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Oscillating Reactions

Ci

t

Even though an abbreviated form of the BZ reaction is given on the web below, it is still
relatively complex. Consequently to illustrate how oscillating reactions occur we shall
use the following relatively simple reaction sequences. Consider the following
elementary multiple reactions

(1) P—sA ko=0.001 s  Cp =0.1 mol/dm®
2) A—Xu.B k,=001s"

3) A+2B—1-3B k; =25%x10° dm®/mol® s~

4) B—2-C k,=1.0 s

An example of these reactions could be the dissociation of NalO; and subsequent
reactions of 105

(1A) NalO;——Na* +10; (1) P—2 A

(24) 10;—X8208 |- prog, 2) A—w B
105 + 21 +3As03°——3As0;° +3I°

(BA)* 105 +21 +—>2%9% a1 (3) A+2B—K 3B
(105 +517 + 6H"(X.8.)——31, + 3H,0]

(4A) I_L%IZ +S7~(Solvent Transfer) 4) B—X2-C

Batch mole balances and combined rate laws

* [Note: a more rigorous version of this oxidation/reduction of iodine should include the
reaction]
1
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dcp

(5) dt =1p = —k0CP
dC

(6) th =15 = koCp - k;CACh -k ,C
dC

) dtB =13 = k;CACh + k Cp - k,Cp

The initial conditions are that when t = 0 then: Cp = Cpyand Cpy=Cgy =0
Applying the PSSH

dCp _dGg _
dt  dt
Concentration

2
(8) koCp-kiCa  C3.. ~kyCa,, =0
2
(9) leASSCBSS +kuCASS _kZCBSS =0

(10) CP = CPO e_kot

Solving for the pseudo-steady state concentrations

k
(1) Cpy =1 2Cp
2
k3k,C G
(12) CASS = (k k2é20+ ll()zk ) s
1™0“-P 25%u
(13) CP = CPO e_kot

teross tmax
&m
In terms of concentration
12

ko -k ]

(14) C,. =Gy ko oky

Ss ss l kl J

12

ko [ky —ky ]

(15) CPcross N kO l kl J

[ kok{*Cpy |

16)  |teoss =k In
( ) Cross 0 lk2(k2—k )1/2J

u
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Att

max

3
(17) CASS )max - (klku)llz
1 1, [kk§Chy |
18 t ==ky Inj———
(18) max2°[k§kuj
Let
€ =k_0
2
12 12
k k
o) e (i) e
then
du
dt B
da 2
—=u-ap -x,a Ky =
dt
d—B=a|32+Kuoc B T=
dt
da _ —OLBZ—K o
" "
w=pg e
Cp =ﬁu
Yo
2
koK)
ka \ k; fo
(19 w=ue ™
(20) d—a= M—OLBZ - K0
dt
(21) d—[3=(x[32+1<uoc—[3
dt

At Pseudo-steady state
do dp

dt dt
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Dimensionless

(22)  p-oggBas - Kyogg =0

(23)  0ggBas +Kytss —Pss = 0

€T

(24) u=uge"

In terms of dimensionless variables

(25)  ogs=—5—
uwo+K

(26)  Pss=w

u

Atz

———Cross

5.00
4.50
4.00
3.50
3.00
2.50
2.00

1.50

100 |

0.50

0.00

-u
PSSH - alphass \
- betass
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1

27)  ags =Pgs =(1-k)"* and u, =(1-x,)"* =.995

— €T

u=u, e
t= lln&).
€ u
t. = %]n Bo _
103 u,
t.=1614 s
At T,y
da
dt
Um =(Ku)1lz

1 4
(28) ass) o = 5 *u

ogg reaches a maximum at

tm
€ MUm

?ss=0= [%(MZ_,_KU)_MQM%l/[MZH(u]Z =0, w?+Kku-2u=0

dt

12
and me=KL{ =.1

1 1
Slmde Lo _s012s
107 1

Dvynamics of the Reactions

) % ap? v
dt

(21) d—[3=(x[32+1<uoc—[3
drt
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(29) o (a,B) , f(a,B)=u—aB2—Kua

(0)  o-=glap), glop)=ap +r,a-p
flass , Bss) =0

glass , Bss)=0
Let Ao and A be perturbations from the pseudo-steady state.

o =0gg +Aa

B =Pss +AP
(31) W = f(asg + Aa, Bgs +AP)
f f
= f(ags, Bsg) + %(QSSI Bss) Act+ 2—[3(0‘5& Bss)AB +....
d(A f f
(dra) = %(assf Bss At + j_ﬁ(ass/ Bss): AB
d(Aa) _ of If) [ f ) ofy ]
(32) dT 8(1/ SS Ao+ aﬁ}ssAﬁ Fo : 60(} SS aB}SS I
d(AB) dg\ g\ 08 98
sz GAB)_98) 4, 08) 4 %) %
( ) d‘E 80(./55 OHaB}SS B laOL}SS aB)ss}
X=FeX
[dAa]
| dt | _Fe [Aa]
asp ! |ap)
[ dt J
Two coupled ODEs
(34) j—z = ay + bx [a  Db]
A= |
(35) % = cy +dx [C dJ
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Click back (page 4 Oscillating Reactions)

dy 1 dy a
ay b 9%y _a
at - v ar v’
%=Cy+dx
2
dL2=ad—y+b%
dt dt  dt
dy
=a— +bcy +bdx
dt
dy [1 dy a ]
=a—=—+b bd = —=-—
T A TN TR
d’y dy
F—(a+d)a+(ad—bc)y=0

y = Kiet1t 4+ Kyelat

X = KzeM't+ K et

(a+d) i‘/(a+ d)2 - 4[ad - bc]

A,y =
172 >

For which the solution is

(36)

(37)

where

(38)

(39)

In general,

(40)

Ao = :[<le}\1‘lj + I<2e7\2‘lj

AR = KzeM" + K 2"

(a+d)=y(a+ d)? - 4(ad - be)

Ay, hy = d
Ay = T A]= \/(Tf[f’;])2 ~4(Det(A))
o, - B2 [T - {Det(F)]

2

Determining the properties of the roots A, A,

1.  IfTr(F) <0, Det (F) >0, [Tr*(F) — 4 Det(F)] >0
Both A, and A, are real and negative
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Critically Damped

’2
Ao }\1,2=—ai a~-4b

Less than a

.. both roots
negative
t
2. Tr(F)<0, Det(F)>0, [Tr*(F) — 4 Det(F)] <0
Ao
}\.1 p=—ax 1w
Damped oscillations :

3. Tr(F)>0, Det (F)>0, [Tr*(F) — 4 Det(F)] <0
Unstable oscillations

}\.1,2= axim

Ao

4. Tr(F)>0, Det(F)>0, [Tr*(F) — 4 Det(F)] > 0

}\.1,2= +a=x \la2—4b
%,—/

Less than a

Both roots positive + and real

Ao, unstable

t
5. Tr(F) =0, Det (F) >0,

Moo=

0=+ —24Det(F) _ +iyDet® |, o = (Det(F))]/Z

}\,1,2 =i , W= (Det(F))]’/Z
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Hopt Bifurcation

The real part of A, A, is zero

Hopf
B

a \AM

An exchange of stability from a stable critical point to a limit cycle, a bifurcation
of this type, from an equilibrium to a periodic solution is called a Hopf

PREER ——

bifurcation.
Oscillatory
t
(41) O(.SS = 5
W +K,
(42) Bss=u

f(OL,B)= M_OLBZ — Ky

g(a,B) = ap® +x,a-p

(43) j—i)ss = (pas +xu)=~(n? +x,)

(44) g_f o —2055Pgs = —(M%M;)

ws) 2B B e

(46) j—g SS=2°‘55588‘1=(M2—K11)/(M2 +1<u)
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of\ . 9g) ) u? -k,
Tr(F)=— =2 =-
r() aa/ss+8f5/ss (M +Ku)+M2+Ku

[ -(1-26,) i, (15, ]

2
T
4 2
uw —=(1-2x, Ju” +x,(1+x,
B P O e R )
wo+K,
Det
oA _ g2 of__
Pyl B ur and 6[3_ 20,3
gi——ﬁzﬂcu, and 3—§=20¢ﬁ—1

)t
= —20f° - 20Bx,
-2 3] 1) s 2,

=B2+Ku

Det (F) = u®> + x, / QED

Det [F]= u? +i,
If Tr(F)= 0 then

u4 —(1—2Ku)+Ku(1+Ku) =0

y (1=26 )y (1-2x, ) - 4y (T4 %)
H1,2 = 5

(48) ui,z=[(1 2Ku);,/1 8Ku}

where , , are the roots of the equation with u] taking the + sign
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The figure below shows how the roots vary with k..

1.00

0e0 | \_ !
uZ

U1

051} ﬂ,/
e
vﬂ'/
o4 | "
o
T U2
0.3 X —/
/I/-/-ﬂ"‘j
0.21 -
j’f
0.1 ,/
!"/'
Vv
oo1 kK : ; ; : : . ) ) .
0.00 0.01 0.03 0.04 0.05 D.06 0.08 0.09 0.10 0.1 0.12
a
Kappa

3k sk
Wi2 = WUy eXP[— ST1,2]

we see that we start at t=0 and u=p, and that u decreases with t (time).

The oscillations start at when w reaches u; . The corresponding
dimensionless time is

P |
"I:].=_hlh

&
€ My

The oscillations end when u reaches u5.

. 1
TZ = — ln M_Z
€ )
oss
Bss
* *
27] M4

Mo=0x “_4DzetEFj ~2i “D;tiFj iy ke, = io

10
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Bss

Ao =K e"" +K,e "

10T +i0T
AB=Kse™ +K,e

time

Bss=u

*

The dimensionless frequency of oscillation is

) =[Det(F):|1/2 = [Mz +Ku]]l

The figure below show the frequencies of oscillation near the start ()

and end (w, ) of the oscillations as a function of k..

1.00

0.90

0.51

0.41

D.1t

Dimensionless frequency of the oscillations as a function of kappa
w2
0.00 o:m 0.03 004 208 ) 0.8 000 0.10 0.11

Kappa

The dimensionless period of the oscillation
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27
w
At the start of the oscillations
2% 2

) U)_I ) (u’{z + Ku)]lz

’Cp=

Tpl

Near the end of the oscillation

271 2n
T =

p2 *
©  (u3 4k,

)1/2

The figures below shows the dimensionless periods of oscillation, ©

and t,, as afunction of K,

P1

8.00

8.83

s | Period at the start of the oscillations (tau p1) as a function of kappa
so0 |

782

155 } /

128
m
w/
8.74 /
647 /
/
8.20 N . N " . . . .
0.00 001 0.0 0.04 005 0.08 0.08 000 0.10 [R]]

Kappa

12
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360.00

Period at the end of the oscillations (tau p2) as a function of kappa

-

270.00

22500 F

18000 |

13500 |

00.00

45.00

0.00

om 003 0.04 0.08 0.08 008 000 0.10
3

Kappa

The geometric mean period of oscillation

Tom = V1 Tps

The time of the oscillation is

1 1
TZ—T1=_ lnu_i—_ lnh

e B Mg

€

Ar=l In

uy
Uy

The number of oscillations

At 1

= lnu—i

Nosc =—=—— ;
pm S‘Epm Wws

At the start of the oscillations the period is

57 frp(ui) -

2n

[
I

i o]

At the end of the oscillations the period is

13
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(58) It (M;) = = 2

[(M§)2+Ku]

The geometric mean of the period of the oscillations is

59) [t = [TP(MT)IP(MS )]1/2

For small values of k, equation (48) can be expanded to

112
T = 2_75 21
pm — 1 12 1/2
2
(K}I/z) +K,
%/—/
2K,
21
(60) T, =
k)
The number of oscillations is
6)  Nes-2790 o (2, )P in(xy)fan
Tpn

Numerical Values

1) Parameters
k=107 s7!
k, =102 57!
kq = 25x 108 dm6/m01- s

k2= 1 S_1

12 12

Ko

25><108)

o -|
2

14
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2) Variables
12
R _ 1/2
ul—[z[(l 2k, )+ (1-8x,) H

| 12

W= [5[(1— 02)+(1- .08)1/2]]

uy =0.9847

The oscillations begin at t; (t;)

1] = 1ln( M?)
AN

1] = L ln(—5
171073 "\ .9847)

Tl =1625
1625
t=7/ky=——
1s
tl =1625 S

5 - B[(l “2k,)-(1- sKu)l/z]]l/z
= B[(l ~2(01))-(1-.08)" 2]]1/2
us = 0.1021

s = Lln(i
271072 \.1021)

T = 3891

t, =3891 s

The oscillations end at t, = 1 In 2o
€ Wy

The oscillation starts at approximately 1625s and ends at approximately 3891s. The
frequency of oscillation at the start is

Wy = [(MT )2 +Ky "

The period of the oscillation at the start is
2n 2n

e [(.9847)2 + .01]1/2

=[(9847)" + .01]1/2 - 0.98

(MT)z + Ky

TP(MT) =
|

15
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Tp, = 6.35

tPl =Tp; /k2
’tp1 =635 s

The period of oscillation near the end is
27

(1021)? + .01]

Tp (“S) = [ 1/2

Tp, = 44

’c1C>2 =44 s

The geometric mean period tom 18
=16.71

Tm = y/Tp, Tp,
EPm =16.71 s

Average number of oscillations

N o ;-1 3891-1625
R 16.71

Pm

N s =136
2%

Dimensionless mean frequency = w, =
T
jsal

21 21 21 21 0038 s = .1

v = - - -
" tm T /[Ko T 167 s
Vi = 22 cycles /minute|

7

Dimensional Variables

Let’s now put everything in terms of concentrations

Wip = B[(l—zlcu)i(l _ 8Ku)1/2”1/2

(48)

For kg, = 107 s, k, = 1072 s7, k; =25x 10° dm6/mol-s, and k, =1 st

1/2
T = (ﬁ) CP

(49) K

16
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1/2

Ku=k—“=10—2 , € _Xo_ g
2 k,
12 g\ 12
= (ﬁ) Cp, =(25X10 ) (0.1) = 5000
2
W = €My = 5
m_Se_»
o CPO Yo
Cp, k 2
Cp=—2 u, pg=emy =—Ski’C
P o w, Yo 0 kglz 1 -}
32 3 12
k k
(50)  |Cp=—97 u=(—2) !
kok!? kok,
3 1/2
% 1/2
5 Chp=|—2 [(l—2ku/k2)¢(1—8ku/k2)/ ]
2k 2k,
- 1/2 12
k% {( 5 1/2
| 2kk;, ! ( ! )
12
. [ K& ] 112142
(52) Cpi2= [Zkozlﬁj [(kz -2k, )= (kz(kz - 8ku)) ]
(53) Cikall = CPO e_kotT

The oscillation starts at

(54)

e

(C
t =k61]nL PO)
Ch,

The oscillations end at

(C
(35)  t)= kéllnL 4 )
CP2

The duration of the oscillations is

(56)

%*

(C
th—t] = k611nL il )
CPz

The frequency of the oscillation is

g = (de’c(F))]’/2 = [Mz + Ky, ]112
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Equations: Initial value

d(P) /d(t)=-ko*P 0.1
d(A) /d(t)=ko*P-ku*A-k1*A*B"2 0
d(B) /d(t)=k1*A*B~2+ku*A-k2*B 0
da(c)/d(t)=k2*B ‘ 0
ko=.001
ku=.01
k1=2.5%109
k2=1
o = 0 g = 1840
3.000 —
Scale:
X: 1073
Y:IO4 ‘
KE: 2400 +
-B
1,800 —+

1200 +

0.600 +

0.000 : { : % : ‘ |
0.000 0.600 1,200 1.800 2.400 3.000

I
T

18
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15064

Oscillations for Cpo=0.025 M
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