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Two continuously variable transmissions are examined, one that relates a pair of linear
speeds and another that relates a pair of angular speeds. These devices are elemental in
the design of cobots, a new class of robot that creates virtual guiding surfaces to aid a
human operator in assembly tasks. Both of these transmissions are traction drive mecha-
nisms that rely on the support of either lateral or longitudinal forces across rolling
contacts with spin. When a rolling contact between elastic bodies or even between rigid
bodies in spin is called upon to transmit a tractive force, kinematic creep develops,

expressing a departure from the intended rolling constraint. Creep in turn gives rise to
nonideal properties in a cobot’s virtual guiding surfaces. This paper develops simple
models of the two transmissions by expressing the relative velocity field in the contact
patch between rolling bodies in terms of creep and spin. Coulomb friction laws are
applied in a quasi-static analysis to produce complete force-motion models. These models
may be used to evaluate a cobot’s ability to support forces against its virtual guiding
surfaces.[DOI: 10.1115/1.1517560
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design is further documented ] and[2].
To assess the effects of imperfectly held rolling constraints on
performance of our CVT, we look internal to the device: at

1 Introduction
In an ideal transmission, one would expect both the ratio (ﬂfu

output to input shaft speeds and the ratio of input‘ to output appli%gech finite size contact patch between drive wheel and sphere. We
torques to take on the same value as the transmission ratio settid, ..\t 4 detailed kinematic model that includes rollistick-

Further, the value of the speed ratio would have no dependencegly 5y slipping regions within each contact patch. We define and
the torque transmitted through the transmission and the value ly nondimensionalized creep and spin parameters to the de-
the torque ratio would have no dependence on the speed at Whigh5iio of the relative velocity field in each contact patch and
the transmission runs. An ideal transmission would also consumg., fing the resultant tractive forces by application of the Cou-
no power. Although behavior approaching the ideal can generajymy, friction laws. Finally, a full kinetic model relates the non-

be expected of transmissions realized using gears, significant fgs;| transmission law for speed to the torque load.
viations from the ideal can be expected of transmissions realized

using tractive rolling contacts. Some of the most promising con- 1.1 CVTs for Cobots. Our interest in CVTs stems from
tinuously variable transmissiaitVT) designs depend on tractivetheir role in the design and construction of cobots. Cobots are a
rolling. In traction drive CVTs, one can expect deviations of theew class of robotic device, designed to carry out manipulation
speed ratio from the pre-set transmission ratio that grow steadigks incooperationwith a human. While the cobot and human
as the torque load increases and eventually give way to gross s§ifnultaneously grasp an object to be manipulated, the human pro-
These performance limitations are largely responsible for the low
success rate of traction drive CVTs in demanding applications.

The behavior of a traction drive CVT, including deviation and
eventual breakdown in its transmission laws, depends on the me-
chanics of contact at each internal rolling interface. A physically
realizable rolling constraint is not impervious to the tangential
forces(also called tractive forces or simply tractjomansmitted
across the contact between rolling surfaces. Traction induces elas-
tic deformations and changes in the regions of sticking and slip-
ping within the finite size contact patch, causing the rolling con-
straint to deviate from that dictated by the nominal wheel and
rolling surface geometry.

In this paper, we investigate deviation of the speed ratio from
the transmission ratio setting as a function of transmitted torque in
a particular CVT design. Our CVT uses tractive rolling between
two cylindrical wheels(known as drive rollersand a rotating
sphere. An additional pair of wheelgknown as steering rollers
acts to orient the rotational axis of the sphere and thereby set the
transmission ratio. A prototype CVT is shown in Fig. 1. The CVT

Fig. 1 Photograph of the prototype CVT. The drive rollers with

Contributed by the Mechanisms Committee for publication in therRNAL oF ~ @xes in the vertical plane are visible on the left while the steer-
MECHANICAL DESIGN. Manuscript received September 1999. Associate Editoing rollers with axes in the horizontal plane are visible on the
C.W. Wampler II. right.
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vides motive forces and the cobot directs motion using programwelop the simplest competent model of the CVT that may be used
mable motion constraints. Motion in only one instantaneously dt relate nonideal performance characteristics to design param-
fined direction is allowed by the cobot. Using software contragters.

over the direction of the motion constraints, the cobot createsPrior to introducing the CVT, we discuss the steered wheel,
virtual fixtures within the shared workspace. The human can u$élich relates two linear speeds and force measure numbers rather
these fixtures as guiding surfaces to develop superior manipua@n angular speeds and torque measure numbers. We introduce
tion strategies. To realize motion constraints at its end-effectorthg ideal steered wheel and its function as a transmission in sec-
cobot relies on a network of CVTs. The motion constraints at®n 2. Section 3 introduces the CVT and presents its ideal kine-

rendered programmable by active tuning of the CVT transmissigftic and kinetic equations and establishes the analogy to the

ratios according to sensed human-applied force and sensed eﬁ’a‘?fed wheel. Section 4 |_ntrodupes sidedigeral creepln_ the
effector configuration. geered \évheel by refe(ené:lggda smglei n;oﬁelcc:){/_arn (;I_aitlfc Wheel.
There are two types of CVT used to construct cobots. The firﬁ ction S presents a rigid body model of the which features

. : ) id drive rollers in tractive rolling with cornering. The nondi-
Is a simple steered.wheel rolling on a planar surface. Thg St,ee nsionalized variablegeepandspinare introduced and shown
wheel relates two linear speeds and supports forces acting in §

L ! %e particularly advantageous descriptors of the kinematics of
direction of the wheel axel. The second type of CVT is the ongyjing since the tractive force may be simply expressed in terms
treated in detail in this paper: the sphere-based CVT mentiongfkhese variables. Finally, the full kinematic and kinetic equations
above. The sphere-based CVT relates two angular speeds and g¢@developed for the nonideal CVT. Deviations from the ideal are
ports a certain ratio of input to output torques. Note that the whegkerpreted as a sideslip angle.
may be considered @anslational CVT while the sphere-based
CVT represents the more traditional application of the term CVT; .
as arotational device. E The Ideal Thin Wheel

Rolling contacts have been treated extensively in the literature.We begin by developing the kinetics of a very simple system,
Models have been developed to describe the gradual breakddi@ ideal thin wheel. This treatment will provide a point of depar-
and eventual failure of a rolling constraint under applied longitdtire for a discussion of the kinetics of the CVT. Figure 2 shows a
dinal or lateral loads. The tangential traction and twisting momeHtin wheelW of radiusR in contact with a horizontal plane at
have been expressed as functions of relative motion in a pla@int C. Mutually perpendicular unit vectors, andn, are fixed
contact patch for conditions of fully developed sliding in bot the plane as shown while;=n, xn, defines the vertical. Let
analytic[3] and computational modefsf]. Howe and Cutkosky P1: P2, andbsform a second right-handed set of orthogonal unit
have applied such models to problems in sliding manipulatiofctors: Withb, parallel to the lateralaxia)) direction ofW, b,

control [5]. Certain models account for elasticity in the wheel Oparal!el to t.he longitudinal d'.reCt'On ON an_d b3. parallel o the
teering axis ofV. The steering axis is maintained verti¢phr-

rolling surface and account for the effects of spin or cornerin llel to ng) by a support not shown. The angjesubtended by
Johnsor{6] contains a particularly good review of rolling contactanol b, isscalled the steering angle;- it is controlled by a mot(l)r.

models.

Traction drive CVTs(as well as belt-drive CVTsare being
aggressively developed for application in automobiles, where they
promise to increase fuel efficiency and driveability by eliminatin 3
gear shifting. Although these traction drive CVTs transmit tractiv
forces across rolling contacts like the CVT analyzed here, th
also rely on the development of shear forces across a film
elastohydrodynamic oil that impinges between the rolling su
faces. The oil develops high viscosity under the high pressures
the rolling contact. This design has proven effective for the hic b
torque transmission requirements of the automotive application.
contrast, the CVT analyzed in this paper uses dry friction betwe:
rolling bodies in direct contact. For a review of CVT designs fo
automotive applicaiton, s€@] and[8]. The CVT considered in
this paper is very similar to the design developed for use in mobi
robots described ifi9] and the design developed for a nonholo
nomic manipulator described {10]. A spherical rolling surface
between a drive and driven wheel whose spin axis is rotated
common to all these designs. An analysis considering the mech.
ics of rolling contact in this CVT design has not been previousl|
undertaken.

Our aim in this paper is to apply models of rolling contact t
the CVT, to determine the manner in which traction-induced cre
at each of the drive wheels expresses itself in deviations of t
transmission law from the ideal. Our investigation is largely mc
tivated by a suspected breakdown, for certain transmission ra
settings, of our CVT’'s ability to maintain its speed constrair
while supporting a load. When the rotational axis of the sphe
passes through the contact patch of one of the drive rolers
condition which occurs for transmission ratio values of zero ¢
infinity), the slip in that roller's contact patch is dominated bWy
spin. In such case, one might intuitively expect that that driv b
roller is no longer capable of transmitting a longitudinal traction.

A small torque load might then lead to loss of functitareak- Fig. 2 Thin wheel with heading b ; and steering axis b 5. The
down in the transmission IgwTo answer this question, we de-steering angle is .

=

1
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Express the velocity of the contact poiGtin basisN asNv¢
=vin;tov,sn,, where the scalare; and v, are called the
N-measure numbers 8%C. The ideal wheel allows motion of the
contact pointC in the longitudinal direction, yet prevents motion
of C in the lateral directionMvC-b,=0. This stipulation may be
expressed in thé&l basis, where it reads:

(2)

22 _tan(y). )
%%

Thus the wheel can be viewed as a continuously variable trar
mission, setting the ratio of two translational speeds.

2.1 Force Balance. Let a force F applied to the wheel
through its axle be expressed in thebasis as==f,n;+f,n,.
The ideal wheel supports the lateral componenFE afith a fric-
tion force across the contact poi@t Yet the wheel accelerates in
response to any longitudinal componentrofFor steady motion,
the longitudinal component of must be zero, which reads in
basisN:

f
£ =—tar(y) @ ©
2

2.2 Coupling Space. To further elaborate on the function of
the steered wheel as a continuously variable transmission, we
troduce an abstract configuration space, which we [2ksstd call
coupling space For the wheel, the axes of coupling space ar
associated with the linear displacements whose derivativ
(speeds are related by the transmission ratio. Thus the vecto
spanning®-spaceo; ando,, are the same as, andn,, respec-
tively.

We introduce a second basi$ comprising unit vectoray,
which defines theallowed direction andu, which defines the
disalloweddirection. In the case of the wheei, is parallel tob,
andu, is parallel tob,. The steered wheel allows motion in the
direction yet resists motion in the, direction. Conversely, the
wheel supports forces applied in tle direction, while steady
motion requires that no force be applied in thedirection. Thus
we may state, regarding thé-measure numbers of the velocity of
C and the force which may be supported acr@Gss steady mo-
tion: 3.1 Kinematics of the Ideal CVT. The angular velocities

in N of rollersw1 andW2 are denotef V! andNw"?, respec-
(3) tively. Let the scalarsw; and w, be defined according to
f,=0. N2 — 4. n; ,Nw"?2 w,n,. Let theN-measure numbers of the
d angular velocity ofS in N be defined as'w®£Q;n;+Q,n,
+Q3n3. Arolling constraint equation may be written for the con-
tagt betweers andR1

Fig. 3 Two views of the CVT with sphere S caged between
drive rollers W1 and W2 and steering rollers R1 and R2.

through the steering anglé. Similarly, the axis of steering roller
R2, shown parallel tds, is oriented by rotation aboist, through
the same steering anglg The steering angle settings of rollers
R1 andR2 are coupled through a set of bevel gears not shown.

v, =0

These statements, when rotated through the apgdte-expresse
in the X, basig produce Eqgs(1) and(2).

In the case of the wheel, coupling space adds nothing new
the discussion. We introduce coupling space for the wheel in order NS Z N Rlse
to later draw analogies to the CV{whereS and U are non- @ XRbs="0 rbs, )
trivially related to the bases describing the physical kinematicswhile a second rolling constraint may be written for the contact

) betweenS andR2:
3 The ldeal Rotational CVT

N_.S _N_R2y,
Whereas the linear CVthe steered wheekemploys one roll- @ X Rb;="e™ X —rb,. ®)

ing contact, the rotational CVT employs four, making the kinepot multiplication of these two vector equations with unit vectors

matics of the rotational CVT significantly more complex. The, (j=1 2 3) produces six scalar equations which may be manipu-
construction of the rotational CVT involves a sphere of radus |ateq to yield

in rolling contact with four cylindrical rollers, each of radius

Figure 3 shows two schematic views of the CVT. Rolléfs and Q0,=0, (6)
W2, called the drive rollers, appear with the sph®&iia Fig. 3(a). ) ) o )

The drive rollers have fixed, co-planar axes. Rollgis andR2, Or the axis of rotation of spher@lies in then; —n3 plane(which
called the steering rollers, appear wBhn Fig. 3(b). The steer- contains the axes &V1 andW2). Secondly, the scalar equations
ing rollers rotate freely about axes which may be oriented weld

steering. A reference bashs, fixed in the base of the CVT, and

comprising three orthogonal unit vect&s(i=1,2,3) is shown in % _ tan( ¢)—v2
both views(a) and (b). A second base-fixed badi (seen in Fig. Q, tan( ¢)+¢§'
3(a)) is established by rotating basfs abouta, through —45°

while a third base-fixed basB (seen in Fig. 3if)) is established  Arolling constraint may be written for each of the drive rollers,
by rotatingA abouta, through+45°. The axis of steering roller and these two equations divided to yield an expression for the
R1, shown parallel tob,, is oriented by rotation aboutb; transmission ratio:

()
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3.1.2 Coupling Space.In Section 2, the abstract spage
called coupling space, was introduced to illustrate the interpreta-
tion of the steered wheel as a transmission between two linear
speeds. Likewise, a coupling space can be constructed for the
rotational CVT and used to gain insight into both transmission
laws: that relating speeds, E@.1) and that relating torques, Eq.
(12). In their respective coupling spaces, the steered wheel and the
CVT are completely analogous.

The unit vectoro; of the reference basi¥ is associated with
angular displacements of drive rollgvl and unit vectoro, is
associated with angular displacements of drive rol. Thus
points in coupling spac& correspond to various pairs of drive
roller angular displacements while directions in coupling space
are associated with various drive roller angular speed ratios. A
reference basig spanned by unit vectortg andu, may be set up
to describe the allowed and disallowed directions in coupling
space. Basi§) is oriented with respect to bas¥sby the angley.

The angular speea; of W1 and the angular speed, of W2
Fig. 4 The rotational axis of the sphere oriented by angle ~ y  ar€ theX-measure numbers of a vecier wég’l"'lJr w0, After
defining theU-measure numbers @ usingow=w;u;+w, u, , we
see that the transmission law relating speeds,(Ef, requires

0, =0 (23)
Y2 _ % 8) A vector 7 may be defined in coupling space to characterize the
w1 Q,’ torques applied to the drive rollerd/1 and W2. Define the

3-measure numbers of using: 2 r 04+ 7,0, Also define
U-measure numbers of as follows: 7= r,u,+ 7, u, Equation
(12) reads in theJ basis:

which together with Eq(7) gives a formula for the transmission
ratio in terms of the steering angig

©2_ w (9) 7,=0. (14)

w1 tan(¢)+v2 The rotated bases andU will prove very useful in discussions

The ratioQ/€,, which is the common term between Ha) of the nonideal behavior of the CVT. The vectatsand 7 in
and Eq.(8), orients the rotational axis & in then; — n, plane. In coupling space encapsulate all functional aspects of the CVT.

summary, two rolling constraints at the steering rollers set thig'€y @ré macro properties in the sense that they encompass the
ller speeds or roller torques pairwigather than individually.

ratio, while an additional two ideal rolling constraints at the driv&® h . £ th :
rollers relate this ratio to the ratio of speeds,/w,. We definey IT edmaghnltude of the \(/jectorh IS Tih.by Eq. (14). It may be
as the angle subtended by the rotational axi§ ¢given byNeS related to the torques, andr, through:

= 4n;+Q3n3) and the unit vecton,, recognizing that r=—71, 8iNy) 7,=7, cogy) (15)
Q4 Under conditions of steady motion, the CVT may transmit a
tany=— Q_l (10) torque from one drive roller to the other. Traction forces at each

drive roller develop to support this transmitted torque. In coupling
Figure 4 explicitly shows the rotational axis 8fdrawn over the space, the transmitted torque is interpreted as a torgue the
CVT view of Fig. 3(a) for an exampley value of about 30°. Note disallowed direction. In the ideal transmission, anyvalue may

that trigonometry also reveals be transmitted without consequence to the transmission law relat-
q ing angular speeds. This is not true in the non-ideal CVT, as we
w32 2
2= —tan(y), (11) explore below.
w3y 1

whered; andd, are the perpendicular distance from each drivg The Nonideal Wheel
roller contact point to the rotational axis 8f Equation(11) is the

transmission law relating angular speeds for the ideal CVT. If a lateral load is applied during rolling, the wheel will drift
laterally as it rolls ahead. Its actual velocitywill make an angle

3.1.1 Force Balance._To construct_the transmission law thata, known as the sideslip angle, with the wheel headipgLateral
relates the torques applied to the drive rollers, we may assumeepé, , defined as the ratio of the lateral speedto the abso-
steady motion and balance internal forces in the CVT. In thigte value of the rolling speed, , is related to the sideslip angle
idealized model, we assume that each rolling contact can transgutfollows:
any force without consequence to its rolling constrdimd mi-
croslip(creep or gross slip. Thus the torque applied to rollgv1,
7= — 711Ny, creates a friction forcé,= 7, /rn, acting onS at the
point located from the sphere center by the position veetBn;.
The torque applied to rolleW2, =,= m,n; creates a friction force
F,=7,/rn, acting onS at the point located from the sphere cen
ter by the position vector-Rn;. Balancing the moments d%;
andF, about the rotational axis & (t,), we find

A UL _
&= W =tana). (16)

A relationship between sideslip angte and applied lateral
force F, may be constructed by considering radial and axial de-
formations in an elastic wheel that give rise to a curvilinear con-
tact line against the rolling surface comprising a linear sticking
region and a curving slipping region. The sideslip angle dictates
T the direction of the linear region with respect to the heading while
P —tan(y) (12) in the slipping region, the accumulated stresses relax. Across the

2 sticking region, static friction will apply while across the slipping
Equation (12) is the transmission law relating torque measureegion, kinetic friction will apply. Integrating across the entire
numbers for the ideal CVT. contact line, one arrives at an expression for the lateral force. One

716 / Vol. 124, DECEMBER 2002 Transactions of the ASME



A ¢,
15
t’)
tan(a)
R/pa 1
0.5 PN o
> ~v
0 » )
0 0.2 04 0.6 0.8 1
131

P &)

Fig. 5 The sideslip angle « predicted by the elastic model in
response to an applied lateral force F |

such relationshigSee[6]) is shown in Fig. 5. The tangent of the :
sideslip angle, normalized bR/ua, is plotted versus the non- g
dimensionalized lateral forc, /uP, whereR is the wheel ra-
dius, a is the contact line half-widthy is the coefficient of fric- Fig. 6 Model of the CVT, with sphere S represented by two
tion, andP is the normal foce. Note that for small sideslip anglesypaxial cones making line contact with drive rollers w1
the relationship between sideslip angle and disallowed force dad w2
approximately linear. The slop@ of the linear portion is called
cornering stiffness in tire mechanics. Past a certain sideslip angle,
the Wheel's ability to support lateral forces breaks down until the
entire contact line is in slip.
rotation. Any deviation of the rolling point away from the center
5 The Nonideal CVT of the contact line produces a longitudinal creep.
. ) . ) In the following, we will construct a rigid body model of the

Like the Wheel, a physically realizable CVT cannot strictlyo\/T that accounts for longitudinal creep in each of the drive
prevent motion in the disallowed direction. Under a disallowegy|iers. The drive rollers of the CVT meet the first condition for
force, the rolling constraints at the drive rollers give way to CréeRreep, since spin is indeed present in the contact patch between
In contrast to the Wheel, where lateral traction supports a dis@lych drive roller and the sphere. Each drive roller is in a state of
lowed force, in the CVT it idongitudinal traction that SUppOrts a comering, with the cornering radius established by the transmis-
disallowed force. Moreover, there are two longitudinal tractions igqy, ratio. In faci(see Fig. 4 as the transmission ratio approaches
the CVT: one at each drive roller. Associated with this pair oferg the axis of rotation of the sphere approaches the center of
longitudinal tractions is a pair of longitudinal creeps. In couplingne of the contact patches, causing the cornering radius for that
space, this pair of longitudinal creeps may be interpreted as@er 1o approach zero and the cornering radius of the other roller
single lateral creep or expressed as a sideslip angle. But beforee nnroach infinity. As the transmission ratio approaches infinity,
consider the longitudinal creeps as a pair in coupling space, W@ sijtuation for the two drive rollers is reversed. Insofar that
must consider them individually in physical space. . creep is a function of cornering radius, we expect to see a depen-

In contrast tdateral traction and creep, an elastic model is NOfjence of the CVT transmission law for speeds on the transmitted
required to express longitudinal creep as a function of longitudingla . Further, we expect that this dependence will vary as a func-
traction so long as two conditions are met. First, spin must by, of the steering angle settirighe transmission ratio setting
present. That is, the two rolling bodies must have a relative angiliq wish to quantify this dependence.
lar velocity with non-zero component in the contact normal direc- The second requirement for the development of creep in rolling
tion. Second, the two rolling bodies must contact at more thangiq podies is met if the bodies make line contact. Line contact is
single point. Both of these conditions are met in a rigid cylindricg|{q; possible between rigid cylindrical rollers and a rigid sphere, so

wheel turning a corner while rolling on a plane. Both conditiong,e modify the geometric model of the CVT as described in
are also met in a rigid cylindrical wheel rolling on a cone. section 5.1.

When spin is nonzero, there is only one point of the contact
patch in rolling; the remaining portions of the contact patch must 5.1 Kinematics of the Nonideal CVT. Line contact is set
be in sliding. Sliding is in one direction on one side of the rollingip between the sphere and each of the rollers by modeling the
point and in the other direction on the other side. After represersiphere as a pair of connected co-axial cones. Figure 6 shows the
ing the sliding in a relative velocity field, the traction transmitteg¢ystemS comprising two cone sections. The vertex angle of each
across the contact patch can be computed as the vector sum ofadiee is chosen so that line contact is established bet@esmd
friction force acting at each point in the contact patch. If a brakingrive rollersW1 andW2. Note that the vertex angles vary as
axial torque is appliedbalanced by traction on the wheel oppositevaries. A reference basik of unit vectorst; (i=1,2,3) is used to
the direction of rolling), the point of rolling will migrate toward locate the rotational axis & as follows: basisT is first aligned
the center of rotation, whereas if an accelerating axial torqueMgth N and then subjected to a right-hand rotation abot
applied (balanced by traction on the wheel in the direction ofhrough the angley. SystemsS rotates with an angular spedd
rolling,) the rolling point will migrate away from the center ofabout unit vectort;, or NewS=Qt;. Drive rollers W1 and W2,
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both of radiusr and width 2, roll on the cones o8. As before, This expression describes the slip in the contact patch between

the axis of drive rolleiV1 is aligned withn,; and the axis of drive W1 andS and betweeW2 andS. To particularize the expression

roller W2 is aligned withns. for each contact patch, the subscripts 1 and 2 may be usedwith
The angley is set by the steering angikof the steering rollers ¢, A\, andx.

according to Eq(9). We assume that the steering rollers are able We now derive the creep and spin parameters for each roller. A

to maintain the orientation of the axis of the sphere, without deslling constraint at the poin®, produces the constraint equation

pendence on the traction forces developed at the drive rollers. This .

assumption is based on the fact that the traction forces at the drive wr =Q(cog y)R—sin(y) ). (23)

rollers have no moment abonj, and therefore no influence over Applying the definitions of and ¢ and making use of E¢23),

the rotation of basis (which locates the rotational axis &) .

aboutn,. _ —dy8in(y)
Define the center of each contact patch as p@n{(i=1,2). &= [Rcod y)— 6, sin(y)]

Additionally, as shown in Fig. 6, a generic poiRt is located a )

distancex; from O; and a special poir®; is located a distancé, Y= sin(y)a (25)

away from O; (i=1,2). PointQ; (i=1,2), called the rolling 1" |Rcog y)— 6, sin(y)]

point, is used to identify the unique position in each contact patch . . . .

at which the relative velocity is zero. Measure numbers for tﬁgkewse, a rolling constraint at the poifY, produces

(24)

angular velocityNe® of Sin N, thglzangular yeloci'f\)‘/m""l of W1 w,r =Q(sin(y)R—cog y) 85). (26)
Ifrc]yllg\’/v:'nd the angular velocityw"? of W2 in N are defined as The creep and spin at roller 2 in terms p&nd 8, are
—5,c09)
N S_ —
@ =i £ [Rsin(y) — 8, cos 7)] @0
NoV'=—wn; 17) ’ —cogy)a 28)
NW2= g > |Rsin(y)— 8, cog y)|
) ) o Dividing Egs.(26) and(23), we have
Let us first develop the relative velocity field for each contact
line in terms of creep and spin. Subsequently, we will find the _ 35 .
resultant tractive force by application of the Coulomb law and w, cogy) R 18In(7)
integration. Additionally, we will find the traction torque by inte- —= : (29)

gration. We begin with the contact line betwedfi andS. @2

B 1
sin(y)— =8, coq )
The relative velocity at the generic poiRtmay be expressed VTR 7
The variabless; and 6, may be replaced by ratios of the creep

P1_ W1 _ .S —
AVP=@ X (rngtxpny) — @°X(=Rng+x.ny). (18)  gpqg spin parameters using E84), (25), (27), and(28), giving:

After rearranging terms and defining the relative velocitfDaas aé
AvO! and the relative angular velocity betwe&il and S as W, COIVF ﬁISIH( )
Aw;=w"'— w5, one finds == : ! . (30)
w3 . 2
AVPI=AVO T+ Ay XX Ny (19) sin(y) - ﬁﬁcos(y)

That is, therelative velocity field in the contact patch may beEquation(30) is the non-ideal transmission law relating angular
characterized as a rigid body motion. A similar vector expressigiPeeds. It expresses the ratio of angular speeds as a function of the

holds for the contact patch betwe®2 andS. Once the cross Creep to spin ratios at each drive roller, which in turn are functions
product has been carried out, all vectors are inrgalirection, ©f the tractions transmitted across each contact patch. We are now

and the subscripts 1 or 2 may be dropped. ready to develop the dependence of creep and spin on the tractive

After definingA w2 A e-ng, and noting thatv® andAv® have forces.
only n, measure number@vhich are denoted without boldface 52 EForce Balance for the Non-ideal CVT. In section
we have: 3.1.1, we assumed that any tractive force could be transmitted

P a0 across the contacts between drive rollers and sphere, without con-
AvTny=AvTny+Aw XNy (20)  sequence to the rolling constraints. This assumption no longer

Ids in the present section, where we treat the nonideal CVT.

ow the tractive force affects the rolling constraints, giving rise
first (at low magnitudesto longitudinal creep and eventually to
gross longitudinal slip.

Our present objective is to relate the creep and spin parameters
to the tractive force at each contact patch. This can be done by
(21) appealing to Eq(22) and applying the law of Coulomb friction.

Equation(22) gives the slip at a point located byin a contact
) . . . patch whose velocity field is characterized §@and . Note that
The left hand side we define as the slifx) at the pointP of the ) 1y (the slip atP) andAvP (the relative velocity aP) have the
contact patch. The first term on the right hand side we define e sign, sa may be used to form a vector expression for the
longitudinal creepf and the fa_ctorAwa/|uQ| in the last term we griction force acting on the spher@érom the rolley at point P,
define as spiny. Recall thata is the contact line half-width. We \yhose direction may be expressed with respect to a fixed refer-
now have an expression for the slip at a generic point in thg,ce pasis. The friction force acting @hacross a differential
contact patch in terms of the bulk properties créemd spin.  glement of the contact patch is given by the Coulomb law:

To nondimensionalize the terms in this equation, the absol
value of the common spedd®| at Q is chosen, wher€ is the
rolling point. Equation(20) may be dot multiplied byn, and
divided through byv 9| to yield:

Avp_ Av® N Awa X
o [0 " v a

N
A(X)=§+ 1;,2 (22) df=,u£sgr(7\(x)) n, (31)
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Table 1 Integration results

. M
case limits auN

F
u
E+y>0 ,
'le-w<o v %(L%%))

O R —% —%(1—(%)2)

E-y>0
E+y>0

I E_y>0 1 0
+y <0

v § M -1 0
E—y<0

Fig. 8 Torque as a function of creep & and spin &

where N is the normal force betwee8 and each drive roller.
Integrating across the contact patch,

= 1 (a 1 [&+y a direction, to express the ratio @fto  in terms of the traction
N 7a sgrn(\ (X)) nydx= %a f sgrn(\) —d\ ny, force. This is how Table 1 will be used in our study of the kinetics
M aJ-a aJey v of the CVT in the following section.

(32) We now balance the force®, andF, in the CVT. For steady

where the change of variables according to &) was used. In motion, the tractive forceB, andF, must not accelerat8. That

similar fashion, an integral expression for the tractive torlyue is, their moments about, the rqtational axis of, must cancel
aboutn, (for W1) may be found as a function af one another. Note that the tractive fordesandF, are balanced

on each drive roller by the applied axial torqugs= — 7,n; and

M 1 [é+y m=T1N3: T /[r=Fyandr,/r=F,. If we assume that the result-
agN 222 (N=§)sgn(\) d\ g (33)  ant traction forces act at the center of the contact lines and if we
&y neglect the traction torquésthe sum of moments of the traction

The direction ofM for W2 is ns. To evaluate these integrals, weforces yields

delineate four cases, depending on the sign of the integration lim- - 1

its (the sum and difference of creep and $pResults are given in 2__ - (34)
Table 1. . tan(y)

Note that the relationship between creep and spin at a contagt
patch and the associated tractive force is quite simple and SYila
metric. The non-dimensionalized tractive forEéuN is plotted
againsté andy in Fig. 7. The non-dimensionalized traction torqu

M/auN is plotted against and ¢ in Fig. 8. Each of the four tor :
X - b o quest, and 7, respectively. Together, and 7; are the load
regions, divided by the plangs=y and¢=—4, have been noted . o itteqd through the CVT. By Ed15) in Section 3.1.1, we

in Figs. 7 and 8. o _ ; :
Table 1 gives the desired relationship between the creep a%ve'ﬁ 7, Sin(y) andr,=r, cos(y) The angley still defines
t

a

spin parameters and the tractive force. Cases | and Il accoun 0% direction fors, .

creep whereas cases lll and IV describe limiting frictigmoss 5.3 Kinetics of the Nonideal CVT. We are now ready to
slip). Although it was constructed by expressing the traction foramuple the transmission law relating angular speeds (&, to

in terms of ¢ and ¢, Table 1 can also be used in the reversthe transmission law relating torque measure numbers (F,
through the application of Table 1. The only complication is pre-
sented by the four cases of Table 1 that account for limiting fric-
tion. The situation can be handled by considernig increments

of 7/2, for the quadrant in whicly falls determines the sign af,
andy,, which allows one to differentiate cases | and Il in Table 1.
The boundaries of cases Il and IV can be differentiated i§
further subdivided into sectors ef/4.

Figure 9 shows the governing relationships, laid out graphically
around a circle to indicate the range pfn which they are valid.
The sign ofy; (i=1,2), indicated in the innermost ring of Fig. 9,
is constructed with reference to E425) and(28). The relation-
ship between tractive torque and the creep to spin ratio is con-
structed with reference to Table 1 and given in the intermediate
ring of Fig. 9. Consideringy in increments ofr/2, the normalized
torques can be substituted for the creep to spin ratios (3.
However, having identifiedlV2 as the drive antlvl as the driven
wheel, we must incorporate a dependenceyaf the sign on the

s is the same as the transmission law relating torques in the
al CVT. Thus, neglecting the traction torques, the transmission
eIaw relating torques does not deviate from its ideal.

Let us associate the drive and load on the CVT with the axial

INote that in this discussion we have neglected the contribution of the traction
torques to the moment balance nThe contribution of the traction torques is quite
small in comparison to that of the tractive forces, especially when the contact patches
Fig. 7 Normalized tractive force versus creep & and spin ¢ are small.
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Fig. 10 The transmission ratio of speeds as a function of the
transmission angle y with a/R=0.2

Fig. 9 The governing relationships are drawn graphically

around a circle so as to indicate the range of v in which they a 7,

are valid. In concentric regions starting at the center, the signs cogy)+ = ——sirf(y)

of the spin parameters, the relationships between the creep to w1 _ RruN (37)
spin ratios and the drive roller torques, and the drive roller 2 ] a 7

torque values at limiting friction are noted. sin(y)+ R r,u_NCO§( )

These expressions hold so long as the slip is not all in the same
direction, in either contact line.
second term in both the numerator and denominator of &j.to Beyond a certairr, , which will itself be a function ofy, there
ensure that the CVT acts as a dissipative element: will be no more available tractive force in one or the other drive
rollers. At that time, the normalized tractive force at that roller
will be unity, the slip will be in the same direction across the

aé entire contact patch, and equivalently, the rolling p&@ntvill be
cosy) +sgrtanty)) R sin(y) at the edge of that contact patch. With a disallowed force
—= ad . (35)  which increases beyond that point, the sideslip angle will increase
sin(y) —sgritan(y)) 5 — cos(y) unchecked and there will be acceleration in the disallowed direc-
R, tion. To find the limits of performance, the creep and spin vari-

ables are particularly handy, since the borderline cases are sym-

This dependence will ensure that the projectionsvefw,u,  Metric in £— ¢ space. Let us call the traction associated with slip
+wyu, and 7=7,u, on o; and o, obey the law: sgnf,r,) all in the same direction within a contact line “limiting traction.”
=—sgnw, ), Which ensures that power to the CVT flows in op- Whether limiting traction is attained first at roll&v1 or W2
posite directions on either drive roller. In effect, we have reverséigpends on the angle Since cosf)>sin(y) for 0<y<w/4, by
the direction ofr whenu, has positive directions in quadrants 11Ed. (34) roller W2 will first attain the limit 7,/ruN=1 and by
and Ill of S-space and reversed the directioncfwhenu, has EQ. (34), 71/ruN=—tan(y), as noted in the outermost ring in
positive directions quadrants Ill and IV. This allows us to emplofrigure 9. Together with the traction torque and creep to spin ratio
our analysis that made use of the rotation oftthbasis relative to relationships for 62 y<a/2 (Eq. (35) and the intermediate ring of
the 3 basis to describe our CVTconsistent withw,/w, Table 9, these limiting values give

= 1l/tan(y), 7, /7, = — 1/tan(y)), while constructing relationships a

that refer to the traditional input-output identified transmission c2y— =5y

laws w, /w, = 75/ 71 = 1/tan(y) when evaluating its performance. ©1_ R (38)
So, considering y in increments of #/2, the non- ) a

dimensionalized torques can be substituted for the creep to spin Sycy+ ﬁC Y

ratios in Eq.(35). Then Eq.(34) can be used to obtain an expres- _
sion for the speed ratie, / w, in terms of the torque load, . For where cy denotes cogf and sy denotes sinf). For m/4<y

example, for 6< y</2: </2, roller W1 first attains the limit and
a
a 7, cysy— Sy
COi 7) =Y Slnz( 7) ﬂ R — (39)
w1 R ruN W, a :
—= (36) S2y+ —c2y

R

Analogous considerations lead to similar expressions for the re-
maining /4 sectors ofy. Figure 10 shows the speed ratiq / w,
For — 7w/2<y<0, at limiting traction as a function of the CVT steering anglethen

720 / Vol. 124, DECEMBER 2002 Transactions of the ASME



Limiting Traction  po (57, And for 7/2<y<ar in similar fashion, but using

Eq.(58)
e Eq. (62) tan a— ) = tan(a) —tan(y)
15.. l+tana)tan(y)’
10
5. a 7
: i 3., 3
@ 0. RraN(SY ¢V .
5. Eq. (61) e e “3)
+=— +
10. R r,uN(C ysy+s“ycy)
'112 “Eq. (58) y .The sideslip angle is plotted in Fig: 11 as a function of the
w2 U Bg (57) i rn disallowed torquer; and the transmission anghefor the range
1 - Limiting Traction e om 2 —7w/2<y<mw/2. The remaining two quadrants gfare essentially
T, 05 e e 0 4 copies of this graph with similar discontinuities atn /2 ,(n
ruN 0 x -’; =0,12...). Equations(42) and (43) were used to plot the up-
75 ward sloping surface. Eq§38) and(39) with Eq. (41) were used
to locate the limiting friction curve, shown as a curved vertical
Fig. 11 Sideslip angle e as a function of the disallowed force fence in Fig. 11.
7 and the transmission angle  y. Beyond the limiting curve, — a This figure shows neatly that is a nearly linear function of |
will increase without regard to 7, applied. with a slope that is a weak function ¢f The highest value of,

attained before gross slip occurs is a functionyafith minima of
7,=1 at y=nx/2 and maxima ofr, =v2 at y= w/4+nw/2
dn=0,1,2,3). Values ofx increase with increasing, for 0<y
< /2 but decrease with increasing for — 7w/2<y<0, consis-
tent with the dissipative property of the CVT.

Figure 10 may be interpreted in terms of the question posed inS anticipated by intuition, the sideslip for a given is greater
the introduction, whether the ability of the CVT to transmit load&t ¥=n7/2, (1=0,12...) when therotational axis ofS inter-
is compromised when spin dominates in one contact line or tECtS 0ne of the contact lines and the limiting value ofs lower.
other. We see that indeed, the ability to maintain the speed ra igrther, at these transmission ratios, the sideslip angle undergoes

setting 1/tanf) breaks down when transmitting non-zero loags & r€versal in sign to account for the power sign conventioe
for v close tonm/2,(i=0,12...). At y=0 and under limiting changing roles of drive and driven rollers that ensure dissipativ-

friction a maximum transmission ratio of about 5 is achievel]y)- Indeed the feared breakdown that intuition had suggested

when approaching fromy>0 and —5 when approaching from oes exist._NuII and infinity transmission ratios are not achievable
y<0 rather than the ideat o and — . Presumably other effects IN the non-ideal case.

such as elasticity would contribute to a softening of the transition

through zero in the regioy=0. As v increases, the decreasing

speed ratio attains zero at a value significantly lower than the ideal

vy=m/2 and asy decreases, the increasing speed ratio attains zéyo Summary

at a value significantly higher than the idepk— /2. For a | this paper, we have developed the kinetics of the wheel and
significant region aroundy=x /2, there is no motion at the \he cv/T, illustrating the mechanism in each device by which the
output shaft:w,=0. Physically, the rolling pointQ changes ansmission law relating speeds becomes coupled to that relating
abruptly from one side of the contact line to the other under thg,ces. To describe deviation from the ideal rolling constraint, we
drive roller W2 aroundy=0. The position of the rolling poin® ;seq kinematic creep. Viewed in coupling space, both the Wheel
is ambiguous under the driven rolleVl in the regiony  ang the CVT are subject fateral creep when a force is applied in
=+ 7/2. . ) i the disallowed direction. In physical space, however, the wheel
We are ready to express the sideslip anghes a function of the g,n0rts 4 disallowed force with lateral traction and is subject to
transmission load, for the CVT. The sideslip angle is Qeflned Njateral creep, whereas the CVT supports a disallowed ftya
coupling space as the angle between the healatermined by ot grive roller torqueswith a pair of longitudinal tractions and is
the transmission ratio tag)) and the actual motiofwhose mea- g piact to a pair of longitudinal creeps. The fact that the tractions
sure numbers are, and w,). Thus« is available from the ratio 4re transmitted across contacts that undergo spin whose magni-

a/R=0.2. The nonideal case at limiting traction is given by Eq
(38) and (39 for 0<y<a/2. The ideal case l/tap) is also
shown for comparison.

of drive roller angular speeds: tude is again related to the transmission ratio makes the longitu-
W, dinal creeps transmission ratio dependent in addition to load de-

tan(a+y)=— (40) pendent. The pair of longitudinal creeps in the CVT, when viewed
@1 in coupling space, is interpreted as lateral creep. To express lateral

Using the trigonometric identity creep in the Wheel as a function of lateral traction, an elastic
model is used. To express the longitudinal creeps in the CVT as a

tan a+ y) = tan(a) +tan’y) (41) function of longitudinal tractions, a rigid body model suffices, so

1—tan(a)tan(y)

and the expressiofB5) with Eq. (40) we can solve fore as a
function of 7, andy. For 0<y<w/2,

long as the rolling bodies make line contact. An approximating
physical modeltwo coaxial cones in place of the spherical rolling
surface was used to set up line contact.

Analytical expressions relating tractive force to creep and spin

a 7 . 3 at each of two line contacts were incorporated into a full kineto-
R _r,uN (s*y+cy) static model of the CVT to yield the dependence of the speed ratio
tana) = (42) on the transmitted load and transmission ratio setting. Deviations

from the ideal rendered very high transmission ratios unattainable

a 7,
1+ — ——(c?ysy—s?yc - ,
(CTysy 7¢y) and very low difficult to regulate. However, an approximately

RruN
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linear relationship between sideslip angle and transmitted loadReferences

confirmed for the full range of transmission ratio settings. [1] Colgate, J. E., Peshkin, M. A., and Wannasuphoprasit, W. 1996, “Passive
These wheel and CVT models may be used to create model- Robots and Haptic Displays Based on Nonholonomic ElemeRtgiteedings,

based controllers for cobots that compensate for the effects of IEEE International Conference on Robotics and AutomatRinilidephia, PA.

: : _ ; ; [ itinA2] Peshkin, M. A., Colgate, J. E., Wannasuphoprasit, W., Moore, C. A., Gillespie,
Sldes“p by cc_)unter Steermg' Sldes“p in the CVT C‘?‘uses a QUIdlnd R. B., and Akella, P., 2001, “Cobot Architecture,” IEEE Trans. Rob. Autom.,
surface to give way as an operator pushes against it. Counter- 174 oy 377-390.
steering as a function of transmission ratio setting and applieds] Liu, C., and Paul, B., 1989, “Fully Developed Sliding of Rough Surfaces,”
load would restore the guiding surface. Although, according to the ASME J. Tribol.,111 pp. 445-451. o
models presented here, 0n|y limited compensation may be prOL4] Wang, B.-T., and Fries, R. H., 1989, “Determination of Creep Force, Moment,

. . . . . : and Work Distribution in Rolling Contact With Slip,” ASME J. Tribol111,
vided, especially in the regions of very high or very low transmis- 1, _71g

Sion .ratios. EXtenSiO.nS to the models presented here include thg] Howe, R. D., and Cutkosky, M. R., 1996, “Practical Force-Motion Models for
addition of the elastic features of the Wheel model to the CVT  Sliding Manipulation,” Int. J. Robot. Res15(6), pp. 557-572.
model. In such an elastic model, the cones replacing the spher@ Johnson, K. L., 1985Contact MechanigsCambridge University Press, Cam-

. P bridge, UK.
will be unnecessary, and the effects of an elliptical contact patcl'h] Kluger, M. A., and Fussner, D. R., 1997, “An Overview of Current CVT
may be explored. Mechanisms, Forces and Efficiencies,” SAE Technical Paper Series 970688.
[8] Singh, T., and Nair, S. S., 1992, “A Mathematical Review and Comparison of
Continuously Variable Transmissions,” SAE Technical Paper Series 922107.
[9] Kim, J., Yeom, H. J., and Park, F. C., 1999, “MOSTS: A Mobile Robot with a
ACkn0W|edgment5 Spherical Continuously Variable TransmissiofEEE/RSJ International Con-
The authors gratefully acknowledge the support of General M-, , crence on Intelligent Robots and Systepys 1751-1756,

. ) . . 10] Sordalen, J. J., Nakamura, Y., and Chung, W. J., 1994, “Design of a Nonholo-
tors Corporation and the National Science Foundation under the " omic Manipulator, IEEE International Conference on Robotics and Automa-

postdoctoral program award No. 9625756. tion, pp. 8-13.

722 | Vol. 124, DECEMBER 2002 Transactions of the ASME



