,7,t) = Hopf,(£,7,t + by (0, ).

We can lift to Geod® () x R the three actions on the unit tangent bundle T1Q given
by the geodesic flow, Aut(£2) and the flip involution (see Notation 2.1.1), so that the Hopf
parametrisation is equivariant. Given (£,7,t) € 7, '(Geod™®(Q)) x R and s € R and
v € Aut(Q) these lifts may be written as

¢s(&;m,t) = (§,m, 1+ 5), (6.2.5)
v (&, t) = (&, .t + by (v 0, 0)), (6.2.6)
W&mt) = (1,& (& mo — ). (6.2.7)

Observe that, apart from the action of the geodesic flow, these actions depends o € €.
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6.2.3 The Sullivan measures

Let Q C P(V) be a properly convex open set, I' C Aut(2) a discrete subgroup, and set
M =Q/T. Let § > 0 and let (u2), be a d-conformal density on Q2.

Using Sullivan’s formula [Sul79, Prop. 11|, we define the following measures, which are
said to be induced by (u2),.

e The Sullivan measure m% on Geodp®(Q) is dmb(&,n) = €29&me dpb(¢) dpb(n) for
o € ; this measure does not depend on o; it is I'-invariant and invariant under

(&n) = (n,6)-

e The Sullivan measure mg on Geod™ (1) is the push-forward by 72 : 9,Q% — 9Q? of
the Sullivan measure on Geodp°(2); it is I'-invariant and invariant under (§,n) —

(n,€)-

e The Sullivan measure m® on Geodp® () xR is defined as dm®(&, 0, t) := dmb (&, n) dt,
where dt is the Lebesgue measure on R; this measure is invariant under the actions
by (¢¢)¢, I' and ¢ given in (6.2.5), (6.2.6) and (6.2.7).

e The Sullivan measure m on T'Q is m := (Hopf,).m®, which does not depend on o;
it is invariant under the actions by (¢¢):, I' and «¢.

e The Sullivan measure mr on T'M is the quotient of m by I' (see Section 1.2.3); it
is invariant under the actions by ¢ and (¢¢)¢.

e The Sullivan measure m® on Geodp®(2) x R/T is the quotient of m™ by T it is
invariant under the natural actions by ¢ and (¢y)s.

If (1) is the puch-forward by 7y, of (1), then we say that the previous measures are
Sullivan measures associated to (fiz)z, although they are not a priori determined by (pz),.
(Although T do not know an example where (u;), is the push-forward of two different
conformal densities on 0n(2 that induce different Sullivan measures.)

A Sullivan measure of dimension § is a Sullivan measures induced by a Jd-conformal
density.

Remark 6.2.2. The measure mp (resp. mb) is the quotient of m (resp. m*) by the action of
(¢¢)¢. This gives another way to define m, without using the Hopf parametrisation. Indeed
for any measurable section s : Geod™ (2) — T'Q, the measure m is the push-forward of mp
times the Lebesgue measure on R by measurable isomorphism f : Geod™(Q) x R — T1(Q,
that sends (£,7,t) to ¢;(s(&,n)). For instance, one can fix an affine chart containing €,
and, for any (&,7) € Geod™(Q), take s(&,n) € THQ such that 7s(&,n) is the middle point
of [¢,n] and ¢oos(§,n) = n; in this case the section s is continuous, and the associated map
f: Geod™(Q) x R — T'Q) is a homeomorphism.

Remark 6.2.3. Suppose I C T is a torsion-free, finite-index, normal subgroup. Then
Opr = or and (pz )z is TV-equivariant. Let mps be the associated Sullivan measure on the
quotient TPQ/T". Let . : T*Q/T” — T'Q/T be the natural projection. Then

1 /
[F : F/] (WF )*mF/.

Observation 6.2.4. Let Q C P(V) be a properly convex open set and I' C Aut(Q2) a
discrete subgroup. Let § > 0 and let (u2), be a §-conformal density on 0,Q. Then the
Sullivan measures on Geody(Q) xR, T'Q and T*M are Radon. If T is strongly irreducible
and Tleip # (0, or if M is rank-one and non-elementary, then these measures are non-
zero.

mr =
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Proof. The fact that these measures are Radon is due to the fact that u® is finite for any
xz € Q, and (£, n), depends continuously on &, 7, x.

Suppose that I' is strongly irreducible and T’ 1Mbip # (), or that M is rank-one and non-
elementary. Then there exists (&,7) € Geod™(Q)N(Ar)2. Let U and V be neighbourhoods
of £ and 1 in 9Q such that U x V' C Geod™ (). Since o = Ty, pl is T-quasi-invariant, its
support is I'-invariant and hence contains Ar (see Remark 2.3.5 and Fact 3.2.2). Therefore,
p2(U x V) >0, and m?(m, 1 (U) x 73 H(V) x R) > 0. O

6.3 The Shadow lemma

In this section we establish the Shadow lemma (Lemma 6.3.1) which consists of estimates
on the measures of shadows. The measure is a conformal density on 02, and shadows are
subsets of the projective boundary, defined as follows. Recall that the Shadow lemma is a
classical result in the theory of conformal densities, and we adapt here its classical proof
to the convex projective setting.

Let Q C P(V) be a properly convex open set. Take z,y € Q and r > 0. Set

Or(z,y) :={§ € 02 : [2,£] N Ba(y,r) # 0}; (6.3.1)
O (z,y) = {¢€ € 90 : 3z € Bq(z,r) such that [z,&] N Ba(y,r) # 0}; (6.3.2)
O, (z,y) :={£ € 00 :Vz € Bq(x,r),[2,&] N Ba(y,r) # 0}. (6.3.3)

See in Figure 6.2 an example of a shadow. Note that
O; (z,y) C Or(z,y) C OF (z,y) C Oz(,y). (6.3.4)

The first two inclusions are immediate consequences of the definition; let us prove the
last one. If 2’ € B(x,r), ¥ € B(y,r) and £ € 95 are aligned in this order, then the
point y” € [z€) at distance do(2/,y’) from z is at distance at most 2r from y since by
Lemma 2.1.4 it is at distance at most r from y'.

The Shadow lemma is the following.

Lemma 6.3.1. Let o € Q C P(V) be a pointed properly convexr open set and I' C Aut(2)
a discrete subgroup; set M = Q/T". Suppose that T is strongly irreducible and Tleip is
non-empty, or that M is rank-one and non-elementary. Consider § > 0 and a §-conformal
density (jiz)zecq on 0. Then there exists Ry > 0 such that for any R > Ry, one can find
C = C(R) > 0 such that for each v €T,

Clem0(070) < 11, (OR(0,70)) < po(OF (0, 70)) < Ce™%(070),

We will actually need two more Shadow lemmas: Lemma 6.3.5 and Corollary 7.1.2.
They both make stronger assumptions on the convex projective orbifold M = Q/I'; and
either are consequences of Lemma, 6.3.1, or have a very similar proof.

6.3.1 Preliminaries

In this section we prove two classical intermediate lemmas, used in the proof of the Shadow
lemma.

Lemma 6.3.2. Let Q C P(V) be a properly convez open set. Consider £ € OF, z,y € Q
and r > 0. If my(&) € O (z,y) (see (6.3.2)), then
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Proof. By definition of Of (z,y), we can find 2’ € Bq(z,r) and y' € Bo(y,r)N[2’,£]. Then
be(2',y') = do(2,y") by Lemma 6.1.1, hence

be(2,y) = be(z,2") +be(2',y') + be(y', )
> —dq(z,2') + da(z',y") — da(y', y)
> da(z,y) — 2do(z,2") — 2da(y, y')
> do(x,y) — 4r. O

Lemma 6.3.3. Let Q C P(V) be a properly conver open set and I' C Aut(QQ) a discrete
subgroup; set M = Q/T". Suppose that T is strongly irreducible and Tleip s non-empty, or
that M is rank-one and non-elementary. Consider o I'-quasi-invariant finite Borel measure
v on 0. Then there is € > 0 and R > 0 such that for all x € Q,

v(Og(z,0)) > e

Proof. By contradiction suppose that there are sequences (R,), € RY, and (z,), € Q

such that
R, — oo and v(Og, (zn,0)) — 0.
n—oo n—oo
We can assume that (z,), converges to some & € Q. If £ € Q then for n such that
R, > da(0,€) + 1 and in$7L,§) < 1, we have O, (zn,0) = 9 which is absurd; hence

§ € 0Q. We claim that v(Bgp1(§,1)) =1 (recall the definition of dgp from Section 2.1.10).
It enough to prove that

QN B (&, 1) €| J [ Ory (@, 0)-

n k>n

See Figure 6.2. Let n € 0Q \ Bgpi(€,1), and z € [,7] N Q. Since (z,,), converges to &, we
can find z, € [zy,n]NBq(z,1) for any large enough n. On the other hand, R, > dqg(o, z)+2
for n large. Thus, 2, € Bq(o, Ry,) and hence n € Og, (z,,0) for any large enough n, so
v(Bsp(§,1)) = 1. B

Since Ar is the smallest I-invariant closed subset of Q (Remark 2.3.5 and Proposi-
tion 3.2.2), and v is I-quasi-invariant, we deduce that Ap is contained in the support of
v. In order to get a contradiction, let us prove that Ar is not contained in Bgp(€,1). By
assumption we can find 1,7’ € Ar such that (n ©n’) N Q # 0. Using again that Ap C Q is
minimal for the action of I', we deduce the existence of a sequence (), € I'N such that
(Yn€)n converges to n. But then (Bgp(vné, 1)), sub-converges to Bgp(n,1) (i.e. any ac-
cumulation point for the Hausdorff topology is contained in Bgpi(n, 1)); hence Bgpi(1n€, 1)
does not contain 7’ for n large enough. O

We will need exactly twice a refined version of the previous lemma, which bounds from
below the measure of scarce shadows. It will be used to prove the refined version of the
Shadow lemma for scarce shadows (Lemma 6.3.5), and to prove Proposition 6.5.1. This
version needs M to be rank-one, and the statement is a bit more technical. The proof is
almost the same.

Lemma 6.3.4. Let Q C P(V) be a properly convex open set andI' C Aut(Q2) a discrete sub-
group. Suppose M = Q/T is rank-one and non-elementary. Consider a I'-quasi-invariant
Borel finite measure v on 0S). Then there exist € > 0 and Ry > 0 such that v(Og(x,0)) > €
for all R > Ry and x € Q \ Bq(o0,2R).
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C)H,, (‘1‘11 ,0)

T

§

Figure 6.2: The sequence of increasing shadows in the proof of Lemma 6.3.3

Proof. By contradiction we suppose the existence of sequences (Ry,), € RY, and (z,,), €
ON such that for all n € N,

R, — oo, while dg(xy,0) — R, — oo and v(Of (xn,0)) — 0.
n— 00 n— 00 " n—00
We can assume, up to extracting, that (z,), converges to some point £ € 9. We claim
that v(Bgp1(§,2)) = 1. It is enough to prove that

02\ Ban(£,2) €| J ) Or, (@, 0)-

n k>n

Let n € 9Q \ Bgpi(€,2). Fixing an affine chart containing (2, we can consider for each n
the following compact subsets of
1 — 1 —
K = §(BSPI(§’ 1) —n) +nand K, := §(Bﬂ(xn7Rn) —n)+mn,

where the map x — (z—n)/2+7n is defined on the affine chart as the homothety centred at
n and with ratio one half. We observe that all accumulation points of the sequence (K,)p
are contained in K. Indeed, any accumulation point of (Bq(2y, Rn))n is convex, contains
& and is moreover contained in 0 since x, goes faster to infinity than R,; hence it is
contained in Bgpy (€, 1). Therefore we can find n large enough so that Bq(o, R;,) contains
a neighbourhood U of K, and so that K, is contained in U.

Since Ar is the smallest -invariant closed subset of Q (Proposition 3.2.2), and v is
I'-quasi-invariant, we deduce that Ar is contained in the support of v. In order to get a
contradiction, let us prove that Ar is not contained in Bgp(€,2). By assumption we can
find two distinct points 7,7’ in Ar N Osxef). Using again that Ar C  is minimal for the
action of I', we deduce the existence of a sequence (), € I'N such that (v,£), converges
to n. But then (Bspi(1n&,2))n sub-converges to Bepi(n,2) = {n}; hence Bgpi(7n€,2) does
not contain 7’ for n large enough. O

6.3.2 Proof of Lemma 6.3.1 and another Shadow lemma

Proof of Lemma 6.3.1. Let (u2),cq be a §-conformal density whose push-forward is (1)
We compute for a € {0, +, —}:

10 (O%(0,70)) = pi(my ' (O%(0,70)))
= 131, (m (OR(70,0)))

:/ ) SR 7 (3]
7 (Of(1=10,0))
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On one hand bg(y 10, 0) > do (0,7 10) —4R for £ € m, (0% (v~ 0, 0)) by Lemma 6.3.2,
S0

MO(O—iR_(O7 70)) S / 3y 675d9(07’70)+45RdM};(§)
™ (Of (17 10,0))
10 =00(019) 1, (O} ("o, 0))

646R€—6dg(0,70)uo(89) ]

VARRVAY

On the other hand, we can use Lemma 6.3.3, to obtain ¢ > 0 and Ry such that for
R > Ry and for v € T" with dq(0,v0) > Ry,

1o(Or(0,70)) > / ¢~342(070) g )
7, L (Or(y~10,0))

> 10(Or("0, 0))e 04207
> ectalo), 0

As for Lemma 6.3.3, there exists a refined version of the Shadow lemma (Lemma 6.3.1)
for scarce shadows. Its proof is exactly the same as that of Lemma 6.3.1, except that we
use instead Lemma 6.3.3.

Lemma 6.3.5. Let o € Q C P(V) be a pointed properly convex open set and T' C Aut(Q)
a discrete subgroup. Suppose M = QT is rank-one and non-elementary. Consider § > 0
and a d-conformal density (jz)zcq on 0. Then there exists Ry > 0 such that for any
R > Ry, one can find C = C(R) > 0 such that for each v € T' satisfying da(o,v0) > 2R,

C—1€—5d52(0»70) < IUJO(O];L(Oy 70))

Proof. Let (u)zcq be a §-conformal density whose push-forward is (p;).. We make the
same computation as in the proof of Lemma 6.3.1:

1o(Og(0:70) = | eI 100) g2 )
T H(OR (17 10,0)
We can use Lemma 6.3.4, to obtain € > 0 and Ry such that for R > Ry and for vy € '
such that dq(o,v0) > 2R,

o(Orlo.70) = [ ¢~510(010) g ()

™ H(OR(y10,0)
> 11o(OR (v 0, 0))e 0 (00)
> 66_6dﬂ(0”yo). ]

6.3.3 First consequences

In this section we deduce from the Shadow lemma that there is no conformal density with
parameter 0 < ¢ < dr. We also prove that conformal densities give zero measure to open
faces of the conical limit set.

Proposition 6.3.6. Let o € Q C P(V) be a pointed properly conver open set and I' C
Aut(Q) a discrete subgroup; denote M = Q/I'. Suppose that I is strongly irreducible and
Tleip is non-empty, or that M is rank-one and non-elementary. Consider § > 0 such
that there exists a d-conformal density on 0. Then 6 > ér, and there is some constant
C > 0 such that

#{y €T :dq(o,70) <r} < Cer".
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Proof. Let (pz)zeq be a d-conformal density on 92. We consider R and C' > 0 from the
Shadow lemma (Lemma 6.3.1), such that for each automorphism v € I, u,(Ogr(0,7v0)) >
C~te940(07°)  For each r > 0 we give ourselves a maximal (1 + 4R)-separated subset F,
of I'-oN Ba(o,r + 1) \ Ba(o,7). One can easily see that the shadows (Og(0,)).cF, are
pairwise disjoint, therefore

1> Z NO(OR<07 x))
:EGFT
> C—l Z 6—6dg(o,:c)

.TEFT
> 0_16_66_6T#F7-
> C e 0% v : do(o,70) <1+ 4R} e " #{v : y0 € Bo(o,r + 1) ~ Ba(o,r)}.

This implies that #{v : da(0,v0) < r} < C'e% for any r > 0, for some C’ > 0 independent
of r. By definition, this implies that § > dor, and since by Fact 1.4.1 there exists a op-
conformal density, #{y : dq(o,70) < r} < C"e" for any r > 0, for some C” > 0
independent of r. O

Proposition 6.3.7. Let Q@ C P(V) be a properly conver open set and I' C Aut(Q2) a
discrete subgroup; set M = QJT. Suppose that T is strongly irreducible and Tleip is

non-empty, or that M is rank-one and non-elementary. Consider § > 0 and a d-conformal
density (fg)zcq on 0. Then pg(Fo(§)) =0 for all z € Q and £ € AP,

Proof. Let o € Q. Observe that the open face F(€) is contained in A" by [DGKa,
Cor. 4.10]. It’s enough to prove that y,(Bg(§, R)) = 0 for any R > 0 (recall the definition of
dg from Section 2.1.10). By definition, there are sequences (v,,),, € I'N and (), € [0, &)Y
going to infinity such that (dq(y,0, 25 )y is bounded; denote R = sup,, do (71,0, ). Using
the Shadow lemma (Lemma 6.3.1), we can find C' > 0 such that for any n,

110(Bg(€, R)) < 110(Or(0,22)) < 110(Opy g (0, 100)) < Ce™0@0(07m0),

This last term goes to zero as n goes to infinity since § > dp > 0 (by Fact 2.3.18 and
Proposition 6.3.6). O

6.4 The convergent case of the HIT'SR dichotomy

In this section, we establish the convergent case of the HI'SR dichotomy (Theorem 6.0.1.1).

6.4.1 The conical limit set has zero measure

We prove that, in the convergent case of the HTSR dichotomy, any d-conformal density
gives zero measure to the conical limit set. Recall that, given Q C P(V) properly convex
open, I' C Aut(Q2) and o € Q, the conical limit set A{f™" is the union over R > 0 of the sets
AR (T, 9, 0) = AR", consisting of points { € 9€2 for which there exists a sequence (Vn)nen
in I' going to infinity such that dqo([o, &), vn0) < R for each n € N.

Proposition 6.4.1. Let Q C P(V) be a properly conver open set and IT' C Aut(Q2) a
discrete subgroup. Suppose that ' is strongly irreducible and Tleip s non-empty, or that
M is rank-one and non-elementary. Let 6 > or with Zﬂ/ep e~0d2(070) finjte and consider
a d-conformal density (fiz)eeq on 0. Then p,(AYP") =0 for any x € Q.
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Proof. We consider R > 0 and prove that j,(A%") = 0. By definition, for any > 0, the
set A%‘??% is contained in the union, over all v € T such that dg(o0,v0) > r, of the shadows
Or(0,70). As a consequence, by the Shadow lemma (Lemma 6.3.1), we can find a constant
C > 0 such that

po(AFH < C Y el
~:dq(0,y0)>r

for any r > 0, and this last quantity converges to zero as r goes to infinity. O

6.4.2 Ergodic implies non-atomic

In this section we prove that, given  C P(V) properly convex open, I' C Aut(2) discrete,
(1) conformal density on 92, and o € €, if the action of T on (Geod™(Q2),12) is ergodic,
then v2 is non-atomic. This will only be used to prove that in the convergent case of the
HTSR dichotomy, the Sullivan measure is not ergodic under the geodesic flow. The proof

is based on an idea of Roblin [Rob03, Item ¢ p. 19].

Proposition 6.4.2. Let o € Q C P(V) be a pointed properly convex open set and I' C
Aut(Q) a discrete subgroup. Suppose M = Q/T is rank-one and non-elementary. Con-
sider § > op and a d-conformal density (pz)zeq on 0. Assume that the action of T on
(Geod™(Q), u2) is ergodic. Then p, is non-atomic.

Proof. We assume by contradiction that there exists £ € 9Q such that p,({{}) > 0. Since
M is rank-one and non-elementary, there exist two distinct points 7, 1" € Ap N 02\ {£}.
Since the action of I' on Ap is minimal (Proposition 3.2.2), we can find sequences (g, )n
and (g/,), in TN such that (g,€), converges to n and (g/,£), converges to 1'; furthermore,
given an increasing sequence of compact subsets (K, ), of I' whose union covers I', we can
find (gn)n and (g),)n such that vg,& # g,& for all n € N and v € K,,.

For n large enough, since n and 7’ are strongly extremal, (£, g,€) and (&, g,,£) belong to
Geod™ (). Moreover p2({(£, gn€)}) > 0,50 T'-(£, g,€) is a T-invariant subset of Geod™ ()
with positive measure, by ergodicity it must have full measure. Since p2({(¢, g,€)}) is also
positive, (&, ¢,,&) must belong to I'- (&, gn&), i.e. there exists v, € I' such that v,£ = £ and
Tngn€ = gh&. By construction, v, € K, for any n, so (v,), goes to infinity.

Fix z (resp. 2/) on the geodesic (£,7) (vesp. (§,71')). For any n, let =, (resp. x}) be
a closest point to = (resp. z) of the geodesic (&, gn&) (resp. (&, ¢,€)); the sequence (z,)n
(resp. (x},)n) converges to = (resp. z').

The four points &, x),, YnZn, g,& are aligned for each n, either in this order or in the
order &, vpon,x,,ghé. Up to extraction, and up to exchanging (g,)n and (g, )n, we may
assume that v,z, € [z],, g,&] for each n.

Since (75)n goes to infinity, so does (do(z),, ¥n®n))n; this implies that (y,2,), tends
to ', as (),), tends to 2" and (g/,£), tends to n’. Similarly, since v, 'z}, € [z, &] for each
n, the sequence (7, 'z7,), tends to .

Thus (v, '2'), tends to ¢ (since (2,), tends to 2'), and (v, '2’),, tends to 7’ by lower
semi-continuity of dg, because 7’ is extremal. By Corollary 5.4.12 and since 7’ is strongly
extremal distinct from &, this implies that -, is rank-one for n large enough, with (xfyrn)n

converging to 1’ and z,, = & By Corollary 3.3.5 and discreteness of I', this means that
i =1,
We have proved that for any pair of distinct points 7, 7" in Ap NOse$2\{£}, there exists

v € T rank-one with 77 = § and x € {n,n’}. This contradicts Corollary 3.3.5 and the

fact that Ap N Ossef? is infinite. O



6.5. THE DIVERGENT CASE OF THE HTSR DICHOTOMY 129

6.4.3 Proof of Theorem 6.0.1.1

Let u2 be a dp-conformal density on 9, such that (m).u2 = o, and let m be the Sullivan
measure on T induced by pB. According to Proposition 6.3.6, we have § > . Let us
assume that ) e~942(079) g convergent.

By Fact 1.2.5, in order to prove that (T'M, (¢¢)s, mr) and (Geod™(2),T,mg) are
dissipative, it is enough to prove that (T'€Q,T x R,m) is dissipative. If by contradiction
it is not the case, then the conservative part contains a compact subset K of positive
measure. This means that for almost any vector v € K|

o= [ =X [ xtoma

I'xR ~el/ —

hence there exist diverging sequences (7,), € T and (t,), € RY such that v,¢;, v € K; if
for example (t,), tends to infinity, then ¢oov € AP", which contradicts Proposition 6.4.1
and the definition of m since for almost every vector v in T(), the endpoints ¢1.v are
not in A"

Furthermore (T*M, R, mr), (Geod™(2),T',mg) and (T'Q,T x R, m) are non-ergodic,
otherwise 12 would be non-atomic by Proposition 6.4.2, and ergodicity and non-atomicity
of I' acting on (Geod™(2), mr) implies conservativity by Remark 1.2.7, which contradicts
dissipativity.

6.5 The divergent case of the HTSR dichotomy

In this section we adapt some proofs of Roblin [Rob03, p.19-23] to our convex projective
setting, in order to establish Theorem 6.0.1.2. Let o € Q C P(V) be a pointed properly
convex open set and I' C Aut(Q2) a discrete subgroup.

6.5.1 The conical limit set has non-zero measure

The proof of the fact that the conical limit set has full measure in the divergent case cuts
into two steps: as Roblin, we first prove that it has non-zero measure. The proof of Roblin
of this first step [Rob03, Item (f) p.19] actually works verbatim; we rewrite it down for
the convenience of the (non-french-speaking) reader.

Proposition 6.5.1. Let Q C P(V) be a properly conver open set and I' C Aut(Q2) a
discrete subgroup. Suppose I' is divergent, and M = Q/T is rank-one and non-elementary.
Consider a op-conformal density (py)zcq on 0Q. Then puy(Af™) > 0 for any x € Q.

The idea of the proof of Proposition 6.5.1 is to find a compact subset K C T'M
such that the set of vectors v € K whose geodesic come back infinitely often to K has
positive mp-measure where mp is a Sullivan measure associated to (pz)zeq. There are
two main ingredients. The first one is a generalisation of the Borel-Cantelli lemma, due to
Reényi. One can find a proof of it in [AS84, Lem. 2[; it is the consequence of the following
estimate : for any non-negative square-integrable function g on a probability space, for
any 0 < a < E(g), where E(g) is the expectation of g, one has

E(g)? a \’
Plo>a)2 7 <1 T ) —a) |

Fact 6.5.2 ((Rén70, p. 391)). Let (X, v) be a measurable space equipped with a finite positive
measure. Let (A¢)i>0 be a family of subsets of X such that the function (x,t) € X XxR>g —
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14,(x) is measurable. Let us assume that [~ v(A;)dt = oo, and that, for some constant

C >0,
2

/OT /OT v(A; N Ag)dtds < C (/OT V(At>dt> , (6.5.1)

for T large enough. Then the set of x € X such that fooo 14,(z)dt = oo has v-measure
greater than or equal to 1/C.

This lemma will be applied to Ay = K N ¢_.K. The second ingredient consists of
estimates that will allow us to check that the assumptions of Fact 6.5.2 are satisfied.

Lemma 6.5.3. Let o € Q C P(V) be a pointed properly convex open set and T' C Aut(Q)
a discrete subgroup. Suppose M = QT is rank-one and non-elementary. Consider a op-
conformal density (piz)zeq on 092, with induced Sullivan measure mp on T'M. Let v, €
TIQ. For R > 0 large enough, if we denote by K the projection in T*M of Bpig(ve, R),
then there exist constants C' > 0 and Ty such that for any T > Ty, we have the estimates:

T
/ mp(KN¢ K)dt>C1 Y~ e ordelogo) (6.5.2)
0
gel
dQ(Dng)ST
2
T pT
/ / mr(KN¢  KNg K)dsdt<C [ > e rdelogo) | (6.5.3)
0 0 gel
dq(0,90)<T

Proof. We assume that p, is a probability measure. Let (12).cq be a dp-conformal density
on Gp that induces (uy)zeq and mp; we denote by m the induced Sullivan measure on
T'Q. We fix R > 0 large enough so that we can apply the Shadow lemma (Lemmas 6.3.1
and 6.3.5) and Lemmas 6.3.3 and 6.3.4 to it and to R’ := (R — 2)/6. One can find a
constant C7 > 0 such that

m(KN¢_K) > 01_1 Zm(f( N¢_gK), and
gerl’

m(Kﬂ (}S,tKﬂ qb,t,sK) S Z m(f(ﬂgb,tgf(ﬂgb,t,shf()
g,hel’

for all t, s > 0. Indeed, we just have to recall the definition of mr, which is the quotient of
m under the action of I (Definition 1.2.3), then

ZmKﬂqSth /ZlKlng

g€er ger
/ Lgoh) (1, iz oh)dm
TM et geF
o () (St e
hel gel

<Cilk <Cily_,Kx
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where C1 > 0 is a constant which is independent of ¢. Similarly,

> m(EN¢_gKN¢_y hK) = / Y>> (gok)-(yy zok) (1, , gok)dmr
Tt

g,hel’ M per gher
/Tl]Vf <Z 1kK> PR IE <Z 1h¢tsf<> dmr
kel ger hel
—_———
21k >y .k >le_ K

Therefore, in order to prove Lemma 6.5.3, it is enough to find a constant Cy > 0 such

that
a:= / Zm KN¢_gK)dt > C’2 Z e~ drda(og0)
g€l g:do(0,90)<T

and
2

b _/ / Z Kﬂ¢ thﬂ¢ t— shK)det<02 Z e*5rdQ(o,go)

g,hel g:dq(0,g0)<T

We first establish the estimate of b. For all 0 < ¢,s < T and g,h € T, for any triple (£, n,7)
in Hopf (K N¢_;_shK), one observes that 7 € ﬂ{lOE(o, ho) and dq(o, THopf(&,n, 7)) <
R; this last inequality implies that |7| < R and (£,7), < R; then by the Shadow lemma
(Lemma 6.3.1), and by definition of m,

m(K N ¢_1gK N oy shK) < 2Re*TR1uo(OF (0, ho)) < 2Re?TRCeordaloho),
Furthermore, by triangular inequality, if KN¢_gK N¢__hK is non-empty, then

|da(o, go) — t|,|da(go, ho) — s|, |da(o, ho) —t — s| < 2R, and
da(o, go) + da(go, ho) < dg(o, ho) + 6R.

Combining these estimates we obtain:

20r R~ ,—dorda(0,ho)
b</ / 2 2RATRCer 1{ [de(0.90)~t||de (g0.ho) —s|<2R }det
g,hel’ dq(0,90)+dqa(go,ho)<dq(o,ho)+6R

< 2R2RI R TR Z e—0r(da (0,90)+dq (0,9 L ho)—6R)

dq(0,90)<T+2R
da(0,g 7 ho)<T+2R
2

< SR3C SR Z e—5rd9(0790))
do(0,90)<T+2R

We end the estimation of b by noting that for all 7" > 0 and A > 0, using again the Shadow
lemma (Lemma 6.3.1),

Z e—9rda(0,90) <C Z 1o(Or(0, go))

T<dq(0,90)<T+A T<dg(0,90)<T+A

<C 1(93(0,90) (5) d/ﬁo(f)
0% T<dg (o go)<T+A

< C#{g:da(o,g0) < 4R+ 2A}.
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We now proceed to the minoration of a. Take g € I, take t > 0 at distance less than
R’ from dg(o0, go); let us prove that

Hopf (m, (O (g0, 0)) x 1 (O (0, g0)) x [0, R']) € K N¢_rgK.

Take (&,m,7) € 7@?1((’)1—%, (go,0)) x 7rh_1((’)}_2, (0,90)) x [0, R']. By Observation 6.5.4 below,
there exist s1 < sg such that do(7wHopf(&,n, s1),0) < R’ and dq(mHopf(&,n, s2), go) < R'.
This implies that |s1| = |b,(7Hopf (&, n, s1),0)| < R', hence

do(mHopf(&,n,7),0) < || + [s1] + do(7Hopf (€, 1, 51), 0) < 3R,

Finally dpiq(Hopf(€,n,7),v,) < 3R’ 4+ 2 < R, which means that Hopf(¢,7,7) € K.

In order to prove the inclusion in ¢_,gK, we note that since sy — s is the distance
between mHopf (£, n, s2) and mHopf (&, 1, s1), then by triangular inequality |se —dq (o, go)| <
3R'; therefore

do(mHopf (&, 1,t 4 7), go) < |7| + |t — da(o, go)| + |da(o, go) — sa| + da(mHopf (£, 7, 52), go)
< 6R.

Finally d1q(Hopf (&, n,t+7), gv,) < 6R'4+2 = R, which means that Hopf(¢,n, 1) € d_1gK.
Thus, if dg(o0, go) > 2R/, then by the Shadow lemma (Lemma 6.3.5) and Lemma 6.3.4,

m(f( N qb,tgf() > 1o(Opi (0, 90)) 1o (O (go, 0))R > R'C~2¢~0rda(0.90)

We conclude that for T > R/,

T
m(KN¢_gK)dt > R?*C™2 o~ 0rda(o,90) _ o—rda(0.90)
| SmEno-9k) > >

ger g:dq(0,90)<T g:do(0,g0)<2R/
O

We then make the following elementary observation, before proceeding to the proof of
Proposition 6.5.1.

Observation 6.5.4. Let n > 1 be an integer, A and B be two non-empty disjoint compact
subsets of R™, and £, € R™ be two points. If for all a € A and b € B, the intersections
[a,n]|NB and [b,§]N A are non-empty, then one can find a € A and b € B such that &, a,b,n
are aligned in this order.

Proof of Proposition 6.5.1. We let mp be a Sullivan measure associated to (ug)zen on
T'M. By definition of mr and of the conical limit set, it is enough to find a compact set
K C T'M large enough so that the set of vectors v € K such that fooo 1 (prv)dt = oo
has non-zero mp-measure.

Let R > 0 be large enough so that we can apply Lemma 6.5.3, and let K be the
projection in T' M of Byig(v,, R), where v, € T1Q and o € 2. We want to apply Fact 6.5.2
for (X,v) = (I'"M, (mr)|g) and A; :== K N¢_,K for all ¢t > 0. The measure v is finite
because m is Radon and K is compact. Since I' is divergent (this is important since it is
the only place where we need this assumption), and by the estimate (6.5.2) of Lemma 6.5.3,
the integral [;~ v(A;)dt diverges. It remains to check that (6.5.1) is satisfied, but this is
a direct consequence of the estimates (6.5.2) and (6.5.3) of Lemma 6.5.3, and of the fact

that
T T T T
/ / v(A; N Ag)dtds < 2/ / v(Ay N Apys) dtds. O
o Jo o Jo
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6.5.2 The conical limit set has full measure

In this section we finish the proof of the fact that, if I is divergent, then the conical limit
set has full measure. This proof is extremely similar to Roblin’s ( [Rob03, p.22-23|), but
there is a subtlety which makes our statement weaker: we have to consider a o-algebra,
denoted by Gg,ee, which is coarser than the usual o-algebra of Borel subsets, and which
is defined as follows. A Borel subset A C 9 belongs to Gy if it contains the open
faces of each of its points. For example the Borel subsets AT", Osmootn§2, Ossefl, or any
subset consisting of extremal points, are all in Gg,ee; however Ar does not always belong to
Gtace, although constructing a counter-example is not easy: this can be done by using the
techniques of [DGKDb]. While Roblin proves, for I acting on a CAT(—1)-space, that any
drs-conformal density on the visual boundary is ergodic under the action of IV, we prove
that any dp-conformal density on 0€), restricted to Ggaee, 18 ergodic. We will later obtain
ergodicity on the full Borel algebra of 02 by showing that non-extremal points have zero
measure (Proposition 6.5.8).

Proposition 6.5.5. Let Q C P(V) be a properly conver open set and I' C Aut(Q2) a
divergent discrete subgroup. Suppose M = QT is rank-one and non-elementary. Consider
a dr-conformal density (pz)zeq on OS2 Then (1, (OQNA") = 0, and furthermore (uz)|a,..
18 ergodic under the action of I', for any x € €.

Proof. Consider o € €2 and assume that p, has total mass 1. We first establish the following.
Let R > 0 be large enough so that we can apply the Shadow lemma (Lemma 6.3.1). Then

con

for any A € Gyaee, for po-almost any £ € AR",

#o(Or(0,70) N A)

—
to(ORr(0,70))  da(oy0)—c0
EGOR (0770)

14(6). (6.5.4)

For any integrable function f > 0 and « = sup or inf, we set

1
PO = @ lim o s | S
r(070

r—00 dg(o,y0)>1 MO(OR (07 70) )
EEOR(Oﬂ’YO)

sup __

In order to prove (6.5.4), it is enough to show that 1°,* = lij‘lf = lanagen holds fip-almost
surely for any A € Gyuee. To this end we prove a maximal ergodic inequality: we find a
constant C' > 0 such that for any integrable function f, for any € > 0,

C
Ho(f7P > €) < szHLL (6.5.5)

Fix an integrable function f and ¢ > 0. Let E C I be a discrete subset such that
{ /5" > €} is contained in |J c y Or(0, go) and fOR(()’gO) fduo > €po(Or(o, go)) for any g €
E. We enumerate E = {g1, g2, ...} so that the sequence (dg(0, gn0)), is non-decreasing.
We define by induction a (possibly finite) increasing sequence of integers o such that
o(1) = 1, such that |J,cp Or(0,g0) is contained in |J,, O5r(0, go(n)0), and such that the
shadows (ORr(0, gy(n)0))n are pairwise disjoint. The procedure is the following: given the
first n terms o(1),...,0(n), we take for o(n + 1) the smallest m such that Or(o0, gmo) ¢
Uj<n O5r(0; go(r)0) (if such an m does not exist then the process stops). Then the Shadow
lemma (Lemma 6.3.1) gives us C' > 0, independent of f and ¢, such that for each v € T,
to(Osr(0,70)) < Co(Or(0,70)). An easy computation yields (6.5.5).

We now prove (6.5.4). Fix A € Gaee. Note that 137 < Lanagen for any compact subset
K C A. Indeed, 13" < 1pcon by definition, let us prove that 13" < 14 : pick £ € A"\ A.
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Let (yn)n be any sequence of ' going to infinity such that £ € Og(o,v,0) for any n; we can
extract it so that (y,0), converges to some n € 0. By lower semi-continuity of dg, for n
large enough, Og(0, ,0) is contained in arbitrary small neighbourhoods of Bg(n, R). As a
consequence this ball must contain &, and so be contained in the larger ball Bg (&, 2R). But
this larger ball, being contained in the open face of £, cannot intersect A, nor K; hence
we can find a neighbourhood U of it, disjoint from K. For n large enough, Or(0,7,0)
is contained in U and so fOR(o,'y”o) 1xdp, = 0. This conclude the proof of the estimate
1P <1 Anagen, from which we derive the following.

sup sup sup sup
D5 < Tt + 150k < Tanagee + 130k

This, combined with the interior regularity of u,, and the maximal ergodic inequality
(6.5.5), yields for any € > 0:

© ol A) — o(K))

1B — 1 gnpcon > €) < (157 > ¢) < 7
/1/0( A AﬂAR ) — /’LO( ANK ) € NO(K)—)[J,O(A)

Hence 15" < 14n Acon. Similarly we prove li;gf > 1anagen, and conclude the proof of (6.5.4).

Let us conclude the proof of Proposition 6.5.5. By Proposition 6.5.1, there exists
R > 0 such that po(A%R") > 0. We consider a I'-invariant subset A € Ggaee such that
po(ANARY) > 0. Let us prove that p,(A) = 1. We apply (6.5.4) to B := 002 ~ A. We
obtain R > 0, a point £ € AN AY", and a sequence (), € T such that

to(ORr(0,7,0) N B)
to(OR(0, 70)) ot (6.5.6)

If by contradiction p,(B) > 0, then the measure defined by u,(E) = “‘;ff;;g) for E C 00
measurable is a d-conformal density, to which applies the Shadow lemma (Lemma 6.3.1),
and obtain a contradiction vis-a-vis (6.5.6).

We have proved in particular that p,(A%") = 1, which implies that z,(A N A%™) > 0,

and hence 1,(A) = 1, holds for any I'-invariant A € Gg,ee With non-zero p,-measure. [

Remark 6.5.6. Using the density in L' of the vector space generated by indicator functions
and (6.5.5), one can strengthen (6.5.4) into the following statement: f5% = finf — f1ncon
for any Ggace-measurable and integrable function f.

6.5.3 The geodesic flow is conservative

In this section we prove, that, in the setting of Theorem 6.0.1.2, the geodesic flow is
conservative.

Proposition 6.5.7. Let Q C P(V) be a properly conver open set and I' C Aut(Q2) a
divergent discrete subgroup. Suppose M = Q/T" is rank-one and non-elementary. Let
(z)zeq be a op-conformal density on OQ and mr an induced Sullivan measure on T'M.
Then mr is conservative under the action of (¢1):.

Proof. Let (12)zcq be a dp-conformal density on 0, such that (my)«u2 = p, for any
x € Q, and let 7 be the induced Sullivan measure on T'().

According to Fact 1.2.5, it is enough to prove that (T, T x R,m) is conservative.
Let o be an integrable, positive and continuous function on 7€), and let us prove that
fer o = oo almost surely (recall the notation from Section 1.2.1). For almost any vector

v € T, we have ¢poov € A" by Proposition 6.5.5, and by definition of m; let v be



6.5. THE DIVERGENT CASE OF THE HTSR DICHOTOMY 135

such a vector. Then we can find R > 0 such that ¢ov € AF"; in other words there exist
(Yn)n € TN and (t,), € RY such that v, # v and do(7¢s, ymv,0) < R for n # k. Let
¢ := min{o(w) : dg(rw,0) < R+ 1} > 0. Then

tn+1

/FXRU(U) > Z o(pyyv) dt > 226 = 00. O

n>07/t=tn—1 n>0

6.5.4 The smooth and strongly extremal points have full measure

In this section we use the conservativity of Sullivan’s measures the smooth and strongly
extremal points have full measure. This is inspired by work of Knieper [Kni98, §4| in the
non-positively curved Riemannian setting.

Proposition 6.5.8. Let Q@ C P(V) be a properly conver open set, and I' C Aut(2) a
divergent discrete subgroup with M = Q/T rank-one and non-elementary. Then any dp-
conformal density on OS2 gives full measure to Ose§2. In particular the ép-conformal density
1S unique up to a scalar multiple.

Proof. Let o € Q and (ug)zeq @ dr-conformal density on 9€2. Observe that Osef2 € Ggee is
I-invariant, hence, by Proposition 6.5.5, in order to show that €2 has full p,-measure, it
is enough to prove that 11,(9sse€2) > 0. Let us assume by contradiction that zi,(9sse€2) = 0.
Let m be an induced Sullivan measure on 7). By assumption, m gives zero measure to the
set of vectors v € T'Q such that ¢.v is smooth and strongly extremal. By Proposition 6.5.7
and Fact 1.2.6, the measure m gives full measure to the set vectors which are recurrent
under the action of I' x R. By Lemma 5.4.6, the measure m gives full measure to the set of
recurrent vectors v € T1Q with dspl (P—o¥, Poov) = 2. Let v € T'Q be a periodic rank-one
vector; it is in the support of m and in the open set T7Q \ {v 1 dspi(P—oov, Poov) > 2},
which therefore has positive measure. This is a contradiction.

Let (u))zeq be another dp-conformal density. The family (1, + p;)zeq is also a con-
formal density, so it gives full measure to Jef); any Borel subset of Osgef2 belongs to Ggace,
therefore p, + ), is ergodic under the action of I' by Proposition 6.5.5. The measures f,
and p are absolutely continuous with respect u, + p); the Radon-Nikodym derivatives
are I-invariant, by definition of conformal densities, and hence constant (u, + p,)-almost
surely by ergodicity. Thus u, = pl,. O

6.5.5 Smooth points and strong stable manifolds

Let © C P(V) be a properly convex open set. Let us use Proposition 5.4.8 to describe,
in terms of the Hopf parametrisation, the strong stable manifolds (Section 1.2.4) of the
action of the geodesic flow on T Fix o € Q. Let (£,7,t) € Geodp®(Q) x R. If m,(n) is a
smooth point of 0€2, then by Proposition 5.4.8,

Hopf,(¢',n,t) € W**(Hopf (&, n,t)) (6.5.7)

for any & € OnQ2 such that (¢',n) € Geody®(2). The parametrisation of the unstable
manifolds is more subtle. Recall that the Hopf parametrisation is equivariant under the
flip action defined in (6.2.7). Since the unstable manifolds are the stable manifolds of the
reversed flow, one can see that if m,& is smooth, we get

Hopf, (€. + 0, (/) € W™ (Hopf, (€., 1) (659
for any 1’ € 9, such that (£,7') € Geody(R2), where
P8, (1) = 2(6,1")0 — 2(&,M)o- (6.5.9)



136 CHAPTER 6. THE HOPF-TSUJI-SULLIVAN-ROBLIN DICHOTOMY

6.5.6 A cross-ratio on the boundary

Following the article [Ota92], whose setting is that of negatively curved Riemannian man-
ifolds, let us define a cross-ratio, denoted by B, for four points on the boundary of a
properly convex open set Q@ C P(V). It should not be confused with the cross-ratio of
four aligned points of the projective space, denoted with brackets, and used to defined the
Hilbert metric dg.

Recall that the cross-ratio of four points &, &', n,n" € Q is defined as

B(€7 5/7 m, 77/) = dgo (éu 77) + dﬂ(§/7 77/) - dﬂ(&a 7]/) - dﬂ(gla 77) (6510)

Fix o € Q. One can check that

B(&& nn') = pg, () + pg .y (), (6.5.11)

and this implies that the B extends continuously to the set of quadruples (£,&',n,7') €
()4 such that (£,7), (¢,n), (§,7") and (&¢,1) belong to Geody 2. See Figure 6.3 for a
geometrical interpretation using horospheres (which also works with spheres when &, &', n, 7/
belong to Q).

The next lemma is classical and relates special values of B, called periods, with (4).

Lemma 6.5.9. Let Q C P(V) be a properly conver open set. Let g € Aut(Q) be a
biprozimal automorphism whose azis intersect ). Let &€ € QP such that (6,563—) and (§,z,)
are in Geody Q0 (recall that a:;t 18 a smooth point of 02 by Lemma 3.1.2, so it identifies
with its preimage in On$2). Then B(x;', z,,§,98) = 2L(g).

Proof. By continuity of the cross-ratio, we can assume that £ € Q. Then using (6.5.10) or
(6.5.11), one can show that

B(zg, 2y, 98) =b,+(& 9€) + b, (98, 8).
Now consider x € € on the axis of g. We compute

b+ (&, 98) = b1 (&, ) + by (2, 92) + b+ (97, 9€)
=dq(z,gx) + b+ &)+ by 15k (x,€) (by Lemma 6.1.1)
= 4(9)-

By taking the inverse we get:

b; (96,6) =Byr (96,9798 = Ug™") = Ug). O

6.5.7 W?* and W*-invariant functions are essentially constant

In this section we prove that the W** and W*“invariant functions on 7'M are essentially
constant, and we derive as a corollary that the flow is ergodic and mixing.

Proposition 6.5.10. Let Q C P(V) be a properly convexr open set and I' C Aut(Q) a
discrete subgroup with M = Q/T" divergent rank-one and non-elementary. Let mr be the
Sullivan measure on T'M induced by a or-conformal density. Then any W55 and W5U-
invariant function on T'M is essentially constant with respect to mr.
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Proof. Let f be a W** and W*%invariant function on T'M. By Proposition 6.5.8, the
measure mp gives full measure to the (measurable) set T'Mye C TYM of vectors v with
PooV; P—coV € Ossef, hence it suffices to show that the restriction firipy,, is essentially
constant. We fix o € Q and lift f|T1 M. Via the Hopf parametrisation, to a function f on
{(&,1) € 8o : € # 0} x R that we extend to 922 x R by setting f(£,€) = 0 for any
¢ (recall that we abusively identify Osef2 with its preimage in 0,2). Let us show that f
is p2 times Lebesgue-essentially constant, where (i), is the dp-conformal density on Of)
such that p, is a probability measure. Recall that u, is non-atomic by Propositions 6.3.7
and 6.5.5, thus for p,-almost all £,7 € OS2 we have £ # 7).

The function f is W* and W*"-invariant, so by (6.5.7) and (6.5.8), for p,-almost
£, ,n,1 € 0582 and Lebesgue-almost any ¢ € R, the quantity pg (1)) is well-defined and

FEnt) = FE& nt) = FE&n t+ pey(0)).

This implies in particular that there exist o # 1o € Jsse§2 such that, if we denote g(t) :==
f(&o,mno,t) for any ¢t € R, then for u,-almost all £, € Osef2 and Lebesgue-almost any
t € R, the quantity pg, () is well-defined and

f(fa n,t+ 10507770(77» = g(t)'

It is enough to establish that the measurable function g is essentially constant with
respect to the Lebesgue measure. We denote by H the additive real subgroup consisting
of numbers 7 such that g(¢t + 7) = g(t) for Lebesgue-almost every ¢t € R. A classical result
says that H is a closed subgroup of R. (To see this first reduce to the case where g is
bounded and then note that H is the stabiliser of g(t) dt for the continuous action of R on
the space of Radon measures on R.)

To finish the proof of Proposition 6.5.10 it is enough, according to Proposition 5.3.3, to
prove that 2¢(vy) € H for any rank-one element v € I'. To this end we observe that many
cross-ratios belong to H: for pe-almost all £,7,&', 7 € 0sxef2 and Lebesgue-almost every
t € R, the quantities pg; 50 (1), pen(n'), pery(n) and B(§,&',n,1') are well-defined and we
have the following serie of equalities (see Figure 6.3 for a geometrical interpretation).

g(t) 3 n,t"f’pfomo( )
5 77/7t+p€0,770( )+p§77( ))

f(
f(
F(E 't + peyme () + pen()
(
(

FE 0t + peone () + pen() + pery (m))
F&n,t + pegne(n) + B(&, € n,1))
g(t+ B(& & n,1)). (6.5.12)

Consider a rank-one element v € ' and a point & € Jsse§2 N supp(uo) ~ {z,, 2 }. Then
20(~y) is equal to B(:Uﬁ;, z,§,7€) by Lemma 6.5.9, and furthermore this quantity belongs
to H because H is closed, B is continuous and at,j, zy,§, 7€ are in supp(po)-

O

Corollary 6.5.11. In the setting of Proposition 6.5.10, if I' is divergent, then m is ergodic
under the action of the geodesic flow. If moreover my is finite, then it is mizing.

Proof. The ergodicity of mr is a direct consequence of Fact 1.2.11, Proposition 6.5.7 and
Proposition 6.5.10, which can be applied since m is Radon. If mr is finite, then it is mixing
by Fact 1.2.12 and Proposition 6.5.10. Ul
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§

Figure 6.3: Illustration of computations (6.5.12),
where dq(z,y) = B(&, £, n,7')

6.5.8 The support of conformal densities

Let us establish that the support of the dp-conformal density, for I" divergent and M = Q/T
rank-one, is exactly the proximal limit set. This is a consequence of conservativity and
ergodicity of the Bowen-Margulis measure, Fact 1.2.6, and Proposition 5.1.2.

Proposition 6.5.12. Let Q C P(V) be a properly convex open set and I' C Aut(Q2) a
divergent discrete subgroup with M = Q/T rank-one and non-elementary. Then Arp is
the support of any Sp-confomal density and T My, is the support of the induce Sullivan
measure.

Proof. Let (pg)zeq be the dp-conformal density on 02, let mp (resp. mg) be the in-
duced Sullivan measure on T'M (resp. Geod™(Q2)), and let o € Q. Since Ar is the
smallest T-invariant closed subset of € (Proposition 3.2.2) and pu, is I'-quasi-invariant,
we have Ar C supp(u,) and TM My, C supp(mr). Since mr is conservative and ergodic
by Proposition 6.5.7 and Corollary 6.5.11, Fact 1.2.6 implies that the geodesic flow is
topologically transitive on supp(mr). According to Proposition 5.1.2; this implies that
supp(mr) = T My, and hence supp(mg) = Geod™(Q) N AZ.

Suppose by contradiction there is a point £ € supp(io) ~ Ap. Since M is rank-one,
we can find a strongly extremal point € Apr. Then we can find a neighbourhood U x
V C Geod™(Q) of (£,m) such that U N Ar, and hence (U x V) N AZ, are empty. Note
that pue(U)uo(V), and hence mr(U x V), are positive since &, € supp(io): this is a
contradiction. O

6.5.9 Proof of Theorem 6.0.1.2

It is a direct consequence of Propositions 6.3.6, 6.3.7, 6.5.7, 6.5.8 and 6.5.12, Corol-
lary 6.5.11 and Fact 1.2.5.



Chapter 7

The measure of maximal entropy

Let M = Q/T be a non-elementary rank-one convex projective orbifold with non-empty
compact convex core. The goal of this chapter is to prove that the geodesic flow on
T Mo, admits a unique probability measure of maximal entropy, and use this to establish
counting results on conjugacy classes of I'. Let us first briefly apply the results of the
previous chapter.

Proposition 7.0.1. Let Q C P(V) be a properly convex open set and I' C Aut(Q2) a convex
cocompact, non-elementary rank-one and discrete subgroup. Then T is divergent. Moreover,
any Sullivan measure on T'M of dimension dr (concentrated on Tleip C T' Mo ) has
finite measure, and we call Bowen—Margulis probability measure the only Sullivan measure
of dimension ép with total mass 1.

Proof. Consider o € C"(I'). We set Vol := 3 Ds,, where D, denotes the Dirac mass
at « € §2; this defines a I'-invariant Radon measure on €, which is supported on C&™(I").
We apply Fact 1.4.1 to Vol, in order to obtain a dp-conformal density (p,)zcq on 02 which
is supported on AP, Recall that AP = A" (Fact 2.3.14), hence u,(A®") = 1 and
therefore I' is divergent by Theorem 6.0.1. By the same theorem, the induced Sullivan
measure mp on TP M is supported on T M. Since mr is Radon and 7' M., is compact,
mr must be finite. O

We can now state the main result of this chapter.

Theorem 7.0.2. Let Q C P(V) be a properly convex open set and I' C Aut(2) a con-
vex cocompact, non-elementary rank-one and discrete subgroup; set M = Q/U'. Then the
Bowen—Margulis probability measure is the unique measure of mazimal entropy on T M,
with entropy or.

Following Knieper [Kni98|, one can use the previous theorem and the fact that the
Bowen—Margulis probability measure is mixing (Theorem 6.0.1) to obtain counting and
equidistribution results on closed geodesics of M. Recall that [I'] denotes the set of
conjugacy classes of I', that [[']"! (resp. [[']*"8) denotes the set of rank-one (resp. non-
rank-one) conjugacy classes, and that for any subset A C [I'] and any T > 0, we set
Ar :=={c € A :((c) < T}. For any ¢ € [['}, we denote by Lc the only (¢;)-invariant
probability measure on the rank-one periodic (¢;);-orbit of T*M associated to c.

Théoréme 7.0.3. Let Q C P(V) be a properly convex open set and I' C Aut(§2) a convex
cocompact, non-elementary rank-one and discrete subgroup. Then there exists 0 < § < dr
and C' > 1 such that

139
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1. ¢~ 1T < #[TH < CerT for any large enough T > 0;
2. #[F]?ng < CeT for any T > 0;

3. for every A C [U]™t with limp_,o, T~ log(# A7) = 6r, the family (ﬁ Y cear LOT>0
weak-x converges to the Bowen—Margulis probability measure as T’ tends to infinity.

We will establish in Corollary 8.0.4 (obtained in collaboration with F.Zhu) an estimate
which is more precise than Theorem 7.0.3.(1), by using different techniques. We will also
establish in Theorem 8.0.3 an equidistribution result which is similar to Theorem 7.0.3.(3).

In Section 7.1 we establish estimates on the measure of dynamical balls, sometimes ref-
ered to as the Gibbs property. In Section 7.2 we prove that the Bowen—Margulis probability
measure has entropy dr. In Section 7.3 we conclude the proof of Theorem 7.0.2 by proving
uniqueness of the measure of maximal entropy (Section 7.3.4). In Section 7.4 we prove
Theorem 7.0.3. The main steps are: bounding from below the number of rank-one closed
geodesics (Section 7.4.1); bounding from above the number of rank-one closed geodesics
(Section 7.4.2); bounding from above the number of non-rank-one closed geodesics (Sec-
tion 7.4.3); and finally proving the equidistribution of closed geodesics (Section 7.4.4).

Remark 7.0.4. In this chapter, we will use several times the following fact: a convex cocom-
pact group I is finitely generated (see [BH99, Th. 8.10]), and hence contains a torsion-free
finite-index normal subgroup by Selberg’s lemma.

7.1 The Shadow lemma and the Gibbs property

7.1.1 A Shadow lemma for convex cocompact actions

In this section we refines the Shadow lemma (Lemma 6.3.1), in particular so that it yields
estimates of the measure of small shadows. Then we apply if to the case where I is convex
cocompact.

We denote ray, (A) = Uge4l2,§) for z € Q and A C O

Lemma 7.1.1. Let Q C P(V) be a properly convex open set and I' C Aut(Q2) a discrete
subgroup. Suppose that I' is strongly irreducible and Tleip is non-empty, or that M 1is
rank-one and non-elementary. Consider § > 0 and a 0-conformal density (fiz)zeq on OS2
Let K C Q be a compact subset and C =1 - K. Then there exists Ry > 0 such that for any
R >0, we can find a constant C = C(R) > 0 such that for all z,y € C,

Cle 20y < 1 (Opyr(w,Y)) < pa(OFf 4 g(,y)) < Cem0o@v),
and if furthermore y € ray (supp(uo)), then
1y(Or(w,y)) = C~" and iz (Op(z,y)) = C~ e 0o,

Proof. Let R > 0. By definition of the conformal density, p, < %@ (=) y for any x,y €
Q. Using the triangular inequality and Lemma 2.1.4, it is elementary to see that for all
z,y, @',y €9,

O%(Z’, y) C O%+dg(x,x’)+dg(y,y’)(x/7 y/) fora=0or +.

By I'-equivariance it is enough to prove the lemma for x € K. Let D be the diameter of
K for the Hilbert metric, and fix o € K. For any y € C, there exists v € I' such that
da(y,v0) < D, and then for any z € K,

e P 115 (OR(0,70)) < p12(Ors20(2,y)) < ta(Ofop (@, 9)) < P uo(OF, 4p(0,70)).
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Now we can use the Shadow lemma (Lemma 6.3.1) to bound the right-most and left-most
terms when R is greater than some Ry, and we obtain the first estimate.
Let us show the second estimate. We set

e :=inf{p, (Or(y,2")) sz € K, y € Q, 2’ € K Nray,(supp 1o)} > 0.

We then make the same computations as in the Shadow lemma (Lemma 6.3.1). We take
a d-conformal density (uz)zcq on OnQ2 such that (my )., = po for any x € Q. Let x € K
and y € ray,(supp(i,)) N C; by definition of K there exists v € I" such that v~ 'y € K.
Then

MI(OR(xa y)) = Mx(ﬂ'h_l(OR(x7 y)))

= 1o (m H(Or(Y 2,y 1))

e PETIET  y (€)

/WEI(OR(vlﬂ:ﬁly))

> / e @)y, (€)
™ HOR(Y 1z, 1Y)

> 115 (Op(y e,y Ly))e 9da(@y)
Z 66_5dﬂ(xzy)' D

As an immediate corollary, we obtain the following.

Corollary 7.1.2. Let Q C P(V) be a properly convex open set and I' C Aut(Q) a convex
cocompact and discrete subgroup. Suppose that I' is strongly irreducible and Tleip is
non-empty, or that M is rank-one and non-elementary. Consider § > 0 and a d-conformal
density (piz)zecq on 0. Then there exists Ry > 0 such that for any R > 0, we can find a
constant C = C(R) > 0 such that for all x,y € C°",

Cileiédg(%y) < Mz’(OR(rFR(xa ?/)) < Cei6dQ(m7y)a
and if furthermore y € ray(supp(uo)), then

uy(OR(w7y)) > Cil and MLU(OR(x,y)) > C*lefadg(x;y).

7.1.2 The measure of dynamical balls

In this section we derive from the previous Shadow lemma (Corollary 7.1.2) an estimate
for the measure of balls of the form Bgl)  from Section 2.1.1; these estimates can inter-
preted as a Gibbs property for the Bowen—Margulis probability measure. The idea is very
similar to the computations in the proof of Proposition 6.5.1, which are actually Roblin’s
computations; the difference here is that our shadows are a priori small, and this is why we
need the stronger Shadow lemma (Corollary 7.1.2). Note however that Corollary 7.1.2 only
works for usual shadows Og(x,y), and not for the scarce shadows of the form O (z,y);
to overcome this issue we use the following lemma, which is a consequence of Benzécri’s

compactness theorem (Fact 2.1.11).

Lemma 7.1.3. For any ¢ > 0, there exists € > 0 such that for any properly convex
open set Q C P(V), for any x,y € Q at distance at least 1, if we have two points on the
boundary £ € Ou(y,z) and n € Ou(x,y), then the line & @ n intersects both balls Bo(x,¢€)
and Bq(y,¢€).
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Proof. By symmetry it is enough to prove that & @ n meets Bq(z,€). We assume by
contradiction that there exist sequence (€),)nen € ]Rlio converging to 0 and a sequence
(Qn)nen € 551 such that for each n € N we can find z,,y, € €2, at distance at least 1 and
n € O (Yn, zn) and 0, € O (24, yn) such that (&, © nn) N Ba(zn, €) = 0.

By Benzécri’s compactness theorem (Fact 2.1.11), we can assume, up to extraction,
that ((Qn, z,))n converges to some pointed properly convex open set (Q,z) € &}, bounded
in some affine chart that we fix. Up to extraction we assume that §2, is also bounded in
the affine chart for any n € N, and that (yn)nen (resp. (§n)nen and (7,)nen) converges to
y € QN Ba(x,1) (resp. £ and n € 99) such that (¢ ©n) N Bo(x,e) = 0.

Recall from Section 2.1.2 that

BQn (xm 6;1) C (1 - 6_26%)(Qn - xn) + Ty,

hence (Bq, (Zn,€),))nen converges to the singleton {x} for the Hausdorf topology, and
similarly (Bq,, (Yn,€,))nen converges to the singleton {y}. This implies that x € [£, 7],
which contradicts (£ & n) N Bo(x,€) = 0. O

Lemma 7.1.4. Let Q C P(V) be a properly convex open set, and T' C Aut(f2) a discrete
subgroup; set M = Q/T'. Suppose that T is strongly irreducible and Tleip # (), or that
M is rank-one and non-elementary. Let mr be a Sullivan measure on T'M induced by a
dr-conformal density. Then for any compact subset K C T'M, for any r > 0, there exists
a constant C > 0 such that given any time t > 0, for any v € I' - K such that pv € ' - K,

mp(B(?M(U,r)) < Ce™ort,

and if v € Tleip, then
Cle 0t < mp(Bg?M(v,r)).

Proof. Let (uz)zcq be a dp-conformal density on 0,2 which induces a dp-conformal density
(phz)ze on O and the Sullivan measures m on T'Q and mr on T*M. Let © € T'Q be a
lift of v. We have

(v,r)) < m(BY(3,7))

for any t > 0, where
Co = max #{v:do(mw,yrw) < 4r}.
wen— 1K
Let us prove the upper bound in the lemma. Consider w € B%)Q(f),r). We make the
following observations.

(t)

e The Lebesgue measure of the set of times s € R such that ¢s;w € By,

than 2r;

(0,7) is less

o Poot € OF (T0, TPheD);
o ({,m)xs <rforall e 7rh_1(<z5_oou~)) and n € ﬂgl(qﬁoou?).

Combined with the definition of m (see Section 6.2.3), they yield:

m(B(t)

1 (0,7) < € s (092) - s (OF (10, wy)) - 2

We deduce from this and the Shadow lemma (Lemma 7.1.1) the desired upper bound.
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Let us prove the lower bound. We apply Lemma 7.1.3 to € := r/16 to obtain ¢ > 0.

Then for all n € Oy (70, TPr110) and & € O (w410, V), one can find w € Bgfg(ﬁ,rﬁ)
tangent to £ & n. Observe that the Lebesgue measure of the set of times s € R such that
PsW € Bgfg(ﬁ, 1) is greater than r. This means (remembering that the Gromov product
is always non-negative) that

m(B;?Q(ﬁv 7")) > ,um)(Oe’ (7T’L~1, 7T¢t+ll~})> ’ Mﬂv(oel(ﬂ¢t+1f}7 7”7)) T

We conclude thanks to the Shadow lemma (Lemma 7.1.1), and the fact that AP™* C
supp(Lo)- O

In the convex cocompact case, this yields the following.

Corollary 7.1.5. Let Q C P(V) be a properly convex open set, and T' C Aut(Q) a convex
cocompact discrete subgroup; set M = Q/I'. Suppose that T' is strongly irreducible and
Tleip # 0, or that M s rank-one and non-elementary. Let mr be a Sullivan measure
on TYM induced by a Sp-conformal density. Then for any r > 0, there exists a constant
C > 0 such that given any time t > 0, for any v € T M.,

mp(B(tf (v,7r)) < Ce*‘srt,

and if v € Tleip, then
Cle ot < mp(BE,QM(U,T)).

7.2 A measure of maximal entropy

In this section we prove that the Bowen—Margulis probability measure on the unit tangent
bundle of a non-elementary rank-one convex projective orbifold with compact convex core
M = Q/T has entropy dr.

7.2.1 Injectivity radius

Let Q C P(V) be a properly convex open set and I' C Aut(Q2) a discrete subgroup; set
M = Q/T. Consider t > 0 and v, w € T'M with lifts 9, € T Recall from Section 2.1.1
that

)0 0) 1= min e do(m6.5, y765).

_jo

We set dpiyy T

According to Section 1.3.1, we may also define

4

iy (U, W) 1= max dpi (v, prw) = max min max do(7gs 0, YT PstrD)

s€[0,¢] s€[0,t] vl re(0,1]
Observe that JE,QM > d,E,QM

have equality on {dgzM < inj(M)/2}, where inj(M) is the injectivity radius of M, namely

inj(M) := inf{dq(x,vx) : x € Q,v € I' \ {id}}. (7.2.1)

and that we do not have equality in general; however we

The injectivity radius is zero as soon as I' has a torsion element, or more generally when
" contains an element v € I" such that ¢(y) = 0.

Also observe that d(n)

iy = MaxXg=o, .. n dpip (P, ppw) for any integer n > 0.
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7.2.2 Manning’s argument

In this section, we adapt to the convex projective setting an argument originally due to
Manning [Man79]. Although our setting is not exactly the same as his, his proof works
perfectly thanks to Lemma 2.1.4. We observe that only half of Manning’s proof is given
here, since the other half only works for compact manifolds (while we work with manifolds
with a compact convex core).

Fact 7.2.1. Let Q C P(V) be a properly convex open set and I' C Aut(?) a convex
cocompact discrete subgroup. Then dp > htop(TlMcor, (P1)ter) > htop(Tleip, (dt)ter)-

Proof. The fact that htop(TlMcor, (dt)ter) > htop(Tleip, (dt)ter) is immediate from the
definition of topological entropy.

Consider o € C*" and R > 0 large enough such that I' - Bg(o, R) contains C* (which
is acted on cocompactly by I'). Let T 'Qeor € TQ be the preimage of T1Mco,. Fix € > 0,
and fix a maximal (e/4, do)-spanning set A of Bq(o, R). Let B, be the set of vectors based
at a point of A and pointing at a point of {ya : a € A, dg(0,v0) < r+2R}; for each © € B,
choose 7' € T' o at distance less than €/2 of © (when such a vector exists), and denote

by B the collection of ?'. By Lemma 2.1.4, the projection of B, is a (e, dgl)M)—spanning
set of T Mo, for any 7 > 0. Furthermore #B.. < #B, < #A%.#{v : dg(o,70) <+ 2R},

hence dr > hiop (T Meor, (91)ter)- =

7.2.3 The Bowen—Margulis probability measure has maximal entropy

In this section we prove that any Sullivan measure induced by a dp-conformal density has
maximal entropy, which is equal to dr.

Proposition 7.2.2. Let Q C P(V) be a properly conver open set, and T' C Aut(QQ) a
convex cocompact discrete subgroup with M = Q/T" rank-one and non-elementary. Let mp
be the Bowen—Marqulis probability measure on T M. Then

hm(Tleip7 ((z)t)t) Z 6F-

Proof. We can assume without loss of generality that I' is torsion-free by Observation 1.3.6
and since for any finite-index subgroup I'” of I", the measure mr is the push-forward of the
Bowen-Margulis probability measure on T'Q/T’. Let ¢y be the injectivity radius of M.
Let P be a finite measurable partition of T M, whose elements have diameter less than
. According to the definition of the measure-theoretic entropy, it is enough to prove that

Hpm(¢1,P) = or.

For n > 1, we observe that, according to Section 7.2.1, any element of P(™ has by

definition a diameter less than €p/3 with respect to the metric J(Trﬁ)M. Therefore by Corol-

lary 7.1.5, there exists a constant C' > 0 such that for any n > 1, any element of P( has an

mp-measure less than Ce~™. We now conclude the proof by the following computation.
Hpp (P™) = = > mr(P)log(mr(P))
pep)
>~ Y mp(P)log(Ce™")
pep)

> orn — log(C).

The inequality Hy,.(¢1,P) > dr follows immediately. O
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7.3 Uniqueness of the measure of maximal entropy

In this section we conclude the proof of Theorem 7.0.2. In the case where M is compact, the
proof below can be shorten by using Chapter 4. In particular we do not need Sections 7.3.1
and 7.3.3 in this case.

7.3.1 Separated sets in dynamical balls

In this section we prove a technical lemma which bound from above the size a separated
set in a dynamical ball. To perform this estimate we will use the notion of proper densities
(see Section 2.1.11).

Lemma 7.3.1. Consider 0 <r < R. Let Q € &y, let T C Aut(Q) be a discrete subgroup,
let M = Q/T and let t > 0.

(1) For any vector v € T' M, the cardinality of any (c;lg,sz, r)-separated set ofB(t)

TlM(v,R)
is less than x+ (R +1/4)% - x_(r/4)72 (see (2.1.2)).

(2) Consider a (czgzM,T)—sepamted subset {v1,..., v} of TYM (and of size k), take a
vector w; € B (vi, R) for each i = 1,...,k. Then one can find a subset I of

T'M
{1,...,k} of size greater than k- x4+ (2R+1/2)"2-x_(r/4)? such that {w; : i € I} is
(dgzM, r)-separated.

Proof. Let us prove (1) when T is trivial. Let A C Béffg(v,R) be a (dgﬂ,r)—separated
set. We set
B := {(mw, r¢w) : w € A} C Bo(mv, R) x Ba(mw¢iv, R)}.

By Lemma 2.1.4, and since A is (dgzg,r)—separated, we see that B is (d,r/2)-separated

for the metric d on Q2 which is defined by d((z,v), (z/,y)) = max(dq(z,z’),do(y,')) for
(z,y), (2',y') € Q2. This exactly means that for all (z,y) # (2/,y') € B,

(Ba(z,r/4) x Ba(y,r/4)) N (Ba(z',7/4) x Ba(y',r/4)) = 0.
As a consequence,

#A=#B

<x-(r/4)7* > Volg(Ba(z,r/4)) Vola(Ba(y,r/4))
(z,y)eB

< X- (7“/4)_2 VO]?Z |_| Bﬂ(xv 7’/4) X BQ(y7 T/4)
(z,y)€B

< x—(r/4)"2Vol3(Bo(mv, R+ 1/4) x Bo(rdw, R +1/4))
< X+ (BA+7/4)°x-(r/4) 7%

Let us prove (1) when I' is not necessarily trivial. Let A C BY (v, R) be a (J(t) )-

s TIM Tino "
separated set. Consider a lift & € T'Q of v, and a lift A C B%)Q(ﬁ,R) of A. Then A is

(dgﬂﬂ, r)-separated, therefore it has cardinality less than x4 (R 4 7/4)%x_(r/4)72, and so

do A.
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). We construct I by induction. We set i = 0 and Ip := {1,...,k}.

Let us establish (2).
i—1) and (g, ..., 7j—1) have been constructed, we set i; := min [;_; >

For j > 1,if (Iy,...,
753;1 and

Ij = {Z S Ij—l : Jgf}M(wij,wi) > 7“} & Ij—l'
This process eventually stops, at the n-th step for some n € {1,...,k} such that I,, = 0.
The set {w;; : 1 < j < n}is (Jgsz,r)—separated by construction. In order to prove that
k is bounded above by n - x1 (2R + r/2)% - x_(r/4)72, it is enough to see that for each
0 S j S n— ]-7

#1012 #1 — x+ 2R +1/2)% - x-(r/4) 2

This is a consequence of (1) and of the fact that I; \ I 41 is contained in the set of indices
¢ such that v; € Bgzg(vﬁl,r + 2R). O

7.3.2 Entropy-expansiveness

The estimates of the previous section can be used to show that the geodesic flow on a
convex projective manifold is entropy-expansive if the injectivity radius is non-zero. This
fact is due to Bray, who stated it for compact manifolds, but the proof works in general.

Fact 7.3.2 ([Bra20b, Th.6.2]). Let Q C P(V) be a properly convex open set and I' C
Aut(Q) a discrete subgroup. Let us assume that the injectivity radius eg of M = Q/T is
non-zero. Then the time-one map of the geodesic flow on T'M is (dp1yy,€0/3)-entropy-
eTpansive.

It applies in particular if I' acts convex cocompactly on Q and if ' is torsion-free.
However, we will consider cases where I is not torsion-free, and the geodesic flow on 7'M
is nmot entropy-expansive: for instance if {2 is the Poincaré disk and I' is a cocompact
triangle group. To overcome this issue, we will use Selberg’s lemma.

7.3.3 A uniform neighbourhood of the biproximal unit tangent bundle

In order to prove the uniqueness of the measure of maximal entropy, we will use our
estimates on the size of the dynamical balls Corollary 7.1.5. However, one of these estimates
only holds for balls centred at vectors in Tleip, whereas we would like the uniqueness of
the measure of maximal entropy on T M.,. This is why we will need Lemma 7.3.1 and
the following lemma.

Lemma 7.3.3. Let Q C P(V) be a properly convex open set, and I' C Aut(Q2) a convex
cocompact discrete subgroup. Suppose M = Q/T is rank-one and non-elementary. Then
there exists R > 0 such that for every point & € A°™ we can find n € AP™* such that
In particular, for any v € T' Mo, we can find a vector w € Tleip such that for any
t>0;
5(2t)
dle\/l(qb*th’ stw) < 2R.

Proof. Consider o in the convex hull of A° in Q and a dp-conformal density (pz)zeq on
0Q. Let R > 0 be given by the Shadow lemma (Corollary 7.1.2). By lower semi-continuity
of dg, it is enough to show that for any = € [o0,&), the shadow Og(o,z) intersect AP™;
this is implied by the fact that p,(AP™) = 1 (by Theorem 6.0.1 and Proposition 7.0.1)
and f1,(Ogr(0,z)) > 0. O



7.3. UNIQUENESS OF THE MEASURE OF MAXIMAL ENTROPY 147

7.3.4 Proof of Theorem 7.0.2

Let mr be the Bowen-Margulis probability measure on T'M. By Propositions 7.2.1 and
7.2.2, it is enough to prove that any (¢;);cr-invariant probability measure m’ on T Meor
which is different from mr has entropy strictly less that ér.

We can assume that I is torsion-free by Observation 1.3.6 and since for any finite-index
subgroup I of T', the measure mr is the push-forward of the Bowen-Margulis probability
measure on T'Q/T" (see Remark 6.2.3); let ¢y be the injectivity radius of /. Since
my is ergodic (Theorem 6.0.1 and Proposition 7.0.1), m’ cannot be absolutely continuous
with respect to mp. By Radon-Nikodym Theorem we can decompose m’ into a sum
tm” 4+ (1 — t)mp where 0 < t < 1 and m” is (¢)ier-invariant and singular with respect
to mp. Then hyy (¢) = thyy(¢) + (1 — t)or (see [HK95, Cor.4.3.17]), and we only need to
prove that h,,»(¢) < ér. Note that since A°™ \ AP™ does not intersect Oso2. Without
loss of generality we assume that m’ = m” is singular with respect to mr. Let A C T M,
be a flow-invariant measurable subset such that mp(A) = 1 while m/(A4) = 0.

Fix e > 0 and let K1 € ANT'Mo, and Ko C T Moy ~ A be compact subsets such
that mp(K71) > 1 — € and m/(K3) > 1 —e. Observe that

min{czggfzw(QS_tv,gb_tw) v € Kj,we Ko} T o0 (7.3.1)

Indeed, otherwise by compactness there would exist vectors v € K1 and w € Ky for which
supyso Ao (é—1v, ¢_gw) < oo. Then we would be able to find lifts 7, € T'Q such that
SUpPs~( dg?fgz(qb,tﬁ,gb,t@) < 00, which implies, since ¢oo? and ¢_oo0 are extremal, that
D100l = PLooW hence w € ¢rv C A, which is a contradiction.

a €0/8)-separated set {v1,...,vp} C T Meor,

TIM>
which is ordered so that for any ¢ = 1,...,k, the ball Bg@\)/[cor (vs, €0/8) intersects ¢_,, Ko
if and only if ¢ <[, where 1 <[ < k is some integer.

Construct by induction the finite measurable partition P = {P,..., Py} of T M. sO

that

Let n > 1 and consider a maximal (

(2n)

\2n) T Mor (U”H-lv 60/8)'

BEY (vip1,€0/16) C Py = Brisse

T Meor (Vit1,€0/8) N (PLU---UP;) C B

P; diameter less than ¢y/3 with respect to dg?ln]a for each 1 < ¢ < k, therefore we can

combine Remarks 1.3.1 and 1.3.3 with Facts 7.3.2 and 1.3.4 to obtain:

1 1 1
Bt (61) = — Ry = — H,(bon, P) < — H,(P).
Now we use the classical fact that for all ¢ € Nyg and aq,...,ay > 0,if s :=a1+---+a4 < 1

then
- Zai log(a;) < —slogs + slogq < slog(q) + 1/e,
i

and we compute:

k
Hyp(P) = =) m'(P;)log(m'(F;))
=1
! k
<m/ (U PZ-> log(l) +m/ ( U Pl-) log(k) + 2/e.
i=1 i=l+1
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Note that on one hand, ¢_, K> is contained in Ui:l P;, hence m’ (UézlPZ-) >1—e€ On
the other hand ¢_, K7 does not intersect Ui:l P; for n large enough, indeed if there exist
ie{l,...,l} and v € ¢_, K1 N P;, then we take a vector w € ¢_,, Ko ﬂBé?ln]\)/[(vZ,eo/S) and

use the trlangular inequality to obtain that d(TlM(qb nPnV, G_pdpw) < 60/4 which is not

compatible with (7.3.1) for n large. As a consequence, mr ( Z»:1P1) <

We now need to bound from above k and [. If M is compact then it is easier to
conclude the proof: we can use the fact that 7'M = T M, = Tleip (consequence of
Theorem 4.1.2), and apply directly Corollary 7.1.5 to get:

l
< mF(Ui:l Pz) < 606271(51"’
min{mp(P;): 1 <1i <[}

and similarly k£ < Ce?r where C only depends on ¢y. Thus we obtain
2nhp (¢1) < (1 — €)log(e) + log(C') + 2ndr + 2/e,

which is strictly less than 2ndr for € small enough.

In the general case, we need to take into account that T'M,., and Tleip might be
different and that Corollary 7.1.5 only holds on T’ 1Mbip; this is where we need Lemma 7.3.1
and Lemma 7.3.3. Thanks to the latter, there exists R > 0, which only depends on I" and
Q, and such that for each 1 < i < k, we can find w; € B(Tl]a[(vl’ R)NT' M. Then we can
use Lemma 7.3.1.(2) to find I C {1,...,k} such that {w; : i € I} is (d Tzf]\)/[, €0/8)-separated
and

k< #1 - x4 (2R + €0/16)%y_ (€0 /32) 2

mr(Usc; Boyy (wi, co/16))
" min{mr(BEY, (w;,€0/16)) i € I}
S C/€2n(5[‘

X+ (2R + €9/16)?x_(e0/32) 72

where C’ only depends on I' and €. Similarly, we can find w} € ¢_ K2ﬁB(T1A)/[(Uz‘7 €0/8) and

wy € Bgﬁa{(w R) ﬁTlelp for eachi=1,...,l. Lemma 7.3.1.(2) givesus I' C {1,...,1}

such that {w} : i € I'} is ( €0/8)- separated and

TlM’

I <#I' X1 (2R + €0/8)*x—(€0/32)

mr(Usep BE(w!, €0/16))
" min{mr(BEY, (w!, 6/16)) : i € I'}
S 60//6271(51"

X+ (2R + €0/8)*x—(e0/32) >

where C” only depends on I" and Q, and we have used the fact that Bg%(wg’, €0/16) does

not intersect ¢_,K; for any i = 1,...,l and for n large enough (again because of (7.3.1)).
As we explained in the compact case, this implies that

2nh (1) < (1 — €)log(e) + logmax(C’, C") + 2ndér + 2/e,

which is strictly less that 2ndr for € small enough.
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7.4 Counting closed geodesics

In this section we keep on adapting Knieper’s article [Kni98] in order to prove Theo-
rem 7.0.3, which gives asymptotic estimates for the number of closed geodesics of length
less than ¢, when ¢ goes to infinity.

These estimates do not all need the results of the previous sections. More precisely, to
prove the upper bound on the number of rank-one conjugacy classes in 1 we do not need
the HTSR dichotomy. To prove the lower bound in 1 we need the mixing property of the
Bowen—Margulis probability measure, but not the uniqueness of the measure of maximal
entropy. To establish the upper bound on the number of non-rank-one closed geodesics
in 2 and the equidistribution of closed geodesics 3 we need uniqueness of the measure of
maximal entropy.

7.4.1 The lower bound

In this section we use the mixing of the Bowen—Margulis measure to obtain a lower bound
on the number of closed geodesics.

Proposition 7.4.1. Let Q C P(V) be a properly conver open set, and I' C Aut(2) a
convex cocompact discrete subgroup with M = Q/T" rank-one and non-elementary. Then
there exists a constant C' > 0 such that for any T > C,

#IE > 2.
Proof. Without loss of generality, we may assume that I is torsion-free, since for any finite-
index subgroup IV C T', for any element v € I, there at most [[" : I’] conjugacy classes of
I inside the conjugacy class of v in I". Let €y > 0 be the injectivity radius of M and mr the
Bowen-Margulis probability measure. Fix a compact subset K C T' Mg, whose measure
mr(K) is positive. Using Lemma 5.4.13 we can find 0 < € < €p/3 such that for any vector
v € K, for any time t > 1, if dp17(v, ¢pv) < € then there exists a rank-one periodic vector

w € BéffM(v,eo/@ with period in [t — 1,¢ + 1]. Let us denote by R; C K the subset of
vectors v € K such that dpi,,(v, ¢rv) < € we are going to bound from below its measure.
To that end take P a finite measurable partition of Tleip with diameter less than e, and

compute the following limit, using the mixing property, established in Theorem 6.0.1:

> 0.

mr(R) > Z mr(PNKNg(PNK)) — Z mr(P N K)? > m(K)?
Pep 7 pep #P

On the other hand we can bound from above this measure thanks to the closing lemma
and Corollary 7.1.5. For any conjugacy class ¢ € [[']'!, fix a vector v. € T*M tangent to
the projection in T'M of the axis of any element of c.

|8t |

€0
¢ €0 _ope (6(E+1) r
mp(Rt) < Z Z mF(Bész(%%OUc, g)) < Cert <60 +1) #05
cell}, k=0
This ends the proof. O

7.4.2 The upper bound on the number of rank-one closed geodesics

In this section we conclude the proof of Theorem 7.0.3.1.



150 CHAPTER 7. THE MEASURE OF MAXIMAL ENTROPY

Proposition 7.4.2. Let Q C P(V) be a properly conver open set, and T' C Aut(f2) a
conver cocompact discrete subgroup with M = Q/T rank-one and non-elementary. Then
there exists a constant C' > 0 such that for any T > 0,

#IJE < 2T

Proof. Let I" C T be a finite-index torsion-free subgroup; we set M’ = Q/I"” and take
€9 < 1 smaller than the injectivity radius of M’. For each rank-one conjugacy class ¢ of T,
choose 7. € ¢ and v, € axis(y.). Consider an integer n > 1. One easily checks using the
triangular inequality that any vector of 7' belongs to at most

Ch = mg(}lc#{y el :do(x,vx) <14 2¢/3}
balls of the family
{Biig (Gxvese0/6) : e € [L]fy iy, 0<k <}

By Corollary 7.1.5, we can bound from below the mp-measure of the projection in 7'M’
of these balls by C~le=r™ for some constant C' > 0, where mp is the Bowen—Margulis
probability measure on T*M’. Since my is a probability measure we obtain:

n#(T)) ) < C1Ce /3, O

7.4.3 The upper bound on the number of non-rank-one closed geodesics

Let us bound from of above the number of non-rank-one conjugacy classes of I'. The idea
is that to each non-rank-one conjugacy class we can associate a closed geodesic which is
contained in a flow-invariant closed subset of T Mo, to which the Bowen-Margulis measure
gives zero measure; this implies that the topological entropy of the geodesic flow on this
subset is smaller than dr.

Proposition 7.4.3. Let Q C P(V) be a properly conver open set, and I' C Aut(f2) a
convex cocompact discrete subgroup with M = Q/T rank-one and non-elementary. Let
K C T'M,go, be the (¢1)¢-invariant closed subset that consists of the vectors whose lifts
v € T'Q are such that dsp1(d—cov, Poov) < 2. Then the topological entropy of (¢r)r on K
is strictly smaller than dr.

Proof. According to Remark 1.3.5 and Observation 1.3.6, there exists a probability measure
m’ on K whose entropy is the topological entropy on K. Observe that K is disjoint from
the set T My of vectors whose lifts v € T1Q satisfy ¢_oot, Poc¥ € Ossef2, while the Bowen—
Margulis probability measure mr is concentrated on T M. by Theorem 6.0.1. Thus, m’
and mr are different. By Theorem 7.0.2, the entropy of m’ must be strictly smaller than
or. O

Corollary 7.4.4. Let Q C P(V) be a properly convex open set, and I' C Aut(2) a convex
cocompact discrete subgroup with M = Q/T rank-one and non-elementary. Then the expo-
nential growth rate of the number of non-rank-one conjugacy classes of translation length
shorter than t, when t grows, is strictly less than Jr.

Proof. Let T' C T be a finite-index torsion free subgroup; we set M’ = Q/T” and ¢ to
be the injectivity radius of M’; we denote by €y the injectivity radius of M’. It is easy to
show that there are only finitely many conjugacy class ¢ of I' such that ¢(c) < ¢y. Using
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Lemma 3.4.4, for each conjugacy class ¢ with £(¢) > 0 we can find an element 7, € ¢ and a
vector v, € T such that ¢4oove € AP and Yoo, = TPg(c)Ve- Consider ¢ > 0. Using the
triangular inequality, one can check that any vector of 7€) belongs to at most

Cy:= max #{yeTl :do(z,yz) <1+ 2¢/3}
zeCP(T)

balls of the family

1) sin,
(B (ve, €0/6)  c € [T )

Therefore we can extract from {v. : ¢ € [T ]EIE_I]} a ( r_,ffg ,

size at least Cfl#[I‘]ftiii”. The projection in 7'M’ of this family belongs to the set K in
Proposition 7.4.3 by Lemma 3.4.5. By definition of the topological entropy, the exponential
growth rate of the size of such a family, when ¢ goes to infinity, is bounded above by the

topological entropy on K, which is strictly less than épr by Proposition 7.4.3 above. O

€0/6)-separated family of

7.4.4 Sums of uniform measures on closed geodesics

Let Q € P(V) be a properly convex open set and I' C Aut(Q2) a discrete subgroup; denote
M =QT.

Proposition 7.4.5. Let Q C P(V) be a properly conver open set, and T' C Aut(2) a
convex cocompact discrete subgroup with M = Q/T' rank-one and non-elementary. Let
A C [T]* be such that log(# A7) /T converges to 6r when T tends to infinity. Then LAz
converges to the Bowen—Margulis probability measure when T goes to infinity.

Proof. Let TV C T be a torsion-free finite-index subgroup; let €y be the injectivity radius
of M' = Q/T'. For each conjugacy class ¢ € [[|'}, we choose a representative 7. € T,
and we call £'c the unique (¢;)¢-invariant probability measure on the projection in 7'M’
of the axis of 7.. For any finite subset B C [[']"}, we set £L'B = (#B) 'Y ..z L'c. By
Theorem 7.0.2, it is enough to show that any accumulation point m’ = limg_,o, £'Ar on
T'M’ has entropy bounded below by dr.

Let us give ourselves a finite measurable partition P of 7'M’ of diameter less than
€0/3 and such that for any element P € P, we have m’(OP) = 0. Then

Bt (6) = Hy (6, P) = Tim_ ~H,p (P(1),

n—oo N

Fix n > 1 and note that for each P € P we have m/(OP) = 0. As a consequence

Ho (P) = i Hprag (P™) > limin v, (POV).

Consider & > 0 and let us show that liminfr o Hpra, (P™) > n(dp — «). Let Ty > 0 be
large enough so that #Ap > er=a7T for any T > Ty. Take T > Ty and decompose [0, T
into disjoint intervals :
0,T]=[0,To]uU | | 1,
1€y

such that each I € Zp has diameter less than 1, and #Zp = [T — Ty]. Then by [HK95,
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Prop.4.3.3.6] we have

#HAT
#HAT

. s . o AT .
lgn i Herap (P) 2 Hpint 27 Herag, (PO) + 3

IeZr
A
# I HE’AI (P(n))
TO)

HE/AI (P(n))

> hmlnf Z #

> hmlnf— Z ##AI Hpig, (PUTD),

T—o00

where we have used the Euclidean division [T] = grn + r7 with the following classical
inequality (see e.g. [HK95, Prop. 4.3.3.1-4]):

1 1
Hy, (P™) > — Hy, (PIT)) = — iy, (PU7)) >

H, (pUTDy —
qr qr T+1 ul )

in log(#P").

Using the triangular inequality, one checks that for any P € PUTD and any I €
Ir, there are at most C1 = maxgeceorr) #{v € I' : da(z,v2) < 1+ 26/3} conjugacy
classes ¢ € Ay such that £'c(P) > 0; this implies that £'A;(P) < Ci#A;'. Hence
Hpoa, (PUTDY > log(# A1) —log(C1), and we resume our computation, using the concavity
of the logarithm and Cauchy—Schwarz inequality:

= Z ##;;hT Hprg, (PUTD) Z ##AI log(#Ar) — *log(cl)
IeI 0,71 161 Ay, 1)
> % (# Ao IEZI: #A7 | — *108;(01)
e (P50 2y
2% <#A;_2ATO) —%log((h)
- o () -

This last term converges to n(dp — «) as T goes to infinity. This concludes the proof. [
We can now end the proof of Theorem 7.0.3.

Proof of Theorem 7.0.3. 1t is the immediate combination of Propositions 7.4.1, 7.4.2, 7.4.5,
and Corollary 7.4.4. O

7.4.5 The number of conjugacy classes and of periodic geodesics

Finally, let us relate the number of strongly primitive rank-one conjugacy classes, the
number of rank-one conjugacy classes, and the number of rank-one periodic (¢;)¢-orbits.
For any convex projective manifold M = /T, let [[]P™! denote the set of strongly primitive
rank-one conjugacy classes, and G*! the set of rank-one periodic (¢;)¢-orbits in T M.
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Observation 7.4.6. Let Q C P(V) be a properly conver open set, and T' C Aut(Q)
a convex cocompact discrete subgroup with M = Q/T' non-elementary rank-one. Then
#[I’]gfl 7 #[T)5, and there exists C > 0 such that for any T > C,

—00

L st 1 C st
i < = eord
ot SHIr=ge

Proof. This is a consequence of the discussion in Section 3.4.2. Let IV C T be a finite-index
normal subgroup. Then for any T > 0 we have

#T7 < #[TTF < #)7" + [T T,

and we then apply Propositions 7.4.1 and 7.4.2. Using again the discussion in Section 3.4.2,
we know that

#Gy < #[TI < [TV : TI#6Y,
and we apply the previous point of Observation 7.4.6. OJ

The idea of the following result is exactly the same as that of Proposition 7.4.3, and
has exactly the same proof,

Proposition 7.4.7. Let Q C P(V) be a properly conver open set, and I' C Aut(f2) a
convex cocompact discrete subgroup with M = Q/T' rank-one and non-elementary. Let
F C T be the core-fizing subgroup (see Section 3.4.2). Let K C Tleip be the set vectors
of whose lifts v € TS satisfy Stabr(v) # F. Then the topological entropy of the geodesic
flow on K 1is strictly smaller than or, as well as the exponential growth rate of the number
of rank-one conjugacy classes of I' with axis in K.

Suppose further that F is the centre of I'. Then #[[')5* o #F-#G2 . IfT is strongly

—00
irreducible, then F is trivial and #[I)} ~ #GH.
T—o0

Proof. The subset K C T' My, is closed and (¢)¢-invariant, and has empty-interior by
Observation 3.4.1. By Remark 1.3.5 and Observation 1.3.6, we can find a probability
measure on K whose entropy 0 is the topological entropy of (¢;);; this measure is different
from the Bowen—Margulis probability measure since the latter gives zero measure to K by
Theorem 6.0.1. Hence § < ér by Theorem 7.0.2.

Let IV C T be a finite-index torsion free subgroup; we set M’ = Q/I' and ¢y to be
the injectivity radius of M’; we denote by €y the injectivity radius of M’. Recall that
there are only finitely many conjugacy class ¢ of I such that ¢(c) < ¢y. For each rank-
one conjugacy class ¢ € [[']*! with £(c) > 0 we can find an element v, € ¢ and a vector
Ve € T Qhip = 7T1?1T1Mbip such that y.mv. = Tdyyve. Let A C [[]*! be the subset made
of conjugacy classes ¢ such that Stabr(v.) # F. Consider ¢t > 0. Using the triangular
inequality, one can check that any vector of T'Q belongs to at most

Cy:= max #{yeTl :do(z,yz) <1+ 2¢/3}
z€Ce (I)
balls of the family
(t+1)
{BTIQ (Uc, 60/6) 1cE A[t,t-‘rl]}'

Therefore we can extract from {ve : ¢ € A 41} a (dg,f;};), €0/6)-separated family of size at

least Cfl#A[t7t+1}. The projection in T' M’ of this family is (dgff?&[),, €0/6)-separated, and

belongs to the preimage by T'M’ — T'M of K. By definition of the topological entropy,
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the exponential growth rate of the size of such a family, when ¢ goes to infinity, is bounded

above by d, which is strictly less than ép.
The fact that #[[' o #F - #GE if F is the centre of T is due to the discussion in
%

o0
Section 3.4.2. O



Chapter 8

Equidistribution in Hilbert geometry

In this chapter, which is extracted from an article |[BZ21] in collaboration with F.Zhu,
we are interested in equidistribution questions which are similar to those treated in the
last section of the previous chapter. However the answers brought here are not quite the
same as those there. In particular, the setting is more general here, since we play with
non-elementary rank-one convex projective orbifolds M = Q/T" which have a finite Sullivan
measure of dimension ép, but whose convex core is not necessarily compact.

To start with, mixing gives us, via an argument of Babillot [Bab02], equidistribution
of the unstable horospheres pushed forward by the geodesic flow; the precise statement is
a bit technical and we refer the interested reader to Theorem 8.1.1 for this result.

Moreover, we have equidistribution of I'-orbits in 9€). For any topological space X, we
denote by C(X)* and C.(X)* the respective duals to the space of continuous functions on
X and to the space of compactly-supported continuous functions on X, endowed with the
weak-* topology; for any point x € X, we denote by D, € C(X)* the Dirac mass at z,
such that D,(f) = f(x) for any function f.

Theorem 8.0.1. Let Q C P(V) be a properly convex open set, and I' C Aut(§2) a non-
elementary rank-one discrete subgroup such that T'Q/T admits a finite Sullivan measure
mr associated to a I'-equivariant conformal density (iz)zeq of dimension dp on 02. Then,
for all x,y € Q,

§|jmr e Z Dy @ Dy-1z =2 Ha @ iy
~yel
da(z,yy)<t

weakly in C(Q x Q)*.

Contrary to Section 7.4, counting results are obtained as corollaries to equidistribution
results:

Corollary 8.0.2. In the setting of Theorem 8.0.1, we have

—dt
6|[mrlle Z Dy e iyl e
vyel
do(z,7y)<t

weakly in C(Q)*, and

g || 54
el do(z,vy) <t} ~ L2V 6t
#{v o(z,7y) <t} ~ STmrl] ¢

155
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Finally, we have equidistribution of rank-one closed geodesics in T'M. Let g§1 be the
set of rank-one periodic (¢;);-orbits with period bounded above by £ > 0, and G*! = Uy 951.
For any ¢ = {¢:v}; € G*', we denote by £(c) its period, and we denote by Lc the only (¢;)-
invariant probability measure on ¢, i.e. the push-forward by t — ¢;v of the renormalised
Lebesgue measure on [0, (c)] with total mass 1.

Theorem 8.0.3. Let Q@ C P(V) be a properly conver open set, and I' C Aut(§2) a non-
elementary rank-one discrete subgroup such that T'Q/T admits a finite Sullivan measure
mr associated to a T'-equivariant conformal density (u.). of dimension ép. Then

Sle0¢ Z L — e

el {—~+00 ||mr ”
¢

weakly in Co.(TTQ/T)*.

If Q is strictly convex, then all closed geodesics are rank-one. As a corollary to Theo-
rem &8.0.3, we obtain the following counting result for closed rank-one geodesics:

Corollary 8.0.4. In the setting of Theorem 8.0.3, if I' acts convex cocompactly on ), then

et

rl o
#gg =00 OF '
Proof. Take f € C.(T'Q/T") which is equal to 1 on the (compact) convex core. Integrating f
against the measure e % zceg;l Lc gives 566_‘%#%1. From Theorem 8.0.3, this integral

converges to 1 as £ — oo. O

The proof of Theorem 8.0.1 follows the gist of Roblin’s proof, making heavy use of
mixing and of cones in the space and shadows on the boundary without reference to
any notion of angle, which is not well-defined in our setting. We derive, as Roblin did,
Theorem 8.0.3 from Theorem 8.0.1; an essential ingredient to perform this is the Closing
lemma (more precisely Corollary 5.4.12).

Organisation

In Section 8.1 we prove Theorem 8.1.1, concerning equidistribution of generalised unstable
horospheres. Section 8.2 describes the proof of Theorem 8.0.1, and Section 8.3 describes
the proof of Theorem 8.0.3.

8.1 Equidistribution of unstable horospheres

Babillot obtains equidistribution of unstable horospheres as a consequence of mixing of the
geodesic flow [Bab02, Th. 3|, and we can do likewise here.

Generalised unstable horospheres of 7€) are sets of vectors tangent to geodesics which
are backwards-asymptotic to a common point & € 92, and with foot-points along horo-
spheres centred at a common preimage of £ in d,€). These are strong unstable manifolds
(in the sense of Section 1.2.4) for the Hilbert geodesic flow if and only if £ is smooth.
The Hopf parametrisation we adopted in Section 6.2.2 is convenient to parametrise stable
horospheres, but not for unstable horospheres; this issue is very easy to overcome: define
the reversed Hopf parametrisation Hopf™ := toHopf o (recall that ¢ denotes the flip invo-
lution). Using the reversed Hopf parametrisation, we see subsets of unstable horospheres
of Geodp®(2) X R as sets of the form {{} x J x {t} with £ € 9,2 and ¢t € R.



8.1. EQUIDISTRIBUTION OF UNSTABLE HOROSPHERES 157

Theorem 8.1.1. Let Q C P(V) be a properly convex open set and T be a non-elementary
rank-one discrete group acting on Q such that T'Q/T admits a finite Sullivan measure mr
associated to a T-equivariant conformal density (u2)zcq of dimension or on Q). Fiz a
basepoint o € Q. Let J C 9,Q be a closed subset with pl(J) # 0, and & € supp(ut) be
such that {£o} x J C Geodp°(Q2). Then for any bounded and uniformly continuous function
f:T'Q/T — R, we have

1
cs(éo)

where cj(&) = [, e~ 20 modub(n) and the function f is the T-invariant lift of f to
Geody(2) x R.

/Jf(ﬁo,n,t)e25F<5°’”>"du‘3(77) - — fdmp ast — +0o

[[mr| TQ/T

Recall that if Q is strictly convex with C! boundary, then the (reversed) Hopf parametri-
sation is a homeomorphism. Therefore Geody® () x R, 92Q x R and T are all identified,
the support of u§ is Ar, and the condition & x J C Geodp®(2) in the above statement is
simply reformulated as & & J.

Proof. We may suppose that f is non-negative. Consider a compact neighbourhood Iy 3 &
sufficiently small such that Iy x J C Geody (£2). Then for any e > 0, we can choose a
compact neighbourhood I C Iy of & and r > 0 such that

. =251 (0.0
(i) 1-e< o250 (Emo

< 1+eforany ({,n) € I x J, and

(i) |f(&nt+s)— f(&o,m,t)| < eforany (§n) €IxJ,s€[0,r], andt>0.

The second property holds since choosing I and r sufficiently small ensures that, for £ € 1
and s € [0,r], the vectors Hopf™ (£,7,s) and Hopf™ (§o,7,0) are uniformly (in n € J)
close. Moreover, since they both belong to the same weak stable leaf, given by the vectors
pointing towards my,(n), flowing them by the geodesic flow does not increase their distance
by Lemma 2.1.6.

It then follows from properties (i) and (ii) that, for any fixed ¢, the integral

1

7 —26r{€0:m)o 7, b
J(fO) Jf(iO?nat)e d:u’o(n)

e}

differs from

S - F ~260(Em)o g0 n
cj(§o)rus(I) /IxJX[O,r] J&m 1+ s)e "o dpo(8) dpg(n) ds
1 i
= e (D 1, dm®
TG ey €SN

by at most € (1 + % |f|oo) . By the mixing property of the geodesic low and Remark 1.2.10,

we may choose t large enough so that

~ h
/ f(fy"?at‘*‘s)dmh_m(IXJX[O’TDI/ Jdmrp
IxJx[0,r] [[mr]| TQ/T

whence the conclusion follows, since
mP(I x J x [0,7]) 1 / 95
2 = e &me dyb(¢) dud(n
w0 B0 S (&) il
is bounded from below by (1 —€) - ¢;(&o) and from above by (1 +€) - ¢5(&)- O

< erpb(l),
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8.2 Equidistribution in the projective boundary

In this section we prove Theorem 8.0.1.

8.2.1 Idea of the proof and notations

Let Q be a properly convex open set and I' C Aut({2) a non-elementary rank-one discrete
group such that T1Q/T admits a finite Sullivan measure mr associated to a I'-invariant
conformal density (u,) of dimension dr.

For ¢ > 0, we let v, denote the measure §|lmrlle=® 3> D,y @ D1, To prove the

desired convergence, we need to show that for any ¢ € C(2 x Q),

t
pdv —>/ d(pz @ py).
/stz Y is00 Jogua reny

The proof uses mixing of the geodesic flow applied to suitable geometrically-described sets:
given x € Q, A C 090, and R > 0, define

CE(%A) = {y € Q: 312’ € Bg(x,7),£ € A with Bo(y, R)N [2/,€) # @} ,

Cr(z,A) =y eQ:Bo(y,r) C ﬂ U [z

2'€Bq(z,R) £EA

These may be thought of as expanded or contracted cones from x to A, with the parameter
R controlling the expansion or contraction. We can use mixing to show that the (u, ® ,uy)
measures of sufficiently small A x B C Q x  are uniformly well-approximated by v} e
measures of corresponding products of cones over A and B. Here “sufficiently small”
means “contained in one of a system of neighbourhoods V x W c Q x Q, one for each
(507770) € 002 x 9N

We can then approximate, topologically and hence in measure, any sufficiently small
Borel subset of Q x Q by products of cones. From there, using standard arguments to
approximate continuous positive functions using characteristic functions, we obtain the
desired convergence of integrals if we replace the domain Q x  with V x W. We are then
done by taking a finite subcover of the cover of the compact 2 x Q by these neighbourhoods
V x W and using a partition of unity subordinate to this subcover.

The proof estimates the v »y-measure of the product of cones uses a number of other
geometric objects. For any subset A C €2, we denote by T'A C T'() the set of vectors v
with v € A.

1. For z € Q and (£,n) € Geod™(Q), let z¢, denote the point of T'Q tangent to [n, ¢]
with foot-point the middle point of the segment [n,&] N B(z,dq(z, (n€)). Given in
addition r > 0 and A C 012, define

K+(Z,7“, A) = {gszfn <s<

7(5777) € GeOdOO(Q)ﬂ? € A,dQ(Z, (fn)) < 7«} )

l\D\ﬁ
N3

We remark that when  is strictly convex with C! boundary, the foot-point is also
the nearest-point projection of z onto [, 7).

Inverting the role of £ and 7 in the above definition yields 1K (2,7, A) =: K~ (2,1, A).
We will also write K(z,7) to denote K*(z,7,00) U K~ (z,7,00). We remark that
K(z,7) C T'Bg(z,3r/2) by construction.
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2. Given r > 0 and a,b € Q with dq(a,b) > 2r, we will consider the following closed
shadows:

O/ (a,b —{5689 3d' € Bla,r) :)d'€) N B(b,r) # &}
0, (a,b) :={{ € 9Q : Vd' € Bg(a,r) :]d'§) N Ba(b,r) # @}

Note also that, as in (6.3.4) we have O, (a,b) C Og,(a,b).

3. For r > 0 and a,b € Q with dg(a,b) > 2r, we denote by L,(a,b) the set of (£,n) €
Geod™(Q) such that [£,n] crosses first Bg(a,r) and then Bq(b,7). The reason we
consider in this chapter closed shadows instead of open ones is so that the following
holds:

0. (b,a) x O, (a,b) C Ln(a,b) C O, (b,a) x O, (a,b). (8.2.1)

8.2.2 The technical crux

Proposition 8.2.1. In the setting of Theorem 8.0.1, fir € > 0, &y, no € O both extremal
and smooth, &, € Ar, and z,y € Q such that x € [§o,&)] and y € [no,ny]. Then there
exist open neighbourhoods V- and W of & and no (resp.) in 02, such that for all Borel
subsets A C V,B C W, we have

hmsupu y(Cr (2, A) x Cy (y, B)) < e e (A)py(B)
T—4o00

lim inf v7,(CF (2, 4) % O (4. B)) > ¢4 (A (B)

Proof. Set € = ¢/100. Choose r € (0, min{1,¢/6}) such that both 1, (00, (&,z)) and
1y (00, (0, y)) are zero. Note JO, is the boundary of O, as a subset of 9.
We have &, € O, (&, z), and similarly 1) € O,(no, y); hence

M::T2Mz( (&0, 7)) 1 ( r(10,y)) > 0.

Take two open sets Vl, Wi of Q, containing &, ng respectively, and sufficiently small so that
for all a € Vl,b S Wl, we have

¢ 12(01 (€0, @) < 12(O, (a,7)) < € 11 (O (60, 7)) (8.2:2)

’

e 11y (Or(10,9)) < 1y (O (b)) < e 11y (D10, 9) (8.2.3)

This is possible because & and 7 are extremal. Indeed one can see that for any compact
subset K C O, (&, r) and any neighbourhood U of O, (&, ), there exists a neighbourhood
U of & in Q such that for any a € U,

K C O, (a,z) C O, (a,z) C U.

Then, using again the fact that § and ny are extremal, we can find two open sets vV, W
of Q, containing fo, no respectively, and sufficiently small so that for all a € V,be W we
have Bg(a, l)CVlandB (b,1) C W.

Choose open neighbourhoods V, W of £y, ng (resp.) in 9, such that V C V N o and
W cWno. In general, these will be the open neighbourhoods we desire.

Consider Borel subsets A C V, B C W. Let KT = K*(z,r,A), K~ = K~ (y,r, B),
and, for T > 0,

SE = {yeT :do(z,vy) <T, vy € C(x, A), v 'z € Cif(y, B)}.
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We will estimate asymptotically, in two different ways, the quantity

T
/ edt Z m(KT Ng tvK™)dt.

0 vel’

On the one hand this can be estimated using our mixing result; on the other hand we can
obtain a different estimate by examining how the elements of I' contribute to the various
parts of the integral; we will observe that the elements which contribute are, asymptotically,
those in S% as T — oo.

More precisely, we establish the following estimates for 7' > 0 large enough.

T—3r
T M1y (A)py(B) < !0 5||mpy/ S m(KT N g iy KT )dt + o (8.2.4)
~yel
< G lmr][r? Y 1o (O (19, 0) e (O (2, 79))e” 0 4 ey ey (8.2.5)
'yES+
< HOHHOCAT AT (CF (2, A) x Cff (y, B)) + ¢1 + ¢z + s, (8.2.6)

and

T+3r
e Mty (A)jiy (B) > 66(5!mFH/ SIS (KgAK )it — e (82.7)

yerl
> O G2 3 (O (v, ) (O (@, 9)) M) — oy — o5 (8.2.8)
YEST
> o~ OHR N STYT (Cr (0, A) x Cr (3, B)) — es — 5 — ¢, (8.2.9)

where (¢;)1<i<e are constants independent of 7T'.

(8.2.6) and (8.2.9): shadows to cones

(8.2.6) and (8.2.9) are consequences of the definition of v1,, of the conformality of (1),

AT
and of (8.2.2) and (8.2.3).
Indeed, by Lemma 6.3.2 and conformality of (u,). we have, for any v € T,

~t, —~+ do (z ¢ At
/’Ly(or (7 1$’y>) S Mw(or <$77y))€6 dQ( ,’yy) S 64 My(or (7 13}73/))'

Denote ST = UT>OS and S :={yeT :yy e Vi,y 'z € W;}. By (8.22) and (8.2.3)

and by definition of v! 4 on one hand we obtain

> 12 (OF (v, 7)) 12 (O (0, yy) ) =)

765*
. At
AN 10 (O] (v, 2)y (O (v, )
WGS+
€ At — €
N 12(0] (v, @)y (O (v 2,)) + € lal| -yl - 1ST NS
veSENS
<520 |SE NS+ < 5P 2 M - |SE|+ ¢
, e§T
= 52N - T (€ (z,A) x C (y, B)) + ¢,

Slfmr]
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where one can check that ¢ := e*||uz|| - |yl - [ST ~ S| is finite. Indeed, since V C 14
which is open in Q, there must exist some R > 0 such that for any 2’ € Bo(z,1), £ € V
and z € [2/,€), if do(z,2) > R, then z € V; as a consequence, if 7y € Ci (z, A) \ Vi,
then dg(z,vy) < R+ 1. Similarly one can find R’ > 0 such that dg(z,vy) < R’ whenever
v~z e Cf (y, B) ~ Wy.

On the other hand,

> 1a(0, (v, 2)) e (O, (,99)) ™) >N~ 11, (O, (7, 1))y (O, (7', )
~veSy +ESTNS
> e 220 IS N S|

> e 220 |ST| — P 2M 1SS
6T

:672(»:/7*72M~67VT C_ -'17714 XC— 7B _cl’
§||mrp|| walCr (2 A) X G B)) <o

where one can check that ¢ := e~ 2r=2M - [S~ . S| is finite.

(8.2.5): geodesic corridors to shadows, upper bound

We may verify, by recalling the definitions of m and K*, that for v € T with dq(x, yy) > 2r,
we have

ey [ (&) dpa(n) [ ;
m(K*Nng 'K ):/e—(imm() s Lic(yyry (9 mgy) ds (8.2.10)

where the integral is supported on L, (z,vy) N (7B x A).
Then (8.2.5) is a consequence of the following facts:

(i) The following non-negative number is finite.
oo
ch = / e Z m(KT Ng 'yK™)dt
O doleap<er

Indeed, if v € T is such that dg(z,vy) < 2r, then K+ Ng~'yK~ is empty as soon as
t > or.

(ii) For (&,n) € Ly(x,vy), |s| < 5, and T > 0, we see, by examining the definition of
K(~y,r), that

T—3r
/ 65t ]-K('yy,T’) (gt+s$f77>dt < eS(Srre&dQ (z,vy) < 636 Teé-dg (z,vy)
0

and also that this integral is zero if do(z,vy) > T.
(iii) e—20(Em)e > e—20r > e—2¢ for (6777) c /:r(x,’ﬂ/)-

(iv) If L.(z,vy) N (yB x A) # @, then vy € C; (v, A) and v~ 'z € C{ (y, B) (we have
taken care to ensure r < 1).

(v) According to (8.2.1), L,(z,vy) C @:('yy,x) X @:(x,’yy).
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(8.2.8): geodesic corridors to shadows, lower bound

(8.2.8) follows from (8.2.10), and from the following facts.
(i) e~ &m= < 1.

(i) For (&,m) € Lr(z,7y), |s| < § and T' > 0, we have
T+43r ,
/ " gy (9" ey)dt > €73 rednm)
0

if 3r < dg(z,vy) <T.

(iii) If (yy,y 'z) € Cy (z,A) x C; (v, B), then A D O, (z,7y) and B D O, (

vB D O, (vy,z). By (8.2.1), this yields

Ly(z,vy) N (vB x A) D O, (vy,z) x O, (z,7y).

(iv) The following non-negative number is finite.

¢i=e N pa(0r (@) (O (7)) Y

do(z,vy)<3r
< e M2 |y Py € T 2 dae,yy) < 3r}.

(8.2.4) and (8.2.7): the mixing step

1

Y,y x) le.

Since the geodesic flow in the quotient is mixing (Theorem 6.0.1; see also Remark 1.2.10)

with respect to mrp, we have, for T larger than some Ty > 0,

e m(KT)m(K ™) < mr| > m(KTnglyK™) < e“m(KT)m(K™).

~vel

Recalling the definition of KT = KT (x,r, A), we see that

m(E+) =1 /A dnal®) [ (o)

Since 0 < (&,¢), <7 (see Section 6.2.1) and A C Vi, by (8.2.2) we obtain

(060 < [ e X R

and hence
eielrﬂw(A)Mx(@r(&%x)) < m(KJr) < 636/TNI(A)N:C(@T(§07«T))-

Arguing similarly with K~ = K~ (y,r, B), we obtain

e rpy(B) 1ty (Or (0, ) < m(E ™) < €% rpuy(B) 1y (Or (1o, )

(8.2.11)

(8.2.12)

(8.2.13)
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Combining (8.2.11), (8.2.12), and (8.2.13), we obtain

T—3r
el [ M S (g7

el
T—3r
>5Hmp\|/ &Zm (KT ng tyK™)dt
yel
, T—3r
> e “m(KY)m(K™) / se’tdt  (by (8.2.11))
To

= e_elm(KJr)m(K_)(e‘STe_S‘;T — eTo)

> e e m(KT)m(K™) — ¢

> e T2 1y (A) 11y (B) 2 (O (€0, 7)) 1 (Or (0, ) — €
e 0T M iy ( Ay (B) — ¢}

v

by (8.2.12) and (8.2.13), and where ¢} := eT0e=/3m(K*)m(K ™). Similarly,

T+3r
5HmpH/ &Zm (KT Nng tyK™)dt
yel

T+3r
<5Hmr\|/ &Zm KT ng 'yK™)dt + ¢
~vel

, T+3r
<e“m(KT)m(K™) / 6et + ¢

<e
< €' 11y (A) 110 (B) 12 (O (€0, %)) 11 (O (00, 1)) + ¢

where ¢ := 0|/mr|| fo 0 ot doer MK NgTyK)dt. O

8.2.3 Generalisation of the technical crux

Proposition 8.2.2. In the setting of Theorem 8.0.1, fix € > 0, &y, no € O both extremal
and smooth and x,y € . Then there exist R > 0 and open neighbourhoods V. and W of
& and no (resp.) in ONY, such that for all Borel subsets A C V,B C W, we have

hmhup Ve y(C}E(va) X C;{(yv B)) < 6€H96(A):uy(B)a
T—+o0

lim inf vy, (Cjy (2, 4) x Cjy(y, B)) = e pa(A) 11y (B).
Proof. Choose (y € Ar ~ {&,no} which is strongly extremal, and xy € [£, (o] N and
Yo € [10, o] N Q. Let us apply Proposition 8.2.1: we have neighbourhoods Vp, Wy of &g, mo
(respectively) such that for all Borel subsets A C Vp, B C Wy, we have

limsup v}, (Cy (0, A) x C1 (3o, B)) < € iy (A) 11y (B),
T—+o0

l.ll‘r—rg—lkrg Va y(cf(anA) X C (Y0, B)) 2 € g (A) pryo (B).
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Since & and 7y are smooth, _we can find X//B and VI//\O open subsets of Q containing
respectlvely §g and 7 such that Vg NoQ) C Vy and Wo N oY C Wy, and for all £ € m, 1Vg

and n € m, Wo,

[bg (20, 2) — bgy (w0, 7)| < — 65

oy (40, Y) — by (Y0, ¥)| < 65'

Set R := 1 + max{dqo(x,x0),do(y,y0)}, and take a neighbourhood Vi (resp. W1) of
€o (resp. mo) such that B(z, R) is contained in Vg (resp. Wp) for any z in Vi (resp. Wy).
Take two open neighbourhoods V' and W of & and 7y (respectively) in 0f2, such that
Bg(V,R) € Vi N9 and Bg(W,R) C W) N dQ. Consider A C V and B C W. We
now relate the orbit of y seen from x to that of yg seen from xg, thanks to the following
observations:

First, using the definition of R and C3, one can easily verify that, for any v € T,

(vy, 7" 'z) € Ch(z, A) x Cx(y, B) = (yyo. 7 'z0) € C; (0, A) % C; (30, B),
(V90,7 x0) € C; (w0, A) % Cf (vo, B) = (vy,v 'z) € Cjt(w, A) x C} (y, B).

Second, if (yy,y 'z) € T/Z X VI/71, then vy € ?0 and vy~ lz € Vl//\o, whence

do(zo,vyo) = da(x,7Yo) + by, (20, )

€
< dq(z,vyo) + be, (w0, ) + 65

(

(
= da(yo, 7~ 'x) + bey (w0, ) + 6%
do(

Yy ) + o+ —
35’

where to := by, (yo,y) + be, (z0, ). Symmetrically, if (yyo, v zo) € Vi x Wi, then

_ €
da(z0,vy0) > da(y, v 'x) +to — =

Third, the sets (Cif (x, A)UC}; (w0, A))\ Vi and (C;F (y, B)UC; (yo, B)) ~ W) are bounded
in © because any accumulation point of any sequence of C;7 (xz, A) which diverges in © must
belong to B(A,r) C V4. Therefore

lim sup v, y(Cr(z, A) x Cr(y, B)) = lim sup v, y(Cr(x, A) x CR(y, B) NV x I/I//\l),

t—+o0 t—+00
ltlglJrlnf l/xo yO(CE(xO,A) x C (yo, B)) = hmﬁnf on yO(CE(JJO7 A) x Ch(yo, B) N Vi x W7).

i.e. when we are taking these limits we may restrict to looking at points inside X//I X I/I//\l,
where the distance estimates from the previous observation hold.
Together, these observations imply that

hmsupu y(Cr(x, A) x CR(y, B)) < ¥ 0+ 35) lim sup uiﬁfji (Cy (w0, A) X Cy (yo, B))

t—+400 N
< 626/36&0 Hao (A)ﬂyo (B)
< L0 (00 (A)) - (P 0y, (B))
< 66/1/3[: (A):uy(B)7
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where we have used the conformality of the (u.), to say, for example, that M(f) <

ditg
e (0:2)+¢/6 for any ¢ € A.
Similarly one shows that

.. 5-(to—e/38) 1+« t+to— 55

lim inf v (Cf (2, A) x Cfy(y, B)) > 0= iminf vy o % (C1F (0, A) x Cf (v0, B))
> ¢ 2P0 1y (A)pyy (B)
> e “ha(A)y(B). O

8.2.4 Negligibility from lack of extremal points

Here we pause to prove two lemmas which will together be used in the next step of the
proof.

The first (Lemma 8.2.3) shows that a sumn of Dirac masses at orbit points is comparable
to a Patterson—Sullivan measure, and hence has negligible mass away from extremal points.
The second (Lemma 8.2.4) establishes that the differences between measurable subsets of
Q and certain associated cones do not contain extremal points.

Given 2 C P(V) a properly convex open set and I' < Aut(Q2) a discrete subgroup, and

z,y € Qand t > 0 we set
t
Ay = g D.,,.

vyel
do(z,yy)<t

If M = Q/T is non-elementary and rank-one, then the Sullivan Shadow lemma implies
that (e“sftagy(ﬁ))t is bounded by Proposition 6.3.6.

Lemma 8.2.3. Let Q C P(V) be a properly conver open set and I' < Aut(QQ) be a non-
elementary rank-one divergent discrete subgroup; set § = or, and let (i), be a §-conformal
density on OS). Then there exists C > 0 such that o < Cuy for any accumulation point «
Of (a;y)t—)oo-

In particular, if K C Q is compact and does not contain any extremal point, then

o, (K) — 0.

Y t—o00

Proof. Since 0o has full p,-measure by Theorem 6.0.1, and by the interior regularity of
finite measures, it is enough to find C' > 0 and R > 0 such that for any compact subset
K cCQ,
o(K) < Cpup(Ba(K, R)).
By Lemma 6.3.1, there exist R > 0 and C7 > 0 such that for any v € T,
1z(Or(x,vy)) > Cplealaw),

Fix € > 0. Let U be a neighbourhood in Q of Bg(K, R) such that y,(U) < p.(Bg(K, R))+
e. Let V be a neighbourhood in Q of K such that Og(x,z) C U for any z € VNQ. Observe
that for all t > 0 and & € 09,

#{v it —1<do(z,vy) <t,€ € Op(z,vy)} < #{g:daly,gy) <4R+1}. (8214
Indeed, if 7,9 € T are such that ¢ — 1 < do(,7y),da(z,vgy) <t and { € Or(z,vy) N
Og(x,7gy), then let y1 € [z,€) N Ba(yy, R) and ys € [x,£) N Ba(vgy, R), so that

da(y, 9y) = do(vy,v9y) < R+ da(y1,y2) + R
<A4R + |da(z,vy) — do(z,vgy)| < 4R+ 1.
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Then we have

a(K) < limsupe~al (V)

Z,
t—o00 Y

:= lim sup e_at#{’y 10 <dgq(z,vy) <t,yy eV}

t—o00
< €’ limsup Z eé(k*LtHJ)e*‘Sk#{’y tk—1<dq(z,vy) <k,yyeV}
200 <141
< Oyél lim sup Z 8(k—n) Z 11z (Or(x,7y)).
N0 1 <k<n k—1<da(z,yy)<k

yyeVv

Now recall that Og(x,~vy) C U for any vy € V. Hence by (8.2.14) we have

a(K) < Cre’timsup Y ) 15y (E)01a(0)
n—eo 1<k<n Uk: 1<dg(1’,7y <k
yyeV
< Cie’limsup Y F Mgy s do(y, yy) < 4R+ 1} - pa(U)
N0 <k<n

< Cpa(Bg(K, R)) + Ce,

where C := Cle -#{y : da(y,vy) < 4R+ 1}. The previous estimates hold for any € > 0,
therefore B
a(K) < CBg(K, R). O

This lemma will be useful below in combination with the next one, which shows that
certain sets we will want to have small measure do not contain extremal points:

Lemma 8.2.4. Let Q C P(V) be a properly convez open set. Letr >0, x € Q and A C Q
be measurable. Consider an open neighbourhood AT of ANON in OQ and a compact subset
A~ C int(A) NIQ. Then the closures of ANQNC, (z, A") and CF(x, A7) ~ A do not
contain any extremal point of Q.

Proof. Consider a sequence (y,)n of points in ANQ N C (z, A") that converges to y €
00 N A. Let us show that y is not extremal. By definition, for each n there exists
T, € Bo(z,r) and 2z, € Ba(yn,7) ~ Cr(zn, AT). Up to extraction, we can assume that
Tp # zp for any n and that (z,), and (2,), converge respectively to 2’ € Bq(x,r) and
z € Bg(y,r). Since z is in the open face of y, it is enough to show that z # y. For each
pair (a,b) € Q x Q such that a # b, denote by O(a,b) the unique point ¢ € 9 such that
b € [a,¢]. The map O is continuous, so @_1(69 ~ A7) is closed, hence it must contain
(2',2), since it contains {(xp, z,)}n. That z € 9Q implies that O(z2',2) = 2 ¢ AT > v,
thus z # y.

Consider a sequence (yy )y, of points in C;7 (z, A7)\ A that converges to y € 9Q\int(A).
Let us show that y is not extremal. By definition, for each n there exists z,, € Bq(x,7) and
2n € Ba(yn,r) ~ {x,} such that O(xp,z,) € A~. Up to extraction, we can assume that
(zn)n and (2,), converge respectively to ' € Bo(z,r) and z € Bg(y,r). By continuity,
z=0O(a,2) € A~ which is closed. Thus, z # y, which is not extremal. O

8.2.5 End of proof

Proposition 8.2.5. In the setting of Theorem 8.0.1, for any x,y € Q, € > 0 and &o,mo €
0S) that are smooth and extremal, there exist open neighbourhoods V. and W of & and ng
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in Q such that for any non-negative function o supported on V x W,
e_e/cpd(,ux ® py) < liminf/gpdl/;’y < lim sup/cpdyfw < ee/cpd(,ux ® fby)-

Proof. Let V and W be the open neighbourhoods given by Proposition 8.2.2. It is enough
to prove that for all measurable subsets A and B such that A C V, B C W and pu;(0.A) =
iy (OB) = 0, we have

e “pa(A)py(B) < liminf v, (A x B) <limsup v}, (A x B) < ez (A)py(B).

Let € > 0. Let AT (resp. BT) be an open neighbourhood of AN JQ (resp. BN ON) in 99,
and A~ C int(,A) N 9N (resp. B~ C int(B) N 0N) be compact such that

i (int(A) N A7) + pa (AT N A) + py (int(B) N B7) + py (BT N\ B) < €.
By Lemma 8.2.3 and Lemma 8.2.4,

e %t (ANC (x,AT)), e Ot (CH(x, A7) N A),

x,y z,Y
e~al (AN Cy (y, BY), and e~al, ,(C (y, B7) ~ B)

all converge to zero as t — oco. Since the projections on the first and second coordinates

of v}, are respectively §||lmp|e ol and 6|mr|e~*"al ,, we have that

lim sup l/gtc’y(.A x B) < limsup Viy(Cr_ (z, AT) x C, (y,B™))
lim inf V;y(A x B) > liminf Vi,y(Cj(a?, A7) xCl(y,B7))

and hence

limsup v, , (A x B) <limsup v, ,(C, (x,A%) x C; (y, BT))

< e“pa(AT)py(BT)
< e pia(A)py(B) + €' ([l pall + [y ),
and
lim inf I/i’y(.A x B) > liminf I/iyy(C:_($, A7) xCl(y,B7))
> e o (A7) py(B7)
> e pa(A)py(B) — €'e([lparll + Il 1)-

This concludes the proof of the proposition, since €' can be taken arbitrarily small. O

Proof of Theorem 8.0.1. Let v be an accumulation point of (Vi,y)tHoo. Let ¢ be a non-
negative continuous function on Q?; it is enough to prove that for any e > 0,

ee/sod(ux®uy)—6§/deSeE/sod(uz@uyHe-

As noted above, the projection on the first and second coordinates of v are accumula-
tion points of, respectively, ((5||mr||e_5ta;y)t and (5Hmp||e_5tozty7x)t. Thus, according to
Lemma 8.2.3, v (and p, ® pi,) gives full measure to the set of pairs of smooth and extremal

points of Q. Let K C 9Q be a compact set of smooth and extremal points such that

/ wdwr/ d(pz ® py) < e.
Q2N K?2 Q2N K2
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By Proposition 8.2.5, K2 can be covered by a finite number of open sets (U;)1<i<n, where
n € Ny, such that for any 1 <1 < n, for any non-negative function v supported on U;,

e [odiem) < [odr<e [odom e,

Set Up := Q2 \ K2. Let (xi)o<i<n be a partition of unity associated to (U;)o<i<n. Then

/‘de:/XOSOdV+Z/XiSOdV
=1
§€+662/X1“Pd(ﬂm®ﬂy)
=1

< ee/wd(uz ® py) + €,
and similarly

/gpduZee/god(ux@Juy)—e. O

8.3 Equidistribution of rank-one closed geodesics

In this section we prove Theorem 8.0.3.

8.3.1 Non-rank-one elements are negligible

We will need the following lemma, which also implies that Theorem 8.0.3 remains true if we
replace G*! by any bigger set of closed straight geodesics with pairwise disjoint collections
of conjugacy classes in I'.

Lemma 8.3.1. In the setting of Theorem 8.0.3, let x € Q). Then
e . #{~ € T not rank-one : do(z,vz) <t} — 0.
t—o0

Moreover, for any € > 0, we have,

e % #{y €T rank-one : do(z,vz) <t and dp(v)(yz,2) > €} s

Proof. Fix 0 < € < e. Since p; ® pg gives full measure to the set A of distinct pairs of
strongly extremal points of the boundary 0€), we can find a compact subset K C A such
that e ® p1e (2~ K) < §||/mr]|e’.

By Corollary 5.4.12 applied with W an e-neighbourhood of K, we can find a neighbour-
hood U of K such that for any v € T, if (y "', yx) € U, then + is rank-one. If furthermore
(v tx,yr) € UNW, we also have dpvy(vz, od) <e

For t > 0 we denote by By the set of elements 7 such that dq(z,vx) <t and such that
either ~ is not rank-one or dp vy (v, z}) > € then

limsup e %#B, < limsupe % Z Dy, @ Dy (ﬁz ~(UN W))
t—o00 t—o00 ~er
da(z,yx)<t
<6 e e @ e (90 (U W)
<.

Since this holds for arbitrarily small €, we obtain e %#B; 2 0. O
— 00
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8.3.2 To the universal cover

Let us take the setting of Theorem 8.0.3. The proof of this theorem will take place in the
universal cover. Thus we need to interpret in the universal cover the Lebesgue measures
on rank-one periodic orbits of TV M.

Let ¢ = {¢yv}; be a periodic orbit of period £ in T'M; the measure £- Lc is by definition
the push-forward by ¢ — ¢v of the Lebesgue measure on [0, £]. Choose a lift o € T, so
that £ - Lc = mre A, where X is the push-forward by ¢ — ¢;0 of the Lebesgue measure on
[0, 4] By Remark 1.2.4, the measure ¢ - Lc is the quotient by I' of Z'yGF Ya .

For any rank-one element v € I, we denote by L7 the push-forward of the Lebesgue
measure on R by t + ¢ for any @ € T'Q) tangent to the axis of ~.

We consider the following objects

o G:={g el : g (p-ooB,dcD) = (—ccD, decD) };
e H:={heG:hv="1}

pick go € G such that ¢,0 = gov;

e At=go-H={g€G:¢0=gik;

e Bi={ygy t:ge A yeT};

e R C I'is a set of representatives of I'/G that contains the identity.

The subset B C I' only depends on ¢; recall that we have called it the set of conjugacy
classes associated to ¢ in Section 3.3. We claim that

Z”y*/\ = ZZ’}/.

vyel YEB

Indeed,

Z%)\ = Z TG sA = Z (/)

~vel (r,n,h)ERXZXH (r,n,h)ERXZXH
= Z r«Lgo = Z T‘*Z(goh)
(r,h)eRxH (r,h)eRxH
= Z L(rgr™1).
(r,g)ERxA

1

Conclude by observing that the map R x A — B that sends (r,g) to rgr~" is a bijection.

8.3.3 Proof of Theorem 8.0.3

Let I'P™' C T be the set of strongly primitive rank-one elements of I, and

el .= sLe L Z E(lﬁv.
~yererl 7)
e(v)<L

According to Section 8.3.2, the quotient in T'M of £ under the action of I is precisely
§Le oL Zcegg Lc. Since mr is the quotient of m, we need to prove that (%) converges

weakly in C.(T)* to HmimrH when L — +o0.
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converging weakly to mg (the

Sullivan measure on Geod*(£2)) when L — +o00, then successively modify ygﬁ , to form vgﬁg

We will first use Theorem 8.0.1 to obtain a measure 1/57 1
and 1/%7 3, S0 that 1/3’;“7 3 will be supported on pairs of fixed points of rank-one elements, and
that ugﬁ 3 locally approaches the quotient mp of m by the action of the geodesic flow. By
taking the product of HmpH_lygﬁ?) with the Lebesgue measure on R, we obtain a measure
Mﬁ?’ approaching ||mr||~'m locally (i.e. near the fibre over x € Q in 7'Q.) To finish, we
relate Mﬁ’g to the measure of equidistribution £L.

Fix x € Q2. By Theorem 8.0.1, the measure

1/3{471 .= d||mr e Z Dy1, ® Dy
do(z,yz)<L

converges weakly in C(Q x Q)* to yz ® iz as L — +o00.
Write I to denote the set of rank-one elements of I', and define the measure

vEy=0|mrlle™® > D1, @Dy

~errt
do(zyz)<L

According to Lemma 8.3.1, we have ng’l - V:ﬁQ — 0 weakly as L — +o00. We define the
measure

L —oL
V:c,S = (5Hmp\|e Z Dz; & ,Da:f,r
"}’EFrl
da(z,yx)<L

Again by Lemma 8.3.1, we have 1/:%73 — V£2 — 0 weakly as L — +oc.
Fix now r > 0, and let V(x,r) denote the open set of pairs (a,b) € Geod(2) such that
the geodesic (a,b) intersects Bq(z,r). Since 0 < (£,m), < r for (§,n) € V(x,r), we have,

ew/wdmRSLlim /wdvgfz,:/wduw@ux S/wdmR
—00 ’

for all non-negative ¢ € C.(V(x,r)), and hence for all non-negative ¢ € C.(Geod™(€2) N
V(x,r)), since the measures we are talking about are supported on 9.
For v € T™, we let
./\/l!;“,g, = ge o Z L.
~errt
do(z,yx)<L

In other words, ./\/1573 is the push-forward by the Hopf parametrisation of HmpH*IZé 3 ®ds
(note that for any L, the measure y:f’3 is concentrated on 92,2, which identifies with its
preimage in 7, ! (Geod™ Q), thus the Hopf parametrisation is well defined Vi 3 ® ds-almost
surely).

Let V(z,r) C SQ be the set of vectors v with (v™,v") € V(z,r). From the preceding,

~

we obtain, for any non-negative ¢ € C.(V(z, 1)),
—26r —1 . L ~1
e " ||mp|| /wdm < Lhm /@/}d/\/l%S < |lmr|| /wdm. (8.3.1)
— 00

We now relate Mé’g to &L, via a slight modification M~ (which is in fact independent
of z.) Let £(v) denote the translation length of v € I, and define

ML = ge 08 Z L.

~errt
{(y)<L
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Making the elementary observation that

U(y) < do(z,vx) < L(vy) + 2da(z, gv),

we deduce that

MLy < ME < MES (8.3.2)
when restricted to V (z,r).
Let us check that I
ML = geoF {J L 8.3.3
2 i (833
yel®
{y)<L

Indeed, let v € T be rank-one with £(y) < L. Let A be the set of rank-one elements ~/

with the same attracting/repelling pair as v and with ¢(7’) < L (they incidentally satisfy

Ly = L), let 79 € A be strongly primitive, and let H C T" be the group of elements that
L

fix every point of the axis of y. Then A is precisely {*y(])“h 1<k o)’ h € H}, and has

cardinality {ﬁJ - #H, while ANTP"! = {yoh : h € HY} has cardinality #H. Thus

(y
Seve gl

Y EA ~v'e Anrerl
It is then clear that
1 —
ME < EF = §Le 0k —L~. (8.3.4)
Zﬂ ()
~yelr'p
()<L

To obtain a complementary inequality, consider ¢ € C.(V(z,r)) non-negative. Fix
L > 2€”. Observe that L%J >1> % for any e "L < ¢ < L, while % < Le_gLJ for any
¢ < e "L (because e "L > 2). Therefore,

r B
/(deL > 50 Y eg( ) /wdm
~erer 7
e "L<l(y)<L

1 _
_ T L -TJ, —6L - /
e /<pd€ e "Lie E e pdLy

~yerert
£(y)<e "L

> er/cpdSL —eTLea(ler)L/god/\/leTL.

By (8.3.1) and (8.3.2), [ pdM® "I is bounded when L tends to infinity. Hence we have

limsup/cdeL >e " limsup/godEL.

Combining the last inequality with (8.3.1), (8.3.2) and (8.3.4) above, we establish that

for all non-negative ¢ € C.(V (z,r)), as L — 400,
e~ 2" |mp |7t /gpdm < liminf/godSL

< limsup / o dEL < CFHT |1 / pdm.
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We now let = € Q vary (but keep r > 0 fixed). Appealing to a locally-finite partition
of unity subordinate to a covering of S by open sets of the form 17(56, r) with z € Q, we
extend the validity of the preceding inequalities to all functions ¢ € CF(SQ). It remains
only to take r — 0 to conclude the proof.

8.3.4 The number of periodic geodesics and of conjugacy classes

Finally, as in Section 7.4.5, let us relate the number of strongly primitive rank-one con-
jugacy classes, the number of rank-one conjugacy classes, and the number of rank-one
periodic (¢)¢-orbits; the arguments are based on the discussion in Section 3.4.2.

Observation 8.3.2. Let Q C P(V) be a properly convex open set, and I' C Aut(Q2) a
divergent discrete subgroup with M = Q /T non-elementary rank-one. Suppose any Sullivan
measure mr of dimension o is finite. Then for any non-negative function f € C.(T*M),
there exists C' > 0 such that for any T > 0,

3 /fd£c< /fd£c<CZ/fd£c
ce gr} ce[rPrt ceGHt

and if T' contains a torsion-free finite-index subgroup T”, then we can take C = [I" : T.
Moreover,

Te 0T Z Lc— Z Lc T:ZO 0.

}T ce [F]prl

Proof. This is a consequence of the discussion in Section 3.4.2. Indeed, let f € C.(T M)
be non-negative, let K C T'€ be compact such that its projection in T*M contains the
support of f, and let A C I" be the set of elements that fix a point of K, which is finite.
We saw that the number of strongly primitive rank-one conjugacy classes associated to a
rank-one periodic (¢;)¢-orbit intersecting the support of f is less than #A. This implies
the first assertion with C' = #A.

We also saw that, for any £ > 0, the number of conjugacy classes of length ¢ associated
to a rank-one periodic (¢;);-orbit intersecting the support of f is less than #A. Therefore,
for any T' > 0,

3 /fd£c< Z /fd£c< Z /fd£c+#AZ 3 /fdﬁc

1 1 1
ce[ly r]er k>2 ¢ [T]B
3

Let € > 0 be such that Zce[r]prl J fdLe = 0. Since

> [race<Sme [

cell] é’fl

for T' large enough, we obtain

) /fd/:c— /fdﬁcg[l“’:l“]f $ /fdﬁc

CG[F rl F}?rl Ce[l—\};’;l
2

< AL F]QTearTm/fd mr

- orT € Hmr”
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Proposition 8.3.3. Let Q C P(V) be a properly conver open set, and T' C Aut(f2) a
divergent discrete subgroup with M = Q/T" non-elementary rank-one. Consider a Sullivan
measure mr of dimension ér, and suppose it is finite. Let F' C " be the core-firing subgroup
(see Section 3.4.2). Let K C T'My, be the set vectors of whose lifts v € T'Q satisfy
Stabr(v) # F. Let A C G*! be the set of rank-one periodic orbits contained in K. Then

spTeorT Z Lc — 0.

T—o00
cEAT

Suppose further that F' is the centre of I'. Then

(SI‘T —(SFT Z ]“
#F “ 500 Jlmr ]

cel 1"]"r1

If T is strongly irreducible, then F is trivial and

mr
SpTe orT E Lo — ——
» T—>oo |mr|

e[l

Proof. Let us only give a proof of the first point, since the other are elementary conse-
quences of it and of the discussion in Section 3.4.2.

Consider a non-negative function f € C.(T*M). Fix € > 0. Since mr(K) = 0 (recall
that K C Tleip has empty interior by Observation 3.4.1, and mr is ergodic with support
T" My, by Theorem 6.0.1), we can find a non-negative function x € C.(T*M) such that
x > 1 on supp(f) N K and [ xfdmp < e|jmr||. Then

6FT€_5FT Z Le(f) < orTe™ orT Z Le(xf) T—)oo HmpH /Xf dmr <e.

CEAT engl

This holds for any € > 0, so (6pTe "7 " Le(f))r converges to zero. O

CGAT






Chapter 9

Equidistribution for geometrically
finite convex projective orbifolds of
“negatively curved” type

In this chapter, which is extracted from an article [BZ21] in collaboration with F.Zhu,
we restrict our attention to convex projective orbifolds M = Q/T" such that Q is strictly
convex with C! boundary, which we call of “negatively curved” type. The reason for this is
that we are interested in geometrically finite orbifolds, and that the notion of geometrical
finiteness has not yet been introduced for general convex projective orbifolds.
Geometrical finiteness can be seen as a weakening of convex cocompactness, where the
convex core may be non-compact, but we ask that it decomposes into a compact part and
finitely many non-compact elementary pieces. The simplest example is that of hyperbolic
surfaces with finite volume, where the non-compact parts are subsurfaces with boundary,
called cusps, which are homeomorphic to a cylinder, and are isomorphic, as hyperbolic
surfaces with boundary, to a quotient of a horosphere {z € C : §(z) > a} of the Poincaré
half-plane {z € C: J(z) > 0}, by the cyclic subgroup of PSLs(R) generated by [(1) ﬂ
This notion arose first in the setting of Kleinian groups, and has subsequently been
extended to higher dimensions and the more general setting of pinched negative curvature
in [Bow95]; the group-theoretic notion of relative hyperbolicity, see e.g. [Bow12|, may be
seen as an extension of geometrical finiteness to a more general é-hyperbolic setting.
Before we recall the definition of geometrically finite convex projective orbifolds of
“negatively curved” type, which is due to Crampon—-Marquis [CM14a], let us state the two
main results of this chapter.
First we prove that we can apply the results of the previous section to geometrically
finite orbifolds.

Theorem 9.0.1. Let Q C P(V) be a properly and strictly convez open set with C* boundary
and I' C Aut(2) a non-elementary discrete subgroup acting geometrically finitely on 0.
Then any Sullivan measure mr on T Q/T of dimension o is finite.

Second, following the strategy of Roblin [Rob03], we enhance the result of the previous
chapter on the equidistribution of closed geodesic (Theorem 8.0.3). Note that any geodesic
of a convex projective orbifold of “negatively curved” type is rank-one, so we simply denote
by Gy the set of periodic geodesic with period at most £ > 0.

175
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Theorem 9.0.2. In the setting of Theorem 9.0.1,

5N Lo — _mr
2 S T

in Cy(TY/T)*, the dual to the space of bounded continuous functions on T1Q/T.

Theorem 9.0.1 was proved in the case of surfaces by Crampon in his PhD thesis [Crall],
where he also explained how this could be generalised to higher dimension. The generalisa-
tion to arbitrary dimension is due to F. Zhu [Zhua|, under a stronger geometrical finiteness
assumption than the one in Theorem 9.0.1: T' was required to act geometrically finitely
on () instead of 0€2; the two notions are defined in the next section. The more general
version Theorem 9.0.1, as the rest of this chapter (and Chapter 9) was obtained during a
collaboration between Zhu and the author.

Zhu also proved Theorem 9.0.2 under the assumption that I" acts geometrically finitely
on €.

As in the previous chapter, one can derive from the previous equidistribution resul the
following counting result.

Corollary 9.0.3. In the setting of Theorem 9.0.2, #Gr(¢) Py %
—00

Proof. The integral of the constant function 1 against the measure 6fe~% Zcegp(l) Lc is

exactly 0e~%#Gr(¢). From Theorem 9.0.2, this integral converges to 1 as £ — co. O]

Note that holonomies of geometrically finite strictly convex projective structures, in
the sense of [CM14a|, are not Anosov unless they are convex cocompact (see Fact 9.3.1,
and [DGKa, Th.1.4] or [Zim20, Th.1.27]) . However they satisfy a relative version of the
Anosov condition (see [KL18] or [Zhub]).

9.1 Geometrical finiteness

The faster way to define geometrical finiteness consists in generalising the characterisa-
tion of convex cocompactness in terms of the conical limit set, which we mentioned in
Section 2.3.5. For convex projective orbifolds M = Q/T" of “negatively curved” type, the
orbital limit set Alflrb is simply the set of accumulation points in 92 of one I'-orbit in €2,
and M has a compact convex core if and only if Alclrb = A", geometrically finite orbifolds
allow non-conical limit points in A‘ﬁrb, be ask that satisfy good properties in order to have
some control of the non-compact parts of the quotient of the convex hull of the limit set
by T

Let Q C P(V) be a properly and strictly convex open set with C! boundary. Before
we state the definition of geometrically finite subgroups of Aut(£2), we need to recall the
classification of elements and of elementary discrete subgroups of Aut(€2), due to Crampon—
Marquis [CM14a, Th. 3.3 & §3.5]. Any automorphism g € Aut(Q2) is

e either elliptic: it fixes a point of ;
e or parabolic: it fixes a unique point of €, which is in the boundary 9€;
e or hyperbolic: it fixes exactly two points of Q, which are in the boundary.

Observe that g is rank-one if and only if it is hyperbolic. Any discrete subgroup I' C Aut ()
is
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e cither elliptic: #A%rb =0, and I is finite, fixes a point of {2, and consists of elliptic
elements;

e or parabolic: #A%rb =1, and T fixes a unique point of 99 (the point of Ar), consists
of elliptic and (at least one) parabolic elements, and act properly discontinuously on
090~ Ar (see Section 9.2 for more advanced properties on these groups);

e or elementary hyperbolic: #A‘F’rb = 2, and I consists of elliptic and (at least one)
hyperbolic elements, and any hyperbolic element generates a finite-index subgroup;

e or non-elementary: #A¥P = oo, and then I is rank-one and AP = AP™* which
implies that I" acts minimally on Apr which is perfect and hence uncountable, and T’
contains a non-abelian free subgroup made of hyperbolic elements.

Definition 9.1.1. Let Q be a properly and strictly convex open set with C! boundary and
I' C Aut(92) a discrete subgroup.

¢ € A‘F’rb is a bounded parabolic point if the stabiliser Stabr(&) is parabolic and acts
cocompactly on AP < {¢}. We say the action of T' on 0 is geometrically finite if every
point in A%rb is either conical or bounded parabolic.

¢ € AY is a uniformly bounded parabolic point if the stabiliser Stabr(¢) is parabolic
and acts cocompactly on the closure of the set of points & € 9Q ~\ {{} such that [¢, 7]

cor

intersects C(T'). We say the action of I on (2 is geometrically finite if every point in AZP
is either conical or uniformly bounded parabolic.

Observe that if I acts geometrically finitely on 2, then it also does on 0f2; the converse
is not true (see [CM14a, §10.3]). We work in the present article with groups I' that act
geometrically finitely on 0.

Crampon—-Marquis gave a more concrete description [CM14a, Th.1.2] of groups that
acts geometrically finitely on €2, in terms of geometrical and topological properties of the
quotient Q/I'. For example, they proved that I' acts geometrically finitely on Q if and
only if C&*(I') admits a decomposition into a compact part and finitely many disjoint
noncompact but well-understood parts (see the standard parabolic regions in [CM14a,
Def. 7.22|), and this property implies that ©/I" is tame (i.e. the interior of a compact
orbifold with boundary), that I" is hyperbolic relative to the maximal parabolic subgroups,
and that I' is finitely presented.

We will need results of a similar nature for group acting geometrically finitely on the
boundary 012, although we establish only partial results in this direction here. More
specifically, we will decompose into compact and noncompact parts a subset of C3(I'),
which is the quotient by I' of the union of lines between points in Al‘lrb (see Propositions 9.3.4
and Fact 9.3.1).

9.2 Parabolic groups

In this section we establish two useful properties of discrete parabolic groups of automor-
phisms of properly and strictly convex open set with C! boundary:

Proposition 9.2.1. Let Q C P(V) be a properly and strictly conver open set with C!
boundary. Then any discrete parabolic subgroup of Aut(QY) is finitely presented and diver-
gent.

The divergent property had already been established by Crampon-Marquis in the par-
ticular case where the parabolic subgroup is conjugate into SO(1,d), and they gave more-
over a formula to compute the critical exponent.
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Lemma 9.2.2 ( [CM14b, Lem.9.8|). In the setting of Proposition 9.2.1, if P is conjugate
into SO(1,4d), then it contains Z" as a finite-index subgroup for some r < 4, it is divergent,
and 6p = 3.
9.2.1 The Zariski-closure of parabolic groups

The following important result, combined with [Rag72, Cor.6.14|, implies that parabolic
groups are finitely presented; we will also use it to establish divergence of parabolic groups.

Fact 9.2.3 ([CM14a, Prop.7.1 & Lem.7.6]). Let Q C P(V) be a properly and strictly
convez open set with C' boundary, and P C Aut(Q) a discrete parabolic subgroup.

Then P is a cocompact lattice of its Zariski-closure N, which is nilpotent and equal to
the direct product K x U, where K C N is Zariski-closed, compact, abelian, and made of
semi-simple elements, U C N is Zariski-closed and unipotent, and the map (k,u) — ku
from K x U to N is an isomorphism.

9.2.2 Unipotent groups are divergent

The idea to prove Proposition 9.2.1 is to use Fact 9.2.3 and prove that the Zariski-closure
of our parabolic group is divergent in the sense of Section 2.3.8. Let us now prove that
algebraic unipotent groups are divergent.

Lemma 9.2.4. Any unipotent Zariski-closed subgroup of SL(RIL) is divergent.

Proof. Let U C SL(R¥*!) be a Zariski-closed unipotent subgroup; denote by u its Lie
algebra. The exponential map exp : u — U is a diffeomorphism such that the entries of
exp(z) are polynomials in the entries of x € u (see [Bor66, §4|). Furthermore, the push-
forward by exp of any Lebesgue measure on u (let us fix one) is a Haar measure on U
(see [CGI0, Th.1.2.10]).

Set P(z) := |lexp (@)||* - |lexp (—=z)||*> > 1 for any & € u, and observe that P is a
polynomial on u, and is proper, in the sense that P(z) — oo as ||z|| — co. By definition,
0y 18 the supremum of the s > 0 such that fu P~5/4 diverges, where we integrate against
the Lebesgue measure. To conclude the proof, it is enough to show that | " P~%/4 diverges.
This is a consequence of Lemma 9.2.5 below. O

Lemma 9.2.5. Let n € N>1 and P a proper polynomial on n variables, with real coeffi-
cients, and such that P > 1 on R™. Let & be the supremum of the set of s > 0 such that
Jgn P° diverges. Then § is finite and [, P~° diverges.

Proof. Denote by u the Lebesgue measure on R™. For any s > 0, we have

/ P dule) = / . /:O_S(x) dt dpu(z)
1

:/ p(P~% > t)dt
t=0

= s/ w(P <uw)u*"tdu
u>1

By [BO12, Prop.7.2|, there exist a > 0 and r € Q¢ and k € N such that pu(P < u)

is equivalent to au”log(u)® when u goes to infinity. This concludes the proof since

k+1
Lo u" "5 !log(u)* du is finite for any s > r, and is equal to limy se0 log]gi)l = oo for

s=r. O]
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9.2.3 Proof of Proposition 9.2.1

Let P < Aut(Q2) be a discrete parabolic subgroup. By Fact 9.2.3, the group P is a uniform
lattice of its (nilpotent) Zariski-closure N' = K x U, where K is compact, and U is Zariski-
closed and unipotent. The group P is finitely presented by [Rag72, Cor. 6.14] ; let us prove
that it is divergent.

The restriction to P of the projection onto U has finite kernel, and its image P’ is a
uniform lattice of U. By Lemma 9.2.4, the group U is divergent, and so are P’ and P.
Indeed, denote by 1 a Haar measure on U and fix a relatively compact measurable subset
D C U such that (p,g) € P’ x D+ pg € U is a bijection. Then for any s > 0:

/U (gl g~ )~ du(g) = 3 /D (Ipgl - llpg™1)~* dus()-

peEP’

Set C := max{|\g||-|lg~!|| : ¢ € D}, which is finite since D is relatively compact. The norm
| - || we have chosen is submultiplicative, therefore

= Y el - lp~ti) ™ < 1/U(Hg\| g~ D dulg) < € Y (el - Il 1D~

peP’ M(D) peP’!

These estimates conclude the proof.

9.3 Finiteness properties for boundary geometrically finite
subgroups

The proofs of Theorems 9.0.1 and 9.0.2 for the general case of subgroups I' acting geo-
metrically finitely on 92, but not geometrically finitely on , will require some finiteness
results for such subgroups. We will establish these in the present section.

9.3.1 Geometrically finite groups are relatively hyperbolic with respect
to their maximal parabolic subgroups

The following result involves the notion of relatively hyperbolic group, and the work of
several people on this topic. We do not recall precisely here the definition of relative
hyperbolicity because it will not be used elsewhere; for details we refer to [Bow12, Yam06,
05106, Hrul0,CM14a] (the following proof simply consists in applying the results of these
papers). The two consequences of the following result that we will need are the facts that
geometrically finite groups are finitely generated and have finitely many orbits of parabolic
points; these can proven by hand by using Proposition 9.3.4 (which does not use this
section).

Fact 9.3.1 ( [CM14a, Prop.9.10]). Let Q C P(V) be a properly and strictly convex open
set with C* boundary and T' < Aut(Q) a discrete subgroup that acts geometrically finitely
on 0N). Then there are finitely many U-orbits of parabolic points, T' is hyperbolic relative
to its mazimal parabolic subgroups, and I is finitely presented.

Proof. We can assume that I is non-elementary. Since I' is a discrete subgroup of Aut(€2),
it is countable.

By Yaman’s criterion [Yam06], I' is hyperbolic relative to its maximal parabolic sub-
groups. In particular, it has finitely many classes of maximal parabolic subgroups (see
also |Tuk98, Th. 1B].)
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By Proposition 9.2.1, the maximal parabolic subgroups are finitely presented. Hence,
by [0si06, Cor.2.4], which states that relatively hyperbolic groups, as defined in [Osi06],
inherit finiteness properties from their peripheral subgroups, and [Hrul0, Th.5.1], which
proves that the equivalence of several characterisations of countable relatively hyperbolic
groups, including the definitions used in [Osi06] and in [CM14a], I" is also finitely-presented.

O

9.3.2 Sufficiently small horoballs at parabolic point are disjoint

The following elementary observation gives a necessary criterion to check whether two
horoballs are disjoint.

Lemma 9.3.2. Given a properly convez open set Q C P(V) and two distinct points £,m €
O if 2 ds in [m(€), m(n)] and Q, then He(x) and Hy(x) are disjoint. In particular, any
two horoballs H¢ and H,), respectively centred at & and 1, have non-empty intersection if

and only if (En) N He NH, # @.

Proof. Suppose by contradiction there is y € He(x) NHy(z). Then we can find (¢, 2,7') €
Q3 close enough to (&, z,n) such that be (2/,y) > 0 and by (2/,y) > 0 and 2’ € [¢/,7]. This
leads to the following contradiction:

do(¢',n') = do(§', ') + da(2',7)
= bf' (xlv y) =+ dQ(flv y) + bT)/ ($I7 y) + dQ (y> 77/)
> da(&', 1) O

Lemma 9.3.3. Let Q C P(V) be a properly and strictly convez open set with C' boundary
and T < Aut(Q) a discrete subgroup, p,p’ two bounded parabolic points of the orbital limit
set, and H' a horoball centred at p'. Then there exists a horoball H centred at p such that
for any v €T, either H' N"NyH =@ oryp=17p.

Proof. Suppose by contradiction that we can find a decreasing sequence of horoballs (#,,),
centred at and converging to p, and a sequence of elements (v, )neny C I' such that H' N
YnHn # & and y,p # p'. From Lemma 9.3.2, the intersection [y,p,p'] N H N v Hy, is
nonempty (and compact in Q) for all n, and we can consider its closest point x,, to y,p,
which belongs to OH'. Similarly, for any n, we consider y,, € [p,7, 'p'] NOH N~ 1 H' .

Since p and p’ are bounded parabolic, up to replacing (v,), by a sequence of the form
(gnYnhn)n, where (gn)n C Stabp(p') and (hy,), C Stabp(p), we can assume that (x,,), and
(yn)n stay in a compact subset of {2; moreover, up to extraction, we can assume that these
sequences converge respectively to x and y € .

Let us prove that Stabr(p) is finite, which will contradict the fact that p is bounded
parabolic, and hence conclude the proof. Fix v € Stabp(p). Observe that, (do(vzn, 2n))n
tends to zero as m goes to infinity, where z, = 7, '2,. Indeed for each n let v, € Sy, 2
be such that v = p, and ¢, = do(yn, zn), so that wg'"v, = 2,. By construction (¢,),
diverges, hence by Lemma 2.1.4,

lim sup do(2n, v2,) < lim limsup do(7wg'v,, mg'yv,) = lim dg(mgtv, Tglyv) = 0,
n—00 =00 noo t—o0

where v € S,Q is such that v™ = p. As a consequence,
do(Ya vy ', ) < da(my vy 2, vy ) + da(n e @0, ) + do(@n, ©)
< 2dQ($n,l‘) + dQ(’YZna Zn) — 0
n—o0

and (y,77, 12)n converges to x, hence v,7v, ' stabilises z for n large enough by proper
discontinuity. Thus Stabr(p) is no larger than Stabr(z), which is finite. O
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9.3.3 The non-cuspidal part of the biproximal unit tangent bundle is
compact

Proposition 9.3.4. Let Q C P(V) be a properly and strictly convexr open set with C*
boundary and T < Aut(Q) a discrete subgroup thatl acts geometrically finitely on 0Q2. For
each parabolic point § € Ar, fix an open horoball H¢ centred at & such that Hye = vHe for
each v € I'. Then the set of unit tangent vectors of Tleip whose footpoint does not belong
to the projection of a horoball is compact.

Proof. Pick 0o € Q and let D := {x € Q : do(z,v0) > dq(x,0) Vv € I'} be the Dirichlet
domain associated to o and I'. It is enough to show that the set

A=pn |J &~ |J Heco

EnEAr £ parabolic

is compact.

Assume that this is not the case, so that there is a sequence (x,,)pen C A that converges
to some & € 0. Observe that £ € Ar since (x,,), is contained in the convex hull of the
limit set. T' acts geometrically finitely on 0f2 so £ is either conical or bounded parabolic.

If £ were conical, there would exists a sequence (Vi )kxen C I' such that (yx0)r converges
to ¢ while staying at bounded distance from [0f), and

= lim b < lim lim b
oo = lim be(o,y0) < lim  lim by, (0,740)

= lim lim dq(zn,0) — dao(zn,yr0) <0,
k—o0 n—00
which is absurd! Thus ¢ is bounded parabolic.

By the definition of A, we can find sequences (&), and (1), in Ar such that x, €
[£n, ] for each n. Since x,, & H¢ and He is convex, up to exchanging &, and 7, we can
assume that [x,,n,] N H¢ is empty for all n. Up to extraction, we can assume that (1,),
converges to 1 € Ar: if 1 were different from &, then [£,n] would intersect H¢ nontrivially
(because  is strictly convex and H¢ is C'), and thus so would [z, n,] for n large enough;
since [y, n,] N He = @ for all n, hence n = §.

Since ¢ is bounded parabolic, we can find a diverging sequence (v, )neny C I of parabolic
elements fixing ¢ such that, up to extraction, (v,n,), converges to some n’ # £. Up to
extraction, we can also assume that (v, ), converges to some z € €0, which is different
from £ since, as before, [y, 2n, Ynnn] NHe = @ and so taking the limit as n — oo, [z, 7/]|NH¢
is also empty. But then

oo = lim dg(o,7,0)
n—oo
<2 lim (Y, 1n0)o < 2(x,£)o < 00,
n—oo

which is a contradiction. ]

9.4 Finiteness of a Sullivan measure

Let M = Q/I' be a geometrically finite convex projective orbifold of “negatively curved”
type, and mp a Sullivan measure of dimension ér. We would like to prove that mr is
finite. Since the support of the Sullivan measure mr outside of the cusp neighbourhoods
is compact (and since mp is Radon), it suffices to check that the mp-measure of (the unit
tangent bundle over) each cusp neighbourhood is finite.
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To obtain estimates in the cusp neighbourhoods, it will be useful to have the two
lemmas below, the first establishing a gap between the critical exponent dr and the critical
exponent of any parabolic subgroup, and the second showing that the Patterson—Sullivan
measures have no atoms.

The proofs of Theorem 9.0.1 and of auxiliary results such as Proposition 9.4.2 and their
consequences also take inspiration from those of analogous results of Dal’bo—Otal-Peigné in
[DOPO00], which characterise geometrically finite Riemannian manifolds of pinched negative
curvature with finite Sullivan measure in terms of Poincaré series.

9.4.1 Parabolic gaps

Lemma 9.4.1. Let Q be a properly and strictly convex open set with C' boundary. For
any non-elementary discrete subgroup I' C Aut(QY) containing a parabolic subgroup P, we
have or > Op.

Proof. Tt follows from the definition of the critical exponent that ér > dp, and it suffices
to show that the inequality is strict. Since I' is non-elementary, we can use a ping-pong
argument to find a free product subgroup (h) * P < T where h € T is a hyperbolic element.
In particular, I' contains all the distinct elements g = h"1py - -- h™kpy for k > 1, ny € Zy,
pi € P~ {id}. Fix x € Q. Then we have a lower bound for the Poincaré series

Z e—sdgz(x,'yx) > Z Z e—s~d52(ﬂc7hm1p1...hmkpk:c)

~yel' k>1 M1,k

and applying the triangle inequality

K
do(z, K™ py -+ W™ prx) <Y do(w, ™) + do(z, pir)
=1

to the right-hand side we obtain

k

Z e—sdg(ac,"/a:) > Z Z e—s-dg(ac,h"a:) Z e—s-dg(ac,pac)

~vel k>1 neZ~{0} peP~{id}

ZpEP e5de(@p?) converges for any s > dp and diverges at s = dp by Proposition 9.2.1.
Hence there exists sg > dp such that

Z e—so-dg(m,h"m) Z e—SO'dQ(man) >1,

nezZ~{0} peP~{id}

so that ZveF e—%0d2(7%) diverges. Then dp > s > 0p. O

9.4.2 No atoms

Proposition 9.4.2 (cf. [Crall, Prop 4.3.5]). Let Q C P(V) be a properly and strictly
convez open set with C1 boundary, and T' < Aut(Q) be a non-elementary discrete subgroup
acting geometrically finitely on 0. Then any or-conformal density (piz)zcq has no atoms,
and I' is divergent.



9.4. FINITENESS OF A SULLIVAN MEASURE 183

Proof. Fix x € . By Theorem 6.0.1, it is enough to prove the proposition for one specific
dp-conformal density, and according to Fact 1.4.1, we can choose an accumulation point of
the sequence (pys)s as s tends to dp, where

s = 20 3 xda(e,ya))e 0D,
7(s) 2=

with f(s) = >, x(do(z,vz))e % @1%) and x : [0,00) — (0,00) is a non-decreasing
function such that f(dr) = oo and such that for any € > 0 there exists R > 0 with
X(r+1t) <efx(r) for r > R and r > 0.

Consider £ € 09Q. If € is conical, then u,({{}) = 0 by Proposition 6.3.7. We assume
that £ is not conical, hence that it is bounded parabolic. To show that p,({{}) = 0 it
suffices to find a family (V;,)nen of neighbourhoods of § such that (limsupg s fta,s(Vn))n
converges to zero.

By Lemma 9.3.3, we can find an open horoball H centred at £ and which contains no
point of the orbit I' - . Since & is bounded parabolic, we can find a compact subset K of
Ar~{€} such that P- K = Ap~ {¢}. Consider the compact set K’ := {y € Q: [y,{]NH =
@ V¢ € K}, which does not contain &, and observe that I' -z C P - K.

Enumerate P = {p1,pa,...}. Theset V;,, := Q~pK'U---Up,K' is a neighbourhood
of £ in Q for each n > 1; moreover V;, NT -z = {ppyx : k > n,y € '}, where I := {y €
I':~vx € K'}. Thus

1
pasVa) € 50537 3 Xl piya))e 00

f( k>n~yel”

for each n > 1 and s > or.

Let us estimate do(z, pryx) = dg(p,?lx, vzx) for v € T” and for k large (independently
of 7). Take a compact neighbourhood K” of £ in Q which is disjoint from K’. By strict
convexity of Q, we can find R > 0 such that ({n) N Bq(z, R) is non-empty for every £ € K"
and n € K'; in particular, (¢,n), < R. Since (pnx), converges to &, there exists N such
that p,x € K" for every n > N. As a consequence, for all Kk > N and v € T,

do(py v, vx) = do(z, pex) + do(z, vz) — 2(p;; ', y2)s
> do(z, prz) + do(z,vx) — 2R.
Therefore we obtain, because x is a non-decreasing function,

/
625R

f(s)

Has(Vn) < > e @n) N "y (do(x, pra) + do(w, yr)) e 0=,

k>n yeI’

for all s > ér and n > N. By Lemma 9.4.1, ¢ := %(51“ — dp) > 0; by definition of x, there
is C' > 0 such that x(s +1t) < Ce“x(t) for all t,s > 0. Hence

Mo S(Vn) < C€QSR’ Z e*(S*G)dQ(aj,pk;g)7

k>n

for any s > dr. Thus,

e ({€}) < lirginf lim sup gtz 5(V4) < liminf Ce2rl Z e~ Or=a)da(zpee) — O

S—>5[‘ n—00 k>n
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9.4.3 Proof of Theorem 9.0.1

Thanks to Remark 6.2.3, we may assume that I' is torsion-free.

Fix a I'-invariant family of disjoint horoballs centred at the parabolic points of Ar.
By Proposition 9.3.4, we have a decomposition of Tleip into a compact core and a finite
number of “cusp” neighbourhoods, which are the quotients of our fixed horoballs centred at
the parabolic points. To prove the theorem, it suffices to show that the associated measure
of each cusp neighbourhood is finite.

Let P C I' be a maximal parabolic subgroup that fixes some £p € Ap. Let H = Hp be
a horoball fixed by P (i.e. centred at £p), and C = Cp be a locally finite strict fundamental
domain for the action of P on H, in the sense that for any x € H, there exists a unique
element p € P such that pz € C.

Since the action of I on 0f2 is geometrically finite, we can choose a relatively compact
(measurable) strict fundamental domain F' C Ar ~ {{p} for the action of P. Fix z € Q.
Since p, has no atoms (Proposition 9.4.2), we have

mr (e SH) = Z /F F€26F<§7£+>xui(d£—d£+)/ dt.
pEXq

fgrer® (e-¢+)ne

By using the I'-invariance of p and the definition of C, we have

paep’ Fxp~laF (n=nT)np=1C

=> / 2 &£ 0w 12 (dn~dn'™) / dt.
peP FxpF (n—nt)NH

From a geometrical point of view, any geodesic (n~n") intersecting H projects to a
geodesic on /% which makes an incursion into the cusp neighbourhood C, and the term
i) (=nH)NH dt corresponds to the length of this incursion.

We will now bound the lengths of these incursions using a geometrical argument.

Let U C Q be an open neighbourhood of {p such that [yn) N H is nonempty for all
ne Fandy e U, andset R:=dg(z,0H~U) < oco. Forallpe Pand (n~,n") € F xpF,
if (n™nT)NH # @, then there exists y,z € OH such that ™, y, z,n" are aligned in this
order, and by definition of U we observe that do(z,y) and dq(px, z) are less than or equal
to R; thus:

/ dt = da(y,2) < do(z,pr) + 2R, and 0 < (n~,n") < R.
(n=nt)NH

As a consequence,

mr(rpSH) < e®rfy (F) Z(dg(x,p:c) + 2R)pz (pF).
peEP

Since F and P-xU{£p} are compact and disjoint, and € is strictly convex, we can find
R’ > 0 such that [y, z2]N Bo(z, R') # @ for all (y,z) € F x (P -z U {{p}); this immediately
implies that F' C O/ (pz, x) for any p € P. Therefore, by Lemma 6.3.2,

Ho(PF) = py1,(F) = /5 T gy () < AR ) (1),
c
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We assemble these pieces to obtain

mr(C) = mr(rpSH) < 625F(R+2R,)/,Lx(F)2 E(dQ(.’L’,p$> + 2R>€—5Fd9($,p$)‘
peP

Together with the fact that the right hand side is finite since ép > dp by Lemma 9.4.1,
this concludes the proof of Theorem 9.0.1.

9.5 Proof of Theorem 9.0.2

Let & denote the measure JLe’t > eeg, L on T'Q/T. By Theorem 8.0.3, we already
know that & — H:Zi?ll weakly in C.(T'Q/T)* when L — +o00. We start by replacing EF
by a nearby measure which will be better adapted to the argument to come, namely

ME = geoF Z l(c)Le

cegr,

We may verify, by arguing as in the proof of [Rob03, Th.5.2], that we still have ML —
- weakly in Co(T1Q/T)* when L — +o00. and that it suffices to show that Mk converges

[[mr|]

weakly to ”ﬂ—in in Cy(T'Q/T)* as L — +o0, to obtain the same (desired) conclusion for
3
The rest of the proof consists in demonstrating that ME& converges weakly to ”Z—?H in

Cy(T'Q/T)* as L — +oo. We present this step in more detail since it more intimately
involves the Hilbert geometry in the cusps.

Let us fix a ['-invariant family of disjoint horoballs centred at all parabolic points of Ar.
By Proposition 9.3.4, we have a decomposition of T My, into a compact core and a finite
number of “cusp” neighbourhoods, which are the quotients of our fixed horoballs centred
at the parabolic points. By Theorem 8.0.3, it suffices to show that [ fd/\/llé converges to
i fdwmn—gn as L tends to infinity for each bounded continuous function f which is supported
on a cusp neighbourhood.

Fix a parabolic point & € Ap, its stabiliser P := Stabp(§) and a open horoball H
centred at £ such that YH NH is empty for any v € I' \ P. For each r > 0, denote by
‘H, C H the open horoball centred at & whose boundary is at distance r from that of H.
To prove the theorem, it is enough to prove that limsup;_,.. ME (7T H,) goes to zero
as r goes to infinity.

The rest of the argument will resemble a more refined version of the argument in the
proof of Theorem 9.0.1: whereas there we had a finite bound for the measure of the cusps,
here we want a bound that goes to zero as L — oo.

Let K C Ar ~ {¢} be a compact subset such that P- K = Ar \ {{}. By the definition
of M{i, we have

ME(aeT " H,) < e > Ly(T'H,)

~erpr!
UVSL , vy €K

<o PN N Ly(TH,), (9.5.1)

peP vel'(L,p)

where, for p € P and L > 0, the subset I'(L,p) C I'"! consists of the elements vy such that
((y) < Land z; € K and z € pK.
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We now fix r > 0 and p € P, and bound from above ZF(LW) Ly(T'H,.). In particular,
we will bound from above the cardinality of the set I'(L,p,r) of v € T'(L,p) such that
Ly(T'H,) > 0, i.e. such that the axis of y intersects H,.

Fix v € I'(L,p,r). Let a,d € OH and b,c € 9H, be such that z7,a,b,c,d, xj are
aligned along the axis of v in this order. By definition, a belongs to the closed subset
A C Q of points y for which there exists n € K with (,y]NH = @. The set ANOH C Qis
compact, hence do(z,a) < Ry := max{dq(z,y) : y € OHNA} < co. As a first consequence,
do(x,yr) < L+2Ry < N := [L+2R;]. Moreover, p~td € A and dq(px,d) < Ry, therefore

LN(TYH,) = da(b,¢) = da(a,d) — do(a,b) — do(c,d) < do(z,pr) + 2Ry — 2. (9.5.2)

Note, in particular, that do(z,px) > 2r — 2R;.
According to the Shadow lemma (Lemma 6.3.1), we can find Rs > 0 such that for any
R > Ry, there exists C'gr > 0 so that

Cple ?40@9%) < 11, (Or(x, gx)) < pa(Of (2, g2)) < Cre~ 200297

for any g € I
Since yH NH = @ by definition of H, we have va € [d, 2], and hence by (6.3.4)

ORQ (l’, ’71‘) - OE2+2R1 (aa ’)/CL) - 02R2+4R1 (aa ’)/CL) - 02R2+4R1 (aa d)
C 053 (z,px),

where R3 := 2Ro + 4R1. We combine all these observations to produce:

#T(L,p,r) = Y #{yeT(L,p,r):n—1<dg(x,yz) <n}
0<n<N

Z Z CRgeén,ux(ORz (x’ ’yx))

0<n<N 76F(Lp7‘)

n—1<dq(z,yz)<
< CRQ Z / Z 1OR2 (z,yz) (f)dﬂz (é-)
0<n<N €0 (7)) L er(Lpr):

n—1<dq(z,yz)<n

(using (8.2.14)) < Cg, - #{g € ' : da(x,gz) < 4Ry + 1} Z 66"1196(0;3 (x,pz))
0<n<N
S(N+1)
< Cpr, - #{g9 €T :do(z,gx) < 4Ry + 1} - CRS ¢~ 0da(z.p)

S Ce(s(L dﬂ( 7px)),

6(2R1+1)

where C 1= Cr,Cry 55— #{g € I : da(x, gr) < 4Ry + 1}.
Combining this with (9 5.1) and (9.5.2) yields

M{i(ﬂpTl”H,-) < 6C Z (da(x,px) —2r + 2R1)e_5'd“(x’p1’).

peEP
da(x,px)>2r—2R

By Lemma 9.4.1, ZpEP do(z, pr)e~d@r?) converges. Therefore,

lim sup M%(erl”Hy-) — 0.

L—+o00 700
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9.5.1 The number of periodic geodesics and of conjugacy classes in the
geometrically finite case

Finally, as in Sections 7.4.5 and 8.3.4, let us relate the number of strongly primitive rank-
one conjugacy classes, the number of rank-one conjugacy classes, and the number of rank-
one periodic (¢;);-orbits; the arguments are based on the discussion in Section 3.4.2.

Observation 9.5.1. Let Q C P(V) be a properly and strictly convex open set with C
boundary, and T' C Aut(Q) a discrete subgroup which acts geometrically finitely on OS).
Let T/ C T be a torsion-free finite-index subgroup. Then

Z/fd,ccg ) /fd£c< Z/fdﬁc

cegyt ce[r2t cegy

for any T > 0, for any non-negative bounded continuous function f on T'M, and
Te T (#[TF - #T5) — 0.
T—o0

Proof. This is a consequence of the discussion in Section 3.4.2. Indeed, we saw there
that the number of strongly primitive rank-one conjugacy classes associated to a rank-one
periodic (¢)¢-orbit is less than [I” : T']. This implies the first assertion.

We also saw that, for any £ > 0, the number of conjugacy classes of length ¢ associated
to a rank-one periodic (¢)¢-orbit is less than [I” : T']. Therefore, for any 7' > 0,

#IOR < #[007 < #57 + [0 113 #0057

k>2

Let € > 0 be such that [[]:' is empty. Then for T' large enough, #[I0" < %eéFT, and

€

#[P]B“l - #[F]I%ﬂ < [I" : P]T#[F]%ﬂ

€
_ATTRT
- orlT €

O

Proposition 9.5.2. Let Q C P(V) be a properly and strictly convexr open set with C*
boundary, and I' C Aut(QQ) a discrete subgroup which acts geometrically finitely on OS).
Let FF C T be the core-fizing subgroup (see Section 3.4.2). Let K C Tleip be the set
vectors of whose lifts v € T'Q satisfy Stabr(v) # F. Let A C G be the set of rank-one
periodic orbits contained in K. Then

Te rTHAr — 0.
T—o0

Suppose further that F' is the centre of I'. Then for any bounded continuous function f on
T'M,

(SrT —5FT mrpr
fdle —s Fa-rr
#F e%;” T'M T—oo Jpipr ™ [Imr||

If T s strongly irreducible, then F is trivial and

orTe T 3 fdle — mr_
E[F]pﬂ TIM T—oo Jpipr ™ |Imr||
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Proof. Let us only give a proof of the first point, since the other are elementary conse-
quences of it and of the discussion in Section 3.4.2.

Consider a non-negative bounded function f € C(T'M). Fix € > 0. Since mr(K) =0
(recall that K C Tleip has empty interior by Observation 3.4.1, and mr is ergodic with
support Tleip by Theorems 6.0.1 and Proposition 7.0.1), we can find a non-negative
bounded function y € C(T*M) such that x > 1 on supp(f) N K and [ xfdmr < €||mr]|.
According to Theorem 9.0.2,

_ _ 1
SpTeorT Z /fdﬁcS(SFTe orT Z /deECT:;HmFH/demFSG'

CGAT cega}

This holds for any € > 0, so (6pTeorT > ceap | fdLe)r converges to zero. O
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Exposant critique des orbivariétés
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Chapter 10

Exposant critique des surfaces
projectives convexes de volume fini

Soit 3 une surface obtenue en enlevant un ensemble fini et non vide {p;, ..., P} de points
4 une surface orientée fermée .. Benoist-Hulin [BH13, Th.1.1] ont construit un homéo-
morphisme entre I’espace des structures projectives convexes marquées de volume fini sur
Y et un certain fibré vectoriel au-dessus de 'espace des structures hyperboliques mar-
quées de volume fini sur X; cette construction généralise les travaux (indépendants) de
Labourie [Lab07] et Loftin [Lof01] sur l’espace des structures projectives convexes mar-
quées compactes.

Notons ¥ le revétement universel de . Fixons une structure hyperbolique marquée de
volume fini S sur 3, c’est-a-dire un morphisme injectif hol : 7;(¥) — PSL2(R), d’image
discréte T, et un homéomorphisme 7 (X)-équivariant dev : & — H2 = {z € C : R(z) > 0},
tel que S = H?/T est de volume fini.

La fibre, notée V, au-dessus de S dans le fibré mentionné ci-dessus est ’espace vectoriel
des formes différentielles cubiques méromorphes sur X dont les poles sont Py, . .., Py et sont
d’ordre au plus 2, ot I'on a mis sur ¥ la structure complexe induite par S.

Chaque élément v € V induit une structure projective convexe marquée sur X, c’est-
a-dire un morphisme injectif hol, : I' — PSL3(R) d’image discréte et un difféomorphisme
[-équivariant dev, : H2 — P(R?) dont I'image 2, est un ouvert proprement convexe; on
note d, le tiré en arriére sur H? par dev, de la distance de Hilbert sur €2,. En particulier,
la distance dj est la distance usuelle sur H?. Rappelons que pour v € V, 'exposant critique
de d,, noté J,, est le suprémum des nombres s tels que la série Zver e—5%(@7) diverge
pour tout # € H2. Fixons une norme || - ||y sur V, et notons S C V I'ensemble des éléments
de norme 1. Notre but est de démontrer le théoréme suivant :

Théoréme 10.0.1. L’ezposant critique 6, de T sur H? pour la distance d, tend vers 1/2
lorsque v sort de tout compact de V. Plus précisément, il existe une constante C > 1 telle
que

ol
<Oy < =+ Ce ",

1
2

N | =

L’inégalité 1/2 < 6, est due & Crampon [Crall, Lem.4.3.4]. Ce résultat compléte un
théoréeme similaire de X.Nie [Niel5a| qui traite le cas des surfaces projectives convexes
compactes & 'aide de la paramétrisation de Labourie et Loftin; dans ce cadre, I'exposant
critique tendait vers zéro au lieu de 1/2.

Notons que 'exposant critique est une fonction continue sur ’espace tout entier des
structures projectives convexes marquées de volume fini sur ¥, d’aprés Crampon |[Crall,
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Prop.5.4.1]. Ce résultat, combiné au théoreme 10.0.1, au fait 2.3.17, et au fait que
I’exposant critique d’une surface hyperbolique de volume fini est égal & 1, a pour corollaire
le résultat suivant.

Corollaire 10.0.2. L’ensemble des exposants critiques des surfaces projectives convezes
non compactes de volume fini est égal a ]1/2,1].

Pour tout v € V, on note | - ||, la métrique finslérienne sur H? associée & la distance
de Hilbert d,. La seule estimée dont nous aurons besoin pour controler comment d, et
| - |lo dépendent de v est la suivante. Tout élément v € V se reléve sur H? en une forme
différentielle cubique z — f(2)dz3, ou f est une fonction holomorphe I'-invariante sur H?2,
et I’on considére la fonction positive I'-invariante A, dont la valeur en z € H? est

M(z) = 5l RE).

Fait 10.0.3 ([BH13, Prop.3.4 & Lem.5.7]). Il existe une constante Cy > 0 telle que pour
tout v €V, tout z € H? et tout X € T,H?,

Ao (2) | X Jlo < Crl| X |-

Pour plus de détails, on pourra aussi consulter [Nie, Th.6.1].

10.1 La partie non-cuspidale

Dans cette section, on choisit une décomposition de H? et S en une partie cuspidale et
une partie non-cuspidale, et 'on examine le comportement de la distance d, sur la partie
non-cuspidale quand v tend vers I'infini.

On note P C OH? I'ensemble des points paraboliques pour 'action de I' (c’est-a-dire
les points fixés par un élément unipotent non trivial de I' C PSLy(R)). Fixons pour chaque
point p € P une horoboule ouverte H), de H? centrée en p, de sorte que H, N H, soit vide
pour tous p,q € P distincts et H,, = vH, pour tous p € P et v € I'. Pour chaque p € P,
on note Hzl> C H, 'horoboule centrée en p dont le bord est a distance 1 du bord de H,, (pour
la distance usuelle sur H?, i.e. dp). On considére les fermés T-invariants F' = H2 \ Uper Hp
et F/ =H? Upe P H];, sur lesquels I' agit librement et cocompactement.

Lemme 10.1.1. Pour tout € > 0, il existe une constante C > 0 telle que pour tout v € V,
pour tout chemin ¢ : [0,1] — H? de classe C1 et contenu dans F', si do(c(0),c(1)) > e,
alors

1 1
A|wmmw204wwa%@@wm>

Preuve. Observons que Ap, = r/3\, pour tous v € V et r > 0. D’apres le fait 10.0.3,
pour établir le lemme il suffit, ayant fixé € > 0, de trouver une constante C' > 0 telle que
pour tout v € S, pour tout chemin ¢ : [0,1] — H2 de classe C! et contenu dans F', si
dp(c(0),¢(1)) > ¢, alors

1
/0 Ao(e(t)) - [ () llo dt = O™ do(c(0), (1)).

Soit v € S§. Comme f est holomorphe non constante, le sous-ensemble {\, = 0} NF’ C
I’ est fermé, discret et I'-invariant, et les nombres suivants sont strictement positifs.

1
o = Lmin (e, min {do(z.9) : 2, € (A, = 0} N P distincts}) . e

o, = min {A,(z) : z € F' tel que do (z, {A, =0}) > 1y} .
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Considérons un voisinage U, de v dans S tel que Ay (x) > a,/2 pour tout w € U, et
x € F' tel que do(x,{\, =0}) > r,. Soit w € U,, et soit ¢ : [0,1] — F’ un chemin
C! tel que do(c(0),c(1)) > €. Soient N > 1let 0 =1ty < t; < --- < t, = 1 tels que
e < do(c(ti) c(tiy1)) < 2e pour 0 < i < n — 1. Pour chaque 0 < i < n — 1, il existe
ti < t; < tf < tis1 tels que do(c(t; ), c(t])) > 1y et do(c(t),{\, = 0}) > 7, pour tout
t;, <t< t;". Ainsi,

A (chm&>Z/ncmw
%}}MWHM?D

ozvrv
> Zdo c(tiv1))
=0

QT
270 do(e(0), (1),
Par compacité de S, on peut trouver A C S fini tel que S C (J,c4 Uy. Pour conclure la

démonstration, il suffit de considérer C' = max,c 4 O?i . O
vhv

v

v

10.2 La partie cuspidale

Dans cette section, on s’intéresse a la longueur des chemins contenus dans une pointe.

Fixons pour chaque p € P un sous-groupe unipotent & un parameétre u, : R — PSLy(R)
qui fixe p tel que u,(1) engendre Stabr(p), et de sorte que wu,,(t) = yu,(t)y~! pour t € R
et v € I'. On souhaite établir la proposition suivante.

Proposition 10.2.1. Il exziste une constante C' > 0 telle que pour tout v € V, tout p € P,
tout x € OHp et tout t € R, on a

dy(z, up(t) - x) > 2log(|t| + 1) — C".
Pour ce faire, la premiére étape consiste en le lemme suivant.

Lemme 10.2.2. [ existe o > 0 tel que pour tout v € V, pour tout p € P, pour tout
x € 0Hp, on a
dy(x,up(l) - x) > a.

Preuve. L’infimum des dy(z,up(1)x), o p € P, x € 0Hp et v € V avec |v|ly < 1, est
atteint et non nul, puisque cette quantité est I'-invariante et continue en z,p,v, et car
I agit cocompactement sur |—|peP O0H,. Soit € < 1 plus petit que do(x, u,(1)x) pour tout
p € Petax € OHy,. Soientp € P,x € 0Hpetv € Vtel que ||v||y > 1. Soit T' = dy(z, up(1)z)
et ¢:[0,7] — H? une géodésique de z vers u,(1)x pour la distance d,. Si 'image de c est
contenu dans F’, alors le lemme 10.1.1 nous donne une constante C > 0 qui dépend de €
telle que

T
%@%mmzé||OMa>hk%m%mm>g.

Si au contraire I'image de ¢ n’est pas contenue dans F”, alors il existe 0 < T’ < T et g € P
tels que ¢(7") € OH,,. Par définition, do(z,c(T")) > 1 > € (donc T’ > 0). Ainsi, en utilisant
encore le lemme 10.1.1, on obtient

T v
ot iy()0) = [ 1Ol = ot = & .
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10.2.1 Lemmes techniques

Cette section regroupe deux lemmes techniques utilisés dans la démounstration de la propo-
sition 10.2.1. On pose

110
Yo:= [0 1 1 EPGLg(R)
0 01

Lemme 10.2.3. Pour tous 0 < a < b < o0, il existe C] > 0 tel que pour tout ouvert
proprement conveze yo-invariant Q C P(R3) et tout point x € Q, si do(z,v0x) € [a,b],
alors pour tout n € 7,

|da(z, 75 %) — 2log(|n| + 1) < Cf.

Preuve. Soit © C P(R®) un ouvert proprement convexe 7p-invariant. On voit facilement
Q) est contenu dans la carte affine P(R3) \ Vect(e1,e2) et [e1] € 99, ol e, ez, e3 est la
base canonique de R3. De plus, pour tout point x € €, on peut trouver g € PGL3(R)
tel que g0 = Y09 et gr = xo = [e3]. Notons E® lespace des ouvert proprement convexes
pointés de P(R3), muni de la topologie de Hausdorff. Considérons le sous-espace K C £°
constitué des paires (z,Q) telles que = xg et 12 = Q ainsi que dgo(xo, Y0x0) € [a,b], et
démontrons qu’il est compact.

Soit (y,)n une suite d’ouverts proprement convexes tels que (zg,2,) € K pour tout n,
et qui converge vers un ouvert convexe 7p-invariant  C P(R?). Si par I'absurde €2 n’est
pas proprement convexe, alors { contient un point dans Vect(eq,e2) \ {[e1]}, et donc il
contient Vect(ey, ez) par convexité et yp-invariance, et ainsi (dq, (o, ¥0%0))n tend vers 0 :
absurde ! Considérons pour chaque n les points &,, 1, € 9, tels que &,, xo, YoZo, Nn sont
alignés dans cet ordre ; quitte a extraire on peut supposer que (§,)n et (7,)n convergent
vers respectivement £ et n € 9 N Vect(eg, e3). Comme (dq, (zo,Y0xo)n est bornée, on a
& #£ xq et n # Yoxo, si bien que 'enveloppe convexe de ’yg €U ’yg - n contient xg dans son
intérieur. Ainsi, zg € Q et do(xo,Y0x0) = lim, do, (z0, Y0x0) € [a,b]. On a démontré que
(x0,82) € K, ce qui conclut la preuve de la compacité de K.

Le fait 2.2.9 nous fournit une constante C7; > 0 telle que |dg(zo, 7@o) — 3 log(|[7¢| -
170 11| < C1; pour tout entier n et tout ouvert proprement convexe € tel que (zg, Q) € K,
ot on a fixé une norme | - || sur End(R?). Or (log(|7¢ll - 7o ™[))n est équivalente &
(4log(|n| + 1))n, ce qui entraine le lemme. O

Lemme 10.2.4. Pour tout ouvert proprement conveze Q C P(R?), pour tous x,y,y € Q
et tout point & € 0N de classe C1 tels que &,y,y sont alignés et 0 = be(x,y) < be(z,y'),
on a

da(z,y) < da(x,y') +log 5.
Proof. Soient  C P(R3) un ouvert proprement convexe, z,y,y € Q et £ € 9§ de classe
Cl tels que &,y,y’ sont alignés et 0 = be(x,y) < be(z,y’). Notons 1 et  les points de O
tels que x € [€,n] et y € [£,(].

Considérons la carte affine (21, x2) + [z1e1+x2e2+e3] de P(R3), ot ey, 2, e3 est la base
canonique de R3. On fera I'abus de notation (t,00) = (t, —00) = [es] € P(R?) pour t € R.
Quitte & agir par un élément de PGL3(R) bien choisi, on peut supposer que x est ’origine
(0,0) de la carte affine considérée, que y = (0,1), que { = (—1,1), que n = (1,—1) et que
Te0Q = {—1} x R, alors nécessairement ¢ = (1,1) (car be(z,y) = 0) et v’ €]0,1[x{1}, par
contre 2 n’est pas forcément contenu dans la carte afline.

Soient a, B (resp. o/, 8) dans 99 tels que o, z,y, 8 (resp. o/, z, 3/, ') sont alignés dans
cet ordre. Il existe a €]0,00] et b €]1,00] (avec (a,b) # (00,00)) tels que o = (0, —a) et
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B = (0,b), de sorte que do(z,y) égale 3 log (lgl()lj(;;) On peut vérifier que o/ € [—1,0[x] —
00,0] et B €]0,1]x]1,00] (en utilisant que n,{ € IN) ; soient o', € [0,00] tels que
(€0, (0.—a") et (€,(0.4).#) sont alignés, de sorte que da(z,y’) = }log (4e) -
observons que @’ > aet 1 < b <b.

Deux cas de figures se présentent. Si a > 1/2, alors

v b 1+a
2do(z,y') > log (b, — 1) > log (bl> > 2dq(x,y) — log < . >

Supposons donc le contraire : a < 1/2. Dés lors,

2do(z,y) > log (H) = 2do(z,y) + log (M)

> 2dq(z,y) + log (%) —log(3/2).

Soit z le point d’intersection de (0,0) @& (1,1) et (0, —a) ® (1,—1). On voit facilement que
o/ appartient au triangle de sommets (0,0), (0, —a) et z, lui-méme contenu dans le triangle
de sommets (0,0), (0, —a) et (—1/2,(1 —3a)/2) (en utilisant que a < 1/2). Ceci entraine
que a’ < 3a, et donc que 2dq(z,y’) > 2do(z,y) — log(9/2). O

On remarquera, dans la preuve ci-dessus, que la constante log(9/2) n’est pas optimale,
mais qu’il existe des situations ou dg(x,y) > do(z, ).

10.2.2 Preuve de la proposition 10.2.1

Fixons v € V, pe P, x € 0Hp, t € R et y = u,(t)z. Posons aussi ¢ = dev, et p = hol,
et Q = Q, pour simplifier les notations. D’aprés [Marl2b, Cor.5.29|, 'automorphisme
v = p(up(1)) est parabolique, c’est-a-dire qu’il est conjugué a o, et il fixe un point ¢ € 9
— en fait, 'espace (€, dq) est Gromov-hyperbolique de bord a 'infini 012, et I"application
¢ : (H2,dg) — (9, dq) est une quasi-isométrie, donc elle s’étend contintiment en un homéo-
morphisme I'-équivariant de OH? vers 050, qui envoie p sur q (voir [CM14a, Cor. 9.6]).

Soient X € le)(z)Q et Y € Té(y)Q tels que ¢ X = ¢ooY = q. Comme ) est -
équivariant, et v est parabolique, on vérifie que ¢ est un point C!' du bord (en fait 9
est tout entier C! par [Marl2b, Th.6.9]). Quitte a échanger = et y (et a changer ¢ en
—t), on peut supposer que r = by(7X,7Y) > 0, de sorte que dy(z,y) > do(rX,76,Y) —
log(9/2) au vu du lemme 10.2.4. D’aprés le lemme 2.1.6, s — do(mpsX, mpsyrY) et
s +— do(mps X, ympsX) sont décroissantes, si bien que, en utilisant le nombre o donné
par le lemme 10.2.2, il existe s > 0 tel que, notant 2’ = 7 X et ¢y = wphsy,Y, on a
do(2',v2") = a et dy(z,y) > da(a’,y’) —log(9/2) ainsi que by(z’,y") = 0.

Le lemme 10.2.3 fournit une constante C] telle que dg(a’,~v"2’) > 2log(|n| + 1) — C}
pour tout entier n (la constante ne dépend que de o qui lui-méme de ne dépend que de
la surface hyperbolique S). Quitte considérer 'inverse de ~, on peut supposer que t > 0 ;
posons n = |t]| et estimons la distance do(y"z’,%'). Le segment [y"2’,7"*12'] rencontre
Iintervalle |¢,y’] en un point y” (car les horoboules sont convexes), et ceci entraine que

do(v"z',y") < da(y"2',y") + da(y",y")
< do(y"a’ v ') + by, ")
=a+by(v"2',y")
< 2a.
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Pour finir, on obtient

dy(z,y) = da(2',y') —log(9/2)
> do(a',7"2") — da(y"2,y) — log(9/2)
> log(n + 1) — C] — 2a — log(9/2)
> log(t +1) — C] — 2 — log(9).

10.3 Démonstration du théoréme 10.0.1

Fixons © € F et s > 1/2 et démontrons que J§, < s pour v de norme assez grande ; cela
suffira pour conclure la preuve du théoréme 10.0.1 puisque 6, > 1/2 pour tout v d’aprés
[Crall, Lem.4.3.4|. 1l suffit de démontrer que pour tout v € V de norme suffisamment

grande,
Ze*Sd“(“’x) < 0.
vyel

Soit v € V et v € T'; notons T = d,(x, yx). Considérons une géodésique c : [0, T] — H? de
x vers vz pour la distance de Hilbert d,. On peut trouver un entier n > 0, une suite de
points paraboliques p1,...,p, € P distincts deux-a-deux et une suite de réels

0=Ty <Ty <T{ <Ty <Tf <---<T, <T,F<T=T,,

tels que ¢(T;5) € OH,, et o([T77,T5,])) U e([0,T7]) € F pour 1 < i < n. Pour chaque
1 <i < n, on se donne

o t; € R tel que co(T,") = up, (t;) - (T, );

e g; € I' tel que do(c(T} ), gix) = do(c(T; ), Tx);

o P = g;lpi, de sorte que up,(t)g; = gitly, (t) pour tout t € R;

o vi =g hup, ,(—[ti—1])gi €T (ot go = id) et Yot1 = gy Lup, (—[ta])7-

On peut vérifier par récurrence que

7= 11ty (L)) 2 -ty (LE2]) - -t (L)) - 1

Puisque I' agit cocompactement sur F’, on peut trouver R > 0 assez grand pour que
F'" C T - Bg,(z,R). En particulier, on a par définition do(c(7; ),giz) < R pour tout
1 < i < n, et ainsi p} appartient au sous-ensemble fini P’ C P constitué des points
paraboliques p tels que H,, rencontre Bg,(z, R).

Soit 0 < i < n. Posons R’ = max{dy(x,uy(t)z) : p € P,x € 0Hp,0 <t < 1}, de sorte
que c(T;") € By, (giuy ([ti])x, R+ R'). Soit € > 0 plus petit que do(z,y) et do(y,z) pour
tous y € Fp et z € ﬁq, ou p # q € P. Le lemme 10.1.1 nous donne une constante C' > 0
telle que

dy(c(T7),e(Ti31)) = O wlly - do(e(T}7), e(Ti3,))

Il , el
= a0 C a0 e

ou Ey = min{dy(y, 2) : y € Bgy(z, R+ R'), z € Bgy(yx,R+ R')} pour v € I.
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De plus, la proposition 10.2.1 nous donne une constante C’ > 0 telle que pour tout
1<1<n,

dy(c(T;), e(T;1)) = 2log(|[t:)] +1) — C".

En combinant tout ceci, on obtient

n+1
dy(z,vT) H HVZE,Yﬂ- ” HVG—i—Z?log [[ti]| + 1) — nC’, (10.3.1)
puis
B sliel -
Ze*d”(‘””‘”) < Z Z He—%(ﬁEwm) .He*%log(lki\ﬂ)ﬂc’
yel’ n>0 ~v1,...,yn+1€L =0 =1
Pl»n-,PnEP/
kiyeoskn€Z
n+1 n
< Ze MY g1y | z:e_%liE7 LenC (P o Ze—Qslog(k—H)
n>0 vyel k>0
el vy / "
<Z< <”4g ) - -2#P’~<<2s>> ,

n>1

ol x(t) = > . er e Br et ((t) = ;> k7t pour t > 0.

Quand ¢ tend vers l’inﬁni, X (t) tend vers #{y € I' : E, = 0} < 0o; donnons-nous 7' > 0
tel que x(t) < Cy := #{v: £, = 0} + 1 pour tout ¢t > T". Donnons-nous également C3 > 0
tel que ((t) < C3 pour tout 1 < ¢t < 2. Supposons s < 2, de sorte que d’apres les calculs

ci-dessus, Ever e~ @) converge dés que ||[v]ly > 4CT et que

1 / EH H
s>5+ C305e2C" #P'e™

Comme on sait par ailleurs que 6, < 1 (voir le fait 2.3.17), on en déduit 'existence d'une
_llvlly
constante Cy > 1 telle que 6§, < % + Cyhe ©C1 .






Chapter 11

Exposant critique et grosseur des
réflectofolds projectifs convexes

Dans ce chapitre, correspondant & une collaboration avec Harrison Bray, on s’intéresse,
comme dans le chapitre précédent, & 'exposant critique des orbivariétés projectives con-
vexes (défini en (1.4.2)). Dans le chapitre précédent, on s’était restreint a l'ensemble
des surfaces projectives convexes de volume fini, ensemble pour lequel on disposait d’une
paramétrisation (celle de Benoist—Hulin [BH13|), commode pour lire certaines propriétés
de I’exposant critique. Dans ce chapitre on s’intéresse & une classe différente d’orbivariétés
projectives convexes, pour laquelle on dispose aussi d’une bonne paramétrisation, gréce
aux travaux de Vinberg [Vin71] : ce sont les réflectofolds projectifs convexes, autrement
dit les quotients de la forme Q/I", ou I est engendré par des réflexions projectives le long
des faces d’un polytope P de 'ouvert proprement convexe ). Précisons qu’une face d’un
polytope est de codimension 1, tandis qu’une facette est de codimension quelconque.

L’exposant critique de certaines de ces orbivariétés a déja fait 'objet d’un examen ap-
profondi par X. Nie [Niel5b|. Plus précisément, ce dernier a considéré le cas ou le polytope
P est un simplexe compact (dans Q) et le groupe I' est Gromov-hyperbolique, cas pour
lequel Lanner [Lan50] a montré que I" appartient & une liste précise (infinie) de groupes de
Coxeter avec au plus cing générateurs (voir aussi [Dav08, Th.6.9.1 & Table6.2]). Fixons
une orbivariété topologique parmi celles considérées par Nie. L’espace des structures pro-
jectives convexes dessus est ou bien réduit & un point, ou bien paramétré par [0, co[. Dans le
second cas, Nie a démontré que ’exposant critique tend vers zéro lorsque le parameétre tend
vers l'infini. La théorie de Vinberg montre qu’il existe bien d’autres exemples de réflecto-
folds projectifs convexes, avec des espaces de paramétres qui peuvent étre de dimension
plus grande que 1.

Fixons un groupe de Coxeter I' infini, irréductible, non affine et & N générateurs,
ainsi qu’'un espace vectoriel réel V de dimension inférieure ou égale & N. Les travaux de
Vinberg [Vin71] fournissent un sous-ensemble semi-algébrique X de RV? et une application
qui & z € X associe une représentation fortement irréductible, injective et d’image discréte
pz de T' dans GL(V) telle que p, (") préserve un ouvert proprement convexe de P(V)
(dont le quotient est un réflectofold projectif convexe), et telle que chaque coefficient de la
matrice py(7y) dépend (de maniére explicite) comme une fraction rationnelle des coefficients
de z, ce pour tout v € I'. (Voir [DGKLM, §3—-4]| pour plus de détails.)

Pour chaque élément ~, on peut accéder & certaines données algébriques de p.(7),
comumie sa trace, sa norme, ses valeurs propres, £(p;(y))... A priori, cela ne permet toutefois
pas de calculer ’exposant critique de p,, qui dépend des images de tous les éléments de T'
& la fois. Notre but est de donner des estimées de ’exposant critique qui n’utilisent qu'un
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nombre fini d’éléments v € T'.

Pour ce faire, on utilise de la facon suivante le fait qu’a p, est associé un ouvert
proprement convexe 2, et un polytope P, C {2 : on estime d’abord ¢, ) en fonction de la
taille de P, par rapport & la métrique de Hilbert ; plus précisément, ’estimée fait intervenir
la distance minimale entre deux points de P, qui sont sur des facettes différentes, quantité
que 'on appelle grosseur. Aprés quoi on majore la grosseur a l'aide de la longueur de
translation d’un ensemble fini bien choisi d’éléments de p,(I"). (Rappelons que la longueur
de translation de p,(y) € pz(I") est £(pz(7)) par le fait 2.2.8.)

11.1 Présentation des résultats

Soit © C P(V) un ouvert proprement convexe. Un hyperplan de €2 est 'intersection avec €2
d’un hyperplan de P(V) (qui intersecte Q) ; un demi-espace (fermé) de € est ’adhérence
d’une composante connexe de €2 privé d’un de ses hyperplans. Une réflezion de ) est une
réflexion de GL(V) de la forme r =id—v® a, ot v € V et a € V* avec a(v) = 2, telle
que r préserve () et telle que € intersecte le noyau de a.

Remarquons que r est entiérement déterminée par Q et Ker(a), car deux réflexions
distinctes qui fixent le méme hyperplan de P(V) engendrent un groupe discret infini ne
préservant aucun ouvert proprement convexe (ce groupe contient un élément unipotent
conjugué a une matrice diagonale par bloc avec un bloc de taille 2 de la forme ({ 1) et un
bloc identité). De plus le point fixe isolé [v] de r dans P(V) n’appartient pas a €2, et I'on
peut voir par dualité que r est déterminée par Q et [v].

On dit que Q) est symétrique par rapport a un de ses hyperplans H il existe une
(nécessairement unique) réflexion de Q qui fixe H. On note Aut(Q) = {g € SLE(V) :
gQ = Q}, ott SLE(V) € GL(V) est constitué des éléments de déterminant plus ou moins
un.

Un polytope P de Q est I'intersection d’un nombre fini de demi-espaces de 2, délimités
par des hyperplans Hy, ..., H,. On note P (resp. P) lintérieur (resp. 'adhérence) dans
P(V) de P. Une facette de P (dans ) est l'intersection un sous-ensemble non vide de
la forme P N(,c; Hi ou I C {1,...,n} ; une face de P est une facette qui engendre un
sous-espace de dimension d — 1.

Soit P C € un polytope tel que €2 est symétrique par rapport aux hyperplans engendrés
par les faces de P. Le groupe de P est le couple (I', S) ou S est I’ensemble des réflexions
de Q) le long des faces de P, et I' est le groupe engendré par S.

Le polytope P est dit de Cozeter dans Q, et le couple (P,Q) est appelé polytope de
Coxeter hilbertien, si {2 est symétrique par rapport aux hyperplans de P, et si les images
de P sous 'action de son groupe (I',S) pavent 2, dans le sens ou Pn 715 = () pour tout
élément non trivial v € T', et Q =, p vP-

L’exposant critique d'un polytope de Coxeter hilbertien est I'exposant critique de son
groupe. Notre but est de comprendre l'asymptotique des exposants critiques de certaines
suites de polytopes de Coxeter hilbertiens combinatoirement équivalents, dans le sens oul
leurs groupes sont isomorphes abstraitement. Le premier résultat est un critére suffisant
pour que les exposants critiques tendent vers zéro, qui fait intervenir la grosseur d’un
polytope de Coxeter hilbertien (P, ), définie comme le plus petit écart (de Hilbert) possible
entre deux facettes de P disjointes, ou ’écart entre deux sous-ensembles F' et F’ de € est
défini comme inf{dg(x,2’) : z € F, 2’ € F'}.

Pour tout groupe I' engendré en tant que semi-groupe par un sous-ensemble fini S C T,
on note |y| la longueur de chaque élément v € I' pour la métrique des mots, c’est-a-dire
le nombre minimal d’éléments si,...,s, € S tels que v = s1---s,. Si de plus (I, 5)
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est un systeme de Coxeter, alors on note ar g le plus grand diamétre, pour la métrique
des mots, des sous-groupes standards sphériques de I', c’est-a-dire les sous-groupes finis
engendrés par un sous-ensemble de S (un sous-groupe est dit standard s’il est engendré
par un sous-ensemble quelconque de S).

Théoréme 11.1.1. Soit (P,Q2) un polytope de Cozeter hilbertien, de groupe (I',S), d’expo-
sant critique § et de grosseur R. Alors pour tous y €l et x € P, on a

do(z,yz) > I ( il —1>.

(2ars +1)* \ars

Ceci entraine en particulier que

051",5(2041",5 + 1)d log #S

<
o< R

L’estimation de 'exposant critique dans le théoréme 11.1.1 n’est bien stir pas optimale
: on trouve facilement une suite de polytopes de Coxeter dans le disque de Poincaré (qui
engendrent par exemple un groupe convexe cocompact) dont la grosseur reste bornée mais
dont 'exposant critique tend vers zéro.

Pour counstruire des exemples de polytopes de Coxeter hilbertiens dont les exposants
critiques tendent vers zéro, on combine le théoréme 11.1.1 avec ’observation élémentaire
suivante servant & minorer la grosseur par une quantité plus facile a calculer dans certains
cas.

Observation 11.1.2. Soit (P,Q) un polytope de Cozxeter hilbertien de groupe (I',S) et
Fy, Fy deur facettes de P, soit de plus 1 (resp. v2) un élément du stabilisateur de Fy
(resp. Fs) dans T' (le plus long pour la métrique des mots semble un bon choiz), alors
lécart entre F' et F' est plus grand que %E('yl’yg).

Le dernier résultat de la these concerne 'exposant critique de certains polytopes de
Coxeter hilbertiens dits & pointes paraboliques de type Agq—1. Ceux-ci sont définis de
fagon rigoureuse a la section 11.5.1 ; redonnons I'idée de la définition, déja évoquée dans
l'introduction. Un tel polytope P est I'intersection avec €2 d'un polytope de Q qui rencon-
tre 92 en un nombre fini de sommets appelés sommets & l’infini ; de plus, on demande
que, pour chaque sommet & 'infini, le groupe engendré par les réflexions le long des faces
adjacentes au sommet soit conjugué & un sous-groupe de GL(V) bien précis (celui donné
par la représentation de Tits du groupe de Coxeter affine de type Agq_1).

La grosseur de ces polytopes est nulle car I’écart entre deux facettes disjointes adjacentes
4 un méme sommet & 'infini est nul. C’est pourquoi nous définissons un autre type de
grosseur. On montre dans la section 11.5.2 que, pour chaque sommet & l'infini de P,
on peut choisir de fagon canonique un voisinage dans €. La grosseur non cuspidale de
(P, ) est définie comme 'infimum sur deux ensembles : d’une part ’ensemble des écarts
entre deux facettes disjointes non adjacentes & un méme sommet & l'infini ; d’autre part
I’ensemble des écarts entre le voisinage canonique d’un sommet & I'infini et une facette non
adjacente au sommet.

Théoréme 11.1.3. Soit (I, S) un systéme de Cozeter. Alors il existe une constante C > 0
telle que pour tout polytope de Cozeter hilbertiens & pointes paraboliques de type Aq—1, de
groupe (', S), d’exposant critique § et de grosseur non cuspidale R, on a

d-1 d—1

R
— << ——+Ce .
5 <0< 5 + Ce
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11.2 Minoration de I’exposant critique

Avant de se lancer dans la démonstration des théorémes 11.1.1 et 11.1.3, on les compléte a
I'aide de ’observation suivante. Les groupes I' qui nous intéressent contiennent générale-
ment un groupe libre Fy & deux générateurs a et b. Dans ce cas, ’exposant critique de
n’importe quelle représentation p de I' est plus grand ou égal & ’exposant critique de la
restriction de p & Fa, et 'on peut estimer cette derniére quantité a ’aide de la fonction &,
définie en (2.2.1).

Lemme 11.2.1. Soit p : F3 — PGL44+1(C) un morphisme. Alors

e~ 0on(p(a)) 4 o=8pr(p(b)) < 1

Preuve. 11 suffit de démontrer qu’étant donné § > 0 tel que e~ 5(P(@) 4 e=0k(p(b)) > 1 1y
série Zwng e~ 0r(p(7) diverge. On utilise pour cela la sous-additivité de k, c’est-a-dire le
fait que k(gh) < k(g) + k(h) pour tous g,h € PGL41+1(C). On a

> exp(=On(p(@ b - ™))

1 ny,...nk>1
mi,...,mi>1

Z =R (p(7))

vEF2 k

v
V

™

Y. e (=6(n+ -+ ng)r(a)) - exp (=6(ma + - -+ my)r(b))

k>1 ni,...,np>1
mi,...,mp>1
k

> Z exp (—onk(a)) Z exp (—dmk(b))

k>1 \n>1 m>1

1 1 g

>3 ( . > |
- or(p(a)) _ ok(p(b)) _

=1 e (p(a)) 1 e (p(b)) 1

Cette derniére série diverge car (e2#(P(@) — 1)(ed%(P(a) — 1) > 1. O

Corollaire 11.2.2. Soit (pt)o<i<1 une famille de représentations de Fo dans GLqgy1(C),
d’exposants critique (O¢)¢, telle que les coefficients de pi(a) et pi(b) sont des fractions ra-
tionnelles (ou plus généralement des séries de Puiseuz) en t. Si {(pi(a)) tend vers zéro
quand t tend vers zéro, alors liminf;_ g d; > 0.

Rappelons qu’une série de Puiseux en X a coefficients complexes est une série formelle
k .
de la forme » ;- yagXn, ot n, N > 0 sont des entiers et {ay}r>-n sont des nombres
complexes.

Preuve. 11 faut voir p;(a) comme une matrice a coefficients dans le corps des séries de
Puiseux en t a coefficients complexes, qui est algébriquement clos d’aprés le théoréme
de Puiseux (voir par exemple [Eis95, Cor.13.15]). Ainsi on peut trigonaliser pi(a), pour
I’écrire sous la forme

Al(t)etNl
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ot A(t), A1(t), ..., A\r(t) sont des séries de Puiseux en ¢ telles que [\ (£)| > - > |A—1(8)| >
1 pour t assez petit, g; est une matrice a coefficients dans le corps des séries de Puiseux,
et Ni,...,N,_1 sont des matrices nilpotentes a coefficients complexes.

Notons pj la représentation de Fo donnée par pl(a) = A(t)~Lg;  pe(a)gs et pi(b) = ps(b) ;
elle a le méme exposant critique que p;. Comme |A1(t)] tend vers 1 quand ¢ tend vers zéro
(puisque £(p(a)) = 3log A1 (t) tend vers zéro), les normes de pj(a) et son inverse tendent
vers 1, et I'on peut trouver des constantes C' > 0 et a > 0 telles que ||p}(a)]| - [|p}(a) 71| <
1+ Ct® pour t assez petit. On peut par ailleurs trouver des constante C' > 0 et 8 > 0
telles que [|p, ()| - |lps(b) Y| < C't= pour t assez petit.

Pour tout 6 > 0, pour tout ¢ assez petit, on a

e~ (@) | o=0k(s4(B) > (1 4 Cp) /% 4 (C/t—ﬁ) i
> 1= o g iz
-_ 2 b
qui est plus grand que 1 pour t assez petit si § < 2%. Donc liminf; .o 6; > 2%. O

11.3 Exposant critique et grosseur

[’idée de la démonstration du théoréme 11.1.1 est similaire & celle de Nie dans [Niel5b].
Reprenons les notations du théoréme. On souhaite estimer dg(x,yz). On trace pour cela

le segment [z, ~yx], et 'on note ses points d’intersection x1, ..., x, avec les facettes de P et
de ses itérés sous laction de I' (qui pavent € par hypothéese).
Supposons que pour chaque i = 1,...,n, les points x; et ;41 sont dans des facettes dis-

jointes d’un méme polytope qu’on écrit sous la forme v; P, ouy; € I'. Alors dg(z;, xi41) > R
ou R désigne la grosseur de P. Ainsi dg(x,vyx) est plus grand que (n — 1)R. De plus,
|7] < ar,sn car chaque 72-_1%+1 est dans un sous-groupe standard sphérique de T'.

Malheureusement, il n’est pas toujours vrai que z; et x;41 sont dans des facettes dis-
jointes. Typiquement, dans le cas de Nie, ot P est un simplexe compact, deux faces de
P ne sont jamais disjointes, et pour un point générique x, le segment [x,yx| ne rencontre
aucune facette de codimension supérieure a 2.

Pour résoudre ce probléme, astuce est que si les facettes de x; et x;41 s'intersectent,
alors on peut trouver y dans l'intersection tel que

do(zi, 2) + da(z,zi11) < (2ar,s + 1)do(zi, zit1);

ceci est démontré dans la section 11.3.2 (plus précisement dans le fait 11.3.6). Ainsi, on
peut déformer par étapes le chemin de x & yx en chemins rectilignes par morceaux qui
passent par des facettes de plus en plus petites, sans trop augmenter la longueur, de sorte
qu’a la fin (aprés au plus d étapes), le chemin saute de facette en facette deux-a-deux
disjointes ; on formalise cet argument dans la section 11.3.3, et ce de maniére un peu
abstraite car nous y aurons aussi recours pour démontrer le théoréme 11.1.3.

11.3.1 Conséquences des travaux de Vinberg

Cette section contient quelques résultats de Vinberg. Afin de les énoncer, introduisons
quelques terminologies supplémentaires.

Considérons un sous-ensemble fini § € V x V* tel que a(v) = 2 pour tout (v,a) € S.
Soit K le cone convexe, appelé cone de polyédral fondamental, constitué des vecteurs v € V
tels que a(v) > 0 pour tout (w,a) € S, et ' le groupe engendré par les réflexions de la
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forme id —v ® o pour (v, ) € S. Suivant article [Vin71] de Vinberg, on dit que S définit
un groupe de Coxeter linéaire si :

o K est d’intérieur int(K) non vide ;
e K a exactement #5' faces ;
e int(K) N~ -int(K) est vide pour tout élément non trivial v € T,

Enoncons & présent un des résultats principaux établis par Vinberg. Grossiérement
parlant, l'idée est que pour que K soit un domaine fondamental, c’est-a-dire que 1nt(K )n
yint(K) = () pour tout v # id, il suffit K soit un domaine fondamental pour les sous-
groupes de I' engendrés par deux éléments de S.

Fait 11.3.1 ([Vin71, Th.1,2 & Prop. 5,6, 13,17, 21]). Soit S C V x V* un sous-ensemble
fini tel que a(v) = 2 pour tout (v,a) € S ; notons S = {id—v @ a : (v,a) € S}. Alors
S définit un groupe de Coxeter linéaire si et seulement si le cone polyédral fondamental K
est d’intérieur non vide, et si pour tous (v,a) # (w,3) € S, en notant s = id—v ® « et
t=id—w®pB, on a

e a(w) et B(v) sont tous deuz strictement négatifs ou tous deuz nuls ;

e a(w)B(v) est ou bien supérieur 4 4, alors on pose mg = 00, ou bien égal a 40082(732)
S
pour un certain entier mg > 2.

Supposons que c’est le cas, et considérons le groupe I' engendré par S. Alors

1. (T, S) est un systeme de Cozeter, ot les relations sont données par s> = id pour tout
s €S, et (st)™t =1id pour tous s £t € S ;

2. T - K est un cone convexe, appelé cone de Vinberg, sur Uintérieur duquel T agit
proprement discontindment ;

3. tout sous-ensemble S’ C S définit un groupe de Cozeter linéaire ;
4. T est fini si et seulement si I - K =V, auquel cas la famille S C V* est libre ;

5. [DGKLM, Fait3.15 & Rem. 4.3.1] supposons que (I',S) est infini, non affine et
wrréductible en tant que systéme de Cozeter abstrait, alors I'-K est proprement converxe
st et seulement si ﬂ (v,0)€d Ker a est triviale ;

6. T agit cocompactement sur le projeté dans P(V) de l'intérieur de T'- K si et seulement
st pour tout sous-ensemble fini S S tel que ﬂ 0)ed’ Ker a rencontre K, le sous-

ensemble associé S’ C S engendre un groupe fini.

Dans lintroduction de son papier [Vin71, §1.3], Vinberg fait le lien entre les groupes
de Coxeter linéaires et les groupes engendrés par des réflexions orthogonales de l’espace
hyperbolique de dimension d. Cette discussion s’étend en fait immédiatement aux groupes
engendrés par des réflexions d’un ouvert proprement convexe, plus précisément aux groupes
des polytopes de Coxeter hilbertiens. Nous y ajoutons une caractérisation de la convexité
d’une union de chambres, qui n’est pas explicitement énoncée ni démontrée dans l'article
de Vinberg, mais qui se démontre avec les mémes arguments que ceux qu’il met en ceuvre

dans [Vin71, §3].
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Fait 11.3.2 ([Vin71, §1.3 & §3]). Soit S C V x V* un sous-ensemble fini tel que a(v) = 2
pour tout (v,a) € S. Considérons le cone polyédral fondamental K de S, Uensemble
S={id-v®a: (v,a) € S}, et le groupe T engendré par S. Soit Q@ C P(V) un ouvert
proprement conveze I'-invariant qui intersecte toutes les faces du projeté K C P(V) de K,
et considérons le polytope P = K N).

Alors le groupe de (P,Q) est (I, S), et S définit un groupe de Cozeter linéaire si et
seulement si (P,Q) est un polytope de Coxeter hilbertien. Supposons que c’est le cas, et
notons S" C T l'union des sous-groupes standards sphériques de (T, S). Alors :

e pour tout sous-ensemble A C T, l'union des itérés A - P est conneze si et seulement
si A induit un sous-graphe conneze du graphe de Cayley de (T',S") ;

e pour tous s,t € S, qui engendrent le sous-groupe I's; C T', pour tout A C T'gy,
l'ensemble A - P est conveze si et seulement si A est ou bien vide, ou bien I's; tout
entier, ou bien de la forme

{7, vs,vst, ysts, ..., v(st)*}  ou {y,ys,vst,ysts, ..., y(st) s}
pour un certain 0 < k < i#rs,t et un certain v € I'g .

e pour tout sous-ensemble A C I, l'union des itérés A - P est conveze si et seulement
st A induit un sous-graphe connexe du graphe de Cayley de (I',S) et si pour tous
s,t € S qui engendrent un sous-groupe I's; C I' fini, pour tout v € A, l’ensemble
((y-Ts) NA)- P est conveze ;

e en particulier, pour tout sous-groupe standard T' C T, le sous-ensemble T' - P C Q
est conveze.

Preuve. Rappelons 'idée de Vinberg pour démontrer que A - P est convexe, sous les hy-
pothéses :

(a) A induit un sous-graphe connexe du graphe de Cayley de (T',5) ;

(b) pour tous s,t € S qui engendrent un sous-groupe I's; C I fini, pour tout v € A,
Pensemble ((v-Ts¢) NA)- P est convexe.

L’hypothése (b) se traduit par : l'union des chambres de A - P attenantes & une méme
facette de codimension 2 est convexe.

Enlevons a P ses facettes de codimension supérieure ou égale a 2, pour obtenir P/ C P.
D’apreés 'hypothése (a), Pensemble A - P’ est connexe. Considérons le sous-ensemble X C
(A - P')? constitué des couples (x,%) tels que le segment [x, %] ne rencontre aucune facette
de codimension supérieure ou égale a 3, et rencontre I'union des facettes de codimension 2
en au plus un point. X est ouvert, dense et connexe. Considérons le sous-espace X' C X
constitué des couples (z,y) tels que [z,y] C A- P. Pour conclure la preuve, il suffit de
démontrer que X’ = X ; pour ce faire il suffit de prouver que X’ C X est ouvert et fermé.
Le fait qu’il est fermé découle du fait que A - P C 2 est fermé, et le fait qu’il est ouvert
découle de ’hypothese (b). O

11.3.2 Projections lipschitziennes

Les projections linéaires sont 1-lipschitzienne pour la distance de Hilbert

Le résultat suivante est une conséquence élémentaire de la définition de la distance de
Hilbert.
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Observation 11.3.3 ([Busb5, 18.6]). Soient W.W' C V deux sous-espaces supplémen-
taires, et pr: V. — W la projection linéaire surjective de noyau W', qui induit une projec-
tion de P(V) ~\ P(W') sur P(W), également notée pr. Soit Q@ C P(V) ~ P(W') un ouvert
proprement conveze tel que pr(Q2) C Q. Alors la restriction de pr a Q est 1-lipschitzienne
pour la distance de Hilbert.

Les réflexions induisent des projections

On déduit de 'observation précédente, en suivant les idées de Nie, le résultat suivant.

Fait 11.3.4 (|Niel5b, Lem. 5-6]). Soit Q@ C P(V) un ouvert proprement conveze symétrique
par rapport & k > 1 hyperplans Hy, ..., Hy C P(V) dont Uintersection L C P(V) est de
dimension d — k et rencontre Q. Notons ri,...,r; € m(Q) les réflexions associées, de
points fizes isolés respectifs x1,...,xp € P(V). Alors L' = Vect(z1,...,x;) C P(V) est de
dimension k — 1 et est disjoint de L, et la projection pr : P(V) ~ L' — L préserve Q (i.e.
pr(Q2) C Q).

En particulier, d’aprés ['observation 11.3.3, la restriction de pr a 2 est 1-lipschitzienne
pour la distance de Hilbert. De plus, la projection de toul point x € € est exactement
Uintersection de L avec 'enveloppe conveze des points x,r1(x),...,ri(x).

Remarque 11.3.5. Dans le fait 11.3.4, si £k = 1 alors la restriction de pr a € satisfait la
propriété supplémentaire suivante : do(z,pr(z)) < do(z,y) pour tout x € Q et y € LNQ.
Cependant, cette propriété n’est en générale plus vraie lorsque k£ > 2. En effet, considérons
la carte affine (z,y,2) € R — [1 : 2z : y: z] € P(RY), et 'intérieur Q de I'enveloppe
convexe des trois points (1, 1,0), (1, -1, é) et (1, -1, —@) et de leurs opposés (—1,—1,0),
(-1,1, —@) et (-1, 3, @) L’ouvert Q C P(R*) est proprement convexe et invariant sous
une action du groupe dihédral de taille 6 qui préserve la carte affine et fixe la droite verticale

passant par 0. On peut alors facilement se convaincre que 0 est plus proche que (%,0,0)

des points (%, %,0)7 (%, —i, @) et (%, —%, —@) (pour la distance de Hilbert).

Preuve. [Preuve du fait 11.3.4] Commengons par démontrer le fait pour k¥ = 1. La seule
chose & démontrer est que pr préserve 2. Cela provient du fait que pr(z) € [z,rz] C Q
pour tout z € €. Notons que pour tout x € Q et y € LN, on a

1 1
dQ(‘Ta pI'IL‘) = idQ("Ea Tlx) < §(dQ($a y) + dQ(y7T1$>) = dQ(aj>y)

Passons au cas général k > 1. Soit I' € SL*(V) le groupe engendré par 71, ..., 7.
Comme Aut(Q) agit proprement sur Q et I' fixe n’importe quel point de LN Q # 0, ce
dernier doit étre relativement compact dans GL(V), et il préserve donc un produit scalaire
sur V. On s’est ramené a un cadre classique :

e x1,...,xk sont en position générale et engendrent 'orthogonal de L car ce sont les
orthogonaux d’hyperplans en position générale ;

e pr préserve () car c’est la limite de la suite ((pry - - - pry)™ ) N oo, O PIq, . .., PI), SONt
les projections orthogonales respectives sur les hyperplans H, ..., H, projections
qui préservent toutes €. O
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Applications aux polytopes de Coxeter hilbertiens

Le fait 11.3.4 s’applique en particulier aux polytopes de Coxeter hilbertiens (P,2) de
groupe (I',S) fini. En effet, d’apres les faits 11.3.1.4 et 11.3.2, intersection des hyperplans
fixés par les éléments de S est de dimension d — #5S.

Soit (P, ) un polytope de Coxeter hilbertien de groupe (I, S), et F' une facette de P.
On note P le polytope qui contient P et qui est délimité par les hyperplans engendrés par
les faces de P qui contiennent F. Le sous-groupe Stabp(F') C I est fini (c’est le groupe de
(Pir,)). Notons L le sous-espace de P(V) engendré par F', et pry la projection 2 — LN
fournie par le fait 11.3.4. D’aprés le fait 11.3.4, I'image de P par prp est contenue dans
Penveloppe convexe de Stabr (F')- P, enveloppe qui est en fait égale a Stabp(F')- P d’apreés le
fait 11.3.2. Ceci implique que prp(P) = LN P = F. De plus, il existe une unique chambre
de la forme P pour un certain v € Stabp(F') et dont I'intérieur est dans une composante
connexe de £ \ Fix(s) différente que celle I'intérieur de P pour tout s € Stabg(F') ; cette
chambre est appelée la chambre opposée a P par rapport a F.

Fait 11.3.6 ( [Niel5b, Lem.1]). Soit (P,Q) un polytope de Coxzeter hilbertien de groupe
(T, S) et F une facette de P. Soit vy € Stabp(F), de longueur ||, tel que vP est la chambre
opposée & P par rapport a F. Alors pour tous x € P ety € vP, il existe z € [prp(z), pry(y)]
tel que

do(z,z) < dg(z,y).
Cela a pour consequence que pour tous x,y € P tels que F est lintersection de leurs
facettes, do(x,prp(x)) < |v|da(z,y), et donc

do(z, prp(x)) + do(prp(z), pre(y)) + do(pre(y),y) < 2|+ Dda(z, y).

Preuve. Pour démontrer le premier point, on raisonne par récurrence sur la dimension de
la plus petite facette contenant = et F. Si cette dimension est dim(F'), alors on peut
choisir z = prp(z) = = € F. Supposons qu’'on a démontré la propriété jusqu’au rang
k > dim(F), et soit = € P tel que la plus petite facette contenant x et F', notée F’, est
de dimension k + 1, et soit y € vP. Soit L I'espace engendré par F’, et considérons la
facette F” = LN ~P de vP. Comme P est la chambre opposée & P par rapport a F,
la facette F” engendre tout L, et prp (yP) = F”. Le segment [z, prpy| est contenu dans
LN K, ou K = Stabp(F) - P. On considére le point x; de [z, prpy] N F’ le plus loin de
x. Observons que F’ est un voisinage, relativement a K, de tous ses points ' tels que F’
est la plus petite facette contenant x’ et F'. Ainsi la plus petite facette contenant z; et F
est strictement plus petite que F’, et 'on peut lui appliquer I’hypothése de récurrence : il
existe z € [prpxy, prepryyl tel que do(z1,2) < do(x1,prpy). D’apreés le fait 11.3.4, on a
prpoprg = prg, et de plus prp envoie tout convexe sur un convexe, donc z € [prpx, pryy].
Toujours d’apreés le fait 11.3.4, on a do(z, prpy) < do(z,y), si bien que

do(z,z) <dg(r,21) + do(x1,2) < do(x,21) + do(r1, prey) = do(z, pry) < do(z,y).

Etablissons le second point : soient z,y € P tels que U'intersection de leurs facettes est
F, autrement dit tels que,

F= m Fix(s).
s€Stabg(z)UStabg (y)

Comme les éléments de Stabg(F') sont linéairement indépendants d’aprés les faits 11.3.1.4
et 11.3.2, on en déduit que Stabg(F') = Stabg(x) U Stabg(y). Donnons-nous s1, ..., 5|, €
Stabg(F) tels que v = s1 - s},. Pour tout 1 <i < |y| — 1, I'union

[s1---siz, 51+ syl U sy sip1x, 81+~ Sipay] = s1-- 8 ([2,y] U [sip12, si41Y])
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est connexe par arcs puisque $;41 fixe z ou y. Ainsi U1§i§|w| [s1:--six, 81+ s;y] est connexe
par arcs et contient x et vz, donc il existe un chemin de x vers yx qui est une concaténation
d’au plus |y| segments de longueur inférieure a dg(x, y), si bien que do(z,vz) < |y|da(z,y).
Comme prp(z) = prp(yz), le premier point nous dit que dg(z,prp(z)) < do(z,yz) <
Ylda(z, y). O

11.3.3 De facettes en facettes disjointes

Cette section contient un lemme technique, que ’on formule de maniére un peu abstraite
car on y aura recours deux fois, dans des situations légérement différentes.

Soit X un ensemble muni d’un systéme de facettes, c’est-d-dire un ensemble F de
parties de X stable par intersection, dont les éléments, appelés facettes, recouvrent X. La
dimension d’une facette F' € F, notée dim F', est le supremum des entiers n > 0 tel qu’il
existe une suite Fy, ..., F, € F strictement décroissante pour 'inclusion avec F' = Fy. La
facette d’un point z € X, notée face(x), est 'intersection des facettes qui contiennent .

Munissons X d’une distance dx qui vérifie la propriété suivante : il existe une constante
C > 1 telle que pour tous points z,y € X dans une méme facette et dont les facettes
s’'intersectent, on peut trouver un point z dans l'intersection tel que

dX(x’ Z) + dX(Za y) < CdX(:E)y)

Lemme 11.3.7. Soil deuz entiers n > 0 et k > 1, et une suite de poinis x1,...,x € X
tels que dim face(x;) < n pour tout 1 <i <k, et x; et ;11 sont dans une méme facette si
i < k. Alors on peut trouver m > 1 et y1,...,ym tels que y1 € face(x1) et yn, € face(xy),
tels que y; et y;41 sont dans une méme facette mais on des facettes disjointes pour tout
0 <i < m, et enfin tels que

m—1 k—1
dx(x1,91) + D dx (i Yir1) + dx Ym, ) < C™ Y dx (w3, xi11).
i=1 i=1

Preuve. On raisonne par récurrence sur n. Sin = 0, alors il suffit d’extraire une sous-suite
Tiy, .-, T, telle que les facettes de x;; et x;,,, sont distinctes, et donc disjointes, pour
tout 1 < j < m, puis appliquer I'inégalité triangulaire.

Soit m > 0, et supposons le lemme vrai dés que dimface(x;) < n pour 1 < i < k.
Soit k > 1 et xy,...,x € X une suite de points telle que dim face(z;) < n + 1 pour tout
1 <4 <k, et telle que x; et x;41 sont dans une méme facette pour tout 1 <14 < k ; quitte
a extraire, on peut supposer que les facettes de x; et x;41 sont différentes.

On se donne ¢ > 0 et 1 < ky < k] <k‘2<k§<-~-<k:q<k‘;§ktelsquepourtout
1 < i < k, les facettes de x; et x;11 s’intersectent si et seulement si il existe 1 < j < ¢
tel que k; <1 < k;-, auquel cas on peut trouver, par hypothése, un point y; dans cette
intersection tel que do(zi,yi) + da(yi, xir1) < Cda(x;, zi+1) ; puisque les facettes de x;
et z;41 sont différentes, la facette de y; a une dimension inférieure a n. Par hypothese de
récurrence, on peut trouver pour chaque 1 < j < ¢ une suite zl, .. zm telle que zl (resp.
zfm) est dans la facette de yg, (resp. ykg_,l), telle que zf et zfﬂ sont dans des facettes
disjointes d’'une méme facette pour 1 <7 < my, et enfin telle que

mj;—1 k-2
dx (yr,, 2]) Z dx (2], 21) + dx (2, o Yk-1) <O > dx (Y, yin)-
i=k;
Pour conclure la preuve du lemme, il suffit de considérer (z1,...,2) et remplacer pour

chaque 1 < j < ¢ la sous-suite (zy, ... ,xkjl_) par (21,..., 2m;)-
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La démonstration formelle qui suit est tres fastidieuse. On note w;. ; = w;...w;,
qui est vide si i > j, et 'on note (uv);. ; = UjViUi41Viy1 .. ujv5. On note L(w i) =
Zf;ll dx (wi, wit1). La liste construite ci-dessus est

— 1 2 q
Z=Tloki—1" Zlmy " TR 1 k=1 " 22.me " Tkh+1 ks —1 " LK, 41 kg—1 " F1..m, " TRy +1 ke

q—1

On sait que pour tout 1 < j <g,

qens 'Z{...mj “Uki-1) < C™(Yky.a-1), €t
(@Y ky.a—10n) < Ol n)-
Par 'inégalité triangulaire, il vient
0(2) < Ux1ky Yk 'Z%...ml Ykl =1 Thy ko Yk Thl ks TR kg " Yk ‘Z‘f,,,mq "YUk, -1 'fkjl...k)

n
S CMUT1 by Yl kg =1 Thloka Yk k=1 ° Thloks " Th! kg " Yhgooky—1 * Tk k)

S C™M(@1 kg =1 (TY)ky k1 Tk Th 1k (BY) gk =1k~ T 41,k
n+1

SOMT(@ k=1 " Thy b Tk 1k " Thgunkl Ty 41 k)

=C"" Yz k).

11.3.4 Démonstration du théoréme 11.1.1

On trouve facilement une suite de points 1, z9, ...,z alignés dans cet ordre sur [z, x|
telle que z = x1 et yx = x, telle que x; et x;11 sont dans une méme chambre pour tout
1 <@ < k, et telle que do(z,vz) = do(z1,z2) + - + do(zk—1, 7). Le fait 11.3.6 et
le lemme 11.3.7 nous fournissent alors m > 1 et une suite y1,...ym telle que y; € P et
Ym € VP, et y; et y;4+1 sont dans des facettes disjointes d’'une méme chambre ;P pour
tout 1 <7 < m, ainsi que

(m—1)R <do(y1,y2) + - + da(yYm—-1,Ym) < (2ar,s + 1)%do(z, yz).

Notons v9 = id et v, = -y, et observons que 'yi_l'yzurl fixe une facette de P pour tout
0 <@ < m, et a donc une longueur plus petite que ar g pour la métrique des mots ; par
conséquent || < ar gm.

11.4 Exemples

Dans cette section, nous considérons deux exemples de familles de polytopes de Coxeter
hilbertiens en dimension d = 3, choisis de la forme (P, {2) ou P est compact, n’est pas
un simplexe, et son groupe I' est fortement irréductible mais pas Gromov hyperbolique ;
rappelons que Nie [Niel5b] avait considéré tous les exemples o P est un simplexe compact
et I' est Gromov hyperbolique.

Le premier exemple que nous allons présenter en section 11.4.1 ne va pas aboutir, au
sens oil nous ne pourrons pas lui appliquer le théoréme 11.1.1. En fait, pour cette famille
de polytopes de Coxeter hilbertiens, l'exposant critique peut étre minoré par une contante
strictement positive d’aprés la section 11.2 et un résultat de Crampon [Crall, Prop.5.4.1].
Nous appliquerons le théoréme 11.1.1 au deuxiéme exemple, présenté en section 11.4.2.
Celui-ci sera élaboré en appliquant au premier exemple la technique de pliage, suggérée
par L. Marquis, qu’on remercie donc chaleureusement.
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Figure 11.1: Le diagrame de I'y et son polytope

11.4.1 L’exemple de Benoist

L’exemple qui va suivre est di & Benoist [Ben0O6a, Sec.4.3| (ce fut le premier exemple
de convexe divisible irréductible non symeétrique et non strictement convexe). Soit I'y- le
groupe de Coxeter donné par le diagrame a gauche dans la figure 11.1 ; On note 71, 72, 73,
rq and r5 les 5 réflexions associées au sommet du graphe. Le groupe de Coxeter abstrait
I'y est infini, non affine est irréductible. On définit pour tout ¢t > 1 une representation p;

de 'y dans GL(R*) en donnant 'image des générateurs rq,...,7s.
0100 10 00 0 0 1/t 0
(r1) = 10 00 (ry) = 0010 (rg) = 01 0 O
pt 1) — 0 O 1 0 i pt 2) — 0 1 0 0 9 pt 3) — t 0 0 0 9
0 001 0 0 01 00 0 1
1+p u " —u 1 00 O
_ " 1+p 7 —u 10 1.0 O
pt(T4) - M /»L 1 + ,U _M ) pt(rf)) - O 0 1 0 ’
v v v 1—-v 0 00 -1

ot p=1t/(t—1)% et v =2+ 3u ; le polytope P; est donné par
Py = {[z1,22,23,24] € P(RY) 12y <29 <3 <twy et 0 < my < 21 + 22 + 73},

et ’on note 2 = pe(Ty) - P

Pour tout ¢t > 1, on vérifie & I'aide du fait 11.3.1 que p; est injective d’image discrete,
définit un groupe de Coxeter linéaire dont le cdne polyédral fondamental se projette sur P
et dont le cone de Vinberg est proprement convexe, et enfin que p;(I') divise la projection
dans P(V) de l'intérieur du cone de Vinberg.

Lorsque ¢ tend vers Uinfini, £(p¢(rars)) tend vers zéro. En effet,

I N 1000

I TR A TR 0100
plradpnrs) = L oo o1 o
v v v v—1 2 2 21

Lorsque t tend vers 1, c’est £(p(rorirers)) qui tend vers zéro. En effet,

0
pt(m)pt(ﬁ)pt(rﬂpt(ri’u) = 8
1

0 0
1 0
0 1/t
0 O

O O O =+
O = O O
_ o O O

10
01
=i l0 0
0 0

D’aprés le corollaire 11.2.2 et le fait, da & Crampon [Crall, Prop.5.4.1|, que t — 9,
est continue, on déduit que inf;~14d,, > 0.
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Figure 11.2: Le diagrame de I'y, et son polytope

11.4.2 Plions I’exemple de Benoist

Considérons a présent le sous-groupe d’indice 2 de I'y engendré par les réflexions r1, 19, 3,
r4 et rgp 1= r57rars ;5 c’est lui aussi un groupe de Coxeter, dont le diagrame est donné dans la
figure 11.2 & gauche. On déforme par pliage la restriction a I', des représentations (p;)i>1
présentées & la section précédente, et cela donne une famille de représentations a deux
parameétres (pgp)e>1,>1, 0l b est le paramétre de pliage (bending). Plus précisément, pour
t > 1et b>1 on définit pp en posant py (1) = pe(r1), pep(r2) = pe(r2), pep(rs) = pe(rs),
peo(ra) = pe(ra), et
pib(ran) = Bope(rs)pe(ra) pe(rs) By

ou

By =

S O =
O O = O
o= O O
O O O

0

on pose de plus P,y = P U Bypi(15) P et Qi = prp(T'r) - Prp.

Comme avant, pour tous ¢ > 1 et b > 1, on vérifie & I'aide du fait 11.3.1 que pyy
est injective d’image discrete, définit un groupe de Coxeter linéaire dont le cone polyédral
fondamental se projette sur P;j et dont le cone de Vinberg est proprement convexe, et
enfin que p;(I") divise la projection dans P(V) de l'intérieur du cone de Vinberg.

—~

Lorsque ¢t tend vers 1, £(p;p(rarirers)) tend vers zéro indépendamment de b. Le cas
qui nous intéresse est lorsque ¢ tend vers l'infini. Nous allons démontrer, a l'aide de
I'observation 11.1.2, que la grosseur de (P, 42, ;2) tend vers 'infini avec t. Etant donnée
la combinatoire de P, ;, on se convainc facilement que pour toute paire de facettes disjointes
F et F', on peut trouver une face F| disjointe de F' et qui contient F’. Minorons au cas
par cas l’écart entre les paires de facettes disjointes F' et F’ telles que F” est de dimension
2 et F' est maximale pour l'inclusion.

e Soit F la face fixée par ry4 et F' la face fixée par rg. Alors

1 0 0 -1
1 01 0 -1
Bips 2 (r4) By 5o |00 1 —1]°
000 -1
tandis que
0O 0 0 0
3 0O 0 0 O
1
Bipre2(Tan) By —wlo o o ol
-2 -2 =20
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d’ou
2 2 20
» 2 2 20
Brprp(rarw)By” — |5 5 5 ¢
2 2 20

Cette derniére matrice a une valeur propre nulle et une autre non nulle. En con-
séquence, £(p; 42(r4r4p)) tend vers Uinfini avec ¢.

e De maniére symétrique, si F est la face fixée par 7y et F' est la face fixée par ry,
alors rypry = (rarap) ', donc £(py 2(raprs)) tend vers Uinfini avec ¢.

e Soit F' lintersection des faces fixées par respectivement 71 et ro, et soit F’ la face
fixée par r3. Alors

t 0 0 O
01 0 O
pra2(rarirers) = pr(rarirers) = 00 1/t 0
00 0 1

Ainsi £(py 42(rar17273)) tend vers l'infini avec t.

e Soit F' l'intersection des faces fixées respectivement par rq et 73, et soit F” la face fixée
par ro. Alors rirgrire égale roririrarir3riTe, qUi est Conjugué a riTeriTy = roT1rars.
Par voie de conséquence, £(p; 2(r17r3r172)) tend vers infini avec .

e Soit F' lintersection des faces fixées respectivement par ro et r3, et soit F’ la face
fixée par r1. Alors rorsrery égale rirororirorsrary, qui est conjugué a rorirors. Par
voie de conséquence, £(p; 42(r2r3rory)) tend vers l'infini avec ¢.

11.5 Polytopes a pointes

11.5.1 Définition des polytopes a pointes

On s’attache & présent & définir rigoureusement les polytopes de Coxeter hilbertiens a
pointes paraboliques de type Ag_q (ou polytopes & pointes) et leur grosseur non cuspidale.
On commence par définir un polytope de Coxeter particulier, qu’on pourrait qualifier de
polytope de Coxeter parabolique de type A4 standard. Munissons RY"! de sa norme

euclidienne usuelle || - ||, et considérons le morphisme
74 ¢ Isom(R¥1)~O(d—-1)x R — GL(V)
(M, v) — 0 M v
0 0 1

On consideére également le sous-groupe a un parametre U = {u;}er C SL(V), o, pour
t € R, on pose ui(e;) = e; pour i < d et ui(ea+1) = ea+1 + ter ; notons que U est dans le
centralisateur de 74 (Isom(R%~1)).

On fixe un simplexe régulier Ay de RY™! centré en 0, on note Sy C GL(V) I'image
par 74 de l’ensemble des réflexions le long des facettes du simplexe ainsi que I'y C GL(V)
le sous-groupe engendré par S4. On pose Q4 = ujg o] - 74(RY™1) - [eqy1], et 'on considére
les polytopes Pa = U - 74(A4) - [eatr1] et P4 = PaNQa = ujg o[ - TA(AA) - [ear1]. La
paire (Pa,Q4) est le polytope de Cozeter parabolique de type Ag_1 standard. On va en
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fait s’interesser & toutes les paires de la forme (PA N, Q) ou Q est un ouvert proprement
convexe I'4-invariant.

Un polytope de Coxeter hilbertien (P, ) de groupe (I, S) est dit parabolique de type
Ag_q 8’1l existe g € GL(V) tel que gSg~! = S4, auquel cas on peut vérifier que gP =
Py N gQ. Un polytope de Coxeter hilbertien (P,Q) est dit & pointes paraboliques de type
Ag_q (on dira polytope @ pointes pour faire court) si PN est fini et non vide, et si pour
tout p € P N OQ (sommet a linfini de P), la paire (Pp,§2) est un polytope de Coxeter
hilbertien parabolique de type Aq_1, oil Py, est 'adhérence de la composante connexe de
Q) privé des hyperplans induits par P adjacents a p ; autrement dit s'il existe g € GL(V)
tel que gS'g™! = S4, ot S’ est 'ensemble des réflexions le long des faces de P qui fixent p.

11.5.2 Voisinage des sommets & l’infini et grosseur non-cuspidale

Pour définir la grosseur non cuspidale d’un polytope & pointes (P,{2), on a besoin de
choisir de fagon canonique un voisinage dans (2 de chaque sommet & linfini. Pour ce
faire on utilise le lemme suivant, qui est en fait un lemme-clé dans la démonstration du
théoréme. Précisons que 'idée derriére ce lemme est classique, on peut par exemple la
trouver dans [Marl2b, Marl2a, CM14a| ; on a simplement un peu renforcé ’énoncé en
inversant deux quantificateurs, car I’ouvert proprement convexe ) sera appelé a varier, et
aura besoin que le nombre ¢4 du lemme reste constant.

Lemme 11.5.1. 1l existe t 4 > 0 tel que pour tout ouvert proprement conveze I g-invariant
Q, il existe t € R tel que up¢, Q24 CQ Cw Q4.

Preuve. Soit Q un ouvert proprement convexe I" g-invariant. D’aprés le fait 2.2.3, 'ouvert
Q n’intersecte pas P(R? x {0}), et il est inclus dans la carte affine P(V) \ P(R? x {0}),
égale & Uta(R41)[eqy1], qu’on utilise dans la suite de la preuve quand on veut parler
d’enveloppe convexe. Notons I'y C Isom(R%~1!) le sous-groupe engendré par les réflexions
le long des faces de A 4.

Remarquons & présent que u; C Q pour tout x > 0, et donc que [e1] € 9. En effet,
si x € Q) est dans la carte affine, alors [z, yz] C Q pour tout v € T'4 (le segment est pris au
sens de 'enveloppe convexe dans la carte affine qu’on a fixée), et ces segments s’accumulent
sur g oof U {[e1]}, qui est donc aussi inclus dans Q.

Vérifier que 0 contient ui[eq+1] pour un certain ¢ € R. En effet, soit ¢; € R et
v1 € R tels que ug, 7A(V1) € Q. Comme fA agit cocompactement sur R4 le point
0 appartient a lenveloppe convexe de T'4 - vy, et donc l'enveloppe convexe dans la carte
affine de T'4 - uy, 74(v1) contient un point de Uleqy1], donc on peut trouver ¢t € R tel que
ut[ed_H] € 0.

En utilisant encore la cocompacité de T' 4, on peut trouver un sous-ensemble fini £ C I'4
tel que I'enveloppe convexe de F - 0 contient Ay. Notons C' 'enveloppe convexe dans la
carte affine de {74(7)[eat+1] : v € F}. Pour ¢’ > 0 assez grand (qui ne dépend que de
d), u_y o C contient T4(A4). Comme U et 74 (Isom(R*"!)) commutent, il s’ensuit que Q
contient uy4#7a(A4), donc aussi w74 (RE1) et méme ugy Q4 puisque usQ C Q pour
tout s > 0.

Soit O un voisinage ouvert de w4y 11]ea+1] dans Q. Par convexité, pour tout point y
de la carte affine, s'il existe z € O tel que w[eqs1] € [y, 2], alors y € 0 ; or 'ensemble des
points y qui satisfont ceci est un cone ouvert basé en wugleqr1] qui contient u;_74(A4)
pour un certain ¢’ € R qui ne dépend que de d, si bien que Q C u;_pQ4. Ceci conlut la
preuve. 0
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Pour tout ouvert proprement convexe I'4-invariant €2, on pose Ho = wu¢,+1€2, qu'on
appelle voisinage du sommet & ’infini ; c’est une horoboule de 2 ; pour tout s € R on
note H¢, = u,41)e-2:§2 'horoboule & distance (algébrique) s, qu’on appelle s-voisinage du
sommet o Uinfini. Soit (P, 2) un polytope de Coxeter hilbertien parabolique de type Ag1,
de groupe (T, S) ; le voisinage canonique du sommet a l'infini est g7'1H 40, ot g € GL(V)
est tel que gSg~! = S4. Pour s’assurer que cette définition a un sens, il convient de vérifier
que gingQ = Hq pour tout ouvert proprement convexe I" g-invariant 2 et tout élément g
du normalisateur de S4 dans GL(V) ; cela provient du lemme qui suit.

Lemme 11.5.2. Le normalisateur de Sy dans GL(V) est l'ensemble des éléments de la
forme ATa(o)uy, ot A € R*, t € R et o est dans le groupe de symétrie de A 4.

Preuve. Soit g dans le normalisateur de S4. Alors g permute les hyperplans fixés par les
éléments de S4, qui bordent les faces de Py ; il permute donc également les faces de A 4.
On peut trouver ¢ dans le groupe de symétrie de A 4 qui induit la méme permutation, de
sorte que ¢’ = 74(0)~!g préserve chaque face de PA, et ainsi commute avec chaque élément
de S4. Mais alors ¢’ est dans le centralisateur de I' 4, donc dans celui de I'y N TA(Rdfl),
qui est cocompact, donc Zariski-dense, dans 74(R%7!). On a démontré que ¢’ est dans le
centralisateur de 74(R¢71), et il n’est pas dur de voir que cela entraine que ¢’ s’écrit sous
la forme
Aty P +t

2
0 Mid [ )
0 0 A
pour un certain A € ~{0}, un certain ¢ € R et un certain v € R4,

Par ailleurs, les vecteurs propres v1,...,vq € Vect(e, ea,...,eq+1), associés a la valeur
propre —1, des éléments de S4, sont tous des vecteurs propres de ¢', et engendrent
Vect(eq,...,eq). Ainsi la restriction de ¢’ & Vect(eq,...,eq) est diagonalisable, ce qui
entraine que v = 0, et conclut la démonstration. O

Soit (P, ) un polytope & pointes. On définit la grosseur non cuspidale de (P, ) comme
le plus petit écart possible entre deux sous-ensembles A et B C £ qui sont ou bien deux
facettes de P disjointes et non adjacentes a un méme sommet & l'infini, ou bien deux
voisinages de sommets & I’'infini différents, ou bien le voisinage d’un sommet & 'infini et
une facette de P non adjacente au sommet a 'infini.

11.5.3 Un mot sur la preuve du théoréme 11.1.3

La démonstration du théoréme 11.1.3 est un mélange de celle du théoréme 11.1.1 et du
chapitre précédent. Donnons-nous un polytope & pointes (P,Q) de groupe (I',S), un
élément v € I' et un point x € P qui n’est dans aucun voisinage de sommet & I'infini. On
va établir une minoration de dq(x,vyz) (c’est (11.5.8)), similaire & celle du théoréme 11.1.1
et a (10.3.1), qui fait intervenir la grosseur non cuspidale, des constantes universelles,
des constantes qui dépendent de (T',.5), et enfin des quantités qui dépendent de v € T’
(Péquivalent longueur pour la métrique des mots dans le théoréeme 11.1.1 mais en plus
compliqué).

11.5.4 Saisir le taureau par les cornes

Dans cette section on rassemble quelques estimées utiles sur les polytopes de Coxeter
hilbertiens de type Agq_1, ainsi que plus généralement sur les polytopes & pointes. Le
lemme suivant une conséquence du lemme 11.5.1.
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Lemme 11.5.3. [l existe des constantes Ca1,Ca2,Caz > 1 qui vérifient les propriétés
suivantes. Soit  un ouvert proprement conveze I g-invariant, soit h € T'y, soient © €
PinQ~Hq et Yy € hPANQ N Hg. On note 2/ (resp. y') est le point d’intersection de
U-x (resp. U-y) avec OHq. Alors

1. Sido,(xa,hza) > Cay, alors do(z,2') + do(2, ) + da (v, y) < do(z,y) + 2;

2. st h =1id et les facettes de x et y sont disjointes, alors

do(z,2") + da(2',y') + da(y',y) < Caadal(z,y);

3. do(2',y') — Cas <dqa,(za,hxa) < do(z,y)+ Cas.

Preuve. Démontrons le point 1. En fait on va trouver une constante C;l,l qui ne dépend
que de t4 et qui vérifie la propriété suivante. Fixons la carte affine (¢1,...,tq) — [t1e1 +
<ot tgeq + ear1] € P(V). Soit Q un ouvert proprement convexe (pas forcément I'4-
invariant) tel que Q4 C Q C u—;,Q4. Solent z,y € Q dont la différence a une projection
orthogonale sur Vect(eg, ..., eq) de norme plus grande que CI’M, soit o’ (resp. y') le point
d’intersection de U - x = x + e1R (resp. U - y) avec uz, 41052, et soit z le milieu de [z,y],
alors la distance de 2’ (resp. y') & [z, z] (resp. [z,y]) dans Q est plus petite que 1 (ceci
implique que do(z,z") + da(2’,y) + do(v,y) < da(z,y) + 2).

Pour démontrer ceci, on considére le point d’intersection x; (resp. y1) de U - x (resp.
U -y) avec u_;,004, 21 le milieu de [z1,y1], et 2} le point d’intersection de U - = avec
U, +10Q24. Par convexité, car dg < dq,, et par le lemme 2.1.4,

do(2', [z, 2]) < do(a’, QN [z1,21]) < do, (', Q4 N [21,21]) < do, (], Q4 N [21, 21]).

Le probléeme ne dépend & présent plus de €2, et 'on voit rapidement qu’on s’est ramené
a démontrer que pour tout ¢t > 0, la distance entre (0,¢ 4 1) et le segment de (0,—t) a
(/2,22 /4 —t) tend vers zéro quand x tend vers l'infini, ce qui est vrai.

Démontrons le point 3. D’aprés le lemme 11.5.1, on peut supposer que 24 C Q C
u—¢, Q4. Alors

do(@',y') > du_, 0, (')

> dy_, (@A, hwa) —du_, 0, (@ x4) —du_, 0, (B Y 24)

> duitAQA(.’EA, hz4) — 2diamgq , (PA N u[1,1+tA]8QA)-
Or |do,(xa, hxa) — du_y Q4 (xa,hxz )| est bornée par une constante indépendante de h,
d’on

do(',y') > da,(za, hea) — Cly 3.
Pour une certaine constante C; 5. L’autre inégalité est similaire, sinon plus simple :
dQ(:C/, y’) <dgq, (xa,hxa)+2 diamg , (pA N u[171+tA}aQA).

Montrons pour finir qu'il existe une constante Cy 3 telle que do(z,y) > do,(xa, hxa) —
Cagz. Sida,(xa,hxa) < Cy; alors on peut prendre Cy3 = Cyu ;. Si au contraire

do,(za,hxs), alors on peut utiliser le point 1, et 'on a

do(z,y) > do(z',y') —2 > do, (xa,hea) — 2 — Cl 3.
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Démontrons le point 2. On fixe hy € T'4 tel que do, (x4, haza) > Ca1+Caz+2, que
Pon écrit sous la forme hy = s182--- 8, out 8; € Sy pour 1 < i < netn=lhy]. Comme
les facettes de x et y sont disjointe, tout élément de S4 fixe x ou y, donc

(51 sk@, 81 - sy U1 Sp12, 81 Spr1y) = 51+ .- Sk ([, 9] U [Sp12, Sk1Y])

est connexe pour tout 1 < k < n. Ainsi (J7_,[s1--- sk, s1...s,y] est connexe, et cela
implique que

do(z, hay) < dalsi - spx, 51 sgy) = |halda(@, y).
k=1

D’apres les points 1 et 3, do(z, hay) > 2 et

1
da(z, hay) 2 5 (da(, ') +da(2', hay') + da(hay', hay)).
Or d’apres 3, on a do(2',y') < Cag et do(a2', hay’) > 2, si bien que

h 2

do(z,y) > [fal do(z,2") + =—da(2',y') + da(y',y)
2 Cags
|hal

2Ca3

Nous aurons aussi besoin d’estimées similaires & celles du fait 11.3.6, mais valable
pour un systéme de facettes tronquées, c’est-d-dire auquelles on a enlevé des voisinages
de sommets a U'infini. Soit (P,2) un polytope a pointes, de groupe (I, S) ; pour chaque
sommet & l'infini p € P N 9, notons M, son voisinage. Supposons que la grosseur non
cuspidale R de (P, 2) soit non nulle ; en particulier, pour tout 0 < s < R/2, les ensembles
ﬁf, et ﬂ;, sont disjoints pour toute paire de sommet & ’infini distincts p,p’ € P N O, et
ﬂ; et F sont disjoints pour toute facette F de P et p€ PN O~ F.

Pour tout s € R, on définit le polytope tronqué tros P comme P privé des s-voisinages de
ses sommets a 'infini, et 'on définit les facettes du polytope tronqué comme les ensembles
de la forme F' N trosP ou bien 9H, N F' (de dimension dim(F') — 1) ou bien dH; N P (de
dimension d — 1), ot F' est une facette de P et p un sommet & l'infini de P. On pose
trog{2 = I'-trog P ; les chambres tronquées sont les sous-ensembles de la forme ~tros P pour
vyel.

> (da(z, ") + do(2',y") + do(y', v)) O

Lemme 11.5.4. Soit (P,Q) un polytope a pointes de groupe (I',S) et de grosseur non
cuspidale R > 0, et soit 0 < s < R/2. Alors pour tout x,y € trosP dont les facettes
tronquées s’intersectent, il existe dans leur intersection un point z tel que

dQ(ZU,Z) + dQ(Z,Q) < 60(F73d9($,y)-

Preuve. Les facettes non tronquées F et F' de x et y s’intersectent, donc d’aprés le
fait 11.3.6, il existe z € F N F’ tel que

dQ(.’E,Z) + dQ(Z,y) < SOéI"SdQ(Jj,y)-

Si z n’est pas dans U'intersection des facettes tronquées, alors il est dans le s-voisinage H,
d'un sommet a linfini p € PNIQ qui appartient a F et F'. Soit 2’ € 9H tel que z € [p, 2/].
Il suffit de démontrer que do(x,2’) < 2da(z,2) (la preuve de do(y,2') < 2da(y, z) est
similaire). Soit 2" € Vect(p, z) tel que by(z, z”") = 0, alors 2 € trogP puisque = € trosP,
donc 2’ € [z, 2”]. Comme les boules pour la métrique de Hilbert sont convexes, il suffit de
démontrer que do(z,2") < 2dq(z, 2):

da(z,2") < dqo(x,2)+dqo(z,2") = do(z, 2) —by(z, 2") = do(x, 2) —b,(2,2) < 2do(z,z). O
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11.5.5 Démonstration du théoréme 11.1.3

Soit (P, 2) un polytope a pointes de groupe (I', S) et de grosseur non cuspidale R supposée
non nulle ; notons s = R/3. Par le lemme 11.5.3.2, I’écart entre deux facettes disjointes
du polytope tronqué trogs P est plus grand que %.

Pour chaque sommet a V'infini p € PN, on note (I, Sp) le groupe de (P, Q) et I'on
se donne un isomorphisme 7, : I'y — I', qui provient d'une identification entre S et Sp,.
Fixons enfin § dans |(d —1)/2,d — 1], et démontrons que »__r. e~%40(*%) ot finie lorsque
R assez grand, quel que soit x € P. Soient x dans l'intérieur de tro,P et v € I

On se donne k > 0 et

r=uaf, 7, 2], 1y, T3, ..., T, :Lf, T =T € [z,77]

alignés dans cet ordre tels que [z, 27, ] C trosQ pour tout 0 < i < k, et [z, , 2] est
contenu dans le s-voisinage fermé d’un sommet a I'infini pour tout 1 <i < k.

Pour tout 0 < i < k, puisque [mj,:v;;l] est contenu dans trog€), on peut trouver un
entier k; > 0 et une suite de points

TS =00, Tijds oo Tigys Tikerl = Ty € (27,25

dans cet ordre tels que z;; et x; ;41 sont dans une méme chambre tronquée pour tout
0 < j <k;. Daprésleslemmes 11.3.7 et 11.5.4, on peut trouver pour chaque 0 < ¢ < k un
entier m; > 0 et une suite

+ _ _ —
Ty = Yi0s Yils -5 Yimys Yim+1 = Tiqq < tI‘OSQ

telle que pour tout 0 < j < m;, les points y;; et y; ;1 sont dans une méme chambre
tronquée, de la forme ~; jtro,P pour un certain ;; € I', et ont des facettes tronquées
disjointes si 0 < j < my, et de plus telle que, en posant C1 = 6ar g,

do(yi1,vi2) + -+ daVim,—1, Yim;) < Clda (], z7), (11.5.1)

Observons que 7o = id, tandis que Yg.m, = 7. Pour tout 0 < 7 < k, on pose
gi = ’ygol'yi,mi et, si ¢ > 0, on se donne un sommet & 'infini p; de P, et h; € 'y tels que

Tpi (hi) = 7;_117%%'70. Alors
Y = 4o - Tp, (hl) “g1 - Tp2(h2) e Ql—1 - Tpk(hk) © k- (1152)

Soit 0 <7 < k. Pour chaque 1 < j < mj, I'élément k; ; = 7&1_1%7]- appartient a un
sous-groupe standard sphérique de I'. Comme g; = k; 1 -+ - ki m,, et ar,g < C1, on en déduit
que

Par ailleurs, pour tout 1 < j < mj, les facettes tronquées de y; ; et y; j+1 étant disjointes,
on a da(yij, Yij+1) = ﬁ, si bien que

do(Yi1,Yi2) + -+ do(Yim—1, Yim;) > (m; —1). (11.5.4)

3Cap

Il ressort de (11.5.1), (11.5.3) et (11.5.4) I’estimation suivante.

_ R .
do(zf @) > a|gz\ si|gi| > 2Ch. (11.5.5)
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Si ¢ > 0, alors on peut remarquer en outre que

R

do(zF _—
ol 2, ) > 3CA,2C'f+1

Foar (11.5.6)

En effet, cela découle de (11.5.1) et (11.5.4) lorsque m; > 2, tandis que si m; = 1, alors z et
7, sont sur deux s-voisinages de sommets & Uinfini différents, si bien que do(z], 27, ;) >

3Ca2"
D’aprés le lemme 11.5.3.3, pour tout 1 <7 < k, on a
do(z;,x) > do, (x4, hiza) — Cag. (11.5.7)
En combinant (11.5.5), (11.5.6) et (11.5.7), on obtient, en notant ¢} = 12C 4 2C$1:
k R k R
(z,vz) Z; ar 19:111g:>20, + Z; do,(wa, hiza) + k (q - CA73) : (11.5.8)

Estimons maintenant 3 =3 e~%da(zy2) .

B < Z Z H C’ ‘gz|1\91\>201 He dda , (za,hiza) | (C%*CA,R;)

k>0 go,....gk€l’ =0
h1,...;hi €T 4
Pl PR EPNON

<3 (#0:hl<20) 4 <_R§>>k“ @) - (#P N 90) (6—5(5‘&—0/473))‘3,
k>0 Cl

ot xr(t) = > er el et xa(t) = > el et (@aT4) hour tout ¢ > 0. Ainsi, pour que
[ soit fini, il suffit que

(#{7: Iv] < 2C1} + xr (-Ié‘;)) - xa(6) - (#P N oQ) .e‘é(c%‘cf‘ﬁ) <1

Or il existe une constante Cy > 1 telle que xa(t) < t_cﬁ pour tout ¢t > (d —1)/2, et de

plus xr(—log #S — 1) < co. Puisque (d —1)/2 <4 < (dg— 1), pour que f soit fini il suffit
que

R(d - 1)
—_— >
207 log #S5 +1, et
_ R(d—1) _
(#{7 <201} + xo (~log #5 — 1)) - 02 L (#Prog). a Ny

2

En résume, on a démontré que pour tout systéme de Coxeter (I',S), il existe une
constante C' > (d — 1)e > 1 qui satisfait la propriété suivante. Soit (P,Q) un polytope a

pointes de groupe (I',S). Si —1, et si
R
Ce C d—1
5_e@<1, i.e.5>T+C'e_%
2

alors pour tout x € 2,
Zeﬂsdﬂ(mﬁm) < 00.
~yer
D’apres [Thol7, Th. 2|, 'exposant critique de (P, €2) est dans tous les cas inférieur a d — 1.

Donc L’exposant critique de (P, ) est inférieur a 451 + Ce™C.



Bibliography

[ABC19)

[Ano67]

|AS84]

[Bab02]

[Bal82]

[Bal8s5|

[BAPP19)

[BBESS|

[BC]

[BCFT18]

[BCG5]

[BD14]

[BDL1S]

Ilesanmi Adeboye, Harrison Bray, and David Constantine. Entropy rigidity and
Hilbert volume. Discrete Contin. Dyn. Syst., 39(4):1731-1744, 2019.

Dmitry V. Anosov. Geodesic flows on closed Riemannian manifolds of negative
curvature. Tr. Mat. Inst. im. V. A. Steklova, 90, 1967.

Jon Aaronson and Dennis Sullivan. Rational ergodicity of geodesic flows. Er-
godic Theory Dyn. Syst., 4:165-178, 1984.

Martine Babillot. On the mixing property for hyperbolic systems. Israel J.
Math., 129:61-76, 2002.

Werner Ballmann. Axial isometries of manifolds of nonpositive curvature. Math.
Ann., 259(1):131-144, 1982.

Werner Ballmann. Nonpositively curved manifolds of higher rank. Ann. Math.
(2), 122:597-609, 1985.

Anne Broise-Alamichel, Jouni Parkkonen, and Frédéric Paulin. Equidistribution
and counting under equilibrium states in negative curvature and trees, volume
329 of Progress in Mathematics. Birkhduser/Springer, Cham, 2019. Applica-
tions to non-Archimedean Diophantine approximation, Appendix by Jéréme
Buzzi.

Werner Ballmann, Misha Brin, and Patrick Eberlein. Structure of manifolds of
nonpositive curvature. I. Ann. of Math. (2), 122(1):171-203, 1985.

Harrison Bray and David Constantine. Entropy rigidity for finite volume strictly
convex projective manifolds. Preprint, arXiv:2006.13619.

Keith Burns, Vaughn Climenhaga, Todd Fisher, and Daniel J. Thompson.
Unique equilibrium states for geodesic flows in nonpositive curvature. Geom.
Funct. Anal., 28(5):1209-1259, 2018.

Gérard Besson, Gilles Courtois, and Sylvain Gallot. Entropies et rigidités des

espaces localement symétriques de courbure strictement négative. Geom. Funct.
Anal., 5(5):731-799, 1995.

Francis Bonahon and Guillaume Dreyer. Parameterizing Hitchin components.
Duke Math. J., 163(15):2935-2975, 2014.

Samuel A. Ballas, Jeffrey Danciger, and Gye-Seon Lee. Convex projective struc-
tures on nonhyperbolic three-manifolds. Geom. Topol., 22(3):1593-1646, 2018.

219



220

[Ben60]

[Ben96]

[Ben97]

[Ben00a]

[Ben00b)]

[Ben03)

[Ben04]

[Ben06a]
|BenO6b)|

[Ben03]

[Ben12]

[BH99)

[BH13)

[Bir57]

[Bla]

[Bla21a]

[Bla21b]

[BM12]

BIBLIOGRAPHY

Jean-Paul Benzécri. Sur les variétés localement affines et localement projectives.
Bull. Soc. Math. France, 88:229-332, 1960.

Yves Benoist. Actions propres sur les espaces homogénes réductifs. Ann. of
Math. (2), 144(2):315-347, 1996.

Yves Benoist. Propriétés asymptotiques des groupes linéaires. Geom. Funct.
Anal., 7(1):1-47, 1997.

Yves Benoist. Automorphismes des cones convexes. Invent. Math., 141(1):149-
193, 2000.

Yves Benoist. Propriétés asymptotiques des groupes linéaires. I1. In Analysis on
homogeneous spaces and representation theory of Lie groups, Okayama—Kyoto
(1997), Adv. Stud. Pure Math., vol. 26, pages 33—-48. Math. Soc. Japan, Tokyo,
2000.

Yves Benoist. Convexes divisibles II. Duke Math. J., 120(1):97-120, 2003.

Yves Benoist. Convexes divisibles I. In Algebraic groups and arithmetic, pages
339-374. Tata Inst. Fund. Res., Mumbai, 2004.

Yves Benoist. Convexes divisibles IV. Invent. Math., 164(2):249-278, 2006.

Yves Benoist. Convexes hyperboliques et quasiisométries. Geom. Dedicata,
122:109-134, 2006.

Yves Benoist. A survey on divisible convex sets. In Geometry, analysis and
topology of discrete groups, Adv. Lect. Math. (ALM), vol. 6, pages 1-18. Int.
Press, Somerville, MA, 2008.

Yves Benoist.  FExercises on divisible convex sets. https://www.imo.
universite-paris-saclay.fr/“benoist/prepubli/12GearJuniorRetreat.
pdf, 2012.

Martin R. Bridson and André Haefliger. Metric spaces of non-positive curva-
ture, volume 319 of Grundlehren der Mathematischen Wissenschaften. Springer-
Verlag, Berlin, 1999.

Yves Benoist and Dominique Hulin. Cubic differentials and finite volume convex
projective surfaces. Geom. Topol., 17(1):595-620, 2013.

Garrett Birkhoff. Extensions of Jentzsch’s theorem. Trans. Amer. Math. Soc.,
85:219-227, 1957.

Pierre-Louis Blayac. Topological mixing of the geodesic flow on convex projec-
tive manifolds. Preprint, arXiv:2009.05035.

Pierre-Louis Blayac. The boundary of rank-one divisible convex sets. In prepa-
ration, 2021.

Pierre-Louis Blayac. Patterson-Sullivan densities in convex projective geometry.
In preparation, 2021.

Thierry Barbot and Quentin Mérigot. Anosov AdS representations are quasi-
Fuchsian. Groups Geom. Dyn., 6(3):441-483, 2012.


https://www.imo.universite-paris-saclay.fr/~benoist/prepubli/12GearJuniorRetreat.pdf
https://www.imo.universite-paris-saclay.fr/~benoist/prepubli/12GearJuniorRetreat.pdf
https://www.imo.universite-paris-saclay.fr/~benoist/prepubli/12GearJuniorRetreat.pdf

BIBLIOGRAPHY 221

[BMZ17]

[BO12]

[Bob]

|Bor63]

[Bor66]

[BowT71]

[Bow72]

[Bow 79|

[Bow95]

[Bow12]

[BQLE]

[Bra20al

[Bra20b|

[BS87]

[Bus55]

[Buz13]

[BZ21]

[CG90]

Thomas Barthelmé, Ludovic Marquis, and Andrew Zimmer. Entropy rigidity of
Hilbert and Riemannian metrics. Int. Math. Res. Not. IMRN, (22):6841-6866,
2017.

Yves Benoist and Hee Oh. Effective equidistribution of s-integral points on
symmetric varieties. Annales de U'Institut Fourier, 62(5):1889-1942, 2012.

Martin Bobb. Codimension-1 simplices in divisible convex domains. Preprint,
arXiv:2001.11096.

Armand Borel. Compact Clifford-Klein forms of symmetric spaces. Topology,
2:111-122, 1963.

Armand Borel. Linear algebraic groups. In Algebraic Groups and Discontinu-
ous Subgroups (Proc. Sympos. Pure Math., Boulder, Colo., 1965), pages 3-19.
Amer. Math. Soc., Providence, R.I., 1966.

Rufus Bowen. Periodic points and measures for axiom A diffeomorphisms.
Trans. Am. Math. Soc., 154:377-397, 1971.

Rufus Bowen. Entropy-expansive maps. Trans. Amer. Math. Soc., 164:323-331,
1972.

Rufus Bowen. Hausdorff dimension of quasicircles. Inst. Hautes Etudes Sci.
Publ. Math., (50):11-25, 1979.

Brian H. Bowditch. Geometrical finiteness with variable negative curvature.
Duke Math. J., 77(1):229-274, 1995.

Brian H. Bowditch. Relatively hyperbolic groups. Internat. J. Algebra Comput.,
22(03):1250016, 2012.

Yves Benoist and Jean-Frangois Quint. Random walks on reductive groups.
Ergeb. Math. Grenzgeb.(3), vol. 62. Springer, Berlin, 2016.

Harrison Bray. FErgodicity of Bowen-Margulis measure for the Benoist 3-
manifolds. J. Mod. Dyn., 16:305-329, 2020.

Harrison Bray. Geodesic flow of nonstrictly convex Hilbert geometries. Ann.
Inst. Fourier, 2020. To appear, arXiv:1710.06938.

Keith Burns and Ralf Spatzier. Manifolds of nonpositive curvature and their
buildings. Publ. Math., Inst. Hautes Etud. Sci., 65:35-59, 1987.

Herbert Busemann. The geometry of geodesics. Academic Press Inc., New York,
N. Y., 1955.

Jérome Buzzi. Hadamard et les systémes dynamiques. Images des Mathéma-
tiqgues, CNRS, 2013.

Pierre-Louis Blayac and Feng Zhu. Ergodicity an equidistribution in Hilbert
geometry. In preparation, 2021.

Lawrence J. Corwin and Frederick P. Greenleaf. Representations of nilpotent
Lie groups and their applications. Part I, volume 18 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 1990.



222

[CKNO07]

[CLM20]

[CLT15]

[CM14a]

[CM14D)

[Coul7a]

[Coul7b]

[Cra09)]

[Crall]

[CS10]

[Dal00]

[Dan)|

[Dav0g]

[DG]

[DGKal

[DGKD]

[DGK18]

BIBLIOGRAPHY

Grant Cairns, Alla Kolganova, and Anthony Nielsen. Topological transitivity
and mixing notions for group actions. Rocky Mountain J. Math., 37(2):371-397,
2007.

Suhyoung Choi, Gye-Seon Lee, and Ludovic Marquis. Convex projective gen-
eralized Dehn filling. Ann. Sci. Ec. Norm. Supér., 53:217-266, 2020.

Daryl Cooper, Darren D. Long, and Stephan Tillmann. On convex projective
manifolds and cusps. Adv. Math., 277:181-251, 2015.

Mickaél Crampon and Ludovic Marquis. Finitude géométrique en géométrie de
Hilbert. Ann. Inst. Fourier (Grenoble), 64(6):2299-2377, 2014.

Mickaél Crampon and Ludovic Marquis. Le flot géodésique des quotients
géomeétriquement finis des géométries de Hilbert. Pacific J. Math., 268(2):313—
369, 2014.

Yves Coudéne. The Hopf argument. J. Mod. Dyn., 1(1):147-153, 2007.

Yves Coudene. On invariant distributions and mixing. Frgodic Theory Dynam.
Systems, 27(1):109-112, 2007.

Mickaél Crampon. Entropies of strictly convex projective manifolds. J. Mod.
Dyn., 3(4):511-547, 2009.

Mickaél Crampon. Dynamics and entropies of Hilbert metrics. PhD thesis,
Institut de Recherche Mathématique Avancée, Université de Strasbourg, Stras-
bourg, 2011.

Yves Coudéne and Barbara Schapira. Generic measures for hyperbolic flows on
non-compact spaces. Israel J. Math., 179:157-172, 2010.

Frangoise Dal’bo. Topologie du feuilletage fortement stable. Ann. Inst. Fourier
(Grenoble), 50(3):981-993, 2000.

Nguyen-Thi Dang. Topological mixing of positive diagonal flows. Preprint,
arXiv:2011.12900.

Michael W. Davis. The geometry and topology of Coxeter groups, volume 32 of
London Mathematical Society Monographs Series. Princeton University Press,
Princeton, NJ, 2008.

Nguyen-Thi Dang and Olivier Glorieux. Topological mixing of the Weyl cham-
ber flow. Ergodic Theory Dynam. Systems. To appear, arXiv:1710.06938.

Jeffrey Danciger, Francois Guéritaud, and Fanny Kassel. Convex cocompact
actions in real projective geometry. Preprint, arXiv:1704.08711.

Jeffrey Danciger, Frangois Guéritaud, and Fanny Kassel. Examples and non-
examples of convex cocompact groups in projective space. In preparation.

Jeffrey Danciger, Francois Guéritaud, and Fanny Kassel. Convex cocompact-
ness in pseudo-Riemannian hyperbolic spaces. Geom. Dedicata, 192:87-126,
2018.



BIBLIOGRAPHY 223

[DGKLM] Jeffrey Danciger, Fran¢ois Guéritaud, Fanny Kassel, Gye-Seon Lee, and Ludovic

[DOPOO]

[Ebe72]

[Eis95]

[FH19]

[FK94|

[FKO05]

[GH55)

[Gol90]

[Gro81]

[Had9s)

[Ham89)

[Hed39]

[HK95)

[HM79]

[Hrul0]

[1s1]

Marquis. Convex compactness for Coxeter groups. Preprint, arXiv:2102.02757.

Frangoise Dal’bo, Jean-Pierre Otal, and Marc Peigné. Séries de Poincaré des
groupes géométriquement finis. Israel Journal of Mathematics, 118(1):109-124,
December 2000.

Patrick Eberlein. Geodesic flows on negatively curved manifolds. I. Ann. Math.
(2), 95:492-510, 1972.

David Eisenbud. Commutative algebra, volume 150 of Graduate Texts in Math-
ematics. Springer-Verlag, New York, 1995. With a view toward algebraic ge-
ometry.

Todd Fisher and Boris Hasselblatt. Hyperbolic flows. Zur. Lect. Adv. Math.
European Mathematical Society (EMS), 2019.

Jacques Faraut and Adam Koranyi. Analysis on symmetric cones. Oxford
Math. Monogr. Oxford University Press, New York, 1994.

Thomas Foertsch and Anders Karlsson. Hilbert metrics and Minkowski norms.
J. Geom., 83(1-2):22-31, 2005.

Walter Helbig Gottschalk and Gustav Arnold Hedlund. Topological dynamics.
American Mathematical Society Colloquium Publications, Vol. 36. American
Mathematical Society, Providence, R. L., 1955.

William M. Goldman. Convex real projective structures on compact surfaces.
J. Differential Geom., 31(3):791-845, 1990.

Mikhael Gromov. Hyperbolic manifolds, groups and actions. In Riemann sur-
faces and related topics: Proceedings of the 1978 Stony Brook Conference (State
Univ. New York, Stony Brook, N.Y., 1978), volume 97 of Ann. of Math. Stud.,
pages 183-213. Princeton Univ. Press, Princeton, N.J., 1981.

Jacques Hadamard. Les surfaces a courbures opposées et leurs lignes
géodésiques. Journ. de Math. (5), 4:27-73, 1898.

Ursula Hamenstadt. A new description of the Bowen-Margulis measure. Ergodic
Theory Dynam. Systems, 9(3):455-464, 1989.

Gustav A. Hedlund. The dynamics of geodesic flows. Bull. Amer. Math. Soc.,
45:241-260, 1939.

Boris Hasselblatt and Anatole Katok. Introduction to the modern theory of
dynamical systems, volume 54 of Encyclopedia Math. Appl. Cambridge Univ.
Press, Cambridge, 1995.

Roger E. Howe and Calvin C. Moore. Asymptotic properties of unitary repre-
sentations. J. Funct. Anal., 32(1):72-96, 1979.

G. Christopher Hruska. Relative hyperbolicity and relative quasiconvexity for
countable groups. Algebr. Geom. Topol., 10(3):1807-1856, 2010.

Mitul Islam. Rank-one Hilbert geometries. Preprint, arXiv:1912.13013.



224

[1T92]

[1Z]

[TM87]

[Kap07]

[KL18]

[Knigs|

[Kni02]

[Koe99]

[Kos68|

[Kre85|

[KS58

[Kui54]

[Lab06]

[Lab07]

[Lan50]

[Led95]

[Lin20]

BIBLIOGRAPHY

Yoichi Imayoshi and Masahiko Taniguchi. An introduction to Teichmiiller
spaces. Springer-Verlag, Tokyo, 1992. Translated and revised from the Japanese
by the authors.

Mitul Islam and Andrew Zimmer. Convex co-compact actions of relatively
hyperbolic groups. Preprint, arXiv:1910.08885.

Dennis Johnson and John J. Millson. Deformation spaces associated to compact
hyperbolic manifolds. In Discrete groups in geometry and analysis, Prog. Math.,
vol. 67, pages 48-106. Birkh&user, Boston, MA, 1987.

Michael Kapovich. Convex projective structures on Gromov-Thurston mani-
folds. Geom. Topol., 11:1777-1830, 2007.

Michael Kapovich and Bernhard Leeb. Relativizing characterizations of Anosov
subgroups, I, June 2018.

Gerhard Knieper. The uniqueness of the measure of maximal entropy for
geodesic flows on rank 1 manifolds. Ann. of Math. (2), 148(1):291-314, 1998.

Gerhard Knieper. Hyperbolic dynamics and Riemannian geometry. In Hand-
book of dynamical systems. Vol. 14, chapter 6, pages 453-545. North-Holland,
Amsterdam, 2002.

Max Koecher. The Minnesota notes on Jordan algebras and their applications,
volume 1710 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1999.
Edited, annotated and with a preface by Aloys Krieg and Sebastian Walcher.

Jean-Louis Koszul. Déformations de connexions localement plates. Ann. Inst.
Fourier, 18(1):103-114, 1968.

Ulrich Krengel. Ergodic theorems, volume 6 of De Gruyter Studies in Mathe-
matics. Walter de Gruyter & Co., Berlin, 1985. With a supplement by Antoine
Brunel.

Paul Kelly and Ernst Straus. Curvature in Hilbert geometries. Pacific J. Math.,
8:119-125, 1958.

Nicolaas H. Kuiper. On convex locally-projective spaces. In Convegno Inter-
nazionale di Geometria Differenziale, pages 200-213. Cremonese, Roma, 1954.

Frangois Labourie. Anosov flows, surface groups and curves in projective space.
Invent. Math., 165(1):51-114, 2006.

Francgois Labourie. Flat projective structures on surfaces and cubic holomorphic
differentials. Pure Appl. Math. Q., 3(4, Special Issue: In honor of Grigory
Margulis. Part 1):1057-1099, 2007.

Folke Lannér. On complexes with transitive groups of automorphisms. Comm.
Sém. Math. Univ. Lund [Medd. Lunds Univ. Mat. Sem.], 11:71, 1950.

Francois Ledrappier. Structure au bord des variétés a courbure négative. Sémin.
Théor. Spectr. Géom., 13:97-122, 1995.

Gabriele Link. Equidistribution and counting of orbit points for discrete rank
one isometry groups of Hadamard spaces. Tunis. J. Math., 2(4):791-839, 2020.



BIBLIOGRAPHY 225

[Lofo1]

[LWW20]

[ManT79|

[Mar69)

[Mar70]

[Marl0]

[Mar12al

[Mar12b]

[Mar17]

[Mas8§|

[Mes07]

[Mou88]|

[Nie]

[Niel5a]

[Niel5b]

[0si06]

[Ota92]

John C. Loftin. Affine spheres and convex RP"-manifolds. Amer. J. Math.,
123(2):255-274, 2001.

Fei Liu, Fang Wang, and Weisheng Wu. On the Patterson-Sullivan measure for
geodesic flows on rank 1 manifolds without focal points. Discrete Contin. Dyn.
Syst., 40(3):1517-1554, 2020.

Anthony Manning. Topological entropy for geodesic flows. Ann. of Math. (2),
110(3):567-573, 1979.

Gregory A. Margulis. Certain applications of ergodic theory to the investigation
of manifolds of negative curvature. Funkcional. Anal. i PriloZen., 3(4):89-90,
1969.

Gregory A. Margulis. Certain measures associated with U-flows on compact
manifolds. Funct. Anal. Appl., 4:55-67, 1970.

Ludovic Marquis. Espace des modules de certains polyédres projectifs miroirs.
Geom. Dedicata, 147:47-86, 2010.

Ludovic Marquis. Exemples de variétés projectives strictement convexes de
volume fini en dimension quelconque. Enseign. Math. (2), 58(1-2):3-47, 2012.

Ludovic Marquis. Surface projective convexe de volume fini. Ann. Inst. Fourier,
62(1):325-392, 2012.

Ludovic Marquis. Coxeter group in Hilbert geometry. Groups Geom. Dyn.,
11(3):819-877, 2017.

Bernard Magkit. Kleinian groups, volume 287 of Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1988.

Geoffrey Mess. Lorentz spacetimes of constant curvature (1990). Geom. Dedi-
cata, 126:3-45, 2007.

Gabor Moussong. Hyperbolic Cozeter groups. ProQuest LLC, Ann Arbor, MI,
1988. Thesis (Ph.D.)-The Ohio State University.

Xin Nie. Meromorphic cubic differentials and convex projective structures.
Preprint, arXiv:1503.02608.

Xin Nie. Entropy degeneration of convex projective surfaces. Conform. Geom.
Dyn., 19:318-322, 2015.

Xin Nie. On the Hilbert geometry of simplicial Tits sets. Ann. Inst. Fourier
(Grenoble), 65(3):1005-1030, 2015.

Denis V. Osin. Relatively hyperbolic groups: intrinsic geometry, algebraic prop-
erties, and algorithmic problems. Mem. Amer. Math. Soc., 179(843):vi+100,
2006.

Jean-Pierre Otal. Sur la géometrie symplectique de l'espace des géodésiques
d’une variété a courbure négative. Rev. Mat. Iberoamericana, 8(3):441-456,
1992.



226

[Pat76]

[Poig2)
[PS17]

[PT14]

[Rag72]

[Rén70]

|Ric]

[Rob03]

[Sam14|

[Sel60]

[Sie51]

[SM02]

[Sul79]

[Thol7|

[Tit72]
[Tuk9s]

[Verl7]

[Vey70]

BIBLIOGRAPHY

Samuel J. Patterson. The limit set of a Fuchsian group. Acta Math., 136(3-
4):241-273, 1976.

Henri Poincaré. Théorie des groupes fuchsiens. Acta Math., 1(1):1-76, 1882.

Rafael Potrie and Andrés Sambarino. Eigenvalues and entropy of a Hitchin
representation. Invent. Math., 209(3):885-925, 2017.

Athanase Papadopoulos and Marc Troyanov, editors. Handbook of Hilbert ge-
ometry, volume 22 of IRMA Lectures in Mathematics and Theoretical Physics.
European Mathematical Society (EMS), Ziirich, 2014.

Madabusi S. Raghunathan. Discrete subgroups of Lie groups. Springer-Verlag,
New York-Heidelberg, 1972. Ergebnisse der Mathematik und ihrer Grenzgebi-
ete, Band 68.

Alfréd Rényi. Probability theory. North-Holland Publishing Co., Amsterdam-
London; American Elsevier Publishing Co., Inc., New York, 1970. Translated by
Laszloé Vekerdi, North-Holland Series in Applied Mathematics and Mechanics,
Vol. 10.

Russell Ricks. Counting closed geodesics in a compact rank-one locally cat(0)
space. Preprint, arXiv:1903.07635.

Thomas Roblin. Ergodicité et équidistribution en courbure négative. Mém.
Soc. Math. Fr. (N.S.), (95), 2003.

Andrés Sambarino. Quantitative properties of convex representations. Com-
ment. Math. Helv., 89(2):443-488, 2014.

Atle Selberg. On discontinuous groups in higher-dimensional symmetric spaces.
In Contributions to function theory, pages 147-164. Tata Inst. Fund. Res. Stud.
Math., Bombay, 1960.

Carl Ludwig Siegel. Indefinite quadratische Formen und Funktionentheorie. 1.
Math. Ann., 124:17-54, 1951.

Edith Socié-Méthou. Caractérisation des ellipsoides par leurs groupes
d’automorphismes. Ann. Sci. Ecole Norm. Sup. (4), 35(4):537-548, 2002.

Dennis Sullivan. The density at infinity of a discrete group of hyperbolic mo-
tions. Publ. Math. Inst. Hautes Etudes Sci., (50):171-202, 1979.

Nicolas Tholozan. Volume entropy of Hilbert metrics and length spectrum of
Hitchin representations into PSL(3,R). Duke Math. J., 166(7):1377-1403, 2017.

Jacques Tits. Free subgroups in linear groups. J. Algebra, 20:250-270, 1972.

Pekka Tukia. Conical limit points and uniform convergence groups. J. Reine
Angew. Math., 501:71-98, 1998.

Constantin Vernicos. Approximability of convex bodies and volume entropy in
Hilbert geometry. Pacific J. Math., 287(1):223-256, 2017.

Jacques Vey. Sur les automorphismes affines des ouverts convexes saillants.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3), 24:641-665, 1970.



BIBLIOGRAPHY 227

[Vin65]

[Vin71]

[Wal0§|

[Wol20]

[Yam06]

[Zhal5a]

[Zhal5b]

[Zhua)

[Zhub]

[Zim)|

[Zim84|

[Zim20]

Ernest B. Vinberg. Structure of the group of automorphisms of a homogeneous
convex cone. Trudy Moskov. Mat. Obs¢., 13:56-83, 1965.

Ernest B. Vinberg. Discrete linear groups that are generated by reflections. Izv.
Akad. Nauk SSSR Ser. Mat., 35:1072-1112, 1971.

Cormac Walsh. The horofunction boundary of the Hilbert geometry. Adv.
Geom., 8(4):503-529, 2008.

Adva Wolf. Conwvex projective geometrically finite structures. ProQuest LLC,
Ann Arbor, MI, 2020. Thesis (Ph.D.)-Stanford University.

Asli Yaman. A topological characterisation of relatively hyperbolic groups. J.
reine angew. Math. (Crelles Journal), 566:41-89, 2006.

Tengren Zhang. Degeneration of Hitchin representations along internal se-
quences. Geom. Funct. Anal., 25(5):1588-1645, 2015.

Tengren Zhang. The degeneration of convex RP? structures on surfaces. Proc.
Lond. Math. Soc. (3), 111(5):967-1012, 2015.

Feng Zhu. FErgodicity and equidistribution in Hilbert geometry. Preprint,
arXiv:2008.00328.

Feng Zhu. Relatively dominated representations. Preprint, arXiv:1912.13152.

Andrew Zimmer. A higher rank rigidity theorem for convex real projective
manifolds. Preprint, arXiv: 2001.05584.

Robert J. Zimmer. FErgodic theory and semisimple groups. Monogr. Math.,
vol. 81. Birkhduser Verlag, Basel, 1984.

Andrew Zimmer. Projective Anosov representations, convex cocompact actions,
and rigidity. J. Differential Geom., 2020. To appear, arXiv: 1704.08582.






ECOLE DOCTORALE

® .
universite
PARIS-SACLAY

de mathématiques
Hadamard (EDMH)

Titre:

Mots clés:
Coxeter, Exposant critique

Résumé: Cette thése est consacrée a I'étude de la
dynamique du flot géodésique des variétés projectives
convexes, et fait suite aux travaux de Benoist, Bray,
Crampon, Marquis et F.Zhu sur le sujet. Ces variétés
sont des quotients d’ouverts projectifs proprement con-
vexes, munis de la métrique de Hilbert, par des groupes
linéaires discrets sans torsion, et le flot géodésique y suit
les lignes droites projectives. Elles présentent des simili-
tudes avec les variétés riemanniennes & courbure négative
ou nulle, ainsi on s’inspirera des nombreux travaux, no-
tamment ceux de Knieper et Roblin, portant sur le flot
géodésique de ces derniéres. En particulier, la majeure
partie des résultats présentés ici portent sur les variétés
projectives convexes de rang un, introduites par M.Islam
et A.Zimmer, et analogues aux variétés riemanniennes de
rang un.

Etant donnée une variété projective convexe de rang
un, nous introduisons un fermé du fibré unitaire tan-
gent invariant par le flot géodésique, appelé fibré uni-
taire tangent biproximal, dont nous montrons qu’il est
le fibré unitaire tangent tout entier dans la cas com-
pact, et que le flot géodésique y est topologiquement
mélangeant en général. (Un résultat de mélange est
aussi obtenu dans le cas compact de rang supérieur.)

Aspects dynamiques des structures projectives convexes

Ouvert proprement convexe, Convexe divisible, Flot géodésique, Densité conforme, Groupe de

Nous développons la théorie des densités de Patterson—
Sullivan pour les variétés projectives convexes de rang
un, qui est utilisée pour obtenir une dichotomie de
Hopf-Tsuji-Sullivan—Roblin et l'existence et unicité de
la mesure d’entropie maximale sur le fibré unitaire tan-
gent biproximal lorsque le coeur convexe (introduit par
Danciger—Guéritaud-Kassel) est compact. Cette théorie
nous permet aussi d’obtenir sous certaines conditions
plusieurs résultats d’équidistribution : les géodésiques
périodiques s’équidistribuent dans le fibré unitaire tan-
gent biproximal, tandis que chaque orbite du groupe
fondamental dans le revétement universel de la variété
s’accumule sur le bord projectif de ce dernier comme
prescrit par la densité de Patterson—Sullivan.

En paralléle, faisant suite aux travaux de X.Nie et
T.Zhang, nous étudions ’exposant critique des variétés
projectives convexes. Plus précisément, nous nous in-
téressons & ’ensemble des valeurs prises par ’exposant
critique lorsque 'on fait varier la structure projective
convexe sur une variété topologique fixée. Par exemple,
nous déterminons la borne inférieure de ’exposant cri-
tique pour certaines familles de telles structures, comme
I’ensemble des structures de volume fini sur une surface.

Title:
Keywords:

Critical exponent

Abstract: In this thesis we study the dynamics of
the geodesic flow on convex projective manifolds, fol-
lowing work of Benoist, Bray, Crampon, Marquis and
F.Zhu. These manifolds are quotients of properly con-
vex, open, projective sets, equipped with the Hilbert
metric, by discrete linear groups; the geodesic flow
parametrises straight projective lines. These manifolds
show similarities with non-positively curved Riemannian
manifolds, hence we take inspiration from the literature
on the geodesic flow of the latter, especially from work
of Knieper and Roblin. In particular, most results pre-
sented here concern rank-one convex projective mani-
folds, which were introduced by M. Islam and A. Zimmer,
and are analogues of rank-one Riemannian manifolds.
Given a rank-one convex projective manifold, we in-
troduce a flow-invariant closed subset of the unit tan-
gent bundle, called the biproximal unit tangent bundle,
which is proved to be the full unit tangent bundle if the
manifold is compact, and on which the geodesic flow is
proved to be topologically mixing in general. (A mixing
result is also obtained in the higher-rank compact case.)

Dynamical aspects of convex projective structures

Properly convex open set, Divisible convex set, Geodesic flow, Conformal density, Coxeter group,

‘We develop the theory of Patterson—Sullivan densities for
rank-one convex projective manifolds, which is used to
establish a Hopf-Tsuji-Sullivan-Roblin dichotomy and,
if the convex core (introduced by Danciger—Guéritaud—
Kassel) is compact, existence and uniqueness of the mea-
sure of maximal entropy on the biproximal unit tangent
bundle. This theory also allows us to establish, un-
der certain conditions, equidistribution results: closed
geodesics equidistribute in the biproximal unit tangent
bundle, while orbits of the fundamental group in the uni-
versal cover accumulate on the projective boundary of
the latter as prescribed by the Patterson—Sullivan den-
sity.

We also study the critical exponent of convex projec-
tive manifolds, building on work of X. Nie and T. Zhang.
More precisely, we look at the values taken by the critical
exponent when letting the convex projective structure
vary on a fixed topological manifold. For instance, we
give the infimum of the critical exponents of certain fam-
ilies of convex projective structures, such as the family
of finite-volume structures on a surface.
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