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Deadbeat Internal Model Control for Command Following and
Disturbance Rejection in Discrete-Time Systems

Jesse B. Hoagg' and Dennis S. Bernstein?

Abstract— Internal model control is an established technique in
continuous-time linear control but has not been developed for discrete-
time systems in the shift and delta domains. In this paper, we present a
new linear algebraic solution to the multivariable command following
and disturbance rejection problem that unifies continuous and discrete
time. Furthermore, we present deadbeat internal model control for
discrete-time systems in the shift and delta domains.

1. INTRODUCTION

The internal model principle is a foundation result of control
theory [1-9]. Internal model control is essential for both command
following and disturbance rejection problems, where the exoge-
nous command and disturbance signals are outputs of an unforced
linear system. In short, the internal model principle states that
asymptotic command following and disturbance rejection can be
achieved by incorporating copies of the exogenous dynamics in
the feedback loop.

During the early to mid 1970s, internal model control was an
active research area starting with [1-3]. Specifically, [1] treats the
disturbance rejection problem for a class of systems for which the
range of the disturbance input matrix is contained in the range
of the control input matrix. A general treatment of multi-input,
multi-output internal model control for both command following
and disturbance rejection problems is given in [4-7], including
the synthesis of a servocompensator. An alternative geometric
approach is given in [8]. In [9], the converse problem is addressed,
and necessary conditions for asymptotic regulation are developed.

All of the results in [1-9] on internal model control are confined
to continuous-time systems. Analogous results for discrete-time
systems are not available in the literature. Furthermore, the results
of [4-7] use analytic tools specific to continuous-time models,
and thus do not extend to discrete-time systems. In the present
paper, we develop an alternative approach to internal model control
that is directly applicable to continuous-time systems and discrete-
time systems in both the shift and delta domains. In contrast to
the analytic approach of [4-7] and the geometric approach of
[8,9], our approach is heavily algebraic. Using this approach,
we simultaneously solve the command following and disturbance
rejection problem in both continuous and discrete time. We also
present sufficient conditions for deadbeat internal model control
in the shift and delta domains.

2. PROBLEM FORMULATION

In this paper, we consider the linear continuous-time system

#(t) = Ax(t) + Bu(t) + Diw(t), (2.1)
z(t) = Erz(t) + Eau(t) + Eow(t), 2.2)
y(t) = Cx(t) + Du(t) + Daw(t), (2.3)
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and the linear discrete-time systems
z(t+ 1) = Ax(t) + Bu(t) + Diw(t), (2.4
2(t) = F1z(t) + Eau(t) + Eow(t), (2.5)
y(t) = Cx(t) + Du(t) + Daw(t), (2.6)

or

z(t+1) = z(t) + h [Az(t) + Bu(t) + Diw(t)], 2.7
z(t) = Friz(t) + Fau(t) + Eow(t), (2.8)
y(t) = Cx(t) + Du(t) + Daw(t), (2.9)

where z € R™ is the state, y € R' is the measured output
available to the controller, z € R is the performance, u € R'v ig
the controller output, w € R' is the exogenous input, and A > 0
is the sampling period. Without loss of generality, we assume that
rank B = [, and rank C = [,.

To simultaneously consider continuous-time and discrete-time

systems, let D denote the differential operator %, the forward shift

dat>
operator ¢, or the delta operator 6 = %, that is, Dx(t) = dﬂfftt)
for continuous time, Dx(t) = (¢t + 1) for discrete time with the
shift operator, and Dx(t) = + [z(t + 1) — x(t)] for discrete time
with the delta operator. Note that the set containing the argument

t depends on the operator D, that is, ¢t € 7 where

A [0,00), D= %7
=< 7F, D =q, (2.10)
{t: tez*}, D=6

The objective of this paper is to determine sufficient condition
for the existence of a feedback controller that stabilizes the open-
loop system (2.1)-(2.3) or (2.4)-(2.6) or (2.7)-(2.9) and regulates
the performance z to zero when the exogenous input w is gener-
ated by an unforced linear system. This control problem includes
both disturbance rejection and command following objectives, that
is, the exogenous signal w contains components to be rejected
and components to be followed. The problem can be restricted to
command following alone by letting D; = 0 or to disturbance
rejection alone by letting D> = 0 and Ey = 0.

The single-input, single-output (SISO) command following
problem in Figure 1 can be written in the standard form (2.1)-
(2.3) or (2.4)-(2.6) or (2.7)-(2.9), where the plant G has the

realization G ~ B }, D, =0, B1 =C, E2 = D,

C | D
Ey = Dy = —1, and G is the feedback controller. Then
2=y = Cx+ Du+ Daw = your — w is the tracking error
where yout = Cx + Du.

G yout

Y

Fig. 1.

SISO command following problem

Similarly, the SISO disturbance rejection problem in Figure 2
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can be written in the standard form, where D1 = B, E; = C,

A| B
E2 = D, ED = D2 = 0, and G(S) ~ {TT} .

w

G b== »
+

u A~

G <

Fig. 2. SISO disturbance rejection problem

Lastly, the combined SISO reference tracking and disturbance
rejection problem in Figure 3 can be written in the standard form,
whereD1:B,E1:C,E2:D,E0:D2:[1 0],and

A| B
G(s) ~ { relll) } .Then z = y = Cz+Du+Dow = Your —w1
is the tracking error.
w2
W1 — = G G out >

Fig. 3.
problem

Combined SISO command following and disturbance rejection

Next, define the stable region

A {AeC:Re A <0}, D=4
§=J {heC:|)\<1}, D=q, (2.11)
ANeEC: 2N +Re A< 0}, D=4,
and the unstable region
{A€C:Re XA>0}, D=4
UL {(AeC:|A>1}, D =q, 2.12)

AeC:LAP+Re X >0}, D=0

Definition 2.1. The spectrum of A is spec(A) 2 {\ : det(M —
A) = 0}.

Definition 2.2. A is asymptotically stable if spec(A) C S.
Definition 2.3. A is completely unstable if spec(A) C U.

Let the exogenous signal w be the output of the linear system

Dy = AwTw, w = CyTw, (2.13)

where z,, € R™, A, is completely unstable, and (A, Cy) is
observable. In the case [, = 1, it follows from [10] that A, is
cyclic. In the case [, > 1, we assume, without loss of generality,
that A,, is cyclic.

To achieve closed-loop stability and regulation of the perfor-
mance variable, consider the feedback controller

Di = Az + By, u=Ci, (2.14)

where & € R™. The closed-loop system (2.1)-(2.3) or (2.7)-(2.9)
with the feedback controller (2.14) is

Di = Az + Dw,
z = Ei—kEow,

(2.15)
(2.16)

where
<A A BC = A Dy
A= s ZH—BDC‘]’ D_{BDQ}’ @17
E2[ B BC ], wé[i} (2.18)

The following result is presented in [9] for continuous-time
systems but is also applicable to both shift and delta operator
discrete-time systems. This result is used in the next section to
show regulation of the performance variable z. In [9], a geometric
proof of this result is given. We provide an alternative proof, which
extends the result to discrete-time systems.

Lemma 2.1. Consider the closed-loop system (2.15)-(2.18)
with exogenous input (2.13), and assume that A is asymptot-
ically stable. Then, for all initial conditions %(0) and x.(0),
lim; o0 2(t) = 0 if and only if there exists S € R >xmw
such that

AS — SA, = DCl,
ES = EoCl.

(2.19)
(2.20)

Proof. The closed-loop system (2.15)-(2.18) with exogenous
input (2.13) can be written as

Dxs = Aszs, 2= Esxs, (2.21)

where z, = [ zw ]T and
A2 [ A DC,

AN ~
0 Al } E;=[ E ECw» |. (222

Since A is asymptotically stable and A,, is completely unstable,
the Sylvester equation (2.19) has a unique solution. Let S €
R X" pe the unique solution to (2.19). Now define

Al I =S
Q= { 0 I } , (2.23)
and consider the change of basis
AS éQ_lAsQ: A _AS+SAUJ+DCUI
0 Aw
A 0

= { 0 A, } , (2.24)
E.2BQ=[E —ES+EC, |. (2.25)
To prove necessity for continuous-time Sys-
tems,  suppose that  limi—oo 2(2) = 0, so that
lim; o [EeAt + (—ES+ EOCw> eAwt} = 0. Since A
is asymptotically stable, it follows that lim; . Eelt = 0
and thus  limi—oo (~ES+ EoCy) e = 0. Since
A, is completely unstable, every nonzero entry of
—ES + EoCy ) et is either a constant or involves

exponentials of ¢, where each coefficient of ¢ has nonnegative
real part. Therefore, lim;_, oo (—ES + Eon> ewt = 0 implies
that —ES + EoCy = 0.

To prove necessity for discrete-time systems with the shift
operator, suppose that limi—o 2(t) = 0 for all initial con-
ditions, so that limy—oc | BA" + (=ES+ EoCy ) AL] = 0.
Since A is asymptotically stable, it follows that lim;_ o FEA' =
0 and thus Tim—oo (~ES + EoCu) Al = 0. Since Ay is

completely unstable, lim;_.oo Afu does not exist and, for all
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t > 0, Al is nonsingular. Assume that —ES + EoC,, #
0, and let omin(-) denote the minimum singular value. Then
it follows that 0 = limt_,ooH<fES+Eon) AfUH >
F
|-+ EoCu|
diction. Therefore, —ES + FEoCyw = 0.

lim;— 00 Tumin (A%, ) = 0o, which is a contra-
F

To prove necessity for discrete-time systems with the

delta operator, suppose that lim; .o z(t) = 0 for all initial
_ — L

conditions, so that lim; . Es (I +hAs)* = 0. Thus,

lim— oo [E (1+n4) L (~BS + BoCu) (I + hAw)F] =

0. Since A is asymPtotically stable, it  follows

that  Timy—oo £ (1+1A)" = 0 and thus

iy oo (—Es + Eon> (I+hAy)% = 0. Since Ay,
t

is completely unstable, lim;_, o (I + h/i) " does mot

t

exist and, for all t > 0, (I + hAy)*® is nonsingular.
Assume that —FES + FEoC, # 0, and it follows that
~ t
0 = limo ( (~E5+ EoC,) (I+hAw)FHF >
H_ES + EOCw hmt—»oc Omin ((I + hAw)%> = o0,
F -
which is a contradiction. Therefore, —ES + EqC, = 0.

Conversely, since ES — EoCy = 0, we have 2(t) = Eegtfc(())
in continuous-time, z(t) = FEA'#(0) in discrete time with
t

the shift operator, and z(t) = E (I —|—hf1>ﬁ Z(0) in discrete

time with the delta operator. Since A is asymptotically stable,
lim;—oo 2(t) = 0. O

3. INTERNAL MODEL CONTROL

In this section, we consider the command following and dis-
turbance rejection problem for the linear system (2.1)-(2.3) or
(2.4)-(2.6) or (2.7)-(2.9). We provide sufficient conditions for the
existence of a feedback controller (2.14) that stabilizes the closed-
loop system (2.15)-(2.18) and regulates the performance variable
z to zero.

Before presenting sufficient conditions for the existence of
an internal model controller, we characterize the form of this
controller. First, consider the open-loop system (2.1)-(2.3) or (2.4)-
(2.6) or (2.7)-(2.9) and cascade its output with an internal model
of the exogenous dynamics

D1 = Awz1 + vay7 (3.1)
where Aw 2 I, ® A, € R™v*"wly By £ T, @ B,, and
By, € R™*! is chosen such that (A,,, B,,) is controllable. There
exists By, such that (A, By) is controllable since A,, is cyclic.
Note that the dynamics of (3.1) contains /,, copies of the exogenous
dynamics A,,. The cascade (2.1)-(2.3) or (2.4)-(2.6) or (2.7)-(2.9)
and (3.1) is

+{BV€D}U+{BV€1DQ}W’ (32)

Y | C 0 T D Do
E R P R e Rl
3.3)

Next, we consider a feedback controller for the augmented system

(3.2)-(3.3), of the form

34

1S3

Di‘QZAci'2+[Bcl Bc2]|:y:|7

1
u = CeZa, (3.5)
where A, € R(n+nwly)><(n+nwly)’ B € R(n-‘rnwly)xly, By €
R(mFwly)xnuly and 0, € RY*("Fmwlv) | Then, the closed-
loop system (3.2)-(3.3) and (3.4)-(3.5) is shown in Figure 4 and
given by

T A 0 BC. x
D| &1 | =| BwC Aw BwDC. T1
jQ BClC Bc2 Ac + BCIDCC ‘iZ
D1
+ | BwD2 | w, (3.6)
B Do
[z
z=[ FE1 0 ExC. ]| &1 |+ Eow 3.7
L fi'2
Plant
w , Dx = Az + Bu + Dyw Z >
z = Fix + FEsu + Eow
y = Cx+ Du+ Daw vy

Dy = Acdia + Bery + Beada |
u = Ccig

A

Di1 = Aw 1 + Bwy<-—

Servocompensator

Fig. 4. Internal Model Control

Now, we present the main result of this section.

Theorem 3.1. Assume that the following conditions hold.

(i) (A, B,C) is stabilizable and detectable.
(i) Ly > 1.
A—AI B\ _
(iii) For all A € spec (Aw), rank ({ c D }) =n-+
min(ly, ly).
(iv) There exists R € R%=*" sych that z = Ry.

Then there exists a linear time invariant controller of the form
(2.14) such that the equilibrium of the closed-loop system (2.15)-
(2.18) is asymptotically stable and, for all initial conditions Z(0)
and ., (0), lim¢—.o 2(t) = 0. Furthermore, one such linear time
invariant controller is given by (2.14) with

j2| Aw 0 52 | Bw 40
A_{Bd Ac}’ B_[Bd}, c=[0 C.],
(3.8)

where A., B, Bea, and C. are chosen so that (3.4),(3.5)
stabilizes (3.2),(3.3).

Proof. First, we show that the augmented system (3.2)-(3.3) is
detectable and stabilizable. Let s € U and A\ € spec (A.) C U
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Since (A, B) is stabilizable, it follows that

rank A—sl B 0
BwC BwD Aw —sl
A-M B 0
2 rank{ BwC BwD Aw — Al ]

In 0 0
zrank({ 0 Bw AW—)\I}
A=X B 0

X C D 0 3.9
0 0 Iin,
Conditions (ii) and (iii) imply that
A- Xl B 0
rank C D 0 =n+ly +lyne, (3.10)
0 0 Iin,
which is full row rank. Therefore,
A— sl B 0
n o+ bymw 2 rank { BwC BwD Aw —sI }
I, 0 0
> . .
7rank{ 0 Bw Aw — A } (3.11)
Since (Aw, Bw) is controllable,
I, 0 0 .
rank { 0 Bw Aw — A } = n + lyny, and thus
rank 0 =n+lyn (3.12)
BWC BWD Aw —sI | yre ’

is stabilizable.

. A 0 B
‘e \| Bwe Aw |’| BwD

Furthermore, since (A,C) is detectable,
A 0 cC 0

(| e aw |10 1
observer-based controllers that stabilize the augmented system
(3.2),(3.3). Consider the controller (3.4),(3.5) where the param-
eters Ac, Be1, Be2, C. are chosen to stabilize the augmented
system (3.2),(3.3). The closed-loop system (3.2),(3.3) and the
feedback controller (3.4),(3.5) is asymptotically stable and given
by (3.6),(3.7). Furthermore, the closed-loop system (3.6),(3.7)
is equivalent to the closed-loop system (2.15)-(2.18) with the

controller (2.14), (3.8) where & = {:1

2
shown that the closed-loop system (2.15)-(2.18) and (3.8) is
asymptotically stable.

Next, we show that lim;— . z(t) = 0. Define

it follows that

is detectable. Thus, there exist

. Therefore, we have

N I, 0 0
T= 0 0 In+lynw ) (313)
0 Iiyn, O

and consider the change of basis £ = 7T'z. In the new basis, the
closed-loop system (2.15)-(2.18) and (3.8) has the form

Dz = Az + Dw, z=EZ+ Fow, (3.14)
where
. A BC. 0
ASTAT ' '=| BaC A.+BuDC. Be |, (3.15)
A ~ Dl
D=TD=| BaD: |, (3.16)
Bw Ds
ESET'=[E EC. 0]. (3.17)

S

Next, let S 2 [ S5

} be the unique solution to the Sylvester

equation

AS — SA, = DCy. (3.18)

Now, it follows from Lemma A.l in Appendix A with F; =

A BC. B 0 B B
|:BC1C A.+ BaDC. }’FQ—{BCQ , F3 = Ay, G =
= _ chw _
B,,H=[C DC.].J= { BoDae |- and K = DaCy

that [ C DC. ] S1 = D2Cy,. Condition (iv) implies that there
exists R € R'**!v such that F, = RC, E2 = RD, and Ey =

RDs. Therefore, [ E1  E2C. | S1 = EoCuy, or equivalently
ES = EyCl. (3.19)

Thus, there exists S satisfying (3.18) and (3.19), and Lemma 2.1

implies that lim; .o 2(t) = 0. O

Theorem 3.1 provides sufficient conditions for the existence of
a linear time invariant controller that stabilizes the continuous-
time system (2.1)-(2.3) or the shift operator discrete-time system
(2.4)-(2.6) or the delta operator discrete-time system (2.7)-(2.9)
and regulates the performance z to zero. The case z = y is
considered in [5-7], where it is claimed that the conditions (i)-(iii)
are necessary and sufficient for continuous-time systems. However
it is possible to construct examples for which (ii) and (iii) are not
necessary. For example, consider the single-input, single-output
disturbance rejection problem

A 2+a?

p(s)
where z = y, a € R, deg p(s) > 2, and p(s) does not have
roots at £ja. Furthermore, assume that w is the output of the
linear system (2.13), where A,, has the characteristic polynomial
puw(s) = s2 + a2, Therefore, for every minimal realization of
G(s), condition (iii) does not hold since +j«a are eigenvalues of
A, and zeros of G ( ) However, consider the feedback controller
u=—G(s)y = (S>y where G(s) and p(s) are selected so that

D(s) 2 Pw(8)d(s) + p(s)p(s) is Hurwitz. Then the final value
theorem implies that

y=G(s) (u+w), G(s)

(3.20)

lim 2() = lim s— )£ (w(t))
t—00 s—0 1 + G(S)G(S)
i P25 au(s)
s=0 P(s)  puls)
where L(-) is the Laplace transform and L(w(t)) = %. In
this case, every stabilizing controller drives the performance to
zero because the disturbance frequency corresponds to zeros of
the open-loop system.

Similar examples can be constructed for the single-input, multi-
output disturbance rejection problem with z = y, where, for all
A € spec(Aw),

(3.21)

A-X B
c D

In these cases, neither condition (ii) nor (iii) holds, but since (i)
holds, it is possible to construct a linear controller that stabilizes
the closed-loop system. Furthermore, every stabilizing controller
can be shown to satisfy lim; .. z(¢) = O since the invariant
zeros of (A, B, C, D) coincide with the eigenvalues of A,,. More
precisely, it suffices to stabilize the closed-loop system because
lim;—oo 2(t) = 0 is trivially true. Therefore, conditions (ii) and

rank { } <n+4ly. (3.22)

197



(iii) are not necessary under the assumption made in [5-7] and
in the present paper. However, the counterexamples known to
us require that the eigenvalues of A, are also invariant zeros
of (A, D1, Ev, Eg), namely, the invariant zeros of the system
from the exogenous signal w to the performance z. To eliminate
such counterexamples, assumptions on the invariant zeros of
(A, D1, E1, Ep) are needed to make conditions (i)-(iv) necessary
and sufficient. The proof of such a result remains open.

4. DEADBEAT INTERNAL MODEL CONTROL

In this section, a corollary to Theorem 3.1 provides sufficient
conditions in discrete-time for the existence of an internal model
controller that deadbeats the closed-loop dynamics.

Corollary 4.1. Consider the discrete-time system (2.4)-(2.6) or
(2.7)-(2.9) and assume that the following conditions hold.

(i) (A, B,QC) is controllable and observable.

(ii) Ly > 1,

A—-)X B .

(iii) For all X € spec (Auw), m"k({ c D }) T
min(ly, ly).

(iv) There exists R € R'=*' such that z = Ry.

Then there exists a linear time invariant controller (2.14) such that
the following conditions hold.

(i) The equilibrium of the closed-loop system (2.15)-(2.18) is
asymptotically stable.
.. 1 07 D = q7
(ii) spec(A) = { J1op_y

(iii)  For all initial conditions %(0) and x.,(0), and, for all T >
2(n+nuwly), 2(T)=0ifD=qorzhT)=0if D=5

Proof. The proof of this result is similar to the proof of Theorem
3.1. Again, we consider the open-loop system (2.7)-(2.9) con-
nected in cascade with [, copies of the exogenous dynamics A,
given by (3.2)-(3.3). In the proof of Theorem 3.1, we showed that
the augmented system (3.2)-(3.3) is detectable and stabilizable.
Since, in addition, (A, B) is controllable, it follows that, for all
s €S8,

A—sl B 0
ch BwD AW — s

4 th A 0 B .
an us BwC Aw |’| BwD is

rank { } =n+lyne, (“4.1)

controllable.

Since, in addition, (A,C) is observable, it follows that
A 0 cC 0 .
({ BwC  Aw } , { 0 I is observable. Thus, there ex-

ists an observer-based controller that stabilizes the augmented
system (3.2)-(3.3) and yields a closed-loop system with nilpotent
dynamics. Using the same argument as in the proof of Theorem
3.1, it follows that there exists a linear time invariant controller
(2.14) of order n+ 2n.ly, such that the equilibrium of the closed-
loop system (2.15)-(2.18) is asymptotically stable, where

1 07 ‘D: )
spec(A):{ 7y D:?

h?

4.2)

and, for all initial conditions Z(0), lim¢—. 2(¢) = 0.
The closed-loop system (2.15)-(2.18) with exogenous input
(2.13) can be written as

zs(t+1) = Aszs(t), 2(t) = Eszs(t), 4.3)

>

DC“’}, EA[ B ECy ], xé[ﬂ

Tw

(4.4)

Since lim;— o 2(t) = 0 and Ais asymptotically stable, it follows
from Lemma 2.1 there exists S € R2(Frwly)Xnw guch that

AS — SA, = DC,,
ES = EoC,.

4.5)
(4.6)

Now define @ 2 { }, and consider the change of basis

I

0
AS:Q_lASQ:{ fw], BE2EQ=[E 0].
@.7)

Then for the shift operator, we have z(t) = E;ALQ *z:(0) =
EA![(0) + Sz.,(0)]. Since A € R2(ntnwly)x2(ntnuly) g
nilpotent, it follows that, for all initial conditions Z(0) and ., (0)
and for all T' > 2 (n + nwly), 2(T) = 0.

For the delta operator, we

By (I+hA)7 Q 'a,(0) =

z(t) =
E (I + hA) " [2(0) + Sz (0)].
—%, it follows that (I + h/i) €

have
t

Since spec(A) =
R2(n+nwly)x2(ntnuly) i nilpotent and, for all initial conditions
Z(0) and 2, (0) and for all T > 2 (n + nwly), 2(KT) =0. O

5. CONCLUSIONS

This present paper considers internal model control for lin-
ear continuous-time and discrete-time systems. Specifically, we
presented a linear algebraic solution to the multi-input, multi-
output command following and disturbance rejection problem,
which simultaneously solves the problem in continuous time and
in discrete time with both the shift and delta operators. Lastly, we
presented sufficient conditions for the existence of a discrete-time
internal model controller that deadbeats the closed-loop dynamics.

APPENDIX A

Lemma A.l. Let F; € RY*Y F, € R?*™P Fy ¢ R™*™,
G € R™*Y H € RPXY J € RY*™, and K € RPX™. Assume

F F.
(Ip®1G)H I, ®2F3 ) N spec(F3) = &, and

the pair (F3, Q) is controllable. Let S £ {

that spec

Y| be the unique

solution to the Sylvester equation

Fp Fy sl | S| gy = J
(Ip ®G)H Ip® F3 So So 3 = (Ip ® G)K .
(

1
Then HS, = K.
Proof. The Sylvester equation (A.1) is equivalent to
F151 4+ F2S2 — S1F3 = J, (A2)
(Ip @ G)HS1 4+ (Ip ® F3)Sa — SoF3 = (I,  G)K. (A.3)
S2.1
Next let So = : , where, for ¢ = 1,...,p, Sa; €
Sa.p
R™*™ It follows from (A.3) that, for i = 1,...,p, F352,; —
SoiFs = GA;, where A; e e; (K —HS1) and e; e
[ Oix-1y 1 Oixpi) |-
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Let M € R™ ™ be such that F' 2 M™'F3M is in Jordan

canonical form. That is, for some p < m, F' = diag(Fh, ..., F,.),
A1
. — A
where, for j = 1,...,u, F; = €
1
Aj
RTi*i and \; € spec(F3). Furthermore, define
G1
~ A -1 .
GEMT'G=| : |, (A.4)
G
and, for i = 1,...,p, define
Sin Sitn
S’i é MﬁlszyiM = s (A.5)
S‘i’ul Si,uu
N
Ai = AiM = [ ¢i,1 ¢i,m } ) (A'6)

where, for j = 1,...,p, G; € R5>Y and, fori = 1,...,p
and for j,k = 1,...,u, Sijn € RF*Ix Therefore, for i =
1,...,p, pre-multiplying F3S2,; — So;Fs = GA; by M~' and
post-multiplying by Mpyields 5. o — GA,. (A7)

Substituting (A.4)-(A.5) into (A.7) and considering only the block
diagonal terms implies that, fori =1,...,pandforj =1,..., 4,

(A.8)

FSi45 = 8iiFy = G\ E;,
0(f1+"‘+fj—1)><fj
Iy,

J

2

where E; ,and fo = 0.

O(fj+1+‘“+fp)><fj
Next, for ¢ = 1,...,p and for j = 1,...

sHs let S5 =
Sij,1,1

and thus, for k = 2,..., f;, sijk,0 = 0. Now since g; # 0
and s;;5,,1 = O, inspecting the (f;,2) entry of (A.10) yields
that for &« = 1,...,p, @i, 14p++f;_1+1 = 0 and thus, for
k = 3,...,fj, Sijk,2 = 0. Now since gj ;é 0 and Sij,fj,2 =
0, inspecting the (f;,3) entry of (A.10) yields that for ¢ =
LoDy @iitfit++f_1+2 = 0 and thus for k = 4,..., fj,
Sij,k,3 = 0. Continuing in this manner yields, for ¢ = 1,...,p,
[ it fr++fj 1 i frt+ 1y ] = 0. Repeating this for

j=2,...,u, yields fori =1,...,p, A; = 0, which implies that

HS, — K=0. O
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Sij, f5,1 Sij,f5,f;
8ij,2,1 8ij,2,2 = Sij,1,1 5i5,2,3 = 8ij,1,2 Sij,2,f; = Sij,1,f5—1
8i5,3,1 5i5,3,2 — Sij,2,1 5i5,3,3 = 5i5,2,2 Si5,3,f5 = 8i5,2,f5—1
- _ _ Sij,4,1 Sij,4,2 = Sij,3,1 Sij,4,3 — Sij,3,2 Sij,4,f; — Sij,3,f;—1
FjSi g5 — SiiFj = :
Sij f5,1  Sigfy,2 = Sij,fi—-1,1  Sij,f;,3 7 Sij,f;—1,2 Sij fy.f5 = Sigfi—1,f;-1
0 —8ij,fj,1 —8ij,f;,2 —Sijf5.f5—1
(A.9)
For j = 1,...,u, let g; € R denote the last entry of G;. For
i=1,...,pand j = 1,..., u, combining (A.6), (A.8), and (A.9)
yields
$ij,2,1 $i4,2,2 7 Sij,1,1 i5,2,3 T %ij,1,2 5i5,2,f; ~ Sij,1,f5—1
$i4,3,1 $i5,3,2 7 %ij,2,1 i5,3,3 T %ij,2,2 $i4,3,f5 T %i3,2,f5—1 "
5ij,4,1 $i5,4,2 = $i5,3,1 $i5,4,3 = $i5,3,2 Sijd,f; T %i5,3,f5—1 .
=| | [ Pertfbetro 0 Pfibet sy |,
: : : : #
Sij fi 1 Sigf5.2 T S f5—1,1 Sij,f5,8 T Sijf—1,2 Sijofjfy T Sigifi—1,f5—1 93
0

s e
i3, fj.1 i3, fj.2

(A.10)
where f denotes an inconsequential entry.

Now since (F3,G) is controllable, it follows that (F,G) is
controllable, and, for 5 = 1,...,u, (Fj,G;) is controllable.
Therefore, for j = 1,...,u, g; # 0.

First, consider j = 1. Since g; # 0, inspecting the (f;,1)
entry of (A.10) yields that for i = 1,...,p, ¢i1+f 445, =0

~%ig, f5, -1
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