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Abstract

We introduce and analyze several algorithms for optimal illumination in
array imaging. We consider time reversal and Kirchhoff migration imaging
in homogeneous media, in regimes where the signal-to-noise ratio is high
(infinite). Extensions to coherent interferometric imaging in clutter are
described briefly. We show with numerical simulations that the optimal
illumination algorithms image selectively closely spaced point scatterers
and extended scatterers with considerably better resolution than without the
optimization. We analyze the imaging algorithms in the Fraunhofer diffraction
regime for small and extended scatterers. Using the prolate spheroidal
wavefunctions we also derive analytic expressions of optimal illuminations
for imaging strips.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In optimal waveform design for array imaging, we look for probing pulses and illumination
patterns that enhance the resolution of the image of scatterers in a medium. In this paper
we assume that the medium is known and homogeneous and we study theoretically and with
numerical simulations optimal waveform design for time reversal and Kirchhoff migration
imaging.

Time reversal is a physical process [22-24] that consists of two steps: first, we illuminate
the scatterers from the sources in the array and record over a time window the echoes that
come back. Second, we time-reverse the recorded echoes and re-emit them into the medium,
where they propagate back to the scatterers and focus on them. The focusing occurs because
of the time reversibility of the wave equation, which holds when the waves propagate through
the same medium in both steps of the time reversal process. In general, the imaging process
is different than time reversal, because it back propagates fictitiously the time reversed echoes
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to points where the image is formed. By fictitious we mean that the back propagation is done
numerically or analytically in a surrogate medium that can differ from the true one, which may
not be known in detail [12, 13]. However, in this paper we consider homogeneous and known
media and we refer to the resulting imaging function as time reversal since it is mathematically
equivalent to that of physical time reversal.

In time reversal all the sources can work at once to focus energy (beamform) selectively
on the scatterers. In Kirchhoff migration [5, 27] the illumination is done with one source at
a time, so there is no actual beamforming. The Kirchhoff migration function is given by the
superposition of the echoes recorded for each source and back propagated fictitiously to the
point where we form the image. This can be interpreted mathematically as beamforming onto
the imaging point, which varies over a search domain where we look for the scatterers.

The optimal waveform design for time reversal looks for array illuminations that focus
selectively on various features of the scatterers. For example, for a cluster of small scatterers
we wish to focus on one scatterer at a time. For imaging the support of extended scatterers
we wish to focus on their edges or corners. In Kirchhoff migration the acquisition of the array
response matrix is done before the imaging process. The question is then how to process the
data in order to enhance the resolution of the images.

In this paper, we study waveform design in a regime where the signal-to-noise ratio
(SNR) is high (infinite). Low SNR can arise because of clutter in the medium and instrument
noise at the receivers. Clutter is more challenging to deal with because it creates echoes with
considerable delay spread (coda), which cannot be treated as additive and uncorrelated noise.
The optimal illumination algorithms introduced in this paper have been extended to imaging
in clutter in [11]. The key difference is that the images are formed with the statistically
stable adaptive coherent interferometric (CINT) method, which was introduced in [8, 9]. A
preliminary study of optimal waveform design in low SNR regimes due to instrument noise is
given in [9]. A more detailed analysis of noise effects is left for future studies.

Optimal illumination is typically studied in connection with array detection of scatterers
[15, 22, 24]. This is different from optimal illumination for resolution enhancement because
it seeks to maximize the energy of the echoes received at the array, instead of improving
the resolution of the image. The optimal illumination for detection can be obtained from
the singular value decomposition (SVD) of the Fourier transform of the array response
matrix. The illuminating waveform is the right singular vector corresponding to the leading
singular value at its peak frequency [15, 22]. This is a narrow band illumination that has
poor range resolution and cannot detect the edges of an extended scatterer. If we use
successively time reversal with one singular vector at a time, over the whole frequency
band, then we focus selectively on successively weaker scatterers, provided that they are
small and well separated. This is the DORT (decomposition de I’operateur de retournement
temporel) method of selective illumination and imaging in homogeneous media, introduced in
[22, 23]. Extensions of this SVD approach to imaging well separated small scatterers in
random media are given in [12, 13], using matched field functionals combined with arrival
time estimation.

In this paper, we show that optimal illumination can be used to enhance the resolution
of images of small scatterers that are not well separated, as well as of extended scatterers.
We introduce variational principles for obtaining optimal illuminations, based on minimizing
the spatial support of the image. Using numerical simulations we show that for Kirchhoff
migration imaging the variational algorithms tend to favor illuminations from the edges of
the array, and from the higher end of the frequency band. These results are supported by
the analysis, which we carry out in the Fraunhofer diffraction regime for general extended
scatterers. We also analyze linearized least-squares imaging and compare it with Kirchhoff
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migration with optimal illumination. Kirchhoff migration is an approximation of least-squares
imaging when the normal operator is replaced by the identity. This is a valid approximation
for large arrays and large bandwidths [4, 5, 27]. For moderate size arrays and bandwidths,
Kirchhoff migration imaging improves considerably when we use optimal illumination.

We also introduce in this paper variational principles for optimal illumination with
selective focusing, using the SVD of the response matrix in the frequency domain. We
illustrate with numerical simulations how these algorithms image selectively small scatterers
that are not well separated. We complement the numerical results with an analysis in the
Fraunhofer diffraction regime. We obtain analytical forms of the SVD of the response matrix
and of the imaging functions, for general extended scatterers. For strip-like scatterers, the
SVD has an explicit form in terms of the prolate spheroidal wavefunctions [21, 25, 26]. At
any frequency in the bandwidth the number of nonzero singular values is approximately ﬁ,
where b is the width of the strip, X is the wavelength, L is the range, a is the aperture of the
array, and AL /a is the time reversal spot size. This relation is expected on physical grounds,
as pointed out in [19, 28, 29]. Here we derive it analytically. We also show that, at high
SNR, the optimal illuminations are from the edges of the array and that the resulting images
are sharply peaked at the edges of the strip. The focusing of DORT images on the edges of
extended scatterers was observed numerically and experimentally in [20]. Here we derive it
analytically.

This paper is organized as follows. In section 2, we formulate the array imaging problem
using time reversal, Kirchhoff migration, and linearized least squares. In section 3, we
first review optimal illumination for detection and selective illumination with DORT. Then,
we introduce variational principles for imaging with optimal illumination. In section 4, we
present numerical simulations with the optimal illumination algorithms. We begin the analysis
in section 5 by introducing the Fraunhofer diffraction regime and deriving a simplified form of
the SVD of the response matrix in the frequency domain. In section 6, we obtain an analytical
form of the variational principles for optimal illumination associated with time reversal and
Kirchhoff migration, respectively. We calculate explicitly the optimal illumination for a point
scatterer. In section 7, we consider the special case of imaging strip-like objects, where the
SVD has an explicit form in terms of the prolate spheroidal wavefunctions. We analyze there
selective imaging and show that optimal illuminations for time reversal imaging favor the
edges of the array. The resulting images are sharply peaked at the edges of strips. In section 8,
we use the prolate spheroidal wavefunctions to analyze optimal illuminations for strips with
Kirchhoff migration. We show that edge illumination is favored again, in agreement with the
more general results of section 6. In section 9, we analyze linearized least-squares imaging of
strips with prolate spheroidal wavefunctions and compare with Kirchhoff migration imaging.
We end with a summary in section 10.

2. Array imaging

We consider time reversal and Kirchhoff migration imaging of reflectors in a medium, given
time traces of the echoes received at an actively probing array. The array has N, sources and
N, receivers distributed over a domain .A. We consider both two-dimensional arrays in three
dimensions (3D) and one-dimensional arrays in two dimensions (2D). We take for simplicity
A to be a square with side @ in 3D, and an interval of length a in 2D. The sources and receiver
locations are denoted by X, and X,, fors = 1,...,Nyandr = 1,..., N.. We suppose for
convenience that the sources and receivers are co-located and that N, = N, = N. We also
assume that they are closely spaced, so that the array behaves like an aperture.
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In this paper, we consider only wave propagation in a homogeneous medium with wave
speed ¢,. This means that scattering occurs only at the reflectors that we wish to image. The
reflectors are at range L from the array and they have a reflectivity function p(y). We study
two array imaging methods: time reversal and Kirchhoff migration. They are described in the
next section.

2.1. Time reversal imaging and migration

We denote by M(w) the N x N Fourier transform of the array impulse response matrix. Its
entries ﬁ(ir, X,, ) are the Fourier transform of the time traces received at X,, at frequency w,
when a § function pulse is sent from X;. Note that by reciprocity and due to our assumption
of co-located sources and receivers, I1(w) is complex symmetric but not Hermitian.

We typically send from the array pulses that are band limited and may vary with X;. We
let [w, — B/2, w, + B/2] be our frequency band, with central frequency w, and bandwidth B.
The echoes received at the array are given by the time convolution of the emitted pulses with
the response matrix. Depending on the imaging method used, the array may illuminate the
reflector sequentially, with one source at a time, or by using all the sources at once.

In time reversal [18], the sources emit simultancously waveforms g(X,, @) and the
receivers record the echoes P (X,, t) whose Fourier transform is

N
P, 0) =) T, X, 0)2 (s, ). .1
s=1
The recordings P(X,,t) are then time reversed and re-emitted in the medium, where they
propagate back to the reflector and refocus. The wave field observed at search point y° is

N N
™% 2) = / do Y Go(%, ¥%, ) Y TR, Xy, 0)3 (X, @), 22)
|w—wo| < B/2 r=1 s=1

where the bar stands for complex conjugation.

While time reversal is a physical process, we can use (2.2) as an imaging function because
we have a known, homogeneous medium. This allows us to compute Z™R(y5; @) analytically,
for any search point y°, using the outgoing Green’s function @0 of the Helmholtz equation in
the homogeneous medium. Green’s function is given by

—~ .. eikly—X|
G(X,y,0) = ———= (2.3)
4|y — X|
in 3D and by
~ oo i .o
GoX,y,w) = ZHo(kly —x|) (2.4

in 2D. Here Hj is the zeroth-order Hankel function of the first kind. The phase of Green’s
function is k|y — X| = wt(y, X), where 7 (¥, X) is the travel time from X to y and k = o/c, is
the wavenumber.

The Kirchhoff migration imaging functional has the form [16, 5]

N N
G ) = | 103 Col, 35, @) 3 AG,, %, @) &, )50, 35, @),
lo—wo|<B/2 r=1 s=1
2.5

and it is related to the least-squares method described in the next section. It is called
Kirchhoff migration because for smoothly varying backgrounds the exact Green’s function is
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approximated by its high frequency expression involving travel times. This approximation is
not needed here because the medium is homogeneous.

The Kirchhoff migration function is similar to (2.2) but it does not correspond to any
physical time reversal. The main difference between the two imaging functionals (2.5) and
(2.2) is the illumination. In time reversal, the waveform g(X;,, w) is sent from all the sources
in the array and it carries phase information which allows beamforming to the scatterer. For
example, g(X,, ) can be chosen as the leading right singular vector of the response matrix in
order to focus energy on the most reflective part of the scatterer and therefore obtain strong
echoes back at the array [22, 23]. In Kirchhoff migration the illumination is done with one
source at a time, so there is no real beamforming to the scatterers. However, comparing the

imaging functions (2.5) and (2.2), we note that f(X;, ®)G(X;, ¥°, ») can be interpreted as
an illumination which beamforms to the point y¥ where we form the image. The function
f(?(s, w) is the intensity of this illumination (see section 2.2) and the beam steering is done
mathematically through the phases of Green’s function.

In this paper, we study how g(X,, w) and f(is, w) affect the resolution of the images
produced with time reversal and Kirchhoff migration in homogeneous media, in high SNR
regimes.

2.2. Linearized least-squares imaging and Kirchhoff migration

In this section, we relate the Kirchhoff migration imaging function (2.5) to an approximation
of the linearized least-squares solution of the array inverse scattering problem [5, 27]. We also
explain why the f(iy, w) appearing in (2.5) should be viewed as intensities of the illumination
from the sources at X, € A.

Assume that the source at X; € A emits a signal ¢ (X, t) with complex-valued Fourier
coefficients

s, 0) = / dr €' ¢ (X, 1), (2.6)

supported in the frequency interval [w, — B /2, w, + B/2]. The symmetric negative frequency
interval should be included for real signals ¢ (X,, ¢), but we omit it here for simplicity. The
Fourier coefficients of the echoes recorded at receiver locations X, € A are

P, ;%) = o, o)1, X,, 0). Q2.7)

In linearized inversion, we model the array response matrix with the single scattering,
Born approximation [14]

&, X,, w) ~ k* f d¥0 () Go (X, ¥, ) Go(Xs, ¥, w). (2.8)

The forward operator with fixed illumination ¢ is then a linear map acting on the reflectivity p

[MyplEr, @; %) = K2p(X,, 0) / Yo HGoXr, ¥, 0)Go(X,, ¥, @), (2.9)

and the linearized least-squares formulation is: Find a reflectivity function p that minimizes
the mean-square misfit

N N
T(p) = / o) Y (Ml @i %) = PG r %) (2.10)
lw—wo|<B/2

r=1 s=1

The linearized least-squares solution satisfies normal equations

MMyl (F) = M PIF®). (2.11)
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where M is the adjoint of the forward operator. Given the illumination ¢, the adjoint operator
maps the array data in the frequency domain to reflectivities. To determine the form of this
adjoint operator we introduce two inner products. The first one is in the space of the array
data in the frequency domain and it has the form

N N
(W.P) =/ do Y Y " W&, 03 %) P (X, 03 X,), (2.12)
lwo—wo|<B/2

s=1 r=1

for two different array data sets W and P. The second inner product is in the space of
reflectivity functions and has the form

(v, p) = f dyy e @), (2.13)

for two arbitrary reflectivity functions y and p. The adjoint operator My is defined formally
by

N N
WMoy P) = | 4033 KaG,, o)

|o—wo| <B/2 s=1 r=1

X/dyly(g’)ao(ir»y’ w)60(§595;’ a))ﬁ(ir,w; iS)

N N

- /dyy(Y)[/w—wogBﬂ dwzz

s=1 r=1

X kza(ixv a))ao(;(r’ ;’» w)ao(is’ ;’» w)’ﬁ(;(r’ w; )_év)jl

= (y. M}P),
and it has the expression
N N
M P16 = | 4033 KR, )G, 5 @) G0, ¥, 0) PRy, : Xy).
lo-wol<B/2 T o
(2.14)
Now recall (2.7) and note that (2.14) is the Kirchhoff migration function
N N
[M;PIG®) = / do Y Go%y, ¥5, ) YT, Xy, @)K [§ (s, @) *Go (X, ¥5, 0)
lw—w,| < B/2 =1 s=1
=1*MG*; ), (2.15)
for illumination intensities
o~ o~ B
[, ) = K[pEs, o), s=1,...,N, o — w0 < 5. (2.16)

The normal operator MM, is studied in detail in [27]. It is explained there that even
though M3 M, may not be invertible in the usual sense, it acts as an approximate identity on
the discontinuities of the reflectivity function p. In fact, when the aperture of the array and the
bandwidth tend to infinity this becomes an exact result [4]. Thus, we can estimate the support
of the reflectivity p with the right-hand side in (2.11) or, equivalently, with Z¥M(y5; ?). We
return to this in section 9, where we quantify the accuracy of the estimation for strip-like
reflectors and a Fraunhofer diffraction regime. We note here that since ZKM(y*; f) comes
from least-squares imaging of the reflectivity, the illuminations f(?(s, ®) are non-negative, as
seen from (2.16).
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3. Optimal illumination for detection and imaging

We discuss two optimization strategies for selecting the array illumination: (1) maximize the
power of the echoes received at the array, for optimal detection of the strong scatterers in the
medium. (2) Seek the array illumination with an optimality criterion that measures the quality
of the image that it produces. The first choice for array waveform design is well understood
[15, 22, 24]. We review it briefly in section 3.2. The second approach to waveform design is
the focus of this paper and it is new.

The singular value decomposition of the array response matrix M(w)isa very useful tool
for studying array waveform design for both detection and imaging. We assume throughout
the paper that we know ﬁ(a)) over the frequency band [w, — B/2, w, + B/2]. The question
is then how to process these data for enhancement of the resolution of the images?

3.1. The singular value decomposition of the response matrix

The singular value decomposition of M(w)ata given frequency w is

N
M) =Y 0j (@), @)V} (), | — wo| <
j=1

h 3.1
Here the star denotes conjugate and transpose'\?;(w) = /V\jr (w), the singular values o (w) = 0
are in decreasing order and U j(w) and Vj (w) are the orthonormal left and right singular vectors.

Because of our assumption of collocated sources and receivers, H(w) is a complex
symmetric (not Hermitian) matrix in CV*" . This means in theory that we can write a form
of the SVD with the left singular vectors given by the complex conjugates of the right ones.
However, this is true only when the correct phases are assigned to the singular vectors. When
computing the SVD of ﬁ(w) with any public software we obtain

1 (w) =¥, (w), j=1,...,N, (3.2)
with an ambiguous phase ¢; (w) that may be difficult to unwrap in a consistent manner across
the bandwidth. Nevertheless, the projection matrices

P} (@) = U;(0)T;(0) = V;(@)V] (o) (3.3)
have no phase ambiguities, because of the complex conjugation. This means that we can
compute the projected matrix
P;(0)(w) = 0;(0)T; ()0} (@) = 0, (0)V; )V} (o), j=1...,N, (3.4
and obtain consistent phases on the right-hand side, over the bandwidth. We use this phase
consistent form of the SVD of IT(w) in our optimal waveform design algorithms.

3.2. Optimal illumination for detection

When trying to detect reflectors in a medium, we seek illuminations that create strong echoes
at the array, so that in low SNR regimes we can distinguish them from the noise. The optimal
illumination waveform for detection maximizes the power of the echoes received at the array

2
N N
P@ = [ a0 3 S i, %, )2 G )| (3.5)
jo-wol<B/2 T

s=1

subject to the normalization

N
do ) 8, 0)* =1 (3.6
/Iw—wnI<3/2 ;
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of the power emitted from the sources. We denote the maximum power by

Prmax = P (Zmax) = max P(g), (3.7
g

and the optimal illumination for detection by gmax (Xy, @). This can be found easily from the
singular value decomposition of ﬁ(a)), as explained in [15, 22, 24].

Denote by v;(X,, w) the sth component of V;(w), which is the right singular vector
corresponding to the largest singular value o (). The illumination

~ - 7)\1 (;(sv w)
81Xy, ) = T (3.8)
maximizes the single frequency power over g, subject to the normalization (3.6),
o2 () NN 2
P@.81) = maxP(w, 8) = —5 P@.2) =Y | HOE.%. 0)2E. 0)| .
r=1 |s=1
3.9

The images produced with Z™R (y%, g}), defined by (2.2), are peaked near the strongest reflector
[23], as is seen in the numerical simulations of section 4. The received power is

1
3 o (@) do < Prax. (3.10)
lo—w, | <B/2
The optimal illumination for detection gmax (X, @) maximizes the power by selecting the
singular vectors at the resonant frequencies, where o) (w) attains its global maximum. If we
assume for simplicity that there is a unique resonant frequency wm.x € (wo — B/2, wo, + B/2)
and define
/U\l (is ’ w)
=5 (3 — =
gmax (XSa C()) = \/S
0, otherwise,

— <
| — wmax| < 6/2, G.11)

for a positive and small §, then the optimal illumination for detection is obtained with
'g\ﬁlax (Xy, w) in the limit § — 0. This narrow-band optimal illumination for detection can
be realized with iterative time reversal [22, 24]. It gives the strongest echoes but the lack of
bandwidth is bad for imaging, as we see in section 4.

3.3. Selective imaging for well-separated point reflectors (DORT)

Time reversal imaging with right singular vector illuminations has the form

N N
™% 0) = / do Y Go%,.¥%, ) YT, X, )0 (X, )
lo—wo|<B/2 r=1 s=1
N
-/ 40 Y Gol®. 3% ) @) Gro0).  (3.12)
lo—wo|<B/2

This is the DORT method [23] that images selectively well separated small scatterers, as we
now describe.

When there are M point reflectors at well-separated locations y) and with reflectivity
oW for j =1,..., M, the response matrix has the form,

M
) ~ &Y pPGY () (GY (@) (3.13)

j=1
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where éf,f ) (w) is the vector of Green’s functions
GY (@) = (Go(%1,§, 0), GoGa, ¥/, @), ..., GoGn, ¥V ). (3.14)

The inner product

N
(GCP(@) Gl @) =Y Go®. §. 0)Go (. 7, ) (3.15)

r=1
is the time reversal point spread function evaluated at y, for a source at /), at frequency
o [7]. For well-separated reflectors with cross-range offsets greater than the support of the
point spread function, or spot size AL /a, the vectors G5 (w) and G (w) are orthogonal. If

this holds for all j,/ =1, ..., M, then the point scatterers are well separated and ﬁ(a)) has
M positive singular values
o; =K1pY |G|, (3.16)
with right singular vectors
A G () .
() = ———, j=12..., M. (3.17)
T ew

Assuming that N > M, the remaining N — M singular values are zero.
If we define the normalized illuminations by

T, 0)  Golk, ¥V, w)

3R ) = _ y_ o) 3.18
8 = = T U6y 19
then
N N ~ L Sy
50 o~ =~ o o #G (XS’ y(j)v (,())
ITR S; : :/ d G ry S, H rs 9 > ~(7
(y gl) |w—wo|<B/2 w; O(X y a)); (X * w) \/EHGE)])H
ST e Y 66 T oG E T 619
VB Jio-ai<sp o

is the DORT imaging function. We note its similarity to the Kirchhoff migration imaging
function (2.5), except for one thing. In (3.19) the singular vector illumination beamforms to
the scatterer at y/) whereas in (2.5) the illumination beamforms to the search point 5, where
we also image.

The imaging functional (3.19) is the broadband time reversal point spread function for a
point source at /), It is focused at y) with range resolution c,/B and cross-range resolution
roa/B [8, 14]. We shall see next how to use the singular value decomposition in general,
when we are not dealing with well separated point scatterers.

Remark. The time reversal function (3.12) with the singular vector illumination 7, (X, ®)
requires that this be computed with consistent phases over the whole bandwidth. As explained
in section 3.1, this is not given automatically by any public software SVD decomposition.
In the simple case of well-separated scatterers, where the singular values remain distinct
over the frequency band, as it is assumed in DORT, the phases of the singular values can
be unwrapped consistently over the bandwidth, in a simple manner. However, in more
complicated situations where the singular values cross each other over the frequency band, the
consistent determination of the phases is a difficult problem. We use instead the projections
(3.3) which are not affected by the phase ambiguity of the singular vectors.
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Consider the projected response matrix
P;(@)1(@) = 0;(@)¥;(@)V}(w)

and denote its sth column by (3_,- (w; X5) = 0 (w)V;(Xy, @)V, (w). Then the vector

—_ o

37 - Q(a)s is) /v\'(;(sv a)) —~
V(w; X)) = e, =15 Vi(w)
i@, )| VX, 0)]

is almost the desired right singular vector v, (), except for the extra phase carried by v, (X, w).

This is similar to what we get in echo-mode iterative time reversal, when V; (w) corresponds

to the strongest scatterer and when we illuminate at the first step from a single source at X;.
The time reversal function with illumination V j(w;X) is

I™RE5 V(5 %)) =/

N
doe &I NG (%, ¥, o) [TV (@; X))
lo—wo | <B/2 —

N
~ / dwo (@)D (X, ©)Go(X,, 5, @)1 Y _[0; Xy, 0)Gor, ¥, )],
lo—w,|<B/2

r=1

(3.20)

where we compensate* the extra phase in V j(w; X;) with the travel time (X, y®). This
amounts to observing at time 7 (X, y°) the time reversed and backpropagated field to y°. The
symbol ~ in (3.20) stands for approximate, up to a multiplicative constant.

Note that if we superposed the images Z7 R (y5; V; (-; X,)) over all the sources in the array,
we would obtain

N 2

N
DIV E) ~ [ 400 (@) |3 10, G, )G, 75, )]
|lw—w,|<B/2

s=1 r=1

N N
= / do Y Y [P (@) TG %, 0) G, ¥, 0)Go (%, ¥, 0).
lo—wo|<B/2

s=1 r=1

This is like the Kirchhoff migration imaging function (2.5), with ﬁ(a)) replaced by the
projected matrix P; (w) [T(w).

3.4. Optimal illumination and selective imaging of clusters of small scatterers

When the M scatterers are clustered together, we do not have a one-to-one correspondence
between a singular value and a single scatterer uniformly in the bandwidth, and DORT fails to
image selectively. We introduce here a new algorithm for optimal illumination and selective
imaging of clusters of small scatterers. The case of extended scatterers is studied theoretically
in the second half of this paper. Numerical results for such scatterers will be presented in a
future paper.

There are two key steps in our algorithm: first, the selective imaging is achieved with an
optimal filtering of the data, as explained in section 3.4.1. The second step is described in
section 3.4.2 and it seeks optimal source weights and pulses in order to improve the selective
image of each scatterer. The algorithm is based on variational principles that minimize the
spatial support of the image, as it is being formed with the filtered data and the source

4 Such phase compensation does not work in clutter, where it is difficult to get good refocusing with time reversal in
echo mode. It is the time reversal in direct mode (i.e., with the illumination coming from the point that we wish to
refocus in the medium) that is stable and has super-resolution of focusing in clutter [6, 18].
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illumination. The algorithm is flexible with respect to the imaging function. Because we
consider here imaging in homogeneous media, we form the image with Kirchhoff migration.
In clutter, this can be replaced by the coherent interferometric imaging function [8, 9], as we
explain briefly in section 3.5.

3.4.1. Selective imaging. Assuming that we have a large number N of array elements, we
can write

oj(w) =0 for n*(w) < j < N. (3.21)

Here n*(w) is the rank of the array response matrix ﬁ(a)) and it varies in general with the
frequency, especially in the case of extended scatterers (see section 7). However, for clusters
of small M < N scatterers, we can set

n*(w) ~ n*(w,) ~ M. (3.22)
e Data filtering. Using the threshold n*(w,), we now define a set of filtering operators that we

wish to apply to the measured array response matrix ﬁ(w).

Definition 1. Let A be the set of non-negative subspace weights

B
O—w,|< 5

-5 . * B & 5
A=1di@) > 0,j=1....n"(@o), o= o] < 73 12; | dj(w)do =1

We define the filtering operators D(w, ) : A — CN*N which take coefficients d € A and
return a linear combination of the projection matrices (3.3)

n*(wo)

D(w,d) =) dj(@)P;(w), (3.23)
j=1

for each frequency w in the bandwidth.

When we apply the filters D(w, -) to the response matrix, we get according to (3.4)

n*(we) n*(wo)
D(w. d)T() = Y dj(@P;@)T(@) = Y d;@)0o; (@@} (). (3.24)
j=1 j=1

The question is how to choose the filter coefficients? We distinguish two trivial cases.

(1) For uniform weights in the bandwidth

~ 1 B
dj(@) = Z———, =1,....n% (), —wo| < 7, 3.25
(@) B+ (@0) J n’ (wo) |0 — o] < 5 (3.25)
D(w, 2) is basically the identity operator, up to a scaling factor
n* (o)
D(w. d)T(©) = ——— Y o))} () ~ @ (3.26)
’ Bn*(,) T Bn*(wo) '

j=1

(2) The operators D(w, -) : A, — CN*N defined on the subsets A pof A,

| &

-~ -~ —~ 1
A, = {d e Asdj(w) =0forj #p, j=1,...,n%(w,), dp(w) = 5’ o — w,| <

|
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for p =1, ..., n"(w,), filter out the contribution of all singular vectors, except the pth
one, uniformly across the bandwidth. The imaging function given by such filtered data is

N N
ZI?ORT(S;S) = [ . dwo,(w) Z Z

|w—w,|< s=1 r=1

X (X, 0y (%, @) Go (s, ¥5, @) Go(X,, §S, ). (3.27)
We call it the DORT image because it uses one singular vector at a time.

In our selective imaging approach we calculate the filter coefficients d= {?d\j (w)} using
an optimization algorithm that minimizes the spatial support of the image that we form with
the filtered data

N N
1% d) = / do Y YD, DG, X, )G, 35, 0GR, ¥5, ). (3.28)
\w_wolgi s=1 r=1

The optimization is done over the set A or subsets of A, as we explain next.

e Step 1 of the selective imaging algorithm. We begin by finding the optimal filter D(w, -)
of the data which minimizes over the weights d = {d;(w)} in A the objective function

IG5 d)

Od) = 1T Doy, — TFd) = ——
L@ maxyep |Z(y; d)|

(3.29)
Here D is the image domain that contains the cluster of scatterers. The optimization is
intended to minimize the spatial support of Z(y%; d) in D, in order to focus the image on
a single scatterer in the cluster. We denote the optimal filter weights by

~ ~ B
" ={aP@}.  1<j<n@). le-wl <7 (30

o Masking the identified scatterer. In order to image the remaining scatterers in the cluster,
we mask that that we have identified, as follows. Denote by J(w, 1) the index of the
largest subspace weight at frequency w,

dV = max d"(w), lw — o <E. (3.31)
@D 7 <ntwo J 2

We define the map 8V : [a)o — g, W, + E] — N which takes a frequency w in the

2
bandwidth and returns

A
s () = /(@D it djg, @ >0, (3.32)
0 otherwise.

We mask the scatterer found at step 1 by seeking filters D(w, -) : AV — CV*N | where
AW is the subset of A given by

2

o The iterative selective imaging algorithm. At step p > 1 of the selective imaging
algorithm, we compute the optimal filter D (e, d‘”’) by minimizing the objective function
(3.29) over the subset AP of A given by

~ ~ B
AW = {dj(w) e A,di(w) =0if j =8V (w) for |0 —w,| < =, j = 1,...,n*(a)o)} :

AP = {af,. (@) € APV di(0) = 0if j =8P (w) for [ — w,|

B . R
<57]:1s"'7n (a)O) .
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Here we use the masking maps §) : [a)o - %, W + %] — N defined for p > 1 by

e 7(p)
5P () = J(@, p) i djg.p(@ >0, a7~ max 49 V(w).
otherwise, TP T i<ntwy)
(3.33)
We also set A® = A and note that the selective imaging algorithm is an iterative

optimization over the nested sets
A(n'(wo)_l) Cc.---C A(P) C A([’_l) Cc---C A.
This iteration terminates at the n* (w,) step, when we have used all the degrees of freedom.

We illustrate how the algorithm works with numerical simulations in section 4.

3.4.2. Optimal illumination. The images obtained with the selective imaging algorithm
introduced in section 3.4.1 can be improved further by assigning optimal intensities to each
source in the array, as we now describe.

Let F be the set of source intensities in the bandwidth

N
F= {f(;‘ww)>0,2/ da)f(;(s,w)zl
s=1 [

B
w—w,|< 2

and define for any d € A and f = { f(X,, @)} in F the imaging function

N R N
do )" fG& o))
s=1 r=1

x [D(w, )T (Xr, X5, ©)Go(Xs, ¥5, ©)Go(X,, V5, ). (3.34)

IrG5%d, f) = /

B
lo—w,|< 5

For a given data filter D(a),'c?) with | — w,| < B/2, the optimal illumination f is the
minimizer over the set F of the objective function

I35 d, f)
maxyep |Zx(Y; d, f)

This can be done in conjunction with the optimal selective illumination algorithm as follows.

Or(H) = 1T7C: P32 Tr: F) = (3.35)

e The optimal illumination algorithm. For p =1, ..., n*(w,) determine the optimal filters
D(w, 3””) for |w — w,| < B/2 as described in section 3.4.1. Then compute for any given
p the optimal illumination £, which minimizes over the set F the objective function
(3.35) computed with d = d'?.
This would be very expensive to do in practice, but the problem can be relaxed to a
suboptimal one, with separable illuminations
f(;(s: w) = wsa(w),

where

w, > 0, > w =1, P() >0, / (@) do = 1.
lo—wo| <B/2

We show in section 4 numerical results obtained with such separable illuminations.
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Remark. The selective imaging and optimal illumination algorithms can be used together, as
we described here, or separately. For example, if we were to skip the selective imaging part,
we would work with the unfiltered data and obtain from (3.34) the Kirchhoff migration image

MG ) = /

|o—awo| <

N N
do Y FE o) Y TG % 0)GoXs. ¥5. 0)Go (. §5, 0),
s=1 r=1

(3.36)

for weights f € F to be determined by the minimization of the spatial support of ZXM(§S: 7).

3.5. Extensions to coherent interferometric imaging in clutter

While in this paper we consider imaging in high SNR regimes in known and homogeneous
media, we have extended the selective imaging algorithm described in section 3.4 to low SNR
regimes due to clutter in [11]. Imaging in such regimes is difficult, because the time traces of
the echoes recorded at the array have significant delay spread (coda) due to wave scattering
in clutter. This makes the Kirchhoff migration images speckled and difficult to interpret
[8, 12]. They are also statistically unstable, in the sense that they change unpredictably with
the realization of the clutter. We showed in [8, 9] that the imaging process can be stabilized if
we remove the delay spread by computing cross-correlations of the echoes over appropriately
chosen spacetime windows. These cross-correlations are called coherent interferograms and
their fictitious backpropagation in the smooth part of the medium (without the clutter) produces
the coherent interferometric (CINT) imaging function [8, 9].

In CINT imaging there are two clutter-dependent parameters that affect the quality of
the image, in addition to the array illumination and data filtering that we study in this
paper. They are the decoherence frequency €2; and the uncertainty in the direction of
arrival ;. The latter determines the decoherence length at frequency w as X (w) = af;d
[9, 10]. The decoherence frequency measures the frequency separation over which the Fourier
coefficients of the measured echoes become statistically uncorrelated. In CINT we compute
cross-correlations of the echoes over time windows of length NQJI, to obtain a significant
delay spread reduction and emphasis of the coherent arrivals [8, 9]. This happens if we take
receivers that are not more than X, apart. It is only for such spatial separations that the echoes
are statistically correlated.

The CINT imaging function is

N N
dov ﬁw'—a)o\gB/Z da)/z Z

lw—o' | <Ry r=1 r'=1 ,
IR %, |<Xa (222

TGS, Q4. Xy, fod) = /

lwo—wo|<B/2

(3.37)

N N
Z Z f(is’w)f(iS/va)/)@(ira §S9a); §’S§/d\)@(ir’a§s’sw/;§’s§2)y

where O (X,, X, @; y5; d) is the filtered data backpropagated fictitiously to the image point ¥

0, %, 0;%; d) = [D(w, )T (X, Xy, ©)Go(X,, ¥5, 0)Go (Xr, ¥5, ). (3.38)

Note that in weak clutter there may be no loss of coherence, in which case we can replace Q2
by B and X, by the array aperture a. Then we get

IN'GS: B, a, f.d) = TG d, /). (3.39)



Optimal waveform design for array imaging 1987

When Q,; < B and X; < a, we use the thresholding of the frequency and spatial separation in
the CINT function (3.37) to smooth statistically the image [10]. This smoothing is necessary
to achieve statistical stability with respect to the realization of the clutter but it comes at the
cost of loss of resolution, by blur [9].

The selective imaging algorithm described in section 3.4 has been extended in [11] to
imaging in clutter, as follows: first, the imaging is done with the CINT imaging function
IONT(§S: Q4. X4, f 2) instead of Z(¥5; d. f). The thresholding parameters €2, and X,
are estimated before the selective imaging process, with the adaptive estimation algorithm
introduced in [9]. The selective imaging is then done with an iterative procedure, as in
section 3.4, where at each step we minimize the support of the image, as measured by the
objective function

TN (2 Qy, Xy, fnd)
maxsep ZONT(Y; Qq, Xy, f d)

(3.40)

L(D)
We take the L' norm instead of L2, because it is a better sparsity measure (i.e., gives tighter
images) and because the CINT function is related to the square of the image Zr (recall (3.39)).

4. Numerical results

In this section, we present several numerical results that illustrate how the selective imaging
and optimal illumination algorithms described in section 3 perform.

We use two sets of numerically simulated array data. The first set is for array imaging of a
point scatterer in a homogeneous background. This is the simplest array imaging problem that
can be considered. It allows us to test our algorithms and to visualize the results obtained in the
analysis. The second set of array data is for four small, not well-separated scatterers. The data
are obtained by solving numerically the 2D acoustic wave equation, with the finite-element
method described in [1, 2].

4.1. Numerical simulations for a point scatterer

We begin with the case of a single point scatterer, as in figure 1. The array consists of N = 100
elements, at distance A,/2 apart, where 1, is the central wavelength for the frequency band
1.5-4.5 MHz. The bandwidth is B = 3 MHz and the speed of propagation is ¢, = 1.5 km
s~!. The range of the scatterer is L = 90X,. The response matrix in this case is

(%, X, ®) = K2Go(%,, ¥, ©)Go(X,, ¥, 0),

where y* is the scatterer location.

4.1.1. Optimal illumination for detection. We consider first optimal illumination for
detection and show the results obtained with the methods discussed in section 3.2. In
figure 2(a) we show the Kirchhoff migration image obtained with the illumination g’ (X;, ®)
defined by (3.11). Because in this example we have one scatterer with frequency-independent
reflectivity, there is only one nonzero singular value o} (), which attains its maximum at the
largest frequency in the bandwidth. The width § in (3.11) is at first B/100 = 0.03 MHz.
Then, we take a larger § = B/10 = 0.3 MHz and compare the results in figures 2(a) and (b).
In figure 2(c) we use the illumination (see (3.8)

,ﬁl (is ’ a))

VB

All the images are displayed in a square of 41 x 41 pixels, with pixel size 1¢/3 x Xo/3.

~DORT /2
8 (Xs’ w) =
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Array

Figure 1. The one-point scatterer configuration. The array is composed by 100 elements at
distance A, /2 apart, at a range L = 901, from the scatterer.
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Figure 2. The one scatterer configuration. Optimal illumination for detection results. The scatterer
is indicated with a (green) dot. (a) g2, illumination, § = 0.03 MHz. (b) g}, illumination, § = 0.3
MHz. (c) gPORT illumination.
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Figure 3. The one scatterer configuration. Optimal illumination for KM imaging. (a) Optimal
weights w;. (b) Optimal pulse w@(w). (c) Optimal image.

As expected, the power P () received at the array is bigger for small § and it decreases as
8 increases. However, the quality of the image is better as § increases because more bandwidth
leads to better resolution. We show in table 1 the values of the received power given by (3.5),
for all the illuminations considered in this section.
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Table 1. The received power on the array and the L, norm of the image (normalized by its
maximum) for the one scatterer configuration.

Illumination Power received 7 L2 norm of the image

gl .8 =0.03MHz 5.1440 x10~% 3.7367
gl ., 8=03MHz  4.9098 x10~!° 14515
gPORT 3.8884 x 10! 0.1813
KM—optimal 23663 x 107! 0.1344

4.1.2. Optimal illumination for Kirchhoff migration imaging. ~We consider the variational
problem for optimal illumination in Kirchhoff migration imaging (3.36), where we minimize
the objective function

TM@FS; 1)

OMP) =1TMG DIy, TNME D = e .1
s max |7V /)]
yeD
over the set of separable illuminations defined by
N
[, 0) = p(@)wy, p(0) = Q/dw@(w) =1 w, 20, wa =1¢. (4.2)

s=1

For convenience, we choose a slightly different normalization of ¢ (w),

/ wp(w)dw =1,
|w—wo|<B/2

which corresponds to keeping a constant value of the peak of the image, as we will see in
section 6.2.1. This makes the division by the maximum of the image in (4.1) unnecessary in
the simple case of a point scatterer.

To solve the optimization problem numerically, we discretize the bandwidth B in ten
sub-bands of width 0.3 MHz and we look for a constant w¢(w) in each sub-band. We also
group the sources in blocks of ten elements and take the weights w; to be constant in each
block. The number of variables in the optimization problem is 20.

The results of the optimization are shown in figure 3. In figure 3(a) we show the optimal
weights wg, in figure 3(b) the optimal pulse w@(w) and in figure 3(c) the resulting image. By
comparing figures 3(c) with 2(c) we can clearly see that by using the optimal illumination for
imaging we obtain a tighter image of the scatterer. On the other hand, the received power is
lower, as can be seen in table 1.

The results in figure 3 are in very good agreement with the theoretical analysis of optimal
illumination for a point scatterer (section 6.2.1). The weights w; are large only at the edges of
the array and the pulse increases linearly with the frequency. The deviations from linearity in
figure 3(b) are due to the discretization and they diminish when we consider a finer frequency
grid.

Remark. The results in figure 3 correspond to a high SNR regime. We studied in [9] the
case of low SNR due to instrument noise. This was done by introducing in the variational
problem lower bound inequality constraints on the power generated by the illumination. As
we decreased the signal-to-noise ratio (i.e. we increased the bound on the received power), we
found in [9] that the illumination became closer and closer to that for optimal detection. This
is to be expected. The case of low SNR due to clutter is studied in [11]. We found there that
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the optimal pulses favor the lower frequencies in the bandwidth, because they are affected less
by the scattering, and there is an overall blurring of the image. The source weights are also
distributed in a more complicated manner in a cluttered medium.

4.2. Numerical results for four small not well-resolved scatterers

Now we consider four scatterers that are not well separated, in the sense explained in
section 3.3. This means that they cannot be imaged one by one with DORT, because each
singular vector is not associated with only one scatterer uniformly in the frequency band. The
array-scatterer configuration is shown in figure 4. The array and the bandwidth are as given
in section 4.1. The range of the scatterers is L = 904, and they are separated by the distance
d = 3¢. Each one is a disk of diameter Ay, modeled as a soft acoustic scatterer, by setting
the pressure to zero on its boundary. The response matrix is computed numerically in the time
domain by solving the acoustic wave equation in two dimensions with the method described
in [1, 2]. We model the infinite medium by surrounding the computational domain with a
perfectly matched absorbing layer [3]. All the images in this section are displayed in a square
of 31 x 31 pixels, with pixel size 1o/3 x Ao/3.

4.2.1. Optimal illumination for detection ~We begin with the optimal illumination for
detection. We show in figure 5 the first five singular values of the response matrix as a
function of frequency. We observe four significant singular values, as expected, but they are
not well separated over the bandwidth.

In figure 6(a), we show the Kirchhoff migration image obtained with the illumination
22 (X;, ») defined by (3.11). This maximizes the power of the echoes by selecting the
singular vector at the resonant frequency of 2.9 MHz, where o (w) attains its global maximum.
Here the width é is B/100 = 0.03 MHz. To see the effect of this parameter on the received
power and on the image we also show in figure 6(b) the results with a bigger § = B/10 =
0.3 MHz. As expected, these illuminations do not give good images although they are very
good for detection.

In the top row of figure 8, we show the DORT images given by illuminations

3G ) =7 X ) =05 R, ) /VB,

with j = 1,2,3 and 4 from left to right, respectively. We see from these results that the
scatterers are not well separated and they cannot be imaged selectively with one singular
vector at a time.

4.2.2. Optimal illumination for Kirchhoff migration imaging. We consider here the problem
of optimal illumination for Kirchhoff migration imaging. As in the case of one scatterer, we
seek the illumination in the separable set defined by (4.2), and we use the same discretization
of @(w) and w(Xy) as in section 4.1.2. The results are shown in figure 7. The optimal weights
correspond again to illumination from the edges of the array (cf section 6.2) and the optimal
pulse is increasing with frequency. We see in figure 7(c) that all the scatterers can be seen
in the reconstructed image. The scatterers in the back appear weaker in the image because
they are further from the array. This could be corrected using an amplitude factor in the
backpropagation with Green’s function.

4.2.3. Optimal illumination and selective imaging. 'We show in figure 8 two sets of results.
First, we image as if the scatterers were well separated, with one singular vector at a time.
These are the DORT images shown in the top row of figure 8. In the bottom row, we show the
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Figure 4. The four point scatterer configuration. The array has 100 elements at distance A,/2
apart and the range of the scatterers is L = 90A,.
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Figure 5. The first five singular values of the response matrix as a function of frequency.
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Figure 6. The configuration of four scatterers. Optimal illumination for detection results. The
scatterers are indicated with (green) dots. (a) @), illumination, § = 0.03 MHz. (b) g0 ..
illumination, § = 0.3 MHz.
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Figure 7. The four scatterers configuration. Optimal illumination for KM imaging. (a) Optimal
weights w;. (b) Optimal pulse @(w). (c) Optimal image.
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Figure 8. Top row: DORT images using the first, second, third and fourth singular vector across
the bandwidth. Bottom row: images obtained with the selective imaging algorithm. We show
from left to right the first four iterations. On top of each image we give the value of the objective
function O, i.e., the L? norm of the image normalized by its maximum.

results obtained with the selective imaging algorithm described in section 3.4.1. The subspace
weights are shown in figure 9.

To save computational time, we divide the bandwidth in ten sub-bands of size 0.3 MHz
and set the subspace weights ZZ\]- (w) constant in each sub-band. This means that we have 40
unknowns in the optimization. Finally, we show in figure 10 how to improve the bottom
right image in figure 8, by optimizing over the source weights w = {w;}, as explained in
section 3.4.2.

5. Imaging in the Fraunhofer diffraction regime

We will analyze the effect of the illuminations on Kirchhoff migration and time reversal images
in the Fraunhofer diffraction regime described in section 5.2. We rewrite the imaging functions
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Figure 9. The four scatterer configuration. Optimal subspace weights. We show the first four
iterations, from left to right. For each frequency sub-band we plot the largest weights. We use
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Figure 10. Improved bottom right image in figure 8 with optimal array weight selection.

(a) Optimal weights w. (b) Image.

(2.2) and (2.5) in this regime, in sections 5.4 and 5.5, respectively. The optimal illumination

problem for these imaging functions is studied in section 6.
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Figure 11. Setup for array imaging of an extended reflector. The illustration is in three dimensions,
with a square array of aperture a.

5.1. The array scatterer configuration

Let us begin with the imaging setup shown in figure 11. The array is a square, of side @ in 3D
and an interval of length @ in 2D. The reflector is at distance L from the array. We distinguish
a center point y* in the reflector and we define a system of coordinates with the origin at the
center of the array and with the range axis passing through y*. The support of the reflector is
a domain of size & in the range direction and b in the cross-range. The planar (or linear) array
is chosen for simplicity to be orthogonal to the range axis.

In our system of coordinates and in 3D, the sources and receivers are located at

- - a a a a
Xy = (vas)v X, = (Oa Xr)a X, X € I:_Ea Eil X I:_Ea E:I 5
fors,r=1,...,N.In2D
a a
d.Y=07 s/ dr':Oa r)s o [__’_].
Xy = (0, xy) X, = (0, x,) Kook €| =55

The sources and receivers are closely spaced so that the array can be approximated by an
aperture.

The reflector is centered at y* = (L, 0) and y denotes an arbitrary point in its support. In
3D we write y = (L +17, £), withn € [~h/2, h/2] and || < b/2,for & € R2. In 2D, we have
y = (L+n,&),with& € [—b/2, b/2]. The same notation convention applies to search points
y® where we image. In 3D y* = (L + 5, £€5) for €5 € R?, and in 2D y* = (L + %, £5), for
£S5 eR.

5.2. Scaling and the Fraunhofer diffraction regime

The important length scales in the problem are the range L, the array aperture a, the thickness £
and diameter b of the reflector and the carrier wavelength A,. For an arbitrary point X = (0, x)
in the array we have |x| = O(a) and for a point y = (L + n, §) in the reflector we take
n = O(h) and |€] = O(b). We scale the same way the range and cross-range offsets of the
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search point y° = (L + 1%, £5), because we expect the image function to peak at the reflector.
The frequencies are assumed to be O (w,) throughout the bandwidth.

In the scaling analysis of the imaging functions, we encounter four dimensionless
parameters

koa? kob* koh? koab
k] 9 = k] 0 = 3 5.1
T h T b 2 (5.1
where k, = w,/c, is the central wavenumber. The first parameter in (5.1) is the Fresnel
number and it is proportional to the ratio of the aperture a and the time reversal spot size
MoL/a

2
a = ik . 5.2)
ML /a
The remaining parameters in (5.1) are called Fresnel numbers by analogy.
We consider a high frequency regime with a small spot size
AoL
O > 1= a> ; (5.3)
a
and we suppose that the reflector is far enough from the array, so that
a 1
<K —=<K L 5.4
The diameter b of the reflector is small, when compared with the aperture
O <1 =b<Ka, (5.5)
but not with respect to the spot size
AoL
Oup ~ 1= b~ . (5.6)
a
The thickness 4 of the reflector satisfies
O < 1 (5.7)
and therefore, by (5.3) and (5.4),
h<a<L. (5-8)
We let further
Mo <1 (5.9)
2 .
or, equivalently,
L2
h < —, 5.10
<z (5.10)

where L?/(k,a®) is the range resolution of images obtained with time harmonic signals,
oscillating at frequency w, [14]. Thus, we ask that s be small with respect to the narrow-band
resolution limit, but we can also have 4 comparable to the broadband resolution

Co
h~ —. 5.11
3 (5.11)

It is because of (5.6) and (5.11) that we call the reflector extended.

We wish to study the time reversal and Kirchhoff migration imaging functions (2.2) and
(2.5) in the asymptotic regime defined by (5.3)—(5.11). We call it a Fraunhofer diffraction
regime [14] because it allows us to set the analysis in the framework of Fourier transforms, as
explained in detail in the following sections. Here we note that although most of the analysis
applies to imaging generic extended reflectors, we shall consider point-like reflectors with
b K MLj/a and h K co/w, as well. We shall also look at imaging with very large arrays
(MoL/a K D).
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5.3. The response matrix in the Fraunhofer regime
In the Fraunhofer diffraction regime defined by (5.3)—(5.11), Green’s function is given by
a(L)

R ~ ik[X—y|
GoX.¥. @) ¥ 152 "
with amplitude
1 .
m m 3D,
a(l) = | - (5.12)
V 2rx

Here d = 3 in 3D and d = 2 in 2D. This is because for X = (0, x) and y = (L + 1, &), we can
write

Gogl=temien—ert=rliro(M)vo ()]~
Yoy =Rem - L 2)]”~

The phase of @0 can also be approximated as

k| — | Lin+ X vol6,+0,+0 0%
X— = Yy a5 a3
y TTOL T L b ¥ O F Ga T

and we obtain

(L) el xy .

ao(i» 5;7 (1)) ~ Q\O(i’ gl’ a)) == k(3_d)/2 (513)
In the Born approximation, the response matrix is given by
NG, X, ) ~ / Y0 $)Go (X ¥, @)Go Ry, ¥, @)
= KGo(%,. 5" )Go(%, §, @) / dr / dgp(L+7, = HE (5.14)

where we recall that y* = (L,0). This equation involves the Fourier transform of the
reflectivity function

=e "k / dn f dp(L+n, & e 08 = e, (¢, B). (5.15)
SO we can rewrite it as

~ ., . ~ L . 25 o e A o aw k(x, +Xy)
H(erxs’w)%HF(erXst)zk go(xrvy vw)go(xhy ,CU))OL _Zva ) (516)

where T1 r(w) stands for the response matrix in the Fraunhofer regime. We use this formula
next to analyze time reversal and Kirchhoff migration imaging in the Fraunhofer regime.
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5.4. Time reversal in the Fraunhofer regime

The time reversal imaging function is given by

lwo—wo|<B/2

N N
G~ [ 103 G, 7, ) 3 T, Ko, )2 G @), (5.17)
r=I1 s=1

for some illumination waveform g(X,, ) that we wish to optimize. Now the illumination
vector

g(w) = {8y, ®h<sen

is in CV, so we can write it as

N
B =) Vi@,  Vu@) =0,&,0),....0,E&, )", (5.18)
n=1
using the basis {V, (@)}u>1 of the right singular vectors of m Flw).
Assume a decreasing ordering of the singular values o, (w) and note that, for sufficiently
large N, there is a threshold n*(w) above which

o, (w) =0 for n > n*(w).

This threshold depends on the diameter b of the reflector. It is O (ﬁ) in 2D and O (ﬁ)2
in 3D, as noted in [28] and as follows from the analysis of section 7. We can truncate then the
sum in (5.18) to the first n*(w) terms

n* () N

TR, @) = ) dy(@), (s, ), (5.19)

n=1
to stay outside the null space of My »(w). This way, we receive echoes at the array for any
non-trivial choice of the coefficients d, (w) that we wish to determine optimally.

54.1. The singular value decomposition in the Fraunhofer regime. Now let us write the
SVD of the complex symmetric response matrix Iz ()
N —
D Tr R X, )0, Ky, ) = 0, ()0, (e, ). (5.20)
s=1

We use the expression (5.16) of Iyl r(w) and seek the singular vectors in the form
U (X, @) = Go(Xs, ¥, )V, Ky, 0). (5.21)

The first factor corresponds to the singular vector for a point scatterer at y*. The second factor
is determined by the reflectivity function, as follows below.
Substituting (5.21) in (5.20), we obtain

N N
= - > o~ > _ = > - o~ k r+ 5 = -
D Tr e, Xy, 000, Ky, 0) = k(L) PG, ¥, @) YL (—2k, %) V, (%, )
s=1 s=1
= 04(0)Go X, 7, )V, (K, ), (5.22)
because |Go(Xs, ¥*, @)| = |a(L)|/k®9/2. This reduces to another SVD problem, for a

complex symmetric matrix with entries given by the Fourier coefficients of the reflectivity,

N
A XN G0y = =29 55 (5.23)
= IOL ’ L n Sy kd*1|a(L)|2 n ro ’ .
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Vall = MIIV =1 (5.24)
nl = G=a2 el = '

We derive later, in section 7.1, explicit formulas for Vn (X,, w), in the special case of the
reflectivity of a strip. Here we let p be a general reflectivity and we write next the imaging
function Z™ and its L norm.

5.4.2. The time reversal imaging function. Let us also suppose from now on that we have a
dense sampling of the array aperture by the sources and the receivers, so that we can write

N N
ZN/Adxr, Z~/Adx3. (5.25)
r=1 s=1

Here x, and x; vary continuously in .4, but we keep the indices to distinguish between the
sources and receivers. The symbol ~ means approximate up to a multiplicative constant, as
before. Using equation (5.21) in (5.17) and (5.19), we obtain the imaging function

TGS ~ /

lo—wo|<B/2

n*(w)

do ) dy(@)o, (@) / % Go(%. §°, )Go(X,. ¥*, ) Va (K, )
- A

n*(w)

~ / do ! Z d, ()0, (w) e’ / dx, e €'V, X, ). (5.26)
|lw—wo|<B/2 A

n=I

Remark. We note from (5.26) that in the Fraunhofer diffraction regime, the cross-range (§ %)
dependence in the time reversal imaging function is given by the Fourier transform of the
singular vectors V,, (X,, ), with respect to the receiver coordinates x, € A.

The L*(D) norm of the image function is
n*(w) n*(w)
IZ™ ¢ DI ~ / ﬂm‘ 100 @) T YD T (@)dy (@) (@) (@)
| —wo | <B/2 n=1 n'=1
. NS —~ - ikxr —k'x,/)
X /dnS el(k—k S / er Vn(xr, Cl))/ er/ Vn’(xr/’ CL)/) f dése( x 7-55
A A
(5.27)

where the integrals over 7% and &5 extend over the search domain D. We know that any
reasonable illumination gives an image that is large near the reflector and small elsewhere, so
let us extend D to the entire space R?, for the purpose of our analysis. We get this way

/ dn® * " = 278k — &),

o
f des e TEE  (amy2s <er T X) :
R? L
Equation (5.27) becomes
|z 2" ~ / d—‘”%)a%w)ﬁ (@) (5.28)
’ n n ’ .
ool <B/2 ©

n=1
due to the ortogonality of the singular vectors
k3—d

N
——— 0 = Z Vn(irv a))vn’(irv w) ~ / dxrvn(;(ra C())i/\n’(;(r’ w), ;(r = (0, x,),
P = L ’
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and the property

()= (5)
() = () s —x)
L k

of the §(-) function.

5.5. Kirchhoff migration in the Fraunhofer regime

The expression (2.5) of the Kirchhoff migration imaging function in the Fraunhofer regime is

TGS f) ~ f do / dx%,Go (%, 5, ©)Go (%, §*, @)
|o—wo| <B/2 A
PR S g A o s e k(Xr+XS)
x [ dxs07 f (X, ©)Go (X5, ¥°, ) Go (X5, ¥, @)pL | —2k, — )
A
where we used approximation (5.16) of ﬁ(ﬁ,, X,, w). Now using the identity

ier[-gs o |Ol(L)|2
ST g3

_— S
—ik 3+1l<x,-~§
e " ,

L

=S Sa A o o ~ o 2 _iknS
Go(Xr, ¥5, ©)Go (X, ¥, @) = |Go(X,, ', @)|7e 7T

we can write

TM@FS; ) ~ f

-~ R k(xX; + X,
do / dx, / dx, F&s, )k, (—Zk, M)
|w—w,|<B/2 A A

L

(5.29)

ik(x, +x,) - &5
X exp |:—2ikns+%i|.

5.5.1. Imaging with large arrays. Let us suppose for a moment that we have a very large
array, so that the spot size A,L/a < b. The imaging function is given by (5.29), in terms of
the integral over the receivers

L L

k X3 k r k r s) ° §
1(x5,55,w)=/ dx, 71 (—Zk, X +%) exp [M
A

:| . (5.30)

Now, since p(y) has cross-range support of order b, its Fourier transform p(¢, 3) is
supported on |3| < O~ ") and, as x, varies in A, kx, /L covers a domain of diameter
o (ALL) > O(b™"). This allows us to approximate the integral in (5.30) by

kx, kx,) |:ik(x,+xs)-§s
exp| ———

I(X.ﬁ ésa C()) ~ /

dx, pr | —2k, — +
2 X,OL( 2 I

7 } ~ k72 (=2k, £%),
(5.31)

where p is the phase shifted partial Fourier transform of p, with respect to the range coordinate

/ dzp(z, &) e ¢ = ek / dnp(L+n,&e " =e“Lpr(c,8). (532

We obtain the imaging function

G~ [ do [ | 7. w)} prL(=2k €5 e (5.33)
lw—w,| < B/2 A

in 3D, which has perfect cross-range resolution, due to the very large (essentially infinite)

array. This is well known [4] and it means that the optimization of f(is, ) over X, becomes

unnecessary for infinite arrays. It is only for finite apertures that the optimal illumination

question becomes interesting. The range resolution in (5.33) is dependent on the bandwidth

and it can be improved by optimizing the pulse shape over frequencies.
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5.5.2. The L? norm of the Kirchhoff migration image. It remains to compute the L?(D) norm
of the image which we wish to minimize over the illumination intensities f (X,, @). We have
in 3D

|z PP ~ ok | o) (Y
|w—wo|<B/2 lo—wo|<B/2
y / ax, / ax! / dx, / ix 7 G ) T &, o)
A
(2o k(x; +x,) o kK (x} +x)) /°° dyS 2o’
L L oo

. (s / . S
X/ dgsexp{l[uxwxr) i(x#x,)] ¢ } 534
RZ

where we extend the search domain to the whole R?, as in the previous section. Integrating
over n°, £€5 and o’ we have

1T PP~ / do f dx, f ax TG, ) &, )
lo—wo| <B/2 A A

k (X, + X, 2 L\?
X / dx, |k*py, (—Zk, u) / dx, (—) §(Xs + X, — X, — x)).
A A k

L
(5.35)
Next, we make the change of variables
_ X +X . ,
X = T’, X=x —X, (5.36)

which gives

a2 a2 -
/ d(x,),/ d(x)); _/ / dxj, j=1,2. (537
—a/2 —a/2 —a 7—+—

Integrating over X, we obtain

e P~ [

|wo—w,|<B/2

dw/ dX_; / d / f(Xsa w)f(xé’w)
o 16 xA)j

k X; + X,
- o~ _ ! /
x 1_[/5 €4 X;)\ d'xJ k PL (_2](, Z <X+T>>
2t

This is in 3D and for X, = (0, X,). In 2D, ?(S = (O Xy), for x; € [—a/2, a/2] and the result is
”ZKM( f)||2 [ da)f dx f(Xh (,())f(XX, (,())
—a/2 —a/2

|w—wo| < B/2 w

2
(5.38)

%_mzm k + / 2
—~ Xy + X
X / / dx ‘k,oL <—2k, — ()'c + S))
—gyliul L 2

6. Variational analysis in the Fraunhofer regime

in 2D.

We consider here the optimal illuminations g(X,, @) and f(is, ) that minimize the support
of the time reversal and Kirchhoff migration images in the L? sense.
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6.1. Optimal illumination for time reversal imaging

The L2 norm of the time reversal image, with illumination
n*(w)

I 0) = Y da(@0 G ), DEs, @) = Go(Xs, ¥, @)V, K, ), ©.1)

n=1

is given by (5.28). RecEll (5.23) and the continuum approximation of the array. We have that
the singular functions V,, satisfy the integral equation

/ dx oy =2k, K& XN D G 0 IR (6.2)
X - s 5 nXs, W) = > VX, @ .
M L K Ta(D)P
and we normalize them as

- lae(L)[? = .

0, C)l” = =57 [ dx Va0 = 1. (6.3)

: A
Moreover, using the orthogonality of v, (X, @), we get
n*(w) R
f A% [, ) = ) [dy(@)]* = (o)), (6.4)
A

n=1
where ¢(w) could be known a priori or we can select it with some optimization criterion.
The question is how to choose the coefficients d,, (w) in order to minimize the L? norm of
the image? The result follows easily from (5.28),

(@) = (@) () lo — wo| < (6.5)

>
because the singular functions are smallest at the threshold n*(w). In general, it is difficult
to characterize precisely the geometrical features of the time reversal image given by the
illumination (6.1), with coefficients (6.5). We can do it however in at least two special cases,
that of well-separated point reflectors (section 6.1.1), and that of strips (section 7.2).

Because the singular value decomposition is done frequency by frequency, it does not
address the resolution in range. This can be improved by a separate optimization over @(w),
of the L? norm of the image normalized by its maximal value. We illustrate this optimization
in the next section, for a small, point-like reflector.

6.1.1. Time reversal imaging of a point reflector. For a small reflector with thickness
h < ¢o/w, and diameter b < A,L/a, we can approximate

. k(x +X,) h/2
oL | —2k,

S B dn/ dép(L + 1, &) exp [Zikn _ M}
- B le|<b/2

h/2 L

h/2 N
~ / dﬂ/ dép(L +n, &) =pL(0). (6.6)
—h/2 lel<b/2

‘We obtain that /‘7,, (X,, w) are the singular functions of an integral operator with constant kernel
01 (0), which we can assume is positive. This gives a single nonzero singular value

o1(@) = kAP O] n' () =1, 6.7)
for the constant singular function
kB=ad/2

Vl(xm CU) = |O((L)||.A|l/2’
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where |A| = a? in 3D and a in 2D. Equivalently, we have in agreement with (3.17),
kB=d)/2

= Wgo(irvy*vw)‘ (6.8)

U1 (X, )
The time reversal image is

TR ~ / do 0T dy (0)o1 (@) "’ / dgS e €
lo—awo <B/2 g

. kaéls
/ doo'T & (@0 (@) ﬁ on (57) 6.9)
~ 1 l . c .
-0l <B/2 kE;

j=1
Moreover, recalling (6.4), we can set 31 (w) = ¢(w), i.e.,
8y, 0) = P(@)V1 (Xs, ), (6.10)
for a 9(w) that we wish to determine.

Clearly, the peak of the image function occurs at y* = y*, where ° = 0 and £5 = 0 and

ITR(_’*,A d %’\_
Y8~ oo P(w)or(w). (6.11)
|wo—awo|<B/2

Furthermore, we get from (5.28) that

- 2 2
f dw\(ﬂ(w)l o (w)
lo—wo|<B/2

o~ ? ~
O™ @) = s = 1T™C DI,
‘f\wfwo\gB/Z dow (p(w)al(w))
o (6.12)
TR (S = ZTR(YS, g)
VANVARDES Ros ="
maxysep |[ZTR(YS, 9)|
We wish to minimize O™ (@) over ®(w) normalized by
/ do|@p(w))? =1, such that / dw / dx,[2(X,, w)|* = 1.
lo—w,|<B/2 lo—w,| < B/2 A
(6.13)

The result is given by the following theorem.

Theorem 1. The minimizer of O™ (@) over ¢(w) € C, with support in the interval
[wo — B/2, w, + B/2] and with normalization (6.13) is given by

d+1

—12
==%" where C= [/ da)a;—] L (614
o1(w) lo—wo|<B/2  Of(®)

up to an arbitrary phase. This gives in light of (6.7) and (6.10) the optimal illumination

2, 0) ~ 037G, Xy, V', ).

The proof follows immediately from the Euler-Lagrange equations. The phase ambiguity can
be removed by restricting ¢(w) to the class of non-negative functions.
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6.2. Optimal illumination for Kirchhoff migration imaging

The L? norm of the Kirchhoff migration image is given by (5.38) in 3D and by (5.39) in 2D.
We seek optimal illuminations f (X, @) in the functional space,

F= {.?&m) >0,f
|

dwf dx, f (%, ©) = 1} , %, = (0, %,), (6.15)

w—w,|<B/2 A

that minimize the spatial support of the image, as measured by the objective function:
*™M@FS, /)

maxgen [ZKM(y, /)|’

OMP = 1T HIE TNMG D = (6.16)
The location ¥ = (L + n™, €M) of the maximum of ZXM(§5; 7) depends on the
reflectivity. For example, if we let the reflectivity be the indicator function of a parallelepiped

2 . 1 .f \1 2
peno=x (DITx(2). v gw=fy X<l
=1

h b otherwise,

then IKM@S; f) peaks at the corners (L + %, :I:%, :I:%) . We can therefore normalize the
image by its value at any corner. On the other hand, if we have a small, point-like reflector at
y* = (L, 0), the peak of ZKM(yS; 7) is at y¥ = y*. Because of the strong dependence of the
peak of the image on the reflectivity p(y), we cannot write explicitly the optimal illumination
f()_is, w) in the general case. But we can draw some interesting conclusions, by looking first
at the case of a point reflector.

6.2.1. Kirchhoff migration imaging of a point reflector.  Using the approximation (6.6) of ;.
in the imaging function (5.29), we obtain

T*M(y5; f)Nf dw/ dxr/ dx, 0?7 F (X, w)
wo-wil<Br2 Ja Ja

. N
u} , .17

X exp |:—2ikns + 2

The image peaks at ¥ = y* = (L, 0) and its L? norm is given by

d—1

175 PP ~ / do /A dx, /A X0’ T, 0) F&;, o) [ @ =16 = %)
j=1

|w—wol <B/2
(6.18)

The minimizer of OKM(f) in the functional space F is given by the following theorem.

Theorem 2. The optimal illumination for Kirchhoff migration imaging of a point reflector is

P&y 0) = %13[2 E (% + (%)) +8 (% )], K=0x), (6.19)

in 3D. It corresponds to illuminating the reflector with the sources at the corners of the square
array and taking a flat distribution of the frequency in the bandwidth. In 2D we have

7 &, 0) = aiB [5 (% +xx) +5 (;‘Z - x)] for % =(0.x,) in 2D. (6.20)
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Proof. We begin with the Euler—Lagrange equations for the optimization,
d—1 c
/ A f&. o) [J@-1& -x)h=Cr+—=. & =(0.x), 6.21)
A i1 ' b ‘

where C; and C, are constants with respect to X;

ﬁw7w0\<3/2 dwa dXs -[A dX;wd_lf(isv w)?(;(;v w)] H‘]i;ll(a - |(X; - Xs)j|)

C) = .
! do [, dx,w~1 F (%, )

‘/iw_w0|<3/2

2
C=y {/ da)/ dxsa)dlf(fis,a))}
|wo—w,|<B/2 A

and y is the Lagrange multiplier for the normalization constraint on ?
Now we note that in order to find the spatial distribution of the sources in the optimal
illumination, we must solve equations of the form

al2
/ dx;(a — |x; — x,Dw(x]) = C, (6.22)
—a/2
for an arbitrary constant C and for w(x) supported in [—a /2, a/2]. ]

Lemma 1. Equation (6.22) has the unique solution

w(x,) = %[3 (% +x5> +5 (g - x) } (6.23)

Once we prove lemma 1, the proof of theorem 2 follows immediately from the Euler—Lagrange
equations (6.21) and the normalization condition on f(?(s, ). Note in particular that due to
the homogeneity of degree zero of the objective function OKM(f), and the diagonal form of
the kernels of the integral operators in w, the Lagrange multiplier y vanishes. This is why ?
is constant in the bandwidth.

Proof of lemma 1. First, it is easy to check that (6.23) satisfies equation (6.22). Thus, all we
have to do is to show that the integral operator in (6.22) has a trivial null space. Suppose that
there exists a function ¢ (x;) supported in [—a /2, a/2], such that

al2
/ dxi(a — |x; — x, DV (x)) = 0. (6.24)
—a/2
This equation is the convolution of ¢ with function
a— |x| if |x| <a,
F(x) = . 6.25
2 {O otherwise. (6:25)
Take then the Fourier transform in (6.24) and obtain that F(8)9 (8) = 0. Now,
- a . 4sin? (L2
P = [ arta=prpe i = %, (6.26)
SO 5(,3) must vanish almost everywhere on tt/1\e real line, except for the discrete locations
B, = 2nm/a, forn = 0,+£1,.... However, () is an analytic function (since ¥ (x) has
compact support), which means that it must be identically zero. |

Remark. In the numerical simulations of section 4 we optimize the 2D objective function
over

P&y, ) = 0f (%, w), 6.27)



Optimal waveform design for array imaging 2005

instead of f(is, w) and we consider the normalization

al2
/ dwf dx, @ (xs, ) = 1,
lw—w,|<B/2 —a/2

which keeps the peak of the image at a constant value (see (6.17)). With this choice we have
R TS RTCES) N R
Xy, = ~ s 5 T As > Xy = > As)-
P @) = B P\ T 2 *

This coincides with (6.20), except for the normalization constant. Moreover, it agrees with
the numerical results obtained in section 4.

Remark. Theorem 2 shows that in the case of a point scatterer and at high SNR, the optimal
illumination f (Xy, w) is of separable form and that it favors edge illumination from the array.
This is due to the form of the kernel in (5.39),

lxg —xs|

T2 k s+ X!
/ o dx kP <—2k, — ()_c M ))
— gyl L 2

which is smallest when x, and x are at the opposite ends of the array. The kernel has a
similar behavior for general reflectivity functions and this is why we observe that optimal
illuminations are from the edge of the array. We illustrate this in section 8 for the case of
strip-like reflectors.

2
~ pL(0)(a — |xs — xg),

7. Time reversal imaging of strips

We already discussed in section 5.4.1 the SVD of the response matrix I 7 (w) in the Fraunhofer
diffraction regime and for a general reflectivity p. We also wrote in section 5.4.2 the
mathematical expression of the time reversal imaging function, using the SVD. We formulated
the variational principle for optimal illumination in section 6.1, and we obtained an explicit
solution for isolated point reflectors, in section 6.1.1. Now we analyze the 2D problem of
imaging a strip, with reflectivity

p(L+n,8) = pL(mx(&). (7.1)

Here x (&) is the indicator function of the interval [—b/2, b/2], and p; (1) is some bounded
function in L' (R), with support in [—//2, h/2] (as in section 5.2). The analysis extends easily
to 3D, for reflectivities of the form

p(L+n,8) = pr(n)xs&),

with xz being the indicator function of the square B = [—b/2, b/2] x [-b/2, b/2]. The case
of arbitrarily shaped cross-sections B of the reflectors is left for future studies.

7.1. Spectral analysis of the response matrix for a strip
Let us recall from section 6.1 that the singular functions are of the form

DXy, @) = Go(X, ¥, 0) V (x5, ). (7.2)

Here V(xs, w) are singular functions of the integral operator with kernel ﬁL(—Zk, @),

and X; = (0, x,) are points in the array, with x;_varying continuously in [—a/2, a/2]. We
dropped the vector notation in the argument of V and neglect temporarily the index of the
singular functions.
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‘We note that

b/2 s ((kD(x +xs)
5 [k(x, +xs)i| _ / g otz _ 2 L sin (<57 ) %)
L —b/2 k JT(x, +xs)
and we suppose for simplicity that
PL(=2k) = / dn pr () " = [pL.(=2ko)| (7.4)

is constant and positive in the bandwidth. We obtain

/‘”/2 d, sin [C(a)) (2% + 2%)]
—a/2 7T (X + Xs)

IV o) = la(L)]™,

V(xs, 0) = p(@)V (x,, »),

with
o(w)
p— 5 7.6
M) = LDl (—2ky)] 7o
and with
() = =, (7.7

assumed positive in the bandwidth.

7.1.1. A canonical problem for the prolate spheroidal wavefunctions. To solve (7.5), we
recall the integral equation analyzed by Landau, Pollack and Slepian [26, 21, 25],

SOy o) =vOpo.  cel-L1, >0 (18)
Note that the integral operator in (7.8) has a symmetric and positive definite kernel. Therefore,
it has a discrete spectrum with non-negative eigenvalues [17] vy (C) = v (C) = --- > 0,

that accumulate at zero (lim,,_, », v, (C) = 0). The eigenfunctions are the prolate spheroidal
wavefunctions v, (¢, C). They have many interesting properties [26, 21, 25], including the
following.

Property 1. The prolate spheroidal wavefunctions form a complete set in L2[—1, 1]. They
are normalized to have unit energy on the real line and they satisfy the orthogonality relations

1

/ dSyn (&3 )Y (8 C) = va(C)épms (7.9)
—1

foo de v, (&3 O)Ym(C; C) = 8, for n,m=0,1,.... (7.10)

Property 2. The prolate spheroidal wavefunctions v, (¢, C) are even functions of ¢ for even
n and odd otherwise,

Y (=2, C) = (=1)"¥u (¢, C), n=01.... (7.11)

Property 3. The eigenvalues v, (C) stay close to 1 for small » and then, they plunge to 0 near
the threshold value n* = | %€ |, where |-] denotes the integer part.

Property 4. The functions 1, are preserved by the Fourier transform, up to a coordinate
change

e i 2nt 2rict 2 (=D
Ya(6; C) = (O /—fn dl‘%( C ,C> e v, (C) = oy Cv, (C). (7.12)
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7.1.2. The singular value decomposition with the prolate spheroidal wavefunctions. Now
let us change the variable of integration in (7.5) from x, to —x, to obtain

[ g leet =)

V(=x,, 0) = w(@)V (x,, ®). (7.13)

—a/2 ’ 7T (X, — Xg)

Using properties 1 and 2 we find that this equation is solvable for the discrete eigenvalues
tn (@) = vy (C (), n=01,... (7.14)

The singular functions in (7.13) are

—~ 2x,
V(x5 @) = (1K (i, C(w)> . =01
a
with normalization constants K,, > 0 determined by

2
“’2(" 0o (Cl@)) =

S
1V )2 = wOE

Note that ?,1 (xy, w) satisfy the identity
Vo(=xp, @) = (=1)"V, (x5, ©) = V, (x,, ),

for all indices n > 0. We now gather all the results and state the SVD for the strip.

Theorem 3. The singular value decomposition of the integral operator with kernel
r (X, X, @) is

a/2 R
f At T G K. )00 Ry, @) = 00000 @), (7.15)
—a/2

with singular values

o (@) = 27 L|a(L) P[P (—2ko) [V (C (@), (7.16)
forn =0,1,....The singular functions are

B, ) = [ 2CD" ey (ﬁ-c«o)) (7.17)
RO avg (Clay) oo YOV 7 ’ '

for X, = (0, x;). They form a complete, orthonormal set in L*[—a/2,a/2]. The singular
values o, (w) are negligible for indices n above the threshold value

. |2@ | | b
n(w)—L - J—L\L/aJ, (7.18)

given by the ratio of the size b of the strip and the spot size ML /a. This means that any
illumination in the null space

N (TIr) = span{D, (X, ©)}=ne () (7.19)

returns no echoes at the array.
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7.1.3. The support of the singular functions and their Fourier transform. The canonical
problem (7.8) was solved by Landau, Pollack and Slepian [21, 25, 26] in their study of
simultaneous concentration in finite intervals of signals and their Fourier transforms.
Consider the restriction operator R, : L2(R) — L2(R) to the interval [—a/2, a/2],
Jux) if xel[—a/2,a/2],
Raux) = {0 otherwise.

Let also ﬁh,w be the operator that restricts the support of the Fourier transform of a function

k(b2 KEN
Rt (x) = dgﬁ(%) et

2 L —b/2
for a given frequency . We have
k b/2 ikxp& 6{/2 ikxg&
Ra Rb wRau(x,) = —— dée dxsu(xg)e” ¢
2xL J_pp —a)2
@2 sin[C(w) (B2 — 2]
= dx; d = u(xy), X € [—a/2,a/2]. (7.20)
—a/2 n(xr - -xs)
Now, observe by comparison with (7 8) that v, and 1, are the elgenvalues and
eigenfunctions of the symmetric operator R, Rb »Ra. Thismeans that forn < n*(w), V (x, w)

are concentrated in the interval |x| < a/2 while their Fourier transforms

a/z ~ ikx&
/ dxV,(x,w)e” T

—a/2
are concentrated in the interval |£| < b/2. This plays a key role in our imaging study.

7.2. Time reversal imaging of strips

‘We consider as in section 6.1 illuminations

n*(w)
G @) = ) dy(@)B,(xs, @), (7.21)
n=0

for coefficients 3,, (w) to be determined, subject to the normalization condition

a2 @
P()* = / dx [80xs, ) = ) [dy(@)]. (7.22)
—a/2 n=0

Here @(w) may be given in advance or we can select it optimally, as explained in section 6.
The time reversal imaging function is given by (recall (5.26))

n* (@) a2

™G9 ~ / do Y dy(@)oy (@)™ / dx,Go (%, §°, 0)0, (%r, ). (7.23)
|w—wo|<B/2 =0

—a/2

Theorem 3 and definition (5.13) of Q\o allow us to rewrite (7.23) as
n*(w) %5

IRGE% ) ~ / docr " G @y
|w—wo|<B/2 w

= n=0
a/2 Akt,s
X / dx, ¥, ( )
—a/2

n(w) =S5,
- / o d;gj‘;) (C(w))lpn( 2 C(a))> (7.24)
lw—wo|<B/2

n=0
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Here we used property 4

Cw)

/a/Z - 2x, Co) LS Ta /Zﬂ dry 27t C(w) —omir %)
r¥n P € L= n\ s e

—a/2 * a @ C(C()) — @ C(C()) ¢

/ 27

_ may,(C(w)) 285
= W’sﬁn <7 C(a))) ,

(7.25)

and

Yn(C@) — w(C@)  v(C(w))
Clw)  V27C(w) w!/2

We study next how different choices of the coefficients d, (w) affect the time reversal image.

(_l)n Vn(C(w))

7.3. Selective illumination and imaging of the strip

The time reversal image (7.24) is a linear superposition of the prolate spheroidal wavefunctions,
adapted to the support [—b/2, b/2] of the reflector. Since {1/, (25 /b; C (®))}n>0 are complete
in L>[—b/2,b/2], we can get a good approximation (in the L? sense) of the reflectivity
by Z™R(y%; %), for an appropriate choice of the coefficients d, () (i.e. of the illumination
2(xs, w)). A more interesting question is how to choose the coefficients to focus selectively
the illumination on various parts of the strip? To answer it, we look next at the behavior of the
prolate spheroidal functions, for various frequencies and indices below the threshold n* (w).

We plot in figure 12 the functions ¥, (¢, C(w)) for C(w) equal to 10 and 100r. This
corresponds to b = 20AL/a and b = 200AL /a, respectively. We observe that for the index
n = 0, the prolate spheroidal wavefunctions are non-negative and concentrated near the origin.
The higher the frequency is the better the spatial concentration, but the L? norm remains the
same

1
fldw(? (£, C(w) = wy(w) = 1. (7.26)

As the index n increases, ¥, (¢, C(w)) becomes oscillatory and its peaks move toward the
ends of the interval [—1, 1]. This is evident from the plots in figure 12, for n equal to a quarter,
a half and the entire threshold n*(w), respectively. For index n > n*(w), the support of v, is
essentially outside the interval [—1, 1], so that

1
/ d¢y (2, C(@)) = vp(@) ~ 0 for n > n*(w). (7.27)
-1

Now we can conclude from (7.24) and figure 12 that we can manipulate the coefficients
3,, (w) in order to focus selectively on different parts of the strip. For example, if we set
?in (w) ~ &no, we illuminate the center of the strip. To illuminate toward the ends of the
strip, we set d, (w) ~ 8,m, for m near or at the threshold. At a fixed frequency the image is
oscillatory, as in figure 12. However, the oscillations disappear when we integrate over the
bandwidth and we get a nice focus on the desired part of the strip. This is shown in figure 13,
where we integrate over the frequencies corresponding to C(w) € [50m, 1007r]. Recall from
property 2 that the prolate spheroidal wavefunctions v, (¢, C(w)) are even for even indices
n and odd otherwise. We obtain symmetric results in figure 13 by considering only the even
indices 7 in the integral. When we include the odd indices as well, we can focus selectively on
one end of the interval or the other, as we show in figure 14. This is done by simply changing
the sign of the coefficients Zi\n (w) for odd and even indices.
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Figure 12. The prolate spheroidal wavefunctions ¥, (¢, C(w)) plotted for ¢ € [—1, 1]. Top:
C(w) = 107. Bottom: C(w) = 1007. From left to right: n = 0, [~ | | @) | and n* ().
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Figure 13. The integral of v, (¢, C(w)) over C(w) € [507w, 1007] (i.e., AL/a € [b/200, b/100]).
‘We normalize by the maximum value. From left to right: n = 0, L%J, L@J, and n* (w).

7.4. Time reversal imaging with edge illumination

The optimal illumination criterion stated as the minimization of the L? norm of the time
reversal image, for waveforms (7.21) and constraints (7.22), gives edge illuminations of the
strip.

Indeed, from theorems 3 and (5.28), the L? norm of the time reversal image given by

n*(w) -5 2
_ ()]
17 I ~ f doo Y v (Cl@) = 5— (7.28)

lo—wol<B/2 4o

o~

%cp(a))Sn,,*(w), because the eigenvalues

and we can minimize it by choosing Zl\n(w) = w
v, (C(w)) are smallest near the threshold n* (w).

The resulting illumination g(x;, ®) = w%fﬁ(w)ﬁn-(w) is

- = 2
D &3 @V (i; C(w>) . (729)

-~ o 2
g(xg, w) ~ p(w)w o (C@) P

and it uses mostly the edges of the array, where v, (2%, C (w)) is peaked. When we
integrate over the frequencies, we get time domain profiles that are similar to the plots in
figure 14. These edge illuminations produce time reversal images

ITR(§S;§) Nf

lw—wo| < B/2
that emphasize the edges of the strip (see figures 12 and 14).

= ikn’ 285
do@(w) ™" V() (C(@) Y+ (@) <7 C(w)> ; (7.30)
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8. Kirchhoff migration imaging of strips

We begin the analysis of the Kirchhoff migration function for the strip by expanding the
Fourier coefficients of the reflectivity in terms of the prolate spheroidal wavefunctions. We
recall that

= i 2oy 2%
5 (_2,(, k(x, +xs)) _ 7hIpL(=2k,)| sin [C(a;)( et 2] &.1)
L C(w) ;-[( 2oy "s)
and use the spectral representation of the kernel in (7.8),
o0 sin[C () (¢ = ¢)]
f "e[-1,1
3 i (C@)¥ € COI@' . C@) = 1 7€ —¢)) or eeelbil gy
n=0 0 otherwise,
to get

) 2, 2 n*(w)
sin [C () (3 +3)] ~3 1)"vn<C(w))wn< C(‘”)> ‘””( e )) o

()

Here we used property 2 and we truncated the sum to n*(w), because v,(C(w)) &~ 0 for
n > n*(w). Substituting (8.3) in (5.29), we have

. n*(w) a/2
M5 f) ~ f doe ™7 3 (1", (C@) [ dx f &t ), ( )
lo—awo| < B/2 e —a/2

1kXy$S a/z 2 1kx, E
X €Xp dx, ¥, ; C(w)
L —a/2

and with the Fourier transform formula (7.25), we get

KM S, 7 —21kn = (_ )" 2‘§S
M55 ) ~ do > Vn (C (@) (C (@) P | =3 C(w)
lo—wo|<B/2 =0
al? qu:E
<], F G ) ( ;C(o )) (8.4)

Remark. Equations (8.4) and (7.24) say that, at each frequency w in the bandwidth, both
the Kirchhoff migration and time reversal images are given by a superposition of the prolate

spheroidal wavefunctions v, (%Y, C (a))). The difference between the two imaging functions

lies in the coefficients multiplying wn(%; C (a))). In time reversal, these coefficients are
constant with respect to ¥ and we can manipulate them easily (analytically) to focus the
image selectively on different parts of the strip. In Kirchhoff migration, the coefficients are a

multiple of
a/2 lkmé
| aniGiom, ( C )) ,

—a/2

and they depend on £5. This makes the Kirchhoff migration focusing properties quite different
than those of time reversal.

We have seen in section 7.4 that we can use the variational principle that minimizes the
L% norm of the time reversal image over the illuminations g(X;, @), to achieve focusing on the
ends of the strip. The optimal waveforms favor edge illuminations from the array. We show
next that this holds for the Kirchhoff migration imaging function as well.
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Figure 15. Left: the minimum L? norm image normalized by its maximum, plotted at the correct
range L, as a function of cross-range. Right: the illumination f (X, w) that gives this image. Here
C(w) = 107, so that n* (w) = 20.

8.1. Variational principle for edge illumination of strips

We begin our study of the variational problem of minimizing the L? norm of the image
TKM(§S: 7) over the illuminations f, with a few simplifying assumptions. First, we suppose
that we know the range L of the strip and we concentrate on the cross-range resolution. This
can be done with a single frequency w in the bandwidth. Second, we look for real-valued
illuminations f that are in the function space L*[—a /2, a/2], instead of the larger, more
natural space L'[—a/2, a/2]. This simplifies our computation because it allows us to write f
as the superposition

n*(w)
F& w) ~ Zd (w)%( C<w>) (8.5)

for coefficients {Zi\m (w)} to be determined.
The image at search points y¥ = (L, £%) and fixed frequency w is (recall (8.4))

n* () ” s n* ()
—~ —1
ML, ES) FC o) ~ Y D vn(C(w))MC(w))wn( & C(w>> > (o)
n=0 m=1

al? 2x
X dx; Y ( : C(CO)) Yn (

—a/2

> e
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We find the optimal illumination f by minimizing numerically the L? norm of the
image (8.6) normalized by its maximum, over all possible choices of the coefficients d,, (),
normalized by

n*(w)

17 C )P~ Y [du(@) =1. (8.7)
m=0

Note that 2,1 (w) € R since we seek real-valued illuminations f(?&s, w). Ideally, we would
also like f(?(s, ) to be nonnegative, but we relax here this constraint in order to simplify the
optimization.

We show in figure 15 the optimal illumination f(is, ) and the resulting image, for
C(w) = 107 or, equivalently, n*(w) = 20. We note that the result is an edge illumination
from the array, that gives an image focused at the ends of the strip. The focusing becomes
tighter at higher frequencies, but then n*(®) is large and the optimization can be prohibitively
expensive. In such cases, we could use a more efficient parametrization of f(f(s, ), that takes
flat illuminations over segments of the array, as we have done in the numerical simulations of
section 4.

9. Linearized least-squares imaging of strips

In this section, we study the linearized least-squares formulation of the inverse problem for a
strip. We consider a fixed frequency w illumination from a single source at x;,. However, we
do more than Kirchhoff migration, because we compute the image as a regularized solution of
the normal equations, that is we invert the normal operator. The solution is given explicitly in
terms of the prolate spheroidal wavefunctions.

Since we fixed the frequency, let us suppose that we know the range L of the strip-like
reflector. This could be determined with some other method, such as travel time estimation.
Now let M, ,, be the forward operator given by the Born approximation (2.8), in the
Fraunhofer diffraction regime. This operator takes the indicator function x (§) of the strip and
maps it to the data
b/2

&, X, ©) ~ [My. x1&,) =k / d£Go (%, ¥, 0)Go (X, ¥, @), (9.1)
2

where y = (L, £) and X, = (0, x,), X, = (0, x;). We wish to solve the least-squares problem:
{minimize
a/2

dx, | [My o xB51&) — TIR,, X, @)
—a/2

2
s

9.2)

over ‘reflectivities” x15(£).}
The normal equations at search points £5 are

M Mo x51ES) = M, TIC, X, 0)]ED), 9.3)

where M, | is the adjoint of M,, ,,, defined formally by
= a/2 D -y
Mot ) = [ ak? [ 460 @05 000G 5. 0)IG, %0 0)
—a/2

a/2 R - —_
= f dgl}(é) [/ d-xrkzgo(irv 5;7 w)go(iAW 5;7 (,L))H()_ir, ;(S’ C{))]

—a/2
= @0, M;,  TI(, %, 0), 9.4)
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for an arbitrary test function 9 (£). We have explicitly,

R . al2 S — ~ . .
(M}, TIC, X, 0)](E%) =& dx,Go (X, ¥, @)Go (X, ¥, ) T X, X, ). 9.5)

—a/2

To solve the normal equations, we use the spectral decomposition of the normal operator.

Lemma 2. The normal operator M, \ M, «, has eigenfunctions

kx,
U (€) = exp (‘ xs)%< % Cw )) 9.6)

and eigenvalues

k
(W) = oL —,,(C(w)), n=0,1,.... 9.7

The eigenfunctions satisfy the orthogonality relation

b/2 b/2 25 é- b
/ dsU,(E)Un(§) = / d&r, ( C(w)) Ym < C(w)> 5V (C(@)dm. 9-8)

—bJ2 —b/2

The proof is given at the end of the section. Let us first use this lemma to solve (9.3).

Since the eigenvalues u,(w) are negligible for n > n*(w), the normal operator
M, M.y, is singular, with a null space N = span{U, (&)}y=n*(w)- Thus, the normal
equations (9.3) have infinitely many solutions and we seek the one with minimal Z? norm in
the form

n*(w)
XS (€% = Z dy(@; x) Uy (§°). 9.9)
n=0
Here we emphasize the dependence of the solution on the frequency and the source location
with indices. We substitute (9.9) in (9.3) and get
64r L

dy(w; x5) = V2 (C (@) (

Uy, M2, TIC, x5, @) (9.10)

using the orthogonality relation (9.8). The inner product (U,, M}, . G, x,, )) is given by
the following lemma.

Lemma 3. Let n > 0 be an arbitrary index. We have

R b/2 o _
(U, M, 1) = / | ETED M, A5, 0] €)
~ 0 n(C(w»vn(aw))wn( ) ©.11)

With this lemma and equation (9.10), we obtain

n*(w)

—D)"y,(C kx; 2xg 8
LS (%) ~ 2m Z (C(Cj)f((c(f)))) exp (‘ il )1//( * c<w)> w( % C(w>)

(9.12)

This is the least-squares image with a single source at x; and with a single frequency w.
The result is shown in figure 16, for the central source location x; = 0 and two frequencies,
corresponding to C(w) = 10 and 1007. We plot in blue x5 (£%) normalized by its
maximum. We also show in red the Kirchhoff migration images for the same single source
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Figure 16. In blue (gray), the linearized least-squares solution for a single source at x; and
frequency w. In red (black), the Kirchhoff migration image for a single source at x; and frequency
. Top: C(w) = 10mr. Bottom: C(w) = 100w. Left: x; = 0, middle: x; = a/4 and right:
xs = a/2. The abscissa is 2&5/b. We plot the absolute value of the image normalized by its
maximum.
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Figure 17. In blue (gray), the linearized least-squares solution (9.13) with all the sources in the
array and a fixed frequency. In red (black), the Kirchhoff migration image (9.14) for uniform
illumination. The range is assumed known and we take a fixed frequency. Left: C(w) = 107.
Right: C(w) = 1007r. The abscissa is 2&5 /b.

and frequency. Note that these images are almost the same as Xa’;i (€5) for the sources near
the center of the array, but the discrepancy increases for sources at the ends of the array. In
particular, we get a better focusing of the least-squares image at the ends of the strip.

If we use all the sources, we can superpose the estimates (9.12) to get a better result

LS &S Nl[a/z LS (e85 _ T = 2(@ )
X' € ~ ﬂ/zdxsxw,xx(s )——C(w)gwn —iC@). 013

Here we used property 4 of the prolate spheroidal wavefunctions. We plot x15(¢%) in
figure 17, with the blue line, for C(w) = 107 and 100r. We note that it is close to the true
reflectivity x (£%), the indicator function of the interval [—b/2, b/2]. This follows from
lemma 4. We also show in figure 17, in red, the Kirchhoff migration image given by
f(is, w) = 1, at fixed frequency and known range. Straightforward calculations give
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n*(w)
TM(L, &5 F=1) ~ Y vi(C@)y, (i Cw )) (9.14)

n=0

We note that by inverting the normal operator we improve a little the reconstruction at the
edges of the strip. This is more visible at the lower frequencies. At the high frequencies, the
images are basically the same.

Lemma 4. The prolate spheroidal wavefunctions satisfy the identity

[ ikl
o ( ) Z v (C @)Y (¢ Cw) = { otherise. (9.15)
Since v, (C(w)) ~ 1 for n < n*(w) and 0 for n > n*(w), we have
s n*(w) 255
A = —; C
XE) = x, (€% = C()Zw( ())
T\ ES KM Sy, 7
’“—)Z Ve (C@)Yy [ = Cl) | ~TM((L, &%) f = D). 9.16)
n=0
Proof. From the spectral representation (8.2) of the kernel and letting ¢’ — ¢ in (8.2), we get
C o0
c@ D un(C@) Y (E: C@), (9.17)
T n=0
The rest of the lemma follows from property 3. (]

9.1. Proofs of lemmas 2 and 3

Proof of lemma 3. We already know from section 7 that the prolate spheroidal wavefunctions
are concentrated in [—b/2, b/2] for indices below the threshold. The orthogonality relation
(9.8) follows from property 1. Thus, the only thing left to prove is that U, are eigenfunctions
of the normal operator. Write using the definition (9.5) of the adjoint M, | that

Xs

al2 — A
[M My U] (E5) = K2 / dx, Gy Ry, 35, 0)Go s, 35, @) Moy0, Un ] (), 9.18)

a/?

where §5 = (L, £5) is the search point. Use also the definition (9.1) of M, to get

al2 — A
[M;),x.\-qux.\- Ui’l](gs) = k4 / d-xrgo(irv S’S, a))go(;(s, ys, a))
—a/2
b/2 - R
X f d%‘ Un (%‘)go(xr, y’ w)gO(XS7 ya (1)), (919)
—b/2

for points y = (L, &). Now Green’s function is given by (5.13) and so (9.19) becomes

; s b/2
[M:,,XA.Mw,x‘\.Un]@S):k2|a<L)|4exp<l’<szf> / dEv, (25 C(w)>

~b/2
/“/2 (ier(r‘ES—E))
X dx,exp| ——— ) .
—ap2 L
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Finally, we integrate over x, and use definitions (5.12) and (7.7) to get

. S
[M2, . My Uy ] (&) = 27 Lklar(L)|* exp (%)

b/2 gin [C (w)@] 28
X /b/z B e = (7’ C(“’)>
_ k S
= & (C@UE). 9.21)

Proof of lemma 3. Using definition (9.5) of the adjoint operator and (9.6), we have

b2 R
/ 4EST,E5) [M:, T 5o, )] (69

—b/2
S a/2 o~ S
= k*Go(X;, ¥*, ®) do, TI(X,, Xy, @)Go (X, ¥*, @)
—a/2
B2 285 ikx,&°
o (Freo)or(455)
X [ » & b (w) ) exp 2
where
b2 289 ikx, &S by, (C(w)) 2x
S 5 . r — n r,
[ (B ctm)on () = L (). o
by identity (7.25). We obtain
b/2 ) ~ bk*y, (C(w)) =—=—=——
/ dgSU, (5) [My,  TI(, Xy, )] (6°%) = L((“’))Go(xs, Y, o)
—b/2 C(w)
a2 = 2%,
X dx, T1(x,, Xy, ©)Go (X, ¥*, @)Yy (7; C(w)) ) (9.23)
—a/2

Now, the Born approximation (9.1) of the data gives

a/2 ~ . = 2x, b/2 a/2 P
/ dx, T1(X;, Xy, ©)Go (X, ¥*, @)Yy ( ; C(w)> ~ kz/ d§ dx,Go(Xs, Y, @)
—a/2 a —b/2 —a/2
~ . . = S 2x,
X Go(Xr, ¥, 0)Go (X, ¥*, @)Yy < p ;C(w)> (9.24)

and, with definition (5.13) of Green’s function, we get

/_ //22 A, TR, Xy, ©)Go X, ¥*, 0) ¥ (2;”; c<w>> ~ kla(L)[*Go Ry, ¥, @)
X /h/2 d€ exp (—ikaé) “” dx, ¥, (2x,; C(w)) exp (—ier$> )
—b2 L —ap2 a L
(9.25)
The integral over x, is similar to (9.22),
/_ //22 dx (% C(w)) exp (—ik)f) = ”“VC",EZ)(‘”))% (% C<w)), (9.26)
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and so

b2 ikx & a/? 2%, kx,§\  may,(C(w))
/b/z dé exp <— 7 )/a/2 dx, ¥, < P ,C(a))) exp <— 7 ) = )

- (9.27)
b2 26 ikx,&\  mlaby}(C(w)) 2%,
[ s (o) £5) - D (20
Equation (9.24) becomes
al2 . — ~
f dx, TI(X,, X, ©)Go (X, ¥*, @), (% C(w)> ~ 27 L|a(L)|*Go (%, ¥*, @)
—a/2
2xg
X (=1)" v, (C(@) Y (7; C(w)> ;
and using it in (9.23) we obtain
b/2 s P s (=" 2Xx
/ dgSU, (5) [M},  TIC, x, 0)] (6°) = 3 Y (C () v, (C(@)) Yy (—; C(w)) ,
—b/2 a a
(9.29)
as stated in lemma 3. O

10. Summary

We have introduced new variational algorithms for optimal illumination and selective array
imaging. Although we considered here imaging in homogeneous media, in high SNR regimes,
the algorithms have been extended to imaging in clutter in [11]. Low SNR due to noise at
the receivers is taken into account in [9], using lower bound constraints on the power of the
received echoes.

We showed with numerical simulations and with analysis in the Fraunhofer diffraction
regime that both time reversal and Kirchhoff migration images can improve significantly with
optimal illumination. We found that, at high SNR, the optimal illuminations favor the edges
of the array and the high end of the frequency band. These illuminations give the sharpest
images of small scatterers and they emphasize the edges of extended scatterers.

We also introduced variational, selective subspace array imaging algorithms, based on
the SVD of the array response matrix in the frequency domain. We illustrated with numerical
simulations how the algorithms image selectively clusters of small scatterers.

We obtained analytical forms of the SVD of the array response matrix in the Fraunhofer
diffraction regime and used them to analyze the optimal illumination and selective imaging
problems for time reversal and Kirchhoff migration imaging of extended scatterers. In the case
of strip-like scatterers, we derived an explicit form of the SVD using the prolate spheroidal
wavefunctions. We proved in the process that the rank of the response matrix in the frequency
domain is given by the ratio of the strip length and the time reversal spot size.

Using the explicit form of the SVD for strip scatterers we obtained a detailed description
of optimal waveform design for time reversal and Kirchhoff migration imaging. In particular,
we showed how the variational algorithms mask the strong specular reflections from the bulk
of the scatterer and emphasize its edges.

Finally, we studied full linearized least-squares imaging for strip scatterers. Kirchhoff
migration is expected to be an approximation of the least-squares method, where the normal
operator is replaced by the identity. We computed explicitly the normal operator and its
pseudo-inverse for the strip and obtained a quantitative comparison between least-squares and
Kirchhoff migration.
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