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Abstract

The design of a virtual piano action composed of a keyboard of motorized keys and a real-

time mechanical system simulation is presented. Using this simulator, we have re-created

certain aspects of the feel of the grand piano by numerically integrating the equations of

motion of a simpli�ed piano action in real time in a human-in-the-loop simulation scheme.

In this paper, the simulation of the release and catch of the hammer is used to introduce the

simulator architecture. The structure of a software module which manages the simulation

of models with changing kinematic constraints is discussed, including a �nite state machine

driver which allows for the simulation of rigid-body systems which may take on various

constraint conditions in a sequence dependent on run-time interaction.

1 Introduction

Musical instruments are judged not only by how

they sound, but also by what they feel like to

play. Although modern synthesis algorithms have

made it possible for synthetic instruments to very

closely approximate the sounds of their acoustic

counterparts, technology has not yet been able to

adequately answer the musician's concerns about

di�erences in feel. Moreover, in acoustic instru-

ments there exists a tight correspondence between

an instrument's acoustic response and its touch

response. In fact, sometimes more information is

available about an instrument's behavior through

its feel than through its sound. For example, to

get the fastest possible repetition on a piano, the

performer detects the minimum key return neces-

sary for reset of the jack under the hammer by

feel rather than by sound. Re-establishment of a

relationship between the mechanical behavior and

the acoustic behavior in synthetic instruments will

greatly increase the value of the information com-

ing from the instrument over the haptic 1 channel

and thus give musicians greater expressive control.

At CCRMA we are designing and building a

virtual piano action{a keyboard action simulator

(software) and a haptic display device (hardware)

which together make it possible to emulate the

feel of various keyboard instruments. A haptic

display device is a motorized key or other manip-

ulandum which, under computer control, makes it

1The word haptic is used to refer to the perceptual

modality of touch which includes both taction {senses of

the skin, and kinesthesia {senses of the muscles.

possible to interact with virtual objects through

touch. Without a doubt, synthesizer controllers

are an ideal application of haptic display tech-

nology. In fact, we believe that this technology

will one day be a more viable means of creating

the desired touch in commercial instruments than

mechanical design with passive components. Of

course, the programmability of the virtual piano

action is its best selling point. The feel of a harpsi-

chord, piano, forte piano or something altogether

new would each be available at the push of a but-

ton.

Several robotics research labs are develop-

ing haptic display technology, most notably the

labs at MIT, Northwestern, and North Carolina.

Claude Cadoz' group, ACROE in Grenoble, has

also developed a haptic display device for virtual

musical instruments [Cadoz 93]. Their modeling

and synthesis tools are designed to run on trans-

puters, multiple parallel processing machines. By

contrast, our tools are based on more common

modeling techniques and designed to run on single

processor platforms.

Our simulation testbed is capable of running

real-time simulations of linear and non-linear me-

chanical systems, systems with and without mem-

ory 2 and systems with changing kinematic con-

straints. In this paper, we will address the

construction of models and their incorporation

into the simulator, paying particular attention to

2A system with one or more degrees of freedom, or one

which must be modeled with at least one independent state

variable can be considered to have 'memory'. Its present

state depends on past input history.



the accommodation of changing kinematic con-

straints. Discontinuous systems (i.e., those in

which bodies may make and break contact with

one another) are to be core members of this sim-

ulator's repertoire. Some of the most interesting

haptic cues in our environment arise from changes

in kinematic constraints, a fact which is also true

for keyboard actions. Examples include the re-

lease of tension when the plectrum plucks the

strings of the harpsichord, and the extra resistance

during escapement in the piano action.

In the most general rigid-body mechanical sys-

tem, the various constraint conditions may be

taken on in any order, depending on how other

systems (possibly a user) interact with it. Barzel

[Barzel 92] and others have addressed the real-

ization of discontinuous systems by simulation of

a sequence of ordinary di�erential equations. In

our work, we adopt their nomenclature and com-

bine it with a Finite State Machine (FSM) sim-

ulator, which will allow a sequence of conditions

or 'states' to be taken on in an order which is not

known ahead of simulation-time.

Building a model suitable for simulation with

haptic display which duplicates all aspects of the

complex behavior of the piano action will neces-

sarily be a step-by-step process. Section 2 to fol-

low outlines the structure of a model suited for

our simulator. Section 3 presents a (piece-wise)

linear model of a bouncing ball and its simulation

algorithm. In section 4, we construct a non-linear

model which covers the lever action of the key and

hammer and discuss its simulation algorithm. The

incorporation of a �nite state machine manager to

handle the addition of a virtual keybed into the

model is discussed in section 5. Experimental re-

sults are mentioned in 6. Finally, summaries are

made and future work discussed in section 7.

2 Model Components

Of all the various forms in which mechanical sys-

tem models are expressed, a set of reduced ordi-

nary di�erential equations (ODEs) (with the con-

straints incorporated) is the simplest. We have

chosen to base our simulator on models expressed

as reduced ODEs. In so doing, we hope that we

will be led to investigate some of the more intri-

cate problems involved with real-time simulation.

The model itself is formulated as a piece-wise

continuous ODE. Discontinuities are allowed at

timepoints corresponding to changes in the kine-

matic constraints. The time periods between the

discontinuities are each governed by one of a set

of 'submodels', each of these being a continuous

ODE constructed to describe the system in one of

its constraint conditions.

For a more complete introduction to the no-

menclature used to describe these piecewise con-

tinuous ODEs, see either [Barzel 92] or [Gillespie

93]. Here, we brie
y summarize. Submodels are

divided into three parts to facilitate decision mak-

ing by the simulator as to which submodel is to

govern the behavior at a given time. The three

submodel components are: the equations of mo-

tion, a readout equation, and an indicator func-

tion. The equations of motion are solved numer-

ically to maintain up-to-date state variables at

all times. The readout equation is an expression

for the output (in our case the response force) in

terms of the input motion. The indicator function

is tested once per servo cycle to indicate if it is

time to switch to the next submodel.

3 The Bouncing Ball

Here we describe a very simple system, a ball

which bounces on a vertically moving paddle. It is

linear and has only two submodels: ball in the air,

ball on the paddle. After introducing this system,

we will claim that it is actually a good model of

the piano action.

Figure 1: The Bouncing Ball

Figure 1 shows the two submodels which make

up the bouncing ball: a) the ball is attached to

the paddle through a spring, and b) the ball is


ying vertically in the air, free from the paddle.

For submodel a), the equation of motion, readout

equation, and indicator function are, respectively:

�q =
k

mb

(q � d)� g (1)

F = mp
�d+ k(q � d) +mpg (2)

k(q � d) < 0 (3)

The indicator function (3) evaluates to TRUE

when the ball/paddle interaction force is tensile,

signalling the end of applicability of model a). For

the ball in air submodel, the equation of motion,

readout equation, and indicator function are:

�q = �g (4)

F = mp
�d+mpg (5)

q � d < 0 (6)



The indicator function (6) evaluates to TRUE

when there is interference between the ball and

paddle.

A linear di�erential equation such as we have

here is always expressible in state space form as

_x = Ax+ bu (7)

This di�erential equation can be converted to a

di�erence equation

xn+1 = �xn + �un (8)

suitable for simulation on a digital computer. The

discrete equivalent matrices � and � are given in

terms of the continuous matrices A and b and the

time step T by

� = eFT (9)

� =

Z T

0

eF�d�b (10)

Several common computer algorithms with good

numerical properties are available to do the con-

version. The simulation algorithm then simply in-

volves a matrix multiply to advance the simulation

by one time step T .

Because these equations are second order lin-

ear ODEs, analytical solutions exist. There is in

fact no need to solve the di�erential equations nu-

merically for this simple model. The state can

be expressed as a function of the input and time.

The force output is computed as a function of the

motion input using the readout equation of the

applicable submodel until such time that the in-

dicator function evaluates to a negative number.

The simulator then exchanges submodels, using

the �nal conditions of the last as the initial con-

ditions of the next submodel. Note that in this

case, the 'next' submodel is just the other sub-

model. This rather simplistic model has created a

very convincing virtual bouncing ball when imple-

mented with the haptic display device. Interaction

between the ball and user through a motorized

key (in this case to be viewed as a paddle handle)

includes all the properly timed power exchanges

to suggest manipulation of a bouncing object. In

summary, we have implemented a unilateral con-

straint (a gross non-linearity{ a contact capable of

supporting compressive but not tensile forces) by

combining two linear submodels with some man-

agement routines for exchanging them in and out

of the simulator.

4 A Simpli�ed Piano Action

Figure 2 shows a simpli�ed schematic diagram of

the piano action. This model has only two bodies,

the key and hammer. The leto� function of the

whippen and jack are not modeled. The hammer

and key are coupled with a unilateral constraint.

A spring accounts for compliance in the action,

most of which is due to softness of the hammer

knuckle. The other submodel in which the ham-

mer 
ies free of the key is not shown; it can be

surmised. This model will behave like a piano ac-

tion in which the regulation button is set too high,

inactivating the leto� and repetition functions.
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Figure 2: Simpli�ed Piano Action

The non-linear equations of motion, readout

equations and indicator functions are not pre-

sented here. The simulation is realized in this case

with an ODE solver instead of the di�erence equa-

tion (8). A Runge-Kutta or other numerical ODE

solution routine is responsible for advancing the

state by each time step using the previous state

and the input (key motion). As before, the force

output is given by the readout equation, and the

indicator function is tested each time step.

Because the angles through which both the key

and the hammer move are rather small, several

linearizing assumptions can be made in the con-

struction of a piano action model. Speci�cally, we

shall assume that all interaction forces and grav-

ity forces act perpendicular to the bodies to which

they are applied as seen in Figure 2. Also, the

force of the key on the hammer is applied at a

�xed position on the hammer determined by l3.

Given these assumptions, the equations of mo-

tion, readout functions, and indicator functions

respectively are as follows:

�q =
kl3

Ih
(l2s+ l3q)�

mhl4g

Ih
(11)

F =
Ik

l1
�s�

kl2

l1
(l2s+ l3q) +

mkl5g

l1
(12)

k(l2s+ l3q) < 0 (13)

See [Topper 87] for an explicit derivation of the

equations of motion for this model.

Note that the function of the action is very

much like that of the ball and paddle in the model

outlined above: to throw the hammer toward the

string and then catch it again. The simple addi-

tion of a ceiling for the ball to bounce o� of (a

virtual string), and an inversion of the paddle's

motion to re
ect the fact that the hammer is ac-

tuated from the opposite side of the key fulcrum



will turn the bouncing ball model into a good �rst

approximation of the piano action. After further

assuming that inertia forces dominate over grav-

ity forces in the coupled hammer-key model, ap-

propriate mass and spring values for an approxi-

mating ball and paddle model can be deduced by

comparing equations (1), (2), (3) with (11), (12),

(13).

5 Finite State Machine

A useful addition to our model is a virtual keybed.

The key dip di�ers between a harpsichord, forte-

piano and piano, and this is an aspect we would

like to include in our keyboard simulator.

The method outlined so far only accommo-

dates models in which the sequence of submodels

is known: going back and forth between two sub-

models. Depending on the manner in which the

key is depressed, either the hammer could 
y free

or the key could meet the keybed �rst. The other

change in condition may not follow, again depend-

ing on how the key was depressed. 3 In order to

manage the sequencing through various submod-

els, we employ a �nite state machine simulator.

A �nite state machine is a dynamical system

capable of taking on a �nite number of states in

a possibly complex sequence of transitions from a

particular state to certain others of the set of pos-

sible states. A �nite state model is fully speci�ed

by its state transition graph, one of which is shown

in Figure 3. This �nite state model is for the sim-

pli�ed piano action with a virtual keybed. Cou-

pling between bodies is noted in Figure 3 by spring

icons. Only certain transitions are allowed. As-
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Figure 3: State Transition Graph for the Piano

Action

sociated with each transition path is an indicator

function which, upon evaluation to a number less

than zero, indicates that it is time to transition to

the model pointed to by that path.

3One can e�ect fast light playing on the piano by not

completely bedding the keys.

6 Experimental Results

We have conducted several introductory experi-

ments using this apparatus. Subjects have made

side-by-side key-press comparisons between the

above virtual action and a physical action with

its regulation button removed with promising re-

sults. We have begun to address real-time simula-

tion problems such as extra energy introduced into

the simulation by model transition timing errors

with compensating additions to the simulation al-

gorithm.

7 Summary

We have presented a modeling and simulation al-

gorithm which accommodates dynamical systems

with changing kinematic constraints and provides

for the re-creation of their mechanical impedance

by simulation and haptic display. The method

involves modeling the system in each of its con-

straint conditions. Readout equations expressing

the force output in terms of the state variables as

well as indicator functions which signal the end

of applicability accompany each model. The se-

quence of models can be considered a piece-wise

continuous ODE. If the model is linear, it can

be discretized and then simulated with a di�er-

ence equation. Otherwise, an ODE solver is used.

The method is also useful for systems in which

the sequence of constraint conditions is not known

ahead of time with the addition of a submodel

manager based on a �nite state machine driver.

A model of a bouncing ball and a simpli�ed

piano action were presented.
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