


 

14-1

 

14

 

Mass Transfer

Limitations in

Reacting Systems

 

Giving up is the ultimate tragedy.
—Robert J. Donovan

or
It ain’t over ’til it’s over.

—Yogi Berra
NY Yankees

Overview. Many industrial reactions are carried out at high temperatures
where the overall rate of reaction is limited by the rate of mass transfer of
reactants between the bulk fluid and the catalytic surface. By mass transfer,
we mean any process in which diffusion plays a role. Under these circum-
stances our generation term becomes a little more complicated as we can-
not directly use the rate laws discussed in Chapter 3. Now we have to
consider the fluid velocity and the fluid properties when writing the mole
balance. In the rate laws and catalytic reaction steps described in Chapter 10
(diffusion, adsorption, surface reaction, desorption, and diffusion), we
neglected the diffusion steps.

In this chapter we discuss how to determine the rate of reaction and how
to size reactors when the reactions are limited by mass transfer. To do this we 

• Present the fundamentals of diffusion and molar flux, and then
write the mole balance in terms of the mole fluxes for rectangular
and for cylindrical coordinates (Section 14.1).

• Incorporate Fick’s first law into our mole balance in order to
describe flow, diffusion, and reaction (Section 14.2).

• Model diffusion through a stagnant film to a reacting surface
(Section 14.3).
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14.1 Diffusion Fundamentals

 

The first step in our CRE algorithm is the mole balance, which we now need to
extend to include the molar flux, 

 

W

 

A

 

z

 

, and diffusional effects. The molar flow rate
of A in a given direction, such as the 

 

z

 

 direction down the length of a tubular
reactor, is just the product of the flux, 
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z

 

 (mol/m
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• s), and the cross-sectional
area, 
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c
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); that is, 
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In the previous chapters, we have only considered plug flow with no diffusion
superimposed, in which case

We now drop the plug-flow assumption and extend our discussion of
mass transfer in catalytic and other mass-transfer limited reactions. In
Chapter 10 we focused on the middle three steps (3, 4, and 5) in a catalytic reac-
tion and neglected steps (1), (2), (6), and (7) by assuming the reaction was sur-
face-reaction limited. In this chapter we describe the first and last steps (1) and
(7), as well as showing other applications in which mass transfer plays a role.

 

Where are we going ??:

 

†

 

We want to arrive at the mole balance that incorporates both diffusion
and reaction effects, such as Equation (14-16) on page 685. I.e.,

 

†

 

“If you don’t know where you are going, you’ll probably wind up some place else.”
Yogi Berra, NY Yankees

• Introduce the mass transfer coefficient, kc, and describe how it is
used to design mass transfer limited reactions (Section 14.4).

• Focus on one of the engineer’s most important skills, i.e., to
answer “What if…” questions, as Robert the Worrier does (Section
14.5).

The Algorithm
1. Mole balance
2. Rate law
3. Stoichiometry
4. Combine
5. Evaluate
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Figure 14-1 Steps in a heterogeneous catalytic reaction.
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We begin with Section 14.1.1 where we write the mole balance on Species A in
three dimensions in terms of the molar flux, 

 

W

 

A

 

. In Section 14.1.2 we write 

 

W

 

A

 

in terms of the bulk flow of A in the fluid, 

 

B

 

A

 

 and the diffusion flux 

 

J

 

A

 

 of A that
is superimposed on bulk flow. In Section 14.1.3 we use the previous two sub-
sections as a basis to finally write the molar flux, 

 

W

 

A

 

, in terms of concentra-
tion using Fick’s first law, 

 

J

 

A

 

, and the bulk flow, 

 

B

 

A

 

. Next, in Section 14.2 we
combine diffusion convective transport and reaction in our mole balance.

 

14.1.1 Definitions

 

Diffusion

 

 is the spontaneous intermingling or mixing of atoms or molecules by
random thermal motion. It gives rise to motion of the species 

 

relative

 

 to motion
of the mixture. In the absence of other gradients (such as temperature, electric
potential, or gravitational potential), molecules of a given species within a sin-
gle phase will always diffuse from regions of higher concentrations to regions
of lower concentrations. This gradient results in a molar flux of the species
(e.g., A), 

 

W

 

A

 

 (moles/area

 

�

 

time), in the direction of the concentration gradient.
The flux of A, 

 

W

 

A

 

, is relative to a fixed coordinate (e.g., the lab bench) and is a
vector quantity with typical units of mol/m

 

2

 

�

 

s. In rectangular coordinates
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(14-1)

We now apply the mole balance to species A, which flows and reacts in an ele-
ment of volume 

 

Δ

 

V

 

 = 

 

Δ

 

x

 

Δ

 

y

 

Δ

 

z to obtain the variation of the molar fluxes in
three dimensions.

y

z

x

x, y, z
FAy|y 

FAz|z 

FAx|x 

x+Δx, y+Δy, z+Δz

x+Δx, y, z+Δz

x, y, z+Δz

FAz WAz x y���

FAy WAy x z���

FAx WAx z y���
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�

 

where 

 

r

 

A

 

 is the rate of generation of A by reaction per unit volume (e.g.,
mol/m

 

3

 

/h).
Dividing by 

 

Δ

 

x

 

Δ

 

y

 

Δ

 

z and taking the limit as they go to zero, we obtain the
molar flux balance in rectangular coordinates

(14-2)

The corresponding balance in cylindrical coordinates with no variation in the
rotation about the 

 

z

 

-axis is

(14-3)

We will now evaluate the flux terms 

 

W

 

A

 

. We have taken the time to derive the
molar flux equations in this form because they are now in a form that is con-
sistent with the partial differential equation (PDE) solver COMSOL, which is
accessible from the CRE Web site.

 

14.1.2 Molar Flux

 

The molar flux of A, 

 

W

 

A

 

, is the result of two contributions: 

 

J

 

A

 

, the molecular
diffusion flux relative to the bulk motion of the fluid produced by a concentra-
tion gradient, and 

 

B

 

A

 

, the flux resulting from the bulk motion of the fluid:

(14-4)

The bulk-flow term for species A is the total flux of all molecules relative to a
fixed coordinate times the mole fraction of A, 

 

y

 

A

 

; i.e., 

 

B

 

A

 

 

 

�

 

 

 

y

 

A

 

  

 

W

 

i

 

.
For a two-component system of A diffusing in B, the flux of A is

(4-5)

The diffusional flux, 

 

J

 

A

 

, is the flux of A molecules that is superimposed on the
bulk flow. It tells how fast A is moving ahead of the bulk flow velocity, i.e., the
molar average velocity. 

The flux of species A, 

 

W

 

A

 

, is wrt a 

 

f ixed coordinate system

 

 (e.g., the lab
bench) and is just the concentration of A, C

 

A

 

, times the particle velocity of
species A, 

 

U

 

A

 

, at that point 
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By particle velocities, we mean the vector average of millions of molecules of A
at a given point. Similarity for species B: ; substituting into the
bulk-flow term 

Writing the concentration of A and B in the generic form in terms of the mole
fraction, y

i
, and the total concentration, c, i.e., Ci = yic, and then factoring out

the total concentration, c, the bulk flow, B
A

, is

where U is the molar average velocity: . The molar flux of A can now
be written as

(14-6)

We now need to determine the equation for the molar flux of A, J
A

, that is
superimposed on the molar average velocity.

14.1.3 Fick’s First Law†

Our discussion on diffusion will be restricted primarily to binary systems con-
taining only species A and B. We now wish to determine how the molar diffu-
sive flux of a species (i.e., JA ) is related to its concentration gradient. As an aid
in the discussion of the transport law that is ordinarily used to describe diffu-
sion, recall similar laws from other transport processes. For example, in con-
ductive heat transfer the constitutive equation relating the heat flux q and the
temperature gradient is Fourier’s law, q � �kt∇T, where kt is the thermal con-
ductivity.

In rectangular coordinates, the gradient is in the form

∇ � i 

The mass transfer law for the diffusional flux of A resulting from a concentra-
tion gradient is analogous to Fourier’s law for heat transfer and is given by
Fick’s first law

JA � �DAB∇CA (14-7)

DAB is the diffusivity of A in B . Combining Equations (14-7) and (14-6),

we obtain an expression for the molar flux of A in terms of concentration for

constant total concentration

(14-8)

† http://www.corrosion-doctors.org/Biographies/FickBio.htm

WA UACA�
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⎛ ⎞ mol

m3
----------⎝ ⎠

⎛ ⎞�

WB UBCB�
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B U U UA A A A B B Ac y y y C=( ) +( )= 

U U=∑y i i
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average
velocity

WA JA CAU��

Experimentation
with frog legs led to

Fick’s first law.

Constitutive
equations in heat,
momentum, and

mass transfer
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Molar flux equation WA � �DAB∇CA � CAU 
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In one dimension, i.e., z, the molar flux term is 

(14-8a)

 

14.2 Binary Diffusion

 

Although many systems involve more than two components, the diffusion of
each species can be treated as if it were diffusing through another single spe-
cies rather than through a mixture by defining an effective diffusivity. 

 

14.2.1 Evaluating the Molar Flux

 

We now consider five typical cases in Table 14-1 of A diffusing in B. Substitut-
ing Equation (14-7) into Equation (14-6) we obtain 

 (14-9)
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 S

 

PECIES

 

 B

(1)

 

Equal molar counter diffusion

 

 (EMCD) of species A and B. For every molecule of A that diffuses 
in the forward direction, one molecule of B diffuses in the reverse direction 

(14-10)

An example of EMCD is the oxidation of solid carbon; for every mole of 
oxygen that diffuses to the surface to react with the carbon surface, one 
mole of carbon dioxide diffuses away from the surface. 
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2

 

 

 

�
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CO
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(2)

 

Species A diffusing through stagnant species B

 

 (

 

W

 

B

 

 = 0). This situation 
usually occurs when a solid boundary is involved and there is a stag-
nant fluid layer next to the boundary through which A is diffusing 

(14-11)

(EMCD:  http://www.umich.edu/~elements/5e/14chap/summary-selftest1.html  
EMCD/Stagnant Film 

 
http://www.umich.edu/~elements/5e/14chap/summary-selftest2.html

 
)

(3)

 

Bulk flow of A is much greater than molecular diffusion of A

 

, i.e., 

 

B

 

A

 

 >> 

 

J

 

A

 

 

(14-12)

( : 

 

http://www.umich.edu/~elements/5e/14chap/summary-example2.html

 

)

This case is the plug-flow model we have been using in the previous chapters in this book

(4)

 

For small bulk flow 

 

J

 

A

 

 

 

>>

 

 

 

B

 

A

 

, we get the same result as EMCD, i.e., Equation (14-10)

(14-10)

WAz DAB
dCA

dz
--------� CAUz��

Now the task is to
evaluate the

bulk-flow term.

W W WA AB AA A A BD C y=− ∇ + +( )
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AB Ay
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14.2.2 Diffusion and Convective Transport

 

When accounting for diffusional effects, the molar flow rate of species A, 

 

F

 

A

 

, in
a specific direction 

 

z

 

, is the product of molar flux in that direction, 

 

W

 

A

 

z

 

, and
the cross-sectional area normal to the direction of flow, 

 

A

 

c

 

In terms of concentration, the flux is

      

The molar flow rate is

(14-14)

Similar expressions follow for 

 

W

 

A

 

x

 

 and 

 

W

 

A

 

y

 

. Substituting for the flux 

 

W

 

A

 

x

 

,

 

W

 

A

 

y

 

, and 

 

W

 

A

 

z

 

 into Equation (14-2), we obtain

(14-15)

Equation (14-15) is in a user-friendly form to apply to the PDE solver,
COMSOL. For one dimension at steady state, Equation (14-15) reduces to

(14-16)

In order to solve Equation (14-16) we need to specify the boundary conditions.
In this chapter we will consider some of the simple boundary conditions, and
in Chapter 18 we will consider the more complicated boundary conditions,
such as the Danckwerts’ boundary conditions.

We will now use this form of the molar flow rate in our mole balance in
the z direction of a tubular flow reactor

(14-17)

However, we first have to discuss the boundary conditions in solving this
equation. 
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)

(5) Knudsen Diffusion: Occurs in porous catalysts where the diffusing molecules collide more 
often with the pore walls than with each other

(14-13)

and D

 

K

 

 is the Knudsen diffusion.

 

1

W JA A AD C= = − K∇∇
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Flow, diffusion, and
reaction

This form is
used in COMSOL

Multiphysics.
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--------- Uy

�CA
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dFA

dV
--------

d AcWAz( )
d Acz( )

----------------------
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dz
------------ rA� � �

1 C. N. Satterfield, Mass Transfer in Heterogeneous Catalysis (Cambridge: MIT Press, 1970), pp. 41–42,
discusses Knudsen flow in catalysis and gives the expression for calculating DK .
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14.2.3 Boundary Conditions

The most common boundary conditions are presented in Table 14-2.

14.2.4 Temperature and Pressure Dependence of DAB

Before closing this brief discussion on mass-transfer fundamentals, further
mention should be made of the diffusion coefficient.2 Equations for predicting
gas diffusivities are given by Fuller and are also given in Perry’s Handbook.3,4

The orders of magnitude of the diffusivities for gases, liquids, and solids and
the manner in which they vary with temperature and pressure are given in
Table 14-3.5 We note that the Knudsen, liquid, and solid diffusivities are inde-
pendent of total pressure. 

TABLE 14-2  TYPES OF BOUNDARY CONDITIONS

1. Specify a concentration at a boundary (e.g., z � 0, CA � CA0). 
For an instantaneous reaction at a boundary, the concentration of the reactants at the
boundary is taken to be zero (e.g., CAs � 0). See Chapter 18 for the more exact and compli-
cated Danckwerts’ boundary conditions at z = 0 and z = L.

2. Specify a flux at a boundary.
a. No mass transfer to a boundary

WA � 0 (14-18)

for example, at the wall of a nonreacting pipe. Species A cannot diffuse into the solid
pipe wall so WA � 0 and then

at r � R (14-19)

That is, because the diffusivity is finite, the only way the flux can be zero is if the
concentration gradient is zero.

b. Set the molar flux to the surface equal to the rate of reaction on the surface

WA (surface) � � (surface) (14-20)

c. Set the molar flux to the boundary equal to convective transport across a boundary layer

WA (boundary) � kc (CAb � CAs ) (14-21)

where kc is the mass transfer coefficient and CAs and CAb are the surface and bulk
concentrations, respectively.

3. Planes of symmetry. When the concentration profile is symmetrical about a plane, the
concentration gradient is zero in that plane of symmetry. For example, in the case of radial
diffusion in a pipe, at the center of the pipe

at r � 0 (14-22)

2 For further discussion of mass-transfer fundamentals, see R. B. Bird, W. E. Stewart,
and E. N. Lightfoot, Transport Phenomena, 2nd ed. (New York: Wiley, 2002). 

3 E. N. Fuller, P. D. Schettler, and J. C. Giddings, Ind. Eng. Chem., 58(5), 19 (1966). Several
other equations for predicting diffusion coefficients can be found in B. E. Polling,
J. M. Prausnitz, and J. P. O’Connell, The Properties of Gases and Liquids, 5th ed. (New York:
McGraw-Hill, 2001).

4 R. H. Perry and D. W. Green, Chemical Engineer’s Handbook, 7th ed. (New York:
McGraw-Hill, 1999).

5 To estimate liquid diffusivities for binary systems, see K. A. Reddy and
L. K. Doraiswamy, Ind. Eng. Chem. Fund., 6, 77 (1967).

dCA

dr
-------- 0�

r�A

dCA

dr
-------- 0�
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Gas Phase Measurements: http://www.umich.edu/~elements/5e/14chap/summary-
example3.html

Liquid Phase Measurements: http://www.umich.edu/~elements/5e/14chap/summary-
example4.html

14.2.5 Steps in Modeling Diffusion to a Reacting Surface

We first consider the diffusion of species A through a stagnant film in which
no reaction takes place to a catalytic surface where Species A reacts instanta-
neously by upon reaching the surface, i.e., CAs ≅ 0. Consequently, the rate of
diffusion through the stagnant film equals the rate of reaction on the surface.
The first steps in modeling are:

Step 1: Perform a differential mole balance on a particular species A or
use the general mole balance, to obtain an equation for WAz, e.g.,
Equation (14-2).

Step 2: Replace WAz by the appropriate expression for the concentration
gradient.

Step 3: State the boundary conditions.
Step 4: Solve for the concentration profile.
Step 5: Solve for the molar flux.

In Section 14.3, we are going to apply this algorithm to one of the most impor-
tant cases, diffusion through a boundary layer. Here, we consider the bound-
ary layer to be a hypothetical “stagnant film” in which all the resistance to
mass transfer is lumped.

TABLE 14-3  DIFFUSIVITY RELATIONSHIPS FOR GASES, LIQUIDS, AND SOLIDS

Order of Magnitude

Phase cm2/s m2/s Temperature and Pressure Dependencesa

Gas

Bulk 10�1 10�5

Knudsen 10�2 10�6

Liquid 10�5 10�9

Solid 10�9 10�13

a	1 , 	2 , liquid viscosities at temperatures T1 and T2 , respectively; ED , diffusion activation energy.
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It is important
to know the

magnitude and
the T and P

dependence of
the diffusivity.
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Steps in modeling
mass transfer
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14.2.6 Modeling Diffusion with Chemical Reaction

 

Next, we consider the situation where species A reacts as it diffuses through
the stagnant film.

 

6

 

 This table will provide the foundation for problems with
diffusion and reaction in both Chapters 14 and 15.

The purpose of presenting algorithms (e.g., Table 14-4) to solve reaction
engineering problems is to give the readers a starting point or framework with
which to work if they were to get stuck. It is expected that once readers are
familiar and comfortable using the algorithm/framework, they will be able to
move in and out of the framework as they develop creative solutions to non-
standard chemical reaction engineering problems. 

 

14.3 Diffusion Through a Stagnant Film

 

To begin our discussion on the diffusion of reactants from the bulk fluid to the
external surface of a catalyst, we shall focus attention on the flow past a single
catalyst pellet. Reaction takes place only on the external catalyst surface and not
in the fluid surrounding it. The fluid velocity in the vicinity of the spherical pel-
let will vary with position around the sphere. The hydrodynamic boundary
layer is usually defined as the distance from a solid object to where the fluid
velocity is 99% of the bulk velocity, 

 

U

 

0

 

. Similarly, the mass transfer boundary-
layer thickness, 

 

�

 

, is defined as the distance from a solid object to where the
concentration of the diffusing species reaches 99% of the bulk concentration.

A reasonable representation of the concentration profile for a reactant A
diffusing to the external surface is shown in Figure 14-2. As illustrated, the
change in concentration of A from 

 

C

 

A

 

b

 

 to 

 

C

 

A

 

s

 

 takes place in a very narrow fluid
layer next to the surface of the sphere. Nearly all of the resistance to mass
transfer is found in this layer.

A useful way of modeling diffusive transport is to treat the fluid layer
next to a solid boundary as a hypothetical stagnant film of thickness 

 

�

 

, which

 

6

 

E. L. Cussler, 

 

Diffusion Mass Transfer in Fluid Systems

 

, 2nd ed. (New York: Cambridge
University Press, 1997).
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ODELING
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WITH

 

 D
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AND

 

 R

 

EACTION

 

1. Define the problem and state the assumptions.
2. Define the system on which the balances are to be made.
3. Perform a differential mole balance on a particular species.
4. Obtain a differential equation in  W  

A
  by rearranging your balance equation properly and

taking the limit as the volume of the element goes to zero.
5. Substitute the appropriate expression involving the concentration gradient for 

 

W

 

A

 

 from
Section 14.2 to obtain a second-order differential equation for the concentration of A.

 

a

 

6. Express the reaction rate rA (if any) in terms of concentration and substitute into the dif-
ferential equation.

7. State the appropriate boundary and initial conditions.
8. Put the differential equations and boundary conditions in dimensionless form.
9. Solve the resulting differential equation for the concentration profile.

10. Differentiate this concentration profile to obtain an expression for the molar flux of A.
11. Substitute numerical values for symbols.

a In some instances it may be easier to integrate the resulting differential equation in Step 4 before 
substituting for WA .

Use Table 14-4 to
Move

In  Out
of the algorithm

(Steps 1 → 6)
to generate

creative solutions.

   ⎯⎯→←⎯⎯   

Expanding the
previous six

modeling steps just
a bit
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we cannot measure. We say that 

 

all

 

 the resistance to mass transfer is found
(i.e., lumped) within this hypothetical stagnant film of thickness 

 

δ

 

, and the
properties (i.e., concentration, temperature) of the fluid at the outer edge of the
film are identical to those of the bulk fluid. This model can readily be used to
solve the differential equation for diffusion through a stagnant film. The
dashed line in Figure 14-2b represents the concentration profile predicted by
the hypothetical stagnant film model, while the solid line gives the actual
profile. If the film thickness is much smaller than the radius of the pellet
(which is usually the case), curvature effects can be neglected. As a result, only
the one-dimensional diffusion equation must be solved, as was shown in
Figure 14-3.

We are going to carry out a mole balance on species A diffusing through the
fluid between 

 

z

 

 = 

 

z

 

 and 

 

z

 

 = 

 

z

 

 + 

 

Δ

 

z

 

 at steady state for the unit cross-sectional
area, 

 

A

 

c

 

dividing by 

 

Δ

 

z

 

 and taking the limit as 

 

Δ

 

z

 

 

 

→

 

 0 

For diffusion through a stagnant film at dilute concentrations

 

J

 

A

 

 

 

�

 

 

 

y

 

A 

 

(

 

W

 

A

 

 + 

 

W

 

B

 

) (14-23)

CAs

(b)

Boundary layer
CAb

y = 0

CAb

CAs

Catalyst
pellet

(a)

Boundary
layer

 

Figure 14-2

 

Boundary layer around the surface of a catalyst pellet.

The concept of a
hypothetical

stagnant film within
which all the
resistance to

external mass
transfer exists

WA

WA

CAS

Z=0

Z +    Z

Z

Z=δ
CA0

Figure 14-3 Concentration profile for dilute concentration in
stagnant film mode
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or for EMCD, we have using Fick’s first law

(14-24)

Substituting for W  
A

 
z

  and dividing by D 
AB

  we have 

Integrating twice to get 

 

C

 

A

 

 = 

 

K

 

1

 

z

 

 + 

 

K

 

2

 

, using the boundary conditions at

we obtain the concentration profile

(14-25)

To find the flux to the surface we substitute Equation (14-25) into Equation
(14-24) to obtain

(14-26)

At steady state the flux of A to the surface will be equal to the rate of reaction
of A on the surface. We also note that another example of diffusion through a
stagnant film as applied to transdermal drug delivery is given in the Chapter 14

 

Expanded Material

 

 on the CRE Web site.

 

14.4 The Mass Transfer Coefficient

 

We now interpret the ratio (

 

D

 

AB

 

/

 

δ

 

) in Equation (14-26).
While the boundary-layer thickness will vary around the sphere, we will

take it to have a mean film thickness 

 

δ

 

. The ratio of the diffusivity 

 

D

 

AB

 

 to the
film thickness 

 

δ

 

 is the mass transfer coefficient, 

 

k

 

c

 

, that is,

(14-27)

Combining Equations (14-26) and (14-27), we obtain the average molar flux
from the bulk fluid to the surface

(14-28)

In this stagnant film model, we consider all the resistance to mass transfer to
be lumped into the thickness 

 

δ

 

. The reciprocal of the mass transfer coefficient
can be thought of as this resistance

A AB
AW D

dC
dz

z = −

0
2

A
2

d C
dz

=

0 A A

A A0

z C C

z C C
s

δ
= =
= =

C C C C
z

A As Ab As δ
( )= + −

W
D

C CAz
AB

Ab Asδ [ ]= −

The mass transfer
coefficient

kc
DAB

�
---------�

Molar flux of A to
the surface

WAz kc CAb CAs�( )�

WAz Flux = Driving force
Resistance

--------------------------------
CAb CAs�

1/kc( )
---------------------� �
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14.4.1 Correlations for the Mass Transfer Coefficient

 

The mass transfer coefficient 

 

k

 

c

 

 is analogous to the heat transfer coefficient 

 

h

 

.
The heat flux 

 

q

 

 from the bulk fluid at a temperature 

 

T

 

0

 

 to a solid surface at 

 

T

 

s

 

 is

 q  z    �    h  (  T  0    �    T  s  ) (14-29)

For forced convection, the heat transfer coefficient is normally correlated in
terms of three dimensionless groups: the Nusselt number, Nu; the Reynolds
number, Re; and the Prandtl number, Pr. For the single spherical pellets dis-
cussed here, Nu and Re take the following forms

(14-30)

(14-31)

The Prandtl number is not dependent on the geometry of the system

(14-32)

where

 




 

t

 

 

 

�

 

k

 

t

 

/

 

�

 

C

 

p

 

 

 

�

 

 thermal diffusivity, m

 

2

 

/s

 

	 �

 

viscosity, kg/m

 

�

 

s

 

� �

 

fluid density, kg/m

 

3

 

� �

 

 

 

�

 

 kinematic viscosity (momentum diffusivity), m

 

2

 

/s

 

d

 

p

 

�

 

diameter of pellet, m

 

U

 

�

 

free-stream velocity, m/s

 

k

 

t

 

�

 

thermal conductivity, J/K

 

�

 

m

 

�

 

s

 

h  = heat transfer coefficient, J/m2�s�K or Watts/m2 K
Cp  = heat capacity, J/kg/K

The other symbols are as defined previously.
The heat transfer correlation relating the Nusselt number to the Prandtl

and Reynolds numbers for flow around a sphere is7

Nu � 2 � 0.6Re1/2 Pr1/3 (14-33)

Although this correlation can be used over a wide range of Reynolds numbers,
it can be shown theoretically that if a sphere is immersed in a stagnant fluid
(Re = 0), then

Nu � 2 (14-34)
and that at higher Reynolds numbers in which the boundary layer remains
laminar, we can neglect the 2 in Equation (14-34), in which case he Nusselt
number becomes

Nu � 0.6Re1/2 Pr1/3 (14-35)
Although further discussion of heat transfer correlations is no doubt

worthwhile, it will not help us to determine the mass transfer coefficient and

7 W. E. Ranz and W. R. Marshall, Jr., Chem. Eng. Prog., 48, 141–146, 173–180 (1952).
† Strictly speaking, replacing the Nusselt number by the Sherwood number is only valid

for situations where the Lewis number, Le, is close to 1. 

Nu
hdp

kt
-------�

Re
U�dp

	
-----------�

The Nusselt,
Prandtl, and

Reynolds numbers
are used in forced

convection heat
transfer

correlations.
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	Cp

kt
--------- 	

�
----  

�
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p 
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t

 -------- 
⎝ ⎠
⎜ ⎟
⎛ ⎞

 �



 

t

 ---- � � �

	
�
----

Le Sc
Pe
-----


t

DAB
---------� �

Converting a heat
transfer correlation

to a mass transfer
correlation
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the mass flux from the bulk fluid to the external pellet surface. However, the
preceding discussion on heat transfer was not entirely futile because, for simi-
lar geometries, 

 

the heat and mass transfer correlations are analogous

 

. If a heat transfer
correlation for the Nusselt number exists, the mass transfer coefficient can be
estimated by replacing the Nusselt and Prandtl numbers in this correlation by
the Sherwood and Schmidt numbers, respectively:

Sh Nu

Sc Pr

The heat and mass transfer coefficients are analogous.

 

†

 

 The corresponding
fluxes are

 

q

 

z

 

 

 

�

 

h

 

(

 

T

 

 

 

�

 

 

 

T

 

s

 

) (14-36)

 

W

 

A

 

z

 

 

 

�

 

k

 

c

 

(

 

C

 

A

 

 

 

�

 

 

 

C

 

A

 

s

 

)

The one-dimensional differential forms of the mass flux for EMCD and the heat
flux are, respectively,

 

W

 

A

 

z

 

 

 

� �

 

D

 

AB

 

 (E14-1.3)

 

q

 

z

 

 

 

� �

 

k

 

t

 

 (14-37)

If we replace 

 

h

 

 by 

 

k

 

c

 

 and 

 

k

 

t

 

 by 

 

D

 

AB

 

 in Equation (14-30), i.e.,

we obtain the mass transfer Nusselt number (i.e., the Sherwood number)

Sh 

 

�

 

  dimensionless (14-38)

The Sherwood number (Thomas Kilgore Sherwood) is the ratio of a convective
mass transfer rate, 

 

kc

 

, to a diffusion rate (

 

D

 

A

 

b

 

/

 

d

 

p

 

). (See 

 

https://en.wikipedia.org/
wiki/Thomas_Kilgore_Sherwood

 

 and 

 

https://en.wikipedia.org/wiki/Sherwood_number

 

.)
The Prandtl number is the ratio of the kinematic viscosity (i.e., the

momentum diffusivity) to the thermal diffusivity. Because the Schmidt num-
ber is analogous to the Prandtl number, one would expect that Sc is the ratio of
the momentum diffusivity (i.e., the kinematic viscosity), 

 

�

 

, to the mass diffu-
sivity 

 

D

 

AB

 

. Indeed, this is true

 

�

 

t

 

D

 

AB

 

The Schmidt number is

Sc 

 

�

 

  dimensionless (14-39)

The Schmidt number (Ernst Heinrich Wilhelm Schmidt) is the ratio of the vis-
cosity diffusion rate, 

 

υ

 

, to the molecular diffusion rate.

   ⎯⎯→  

   ⎯⎯→  

For EMCD the
heat and molar flux

equations are
analogous.

dCA

dz
--------

dT
dz
-----

h   ⎯⎯→   k c 

k

 

t   ⎯⎯→   D AB 
⎭
⎪
⎬
⎪
⎫

  Nu   ⎯⎯→   Sh

Sherwood number
kc dp

DAB
--------- (m/s)(m)

m2 s�
--------------------�

   ⎯⎯→  
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DAB
--------- m2 s�
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Consequently, the correlation for mass transfer for flow around a spherical pel-
let is analogous to that given for heat transfer, Equation (14-33); that is,

Sh 

 

�

 

 2 

 

�

 

 0.6Re

 

1/2

 

Sc

 

1/3

 

(14-40)
This relationship is often referred to as the 

 

Frössling correlation

 

.

 

8

 

A few additional correlations for the Sherwood number from which one
can determine the mass transfer coefficient are given in Table 14-5.

 

14.4.2 Mass Transfer to a Single Particle

 

In this section we consider two limiting cases of diffusion and reaction on a
catalyst particle.

 

9

 

 In the first case, the reaction is so rapid that the rate of diffu-
sion of the reactant to the surface limits the reaction rate. In the second case,
the reaction is so slow that virtually no concentration gradient exists in the gas
phase (i.e., rapid diffusion with respect to surface reaction). (Diffusion:

 

http://www.umich.edu/~elements/5e/14chap/expanded_ch14_1.pdf

 

.)

 

Example 14–1 Rapid Reaction on the Surface of a Catalyst

 

Calculate the molar flux, 

 

W

 

A

 

r

 

, of reactant A to a single catalyst pellet 1 cm in diame-
ter suspended in a large body of liquid B. The reactant is present in dilute concentra-
tions, and the reaction is considered to take place instantaneously at the external
pellet surface (i.e., 

 

C

 

A

 

s

 

 

 

�

 

 0). The bulk concentration of the reactant A is 1.0 

 

M

 

, and
the free-stream liquid velocity past the sphere is 0.1 m/ s. The kinematic viscosity
(i.e., ) is 0.5 centistoke (cS; 1 centistoke 

 

�

 

 10

 

�

 

6

 

 m

 

2

 

/s), and the liquid diffusivity

of A in B is 

 

D

 

AB

 

 = 10

 

–10 

 

m

 

2

 

/s, at 300 K.

 

8

 

N. Frössling, 

 

Gerlands Beitr. Geophys.

 

, 52, 170 (1938).

 

T

 

ABLE

 

 14-5  

 

M

 

ASS

 

 T

 

RANSFER

 

 C

 

ORRELATIONS

 

Turbulent flow, mass transfer to pipe wall Sh 

 

�

 

 .332 (Re)

 

1/2

 

 (Sc)

 

1/3

 

Mass transfer to a single sphere Sh 

 

�

 

 2 

 

�

 

 0.6 Re

 

1/2

 

 Sc

 

1/3

 

Mass transfer in fluidized beds

 

�

 

J

 

D

 

 

 

�

 

 0.765 

 

�

 

 0.365
Re

 

.82

 

     Re

 

0.386

 

Mass transfer to packed beds

 

�

 

J

 

D

 

 

 

�

 

 0.453 Re

 

0.453

 

J

 

D

 

 

 

�

 

    Sh    
        ReSc

 

1/3

 

  

 

9

 

A comprehensive list of correlations for mass transfer to particles is given by
G. A. Hughmark, 

 

Ind. Eng. Chem. Fund.

 

, 19(2), 198 (1980).

The Sherwood,
Reynolds, and

Schmidt numbers
are used in

forced convection
mass transfer
correlations.

If the surface reac-
tion is rapid, then

diffusion limits
the overall rate.
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Solution

 

For dilute concentrations of the solute, the radial flux is

 

W

 

A

 

r

 

 

 

�

 

 

 

k

 

c

 

(

 

C

 

A

 

b

 

 

 

� CAs ) (14-28)

Because reaction is assumed to occur instantaneously on the external surface of the
pellet, CAs � 0. Also, CAb is given as 1 mol/dm3. The mass transfer coefficient for sin-
gle spheres is calculated from the Frössling correlation

Sh �  � 2 � 0.6Re1/2 Sc1/3 (14-41)

Re �

Sc �

Substituting these values into Equation (14-40) gives us

Sh � 2 � 0.6(2000)0.5 (5000)1/3 � 460.7 (E14-1.1)

kc �  � 460.7 � 4.61 � 10�6 m/s (E14-1.2)

CAb � 1.0 mol/dm3 � 103 mol/m3

Substituting for kc and CAb in Equation (14-26), the molar flux to the surface is

WAr � (4.61 � 10�6 ) m/s (103 � 0) mol/m3 � 4.61 � 10�3 mol/m2�s

Because WAr � � , this rate is also the rate of reaction per unit surface area of catalyst.

Analysis: In this example we calculated the rate of reaction on the external surface
of a catalyst pellet when external mass transfer was limiting the reaction rate. To
determine the rate of reaction, we used correlations to calculate the mass transfer
coefficient and then used kc to calculate the flux to the surface, which in turn was
equal to the rate of surface reaction.

In Example 14-1, the surface reaction was extremely rapid and the rate of
mass transfer to the surface dictated the overall rate of reaction. We now con-
sider a more general case. The isomerization

A B

is taking place on the surface of a solid sphere (Figure 14-4). The surface reaction
follows a Langmuir–Hinshelwood single-site mechanism for which the rate law is

(14-41)

kc dp

DAB
---------

Liquid Phase

Re 2000�

Sc 5000�

Sh 460�

kc 4.6 10 6�   m/s ��

�dpU
	

-----------
dpU
�
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 ( ) 
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�

 

6  m 2 s 
�  
---------------------------------------------
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� � �

�
DAB
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�
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� �
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dp
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�
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0.01  m 
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�

r�As
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The temperature is sufficiently high that we only need to consider the case of
very weak adsorption (i.e., low surface coverage) of A and B; thus

(

 

K

 

B

 

C

 

B

 

s

 

 

 

�

 

 

 

K

 

A

 

C

 

A

 

s

 

) 

 

�

 

 1

Therefore, the rate law becomes apparent first order

 

 

�

 

 

 

k

 

r

 

C

 

A

 

s

 

(14-42)

Using boundary conditions 2b and 2c in Table 14-1, we obtain

(14-43)

 

W

 

A

 

 

 

�

 

 

 

k

 

c

 

(

 

C

 

A

 

 

 

�

 

 

 

C

 

A

 

s

 

) 

 

�

 

 

 

k

 

r

 

C

 

A

 

s

 

(14-44)

The concentration 

 

C

 

A

 

s

 

 is not as easily measured as the bulk concentration.
Consequently, we need to eliminate 

 

C

 

A

 

s

 

 from the equation for the flux and rate
of reaction. Solving Equation (14-44) for 

 

C

 

A

 

s

 

 yields

 

C

 

A

 

s

 

 

 

�

 

 (14-45)

and the rate of reaction on the surface becomes

(14-46)

One will often find the flux to or from the surface written in terms of an  effec-
tive

 
 transport coefficient 

 
k

 
eff

 

(14-47)

where

CAs

CA > CAs

δ

WAr

A

B

Boundary
layer

CA

Figure 14-4 Diffusion to, and reaction on, external surface of pellet.
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Rapid Reaction. We first consider how the overall rate of reaction may be
increased when the rate of mass transfer to the surface limits the overall rate of
reaction. Under these circumstances, the specific reaction rate constant is
much greater than the mass transfer coefficient

kr � kc

and

keff � kc

(14-48)

To increase the rate of reaction per unit surface area of a solid sphere, one
must increase CA and/or kc . In this gas-phase catalytic reaction example, and
for most liquids, the Schmidt number is sufficiently large that the number 2 in
Equation (14-40) is negligible with respect to the second term when the Rey-
nolds number is greater than 25. As a result, Equation (14-40) gives

kc � 0.6 

� 0.6 

kc � 0.6 � (14-49)

kc � 0.6 � (Term 1) � (Term 2)

Term 1 is a function of the physical properties DAB and �, which depend
on temperature and pressure only. The diffusivity always increases with
increasing temperature for both gas and liquid systems. However, the kine-
matic viscosity � increases with temperature (� � T3/2 ) for gases and decreases
exponentially with temperature for liquids. Term 2 is a function of flow condi-
tions and particle size. Consequently, to increase kc and thus the overall rate of
reaction per unit surface area, one may either decrease the particle size or
increase the velocity of the fluid flowing past the particle. For this particular
case of flow past a single sphere, we see that if the velocity is doubled, the mass
transfer coefficient and consequently the rate of reaction is increased by a
factor of

(U2 /U1 )0.5 � 20.5 � 1.41 or 41%

Slow Reaction. Here, the specific reaction rate constant is small with
respect to the mass transfer coefficient

kr � kc

(14-50)

WA �r�As

kcCA

1 kc kr
�
-------------------- kcCA�� �

It is important to
know how the mass

transfer coefficient
varies with fluid
velocity, particle

size, and physical
properties.
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The specific reaction rate is independent of the velocity of fluid and for
the solid sphere considered here, independent of particle size. 

 

However

 

, for
porous catalyst pellets, 

 

k

 

r

 

 may depend on particle size for certain situations, as
shown in Chapter 15. We will continue this discussion in Section 14.5.

Figure 14-5 shows the variation in reaction rate with Term 2 in Equation
(14-49), the ratio of velocity to particle size. At low velocities, the mass transfer
boundary-layer thickness is large and diffusion limits the reaction. As the
velocity past the sphere is increased, the boundary-layer thickness decreases,
and the mass transfer across the boundary layer no longer limits the rate of
reaction. One also notes that for a given (i.e., fixed) velocity, reaction-limiting
conditions can be achieved by using very small particles. However, the smaller
the particle size, the greater the pressure drop in a packed bed. When one is
obtaining reaction-rate data in the laboratory, one must operate at sufficiently
high velocities or sufficiently small particle sizes to ensure that the reaction is
not mass transfer–limited when collecting data.

 

14.4.3 Mass Transfer–Limited Reactions 
in Packed Beds

 

A number of industrial reactions are potentially mass transfer–limited because
they may be carried out at high temperatures without the occurrence of
undesirable side reactions. In mass transfer–dominated reactions, the surface
reaction is so rapid that the rate of transfer of reactant from the bulk gas or liq-
uid phase to the surface limits the overall rate of reaction. Consequently, mass
transfer–limited reactions respond quite differently to changes in temperature
and flow conditions than do the rate-limited reactions discussed in previous
chapters. In this section the basic equations describing the variation of conver-
sion with the various reactor design parameters (catalyst weight, flow condi-
tions) will be developed. To achieve this goal, we begin by carrying out a mole
balance on the following generic mass transfer–limited reaction

(2-2)

U

″

Mass transfer
effects are not

important when the
reaction rate is

limiting.

When collecting
rate-law data,
operate in the

reaction-limited
region.

 

Figure 14-5

 

Regions of mass transfer–limited and reaction-limited reactions.

(U/dp)1/2

–rA

Diffusion
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Reaction
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″

A b
a
--  B   ⎯⎯→   c
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carried out in a packed-bed reactor (Figure 14-6). A steady-state mole balance
on reactant A in the reactor segment between z and z 

 

�

 

 

 

�

 

z is

(14-51)

where  

 

�

 

rate of generation of A per unit of catalytic surface area, mol/s

 

�

 

m

 

2

 

a

 

c

 

 

 

�

 

external surface area of catalyst per volume of catalytic bed, m

 

2

 

/m

 

3

 

�

 

6(1 

 

�

 

 

 

�

 

) /

 

d

 

p

 

 for packed beds, m

 

2

 

/m

 

3

 

�

 

 

 

�

 

porosity of the bed (i.e., void fraction)

 

10

 

d

 

p

 

 

 

�

 

particle diameter, m

 

A

 

c

 

 

 

�

 

cross-sectional area of tube containing the catalyst, m

 

2

 

Dividing Equation (14-51) by 

 

A

 

c

 

�

 

z

 

 and taking the limit as 

 

�

 

z

 

 

 

0, we have

(14-52)

We now need to express 

 

F

 

A

 

z

 

 and  in terms of concentration.
The molar flow rate of A in the axial direction is

 

F

 

A

 

z
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c
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J
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z
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(14-53)

In almost all situations involving flow in packed-bed reactors, the amount of
material transported by diffusion or dispersion in the axial direction is negligi-
ble compared with that transported by convection (i.e., bulk flow)

 

J

 

A

 

z

 

 

 

�

 

 

 

B

 

A

 

z

 

(In Chapter 18 we consider the case when dispersive effects (e.g., diffusion)
must be taken into account.) Neglecting dispersion, Equation (14-14) becomes

 

FAz � Ac WAz � Ac BAz � UCA Ac (14-54)

where U is the superficial molar average velocity through the bed (m/s). Sub-
stituting for FAz in Equation (14-52) gives us

(14-55)

10In the nomenclature for Chapter 4, for the Ergun equation for pressure drop.

Molar
 rate in 

FAz z
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0

Figure 14-6 Packed-bed reactor.
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For the case of constant superficial velocity 

 

U

 

(14-56)

For reactions at steady state, the molar flux of A to the particle surface, 

 

W

 

A

 

r

 

(mol/m

 

2

 

�

 

s) (see Figure 14-7), is equal to the rate of disappearance of A on the
surface  (mol/m

 

2

 

�

 

s); that is
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r

 

(14-57)

From Section 14.4, the boundary condition at the external surface is
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) (14-58)

where
 

k
 

c

 
 

 
�

 
mass transfer coefficient 

 
�

 
 (

 
D

 

AB

 
/

 
�

 
),

 
 

 
(m/s)

 C  A    �  bulk concentration of A (mol/m  3  )  
C

 

A

 

s

 
 

 
�

 
concentration of A at the catalytic surface (mol/m

 
3

 
)

Substituting for  in Equation (14-56), we have
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�

 

 0 (14-59)

In most mass transfer–limited reactions, the surface concentration is neg-
ligible with respect to the bulk concentration (i.e., 

 

C

 

A

 

 

 

�

 

 

 

C

 

A

 

s

 

)

 

�

 

U

 

  

 

�

 

 

 

k

 

c

 

a

 

c

 

C

 

A

 

(14-60)

Integrating with the limit, at z 

 

�

 

 0, CA � CA0

(14-61)

The corresponding variation of reaction rate along the length of the reactor is

 � kcCA0 exp (14-62)

Differential
equation describing
flow and reaction in

a packed bed
U  

dC
 

A 
dz
 -------- �  r � A a c � 0 �

r�A�

r�A�

Figure 14-7 Diffusion across stagnant film surrounding catalyst pellet.
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δ

WAr

A
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r�A

dCA

dz
--------

In reactions that
are completely mass
transfer–limited, it is

not necessary to
know the rate law.

dCA

dz
--------

CA

CA0
--------

kc ac

U
--------   z �  

⎝ ⎠
⎜ ⎟
⎛ ⎞

 exp  �

r�A�
kc ac

U
--------   z �  

⎝ ⎠
⎜ ⎟
⎛ ⎞
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The concentration and conversion profiles down a reactor of length 

 

L

 

 are
shown in Figure 14-8.

To determine the reactor length 

 

L

 

 necessary to achieve a conversion 

 

X

 

,
we combine the definition of conversion

(14-63)

with the evaluation of Equation (14-61) at 

 

z

 

 

 

�

 

 

 

L

 

 to obtain

(14-64)

 

14.4.4 Robert the Worrier

 

Robert is an engineer who is always worried (which is a Jofostanian trait). He
thinks something bad will happen if we change an operating condition such as
flow rate or temperature or an equipment parameter such as particle size. Rob-
ert’s motto is “If it ain’t broke, don’t fix it.” We can help Robert be a little more
adventuresome by analyzing how the important parameters vary as we change
operating conditions in order to predict the outcome of such a change. We first
look at Equation (14-64) and see that conversion depends upon the parameters

 

k

 

c

 

, 

 

a

 

c

 

, 

 

U

 

, and 

 

L

 

. We now examine how each of these parameters will change as
we change operating conditions. We first consider the effects of temperature
and flow rate on conversion.

To learn the effect of flow rate on conversion, we need to know how flow
rate affects the mass transfer coefficient. That is, we must determine the corre-
lation for the mass transfer coefficient for the particular geometry and flow
field. For flow through a packed bed, the correlation given by Thoenes and
Kramers for 0.25 

 

�

 

  

 

�

 

 0.5, 40 

 

�

 

 Re

 

�

 

 

 

�

 

 4000, and 1 

 

�

 

 Sc 

 

�

 

 4000 is

 

11

 

Sh

 

�

 

 

 

�

 

 1.0(Re

 

�

 

)

 

1/2

 

Sc

 

1/3

 

(14-65)

(14-66)

 

11

 

D. Thoenes, Jr. and H. Kramers, 

 

Chem. Eng. Sci.

 

, 8, 271 (1958).

Reactor
concentration

profile for a mass
transfer–limited

reaction

0                           z/L                            1.0

1.0

0

1.0

CA
CA0

X

(a) (b)
z/L 1.00

Figure 14-8 Axial concentration (a) and conversion (b) profiles in a packed bed.
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where Re

 

�

 

 

 

�

 

Sh

 

�

 

 

 

�

 

d

 

p

 

 

 

�

 

particle diameter (equivalent diameter of a sphere of the same
volume), m

 

�

 

[(6/

 

�

 

) (volume of pellet)]

 

1/3

 

, m

 

�

 

 

 

�

 

void fraction (porosity) of packed bed

 

�

 

 

 

�

 

shape factor (external surface area divided by )
and 

 

U

 

, 

 

ρ

 

, 

 

μ

 

, 

 

v

 

 and 

 

D

 

AB

 

 are as previously defined.

For constant fluid properties and particle diameter

 

k

 

c

 

 

 

�

 

 

 

U

 

1/2

 

(14-67)

We see that the mass transfer coefficient increases with the square root of the
superficial velocity through the bed. Therefore, 

 

for a fixed concentration

 

, 

 

C

 

A

 

, such
as that found in a differential reactor, the rate of reaction should vary with 

 

U

 

1/2

 

 

 

�

 

 

 

k

 

c

 

C

 

A

 

 

 

�

 

 

 

U

 

1/2

 

However, if the gas velocity is continually increased, a point is reached where
the reaction becomes reaction rate–limited and, consequently, is independent
of the superficial gas velocity, as shown in Figure 14-5.

Most mass transfer correlations in the literature are reported in terms of
the Colburn 

 

J

 

 factor (i.e., J

 

D

 

) as a function of the Reynolds number. The rela-
tionship between 

 

J

 

D

 

 and the numbers we have been discussing is

(14-68)

Figure 14-9 shows data from a number of investigations for the 

 

J

 

 factor as
a function of the Reynolds number for a wide range of particle shapes and
gas-flow conditions. 

 

Note:

 

 There are serious deviations from the Colburn anal-
ogy when the concentration gradient and temperature gradient are coupled, as
shown by Venkatesan and Fogler.

 

12

 

Dwidevi and Upadhyay review a number of mass transfer correlations for
both fixed and fluidized beds and arrive at the following correlation, which is
valid for both gases (Re 

 

�

 

 10) and liquids (Re 

 

�

 

 0.01) in either fixed or fluid-
ized beds:

 

13

 

(14-69)

 

12

 

R. Venkatesan and H. S. Fogler, 

 

AIChE J.,

 

 50, 1623 (July 2004).

 

13

 

P. N. Dwidevi and S. N. Upadhyay, 

 

Ind. Eng. Chem. Process Des. Dev.

 

, 16, 157 (1977).

kc

U1/2

Re
1 ��( ) �

----------------------

Sh  � 
1

 
��

 
( )

 
�
 ----------------------

�dp
2

For diffusion-
limited reactions,

reaction rate
depends on particle

size and fluid
velocity.

r�A�

Colburn J factor JD
Sh

Sc1 3/ Re
-------------------�

A correlation for
flow through packed

beds in
terms of the

Colburn J factor

� JD
0.765
Re0.82
------------- 0.365

Re0.386
---------------��
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For nonspherical particles, the equivalent diameter used in the Reynolds and

Sherwood numbers is 

 

d

 

p

 

 

 

�

 

  

 

�

 

 0.564 , where 

 

A

 

p

 

 is the external sur-
face area of the pellet.

To obtain correlations for mass transfer coefficients for a variety of sys-
tems and geometries, see either D. Kunii and O. Levenspiel, 

 

Fluidization Engineer-
ing

 

,

 

 

 

2nd ed. (Butterworth-Heinemann, 1991), Chap. 7, or W. L. McCabe, J. C.
Smith, and P. Harriott, 

 

Unit Operations in Chemical Engineering

 

, 6th ed. (New York:
McGraw-Hill, 2000). For other correlations for packed beds with different pack-
ing arrangements, see I. Colquhoun-Lee and J. Stepanek, 

 

Chemical Engineer

 

, 108
(Feb. 1974).

 

Example 14–2 Mass Transfer Effects in Maneuvering a Space Satellite

 

Hydrazine has been studied extensively for use in monopropellant thrusters for
space flights of long duration. Thrusters are used for altitude control of communication
satellites. Here, the decomposition of hydrazine over a packed bed of alumina-supported
iridium catalyst is of interest.

 

14

 

 In a proposed study, a 2% hydrazine in 98% helium
mixture is to be passed over a packed bed of cylindrical particles 0.25 cm in diame-
ter and 0.5 cm in length at a gas-phase velocity of 150 m/s and a temperature of
450 K. The kinematic viscosity of helium at this temperature is 4.94 

 

�

 

 10

 

�

 

5

 

 m

 

2

 

/s.
The hydrazine decomposition reaction is believed to be externally mass trans-
fer–limited under these conditions. If the packed bed is 0.05 m in length, what con-
version can be expected? Assume isothermal operation.

 

14

 

O. I. Smith and W. C. Solomon, 

 

Ind. Eng. Chem. Fund.

 

, 21, 374.

JD
Sh

Sc1 3Re
-------------------- 

Figure 14-9

 

Mass transfer correlation for packed beds. 

 

φ

 

b

 

≡φ 

 

[Reprinted by 
permission. Copyright © 1977, American Chemical Society. Dwivedi, P. N. and 
S. N. Upadhyay, “Particle-Fluid Mass Transfer in Fixed and Fluidized Beds.” 

 

Industrial 
& Engineering Chemistry Process Design and Development

 

, 1977, 16 (2), 157–165.]

Ap �
 Ap

Actual case history
and current
application

|← 0.05 m →|
X = ?

0.25 cm

U = 150 m/s
T = 450 K
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Additional information:

D

 

AB

 

 

 

�

 

 0.69 

 

�

 

 10

 

�

 

4

 

 m

 

2

 

/s at 298 K
Bed porosity: 40%
Bed fluidicity: 95.7%

 

Solution

 

The following solution is detailed and a bit tedious, but it is important to know the
details of how a mass transfer coefficient is calculated. 
Rearranging Equation (14-64) gives us

(E14-2.1)

 

(a)

 

 

 

Using the Thoenes–Kramers correlation to calculate the mass transfer
coefficient, 

 

k

 

c

 

1. First we find the volume-average particle diameter

(E14-2.2)

2. Surface area per volume of bed

 

a

 

c

 

 

 

�

 

 6  

 

�

 

 998 m

 

2

 

/m

 

3

 

(E14-2.3)

3. Mass transfer coefficient

For cylindrical pellets

(E14-2.4)

Correcting the diffusivity to 450 K using Table 14-2 gives us

 

D

 

AB

 

(450 K) 

 

�

 

D

 

AB

 

(298 K) 

 

�

 

  

 

�

 

 (0.69 

 

�

 

 10

 

�

 

4

 

 m

 

2

 

/s)(2.06)

D

 

AB

 

 (450 K)

 

�

 

1.42 

 

�

 

 10

 

�

 

4

 

 m

 

2

 

/s (E14-2.5)

Substituting Re

 

�

 

 and Sc into Equation (14-65) yields

Sh

 

�

 

 

 

�

 

 (15173.92)

 

1/2

 

(0.35)

 

1/3

 

 

 

�

 

 (123.18)(0.70) 

 

�

 

 86.66 (E14-2.6)

(E14-2.7)

Tedious reading
and calculations,

but we gotta
know how to do
the nitty–gritty.

X 1 e� kc ac U
( )L
��

dp
6V
�
------

⎝ ⎠
⎜ ⎟
⎛ ⎞1 3


6  � D
 

2
 
4
 ----------  L 

�
 ---- 

⎝ ⎠
⎜ ⎟
⎛ ⎞

 

1 3
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1 0.4�
dp

----------------
⎝ ⎠
⎜ ⎟
⎛ ⎞
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�
 

3  m �  
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�
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dpU
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 ( ) 
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�

 

4   m 2 s 
�  
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10942
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Representative
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⎝ ⎠
⎜ ⎟
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The conversion is

(E14-2.8)

We find 87% conversion.

 

(b)

 

 

 

Colburn 

 

J

 

D

 

 factor to calculate 

 

k

 

c

 

.

 

 To find 

 

k

 

c

 

, we first calculate the
surface-area-average particle diameter.

For cylindrical pellets, the external surface area is

 

A

 

 

 

�

 

 

 

�

 

dL

 

p

 

 

 

�

 

 2

 

�

 

 (E14-2.9)

 

d

 

p

 

 

 

�

 

(E14-2.10)

 

�

 

a

 

c

 

 

 

�

 

 

 

�

 

 910.74 m

 

2

 

/m

 

3

 

Re 

 

�

�

 

11996.04

 

�

 

J

 

D

 

 

 

�

 

(14-69)

 

�

 

(E14-2.11)

 

�

 

0.010

 

J

 

D

 

 

 

�

 

(E14-2.12)

Sh 

 

�

 

Sc

 

1/3

 

Re(

 

J

 

D

 

) (E14-2.13)

 

�

 

(0.35)

 

1/3

 

(11996)(0.025) 

 

�

 

 212

 

k

 

c

 

 

 

�

 

Then 

 

X

 

 

 

�

 

1 

 

�

 

 exp (E14-2.14)

 

�

 

 0.9

If there were such a thing as the 

 

bed fluidicity

 

, given in the problem state-
ment, it would be a useless piece of information. Make sure that you know what
information you need to solve problems, and go after it. Do not let additional data
confuse you or lead you astray with useless information or facts that represent
someone else’s bias, and which are probably not well founded.

X 1 6.15  m s / ( )  998  m 2 m 3 /
150  m s/ 

----------------------------
 ⎝ ⎠

⎜ ⎟
⎛ ⎞

  0.05  m ( ) �  exp  ��  

1 0.13

 

 

 

�

 

 

 

0.87

 

��

Once again the
nitty-gritty
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4
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Fluidicity??
Red herring!
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14.5 What If . . . ? (Parameter Sensitivity)

 

As we have stressed many times, one of the most important skills of an engineer
is to be able to predict the effects of changes of system variables on the opera-
tion of a process. The engineer needs to determine these effects quickly through
approximate but reasonably close calculations, which are sometimes referred to
as “back-of-the-envelope calculations.”

 

15

 

 This type of calculation is used to
answer such questions as “

 

What

 

 will happen 

 

if

 

 I decrease the particle size?”
“

 

What

 

 

 

if

 

 I triple the flow rate through the reactor?”
To help answer these questions, we recall Equation (14-49) and our discus-

sion on page 696. There, we showed the mass transfer coefficient for a packed
bed was related to the product of two terms: Term 1 was dependent on the phys-
ical properties and Term 2 was dependent on the system properties. Re-writing
Equation (14-41) as 

(14-70)

one observes from this equation that the mass transfer coefficient increases as
the particle size decreases. The use of sufficiently small particles offers
another technique to escape from the mass transfer–limited regime into the
reaction-rate-limited regime.

 

Example 14–3 The Case of Divide and Be Conquered

 

A mass transfer–limited reaction is being carried out in two reactors of equal vol-
ume and packing, connected in series as shown in Figure E14-3.1. Currently, 86.5%
conversion is being achieved with this arrangement. It is suggested that the reactors
be separated and the flow rate be divided equally among each of the two reactors
(Figure E14-3.2) to decrease the pressure drop and hence the pumping requirements.
In terms of achieving a higher conversion, Robert is wondering if this is a good idea.

 

15

 

Prof. J. D. Goddard, University of Michigan, 1963–1976. Currently at University of
California, San Diego. 

J. D. Goddard’s

Back of the
Envelope

–r' = kCAA

kc
DAB

2 3


�1 6

----------

⎝ ⎠
⎜ ⎟
⎛ ⎞

  U
 

1 2
 



 
d
 

p

 
1 2
 



 ---------- 

⎝ ⎠
⎜ ⎟
⎛ ⎞

 �

Find out how the
mass transfer

coefficient varies
with changes in

physical properties and
system

properties.

Reactors in series
versus reactors in

parallel

X = 0.865
v0

Figure E14-3.1 Series arrangement.

2

2

v0

v0

v0

Figure E14-3.2 Parallel arrangement.
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Solution

 

For the series arrangement we were given, 

 

X

 

1

 

 = 0.865, and for the parallel arrange-
ment, the conversion is unknown, i.e., 

 

X

 

2

 

 = ? As a first approximation, we neglect
the effects of small changes in temperature and pressure on mass transfer. We recall
Equation (14-64), which gives conversion as a function of reactor length. For a mass
transfer–limited reaction

(14-64)

For case 1, the undivided system

(E14-3.1)

For case 2, the divided system

(E14-3.2)

We now take the ratio of case 2 (divided system) to case 1 (undivided system)

(E14-3.3)

The surface area per unit volume 

 

a

 

c

 

 is the same for both systems.
From the conditions of the problem statement we know that

However, we must also consider the effect of the division on the mass transfer coef-
ficient. From Equation (14-70) we know that

 

k

 

c

 

 

 

�

 

 

 

U

 

1/2

 

Then

(E14-3.4)

Multiplying by the ratio of superficial velocities yields

 

 

�

 

(E14-3.5)

 

 

�

 

(E14-3.6)
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�

�

 

2.00  

 

�

 

 1.414

Solving for 

 

X

 

2

 

 gives us

 

X

 

2

 

 

 

�

 

 0.76

 

Analysis:

 

 Consequently, we see that although the divided arrangement will have the
advantage of a smaller pressure drop across the bed, it is a bad idea in terms of con-
version. Recall that the series arrangement gave 

 

X

 

1

 

 = 0.865; therefore (

 

X

 

2

 

 < 

 

X

 

1

 

). Bad
idea!! But every chemical engineering student in Jofostan knew that! Recall that if
the reaction were reaction rate–limited, both arrangements would give the same
conversion.

 

Example 14–4 The Case of the Overenthusiastic Engineers

 

The same reaction as that in Example 14-3 is being carried out in the same two reac-
tors in series. A new engineer suggests that the rate of reaction could be increased
by a factor of 2

 

10

 

 by increasing the reaction temperature from 400

 

�

 

C to 500

 

�

 

C, rea-
soning that the reaction rate doubles for every 10

 

�

 

C increase in temperature.
Another engineer arrives on the scene and berates the new engineer with quotations
from Chapter 3 concerning this rule of thumb. She points out that it is valid only for
a specific activation energy within a specific temperature range. She then suggests
that he go ahead with the proposed temperature increase but should only expect an
increase on the order of 2

 

3

 

 or 2

 

4

 

. What do you think? Who is correct?

 

Solution

 

Because almost all surface reaction rates increase more rapidly with temperature
than do diffusion rates, increasing the temperature will only increase the degree to
which the reaction is mass transfer–limited.

We now consider the following two cases:

Case 1: 

 

T

 

 

 

�

 

 400

 

�

 

C

 

X

 

 

 

�

 

 0.865

Case 2: 

 

T

 

 

 

�

 

 500

 

�

 

C

 

X

 

 

 

�

 

 ?

Taking the ratio of case 2 to case 1 and noting that the reactor length is the same for
both cases (

 

L

 

1

 

 

 

�

 

 

 

L

 

2

 

), we obtain

(E14-4.1)

The molar feed rate 

 

F

 

T

 

0

 

 remains unchanged

(E14-4.2)
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  2

Bad idea!! Robert
was right to worry.

Robert worries if
this temperature

increase will be
worth the trouble.
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the pressure remains constant so 

Because  

 

�

 

 

 

A

 

c

 

U

 

, the superficial velocity at temperature 

 

T

 

2

 

 is

(E14-4.3)

We now wish to learn the dependence of the mass transfer coefficient on temperature

(E14-4.4)

Taking the ratio of case 2 to case 1 and realizing that the particle diameter is the
same for both cases gives us

(E14-4.5)

The temperature dependence of the gas-phase diffusivity is (from Table 14-2)

 

D

 

AB

 

 

 

�

 

 

 

T

 

1.75

 

(E14-4.6)

For most gases, viscosity increases with increasing temperature according to the
relation

 

	

 

 

 

�

 

 

 

T

 

1/2

 

From the ideal gas law

 

�

 

 

 

�

 

 

 

T

 

�

 

1

 

Then (E14-4.7)  

 

 

�

 

(E14-4.8)

 

�

�

 

(E14-4.9)

 

�

 

Rearranging Equation (E14-4.1) in the form 

 
 

�
 

 

υ01

T1
-------

υ02

T2
-------�

υ

–r' = kCAA

U2
T2

T1
-----  U 1 �

kc
U1 2


dp
1 2


----------
⎝ ⎠
⎜ ⎟
⎛ ⎞

  
D

 AB
2 3

 




 
�

 
1 6
 



 ---------- 

⎝ ⎠
⎜ ⎟
⎛ ⎞

 �

kc2

kc1
------

U2

U1
------

⎝ ⎠
⎜ ⎟
⎛ ⎞1 2


  
D

 
AB2 

D
 

AB1
 ----------- 

⎝ ⎠
⎜ ⎟
⎛ ⎞

 

2 3

 




  
�

 
1 

�
 

2
 ----- 

⎝ ⎠
⎜ ⎟
⎛ ⎞

 

1 6

 




 �

�
	
�
---- T 3 2
��It’s really important

to know how to do
this type of analysis. 1

1 X2�
---------------ln

1
1 X1�
---------------ln

---------------------
U1

U2
------  

k
 

c
 

2 
k
 
c

 
1

 ------ 
⎝ ⎠
⎜ ⎟
⎛ ⎞

 �
U1

U2
------

⎝ ⎠
⎜ ⎟
⎛ ⎞1 2


  
D

 
AB2 

D
 

AB1
 ----------- 

⎝ ⎠
⎜ ⎟
⎛ ⎞

 

2 3

 




  
�

 
1 

�
 

2
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⎝ ⎠
⎜ ⎟
⎛ ⎞
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T
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T
 

1
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⎝ ⎠
⎜ ⎟
⎛ ⎞

 

1.75 2 3

 




  
T

 
1 

T
 

2
 ----- 

⎝ ⎠
⎜ ⎟
⎛ ⎞

 

3 2

 




 

1 6

 




U1kc2

U2kc1

-----------
T1

T2
-----

⎝ ⎠
⎜ ⎟
⎛ ⎞1 2


  
T

 
2 

T
 

1

 ----- 
⎝ ⎠
⎜ ⎟
⎛ ⎞

 

7 6

 




  
T

 
1 

T
 

2

 ----- 
⎝ ⎠
⎜ ⎟
⎛ ⎞

 

1 4

 




 
T

 
2 

T
 

1

 ----- 
⎝ ⎠
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�

 

1.059 (E14-4.10)

 

X

 

2

 

 

 

�

 

0.88

 

Analysis:

 

 Consequently, we see that increasing the temperature from 400

 

�

 

C to 500

 

�

 

C
increases the conversion by only 1.7%, i.e., 

 

X

 

 = 0.865 compared to 

 

X

 

 = 0.88. Bad
idea! Bad, bad idea! Both engineers would have benefited from a more thorough
study of this chapter.

 

For a packed catalyst bed, the temperature-dependence part of the mass
transfer coefficient for a gas-phase reaction can be written as

 

k

 

c

 

 

 

�

 

U

 

1/2

 

(14-71)

 

k

 

c

 

 

 

�

 

U

 

1/2

 

T

 

11/12

 

(14-72)

Depending on how one fixes or changes the molar feed rate, 

 

F

 

T

 

0

 

, 

 

U

 

 may also
depend on the feed temperature. 

 

As an engineer, it is extremely important that
you reason out the effects of changing conditions

 

, as illustrated in the preceding
two examples.

1
1 X2�
---------------ln 1

1 0.865�
----------------------ln⎝ ⎠

⎛ ⎞ 1.059 2( )�

Bad idea!! Robert
was right to worry.

DAB
2 3
 �1 6

( )

Important concept

Closure.  After completing this chapter, the reader should be able to define
and describe molecular diffusion and how it varies with temperature and
pressure, the molar flux, bulk flow, the mass transfer coefficient, the Sher-
wood and Schmidt numbers, and the correlations for the mass transfer coef-
ficient. The reader should be able to choose the appropriate correlation and
calculate the mass transfer coefficient, the molar flux, and the rate of reac-
tion. The reader should also be able to describe the regimes and conditions
under which mass transfer–limited reactions occur and when reaction-
rate-limited reactions occur, and to make calculations of the rates of reac-
tion and mass transfer for each case. One of the most important areas for
the reader to apply the knowledge of this (and other chapters) is in his or her
ability to ask and answer “What if . . .” questions.

 
S U M M A R Y

 
1. The molar flux of A in a binary mixture of A and B is

WA � �DAB∇CA � yA (WA � WB) (S14-1)

a. For equimolar counterdiffusion (EMCD) or for dilute concentration of the solute

WA � JA��DAB∇CA (S14-2)

b. For diffusion through a stagnant gas

WA � cDAB∇ ln(1 � yA) (S14-3)
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c. For negligible diffusion

W
A

 � y
A
W � y

A
(W

A
 � W

B
) � C

A
U (S14-4)

2. The rate of mass transfer from the bulk fluid to a boundary at concentration CAs is

WA � kc (CAb � CAs ) (S14-5)

where kc is the mass transfer coefficient.
3. The Sherwood and Schmidt numbers are, respectively,

Sh � (S14-6)

Sc � (S14-7)

4. If a heat transfer correlation exists for a given system and geometry, the mass transfer correlation may
be found by replacing the Nusselt number by the Sherwood number and the Prandtl number by the
Schmidt number in the existing heat transfer correlation.

5. Increasing the gas-phase velocity and decreasing the particle size will increase the overall rate of reac-
tion for reactions that are externally mass transfer–limited.

6. The conversion for externally mass transfer–limited reactions can be found from the equation

(S14-8)

7. Back-of-the-envelope calculations should be carried out to determine the magnitude and direction that
changes in process variables will have on conversion. What if . . .?

Representative Values

Liquid Phase Gas Phase

Re 5000�
Sc 4000�
Sh 500�

kc 10 2�  m/s�

Re 500�
Sc 1�
Sh 10�

kc 5 m/s�

kc dp

DAB
---------

�
DAB
---------

(U/dp)1/2

–rA

External diffusion
limited

Reaction rate
limited

′′

1
1 X�
-------------ln

kc ac

U
--------  L �  
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C R E  W E B  S I T E  M A T E R I A L S

 

• Expanded Material 

 

(

 

http://umich.edu/~elements/5e/14chap/expanded.html

 

)
1.

 

Transdermal Drug Delivery

 

 
(

 

http://umich.edu/~elements/5e/14chap/expanded_ch14_drugDelivery.pdf

 

) 

2.

 

Shrinking Core Model 

 

(

 

http://umich.edu/~elements/5e/14chap/expanded_ch14_A.pdf

 

)

3.

 

Diffusion through Film to a Catalyst Particle 

 

(

 

http://umich.edu/~elements/5e/14chap/expanded_ch14_1.pdf

 

)
4.

 
WP14-(a) Revisit Transdermal Drug Delivery

 5.  Additional Homework Problem   (  http://umich.edu/~elements/5e/14chap/add.html ) 
• Learning Resources

 
 (

 
http://umich.edu/~elements/5e/14chap/learn.html

 
) 

1.

 

Summary Notes

 

 (

 

http://umich.edu/~elements/5e/14chap/summary.html

 

) 
Diffusion through a Stagnant Film

2.

 

Self Tests 

 

(

 

http://umich.edu/~elements/5e/14chap/summary-selftest.html

 

)
A. Exercises (

 

http://umich.edu/~elements/5e/14chap/all-selftest.html

 

)
B. i>clicker Questions (

 

http://umich.edu/~elements/5e/14chap/iclicker_ch14_q1.html

 

) 
3.

 

Solved Problems

 

 
A. Example CD14-1 Calculating Steady State Diffusion 

(

 

http://umich.edu/~elements/5e/14chap/learn-cd14-1.html

 

) 
B. Example CD14-2 Relative Fluxes W

 

A

 

, B

 

A

 

, and J

 

A

 

 
(

 

http://umich.edu/~elements/5e/14chap/learn-cd14-2.html

 

) 
C. Example CD14-3 Diffusion through a Stagnant Gas 

(

 

http://umich.edu/~elements/5e/14chap/learn-cd14-3.html

 

) 

Figure WE14-1.1  Transdermal-drug-delivery schematic.

0.0

1

0.0R

Increasing r

R0

CA
CA0 Core Radius 

at time t

Figure 11-14  Oxygen concentration profile shown from the external radius of the 
pellet (R0) to the pellet center. The gas–carbon interface is located at R.
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D. Example CD14-4 Measuring Gas-Phase Diffusivities 
(

 

http://umich.edu/~elements/5e/14chap/learn-cd14-4.html

 

) 
E. Example CD14-5 Diffusion through a Film to a Catalyst Particle 

(

 

http://umich.edu/~elements/5e/14chap/learn-cd14-5.html

 

) 
F. Example CD14-6 Measuring Liquid-Phase Diffusivities 

 

• Professional Reference Shelf 

 

(

 

http://umich.edu/~elements/5e/14chap/prof.html

 

) 
R14.1

 

Mass Transfer-Limited Reactions on Metallic Surfaces

 

 
(

 

http://umich.edu/~elements/5e/14chap/prof-metallic.html

 

)
A. Catalyst Monoliths
B. Wire Gauze Reactors

R14.2.

 

Methods to Experimentally Measure Diffusivities

 

A. Gas-phase diffusivities (

 

http://umich.edu/~elements/5e/14chap/prof-method1.html

 

) 

B. Liquid-phase diffusivities (

 

http://umich.edu/~elements/5e/14chap/prof-method2.html

 

)

R14.3.

 

Facilitated Heat Transfer 

 

(

 

http://umich.edu/~elements/5e/14chap/pdf/CD-Ch11insert_ProfRef.pdf

 

)

R14.4.

 

Dissolution of Monodisperse Particles

 

R14.5.

 

Dissolution of Polydisperse Solids (e.g., pills in the stomach) 

 

(

 

http://umich.edu/~elements/5e/14chap/prof-dissolution.html

 

)

Pure liquid

L

Mixer C, vo
–

Pure gas 
in diffusion
chamber

Ibuprofen
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Q U E S T I O N S  A N D  P R O B L E M S

 

The subscript to each of the problem numbers indicates the level of difficulty: A, least difficult; D, most difficult.

 

Questions

 

Q14-1

 

Read over the problems at the end of this chapter. Make up an original problem
that uses the concepts presented in this chapter. See problem P5-1

 

A

 

 for the guide-
lines. To obtain a solution:

 

(a)

 

Make up your data and reaction.

 

(b)

 

Use a real reaction and real data.
The journals listed at the end of Chapter 1 may be useful for part (b).

 

Q14-2

 

(

 

Seargeant Amberrcromby

 

). Capt. Apollo is piloting a shuttlecraft on his way to space station Klingon. Just
as he is about to maneuver to dock his craft using the hydrazine system discussed in 

 

Example 14-2

 

,
the shuttle craft’s thrusters do not respond properly and it crashes into the station, killing Capt. Apollo
(

 

Star Wars 7

 

 (fall 2015)). An investigation reveals that Lt. Darkside prepared the packed beds used to
maneuver the shuttle and Lt. Data prepared the hydrazine-helium gas mixture. Foul play is suspected
and Sgt. Ambercromby arrives on the scene to investigate.
(a) What are the first three questions he asks?
(b) Make a list of possible explanations for the crash, supporting each one by an equation or reason.

 

Problems

 

P14-1

 

B

 

(a) Example 14-1.

 

 How would your answers change if the temperature was increased by 50°C, the
particle diameter was doubled, and fluid velocity was cut in half? Assume properties of water can
be used for this system.

 

(b) Example 14-2.

 

 How would your answers change if you had a 50–50 mixture of hydrazine and
helium? If you increase 

 

d

 

p

 

 by a factor of 5?

 

(c) Example 14-3

 

. 

 

What if 

 

you were asked for representative values for Re, Sc, Sh, and 

 

k

 

c

 

 for both
liquid- and gas-phase systems for a velocity of 10 cm/s and a pipe diameter of 5 cm (or a
packed-bed diameter of 0.2 cm)? What numbers would you give?

 

(d) Example 14-4

 

. How would your answers change if the reaction were carried out in the liquid

phase where kinematic viscosity varied as ?

 

P14-2

 

B

 

Assume the minimum respiration rate of a chipmunk is 1.5
micromoles of O

 

2

 

/min. The corresponding volumetric rate of
gas intake is 0.05 dm

 

3

 
/min at STP.

 (a) What is the deepest a chipmunk can burrow a 3-cm diam-
eter hole beneath the surface in Ann Arbor, Michigan?
DAB = 1.8 × 10–5 m2/s

(b) In Boulder, Colorado?
(c) How would your answers to (a) and (b) change in the dead

of winter when T = 0˚F?
(d) Critique and extend this problem (e.g., CO2 poisoning). Thanks to Professor Robert Kabel at

Pennsylvania State University.
Hint: Review derivations and equations for WA and WB to see how they can be applied to this problem.

v T2( ) v T1( )exp 4000K 1
T1
----- 1

T2
-----�⎝ ⎠

⎛ ⎞��
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P14-3B Pure oxygen is being absorbed by xylene in a catalyzed reaction in the experimental apparatus
sketched in Figure P14-3B. Under constant conditions of temperature and liquid composition, the fol-
lowing data were obtained:

No gaseous products were formed by the chemical reaction. What would you conclude about the rela-
tive importance of liquid-phase diffusion and about the order of the kinetics of this reaction? (Califor-
nia Professional Engineers Exam)

P14-4C In a diving-chamber experiment, a human subject breathed a mixture of O2 and He
while small areas of his skin were exposed to nitrogen gas. After some time, the
exposed areas became blotchy, with small blisters forming on the skin. Model the
skin as consisting of two adjacent layers, one of thickness �1 and the other of thick-
ness �2. If counterdiffusion of He out through the skin occurs at the same time as
N2 diffuses into the skin, at what point in the skin layers is the sum of the partial
pressures a maximum? If the saturation partial pressure for the sum of the gases is
101 kPa, can the blisters be a result of the sum of the gas partial pressures exceeding
the saturation partial pressure and the gas coming out of the solution (i.e., the skin)?

Before answering any of these questions, derive the concentration profiles
for N2 and He in the skin layers.

Diffusivity of He and N2 in the inner skin layer � 5 � 10�7 cm2/s and 1.5 � 10�7 cm2/s, respectively

Diffusivity of He and N2 in the outer skin layer � 10�5 cm2/s and 3.3 � 10�4 cm2/s, respectively

Hint: See Transdermal Drug Delivery in Expanded Material on the CRE Web site.

Stirrer Speed 
(rpm)

Rate of Uptake of O2 (mL/h) for System 
Pressure (absolute)

1.2 atm 1.6 atm 2.0 atm 3.0 atm

0400 15 31 075 152
0800 20 59 102 205
1200 21 62 105 208
1600 21 61 106 207

External 
Skin Boundary 
Partial Pressure

Internal 
Skin Boundary 
Partial Pressure

N2 101 kPa 0

He 0 81 kPa

�1 20 	m Stratum corneum
�2 80 	m Epidermis

Figure P14-3B
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P14-5B The decomposition of cyclohexane to benzene and hydrogen is mass transfer–
limited at high temperatures. The reaction is carried out in a 5-cm-ID pipe 20 m
in length packed with cylindrical pellets 0.5 cm in diameter and 0.5 cm in
length. The pellets are coated with the catalyst only on the outside. The bed
porosity is 40%. The entering volumetric flow rate is 60 dm3/min.
(a) Calculate the number of pipes necessary to achieve 99.9% conversion of

cyclohexane from an entering gas stream of 5% cyclohexane and 95% H2 at
2 atm and 500�C.

(b) Plot conversion as a function of pipe length.
(c) How much would your answer change if the pellet diameter and length

were each cut in half?
(d) How would your answer to part (a) change if the feed were pure cyclohexane?
(e) What do you believe is the point of this problem? Is the focus really green CRE? How so?

P14-6C Lead titanate, PbTiO3, is a material having remarkable ferroelectric, pyroelectric, and piezoelectric
properties [J. Elec. Chem. Soc., 135, 3137 (1988)]. A thin film of PbTiO3 was deposited in a CVD reactor.
The deposition rate is given below as a function of a temperature and flow rate over the film.

What are all the things, qualitative and quantative, that you can learn from these data?
P14-7B A plant is removing a trace of Cl2 from a waste-gas stream by passing it over a solid granulm absorbent

in a tubular packed bed (Figure P14-7). At present, 63.2% removal is being acomplished, but it is
believed that greater removal could be achieved if the flow rate were increased by a factor of 4, the par-
ticle diameter were decreased by a factor of 3, and the packed tube length increased by 50%. What per-
centage of chlorine would be removed under the proposed scheme? (The chlorine transferring to the
absorbent is removed completely by a virtually instantaneous chemical reaction.) (Ans.: 98%)

P14-8B In a certain chemical plant, a reversible fluid-phase isomerization

A B

is carried out over a solid catalyst in a tubular packed-bed reactor. If the reaction is so rapid that mass
transfer between the catalyst surface and the bulk fluid is rate-limiting, show that the kinetics are
described in terms of the bulk concentrations CA and CB by

where �r�A � moles of A reacting per unit area catalyst per 
kA, kB � transfer coefficients for A and B

� � equilibrium constant

Flow
Rate

(SCCM)
Temperature

(ºC)

Deposition
Rate

(mg/cm2 . h)

Flow
Rate

(SCCM)
Temperature

(ºC)

Deposition
Rate

(mg/cm2 . h)

500 650
750
800

0.2
0.8
1.2

750 650
750
800

0.53
1.45
2.0

600 650
750
800

0.35
1.0
1.5

1000 650
750
800

0.55
1.5
2.0

Green engineering

Cl2
v0

L

Figure P14-7

  ⎯→←⎯  

r�A�
kB CA 1 K
( )CB�[ ]

1 K
 kB kA
�
-----------------------------------------�
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It is desired to double the capacity of the existing plant by processing twice the feed of reactant A while
maintaining the same fractional conversion of A to B in the reactor. How much larger a reactor, in
terms of catalyst weight, would be required if all other operating variables are held constant? You may
use the Thoenes–Kramers correlation for mass transfer coefficients in a packed bed.

 

P14-9

 

B

 

The irreversible gas-phase reaction

A B

is carried out adiabatically over a packed bed of solid catalyst particles. The reaction is first order in the
concentration of A on the catalyst surface

The feed consists of 50% (mole) A and 50% inerts, and enters the bed at a temperature of 300 K. The
entering volumetric flow rate is 10 dm

 

3

 

/s (i.e., 10,000 cm

 

3

 

/s). The relationship between the Sherwood
number and the Reynolds number is

Sh 

 

�

 

 100 Re

 

1/2

 

As a first approximation, one may neglect pressure drop. The entering concentration of A is 1.0 

 

M

 

.
Calculate the catalyst weight necessary to achieve 60% conversion of A for

 

(a)

 

isothermal operation.

 

(b)

 

adiabatic operation.

 

Additional information:

 

Kinematic viscosity: 

 

	

 

/

 

�

 

 

 

�

 

 0.02 cm

 

2

 

/s
Particle diameter: 

 

d

 

p

 

 

 

�

 

 0.1 cm
Superficial velocity: 

 

U

 

 

 

�

 

 10 cm/s
Catalyst surface area/mass of catalyst bed: 

 

a

 

 

 

�

 

 60 cm

 

2

 

/g-cat 
Diffusivity of A: 

 

D

 

e

 

 

 

�

 

 10

 

�

 

2

 

 cm

 

2

 

/s
Heat of reaction: = 

 

�

 

10,000 cal/g mol A
Heat capacities: , 

 

k

 

�

 

 (300 K) 

 

�

 

 0.01 cm

 

3

 

/s

 

�

 

g-cat with 

 

E

 

 

 

�

 

 4000 cal/mol

 

P14-10

 

B

 

Transdermal Drug Delivery. 

 

See photo on page 713. The principles of steady-state diffusion have been
used in a number of drug-delivery systems. Specifically, medicated patches are commonly attached to
the skin to deliver drugs for nicotine withdrawal, birth control, and motion sickness, to name a few.
The U.S. transdermal drug-delivery is a multi-billion dollar market. Equations similar to Equation
(14-24) have been used to model the release, diffusion, and absorption of the drug from the patch into
the body. The figure shown in the 

 

Expanded Material

 

 on page 713 shows a drug-delivery vehicle (patch)
along with the concentration gradient in the epidermis and dermis skin layers.

 

(a)

 

Use a shell balance to show

 

(b)

 

Show the concentration profile in the epidermis layer 

 

(c)

 

Show the concentration profile in the dermis layer

   ⎯⎯→   cat

r�As� k�CAs�

�H�Rx
CpA CpB 25  cal/g mol K�( )� � CpS (solvent) 75 cal/g mol K��

dW
d

Az

z
= 0

C C
C C

A A

A A

0

0 1 1

−
−

= z
δ

C
C

A

A1

2

2 1

= −
−

δ
δ δ

z
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(d)

 

Equate the fluxes using  and  at  to show 

 

(e)

 

What are the concentration profiles in the dermis and epidermis layers?

 

(f)

 

Show the flux in the dermis layer is

 

(g)

 

What is the flux in the epidermis layer?

 

P14-11

 

D

 

(

 

Estimating glacial ages

 

) The following oxygen-18 data were obtained from soil samples taken at different
depths in Ontario, Canada. Assuming that all the 

 

18

 

O was laid down during the last glacial age and that
the transport of 

 

18

 

O to the surface takes place by molecular diffusion, estimate the number of years
since the last glacial age from the following data. Independent measurements give the diffusivity of 

 

18

 

O
in soil as 2.64 

 

�

 

 10

 

�

 

10

 

 m

 

2

 

/s.

 

C

 

0

 

 is the concentration of 

 

18

 

O at 25 m. 

 

Hint:

 

 A knowledge of error function solutions may or may not
be helpful. (

 

Ans.:

 

 

 

t

 

 = 5,616 years)

 

J O U R N A L  C R I T I Q U E  P R O B L E M S

 

P14C-1

 

The decomposition of nitric oxide on a heated platinum wire is discussed in 

 

Chem. Eng. Sci.

 

, 

 

30

 

, 781.
After making some assumptions about the density and the temperatures of the wire and atmosphere,
and using a correlation for convective heat transfer, determine if mass transfer limitations are a prob-
lem in this reaction.

 

(surface)

 

Depth

 

 (m) 0 3 6 9 12 18

 

18

 

O 

 

Conc. Ratio

 

 (

 

C

 

/

 

C

 

0

 

) 0 0.35 0.65 0.83 0.94 1.0

W D
dC
dzA A

A
1 1=− W D

dC
dA A2 2=− A

z
z �1�

C
D

C

D DA

A
A

A A
1

1
0

1

2

2 1

1

1

=

−
+

δ

δ δ δ

W
D

D
C

D DA
A

A
A

A A
z =

−
−

+

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
2

2 1

1
0

1

2

2 1

1

1

δ δ
δ

δ δ δ

⎥⎥
⎥
⎥

Figure P14-11 Glaciers.
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S U P P L E M E N T A R Y  R E A D I N G

 

1. The fundamentals of diffusional mass transfer may or may not be found in

B

 

IRD

 

, R. B., W. E. S

 

TEWART

 

, and E. N. L

 

IGHTFOOT

 

, 

 

Transport Phenomena

 

, 2nd ed. New York: Wiley, 2002,
Chaps. 17 and 18.

Collins, S.,  Mockingjay   (The Final Book of the Hunger Games). New York: Scholastic, 2014.
C

 

USSLER

 
, E. L., 

 
Diffusion Mass Transfer in Fluid Systems

 
, 3rd ed. New York: Cambridge University Press, 2009.

G

 

EANKOPLIS

 

, C. J., 

 

Transport Processes and Unit Operations
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