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ABSTRACT

We apply retrospective cost adaptive control (RCAC) to a

broadband disturbance rejection problem under limited model-

ing information and assuming that the performance variable is

measured. The goal is to compare the asymptotic performance

(that is, after convergence of the controller) of the adaptive con-

troller with the performance of discrete-time LQG controller,

which uses complete modeling information but does not require a

measurement of the performance variable. For RCAC we assume

that the first nonzero Markov parameter of the plant is known.

We show that if the plant zeros are also known, the retrospective

cost can be modified to recover the high-control-authority LQG

performance.

1 INTRODUCTION
The goal of robust control is to design controllers that ac-

count for prior uncertainty in the plant model. Robust control

thus trades performance for uncertainty. In contrast, the goal of

adaptive control is to avoid the need to sacrifice performance for

modeling uncertainty by modifying the controller online to the

actual plant. Adaptive control remains an active area of research

[1, 2].

A common application of adaptive control is to command-

following problems, where the goal is to have the plant follow an

exogenous signal that is specified at the present time. This prob-

lem is usually cast in terms of model reference adaptive control

[3–6].

For control applications requiring disturbance rejection,

adaptive feedforward control algorithms such as filtered-X LMS

have been developed [7]. These algorithms do not require knowl-

edge of the disturbance spectrum, but require a direct measure-

ment of the disturbance signal. For applications in which mea-

surements of only the plant response are available, feedback con-

trol is needed. For systems with harmonic disturbances having

known spectrum, such as active noise and vibration control in he-

licopters, harmonic steady-state algorithms can be used [8]. For

disturbance rejection in the presence of harmonic disturbances

with unknown spectra, adaptive feedback control methods have

been developed [9–12].

A more challenging problem is adaptive disturbance rejec-

tion without feedforward measurements in the presence of broad-

band disturbances. For nonadaptive control with complete mod-

eling information, LQG control can be used; for robust con-

trol, extensions to H∞ are available [13]. Within the context of

adaptive feedback control, adaptive LQG control is considered

in [14, 15].

In the present paper we consider the adaptive broadband

disturbance rejection using retrospective cost adaptive control

(RCAC) [11, 12, 16, 17]. Although broadband disturbance re-

jection was demonstrated in [11, 12, 16], no attempt was made

to compare the asymptotic performance of the adaptive con-

troller under limited modeling information with the performance

of LQG under complete modeling information. This is the goal

of the present paper.

To compare the performance of RCAC with LQG, we con-

sider a disturbance rejection problem in which the error signal is

the input to the controller. This assumption is for convenience

only since RCAC allows distinct error and measurement sig-

nals, as in the construction of the LQG cost. In the case where

the performance variable does not coincide with the measure-

ments, RCAC requires a measurement of the performance vari-

able, which is not needed by LQG. The possible need for ad-

ditional measurements by adaptive control reflects the tradeoff
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between sensor hardware and modeling. As in [11, 12, 16–

18], RCAC requires limited modeling information, specifically,

Markov parameters from the control input to the error signal.

The required accuracy of the Markov parameters, which drives

the requirements for system identification, is discussed in [19].

2 BROADBAND DISTURBANCE REJECTION PROB-
LEM

Consider the discrete-time plant

x(k+ 1) = Ax(k)+Bu(k)+D1w(k), (1)

where k ≥ 0, x(k) ∈ R
n, u(k) ∈ R

lu , w(k) ∈ R
lw is zero-mean

Gaussian white noise, and (A,B), (A,D1) are stabilizable. Fur-

thermore, let

y(k) =Cx(k)+D2w(k), (2)

z(k) = E1x(k)+E2u(k), (3)

where y(k) ∈ R
ly is the output measurement vector, z(k) ∈ R

lz is

the performance variable that we desire to minimize, and (A,C),
(A,E1) are detectable. The plant (1)–(3) is described by

[

z

y

]

= G(z)

[

w

u

]

,

where

G(z) =

[

Gzw(z) Gzu(z)
Gyw(z) Gyu(z)

]

and

Gzw(z) = E1(zI −A)−1D1, (4)

Gzu(z) = E1(zI −A)−1B+E2, (5)

Gyw(z) =C(zI −A)−1D1 +D2, (6)

Gyu(z) =C(zI −A)−1B. (7)

Furthermore, the characteristic polynomial of the plant is

D(z)
△
= det(zI −A). (8)

Consider the nth
c -order strictly proper output feedback con-

troller

xc(k+ 1) = Acxc(k)+Bcy(k), (9)

u(k) =Ccxc(k), (10)

where xc(k) ∈ R
nc . The feedback control (9)–(10) is described

by u(k) = Gc(q)y(k), where

Gc(q) =Cc(qI −Ac)
−1Bc.

The closed-loop system with output feedback (9)–(10) is thus

given by

x̃(k+ 1) = Ãx̃(k)+ D̃1w(k), (11)

y(k) = C̃x̃(k)+D2w(k), (12)

z(k) = Ẽ1x̃(k), (13)

where

Ã =

[

A BCc

BcC Ac

]

, D̃1 =

[

D1

BcD2

]

,

C̃ =
[

C 0ly×n

]

, Ẽ1 =
[

E1 E2Cc

]

, (14)

and

x̃(k) =

[

x(k)
xc(k)

]

∈R
n+nc . (15)

The closed-loop system (11)–(13) is described by

[

z

y

]T

= G̃(z)w =

[

G̃zw(z)
G̃yw(z)

]T

w,

where

G̃yw(z) = C̃(zI − Ã)−1D̃1 +D2, (16)

G̃zw(z) = Ẽ1(zI − Ã)−1D̃1. (17)

Furthermore, the characteristic polynomial of the closed-loop

system is

D̃(z)
△
= det(sI − Ã). (18)
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3 Linear-Quadratic-Gaussian Control

In this section, we discuss the closed-loop properties of the

Linear-Quadratic-Gaussian (LQG) control. We first review the

H2 cost of the closed-loop system, and then, we derive the high-

authority closed-loop pole locations from the return difference

equation.

3.1 H2 COST

Let Gc ∼ (Ac,Bc,Cc) denote an LTI controller such that Ã

is asymptotically stable. Then, the H2 cost of the closed-loop

system is given by

J(Gc)
△
= ‖G̃‖2, (19)

where ‖.‖2 denotes the H2 norm [20]. Furthermore,

J(Gc) = lim
k→∞

E
[

zT(k)z(k)
]

= Js(Gc)+ Jc(Gc),

where

Js(Gc) = lim
k→∞

E
[

xT(k)R1x(k)
]

,

Jc(Gc) = lim
k→∞

E
[

uT(k)R2u(k)
]

,

Js(Gc) is the state cost, Jc(Gc) is the unnormalized control cost,

R1
△
= ET

1 E1, and R2
△
= ET

2 E2. For convenience, we assume

ET
1 E2 = 0.

Now, consider the discrete-time Lyapunov equation

Q = ÃQÃT + D̃1D̃T
1 . (20)

Fact 3.1. Let Q̃ =

[

Q1 Q12

Q21 Q2

]

satisfy the Lyapunov equa-

tion (20). Then,

Js(Gc) = tr(Q1R1), (21)

Jc(Gc) = tr(Q2CT
c R2Cc). (22)

The H2 cost (19) of an arbitrary stabilizing LTI controller

of arbitrary order can be evaluated using Fact 3.1. In particu-

lar, the LQG controller is the nth-order optimal output feedback

controller (9), (10) that minimizes (19) [20].

3.2 Closed-Loop Pole Locations

The LQG control problem is typically solved by combining

the solutions to the Linear Quadratic Regulator (LQR) and the

Linear Quadratic Estimator (LQE). The closed-loop system has

2n poles, n of which depends on the LQR design, and the re-

maining n poles depend on the LQE solution. This condition is

known as separation principle [21, 22].

Consider the plant (1) with D1 = 0. LQR controller is the

state-feedback controller u(k) =Kx(k) that minimizes (19), thus,

in (2), C = In, and D2 = 0. The closed-loop characteristic equa-

tion with LQR satisfies the following Lemma [22].

Lemma 3.1. Let D(z) and D̃(z) be defined as in (8), (18),

R1 = ET
1 E1, R2 = ET

2 E2, and ET
1 E2 = 0. Then

αD̃(z−1)D̃(z) = D(z−1)D(z)

·det
[

R2 +BT(z−1I−AT)−1ET
1 E1(zI −A)−1B

]

,
(23)

where α is a positive real constant.

We now apply Lemma 3.1 to obtain the high-authority (that

is, R2 = 0) LQR closed-loop pole locations. Consider Gzu(z) =

Hd
N (z)
D(z) , where D(z) is a monic polynomial of degree n, N (z) is

a monic polynomial of degree n− d, where d ≥ 1 since E2 = 0.

Note that any common roots of N (z) and D(z) must lie inside the

unit circle since (A,B) is stabilizable and (A,E1) is detectable.

Now, consider the polynomial factorization

N (z) = βS(z)βU(z), (24)

where βU(z) and βS(z) are monic polynomials of degree nU and

nS = n− d − nU respectively, and each NMP zero of Gzu(z) is a

root of βU(z). Furthermore, let

β̄U(z)
△
= βU(z

−1) (25)

be the monic polynomial of order nU such that the reciprocal of

each zero of βU(z) is a root of β̄U(z). For example, for βU(q) =
(q− 1.2)2(q− 0.8− j0.9)(q− 0.8+ j0.9), we have

β̄U(q) =

(

q−
1

1.2

)2(

q−
1

0.8+ j0.9

)(

q−
1

0.8− j0.9

)

.

Proposition 3.1. Let lu = 1, lz = 1. Then, in the high-

authority LQR control with R2 = 0, the closed-loop poles are the

roots of

D̃(z) = zdβS(z)β̄U(z). (26)

Proof 3.1. Since R2 = 0, we have E2 = 0, and, it follows

3 Copyright © 2012 by ASME



from (5), (23), (24) that

αD̃(z−1) ˜D(z) = H2
d D(z−1)D(z)

βS(z
−1)β̄U(z)

D(z−1)

βS(z)βU(z)

D(z)
,

= H2
d βS(z

−1)β̄U(z)βS(z)βU(z). (27)

The optimal closed-loop system must be stable since the open-

loop plant is stabilizable and detectable, hence, the unstable roots

of (27) cannot the poles of D̃(z). Thus, n− d poles of D̃(z) are

the roots of βS(z)β̄U(z). The remaining d poles of D̃(z) must be

given by zd since otherwise (23) would not hold. �

Proposition 3.1 shows that in discrete-time LQR, we obtain

a similar result to the continuous-time case: βS closed-loop poles

approach the MP zeros, βU poles approach the reciprocals of the

NMP zeros, and the remaining poles approach zero, as R2 ap-

proaches zero. Unlike the continuous-time case, the pole loca-

tions are symmetric with respect to the unit circle rather than the

imaginary axis, as expected from the return difference equation

(23).

We now give the dual of the Proposition 3.1 for the closed-

loop poles assigned by the LQE without proof, which, together

with Proposition 3.1, provides the closed-loop pole locations as-

signed by the high-authority discrete-time LQG compensator un-

der no measurement noise, that is, D2 = 0. Consider Gyw(z) =

Hyw,dyw

Nyw(z)
D(z) , where Nyw(z) is a monic polynomial of degree

n− dyw, where dyw ≥ 1 since D2 = 0. Note that any common

roots of Nyw(z) and D(z) must lie inside the unit circle since

(A,D1) is stabilizable and (A,C) is detectable. Now, consider

the polynomial factorization

Nyw(z) = βyw,S(z)βyw,U(z), (28)

where βyw,U(z) and βyw,S(z) are monic polynomials of degree

nyw,U and nyw,S = n− dyw − nyw,U respectively, and each NMP

zero of Gyw(z) is a root of βyw,U(z). Let β̄yw,U(z)
△
= βyw,U(z

−1) be

the monic polynomial of order nyw,U such that the reciprocal of

each zero of βyw,U(z) is a root of β̄yw,U(z).

Proposition 3.2. Let lu = 1, lw = 1, D1 6= 0, D2 = 0, and

σ2
w > 0. Let u(k) = Kx̂(k), where x̂ is the state estimate obtained

with the LQE. The closed-loop system has 2n closed-loop poles,

n of which are the roots of

zdyw βyw,S(z)β̄yw,U(z) (29)

Therefore, the closed-loop poles with the LQG compensator has

2n poles, and, in high-authority with no measurement noise, nS

poles are at the MP zeros of Gzu(z), nyw,U poles are at the MP

zeros of Gyw(z), nU poles are at the reciprocals of the NMP zeros

of Gzu(z), nyw,U poles are at the reciprocals of the NMP zeros of

Gyw(z), and the remaining d+ dyw poles are at zero.

4 RETROSPECTIVE COST ADAPTIVE CONTROL

4.1 Broadband Disturbance Rejection with RCAC

Retrospective cost adaptive control (RCAC) is a direct, digi-

tal adaptive output feedback algorithm applicable to MIMO, pos-

sibly nonminimum-phase and unstable plants. For the adaptive

system, the matrices Ac = Ac(k), Bc = Bc(k), and Cc = Cc(k)
in (9), (10) may be time varying, and thus the transfer func-

tion models (16), (17) may not be valid during controller adap-

tation. However, (11)–(13) illustrates the structure of the time-

varying closed-loop system in which Ã = Ã(k), D̃1 = D̃1(k) and

Ẽ1 = Ẽ1(k).

The goal is to determine the ability of the asymptotic RCAC

controller Gc,∞ to minimize J(Gc) in the presence of the distur-

bance w with limited modeling information about the plant and

the noise covariances. RCAC requires a measurement of z(k) for

controller update. The block diagram of the adaptive feedback

system is shown in Figure 1.

Figure 1. RCAC FEEDBACK SYSTEM.

To compare RCAC performance to the optimal LQG perfor-

mance with noise-free measurements, we create a Pareto tradeoff

curve involving Js and the normalized control cost Ĵc
△
= Jc/R2 by

computing LQG controllers for a range of values of R2. Next, to

assess the asymptotic performance of RCAC, we simulate RCAC

with a white disturbance signal. After convergence, we evaluate

Js(Gc,∞) and Ĵc(Gc,∞), where Gc,∞ ∼ (Ac,∞,Bc,∞,Cc,∞) is a re-

alization of the asymptotic controller. Finally, we compare the

asymptotic H2 cost with the LQG Pareto tradeoff curve.

4.2 Control Law

We represent Eqs. (9), (10) by

u(k) = θT(k)φ(k− 1), (30)

4 Copyright © 2012 by ASME



where

θ(k) = [NT
1 (k) ··· NT

nc (k) MT
1 (k) ··· MT

nc (k) ]
T , (31)

φ(k− 1) = [ yT(k−1) ··· yT(k−nc) uT(k−1) ··· uT(k−nc) ]
T , (32)

and, for all 1≤ i≤ nc, Ni(k)∈R
ly×lu , Mi(k)∈R

lu×lu . The control

law (30) can be reformulated as

u(k) = Φ(k− 1)Θ(k), (33)

where

Φ(k− 1)
△
= Ilu ⊗φT(k− 1) ∈ R

lu×lunc(lu+ly), (34)

Θ(k)
△
= vec(θ(k)) ∈R

lunc(lu+ly), (35)

“⊗” denotes the Kronecker product, and “vec” is the column-

stacking operator.

4.3 Retrospective Performance

For a positive integer nf, we define

Gf(q)
△
= D−1

f (q)Nf(q) ∈R
lz×lu [q], (36)

where

Nf(q)
△
= K1qnf−1 +K2qnf−2 + · · ·+Knf

,

Df(q)
△
= Ilzq

nf +A1qnf−1 +A2qnf−2 + · · ·+Anf
, (37)

Ki ∈R
lz×lu for 1≤ i≤ r, A j ∈R

lz×lz for 1≤ j ≤ r, nf ≥ 1 is the or-

der of Gf, and each polynomial entry of Df(q) is asymptotically

stable. Next, for k ≥ 1, we define the retrospective performance

variable

ẑ(Θ̂(k),k)
△
= z(k)+Φf(k− 1)Θ̂(k)− uf(k), (38)

with

Φf(k− 1)
△
= Gf(q)Φ(k− 1) ∈ R

lz×lunc(lu+ly), (39)

uf(k)
△
= Gf(q)u(k) ∈R

lz , (40)

where Θ̂(k) is determined by optimization below.

If Gf is chosen as a finite-impulse-response (FIR) filter with

Ki = Hi, Ai = 0 for all i ∈ {1, . . . ,nf}, then ẑ(Θ̂(k),k) represents

the performance that would have been obtained if the controller

Θ̂(k) had been used in the past nf steps. In this case, minimiz-

ing ẑT(Θ̂(k),k)ẑ(Θ̂(k),k) provides the retrospectively optimized

controller Θ̂(k) for the past nf steps. However, Gf need not

be constructed using Markov parameters, and, infinite-impulse-

response (IIR) construction of Gf provides greater flexibility in

the assignment of asymptotic closed-loop pole locations, as dis-

cussed in Section 5.

4.4 Cumulative Cost and Update Law

For k > 0, we define the cumulative cost function

J(Θ̂(k),k)
△
=

k

∑
i=1

λk−iẑT(Θ̂(k), i)ẑ(Θ̂(k), i)

+
k

∑
i=1

λk−iη(i)Θ̂T(k)ΦT
f (i− 1)Φf(i− 1)Θ̂(k)

+λk(Θ̂(k)−Θ0)
TP−1

0 (Θ̂(k)−Θ0), (41)

where λ ∈ (0,1], P0 ∈ R
lunc(lu+ly)×lunc(lu+ly) is positive definite,

η(k)≥ 0, and Θ0 ∈ R
lunc(lu+ly). In this paper, we choose

η(k)
△
= η0

pc−1

∑
j=0

zT(k− j)z(k− j). (42)

where η0 ≥ 0, and pc ≥ 1. Note that η(k) is a performance-

dependent weighting which increases as the magnitude of z in-

creases.

The following result provides the global minimizer of the

cost function (41).

Proposition 4.1. Let P(0) = P0 and Θ(0) = Θ0. Then, for

all k ≥ 1, the cumulative cost function (41) has a unique global

minimizer Θ(k) given by

Θ(k) = Θ(k− 1)−
1

1+η(k)
P(k− 1)ΦT

f (k− 1)Λ−1(k)ε(k),

(43)

where

Λ(k)
△
=

λ

1+η(k)
Ilz +Φf(k− 1)P(k− 1)ΦT

f (k− 1),

ε(k)
△
= z(k)− uf(k)+ (1+η(k))ûf(k),

ûf(k)
△
= Φf(k− 1)Θ(k− 1),

5 Copyright © 2012 by ASME



and P(k) satisfies

P(k) =
1

λ
[P(k− 1)

−P(k− 1)ΦT
f (k− 1)Λ−1(k)Φf(k− 1)P(k− 1)]. (44)

Proof 4.1. The result follows from RLS theory [3, 4].

5 CONTROLLER CONSTRUCTION

In this section, we discuss the construction of Gf for SISO

plants. Extensions to MIMO plants are given in [16].

We first discuss the NMP-zero-based construction of the

numerator polynomial Nf(q) of Gf. This construction requires

knowledge of the NMP-zeros of Gzu, if any. Alternative methods

for plants with unknown NMP zeros are presented in [19], which

use the performance-dependent weighting η(k) to prevent unsta-

ble pole-zero cancellation. Next, we discuss the construction of

Df(q) for the assigning target closed-loop poles.

5.1 NMP-Zero-Based Construction of Nf

We rewrite (1), (3) as Gzu(q) = Hd
N (q)
D(q) and the polynomial

factorization (24). Assume that Hd and the nonminimum-phase

(NMP) zeros of Gzu, if any, are known. The NMP-zero-based

construction of Nf is given by

Nf(q) = Hdqnf−nU−dβU(q), (45)

where the choice of nf is explained below in Section 5.2. If Gzu is

minimum-phase, then βU(q) = 1, and thus Nf(q) = Hdqnf−nU−d .

Note that this construction requires the knowledge of the

first nonzero Markov parameter Hd of Gzu, the relative degree

d of Gzu, and the NMP zeros of Gzu.

5.2 Construction of Df for Recovering High-Authority
LQG Performance

It is shown in [17] that RCAC is able to drive the closed-

loop dynamics to an arbitrary location determined by the roots

of the asymptotically stable monic polynomial Df(q). In partic-

ular, nS closed-loop poles cancel the MP zeros of Gzu, that is,

the open-loop zeros that are not zeros of Nf(q). Furthermore,

nf closed-loop poles are driven near the roots of Df, and the re-

maining closed-loop poles are asymptotically driven to zero. In

this section, we present a method for exploiting this property so

that RCAC can mimic the response of the high-authority LQG

controller with no measurement noise.

Consider the nth-order plant (1)–(3) with the nth
c -order output

feedback controller (33)–(35). For consistency with the LQG

controller, we let nc = n, and thus the closed-loop system is of

order 2n. Furthermore, we assume that the performance variable

z(k) is the input to the controller so that y= z, and the input signal

coincides with the disturbance signal, hence B = D1, and thus

Gzu = Gyw. Therefore, with R1 = ET
1 E1, R2 = 0, LQG control

places two poles at each open-loop MP zero of Gzu, two poles at

the reciprocal of each open-loop NMP zero of Gzu, and it places

the remaining closed-loop poles (that is, 2(n− nS − nU) = 2d

poles) at zero, as discussed in Section 3.2. In order for RCAC to

recover the high-authority LQG performance, we let

Df(q) = βS(q)β̄
2
U(q), (46)

where β̄U is as defined in (25). Hence, the order nf of Df is

nf = nS + 2nU. Note that since RCAC cancels the MP zeros of

Gzu, Df needs to have only one root at each MP zero of Gzu in or-

der to have two closed-loop poles at each minimum-phase zero.

However, Df has two poles at the reciprocal at each NMP zero

of Gzu since RCAC does not place the closed-loop poles at the

reciprocals of the open-loop NMP zeros.

Example 5.1. Consider

Gzu(q) =−2
(q− 1.1)(q− 0.4)

(q− 1.3)(q− 0.5− j0.5)(q−0.5+ j0.5)
.

To assign the target closed-loop poles at the high-authority LQG

locations, we let

Df(q) = (q− 0.4)

(

q−
1

1.1

)2

,

so that nf = 3. Thus, it follows from (45) that

Nf(q) =−2q(q− 1.1).

6 Numerical Examples

We now illustrate broadband noise rejection with RCAC and

compare the performance of the asymptotic controller to LQG.

We first consider the case where the only available modeling in-

formation for RCAC is the relative degree d and the first nonzero

Markov parameter Hd of the plant Gzu. Next, we consider the

case where d, Hd , and the plant zeros are known. In this case, we

choose Df to assign the target closed-loop poles to high-authority

LQG pole locations as discussed in the previous section.

We consider only SISO plants, therefore, lu = ly = 1. In

all examples, the plant is scaled so that Hd = 1. Furthermore,

the unknown standard deviation of the gaussian disturbance σw

is normalized to 1 in all simulations, and, in each example,

we set the initial condition x(0) to be a randon vector with

‖x(0)‖ = 5000. In all cases, we let B = D1, and y = z, thus

Gzw = Gzu = Gyw = Gyu. This assumption is not required for

RCAC, but it makes the assignment of the target closed-loop

6 Copyright © 2012 by ASME
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Figure 2. EXAMPLE 6.1: MINIMUM-PHASE, ASYMPTOTICALLY

STABLE PLANT. RCAC SUPPRESSES THE OPEN-LOOP LIGHTLY

DAMPED MODE, AND THE PERFORMANCE REACHES ITS STEADY-

STATE LEVEL IN ABOUT 9 STEPS. THE RMS VALUE OF THE

CLOSED-LOOP BODE GAIN IS 10.9 DB. RCAC CANCELS THE OPEN-

LOOP ZEROS, AND PLACES THE REMAINING POLES NEAR THE

ORIGIN. THE CLOSED-LOOP POLES ARE NOT DRIVEN NEAR THE

ASYMPTOTIC, HIGH-AUTHORITY LQG POLE LOCATIONS.

poles more convenient since the high-authority symmetric root-

locus depends on only the zeros of Gzu in this case. Furthermore,

in all examples, we assume that the measurement of z is noise-

free. Finally, in each example, we show the time traces of the

performance variable z(k) and the controller gain vector θ(k), as

well as time-domain and frequency-domain characteristics of the

closed-loop system after convergence.

6.1 Numerical Examples for Plants with Unknown Ze-

ros

In this section, we consider broadband noise rejection for

plants with unknown zeros. Since the zeros are unknown, we set

Gf(q) =
Hd

qd in all examples. Furthermore, if the plant is NMP,

we let η0 > 0 to prevent unstable pole-zero cancellation.

Example 6.1. [Minimum-phase, asymptotically stable

plant.] Consider Gzu with stable poles 0.7 + j0.7, 0.7 − j0.7,

0.95, and minimum-phase zeros 0.75± j0.15. We choose the

RCAC tuning parameters P0 = I2n and η0 = 0. We first simulate

the open-loop system for 5 time steps, and then turn RCAC on at

k = 5. The closed-loop response is shown in Figure 2. �

Example 6.2. [Minimum-phase, unstable plant.] Con-

sider Gzu with stable poles 0.8± j0.5, unstable pole 1.25, and

minimum-phase zeros 0.4 and 0.85. We choose P0 = I2n and

η0 = 0. We first simulate the open-loop system for 5 time steps,

and turn RCAC on at k = 5. The closed-loop response is shown

in Figure 3. �

Example 6.3. [Nonminimum-phase, asymptotically stable

plant.] Consider Gzu with stable poles 0.99, 0.6± j0.75, and un-

known nonminimum-phase zeros 1.4 and 2. We choose P0 = I2n,
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Figure 3. EXAMPLE 6.2: MINIMUM-PHASE, UNSTABLE PLANT.

RCAC IS TURNED ON AT k = 5, AND THE PERFORMANCE REACHES

ITS STEADY-STATE LEVEL IN ABOUT 9 STEPS. THE RMS VALUE OF

THE CLOSED-LOOP BODE GAIN IS 11.7 DB. RCAC STABILIZES THE

CLOSED-LOOP SYSTEM, CANCELS THE OPEN-LOOP ZEROS, AND

PLACES THE REMAINING POLES NEAR ZERO. THE CLOSED-LOOP

POLES ARE NOT DRIVEN NEAR THE HIGH-AUTHORITY LQG POLE

LOCATIONS.
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Figure 4. EXAMPLE 6.3: NONMINIMUM-PHASE, ASYMPTOTICALLY

STABLE PLANT. THE RMS VALUE OF THE CLOSED-LOOP BODE

GAIN IS 17.9 DB. RCAC DOES NOT CHANGE THE LOCATION OF

THE OPEN-LOOP POLES, AND THE FREQUENCY DOMAIN CHAR-

ACTERISTICS OF THE OPEN-LOOP AND CLOSED-LOOP SYSTEMS

ARE SIMILAR. THE CLOSED-LOOP POLES ARE NOT DRIVEN NEAR

THE ASYMPTOTIC, HIGH-AUTHORITY LQG POLE LOCATIONS.

and, to prevent unstable pole-zero cancellation due to the un-

known NMP-zeros, we choose η0 = 0.1. We first simulate the

open-loop system for 5 time steps, and then turn RCAC on at

k = 5. The closed-loop response is shown in Figure 4. �

6.2 Numerical Examples for Plants with Known Zeros

In this section, we consider broadband noise rejection for

plants with known zeros. Since the zeros of the plant are known,

we construct Gf as outlined in Section 5 to asymptotically re-

cover the high-authority LQG performance.

Example 6.4. [Minimum-phase, stable plant.] Consider

the same plant Gzu(z) of Example 6.1. Assuming the zeros of

7 Copyright © 2012 by ASME
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Figure 5. EXAMPLE 6.4: MINIMUM-PHASE, ASYMPTOTICALLY STA-

BLE PLANT, RCAC IS TURNED ON AT k = 5 WITH THE HIGH-

AUTHORITY LQG POLE LOCATIONS SET AS THE TARGET CLOSED-

LOOP DYNAMICS. RCAC SUPPRESSES THE OPEN-LOOP LIGHTLY-

DAMPED MODE, AND THE PERFORMANCE REACHES ITS STEADY-

STATE LEVEL IN ABOUT 30 STEPS. THE RMS VALUE OF THE BODE

GAIN IS 2.4 DB, HENCE, 8.5 DB MORE SUPPRESSION IS OBTAINED

COMPARED TO FIG. 2. RCAC PLACES TWO POLES NEAR EACH

OPEN-LOOP ZERO, AND PLACES THE REMAINING POLES NEAR

THE ORIGIN. THEREFORE, THE CLOSED-LOOP POLES ARE DRIVEN

NEAR THE HIGH-AUTHORITY LQG POLE LOCATIONS.

Gzu are known, we let Nf = H1q and Df = βS(q) = (q− 0.75−
j0.15)(q− 0.75+ j0.15). Therefore, the target closed-loop dy-

namics are the high-authority LQG pole locations, that is, two

poles at each open-loop zero location, and two poles at the ori-

gin. We choose P0 = I2n, and η0 = 0. We first simulate the open-

loop system for 5 time steps, and then turn RCAC on at k = 5.

The closed-loop response is shown in Figure 5. �

Example 6.5. [Minimum-phase, unstable plant.] Consider

the same plant Gzu of Example 6.2. Assuming the zeros of Gzu

are known, we let Nf = H1q and Df = βS(q) = (q− 0.85)(q−
0.4). Therefore, the target closed-loop dynamics are the high-

authority LQG pole locations, that is, two poles at each open-

loop zero location, and two poles at the origin. We choose P0 =
I2n, and η0 = 0. We first simulate the open-loop system for 5

time steps, and then turn RCAC on at k = 5. The closed-loop

response is shown in Figure 6. �

Example 6.6. [Nonminimum-phase, stable plant.] Con-

sider the same plant Gzu of Example 6.3. Assuming the zeros

of Gzu are known, we assign the target closed-loop dynamics

to the reciprocals of the open-loop NMP zeros by letting Df =
β̄2

U(q) = (q− 1
2
)2(q− 1

1.4 )
2, and we choose Nf = H1qβU(q) =

q(q − 2)(q− 1.4). We choose P0 = I2n, and η0 = 0. We first

simulate the open-loop system for 5 steps, and then turn RCAC

on at k = 5. The closed-loop response is shown in Figure 7. �

Example 6.7. [Nonminimum-phase, unstable plant.] Con-

sider Gzu with stable poles 0.3± j0.85, unstable pole 1.3, and

nonminimum-phase zeros 1.1± j0.8. We first do not assign target

closed-loop dynamics and choose Df(q) = q3, Nf = H1βU(q) =
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Figure 6. EXAMPLE 6.5: MINIMUM-PHASE, UNSTABLE PLANT,

RCAC IS TURNED ON AT k = 5 WITH THE HIGH-AUTHORITY LQG

POLE LOCATIONS SET AS THE TARGET CLOSED-LOOP DYNAMICS.

RCAC STABILIZES THE CLOSED-LOOP SYSTEM, AND THE PERFOR-

MANCE REACHES ITS STEADY-STATE LEVEL IN ABOUT 55 STEPS.

THE RMS VALUE OF THE BODE GAIN IS 5.5 DB, HENCE, 6.2 DB

MORE SUPPRESSION IS OBTAINED COMPARED TO FIG. 3. RCAC

PLACES TWO POLES NEAR EACH OPEN-LOOP ZERO, AND PLACES

THE REMAINING POLES NEAR THE ORIGIN. THEREFORE, THE

CLOSED-LOOP POLES ARE DRIVEN NEAR THE ASYMPTOTIC, HIGH-

AUTHORITY LQG POLE LOCATIONS.

(q−1.1− j0.8)(q−1.1+ j0.8). We let P0 = I2n, and η0 = 0. We

simulate the open-loop system for 5 steps, and then turn RCAC

on at k = 5. The closed-loop response is shown in Figure 8.

Now, we assign the target closed-loop dynamics to the re-

ciprocals of the open-loop NMP zeros by letting Df = β̄2
U(q) =

(q− 1
1.1+j0.8)

2(q− 1
1.1−j0.8)

2, and we choose Nf = H1qβU(q) =
q(q−1.1− j0.8)(q−1.1+ j0.8). We choose P0 = I2n and η0 = 0.

We simulate the open-loop system for 5 steps, and then turn

RCAC on at k = 5. The closed-loop response is shown in Figure

9. �

6.3 State Cost and Control Cost with RCAC

We now investigate the asymptotic performance of RCAC

in the numerical examples considered in Sections 6.1 and 6.2. In

particular, to assess the performance of RCAC, we compute the

state cost Js(Gc) and the normalized control cost Ĵc(Gc) for the

asymptotic closed-loop system using the equations given in Fact

3.1.

First, we investigate the performance of RCAC without and

with the target closed-loop dynamics assigned at LQG locations.

Figure 10 illustrates the performance of RCAC with MP asymp-

totically stable, MP unstable, NMP asymptotically stable, and

NMP unstable plants considered in the previous sections. In all

cases, assigning the closed-loop poles to the asymptotic high-

authority LQG locations substantially decreases the asymptotic

state cost of the closed-loop system, and in most cases, it also

provides reduced control effort, except for the NMP stable case.

We now compare the H2 performance of the asymptotic

RCAC controller under limited modeling information with the

8 Copyright © 2012 by ASME
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Figure 7. Example 6.6: NONMINIMUM-PHASE, ASYMPTOTICALLY

STABLE PLANT, RCAC IS TURNED ON AT k = 5 WITH TARGET

CLOSED-LOOP DYNAMICS ASSIGNED TO THE HIGH-AUTHORITY

LQG POLE LOCATIONS. RCAC SUPPRESSES THE OPEN-LOOP

LIGHTLY-DAMPED MODE, AND THE PERFORMANCE REACHES ITS

STEADY-STATE LEVEL IN ABOUT 60 STEPS. THE RMS VALUE OF

THE CLOSED-LOOP BODE GAIN IS 11.9 DB, HENCE, 6 DB MORE

SUPPRESSION IS OBTAINED COMPARED TO FIG. 4. RCAC PLACES

TWO POLES NEAR THE RECIPROCALS OF EACH OPEN-LOOP NMP

ZERO, AND PLACES THE REMAINING POLES NEAR THE ORIGIN.

THEREFORE, THE CLOSED-LOOP POLES ARE DRIVEN NEAR THE

HIGH-AUTHORITY LQG POLE LOCATIONS.
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Figure 8. EXAMPLE 6.7: NONMINIMUM-PHASE, UNSTABLE PLANT,

TARGET CLOSED-LOOP POLES ARE NOT ASSIGNED. RCAC STA-

BILIZES THE CLOSED-LOOP SYSTEM, AND THE PERFORMANCE

REACHES ITS STEADY-STATE LEVEL IN ABOUT 20 STEPS. THE

RMS VALUE OF THE CLOSED-LOOP BODE PLOT IS 27.1 DB.

SINCE Nf CONTAINS ALL THE ZEROS OF Gzu, RCAC PLACES ALL

THE CLOSED-LOOP POLES NEAR THE ORIGIN. THEREFORE, THE

CLOSED-LOOP POLES ARE NOT DRIVEN NEAR THE ASYMPTOTIC,

HIGH-AUTHORITY LQG POLE LOCATIONS.

performance of LQG under complete modeling information. In

particular, we focus on the performance of RCAC with Df con-

structed as in Section 5.2, where the required modeling informa-

tion is the first nonzero Markov parameter, the relative degree,

and the location of the open-loop zeros. Figure 11 illustrates

the optimal LQG curve parameterized by the control penalty R2,

where the point with the lowest state cost corresponds to the
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Figure 9. EXAMPLE 6.7: NONMINIMUM-PHASE, UNSTABLE PLANT,

TARGET CLOSED-LOOP DYNAMICS ARE ASSIGNED TO THE

HIGH-AUTHORITY LQG POLE LOCATIONS. RCAC STABILIZES THE

CLOSED-LOOP SYSTEM, AND THE PERFORMANCE REACHES ITS

STEADY-STATE LEVEL IN ABOUT 50 STEPS. THE RMS VALUE OF

THE CLOSED-LOOP SYSTEM IS 10.8 DB, HENCE, 16.3 DB MORE

SUPPRESSION IS OBTAINED COMPARED TO FIG. 8. RCAC PLACES

TWO POLES NEAR THE RECIPROCALS OF EACH NMP ZERO, AND

PLACES THE REMAINING POLES NEAR THE ORIGIN. THEREFORE,

THE CLOSED-LOOP POLES ARE DRIVEN NEAR THE ASYMPTOTIC,

HIGH-AUTHORITY LQG POLE LOCATIONS.

0 10 20 30 40
0

5

10

15

control cost J
u

st
at

e 
co

st
 J

x

 

 

0 50 100
0

5

10

15

20

control cost J
u

st
at

e 
co

st
 J

x

 

 

0 0.2 0.4 0.6 0.8
10

20

30

40

50

60

control cost J
u

st
at

e 
co

st
 J

x

 

 

0 200 400 600

0

200

400

600

control cost J
u

st
at

e 
co

st
 J

x

 

 

RCAC w/o D
f

RCAC with D
f

RCAC w/o D
f

RCAC with D
f

RCAC w/o D
f

RCAC with D
f

RCAC w/o D
f

RCAC with D
f

MP, Stable MP, Unstable

NMP, Stable
NMP, Unstable

Figure 10. THE PERFORMANCE OF THE ASYMPTOTIC RCAC CON-

TROLLER FOR THE NUMERICAL EXAMPLES OF SECTIONS 6.1 AND

6.2. IN ALL CASES, THE STATE COST IS SMALLEST WHEN Df

IS CONSTRUCTED AS IN SECTION 5.2 FOR ALLOWING RCAC TO

MIMIC LQG. FURTHERMORE, IN MOST CASES, THIS ALSO LEADS

TO SMALLER CONTROL EFFORT. THEREFORE, RCAC IS MORE EF-

FECTIVE WHEN Df IS CONSTRUCTED TO ASSIGN THE TARGET

CLOSED-LOOP DYNAMICS TO THE ASYMPTOTIC HIGH-AUTHORITY

LQG LOCATIONS.

LQG controller with R2 = 10−10 (high-authority), while the point

with the highest state cost correponds to the LQG controller with

R2 = 106 (low-authority). Associated with each curve are the

asymptotic state cost and control cost of the adaptive controller.

Since the target closed-loop dynamics are assigned to the asymp-

totic, high-authority LQG pole locations, the adaptive controller

coincides with the high-authority LQG controller in each case.
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Figure 11. COMPARISON OF THE H2 PERFORMANCE OF THE

ASYMPTOTIC RCAC CONTROLLER UNDER LIMITED MODELING IN-

FORMATION WITH THE LQG PERFORMANCE UNDER COMPLETE

MODELING INFORMATION, FOR THE EXAMPLES CONSIDERED IN

SECTIONS 6.1 AND 6.2. SINCE THE TARGET CLOSED-LOOP DY-

NAMICS ARE ASSIGNED TO THE HIGH-AUTHORITY LQG SYMMET-

RIC ROOT-LOCUS, THE ASYMPTOTIC ADAPTIVE CONTROLLER CO-

INCIDES WITH THE HIGH-AUTHORITY LQG CONTROLLER IN EACH

CASE.

7 CONCLUSION

Retrospective cost adaptive control (RCAC) was applied to

an H2 broadband disturbance rejection problem. The basic mod-

eling information required is the first nonzero Markov param-

eter of the open-loop plant. Furthermore, it is shown through

numerical examples that if the open-loop zeros of the plant are

also known, the retrospective performance can be defined to al-

low RCAC recover the high-authority LQG performance. This

is done by including the high-authority LQG closed-loop pole

locations in the denominator of the filter which is used in the ret-

rospective cost optimization. The configuration of these closed-

loop poles can be determined by knowledge of only the open-

loop zeros of the plant.
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