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ABSTRACT

This thesis sets out to explore and implement the paradigm of representation stability,
specifically in the study of sequences of linear subspace arrangements, their stable
combinatorics, topology and arithmetic.

In a traditional sense, the sequences of arrangements in question do not exhibit
any form of stability, e.g. the Betti numbers of their complements grow to infinity.
But when one considers the symmetries at play and the various maps between the
arrangements, a new notion of stability presents itself: representation stability, where
a finite collection of patterns is merely translated around by increasingly large groups.
In this sense, stability is understood as a notion of finite generation.

One way to encode the structure of various symmetry groups and intertwining
maps between them is using the language of diagrams. These are functors from a fixed
category into the category of arrangements, vector spaces or any other target category.
Thus a system of intertwined group actions can be treated as a single mathematical
object, and finite generation gets a precise meaning. Representation stability therefore
consists of two main aspects: identify finitely generated diagrams and operations that
preserve finite generation (e.g. Noetherianity theorems), then extract stable invariants
from a finitely generated diagram (e.g. polynomial characters).

This work addresses both of the above aspects in a general axiomatic framework.
We define and study finitely generated diagrams of linear subspace arrangements —
these occur in many natural examples from algebraic geometry and combinatorics, such
as colored configuration spaces, k-equals arrangements and covers of moduli spaces
of rational maps. Such collections of arrangements exhibit finite generation in their
intersection posets, and this in turn leads to finite generation in the cohomology of
their complements. We then study the reprecautions of this finite generation using

an adaptation of character theory to the study of diagrams. Lastly, we adapt the

vi



Grothendieck-Lefschetz fixed point formula to provide a bridge between cohomological
representation stability results and asymptotic factorization statistics of orbits over

finite fields.
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CHAPTER 1
INTRODUCTION

In a foundational piece of recent work, Church-Ellenberg-Farb [CEF2] related repre-
sentation stability in the cohomology of configuration spaces to splitting statistics of
square-free polynomials over finite fields and discovered that these statistics converge
as the degree — co. Attempting to apply the same set of ideas to study rational maps
poses several conceptual challenges, which this thesis seeks to overcome.

The main players in Church-Ellenberg-Farb’s argument are: representations of sym-
metric groups and FI-modules, hyperplane arrangements and their cohomology alge-
bra, and an equivariant Grothendick-Lefschetz fixed-point formula for free actions. All

three elements break when passing to the case of rational maps:
e The automorhpism groups are products of several symmetric groups;

e The topological spaces are complements of linear subspace arrangements of high

codimension, and the combinatorics at play has not been studied;
e The group actions have nontrivial stabilizers.

This thesis is organized around addressing the three points above, as follows. In §2
we introduce an axiomatic framework for working with categories similar to FI — the
category of finite sets and injections — and thus generalize the framework of represen-
tation stability to collections of finite groups other than the symmetric groups. This
approach formally and generally explains much of the seemingly ad-hoc structure of
representation stability for symmetric groups, as well as other specific generalizations
that exist in the literature. The central tool is a form of character theory for represen-

tations of categories, via character polynomials (Definition 2.2.5 below), that reveals



stability in the representation theory as well as in statistics of the automorphism groups
themselves (see §2.7).

In §3 we discuss diagrams of linear subspace arrangements, and identify new stabil-
ity patterns in their combinatorics and in the cohomology of their complements. The
results presented here apply fairly generally, in particular to many variants of colored
configuration spaces and covers of moduli spaces of rational maps. Yet, at the same
time, the results here improve on the previously known cases of representation stability
for hyperplane arrangements with symmetric group actions as discussed in [CEF2] —
we show that the cohomology modules are in fact free. The consequence of this work
is that representation stability is far more ubiquitous than was previously observed.

Lastly, in §4 we adapt the Grothendieck-Lefschetz fixed point formula to the case
of group actions with stabilizers. With this, cohomological representation stability
translates to asymptotic statistics in the factorization of orbits into Galois-cycles over
finite fields. The formula can thus be applied to computing splitting statistics of general
varieties of polynomials over finite fields, not necessarily square-free ones. Weighted
point-counts for general polynomials are worked out explicitly in §4.3.

The chapters are mostly self contained and could be read independently.



CHAPTER 2
GENERALIZING REPRESENTATION STABILITY

Representation stability is a theory describing a way in which a sequence of repre-
sentations of different groups is related, and essentially contains a finite amount of
information. Starting with Church-Ellenberg-Farb’s theory of FI-modules describing
sequences of representations of the symmetric groups, the literature now contains good
theories for describing representations of other collections of groups such as finite gen-
eral linear groups, classical Weyl groups, and Wreath products S, ! G for a fixed finite
group G. This chapter attempts to uncover the mechanism that makes the various
examples work, and offers an axiomatic approach that generates the essentials of such
a theory: character polynomials and free modules that exhibit stabilization.

We give sufficient conditions on a category C to admit such structure via the notion
of categories of FI type. This class of categories includes the examples listed above, and
extends further to new types of categories such as the categorical power FI™, whose
modules encode sequences of representations of m-fold products of symmetric groups.
The theory is applied in §3 to give homological and arithmetic stability theorems for

various moduli spaces, e.g. the moduli space of degree n rational maps P! — P

2.1 Introduction

The purpose of this chapter is to describe a categorical structure that is responsible for
the existence of representation stability phenomena. Our approach is centered around
free modules! and character polynomials (defined below). We show that our proposed
categorical structure gives rise to free modules which satisfy the fundamental properties

that produce representation stability, and in particular the Noetherian property. We

1. These are commonly called #-modules in the context of the category FI.

3



take an axiomatic approach that applies in a broad context, generalizing many of the

known examples.

2.1.1 Motiwation

Let FI be the category of finite sets and injections. An FI-module is a functor from
FI to the category of modules over some fixed ring R. An FI-module M, is a single
object that packages together a sequence of representations of the symmetric groups
Sy, for every n € N (see e.g. [CEF1]). Objects of this form arise naturally in topology

and representation theory, for example:
e Cohomology of configuration spaces {PCont"(X)},,cn for a manifold X.
e Diagonal coinvariant algebras {Q[z1,...,Zn, Y1, -,Ynl/Zn}nen (see [CEF1]).

A fundamental result of Church-Ellenberg-Farb [CEF1] is that an FI-module over
Q is finitely-generated, i.e. there exists a finite set of elements not contained in any
proper submodule, if and only if the sequence of Sj-representations stabilizes in a
precise sense (see [CEF1] for details). This phenomenon was named representation

stability. In particular, if one defines class functions

X.(0) = # of k-cycles in o

simultaneously on all Sy, then [CEF1] show that for every finitely-generated FI-module
M, then there exists a single polynomial P € Q[X1, Xo,...| — a character polynomial
— that describes the characters of the Sj,-representations M), independent of n for all
n > 1.

The uniform description of the characters in terms of a single character polynomial

accounts for the most direct applications of the theory, for example:

4



e For every manifold X and i > 0, the dimensions of {H!(PConf™(X); Q)},cx are

given by a single polynomial in n for all n > 1.2

e Every polynomial statistic, regarding the irreducible decomposition of degree-n

polynomials over [y, tends to an asymptotic limit as n — 0.3

However, the above logic could be reversed: as first suggested by Gan-Li in [GL2],
Nagpal showed in [Na, Theorem A] that if M, is a finitely generated FI-module, then
in some range n > 1 it admits a finite resolution by free FI-modules (see below) and
these have characters given by character polynomials. It follows that for every n > 1
the character of the M, is itself given by a character polynomial. One can then get
stabilization of the decomposition of M), into irreducible representations as a corollary
of this fact! We assert that the key property of character polynomials — responsible

for all representation stability phenomena and applications — is the following.

Fact 2.1.1 ([CEF2, Theorem 3.9]). The Sp-inner product of two character polynomials

P and Q) becomes independent of n for all n > deg(P) + deg(Q).

The benefit of Gan-Li’s and Nagpal’s approach is that free FI-modules and char-
acter polynomials readily generalize to a wide class of categories similar to FI, and
do not require any understanding of the representation theory of the individual au-
tomorphism groups. Thus representation stability extends whenever these structures

exist.

2.1.2  Generalization to other categories

Work on generalizing representation stability to other contexts has proceeded in several

partially overlapping directions. A major direction on which we will be focused is that

2. See [Ch].
3. See [CEF2].



of modules over other categories C of injections, whose automorphism groups are of

interest. Let C be a category.

Definition 2.1.2 (C-modules). A C-module over a ring R is a covariant functor

My : C — R — Mod.

For every object ¢, the evaluation M is naturally a representation of the group Autc(c)

i R-modules, and these representation are related by the morphisms of C.

One then studies this category of representations, describes the simultaneous class
functions that generalize character polynomials, and proves the analog of Fact 2.1.1.

For example:

1. Putman-Sam [PS] considered the category C = VI of finite dimensional vector
spaces over [y and injective linear maps, whose representations encode sequences

of Gly,(IF¢)-representations.

2. Wilson [Wil] studied C = FI) whose automorphism groups are the classical
Weyl groups Wy, of type B/C or D.

3. Sam-Snowden [SS3] and Gan-Li [GL2] considered categories C = FI¢; for some
group G, encoding representations of Wreath products S, ! G. Casto [Ca] ex-

tended their treatment, and defined character polynomials in this context.

4. Barter [Ba] considered the category C = T of rooted trees with root-preserving

embeddings.

This approach has been further applied to topology, arithmetic and classical represen-

tation theory (see the respective citations).



Other generalizations considered categories of dimension zero, studied by Wiltshire-
Gordon and Ellenberg (see [WG] with applications in [EWG]); homogeneous categories,
studied by Randal-Williams and Wahl (see [RWW]); and modules over twisted com-
mutative algebras, studied by Sam-Snowden (see [SS4]). We will not discuss these

ideas here.

In this chapter we attempt to generalize and unify the treatments in Examples 1-4

and ask:

Question 2.1.3. What structure do these categories possess that supports the existence

of a representation stability theory?

Here we offer an answer by fitting Examples 1-3 and others into the context of
a broader theory: representation of categories of FI type, i.e. categories that have
structural properties similar to those of FI (see Definition 2.1.6 below). This approach
is intended to subsume the individual treatments and eliminate the need to introduce
a new theory in each specific case. At the same time, it allows one to consider new

types of categories, such as the next example.

Example 2.1.4 (The categorical power FI""). As a first nontrivial example, and
the original motivation behind this generalization, we consider the categorical powers
FI". These have objects that are (essentially) m-tuples (ni,...,ny) € N with
automorphism groups the products Sp; X ... x Sp,,. Such categories are the natural
indexing category for various collections of linear subspace arrangements, to which our
theory is applied in §3. To see this at work consider the following example.

Fix m > 1 and let Rat”(IP’l, Pm_l) be the space of based, degree n rational maps
P! — P=1 that send oo to [1 : ... : 1]. This space admits an (Sp X ... X Sp)-

covering PRat"(IP’l,IP’m_l) by picking an ordering on the zeros of the restrictions to



the standard homogeneous coordinates functions on P™~1. The coverings fit naturally
into a (contravariant) FI"-diagram of spaces, and their cohomology is an FI"-module.

The groups H(Rat" (P!, P"~1):; Q) can then be computed from the invariant part of
the (S X...x Sp)-representation H (PRat” (P, P ~1); Q) by transfer. Representation

stability for FI"*-modules then gives the following.

Theorem 2.1.5 (Homological stability for Rat"). For every i > 0 the i-th Betti

number of Rat™(P1, P""~1) does not depend on n for alln > i.

In §2.6 we discuss representation stability for FI'", which allows one to make such
claims as Theorem 2.1.5. We remark that similar treatment could be applied to any
product of categories whose representation stability is understood, but we do not

pursue other examples here.

2.1.3 Categories of FI type and free modules

As outlined above, we are looking for categorical structure that gives rise to character

polynomials satisfying Fact 2.1.1. We propose the following.

Definition 2.1.6 (Categories of FI type). We say that a category C is of FI type

if it satisfies the following axioms.

1. C is locally finite, i.e. all hom-sets are finite*.

2. Every morphisms is a monomorphism, and every endomorphisms is an isomor-

phism.

3. For every pair of objects ¢ and d, the group of automorphisms Autc(d) acts

transitively on the set Homg(c, d).

4. Finiteness is not strictly necessary for many of the definitions and subsequent results. The
author will be very interested to see how far one can push this theory with infinite automorphism
groups



4. For every object d there exist only finitely many isomorphism classes of objects

¢ for which Homg(c,d) # @ (we denote this by ¢ < d).
5. C has pullbacks and (weak) pushouts’.

Remark 2.1.7. Categories that satisfy the second half of condition 2 — where every
endomorphism is an isomorphism — are called EI categories. The representation sta-

bility of such categories satisfying additional combinatorial conditions was studied by

Gan-Li in [GL1].

We will denote the automorphism group of an object ¢ by Ge.

In §2.2.1 we define the collection of character polynomials for a general category C
of FI type - these are certain C-valued class functions simultaneously defined on all
automorphism groups G.. Briefly, character polynomials are linear combinations of
functions of the form (i{ ) where A C G, is some fixed conjugacy class. (i{ ) evaluates
on gg € G4 to give the number of ways g; can be restricted to an element g. € A, i.e.
via morphisms ¢ i> d for which ggo f = f o g with g. € \.

However, it is not at all clear that these functions satisfy the analog of Fact 2.1.1,
or even that they can be reasonably thought of as polynomials, i.e. closed under taking
products. To demonstrate these fundamental properties we propose a categorification
of character polynomials, similar to the way in which group representations categorify
class functions. Our categorification takes the form of free C-modules, introduced in

Section §2.3.

Definition 2.1.8 (Free C-modules). A C-module is said to be free if it is a direct
sum of modules of the form Ind.(V'), where Ind. is the left-adjoint functor to the

restriction Me — M.

5. Pushouts are not quite what we want here, as these typically do not exists when one insists that
all morphisms be injective. We replace this notion by weak pushouts, defined below.

9



Note 2.1.9. Since we are only discussing finitely-generated C-modules, free modules
will always be taken to be finite direct sums. Over the field of complex numbers these

C-modules are precisely the finitely-generated projectives.
This choice of categorification is justified by the following observation.

Theorem 2.1.10 (Categorification of character polynomials). If M, is a free
C-module over C, then there exists a character polynomial P whose restriction to G
coincides with the character of M. for every object c.

Conversely, the character polynomials that arise in this way span the space of all

character polynomials on C, defined in §2.2.1 below.

The structure of FI type then ensures that the class of free C-modules, and sub-
sequently character polynomials, has the properties that ultimately produce represen-

tation stability.

Theorem 2.1.11 (The class of free C-modules). If C is a category of FI type, then

the class of (finitely-generated) free C-modules over C has the following properties:
1. The tensor product of two free C-modules is again free.

2. There is a degree filtration on the category of free C-modules, taking values in
the objects of C. Direct sums and tensor products act on this degree in the usual

way with respect to an order relation < on C and object addition + defined below.

3. Every free C-module Mo has a dual C-module M§ : ¢ — Homg (M, C), which

1s again free of the same degree.

4. If Me is a free C-module of degree < ¢, then for every object d > ¢ the coinvari-

ants (My)/Gg are canonically isomorphic.

10



This statement — especially closure under tensor products — is nontrivial and de-
pends critically on the structure of FI type. For example, the specialization to FI-
modules was proved in [CEF1] using the projectivity of FI#-modules, and is related
to the fact that products of binomial coefficients (2) (?) can be expressed as linear

combinations of (') with » <k + L.

Remark 2.1.12 (Working over different fields). Most of the results in Theorem
2.1.11 are set-theoretic in nature and follow from combinatorial properties of C-sets.
They thus hold in greater generality with the base field C replaced with an arbitrary
commutative ring R. However, when trying to decategorify and conclude character-
theoretic results, the assumption of characteristic 0 becomes necessary. To simplify

our exposition, we will phrase the results only for C-modules over C.

Theorem 2.1.11 in particular gives the categorified analog of Fact 2.1.1. This fact
captures the stabilization of the sequence of representations, as we shall see in the

Application 1 below.

Corollary 2.1.13 (Hom stabilization). If Me and Ne are free C-modules of respec-

tive degrees < c¢1 and < c9, then the spaces

Homg, (Mg, Ng) = (M”* @ N)4/Gyg (2.1.1)

are canonically isomorphic for all d > c¢1 + c9.

When the objects of C are parameterized by natural numbers, the addition ¢; + ¢9
is the usual addition operations. For the general definition of addition on objects, see
Definition 2.3.7 below. Note that the identification of the two sides in Equation 2.1.1
is where characteristic 0 assumption is used.

Decategorifying back to characters, one obtains the following.

11



Corollary 2.1.14 (Inner product stabilization). If P and Q are character poly-

nomials of respective degrees < c¢1 and < ca, then the inner products

(P,Q)q Z P(yg (2.1.2)

gEG
become independent of d for all d > ¢ + 3.

These claims will be proved in §2.3 and §2.4.

2.1.4 Application 1: Stabilization of irreducible multiplicities

Let G be a finite group. Recall that over C the irreducible decomposition of a G-
representation can be detected by G-intertwiners. Explicitly, if V' is a G-representation
and W is an irreducible representation, then the multiplicity at which W appears in

V is dim Homg (W, V). Similarly, if V = @;W." is an irreducible decomposition then

7

dim Homg(V, V) Z 2.

Corollary 2.1.13 then demonstrates that these dimensions stabilize in the case of

free C-modules.

Corollary 2.1.15 (Stabilization of irreducible decomposition). Let M, be a free

C-module of degree < c. At every object d let

My = @; W (d)" D,

7

be an irreducible decomposition. Then the sums er(d)? do not depend on d for

d > ¢+ c. More generally, if Ne is any other free C-module of degree < ¢ with

12



wrreducible decompositions

Ny = @ W (d);\ s

7

then the sums > ; r(d); - s(d); do not depend on d for all d > c+ .

By choosing the test module No carefully, one can gain more information as to the
individual multiplicities 7(d);. In particular, it is often possible to relate the irreducible
representations of the different groups G and show that the individual multiplicities

in fact stabilize for all d > ¢ + c.

2.1.5 Application 2: The category of C-modules is Noetherian

One of the most important themes in representation stability is the Noetherian prop-
erty: the subcategory of finitely-generated modules is closed under taking submodules.
This allows one to apply tools from homological algebra to finitely-generated modules,

with far reaching applications (see e.g. [CEF1] and [Fa]).

Example 2.1.16 (Configuration spaces of manifolds [CEF1]). Let M be an
orientable manifold. For every finite set S the space of S-configurations on M,
PConf® (M), is the space of injections from S to M. The functor S — PConf® (M) is
an FI°P-space, and S — Hi(PConfS(M); Q) is an FI-module.

Totaro [To] proved that there is a spectral sequence converging to H? (PConf* (M))
and [CEF1] showed that the every Eg "I_term of this sequence is a finitely-generated FI-
module. [CEF1] also prove that FI-modules over Q is Noetherian, and therefore finite-
generation persists to the Eoo-page, and subsequently to H’. Therefore the sequence
H(PConf®(M); Q) exhibits representation stability. One direct result is that the i-th

Betti number of PConf* (M) is eventually polynomial in |S|.

A corollary of the theory developed here is that the same Noetherian property holds

in general.
13



Theorem 2.1.17 (The category C—Mod is Noetherian). If C is a category of FI
type, then the category of C-modules over C is Noetherian. That is, every submodule

of a finitely generated C-module is itself finitely generated.

Theorem 2.1.17, proved below in §2.5, simultaneously generalizes the results by
Church-Ellenberg-Farb [CEF1, Theorem 1.3] and independently by Sam-Snowden [SS1,
Theorem 1.3.2], who proved that the category of FI-modules is Neotherian; Putman-
Sam [PS], who proved the same for the category of VI-modules; and Wilson [Wil],
who proved this for FIy)-modules.

Gan-Li [GL1] generalized all of these Noetherian results and found that they hold
for every category with a skeleton whose objects are parameterized by N satisfying
certain combinatorial conditions see (|[GL1, Theorem 1.1]). However, their theory does
not address categories whose objects are not parameterized by N, such as FI" treated

in §2.6 below.

One reason Noetherian results are important in our context is that they ensure
that finitely-generated C-modules exhibit the same stabilization phenomena as with
free C-module discussed in Application 1 (although without the effective bounds on

stable range).

Theorem 2.1.18 (Stabilization of finitely-generated C-modules). If M, is a
finitely-generated C-module, then the sequence of coinvariants Mq/G. is eventually
constant, i.e. all induced maps are M./G. — My/Gy are isomorphisms for suffi-
ciently large objects c.

More generally, for every free C-module Fo the sequence of spaces Homg (Fe, Me)

18 eventually constant in the same sense.

14



2.1.6 Application 3: Free modules in topology

Beyond the applications of free C-modules to the representation theory of the cate-
gory C, they also appear explicitly in topology. In §3 we consider the cohomology
of C-diagrams of linear subspace arrangements, for which we show that the induced
cohomology C-module is free. An immediate consequence, stated here somewhat in-

formally, is the following (see §3 for the precise definitions and statements).

Corollary 2.1.19 (Stability of C-diagrams of linear subspace arrangements).
Every (contravariant) C-diagram X* of linear subspace arrangements, that is generated
by a finite collection of subspaces, exhibits cohomological representation stability. That
18, for every i > 0 the C-module Hi(X'; C) is free. In particular, there exists a single
character polynomial P; of C that uniformly describes the Ge-representation H (X% C)
for every object c.

Moreover, the respective quotients X¢/G . exhibit homological stability for C-coefficients,

and for various systems of constructible sheaves.

2.2 Preliminaries

Let C be a category. Objects of C will typically be denoted by ¢, d, and so on.

The categories with which we shall be working will have only injective morphisms.
This typically precludes the possibility of having push-out objects. The following
definition provides a means for salvaging some notion of a push-out diagram subject

to this constraint.

15



Definition 2.2.1 (Weak push-out). A weak push-out diagram is a pullback diagram

1
€1

p —_—
f2| ‘fl
o) ———

f2

with the following universal property: for every other pullback diagram
1
€1

p
|
2

there exists a unique morphism d i> z that makes all the relevant diagrams commute.

_—
_—
ha

We call d the weak push-out object and denote it by cq Hp co. The unique map h

. , h; .
induced from a pair of maps ¢; — z is denoted by hy ]_[p ho.

This is similar to a usual push-out, but with “all” commutative squares replaced
by only pullback squares. When starting from a category that has push-outs, such as
Set and Vect., and passing to the subcategory that includes only injective maps, we
lose the push-out structure. However, weak push-outs persist, and retain most of the

same function.

A standard notation that we will use throughout is the following.
Definition 2.2.2. We say that ¢ < d if there exists morphisms ¢ — d.

In categories of FI type (see Definition 2.1.6 above) this preorder relation between
objects is essentially an order, i.e. if ¢ < d and d < ¢ then every morphism ¢ — d is

invertible. However, as noted in part (5) of Definition 2.1.6, push-outs typically don’t
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exist in categories of FI-type and we adjust the definition by demanding the following

property instead.

Definition 2.2.3 (Categories of FI type). A category C is said to be of FI type is

it satisfies azioms (1)-(4) from Definition 2.1.6, and in addition:

5. C has pullbacks and weak push-outs, i.e. for every pair of morphisms p L ci
there exists a weak push-out ¢y Hp ca; and for every pair c; Ity d there exists a

pullback c1 X 4 co.

It seems possible that some of the theory should carry over to compact groups or

even to semi-simple groups, but this direction will not be perused here.

The primary objects of study are the representation of C. These are the C-modules
defined in Definition 2.1.2. Our goal is to understand the category of C-modules and
relate it to the categories of representations of the individual automorphism groups

GC.

2.2.1 Binomial sets and Character Polynomials

The character polynomials for the symmetric groups are class functions simultaneously
defined on S, for all n. These objects are closely linked with the phenomenon of
representation stability in that the character of a representation-stable sequence is
eventually given by a single character polynomial (see [CEF1]). We will now define
character polynomials for a general category of FI type.

The following notion generalizes the collection of subset of size k inside a set of n

elements. It will be used below in the definition of character polynomials.

Definition 2.2.4 (Binomial set). Let ¢ and d be two objects of C. The group of

automorphisms G acts on Homg(c,d) on the right by precomposition. Denote the
17



quotient Homg(c, d)/Ge by (Cci) We will call this the binomial set, d choose c. If
cLsdisa morphism, we denote its class in ((Cl) by [f].

Since the set Homg(c,d) admits a left action by Gy, and this action commutes

with the right action of G¢, the binomial set (CCZ) acquires a Gy action naturally by

o(lf) =loo fl.

Note that in the case of C = FI, the category of finite sets and injections, the
binomial set (Z) is naturally in bijection with the collection of size k subsets of n
(hence the terminology). Replacing FI by VI, the category of finite dimensional

F-vector spaces and injective linear functions, the binomial set (Z,) is naturally the

Grassmanian of k-planes in F".

Definition 2.2.5 (Character polynomial). Let ¢ be an object of C and u C G a
conjugacy class. In this case we will denote |u| = c¢. The indicator character polyno-

mial of p is the C-valued class function (X) simultaneously defined on all G by

1

XN ooeay s e (N awenst oof=foull. (2.2.1)
( c

L

X\ X
The degree of </~L) is defined to be deg((u)) = |pl.
A character polynomial P is a C-linear combination of such simultaneous class
functions. We say that the degree of P is < d for an object d if for every indicator

(if) that appears in P nontrivially we have |u| < d. We denote this by deg(P) < d.

The following lemma shows that the above definition indeed gives rise to well-

defined class functions.

Lemma 2.2.6. The function ()/f) s a class function of every group G 4. Furthermore,

its definition in Equation 2.2.1 does not depend on the choice of representative f € [f].

18



Proof. First to see that Equation 2.2.1 does not depend on the choice of f, suppose
d

C). Then there exists some g € G, such that

f! is another representative of [f] € (

f' = fog. Then for every 0 € G and ¥ €
cof=fot <= aof =(fov)og=fo(g vy)

and g_lwg belongs to u as well.
Lastly, to see that we get a class function take o/ = hoh~1. Then [f] € ((Ci) satisfies
oo f= fou if and only in [h o f] satisfies

o'o(ho f)=hoh™ (hof)=ho(for)=(hof)o.

d
c

If we denote by U, (o) the set of classes [f] € (&) which is counted in Equation 2.2.1
for o, then we see that Uy (hoh™!) = h(Uu(o)), and in particular these sets have equal

cardinality. O]

Example 2.2.7 (FI character polynomials). For C = FI the automorphism group
of the object n = {0,1,...n—1} is the symmetric group Sp,. For any k € N a conjugacy
class in S}, is described by a cycle type, p = (u1, p2, - - ., g) where p; is the number

of i-cycles. For any other n € N, if we denote by X; the class function on .Sy,
Xi(o) = # of i-cycles in o

then we claim that
(o= (5)- (%) e
Indeed, the class [f] € (2) of an injection k i> n corresponds to the subset
Im(f) € n. The condition that o o f = f o translates to saying that I'm(f) is
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invariant under o and that the induced permutation on this subset has cycle type pu.
Then for a given o € S, the right-hand side of Equation 2.2.2 counts the number of

ways to assemble such an invariant subset from the cycles of o.

[CEF1] give Equation 2.2.2 as the definition of (if ). Thus our definition of character
polynomials extends the classical notion of character polynomials for the symmetric

groups to other classes of groups.

Example 2.2.8 (VI character polynomials). For C = VI the automorphism
group of the object [n] = F" is GL,(F). We describe the degree 1 indicators. A
conjugacy class in GL{(F) = F* is just a non-zero element y € F. For every n € N

the function (if ) on a matrix A € GLy,(F) is given by

X
( )(A) = # of 1D eigenspaces of A with eigenvalue p. (2.2.3)
o

These are the VI analogs of X7 on Sj,, which counts the number of fixed points of a

permutation.

2.3 Free C-modules

This section is devoted to defining free C-modules and proving that, when C is of
FI type, these modules satisfy the fundamental properties stated in Theorem 2.1.11.
Note that the statements and proofs in this section are essentially set-theoretic in
nature, and therefore hold in a more general setting of C-modules over any ring R.
For concreteness we will only describe here the results with R = C.

Free C-modules are defined using a collection of left-adjoint functors. For every

object ¢ there is a natural restriction functor

C — Mod ¢ C[G] — Mod, Me — M, (2.3.1)

20



Following [tD], this functor admits a left-adjoint as follows.

Definition 2.3.1 (Induction C-modules). Let Ind. : C|G:] — Mod — C — Mod

be the functor that sends a Ge-representation V' to the C-module

nd.(V)e = C[Hom(d, o)] &, V (2.3.2)

where morphisms in C act on these spaces naturally through their action on Hom(c, o).

We call a C-module of this form an induction module of degree ¢, and denote
deg(Indq(V)) = c.

[tD] shows that the functor Ind. is a left adjoint to Res.. Recall that in Defini-
tion 2.1.8 we called direct sum of induction modules free. The following additional

terminology will also be useful.

Definition 2.3.2 (Degree of a free module). We say that a free C-module Me has
degree < d if for every induction module Ind.(V') that appears in Mo nontrivially we
have ¢ < d. In this case we denote deg(Msq) < d.

A virtual free C-module is a formal C-linear combination of induction modules,
e.g.

&; A\ Inde, (V;) where X\; € C.

We extend the induction functors Ind. linearly to virtual G.-representations, i.e.
Ind.(&A;V;) := @A; Inde (V).

We propose that (virtual) free C-modules are a categorification of character poly-

nomials, much like the case for any finite group G where (virtual) G-representations
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categorify class functions on G .

Definition 2.3.3 (The character of a C-module). If M, is a C-module, its char-

acter is the simultaneous class function

XM:HGC—>(C
C

that for every object ¢ sends the group G, to the character of the G.-representation

M.

One can express the character of induction modules in terms of indicator character

polynomials, as follows.

Lemma 2.3.4 (Character of induction modules). If V is any G.-representation

whose character is xy, then the character of Ind.(V) is given by

Xndo(V) = D xv( (X) (2.3.3)

pconi(Ge) :

where conj(G.) is the set of conjugacy classes of G, and xy (1) is the value xy takes on
any g € p. In particular we see that the character of Ind.(V') is a character polynomial

of degree c.

Proof. Since all morphisms in C are monomorphismes, it follows for every object d the
equivalence class foG. = [f] € (‘ci) is a right G-torsor. Thus there is an isomorphism

of vector spaces

12

& V (2.3.4)

Inde(V)y = C[Home(c, d)] ev= @ C(fD) Qv el

11e(?)
where the group G permutes the summands through its action on (Ccl) It follows that

the trace of o € G4 gets a contribution from the summand C([f]) ®¢, V' if and only
22



if o([f]) = [f]. Consider such [f] € Fix(o), i.e. there exists some ¢ € G, such that

oo f= fow. We get a commutative diagram

Cf)) ®q, V —— C(f]) ®¢, V

)

V V
G

1%

so the trace of o|c((f))g, v 18 precisely xy (¥). We get a formula for the character

Xmd, () (@) = Y. xv(). (2.3.5)

[11e(®)
Fp(oof=for))

Arranging this sum according to the conjugacy class of ¢ we get the equality claimed

by Equation 2.3.3. O

A corollary or Lemma 2.3.4 is that free C-modules indeed categorify character

polynomials.

Theorem 2.3.5 (Categoricifaction of character polynomials). Character poly-
nomials of degree < d are precisely the characters of virtual free C-modules of degree

<ec.

Proof. 1t is sufficient to show that every <)/§ ) is the character of some virtual free C-
module of degree < |u|. Denote ¢ = |u| and consider the indicator class function on
Ge

1 Ve

0 Yvé¢pu

XM(Q/’) =

Since the characters of G-representations form a basis for the class functions on G,

there exist G.-representations Vq,...,V, and complex numbers Ai,..., A, such that
23



the virtual representation

V, =@l AV

has character x,. Then by Lemma 2.3.4 and linearity it follows that

X
XInde(Vy) = <M>

2.83.1 Tensor products

The categorification of pointwise products of character polynomials is the tensor prod-
uct of free C-modules. The goal of this subsection is to show that the product of two

free modules is itself free.

Definition 2.3.6 (Tensor product of C-modules). If Mo and N are two C-

module, their tensor product (M @ N), is the C-module
(M®N);=Mzg® Ny (2.3.6)

where a morphism ¢ I d acts naturally by M(f) @ N(f).

At the level of characters, the tensor product corresponds to pointwise multiplica-

tion:

XM&N = XM * XN- (2.3.7)

The main result of this subsection is the parts (1) and (2) of Theorem 2.1.11. The
following definition gives meaning to addition of objects so as to make the degree

additive.
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Definition 2.3.7 (Sum of objects). If ¢; and co are two object of C, then ¢ + ¢

denotes the collection of objects d that satisfy

01H02 <d
p

for every weak push-out of ¢; and co. If d belongs to the collection ci + c9 we denote
d>c1+c, e

d>c1+cp < dec;+ oo

If Mo is a free C-module, we say that deg(M) < ¢ + ¢o if the degree is < d for

every d € c1 + c2.

Note 2.3.8. If the collection c¢; + ¢ contains an essential minimum object dp, then we
can identify ¢; + ¢ with this minimum. In this case saying that deg(M) < ¢1 + ¢9 is
equivalent to saying deg(M) < dy. In all the examples we currently know, the essential
minimum object of ¢; + ¢2 is the weak coproduct ¢1 [[ ¢2. In particular, when C has
a skeleton whose objects are parameterized naturally by N then the object “ny + ng”

coincides with the standard addition nj + ng (hence the notation).

At the level of character polynomials Theorem 2.1.11(1) translates into the following

result.

Corollary 2.3.9 (Closure under products). The collection of character polynomials
forms an algebra under pointwise products, and the degree is additive with respect
products. Namely, if P and Q) are character polynomials of respective degrees < ¢ and

< c9, then their product P - Q is a character polynomial of degree < c1 + ca.

Note 2.3.10. 1t is not immediately clear that the product of two expressions (if ) and
(X

V) can be expanded in terms of other such expressions, but we now see they can.

To demonstrate the nontriviality of this statement consider the standard binomial
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coefficients: for X = ()1( ) we have an expansion

()=o) ()

Problem 2.3.11. Find general formula for the expansion of (,‘zi) (,‘zg) in terms of (‘)k()’s.

The proof of Theorem 2.1.11(1) will use the following definitions and lemmas. First

we need an easy technical observation.

Lemma 2.3.12 (Pull-back invariance). Suppose

a 1 by

|

by —— ¢

92

1s some commutative diagram in C and ¢ — d is some monomorphism. By composing

with h we get another diagram

If one of these diagrams is a pull-back, then so is the other.
Second we define the push-out set of three objects.

Definition 2.3.13 (Push-out set). Let ¢; and cg be two objects of C. For any
object d we define the push-out set PO (Cldc2) to be the set of pairs of morphisms

(¢; N | i =1,2) that present d as a weak push-out of ¢ and co. That is to say that
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the pullback diagram
€l XqgC2 —

| b

cy ——— d

92

15 a weak push-out diagram.

Remark 2.3.14. 1t is straightforward to verify that the procedure of replacing d by an
isomorphic object d’ and mapping ¢; and ¢ into d’ through any isomorphism d — d’

preserves weak push-out diagrams. Therefore any such isomorphism induces a natural

/
Po( d )%Po( d )
C1,€2 C1,C2

by left-composition. In particular, the group of automorphisms G acts on PO ( d )

C1,€2

bijection of sets

on the left. Similarly, the group G¢; x G¢, acts naturally on the right by precomposi-

tion.

The general philosophy of this thesis is the following: statements about represen-
tation stability (of which Theorem 2.1.11(1) is one) are reflected by statement about
C-sets. Therefore closure under tensor products should be a consequence of a set-

theoretic observation. This is the content of the next lemma.

Lemma 2.3.15 (Tensor products: set version). Let C be a category of FI type.

There is a natural isomorphism between the product functor
Hom(cy, e) x Hom(ca, e)

and the disjoint union functor

€1, €2

]@[Hom (d,8) xg, PO ( d )
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where [d] ranges over the isomorphism classes of C and d is some representative of [d].
Furthermore this natural isomorphism respects the right (Ge, X Ge,)-action on the two

functors.

Proof. For any object x and a representative d of the isomorphism class [d] we define

a function

pd
Hom (d,z) xg, PO (CldCQ) —% Hom(cq, z) x Hom(cg, x) (2.3.8)

by composition, i.e.

{d I (e iy d)] - <ci fery x) (2.3.9)

By the associativity of composition, this is well-defined on the product over G;. More-
over, \Ifﬁl is clearly natural in x and respects the right action of G¢; X G¢, given by
precomposition.

Letting d range over all isomorphism classes we get a natural transformation from

the union

d

) Lo, Hom(cy, ®) x Hom(ca,e) (2.3.10)
€1, €2

HHom(d, ) xg, PO (
[d]

which respects the right G, x G¢,-action.

In the other direction, let x again be any object. We define a function

o4 d
Hom(cy, ) x Hom(cg, ) — Hom (d,z) xg, PO ( > (2.3.11)
C1, €2
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as follows. Let (¢; i> x | 1 =1,2) be a pair of morphisms. Construct their pull-back

and form the weak push-out for p N i

aq
P—a

€~ CalC2 =:d

The universal property of the weak push-out then implies that there exists a unique

morphism d — & such that for; — f;. We define & by
fi f T
(¢ == z)— [(d == x),¢; —d| . (2.3.12)

To see that @g is well-defined, suppose

/

g —— d
)
!
is another weak push-out diagram produced by the same procedure and d’ —— z is the
corresponding induced map. First we observe that since p and p’ are both pull-backs

of the pair (fi, f2) there exists an isomorphism p — p’ for which of o1 = a for

i = 1,2. Second, we replace p’ by p in the weak push-out diagram, mapping it though
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/
0/207'| ‘7"1

o —— d
T2

and this is again a weak push-out diagram. Therefore, by the universal property of
the weak push-out, there exists a unique morphism d & d’ for which ¢ or; = ré. The
same reasoning applied in reverse shows that ¢) admits a unique inverse, and therefore
d = d’. Since we picked d to be the representative for the isomorphism class [d], it
follows that d = d’ and that ¥ € G;. The induced map f is characterized by the

property that f or; = f;, and similarly for f’ and 7"2. Therefore we find that
fi=Ffori=fopor

which by the universal property of d shows that in fact f = f/ o 4. Our function Cchl

is defined as to send the pair (f1, f2) to
[t 0] = [ vt 2 )] = [ )] = [ 1.6 )

which we now see that is uniquely defined.
The two functions \I/g and CIDg are clearly inverse, and therefor they together form
a natural isomorphism between the two functors. As stated above, this isomorphism

respects the right G¢; x Ge,-action. O
Now we can prove that free C-modules are indeed closed under tensor products.

Proof of Theorem 2.1.11(1). By the distributivity of tensor products, it is enough to
verify the claim for induction modules of respective degrees < ¢1 and ¢y respectively.

Moreover, by the transitivity of the order relation between objects, it will suffice if
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we assume that the degrees are precisely ¢ and cp respectively. Let Ind, (V) and
Inde, (W) be two such C-modules.

We apply an easy-to-verify equality of tensor products,

Ind¢; (V)e ® Inde, (W)e = <(C[H0m 1, e ®Gc1 V) Q0 <C[Hom o, e ®G02 W)

I

(C[Hom(c1, »)] @ C[Hom(cp, 8)])  (X) (VEW)
Gey XGey

and to this we can apply the natural isomorphism
C[Hom(c1, )] ® C[Hom(c, ®)] = C[Hom(cq,®) x Hom(co, e)]. (2.3.13)
In Lemma 2.3.15 we found a natural isomorphism between the product
Hom(cy, ®) x Hom(ca, e)

and the union

€1,C€2

]@[Hom (d, ) x¢, PO ( d )

which when composed with the permutation representation functor X +— C[X] yields

a natural isomorphism

C[Hom(cy,®) x Hom(ca, ®)] = @C[Hom(d, )] ®g, C[PO (

31



By the associativity of the tensor product, we get a natural isomorphism

Ind¢; (V)e @ Inde, (W)e = @C[Hom(d,o)] ®C[PO< d )] ® (VW)
] Ga ‘L2 G, X6,

= Pind, C[PO( d )] &R vEw)|.
[d]

C1,C
12/ g S,

as claimed.

Note that for d to have a non-zero contribution to this direct sum, the set PO ( Cldc2)
must be non-empty. In particular, there exists a decomposition d = ¢y HCQ. This

p
proves the claim regarding the degree of terms in the sum. Since there are only finitely
many isomorphism classes of objects with such a presentation, the above direct sum

decomposition is finite. O

2.8.2  Dualization

One would like to define the dual of a C-module Mq by (M*). = (M.)*. Unfortunately,
this will not be a C-module in general (it will be a C°P-module). In this subsection

we show that when dealing with free C-modules there is a good notion of dualization.

Definition 2.3.16 (Dual C-module). For an induction module Ind.(V') we define
its dual C-modules by
Ind¢(V)* = Ind (V") (2.3.15)

where V* is the Ge-representation dual to V. Extend this definition linearly to all

(virtual) free C-modules.
We claim that this indeed gives a good notion of duals.

Theorem 2.3.17. If Mo is a free C-module then there is a homomorphism of C-
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modules

M} ® Me —5 Cq (2.3.16)

where Cq is the trivial C-module with C; = C for every object. This pairing is non-
degenerate and thus defines an isomorphism of G g-representations (M™*)4 = (Mg)* for
every object d.

We conclude that the dual of a free C-module of degree < ¢ is again a C-module of

degree < c.

Proof. Suppose M = @; Indc,;(V;). Then there is a decomposition of C-modules

M*® M = b Inde; (V") ® Inde; (V).

We define the pairing to be 0 for all ¢ # j. For ¢ = j consider a single induction module
Ind.(V') and decompose it using Equation 2.3.4

Vo= (Ide(VF) @ Inde(V))g = @ VeV

[f1e(“ 1/]:lgle(

Set the pairing to be 0 on all [f] # [g], and for [f] = [g] use the natural contraction on

V*® V. This produces a map

which is the pairing we sought.

Explicitly, the pairing on Ind.(V*) ® Ind.(V') is given by

v ,Y(v) fou =
(fevigovy = > @, ¢@)= ) ! (2.3.17)

}@iﬂg 0 Lf] # lg]
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It is straightforward to check that the above pairing is invariant under the action of
morphisms in C. It is thus a morphism of C-modules, as claimed. One can also
check that the pairing is non-degenerate, and thus defines the claimed G -equivariant
isomorphism

(M*)g — (Mg)".
0

Corollary 2.3.18 (The Hom C-module). If Me is a free C-modules and No is
any C-module, then there exists a C-module Hom(M, N)e whose value at d is the
G g-representation Homg (Mg, Nyg).

A morphism d I, ¢ induces a function Homg (Mg, Ng) LN Homg (M, Ne) satis-
fying the following naturality property: if My L N, is any linear function, then there

1s a commutative diagram
My —L Ny

M(f)‘ ‘N(f)

Me £(T) Ne

Furthermore, if Ne is itself free, and the degrees of Me and Ne are < c¢1 and < c9

respectively, then Hom(M, N)e is also free and has degree < c1 + c3.

Proof. The desired C-module is the tensor product M* @ N. All other claims follow

for the properties of tensor products and duals proved above. O]

2.4 The Coinvariant quotient and Stabilization

When G is a finite group, the coinvariants of a G-representation are the categorified

analog of averaging over class function: if x is the character of a G-representation V/,
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then

) 1
dim Vg = @l Z x(9). (2.4.1)
geG

Such averages appear in G-inner products, which we want to relate for the various
automorphism groups G, of our category C. This section will therefore analyze the
behavior of free C-modules under taking their coinvariants. Recall that the coinvariant

quotient of a G-representation V' is its maximal invariant quotient, namely
Va=V/{v—gv|veV,geqG).

We will also denote this quotient by V/G.

In the context of a C-module M, we can form the G.-coinvariant quotient of M,
for every object c. If ¢ L> d is any morphism and M, M—(f>) M the induced map, then
it descends to a well-defined map on the coinvariants. Indeed, this follows from the
assumptions that G, acts transitively on Homg(c, d): if g € G is any automorphism,

then f and f o g are two morphisms from c to d and thus there exists some g € G for

which go f = f o g. This shows that for every v € M,

o= g(0) MY £(0) — fog(v) = f(v) - §(F(0)

and indeed v — gv gets mapped to zero in the coinvariant quotient of M.

Definition 2.4.1 (The coinvariant quotient). We call the resulting C-module of

coinvariant quotients the coinvariant C-module of Me and denote it by (M/G)e.

/
Note 2.4.2. Every two morphisms c i> d and c L> d give rise to the same map

between coinvariants. This is because there exists some g € Gy for which go f = f
and this g acts trivially on (M/G)4. Thus for every pair ¢ < d there is a well-defined

map between the coinvariants (M/G). — (M/G),.
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The coinvariant quotient forms an endofunctor on C-modules. In this subsection
we study the action of this functor on free C-modules and demonstrate that they

exhibit stability under its operation.

Lemma 2.4.3. Let V' be any G.-representation and Ind.(V') the corresponding induc-

tion module. The G j-coinvariants of Ind.(V')4 are given by

V/Ge ifc<d
(Indo(V)/G)g = (2.4.2)

0 otherwise

with all morphisms ¢ < d L d" inducing the identity map.

Remark 2.4.4. This again reflects a statement about C-sets. Namely, that the set of

orbits G4\ Homg(c, d) is either a singleton if ¢ < d or empty otherwise.

Proof of Lemma 2.4.3. Recall that the coinvariant quotient of a G-representation W

can be defined as the tensor product
W)g=CeqW (2.4.3)

where C denotes the trivial G-representation.
Using the associativity of tensor products, and the presentation of Ind.(V') as one,

we get
(Inde(V)/G)y = C @, C[Homc(c, d)] ®q, V = ClGg\ Homg(c, d)] @q, V' (2.4.4)

By hypothesis the G action on Homg (¢, d) is transitive. Therefore if ¢ < d then
Hom(c,d) # @ and this set forms a single orbit. Furthermore, a morphism d L d

carries this single orbit corresponding to d to the one corresponding to d’. In the case
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where there are no morphisms ¢ — d we have the empty set. In other words we have

C ife<d
C|G4\ Homg(c,d)] = (2.4.5)

0 otherwise

f

and a morphism ¢ < d = d’ induces the identity map on C. Tensoring with V over

G we get V/G. when ¢ < d, zero otherwise, and morphisms as stated. O]

Applying this result to direct sums of induction C-modules, we can formulate what

happens to free C-modules when we take their coinvariants.

Theorem 2.4.5 (Coinvariant stabilization). When the coinvariants functor is ap-
plied to any free module of degree < c, all maps induced by C-morphisms are injections,
and all maps induced by morphisms between objects > ¢ are isomorphisms.

Ezxplicitly, the stable isomorphism type of the coinvariant quotient of a free C-
module @; Ind¢, (V) is given by

lim (@ Inde; (V;)/G), = @;V;/Ge;. (2.4.6)

This translates to the following result regarding character polynomials.

Corollary 2.4.6 (Stabilization of Expectation). If P is a character polynomial of

degree < c, then its G j-expected number

1
Eg,[P] = Tep > P(o)
d 0eGy
does not depend on d for d > c.
Furthermore, if P is the characters of free C-modules then E¢, [P] is a non-negative

integer, monotonically increasing in d.
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Proof. Recall that for a G-representation V' the expectation

rG| 2 Trlo) =T Pk
geG

is the trace of the projection V' — VG, whose existence also demonstrates that V& =
V/G. The expectation is thus dimg(V/G). In particular it is a non-negative integer.

Suppose P is the character of the free C-module M, of degree < c¢. By Theorem
2.4.5 the coinvariants (M/G)e is a C-module, all of whose induced maps are injections,
and isomorphisms for objects > ¢. Thus the sequence of dimensions dim¢(M/G)y is
monotonic in d and becomes constant when d > c.

The general statement follows by linearity. O

We are often interested in the G-inner product of characters:

(x1,x2)¢ ZXl 9)x2(9) = Eglx1 - x2]
gEG

which is central to character theory. For character polynomials the previous corollary

gives the following immediate stability statement.

Corollary 2.4.7 (Stabilization of inner products). If P and Q) are character

polynomials of respective degrees < c1 and < co, then the Gg-inner products

(P,Q)c IGdI yor (2.4.7)

oelGy

does not depend on d for all d > c¢1 + c3.
Furthermore, if P and Q) are the characters of free C-modules then (P, Q>Gd is a

non-negative integer, monotonic in d.
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Proof. The claim follows directly from the presentation

(P,Q)q, = Eqg,[PQ)]

and Corollary 2.4.6.
If P and Q are the characters of M, and Ne then PQ is the character of the free

C-module M ® N*. Integrality and monotonicity follow. O]

2.5 Noetherian property

In this section we apply the theory developed in the previous sections to prove that the
category of C-modules is Noetherian. Our proof strategy follows the argument made

by Gan-Li in [GL1]. The main theorem of this section is the following.

Theorem 2.5.1 (C — Mod is a Noetherian category). Every C-submodule of a

finitely generated C-module is itself finitely generated.

Theorem 2.5.1 will be proved at the end of this section. First we need some pre-
liminary results. We start with an extension result for equivariant homomorphisms

between free C-modules.

Lemma 2.5.2 (Equivariant extension). Let Mo be a free C-module. There is a

left-exact endofunctor on C-modules
N. —> HOmG. (M., N.) (251)

whose image is contained in trivial C-modules. The value of the module Home, (Mae, Neo)
at an object d is the vector space Home (Mg, Ng). In particular, for every d < e there
18 a canonical map

\Ij@
Homg;, (Mg, Ng) —% Homg, (Me, Ne) (2.5.2)
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that promotes a G j-linear map to a Ge-linear one.
Furthermore, if Ne is itself free, and the degrees of Me and Ne are < c¢1 and < c9
respectively, then the extension map WG is an isomorphism whenever d > c1 + c3. In

particular, equivariant morphisms extend uniquely in this range.

Proof. To get the proposed endofunctor we use dualization, tensor products and coin-

variants:

Ne = (M* @ N), — [(M* © N) /G, (2.5.3)

This gives rise to an endofunctor whose value at d is
(M :i( ® N, d) / Gd'

The tensor product is naturally isomorphic to Homg (Mg, N;) and averaging over G
gives a natural lift from coinvariants to invariants. Thus the value at d is naturally

isomorphic to

Homg (Mg, Ng)©¢ = Homg (Mg, Ny)

and indeed the desired functor exists. Left exactness follows from the general fact that
the functor Hom(M, e) is left exact.

Lastly, if Me and Ne are free of respective degrees < ¢; and < ¢9 then by Theorem
2.1.11(1) M* ® N is free of degree < ¢ + ¢3. We then apply Theorem 2.4.5 and see
that its coinvariants stabilize for all d > ¢1 + ¢ in the sense that all induced maps W5

are isomorphismes. O

When the range Ne is not free we cannot guarantee that the extension maps W5
be eventually isomorphisms. But in the case where the range is contained in a free

module, we can at least salvage injectivity.
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Corollary 2.5.3 (Injective extension). If M and Ne are free C-modules of respec-
tive degrees < c1 and < co, and Xe C No is any C-submodule, then the extension
maps

\IJE
Homg, (Mg, Xq) —% Homg, (Me, Xe) (2.5.4)
are injective for all e > d > ¢ + c9.
Proof. For every e > d we have a commutative square of extensions

Xd%Nd
Homg, (Mg, Xq) ——" Homg, (Mg, Ng)

v T4

HOmGe (Me, Xe) ﬁv’ HOI’I’IC‘;’e (Me, Ne)

and since M and N are free of the given degrees, it follows that the rightmost extension
map is an isomorphism when d > ¢ + c9. Furthermore, the two horizontal maps are
injective by left-exactness. Thus we have a square in which all but the leftmost map

are injections. This implies that the leftmost map is injective as well. O]
We are now ready to prove that C — Mod has the Noetherian property.

Proof of Theorem 2.5.1. Suppose that M, is a finitely generated C-module and X C
X.1 C ... € M, is an ascending chain of submodules. We need to show that X N —
XN+ —  for some N € N. As in the standard proofs of Hilbert’s Basis Theorem,
we divide the task into two parts: controlling growth in all large degrees, then handling
lower degrees using Noetherian property of finite direct sums.

We assume without loss of generality that M, is a free, finitely-generated C-module

of degree ¢, as every finitely-generated C-module is a quotient of a finite sum of such.
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For brevity we denote the functor Xe — Homg, (Me, Xe) by F, i.c.
F(X)gq = Homg, (Mg, Xg).

Since M, is free of degree < ¢, it follows that all induced extension maps

i
F(M)g — F(M)e

are isomorphisms when d > ¢ + ¢. Fix an object d > ¢+ ¢. We get a collection of

subspaces inside F(M), by considering the images

{F(X”)e < F(M)e (va) F(M)d} (2.5.5)

neN, e>d

Since F'(M), is itself Noetherian (a finite dimension vector space), this collection of

subspaces has a maximal element, say the image of F'(X N )eo-

Claim 1. For alln > Ny and e > eg we have X' = XéVo_

Proof. For every n > Nj and objects e > eg we have a commutative diagram

F(XN0) o s F(X ™) o s F(M)g,

eo\—1
wgol xpgol quol %
(wg)~!

F(xNy,— s FP(X")— 5 F(M)e —— 5 F(M)y

which by Corollary 2.5.3 all vertical extension maps are injective.
But we chose F(XN0),, to be the subspace whose image inside F|(M)4 is maximal.
It thus follows that all arrows in the above diagram are surjective. In particular, the

injection F(XN0), < F(X™), is an isomorphism. Recalling the definition of F, we
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found that the inclusion
Homg;, (Me, X2'0) < Homg, (M, X[")

is an isomorphism, where Xév 0 C NI C M, are G-subrepresentations. By Mashke’s

theorem, this happens precisely when XeN 0 = X thus proving the claim. O

It remains to show that we can find some Ny > Nj such that for all objects e < ¢
the term Xév ! stabilized. Indeed, since C is of FI type, there are only finitely many
isomorphism classes of objects < eg. Pick representatives for them eq,..., e, and

consider the direct sum
n
ey
k=1
Since each M¢, is Noetherian (a finite dimensional vector space), this direct sum is

Noetherian as well. We can therefore find N1 > Ny for which the sum
n N n
D ¥ < D,
k=1 k=1
stabilized. Now for every n > Nj and every object e we have X;N 1= X7 thus showing

that Xﬁv I'is a maximal element of our chain. O

Remark 2.5.4. Making contact with related work, we remark that in [GL1, Theorem
1.1] Gan-Li list a set of combinatorial condition on categories of a certain type, which

are sufficient for proving the Noetherian property [GL1]. Their conditions are
e Surjectivity: The groups G act transitively on incoming morphisms ¢ — d.

e Bijectivity: Some sequence of double-coset spaces H;\G/H, stabilizes as d

get sufficiently large.
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These conditions are related to the present context as follows. First, the Surjectivity
condition is incorporated into our definition of categories of FI type. As for Bijectivity,
it was explained to me by Kevin Casto that by choosing a compatible system of

morphisms ¢ — d for every pair ¢ < d one gets a natural isomorphism

Gg\ (Homg(c, d) x Home(c,d)) = Hg\Gq/Hg

where H;\Gy/H, is the double-coset space the appears in the Bijectivity condition. In
this sense, the objects considered in this chapter are a coordinate-free interpretation
of those the appeared in [GL1]. Arguing in this coordinate-free manner allows us
to consider categories whose objects are not linearly ordered, avoid having to find a
compatible system of morphisms, and show that the bijectivity condition holds for all

categories of FI type. This is a direct result of Lemma 2.3.15.

The following stabilization result is a central motivation for one to be interested in
the Noetherian property. It shows that finitely-generated C-modules exhibit the same
representation stability phenomena as free C-module, only without the explicit stable

range.

Theorem 2.5.5 (Stabilization of finitely-generated C-modules). If M, is a
finitely-generated C-module, then all induced maps in the associated module of coin-
variants are eventually isomorphisms. That is, there exists an upward-closed and cofi-

nal set of objects X such that if c € X and d > ¢, then the induced map

MC/GC — Md/Gd

18 an isomorphism.

More generally, if Fe is any free C-module, then the coinvariants of F' @ M even-
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tually stabilizes in the above sense. In particular, the spaces Homg, (Fe, Mc) stabilize

as well.

Proof. By the Noetherian property, a finitely-generated C-module is finitely-presented,

i.e. there exist free C-modules F! for i = 0,1 and an exact sequence

Fl FO M 0

Since the functor of coinvariants is right-exact we get a similar sequence of coinvariants.
But by Theorem 2.4.5 the coinvariants of a free C-module stabilize in the desired sense.
The Five-Lemma then implies that the same stabilization occurs for M/G.

For the more general statement, suppose Fe is some free C-module. By the right-

exactness of the tensor product it follows that
FOF' —F@F' —FQM—0

is itself exact. Theorem 2.1.11(1) shows that for s = 0,1 the product F ® F' is free.
Thus by the same reasoning as above stabilization follows.

Lastly, replacing F' with its dual F* (which is again free) and using the isomor-
phisms

(FF @ M.)/Ge = Hom(Fe, M)% = Homg, (Fe, M)

we find that the spaces on the right-hand side stabilize as well. O

2.6 Example: Representation stability for FI™

This section is devoted to the category FI"™, its free modules, and representation
stability in this context. We also give an explicit description of FI-character polyno-

mials in terms of cycle-counting functions. The results presented below generalize to
45



m

the category (FI;)™ and its representation, where G is some finite group, using the
technique presented in [SS3, Theorem 3.1.3].

Recall that we denote the category of finite sets and injective functions by FI.
Consider the categorical power FI", whose objects are ordered m-tuples of finite sets
n= (n(l), cee n(m)), and whose morphisms 7 i) n’ are ordered m-tuples of injections

N0 ‘
f = (f(l)7 . f(m)) where n(9) f—> n'). In everything that follows we denote the

FI' analog of notions from FI by an over-line. The ordering on objects in FI' is
the following: 7 < @’ if and only if for every 1 < i < m there is an inequality of sizes
In()] < |n/)|. The group of automorphisms of an object 7 is the product of symmetric
groups Sn(l) X ... X Sn(m), which we will denote by Sj.

Many natural sequences of spaces and varieties are naturally parameterized by
FI'". For example, fix some space X and consider the following generalization of the
configurations spaces

PConf(mm) (x) := {[(af"), ... @™ ) Vi ) # x;?)}

m

inside the product X™ x...x X"™m_ Every inclusion 7 < 7/ induces a continuous map
by forgetting coordinates, so this is naturally a contravariant FI"*-diagram of spaces.
Applying a cohomology functor to this diagram of spaces yields an FI"-module. The
special case of based rational maps P! — P! was described in the introduction,

to which theory below applies and gives Corollary 2.1.5.

The category FI" fits in with our general framework, as the following demonstrates.

Proposition 2.6.1 (FI" is of FI type). FI"" is a locally finite category of FI type.
Pullbacks and weak push-outs are given by the corresponding operations in FI1 applied

coordinatewise.

Proof. First we consider the case m = 1, i.e. we need to show that FI is indeed of
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FI type. FI is a subcategory of the category of finite sets, which has pullbacks and
push-outs. The Set-pullback of two injections itself has injective structure maps, and

is thus naturally a pullback in FI. Regarding weak push-outs, note that if

1

o]

2—)

92

is a pullback diagram in Set, then the images of g1 and go intersect precisely in the
image of the composition g1 o fi = g9 o fo9. Thus if all four maps are injections, the
universal function from the Set push-out ¢; Up co into d is injective. We therefore see
that the Set push-out is a weak push-out in FI. The other axioms of FI type are
clear.

The case m > 1 follows easily from the previous paragraph when pullbacks and

weak push-outs are computed coordinatewise. O

We turn to the decomposition into irreducible subrepresentations. First we recall

some of the terminology related to the case m = 1.

Definition 2.6.2 (Padded partitions and irreducible representations). Recall
that a partition of a natural number n is a sequence A = (A] > Ao > ... > \p) such
that Zle Ai = n. In this case we write A\ = n and refer to n as the degree of X\. This
degree will be denoted by |\|.

For every other natural number d > |\| + A\ we define the padded partition
Md)=(d—=|AN>M...>2 ) Hd (2.6.1)

By deleting the largest part of a partition, we see that every partition of d is of the
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form A\(d) for some partition A Fn < d.
Recall that the partitions on d are in one-to-one correspondence with the irreducible

representations of S;. Denote the corresponding irreducible representation by V)\(d)-

To consider the case m > 1 recall that the irreducible representations of a product
of finite groups G x H are given exactly by the pairs V X W where V' and W are
irreducible representations of G and H respectively. The symbol X is the usual tensor
product on the underlying vector spaces V and W and the action of G x H on this

product is defined by (g,h).(v ® w) = g(v) ® h(w).

Corollary 2.6.3. The irreducible representations of Sp = S, (1) X ... X S (m) are

precisely external tensor products of the form

Vj\(ﬁ) = V)\(l)(nl) X...X V)\(m)(

Nm)

where |)\(i)| + /\gi) < nl?) for every 1 < 1 < m. Furthermore the character of such a

product is given by the product of the individual characters.
Following this observation we define a X operation on FI-modules.

Definition 2.6.4 (External tensor product). Let (MM ... M) be an m-tuple

of FI-modules. We define their external tensor product to be the FI"™-module
M=MYR. . &M™ (2.6.2)

by composing the functor (M(l), ce M(m)) : FI"" — (R — Mod)"™ with the m-fold

tensor product functor on R-modules.

We then see that if 72 is any object, then the Sp-representation My is precisely the

external tensor product M (%) X...xKM (m) Consequently, the character of M is the

product of the FI-characters of the factors.
48



Remark 2.6.5. Tt is also important to note that the external tensor operation commutes

with the Ind functors in the following sense:
Indp(VV R ®V) = nd (VD)K. KInd (V™) (2.6.3)

This can be verified e.g. by considering the definition of Ind in Definition 2.3.1, and

using the associativity and commutativity of the tensor product.

Theorem 2.6.6 (Relating FI"’-modules to FI-modules). The following relation-

ships hold between the representation theory of FI'™ and that of FI1.

1. Every free FI™ module of degree < n is the direct sum of external tensor products

of free FI-modules, where the i-th component is of degree < n(®).

2. Every FI"-character polynomial of degree < n decomposes as a sum of products

of FI-character polynomials, where the i-th factor has degree < (),

Remark 2.6.7. In most related work on the representation theory of the category FI,
free modules are called projective or FI#-modules. See [CEF1] for the relevant defi-

nitions and a proof that these concepts are equivalent.

Proof. We start with the first assertion. Let A\ = ()\(1), cee )\(m)) be an m-tuple of
partitions and 7 some m-tuple of natural numbers satisfying n(?) > |>\(i)| + )\gi) for all
1 =1,...,m. We apply the fact that Ind commutes with external tensor products to

the irreducible Sp-representation

Vi) = Vam oy B - BV gn) gy (m)y -

This gives a presentation

Indﬁ(Vj\ (ﬁ)) = Indn(l) (V)\(l) (n(l))) X...X Indn(m) (V/\(m) (n(m)))
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which proves the first assertion of the theorem for Indz (V') when V' is irreducible.
For a general Sp-representation V', decompose V' into irreducible subrepresentations
V =Vi®...®V,. Since Ind commutes with direct sums, the induction module Indgz (V)
is a direct sum of external tensor products of induction FI-modules.
Lastly, the assertion applies to all free FI"*-modules, since they are directs sum of

induction modules of the form previously considered.

As for the second assertion, a character polynomials of degree < 7 is a k-linear
combination of the characters of free FI"-modules of degree < n. By the first state-
ment such a free module is the sum of external tensor products of free FI-modules
with the appropriate bounds on their degrees. But the character of an external tensor
product is the product of the individual characters, which in the case of products of
free FI-modules are by definition FI-character polynomials. Thus every FI"'-character
polynomial is indeed a k-linear combination of products of FI-character polynomials

with the appropriate bound on degree. O

Theorem 2.6.6 allows us to give an explicit description of the character polynomials

of FI" is terms of cycle counting functions.

Definition 2.6.8 (Cycle counting functions). For every natural number k, let

Xi o [, Sn — N be the simultaneous class function on the symmetric groups
Xi(0) = # of k-cycles appearing in o.
On the products S, 1) X ... X S () we define a similar function X]Sf) by
Xlii)(a(l), o ,a(m)) = # of k-cycles appearing in o).

The study of polynomials in the class functions X} dates back to Frobenius, and
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they are what is classically known as character polynomials. The following proposition

shows that our definition of character polynomials generalizes this classical idea.

Theorem 2.6.9 (Character polynomials of FI"). The filtered C-algebra of char-

acter polynomials of FI'™ coincides with the polynomial ring

where we define deg(X,gi)) =(0,...,k,...,0)= ke(t),

Proof. We first prove this when m = 1. For the inclusion R C Chargpy we show that
for every k the function X}, is indeed a character polynomial. Recall that in Example

2.2.7 we showed that for every cycle type u = (u1,..., 1) the associated character

G- (40 (5) s

Thus by taking py, =1 and p; = 0 for all j # k we get a character polynomial

();’) (0) = (Xk1(‘7>> ~ X,(0). (2.6.5)

polynomial satisfies

For the reverse inclusion, one can construct the right-hand side of

)G

in the algebra generated by X7, Xo, ..., thus realizing every generator (if) of Chargy.
This concludes the proof in the case m = 1.

For m > 1, Theorem 2.6.6 states that every FI"'-character polynomial is a linear
combination of external products of FI-character polynomials. We saw that the latter

class of functions is precisely the ring of polynomials in X1, Xo,.... The function X ]Sf)
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is the external product of X, in the i-th coordinate with 1’s in all other coordinates, and
(i)

thus polynomials in X7 clearly generate all linear combinations of external products

of X1, Xo,.... This proves the claim. [

Our general theory of stabilization for inner products thus applies to expressions

(4)

involving the functions X, .

Corollary 2.6.10 (Stabilization of inner products). The Sp-inner product of
two polynomials P,(Q) € (C[Xlgi) k€ N, 1 < i < m| does not depend on n for all
n > deg(P) + deg(Q), where the degree of X]gi) is ke and addition of degrees is

defined coordinatewise.

In the case C = FI this result is proved in [CEF2, Theorem 3.9] via a direct
calculation of the Sp-inner products. The C = Flz y7-analog is proved in [Wil].
When G is any other finite group, a non-effective analog of Corollary 2.6.10 for C =

FI is implicit in [SS3, Theorem 3.2.2].

We turn to discussing representation stability for FI". First consider the case
m = 1: the irreducible representations of symmetric groups of different orders are

naturally related in the following sense.

Fact 2.6.11 (The modules V) ). For every partition A - [X|, there exists an FI-
submodule of Ind|>\|(V)\), which we will denote by V(o) whose value at every d >
|A| + A1 is isomorphic to the irreducible Sg-representation V)\(d)- Moreover, for every
partition A there exists a character polynomial Py of degree |\| such that the character
of V(e) coincides with Py on Sq for all d > [A| + Ay.

See [CEF1] for the existence of Vy(4) and [Ma, Ezample 1.7.14] for Py.

This fact extends to all m > 1 via the external tensor product.
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Corollary 2.6.12 (The modules V;\(.)). For every m-tuple A = (A1), .. A(m)) of
partitions there exists an FI"'-submodule of Indm(V;\), which we will denote by V;\(‘),

whose value at n is the Sg-irreducible representation

Vi) = Vaw oy B BV, 0m)

for all > |\ + Ai. Here |\ is the m-tuple (AV], ... |A)]), the expression Ay is
(/\gl), cee A(lm)) and + coincides with coordinatewise addition.

Moreover, the character of V;\(.) is the following character polynomial of degree | )|
Pyi=Pyay ... Py

These sequences of irreducible representations allow us to formulate the notion of

representation stability for free FI"-modules.

Theorem 2.6.13 (Representation stability for FI'"). Suppose Fe is a free FI"-
module that is finitely-generated in degree < n. Then there exist m-tuples of partitions
M. A, satisfying |5\j| <@ foralj=1,...k, such that for all d > 2 x i =

(Qn(l), e ,Qn(m)) the Sg-module Fy decomposes into irreducibles as
Fd— o (Vj\l(d))rl D...P (Vj\k(j))rk

and the multiplicities r1, ..., do not depend on d.

Note 2.6.14. The original definition of Representation Stability given in [CF] includes
additional injectivity and surjectivity conditions on top of the stabilization of irre-
ducible decompositions. We will not discuss these aspects of the definition, although
the reader familiar with them will readily notice that they are immediately satisfied

by all free C-modules.
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Proof of Theorem 2.6.13. The case m = 1 asserts the representation stability of free
finitely-generated FI-modules. This follows directly from the Branching rule for in-
ducing representations of the symmetric group (see [FH]), and is proved in [CEF1I,
Theorem 1.13].

For m > 1 the statement follows from Theorem 2.6.6 using the corresponding
statement in the case m = 1. Since every free FI"*-module M, is a sum of the external
tensor products of free FI-modules, and each of those decomposes as a stabilizing

direct sum of irreducibles, the same is true for M,. n

At the level of character polynomials Theorem 2.6.13 translates to the following

orthonormality statement.

Corollary 2.6.15 (Spectral orthonormal basis for character polynomials).

The character polynomials

{P5 =Py, ~...~PAm}mSﬁ

form an orthonormal basis for all FI"-character polynomials of degree < n with respect

to the inner product

(P, Q) (P, Q)e = (P, Q)deg(P)+deg(Q)- (2.6.7)

= lim
®—>00
2.7 Stable statistics for finite general linear groups

Let us now apply the combinatorics of character polynomials to study stable statistics
of the groups themselves. As an example, we consider the general linear groups over
finite fields as analogs of permutation groups.

Picking permutations at random, the expected number of d-cycles is known to be

o4



1/d and is, in particular, independent of the size of the permuted set. In this section
we discuss similar size-independent statistics of finite general linear groups: ones that
depend only on ‘small minors’. The proof technique uses a twisted version of Burn-
side’s Lemma, motivated by the combinatorics of character polynomials, and applies
simultaneously to symmetric groups, finite linear groups and many other settings.

Statistics of finite matrix groups is a rich field with many successful techniques
and applications to number theory, combinatorics and computer science (see e.g. [Fu]
and the references therein). A typical question that one asks in this field is “what is
the probability that the characteristic polynomial a randomly chosen matrix have a
certain form?” and a typical answer is asymptotic in nature. The kind of question that
this section considers is different: while the characteristic polynomial depends on the
entire matrix, we will focus on more local properties — ones that depend only on small
minors — and our answers will be exact.

The question of expected number of d-cycles in a random permutation o could
be rephrased as follows: it is the number of g-invariant subsets of size d, to which o
restricts to a d-cycle. This count is exactly the evaluation (é(d ) (o) of the FI character
polynomial corresponding to the conjugacy class of the d-cycle Cy C S;. A natural
generalization to the setting of finite linear groups is given as follows. Fix a finite field

Theorem 2.7.1 (Stable statistics for Gl,). Fiz a conjugacy class C C Gly(TF).
Then for a random T € Gl (F), the expected number of d-dimensional subspaces W <
F™ for which T(W) =W and Ty € C is independent of n once n > d. In particular,
calculating the case n = d gives that this expectation is precisely %.

More generally, all joint higher moments of these random variables are eventu-

ally independent of n. FExplicitly, number of subspaces W < F" from the previous

paragraph is precisely the evaluation of the character polynomial (g) (T"). Thinking of
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these polynomials as random variables on Gl,(Fq) and considering conjugacy classes

C; C Glg,(Fq), the expectation E [(g,l) S (éi)} is the same for allm > di+...+d,.

In particular, taking C' = {1} C Gl (F) gives a count of the number of fixed vectors
# 0 of a random T € Gl,. As the expected number of such is independent of n, it
can be computed with n = 1: picking A € F* randomly, there are ¢ — 1 non-zero fixed

points if A = 1 and 0 otherwise.

Corollary 2.7.2. The expected number of non-zero fized vectors of a random T €
Gl (F) equals 1. The same is true when replacing “fized vectors” by “eigenvectors

with eigenvalue A € F*7,

The proof of Theorem 2.7.1 is a special case of the general theory of charter polyno-
mials and thus revolves around basic category theory. Namely, studying the category
of finite-dimensional F-vector spaces, of which Gl (F) are the automorphism groups.
The point here is that the approach has nothing to do with linear algebra, and could
be used to prove analogous results in vastly different contexts. For example, the same

technique gives the analogous:

Fact 2.7.3 ([CEF1, Proposition 3.9]). Fiz a conjugacy class C C Sy. Then for a
random T € Sy, the expected number of subsets W C [n] of cardinality d such that
(W) = W and 7|y € C does not depend on n once n > d. In particular, this

€]

expected number is ‘.

In [CEF1] this fact is proved combinatorially — counting the number of permutations
of various kinds. It is somewhat comforting that a single argument produces the same

result in the general linear setting as well as in the combinatorial one.

Proof of Theorem 2.7.1. Let VI be the category of finite-dimensional F-Vector spaces

and Injective linear transformations. The set of morphisms F% < F” will be denoted
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by VI(IFd,IFn). Since a linear injection F" < F" is an isomorphism, the endomor-
phisms Endy 7 (F") are precisely the group Gl,(F). It is easy to verify that VI is a
category of FI type and thus the theory of character polynomials applies.

Applying Corollary 2.4.6 to the character polynomial (g), it follows that the ex-
pected number of Gl;(IF)-orbits of f : Fe < F", on which 7o f = f o B with B € C,
does not depend on n. But an injection f : Fe < F" determines a d-dimension sub-
space W := Im(f) < F", and two injections f and f’ determine the same W if and
only if they differ by some precomposition f' = f o B for B € Gly(F). Therefore
the orbits VI(FY F")/ Gly(F) are in natural bijection with the set of d-dimensional
subspaces W < F". This completes the proof of the first statement.

For joint higher moments of these random variables, it is shown in Corollary 2.3.9
that if (é(l ) and (C‘{(2 ) are two such random variables corresponding to conjugacy classes
C; C Gly,(F), then their product (é(’l ) - (X2 ) is a linear combination of (é{,) with
C" € Gly(F) for d’ < dy + do. By induction, the general statement now follows from

the previous special case. O

The same approach applies in the following generality: let C be a locally-finite
category (i.e. hom-sets all are finite). For every two objects ¢ and d denote the
monomorphisms from ¢ to d by Mon(¢, d) and the automorphism group of d by Aut(d).

A c-shaped subobject of d is an orbit in Mon(c, d)/ Aut(c).

Theorem 2.7.4 (Size independent statistics). Suppose that for every two objects
¢ and d the composition action Aut(d) ~ Mon(c,d) is transitive. Fix a conjugacy class
C C Aut(c). Then choosing g € Aut(d) randomly, the expected number of c-shaped
subobjects [f] of d which are fixred by g and go f = foh with h € C is precisely

|C|/ Aut(c). In particular this expected number does not depend on d.
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CHAPTER 3
DIAGRAMS OF LINEAR SUBSPACE ARRANGEMENTS

Church-Ellenberg-Farb [CEF2] used the language of FI-CHA to identify certain se-
quences of hyperplane arrangements with Sy-actions that satisfy cohomological repre-
sentation stability. Here we vastly extend their results, and define when a collection

of arrangements is “finitely generated”. Using this notion we get stability results to:
e General linear subspace arrangements, not necessarily of hyperplanes.
e A wide class of group actions, replacing FI by a general category C.

We show that the cohomology of such collections of arrangements satisfies a strong
form of representation stability, with many concrete applications. For example, this
implies that their Betti numbers are always given by certain generalized polynomials.

For this purpose we use the theory of representation stability for quite general
classes of groups, developed in a §2. We apply this theory to get classical cohomolog-
ical stability of quotients of linear subspace arrangements with coefficients in certain

constructible sheaves.

3.1 Introduction

A linear subspace arrangement is a finite collection A of linear subspaces in C", all

containing the origin and possibly of different dimensions. A determines:
Algebro-geometric data: An algebraic variety, the complement M4 = C" — UA.

Combinatorial data: A partially ordered set P4 of the intersections of subspaces in

A, ordered by reverse inclusion.

Representations: An Aut(A)-representation H* (M 4).
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The interaction between these three viewpoints was studied by Arnol’d [Ar], and later
by Goresky-MacPherson [GM], Orlik-Solomon [OS], Lehrer-Solomon [LS], and many
others.

Many natural arrangements appear in families, along with actions of finite groups

G < Aut(A).

Example 3.1.1. The braid arrangement By = {z; = zj}1<i<j<pn in C", with actions

of Sy, < Aut(By,), the symmetric group on n letters.

0 (m)

Example 3.1.2. The arrangement C(, o == fva<j<m), 1<i;<n;

-anm>

inside C™ x ... x C"™, with Sy, x ... xSy, < Aut(C(

nl,...,nm))-

Example 3.1.3. The arrangement Dy, = {v; # g(vj) }1<i<j<n, geq in V", where G is

some finite group acting on a complex vector space V. Here G" x S, < Aut(Dy,).

In the special case of the first example B,,, Church, Ellenberg and Farb ([CF] and
[CEF1]) discovered patterns in the Sp-representations Hi(MBn; Q): their characters
can be expressed as a single “character polynomial” independent of n; and their ir-
reducible decompositions stabilize in a precise sense. They named this representation
stability. The theory of FI-modules, developed in [CEF1], gives a powerful viewpoint
that explains this phenomenon as the finite-generation of a single object.

[CEF2] developed the framework of FI-CHA for discussing families of hyperplane
arrangements similar to Bj,, which captures the sense in which the arrangements them-
selves are already “finitely-generated”. They then show that the cohomology of such
families always forms a finitely-generated FI-module, thus lifting finite-generation to
the level of spaces in that case. The approach in [CEF2] does not naturally generalize
to variations, e.g. to the arrangements in Examples 3.1.2 and 3.1.3 above. The pur-
pose of the present chapter is to extend these results to include many families of linear

subspace arrangements (Aj,) (including Examples 3.1.2 and 3.1.3).
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A major obstacle is that groups G, < Aut(Ay) can be quite general. The theory

of FI-modules applies only for G,, = Sj,; it also depends heavily on the specific naming

of irreducible representations of Sy, which is not available in a more general context.

An attempt to overcome this obstacle was proposed in §2, using the framework of

categories of FI type. It turns out that such categories also provide a robust framework

for analyzing families of subspace arrangements. Our goals in this work are therefore

three-fold:

ey

(IT)

(I11)

We identify when a collection of linear subspace arrangements fits together to
form a “natural family”. If (A.) is a family of arrangements indexed by some cat-
egory C, this approach packages the family into a single object: a C-arrangement,
defined in §3.2. Representation stability then reduces to combinatorial properties

of this one object, namely finite-generation and downward stability (see §3.3.1).

We extend the stability results of [CEF2] to linear subspace arrangements gen-

erated by arbitrary linear subspaces, not necessarily hyperplanes.

We complete the project of lifting the “finite-generation” property, which char-
acterizes representation stability of FI-modules, to the level of the arrangements

themselves.

This aspect of the project began with a question from Benson Farb who, upon
learning that the sequence of complements M™ —U;_;{m; = m;} for a manifold
M exhibits representation stability when hit with both the cohomology functors
H’ and with the homotopy group functors 7TZ'1, asked whether the spaces them-
selves are finitely-generated in some sense, and the observed finiteness results are
a mere shadow of this fact. Here we offer an answer to this question in the case

of linear subspace arrangements.

1. See e.g. Church [Ch] for H' and Kupers-Miller [KM] for ;.
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3.1.1 Statement of the results

Let C be a small category. We say that C is of FI type, roughly, if every morphism is a
monomorphism and C has pullbacks and push-outs (see Definition 2.1.6). Categories
of FI type include many natural categories that have recently been studied in the

context of representation stability. Among these:

1. The category FI itself, of finite sets and injective functions, with automorphism

groups Sy, for n € N (see [CEF1]).
2. Finite powers FI"", with automorphism groups Sp; X ... x Sp,, for n; € N.

3. The category VI of finite dimensional k-vector spaces and injective linear maps,

with automorphism groups Gl (k) for n € N (see Putman-Sam [PS]).

4. The class of categories FI; defined by Sam-Snowden [SS3] where G is some
group, with automorphism groups G" x Sy, (see [Wi2] and [Ca] for naturally

occurring families of arrangements with these symmetries).

A C-arrangement Ao is a functor from C into the category of linear subspace
arrangements (see §3.2 for our definition of this category). Many infinite families of
arrangements can be defined very succinctly and contain a finite amount of information,
as illustrated using the following notion. We say that a C-arrangement A, is finitely-
generated if there exist finitely many linear subspaces {L; € A}, for {c;}i"
objects of C, such that for every object d of C the arrangement A, is generated by
intersecting the images of {L;}!"; under all morphisms ¢; — d. Our three examples

above each fit into a C-arrangement generated by a single subspace:
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Example | Category | Arrangement Group Generating Subspace

3.1.1 - B, FI B, Sy (21 = 29) C C?
3.1.2-C, FI™ C(nl,...,nm) Snl X ... X Snm (2(1) =...= z(m)) ccm
3.1.3-De | Flg Dy G" % S, (v] = v9) C V2

Consider a cohomology functor? H. By applying H’ to the complement varieties

M 4, we get a family of abelian groups parameterized by C, i.e. a functor from C

d
into abelian groups (or more generally into R — Mod for some ring R, which in our
context will always be Q). We call such a functor a C-module. If Ve is a C-module
then at every object d of C the module V; has an action of the group Autg(d), and
these representations are related by the morphisms of C.

We say that a C-module V, is finitely-generated if there exists a finite collection
of elements {v; € V,}I"; not contained in any proper sub-C-module. Vs is free3 if
it is the sum of C-modules, each induced from some fixed Autc(d)-representation for
some object d (see Definition 2.3.1). It is the finitely-generated and free C-modules
that exhibit what we call representation stability, i.e. their constituent representations

stabilize in a precise sense. The theory of such objects is developed in §2 and applied

here.

Our main result states that the cohomology of a finitely-generated C-arrangement
is a finitely-generated, free C-module. The freeness assertion is the most surprising
and consequential part of this statement. We will give concrete applications of this
result below.

To avoid pathologies we assume that Ae respects the structure of C, as follows.

2. Since we will only be concerned with algebraic varieties, take H*(M) to mean ¢-adic cohomology
HZ,(M;; Q) with its Gal(k/k)-action. However, when the base field is C one can simply take H* to
mean singular cohomology with coefficients in @ or even Q with inconsequential differences.

3. Free FI-modules are precisely the FI#-modules presented in [CEF1].
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We say that A, is continuous if it respects pullbacks in C (see Definition 3.2.5)%. A,
is normal, roughly, if no subspace appears later than it could (see Definition 3.3.16).

Many natural examples of arrangements satisfy these hypotheses including the ones in

Examples 3.1.1, 3.1.2 and 3.1.3.

Theorem 3.1.4 (Representation stability of C-arrangements). Let C be a
category of FI type, and let Ae be a continuous, normal, and finitely-generated C-
arrangement. For all i > 0 the C-module of cohomology groups Hi(/\/lA). is finitely-

generated and free.

Theorem 3.1.4 will be proved in §3.3. We consider two sets of applications:

Application I (Representation stability). For simplicity of exposition we special-
ize the theory in this introduction to classes of arrangements indexed by m-tuples of
natural numbers, i.e. FI"-arrangements and their cohomology. In Example 3.6.5 we

consider an FI"-family of varieties as follows. Fix r, k € N, then for every m-tuple

(n1,...,ny) we have the variety /\/lv(glk""’nm) (C™) whose points are ordered tuples

(e, ™ e ey ok x @y

where there does not exist any vector v € C" that appears k times within the list

(v%j ), . ,UT(L‘?) for all 1 < j < m. These varieties are the complements of an FI"-
m,k

arrangement ‘A(m N
s

)(CT), generalizing C(,,, y from Example 3.1.2 above.

W

Remark 3.1.5 (Connection with configuration spaces). More geometrically, the

(N1yeeyim)

N parameterize m-tuples of ordered configurations in C", where we
)

varieties M
allow points to collide, subject to the restriction that the configurations cannot all
have k£ points in common including multiplicity. We will discuss special cases of these

below.

4. Note that this definition is weaker than the standard definition of continuity of functors.
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In §2 we show that for each category C of FI type we get an algebra of character
polynomials. These are class functions, simultaneously defined on all groups Autc(c),
that uniformly describe the characters of finitely-generated free C-modules. In the
case C = FI" a character polynomial is any polynomial in the class functions X ]E;j ) for
1 <j<mandk >0, defined simultaneously on all m-fold products Sp; x ... x Sp,,
by

X]gj)(al, ..., 0m) = # of k-cycles in 0. (3.1.1)

Theorem 3.1.6 (Representation stability of M? ;). For every triple of natural

numbers (m, k,r), and for each i > 0, the cohomology
H'(M7, +(C"))

forms a finitely-generated, free FI"-module of multi-degree L%J k(1,...,1).

In particular, there exists a single F1"-character polynomial
PeQx | 1<j<md>0

of multi-degree L%Jk(l, ..., 1) such that for every (ny,...,nm,) € N there is an equal-
ity of class functions

o (3.1.2)

The multi-degree of Xc(lj) 15 defined to be d-el) (zero except for a d appearing in the

Jj-th entry).

Example 3.1.7. When m = 2 and k = r = 1 the varieties ./\/lgnll’nz)(@) are covers of

the space of rational maps Ratl(C) studied by Segal (see Example 3.6.12 below). In

2)

this case, the character polynomials P; and Py are x =X fl) - X f of

Hl (Mg,lll n9) (C))
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multi-degree (1, 1) and

(2) (1)
(XY _ @ @ ((X17) _ ¢
X (MG ey ~ M <( 2 ) 2 )+X1 <( 2 ) 2 )

(1) (2)
+2 (Xé )(Xé ) —ox{Mx{

of multi-degree (2,2), both independent from (n1,n9).
Other special cases to which Theorem 3.1.6 applies include:

1. The braid arrangements, i.e. the classifying spaces of Artin’s braid groups, dis-

cussed in Example 3.6.9 below.
2. Spaces of configurations in C", discussed in Example 3.6.10 below.

3. The k-equals arrangements, related to incomputability problems and classifying

homotopy links, discussed in Example 3.6.11 below.

4. Covers of the spaces of based holomorphic maps P} —s P™ | discussed in Exam-

ple 3.6.12 below.

Theorem 3.1.6 shows that all of these examples exhibit representation stability with
explicit stable ranges. Moreover, we get information regarding the Betti numbers of

all these varieties. Applying Theorem 3.1.6 to o = id gives the following.
Corollary 3.1.8 (Polynomial Betti numbers for M? ;). For every i > 0 there

exists a polynomial p; € Q[t1, ..., tm] of multi-degree L%Jk;(l, ..., 1) such that

dimg H/(M ") (7)) = pi(ni, ..., nm)

m,k

for all (ny,...,nym) € N,

65



Application II (Classical cohomological stability). The quotient spaces X 4, :=

M 4,/ Autc(d) come up in multiple contexts:

1. For By, from Example 3.1.1, Xp is the space Poly,,(C) of degree-n square-free

polynomials, studied by Arnol’d [Ar].

2. For C,,, . ») from Example 3.1.2, X¢ is the space Hol? (P!, P™) of based

(ny...,n)
degree-n holomorphic maps, studied by Segal [Se].

3. For Mg:”];"n)((j) discussed above, the quotient Xv%,k is the space Polyfn’k((@)
of m-tuples of polynomials with restrictions on root coincidences, introduced by

Farb-Wolfson [FW]. These generalize the two previous examples.

The cohomology of a quotient of some variety M by a finite group G is given by transfer
H'(M/G) = H'(M)C. (3.1.3)

Thus Theorem 3.1.4 applied to the trivial subrepresentation gives a classical cohomo-

logical stability statement.

Theorem 3.1.9 (Cohomological stability for arrangement quotients). Suppose
that C and Ae satisfy the hypotheses of Theorem 3.1.4 and that | Autc(d)| < oo for
every object d. Then the cohomology groups Hi(XAd) stabilize in the following sense:

if any morphisms ¢ — d exist in C then there is a canonical injection
H' (X 4,) = H' (X 4,)

and these maps become isomorphisms when c is sufficiently large relative to i (an

explicit stable range is given in §3.5).
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In some special cases, Theorem 3.1.9 was previously proved for integral cohomology
using clever but ad-hoc techniques, see e.g. [Se|. Applying the theorem to Mg’,’;’n)
we get a new proof of the cohomological stability proved in [FW] for the rational
cohomology of Polygl, +(C).

Theorem 3.1.9 considers only the trivial subrepresentation of H*(M 4 )+ This is
a very special case of the following more general version that considers the entire

representation. Every C-module No induces a natural constructible sheaf Nd on the

quotient X 4, whose stalk above the orbit [z] satisfies

(Ng)jy) = Ny

where Stab(z) is the Autc(d)-stabilizer of x € M 4, (see §3.5 for the construction).

Theorem 3.1.10 (Twisted stability for arrangement quotients). Suppose that
C and Ae satisfy the hypotheses of Theorem 3.1.9. Let No be a finitely-generated, free
C-module. Then the sheaf cohomology groups Hi(XAd;Nd) stabilize in the sense of
Theorem 3.1.9.

In the context of (-adic cohomology one needs No to take values in continuous

Qy-modules.

By considering the trivial C-module Ng = Q) we recover Theorem 3.1.9. The proof
of Theorem 3.1.10 will be presented in §3.5.

Lastly, through the Grothendieck-Lefschetz fixed-point theorem, the twisted stabil-
ity result in Theorem 3.1.10 has implications for arithmetic statistics of varieties over

finite fields. This direction will be developed further in §4.
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3.2 Preliminaries

This section will introduce the necessary terminology and categories in which we will
be working. We start with the fundamental object of interest, namely linear subspace

arrangements.

Definition 3.2.1 (Linear arrangements). The category of linear subspace arrange-
ments over a field k, denoted by Arry., consists of pairs A = (V,L) where V is a
finite dimensional vector space over k and L is a finite set of linear subspaces of V,
all containing the origin®, such that L is closed under intersections. A morphism
(V1, L) i> (Va, Lo) is a surjective linear map V (f) : Vo — Vi such that for every

subspace W € L1 the preimage V(f)_l(W) belongs to L.

We remark that traditionally, and particularly in the context of hyperplane ar-
rangements, a distinction is made between an arrangement of distinguished subspaces
and the collection of all intersections generated by the arrangement. In the above def-
inition we chose to identify the two concepts, as we are already dealing with subspaces
of arbitrary codimension and since this makes the definition of morphisms cleaner.

As the definition suggests, there are two natural functors from the category of

arrangements:

Definition 3.2.2 (Underlying vector space). The underlying vector spaces func-
tor V . Arrzp — Vecty, is defined by sending an arrangement (V, L) to the vector
space V. Morphisms of arrangements are defined as being (contravariant) linear maps

between the vector spaces, and these define the action of V' on morphisms: f — V(f).

and secondly,

5. This is often called a central arrangement. All arrangements here are assumed to be central.
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Definition 3.2.3 (Intersection poset). The intersection poset functor
L: Arr; — Pos

is defined by sending an arrangement (V, L) to the ranked poset (L,cd) ordered by re-
verse inclusion of subspaces, where cd is the codimension function: cd(W) = dim(V')—
dimy, (W) (see 3.3.1 later for the definition of the category Pos of ranked posets). A
morphism (V1, L1) i) (Va, Lo) defines a set function Lq LLQ Lo by W — V(f)~Y(W),

which preserves inclusions and respects intersection.
An arrangement naturally gives rise to an algebraic variety:

Definition 3.2.4 (The complement of an arrangement). The complement func-
tor M : Arrzp — Var}. from arrangements to the category of algebraic varieties over
k (or when k = C, to complex manifolds) is the contravariant functor that sends
an arrangement (V, L) to the k-variety V. — UL. The morphism of arrangements

\%4
(V1, Ly) i> (Va, Lo) induces a map Vo — ULy ﬁg Vi — ULy by restriction.

Note that the preimage of ULq is contained inside UL9, and thus the restriction is
well-defined.

We are concerned with families of arrangements, and their complements, indexed
by some category C. Formally this is given by a diagram of arrangements, i.e. a
functor. Throughout this chapter we denote a covariant (resp. contravariant) functor

F: X — Y by Fe (resp. F*).

Definition 3.2.5 (C-arrangements). Let C be a category. A C-arrangement (over
k) is a functor A: C — Arrj. We denote the compositions Vo A, Lo A and Mo A
by V3, L& and M respectively. Note that the associations c — Ac — V(Ac), M(Ac)

are contravariant and are therefore denoted with an upper index, i.e. A, = (Vj, Lf)
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If A is a C-arrangement, we say that the underlying diagram of vector spaces V4
is continuous if it takes pullback diagrams in C to push-out diagrams in Vecty. When

this is the case, we also say that Ae itself is continuous.

We will often omit the superscript and subscript of A from LA and V4 when there
is no ambiguity as to which arrangement is involved.

By applying a cohomology functor H’ to the CP-variety M A we get a represen-
tation of C, also called a C-module, and these modules are the subject of Theorem

3.1.4. These objects are defined and studied in §2.

3.3 Steps towards representation stability

We now set out to prove Theorem 3.1.4. As discovered by Goresky-MacPherson,
the cohomology of an arrangement complement is determined by the combinatorial
data encoded in its partially ordered set of subspaces. We therefore start the proof by
setting up the terminology involving these objects and the notion of their combinatorial

stability.

3.3.1 Step 1 - Ranked posets and combinatorial stability

Definition 3.3.1 (Ranked posets). The category of finite ranked posets, denoted by
Pos, is described as follows. The objects are pairs (P,r) where P is a finite partially
ordered set and r is a function v : P — Z, called the rank function, that is strictly
increasing. A morphism (Py,71) i> (Po,r9) is a set function f : Pi — P» that
preserves both ordering and rank, i.e. x <1y = f(x) <9 f(y) and r1(x) = ro(f(z))

for all x,y € Py.

Note that one traditionally requires a rank function to satisfy r(x) = r(y) + 1

whenever x covers y, and functions as in the definition above are called a generalized
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rank function. In our context it will be most convenient to adopt the generalized

notion, as the rank will often be determined by codimension.

Recall that the homology of a poset P is defined to be the homology of its nerve,
i.e. the simplicial set A(P) whose n-simplices are order-chains zg < z1 < ... < xj, in
P. Note that both the nerve P +— A(P) and the poset homology are functors. The
following concept explicitly appears in Goresky-MacPherson’s formula for the coho-
mology of the complement of a linear subspace arrangement — see [Bj] for a discussion

on the motivation for this definition.

Definition 3.3.2 (Ranked Whitney homology). The ranked Whitney homology

functors of a ranked poset (P,r) are defined by

WHp(P,r) = P Hy_o(P":2) (3.3.1)
xepPn
where H stands for reduced integral homology, n is an integer, P™ is the subposet of
elements with rank n, and P<%* = {y € P | y < x} with its induced ordering.
A morphism (Py,19) L (Py,19) sends every subposet P1<x to P;f(x) and thus
induces homomorphisms ﬁnfg(Pfx) A ﬁan(P;f(x)). The direct sum of these

homomorphisms is the induced homomorphism W Hy,(Py,11) ﬁ) WHy(Py,19).

Note that this definition is different from that of standard Whitney homology
(appearing in e.g. [Bj]): for one, we are not assuming that our posets contain minimal
and maximal elements, which are then to be removed from homology calculations.
But more importantly, the direct sum of Equation 3.3.1 includes only terms of a given
r-rank.

We now consider families of posets. Let C be some indexing category.

Definition 3.3.3. A C-poset is a functor Ps : C — Pos.
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Combinatorial stability of such families of posets is defined by the following two

properties.

Definition 3.3.4 (Finite generation). We say that a C-poset Pe is finitely-generated
if for every rank n € 7 there exist finitely many elements {x; € Pg}le whose orbits

under C contain P} for every object d.

Note 3.3.5. If we change the rank function by composing it with an injective order

preserving function Z — 7Z, the notion of being finitely-generated remains unchanged.

Definition 3.3.6 (Downward stability). We say that a C-poset P is downward
stable if for every morphism c L d in C and an element x € P, the induced poset

map P~ i) Pd<f(x) s an isomorphism.
We can now phrase our notion of stability for C-posets.

Definition 3.3.7 (Combinatorial stability). The C-poset is said to exhibit combi-

natorial stability if it is both finitely-generated and downward stable.

As the following theorem shows, combinatorial stability at the level of C-posets
implies more familiar stability phenomena that occur in the context of representation
stability: recall that an FI-module is representation stable in the sense of [CF] if and

only if it is finitely-generated (see [CEF1]).

Theorem 3.3.8 (Finitely-generated C-poset homology). If a C-poset (P,r)e is
combinatorially stable, then its Whitney homology W Hy(P,1)e is a finitely-generated
C-module for all n.

Proof. Let n be a natural number. Since P, is finitely-generated we can find a finite
list of elements x; € P(Z for e =1,...,] whose C-orbits contain all rank n elements of
P,. Each of the Whitney homology groups W Hy,(F;,7¢;) is finitely-generated, so it

will suffice to show that their C-orbits span all other Whitney homology groups.
72



Let d be any object of C and y € P}. Suffice it to show that ﬁn_g(P;y) is
contained in the C-orbits of the above groups. By our choice of z1, ..., z;, there exists
some 1 < ¢ < [ and a morphism ¢; i> d such that fi(z;) = y. By the downward

stability assumption, the induced map

peo Ly ps

is an isomorphism, and therefore the induced homomorphism on homology is also an

isomorphism. In particular it is surjective. [

3.3.2 Step 2 - The cohomology of an arrangement complement

Goresky-MacPherson used Stratified Morse Theory to give a formula for the cohomol-
ogy groups of real and complex linear subspace arrangement complements in terms of
the associated intersection poset (see [GM]). Later, Bjorner-Ekedahl compute the ¢-
adic cohomology of the complement of a linear subspace arrangement defined over some
arbitrary field k (see [BE]). Their formula coincides with the Goresky-MacPherson re-

sult for the case k = C. The cohomology groups are given as follows.

Theorem 3.3.9 ([BE], Theorem 4.9). Let A= (V. L) be a subspace arrangement and
M 4 its complement. If £ # char(k) is a prime number then the ¢-adic cohomology of

M 4 is given by

ﬁét(-A/lA//};Qg) P Hyca)—i2(AL™) @ Q(—cd(x))  (3.3.2)

relA
= P WHapy_i(L,2cd —i) @ Qy(—n) (3.3.3)
n>0
where cd(z) is the codimension of the subspace x in V, and L<% is the subposet of

spaces in L that contain x. The term Qp(n) is the n-fold tensor power of the (-adic
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cyclotomic character (see [Huj).

Notation 3.3.10. In everything that follows we will abbreviate the functor ﬁ;t(- Ik Qy)

to HZ() — note that these always represent reduced cohomology groups!

The key feature of Isomorphism (3.3.2) is that it is natural, i.e. we can read
off pullback maps between cohomology groups from the poset maps and the induced
homomorphisms on Whitney homology. This can be seen e.g. by applying Poincaré
duality to the spectral sequence described by Petersen in [Pe].

Implicit in Equation (3.3.3) is that the direct sum of Whitney homologies is finite.
This observation is essential to establishing finite generation of C-modules that occur

as cohomology of complements of C-arrangements. Indeed,

Lemma 3.3.11. The direct sum decomposition for H' (M) given in (3.3.2) and
(3.3.3) includes contributions only from subspaces x € L of codimension % < cd(z) <.
Equivalently, the only Whitney homology groups that contribute to the direct sum are

the ones whose index n satisfies % <n<q.

Proof. By Deligne’s bounds [Del] the weights that occur in Hét(X :Qy) are bounded
between ¢ and 2i. The lemma now follows from the fact that the weight of the n-th
summand of (3.3.2) is 2n.

Alternatively, we can see this directly by elementary means, which enjoy the benefit
of applying to real arrangements with successive (real) codimensions > 2. For the lower
bound notice that if € L has codimension smaller than %, then the direct summand

corresponding to z in (3.3.2) is

Hy c(r)—i—2(A(L)) @ Qu(— cd())

where 2 cd(z) —i —2 < —2. Since reduced homology groups are zero below degree —1,
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this summand is zero9.

For the upper bound the claim will follow if we show that A(L<%) has non-

degenerate (2cd(z) — i — 2)-simplices only when cd(x) < i. Suppose

rog <] <...<xp(<1)

is a non-degenerate simplex in A(L<%). Then the strict monotonicity of codimension
gives

1 <cd(zg) < cd(zy) < ... <cd(zy) < cd(x)

and since these are all integers, n+ 1 < cd(x). Thus the existence of a non-degenerate
(2cd(x) — @ — 2)-simplex implies that (2cd(x) —i —2) + 1 < cd(x), or equivalently
cd(z) < i+ 1. O

Corollary 3.3.12 (Combinatorially stable posets imply controlled cohomol-
ogy). Let A: C — Arry, be a C-arrangement. If the intersection poset L;4 s com-
binatorially stable (i.e. finitely-generated and downward stable), then for each i > 0

the C-module Hi(/\/lA). 18 finitely-generated.

Proof. We have seen in Theorem 3.3.8 that a combinatorially stable C-poset gives rise
to finitely-generated Whitney homology groups (in every degree). Since H'(M A) is
naturally isomorphic to a finite direct sum of such homology groups, the resulting

cohomology C-module is finitely-generated. O

6. Note that there could be a contribution in degree —1 since, by convention, ﬁ_l(g; Z) =Z. This

term occurs precisely when z is minimal in L, or equivalently not contained in any other subspace in
L.
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3.3.3 Step 3 - Criterion for stability

This subsection discusses properties of C-arrangements which, together with some
structural assumptions on the category C, will ensure that the associated intersection
poset will be combinatorially stable. First we define a notion of finite-generation for C-
arrangements. It is this property of an arrangement that ensures the finite-generation
of the associated intersection poset. Downward stability poses more of a challenge,

and it will lead us to the notion of a normal C-arrangement.

Definition 3.3.13 (Finitely-Generated C-arrangements). A C-arrangement A
is said to be generated by the set of subspaces {zo C VC} 4 if for every object d of
C and every subspace y € Lzl‘l there exists a finite list of morphisms cq, i) d where

1 < ¢ <1 such that

y=L(f1)xa; N...NL(f))zq. (3.3.4)

Equivalently, if Ae is the least C-arrangement that contains all of the subspaces {xq}aca
among its chosen subspaces.

When this is the case, we say that Ae is generated in degrees {co}oca. The
C-arrangement Ao is finitely-generated if it is generated by some finite set of sub-

spaces.

Example 3.3.14. The braid FI-arrangement over k is generated in degree 2 by a

single subspace: {21 = 2} C k2. See example 3.6.9 for an elaboration.
The following notation will prove useful.

Definition 3.3.15. Let C be a category. If ¢ and d are two objects, we say that ¢ < d

if Homg(c, d) # @. Moreover, we say that ¢ < d if ¢ < d and d £ c.

Downward stability turns out to be related to a notion of saturation of a C-

arrangement. We make this connection precise using the following definition.
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Definition 3.3.16 (Normality and primitive subspaces). Let Aq = (V*, Lo) be

a C-arrangement.

o A, is normal if for every morphism c L d, every subspace x € LdA that contains
ker V(f) is in the image of L(f) : Lgl — LZl4' Equivalently, when the direct

image V(f)x C V€ is a member of Lf.

o A subspace x € ngl 1s primitive if it does not contain the kernel of any linear
map induced by a morphism ¢ — d where ¢ < d. We define the degree of x to

be the object d and denote deg(z) = d.

Normality and primaitivity are well-behaved since we are assuming that all the subspaces

in LA contain the origin.

Example 3.3.17. To illustrate the meaning of (non)normality, consider the follow-
ing example. Let C = {0 L> 1} be a category of two objects with a single mor-
phism between them. Define a diagram of vector spaces by VY = V1 = C with

V(f) =1d: V! — V9 and construct a C-arrangement Ae = (V'®, Le) by choosing
Lo=9, L1 = {0}

The arrangement thus constructed is not normal, as 0 € L1 is not in the image of L(f)
even though it could be there (and perhaps “morally should” be there). Had we chosen
Ly = L1 we would have defined a normal arrangement, since then every element of

that could lie in the image of L(f) indeed appears there.
As previously declared, normality guarantees downward stability.

Lemma 3.3.18. The intersection poset L;4 of a normal C-arrangement A is downward
stable.
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Proof. Throughout this proof we will denote the poset Lg‘l by L.. Suppose ¢ i> d

and z € L.. We will construct an inverse to the induced poset morphism

e M) psHDe,

By definition of the order on L, every y € L;L(f)x satisfies L(f)(z) C y and thus
ket V(f) S V()™ (@) C v,

so by normality V(f)y is a subspace in L. Since V(f) is surjective we have z C V(f)y,

so V(f)y € LE®. The inverse map to L(f) = V()1 is therefore the direct image

y— V(f)y. O

Next we show that under structural assumptions on C the properties defined above

indeed ensure the combinatorial stability of the associated intersection poset.

Definition 3.3.19 (Weakly filtering categories). A category C is weakly filtering
iof for every pair of objects c¢1 and co there exists a finite collection of objects dy, . .., d}
and morphisms c; % dj where i = 1,2 and 1 < j < k, such that every pair of
morphisms c; iy e Jor i = 1,2 factors through one of the d;’s. Explicitly, for every
pair of morphisms c; I ¢ there exists some 1 < J <k and a morphism d, I e such
that go f; = g; fori1=1,2.

This property is called property (F) by Sam-Snowden in [SS2].

Lemma 3.3.20. If the category C is weakly filtering, then the intersection poset of

every finitely-generated C-arrangement is a finitely-generated C-poset.

Proof. Fix a finite set of generators X = {zo C V} .4 and a codimension n. For
every object e and a subspace y € L, of codimension n, there exists a finite list of
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morphisms cq, 9 ¢ such that

y=L(g1)xa; N ... N L(g)Ta,-

But since y is of codimension n, it can be written as the intersection of no more than
n subspaces. Thus without loss of generality we can assume that [ < n. We will show
that all such intersections are in the C-orbits of (Jzep, Lqg for a fixed finite collection
Dy, of objects in C. Since every poset Ly is finite, the union (J,e D, Lq has finitely
many elements, and this will complete the proof.

We prove this by induction on n. For n = 1 it suffices to take the finite set
D1 = {ca}aca- For the induction step, suppose D,,_1 is already defined. For every
c1 € Dy_1 and c9 € Dq find a finite collection of objects dy,...,d; through which
every pair of morphisms factors. The set D,, will be defined to be the union of these
finite lists as ¢; and cg range over the finite sets D,,_1 and Dy respectively.

We need to show that D,, satisfies the desired property. Suppose y € L is given
by

y = L(g1)xa; N...N L(g))xq

as above with [ < n. By repeating the last term if necessary, we can assume that [ = n.
By the choice of D,,_1 there exists some ¢ € D,,_1 and a morphism c; g e such
that the (n — 1)-fold intersection L(g1)xa, N ... N L(gp—1)%q,_, is contained in the
image of L(hq), say it is equal to L(h)y; for y1 € L¢;. The remaining term L(gp)zq,
is contained in the image of ¢ % e for co € Dy, say it is equal to L(ho)yo (explicitly,
take co := cq,,, ho := gn and yo := ). Thus there exists some d € Dy, and morphisms
¢ i) d through which the two morphisms h; factor, i.e. there exists d i> e such that
ho f; = h;. But then L; contains the subspaces L(f1)y; and L(f2)ys, so it contains
their intersection, which maps to y under L(h). Thus y is in the C-orbits of Lg, and
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Dy, satisfies our assumption. O

In all of our applications, the indexing category C is closely related to the category
FI. In order to unify the treatment of these examples, we use the notion of a category
of FI type from Definition 2.1.6. In short, these are categories that have pullbacks and
a weakened version of push-outs (see Definition 2.2.1), and are weakly partially ordered
by morphisms (¢ < d <= Jc¢ — d) such that every lower interval is essentially finite.

The latter finiteness condition has the following obvious but useful consequence:

Fact 3.3.21 (Descending chain condition). Suppose that C is a category of FI
type. Then every nonempty collection X of objects of C contains a least element, i.e.

there exists some co € X such that if c € X satisfies ¢ < ¢ then cg = c.

With this notion can now formulate a criterion for the combinatorial stability of

the associated intersection poset.

Theorem 3.3.22 (Finite-generation implies poset stability). Suppose C is a
category of FI type and that Ae is a finitely-generated, normal C-arrangement. Then

the induced intersection poset L;4 15 combinatorially stable.

Proof. We have already seen in Lemma 3.3.18 that a normal C-arrangement gives rise
to a downward-stable intersection poset. It thus remains to show that when C is of
FI type, the C-poset L;4 is finitely-generated.

By Lemma 3.3.20 it will suffice to show that a category of FI type is weakly filtering.
For every triple of objects p, a1, as and a pair of maps p i> a;, where 1 = 1,2, we can

form a weak push-out



Because C is of FI type, the automorphisms of a; act transitively on incoming maps,
therefore replacing p LZ a; by some other morphism g; amounts to post-composing
with some automorphism ¢; € Gg,. But such a replacement of f; with ¢; o f; for
1 = 1,2 results in an isomorphic weak push-out object, with isomorphism given by
the universal property as ¢ ]_[p w2. Thus the weak push-out ag ]_[p a9 is uniquely
determined by p up to isomorphism.

Let ¢; and c¢g be two objects of C. By the definition of FI type, there exist only
finitely many objects p that admit maps into ¢y, up to isomorphism. Thus by the
previous argument there are only finitely many isomorphism types of weak push-outs

involving ¢1 and cy. Pick representatives for these isomorphism classes d; = ¢; Hpj c9

for j =1,..., k. Then for every pair of morphisms ¢; I ¢ we can form their pullback
fi
p——a0
fz[ ‘91
@27

Now by the universal property of a weak push-out, there exists a (unique) morphism
c1 [, c2 9 ¢ that satisfies go fi=g;- Find 1 < j <k such that dj = ¢; [[, co, then
the pair g1 and go factors through d; via this isomorphism. We have thus shown that
C is indeed weakly filtering, as every pair of morphisms ¢; i) e factors through one

of the objects dy,...,d;. This completes the proof. n

Note 3.3.23 (Explicit degrees of generators). For the purpose of finding generators
explicitly in the case of categories of FI type, we trace through the construction of
the sets D, from Lemma 3.3.20. D, is constructed inductively from D,,_1 and D;
through the process of listing all possible weak push-outs. Thus if the C-arrangement

Ao is generated by subspaces of V€1, ... Ve the set D, on which all codimension n
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generators are obtained, is the collection of objects of the form

(. » (cil H%) 1 ) 1R (3.3.5)

p2 p3 Pn

As discussed in Step 2 on C-posets, a combinatorially stable intersection poset
gives rise to cohomology groups that are finitely-generated as a C-module. We have

thus proved the following.

Theorem 3.3.24 (Cohomology preserves finite-generation). If C is a category
of FI type and A is finitely-generated, normal C-arrangement, then for every i > 0

the cohomology groups Hi(MA; Qy)e form a finitely-generated C-module.

3.8.4 Step 4 - Freeness

Throughout this step we assume that C is a category of FI type and denote the group
Aut(d) by Gy for every C-object d. Recall Definition 2.3.1 of free and induced C-
modules over Q: let d be an object of C; a C-modules is said to be an induced module
if it is of the form

Indd(V). = Qg[HOm(d, O)] ®Gd vV (3.3.6)

where V' is some G j-representation, and morphisms in C act on the tensor products
naturally through their action on Hom(d, e). The degree of such a C-module is defined
to be the isomorphism class [d].

A free C-module is a direct sum of induced modules, and its degree is the isomor-
phism class of a least object” d (if such exists) that is > all the degrees of the induced
modules that appear in its direct sum decomposition. If there is no such d we say that

the degree is oco.

7. Least with respect to the preordering between objects.
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Theorem 3.3.25 (Free cohomology). If Ae is a continuous, normal C-arrangement

then the cohomology groups H@(MA) form a free C-module.

The proof of this theorem proceeds in steps. First, we make explicit an observation
that appears in the proof of §2[Lemma 3.4] and gives a more useful characterization

of induced C-modules. This uses binomial sets, whose definition is given in 2.2.4.

Lemma 3.3.26 (Structure of induced modules). Suppose Mo is a C-module of

the form

Ma =S5 V1)

C

for every object d, and that a morphism dy g, dy sends the factor V[f] to V[gof]
isomorphically. Then M = Ind.(V') where V := M.

Proof. This appears as a step in the proof of Lemma 2.3.4. O]

The key players in the decomposition of H*(M A)e as a sum of induced C-modules
are primitive subspaces (see Definition 3.3.16). First we show that every normal

C-arrangement is generated by its primitive subspaces.

Lemma 3.3.27 (Primitive generators). If A is a normal C-arrangement then every

subspace x € Lg“ 1s the image of some primitive subspace.

Proof. Let x € L. be any subspace and define X to be the collection of all objects
e for which L, contains a preimage of x. Explicitly, e € X when there exists some
z € Le and a morphism e I 2 such that L(f)z = x.

By the descending chain condition for categories of FI type the set X contains a
least object ep. Choose 2y € Le, and e A ¢ satisfying L(fp)zg = =. We claim
that zq is primitive. Indeed, if not then by definition there exists some e; < ep and

a morphism ej i) e for which ker(f;) C zp. Since that arrangement A is assumed

83



to be normal, this implies that z1 = V(f1)z0 € Le, is a preimage of zp. But then z;
is also a preimage of x, whereby we find that e; € X. This is a contradiction to the

minimality of eg and thus the subspace zy must indeed be primitive. O

The crucial observation to make regarding primitive subspaces is that they cannot
appear nontrivially in the image of any induced map of posets. For this reason they
shed light onto the structure of C, e.g. they detect isomorphisms. More generally, the
following useful claim shows that two subspaces will never have equal images by way

of a coincidence.

Lemma 3.3.28 (Subspaces with equal image). Suppose that Ae is a continuous
C-arrangement, z € L¢, is any primitive subspace and x € L¢, is any subspace. If
there exists some object d and morphisms c; i> d such that L(fg)z =y = L(f1)x,
then there exists a morphism cq N c1 that sends z to x and satisfies fo = f1op. In
particular, if © is itself primitive, the morphism ¢ is an isomorphism.

The conclusion holds even when the subspace x C V! is not a priori assumed to

belong to the arrangement.

Proof. Form the pullback of the two morphisms fj and f;

70
Pp—m¢0

s

¢ —— d

Jil

and consider the corresponding diagram of vector spaces

V(ro)

%% 1 co

‘V(fo)




By the continuity assumption on A, this is a push-out diagram of vector spaces.
If we can show that z contains ker V' (r(), then since z is primitive this would imply
that ¢g < p and in particular p 10, co is an isomorphism since morphisms weakly

order objects. Using the inverse to rg we find a morphism ¢ = 71 o 79"

g — C1
that satisfies

flop=fiororg L = fo.

In particular we have

L(f1)r =y = L(fo)z = L(f1)L(p)=.

The function L(f;) is injective, since it is defined to be V(f1)~! for the surjective
function V' (f1). Thus we will see that = L(y)z, which will conclude the proof.
It remains to show that z contains ker V' (r(). Since all subspaces contain the origin,

we have

ker V(f1) c V(f1) )=y =V(fy) L(z)

thus it follows that z contains V(fy) (ker V/(f1)). The claim would then follow if we

can prove that there is an inclusion

ker V(rg) € V(fo) (ker V(f1)) -

This follows from the universal property of VP being a push-out: V¢ admits a well-

defined map into the quotient VO /V (fy) (ker V(f1)) by first lifting to V¢ and then
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mapping into V' via V(fy), thus by the universal property there exists a map

VO —— VO/V(fo) (ker V(f1))

that makes the diagram commute. But this implies that ker V(1) maps to zero through

V(ro)

VP

the quotient map, so ker V(rg) C V(fy) (ker V(f1)), as claimed.
Lastly, if z is primitive then the same argument applied in reverse shows that
c1 < cg as well. Thus by the weak order property, every morphism between cq and ¢

is an isomorphism. O

We are now ready to begin proving the freeness statement. The general philosophy
behind our approach is that representation stability phenomena are the linearized
reflection of combinatorial stability. We will therefore demonstrate that freeness is
already exhibited at the level of C-sets. These sets are parameterized by primitive

elements up to the following natural notion of equivalence.

Definition 3.3.29 (Equivalence of primitive subspaces). If z; € L., are primitive
subspace with i = 1,2, we write z; ~ z9 when their orbits in Le under the action of
C coincide, denoted C(z1)e = C(22)e. Fquivalently, z1 ~ zo if there is a morphism
c1 i> co for which L(f)z1 = 2o.

Denote the equivalence class of z1 by [z1], and the set of all equivalence classes by

Z.

Lemma 3.3.30 (Freeness: set version). Suppose A is a continuous, normal C-
arrangement. Then the intersection poset LA decomposes as a disjoint union of C-
subposets corresponding to the equivalence classes of primitive subspaces of A. More-

over, if C(z)e is the orbit of the primitive subspace z € L, then C(z); decomposes
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as

where C(z)m 15 the set of images of z under maps induced by morphisms c L> d

in the equivalence class [f]. Lastly, every morphism dy g, do induces a bijection

L
C)iy 28 Ceyor.

Proof. For every primitive subspace z € L. we consider its C-orbit, i.e. the C-subposet

of L 4 described by

C(z)g = {L(f)z | f € Homg(c,d)}.

This is clearly closed under the action of C on L;A. We decompose this further as

Czla= |J Cl)y
e
where C(z)m ={L(f)z| f € [f]}. Again, it is clear that the poset map induced by
d L5 ¢ takes the set C(z)[y] into C(z)[gof]. We start by showing that this union is in
fact disjoint. Suppose that there exists some z € C(2)[,) N C(z)(,]- Then by Lemma
3.3.28 it follows that there exists a morphism c %4 ¢ that satisfies f1 = fooe. But
since ¢ € Homg(c,c) = G, we find that f1 ~ fj.

Next we show that for every morphism ¢ i> d then induced map

L
Clay H Cayy

is a bijection. This will prove that all morphisms d 94 ¢ indeed induce bijections

C 2 )y

We define the inverse map as follows. Consider the induced

linear surjection Vj ﬁ} Ve. The inverse function to L(f) = V(f)~! is the direct

<=
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image under V(f). To see that this indeed provides an inverse, note that since V'(f)

is surjective it follows that for all z € C(2)qq]

and for the reverse composition, if y € C(z)[ 7] then there exists some morphism f "e [f]
for which L(f")z = y. Since f ~ f’, there exists some ¢ € G, such that f' = f o .

Denote x = L(p)z and observe that L(f)r = L(f')z = y. It now follows that

Suppose that there exists some x € C(ZO)[fO] N C(zl)[fﬂ, i.e. there exist two mor-
phisms f; for ¢ = 1,2 such that L(fy)z9 = © = L(f1)z1. By Lemma 3.3.28 there exists
an isomorphism ¢ %4 ¢ taking 20 to z1. This shows that the two orbits C(zp) and
C(z1) coincide.

Lastly, we need to show that Le is a disjoint union of such C-sets C(z)o. Lemma
3.3.27 asserts that every subspace x € L, is the image of some primitive subspace,
and thus it belongs to one of the C-sets C(z)e described here. For their disjointness,
assume that z; € L¢; for i = 1,2 are two primitive subspaces such that there exists
some x € C(ZO)[fO] N C(Zl)[fl], i.e. there exist two morphisms f; for ¢ = 1,2 such
that L(fy)zo =z = L(f1)z1. By Lemma 3.3.28 there exists an isomorphism ¢ N c1

taking zg to z1, demonstrating that the two orbits C(zp)e and C(z1)e coincide. [

We can now proceed with the final step of the proof: showing that the cohomology

groups of a normal C-arrangement are free.
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Proof of Theorem 3.3.25. Recall that Formula (3.3.2) states that

H' (M) = €D Hacd(a)—ia(ALEY)
TrE€L,

and that a morphism c L d acts on these expressions through the induced iso-

morphism of posets L5% LLQ L;L(f )x. For the sake of brevity we denote the i-th
cohomology group of ./\/lﬁl by Hil and its summand ﬁQ Cd(x)_i_z(A(Lgx)) by H(z).
In this notation, the map fs« on cohomology, induced by a morphism ¢ i> d, maps
H'(z) isomorphically onto H'(L(f)x).

Let Le = []};)jez C(2)e be the disjoint union decomposition described in the set
version of the statement, Lemma 3.3.30. Then the cohomology decomposes as a direct

sum of C-submodules:

=B P ve|= P M (3.3.7)
[z]eZ

[z]€Z \zeC(z)q

We claim that for every [z] € Z the corresponding direct summand M.[z] is an induced
module, hence H is free.

Indeed, the direct sum decomposes further as

M= @ Ho = P | P Hol|= P M[[Jf]] (3.3.8)

reC(2)g [fe(?) \=€CE)y f1e(?)

Every morphism d —2 e takes the set C(z)[y) bijectively onto C(z)[4o ), and for every
element x € C(z)[f] the map H'(z) N H'(L(g)x) is an isomorphism. Thus g« maps
(2]

the summand M [Jf] isomorphically onto M [gof]- Thus according to the characterization

of induced modules given in Lemma 3.3.26 this is indeed an induced C-module. If
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z € L¢ is a representative primitive subspace of the class [z] then M.[Z] has degree ¢

and is generated by the G-representation

M= @ Hi) =mde b H(2) (3.3.9)
x€C(2),

[]

For the purpose of keeping track of the degree of the free C-module HZ(M Ae,
observe that the degrees of the induced modules that appear in its direct sum decom-
position are the objects on which primitive subspaces are defined. Since only primitive
subspaces z of codimension % < c¢d(z) < i contribute to the cohomology groups, the
degrees range only over objects that carry primitive subspaces with codimension in
this range. Furthermore, from Note 3.3.23 we know that if the C-arrangement A is
generated in degrees cq, ..., cp, then all codimension-(< i) primitive subspaces are in
the image of iterated weak push-outs of at most ¢ many objects from this list. The

following definition will make referring to the resulting degrees easier.

Definition 3.3.31. If ¢ and d are two objects of C, let ¢ + d denote a minimal (iso-

morphism class of ) object that satisfies

c+d>c H d
p
for every weak push-out of ¢ and d.
Similarly if i € N, let i X ¢ denote a minimal (isomorphism class of ) object that

satisfies

ixcch...Hc

p1 Pbi—1

for every i-fold weak push-out of c.
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Such a minimal objects exist in a category of FI type because of the descending
chain condition. In fact, in all of our examples these objects are uniquely determined
and can be identified explicitly: it will be given by weak coproduct c+d = c[ [ d and

ixc=cllg...-llgc

Using this notation we succinctly bound the degree of the resulting C-modules.

Corollary 3.3.32 (Bound on degree). If Aq is a continuous, normal C-arrangement

generated in degrees < c. Then the degree of the free C-module HZ(MA) s <1 X c.

Proof. By the comment made in Note 3.3.23, if A, is generated in degrees

then the C-module H?(M 4) is generated in degrees given by their i-fold iterated weak
push-outs. It is easy to verify that the definition of weak push-outs implies that for

all p < ¢;, ¢; we have a relation

CZ‘HCj < ch < c+c=2xc

P P def.

Then by induction we see that ¢ x ¢ is greater than all ¢-fold weak push-outs of the
objects cq,...,cn. In particular, all the primitive generators of HZ, must appear in

degrees < i X c. O

This concludes the proof that the cohomology groups form a free C-module, and

thus Theorem 3.1.4 is proved.
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3.4 Normalization and a criterion for normality

The normality assumption in Theorem 3.1.4 is meant to exclude cases where subspaces
that could appear early in the C-arrangement are omitted for some reason and only
appear later. A normal C-arrangement is saturated in the sense that every subspace
that “should” belong to it actually does.

We saw earlier in Lemma 3.3.27 that a normal C-arrangement is generated by
primitive subspaces. The theorem we now state provides a converse. It also serves as

an easily verifiable criterion for checking normality.

Theorem 3.4.1 (Primitive generators imply normality). Suppose C has pull-
backs and Ae is a continuous C-arrangement. If Ae is generated by primitive subspaces

then it is a normal C-arrangement.

Proof. Suppose Z = {zo C V} 4 is a set of primitive subspaces that generates A,.
Let d —%5 ¢ be a morphism and let y € L. be a subspace that contains ker V(g). We
need to show that y is in the image of L(g).

By assumption Z generates the C-arrangement, thus there exist morphisms cq, L e

where 1 < ¢ <[ such that

y=L(f1)2a; N ... N L(f1)zey-

Note that for every 1 <i <[ it follows that ker V/(f;) C L(f;)za;-

We prove the claim by induction on [. For [ = 1 the subspace y € L, is the image
of a primitive subspace z € L. under some morphism c L> e. Consider the direct
image z := V(g)y. Since ker V(g) C v, it follows that V(g) "'z = y. Thus by Lemma
3.3.28 there exists a morphism c 5 d that takes z to z. In particular z € L; and

L(g)x =y, as desired.
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Now for the induction step. Assume that y = y; Nyo where each is the intersection
of less than [ many images of primitive subspaces. Since ker V'(g) C y1, yo the induction
hypothesis implies that y; and y9 are in the image of L(g). But since L(g) respects

intersection y is also in the image of L(g). This completes the proof. O

The result stated in Theorem 3.1.4 does not apply to C-arrangements that are not
normal. However, even in the general case the result holds in the limit as the objects
¢ become sufficiently large. This follows from the following construction which we call

normalization.

Theorem 3.4.2 (Normalization of a C-arrangement). Suppose C is a category
of FI type and Ae is a continuous, finitely-generated C-arrangement, with underlying
diagram of vector spaces V;l. Then there exists a unique finitely-generated, normal
C-arrangement Ae also defined on V;l that coincides with Ae on a full subcategory
that is upward closed and cofinal in C. This normal C-arrangement Ae will be called

the normalization of A.

Proof. For the uniqueness statement, it suffices to show that any two normal C-
arrangements, whose underlying diagram of vector spaces is V'*, and that coincide on
a cofinal subcategory, are equal. Indeed, suppose B and B’ are two such arrangements
with corresponding intersection poset Le and L/ resp. Let € L. be any subspace and
¢ < d is an object such that Ly = L’ Pick a morphism ¢ i> d, theny = L(f)z € Ly
contains ker(V(f)). Thus since A’ is normal and y € L/, the subspace V(f)y = =
belongs to L. This shows that L. C L. for every object c. The same argument gives
the opposite inclusion.

For existence suppose K = {z; C V%} | is a set of generators for A,. We will
define a new arrangement by specifying a generating set K as follows. For every i

let X; be the collection of objects e for which there exists a morphism e i> ¢; with
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ker(V(f)) C z;. By the descending chain condition X; contains a least object e; that
possesses such a morphism e; i> ¢;. Denote the image V(f)x; € V¢ by z; and

observe that since ker(V(f)) C x; we get an equality

2= V()W (= V() a

We claim that z; is primitive, i.e. it does not contain ker V'(g) for any e N e; with

e < e;. Indeed, if e N e; is a morphism and ker V(g) C z; then it follows that
1 = V()75 2V ker V(g) = ker (V(g) o V(f)) = ker V(f o g)

so by definition e € X;. But this is a contradiction to the minimality of e; in Xj.
Define a new set of generators K = {z1,...,2,} and let As be the C-arrangement
generated by them: the underlying diagram of vector spaces is the same as that of As,,

and the intersection poset at an object d is made up of all the subspaces of the form

Vig) Mz N NV ig) Hzy)

for an [-tuple of morphisms €i; I, g and 1 € N. It is straightforward to check that
this indeed produced a C-arrangement, and by construction it is generated by the set
K of primitive subspaces. Lemma 3.4.1 then shows that this arrangement is normal.
We claim that A is a subarrangement of A and that the two coincide on all objects
d>cy,...,cn (this is clearly an upward-closed and cofinal subcategory). For the first
claim, note that for every ¢ there is a morphism e; i> ¢; such that L(f;)z; = z;. Thus
T; € Lcj;, and since these subspaces generate A we have containment L2l4 C LdZ for
every object d. Conversely, suppose d admits maps from cq,...,c,. It will suffice to

show that every morphism e; 9 d factors as €; i> ¢ i> d for some h, for then the
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images of z; coincide with the images of x; in La‘l. Indeed, pick any morphism ¢; —> d
. . hoo fi .

and consider the two morphisms e; O—o‘>fz d and e; 9 d. Since G4 := Autc(d) acts

transitively on incoming morphisms we can find an automorphism ¢ € G such that

pohgo f; =g. Set h = ¢ o hy, it satisfies h o f; = g as desired. O

Note 3.4.3. For concreteness’ sake we reiterate that if A is generated in degrees < c,
then a full subcategory on which A coincides with its normalization is made up of

objects d that satisfy d > c.

As immediate corollaries we find that the results of Theorem 3.1.4 apply to gen-
eral finitely-generated arrangements in degrees larger than those of the generating

subspaces. The combinatorial version of this observation is the following.

Theorem 3.4.4 (Limiting combinatorial stability). Suppose C is a category of
FI type and A is a continuous, finitely-generated C-arrangement, generated in degrees
< c. Then the intersection poset of A coincides with a combinatorially stable C-poset
on the full subcategory of objects d > c. Namely, it coincides with the intersection

poset of the normalization A.
The representation theoretic version is the following.

Theorem 3.4.5 (Limiting freeness of cohomology). If C and A are as in Theorem
3.4.4, the cohomology groups H (M y4) coincide with a finitely-generated, free C-module

on the full subcategory of objects d > c.

3.5 Cohomological stability of arrangement quotients

Let C be a category of FI type and let A be a C-arrangement. For every object ¢

the group G¢ acts on the variety M¢ and we can form the orbit space (or scheme)

95



“4/Gc. We denote the collection of quotient spaces by M$% /Ge (even though they
do not in fact form a functor).

Let us consider families of sheaves that arise from C-modules via the following
process. Fix some C-module No. For every object d one can form the constant sheaf
N, on the space Mfl4 Now the pairs (M%Nd) fit together naturally into a C°P-
diagram of spaces plus a sheaf on each space. In particular one can apply the sheaf
cohomology functor to this collection and get a C-module.

Pushing the sheaf N; forward to the quotient /\/lfl4 q—d> Mfﬁl/Gd, the sheaf ¢%(N;)

now admits a G j-action.

Definition 3.5.1 (Twisted sheaf induced by a C-module). The subsheaf of G-
invariant sections q¢(Ny)Cd will be called the twisted Ny-sheaf on Mﬁ\/Gd and it will

be denoted by ﬁd.

Remark 3.5.2. When G acts on the space ./\/lia freely, this construction yields (the
sheaf analog of) the familiar Borel construction of a flat vector bundle Miﬁ Xay Na-
Otherwise ]\Nfd will be a constructible sheaf whose stalks might be smaller than N,;.

One could check that for every point = € Mfﬁl /G4 there is an isomorphism

~ Stabg (%)
(Nd)x = Nd Cd
where Z € (¢)~!(x) and the group Stabg,(Z) C G is the stabilizer of . Different

choices of points & will produce different isomorphisms.

We claim that when N is a free C-module, cohomological stability holds with

these systems of twisted coefficients.

Theorem 3.5.3 (Twisted cohomological stability). Suppose C is a category of
FI-type with | Autc(d)| < oo for every object d. Let Ao be a continuous, normal C-

arrangement, generated in degree < c. Let No be a free C-module over Q and suppose
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that it is generated in degree < c’. Then the sheaf cohomology groups
o -
H' (M /Ga; Ng)

exhibit cohomological stability in the following sense: if d < e then there is a well-

defined injective map
H/(MY/Gg; Ng) = H (M /Ge; Ne)

and these maps become isomorphisms when d > (i X ¢) + ¢’

In particular, when considering the trivial C-module No = Qp (free of degree 0),
this yields a classical cohomological stability statement for H! (MZ(/Gd) in the range
d>1iXec.

In the context of (-adic cohomology one needs No to take values in continuous

Qp-modules.

Proof. For every object d let iy denote the inclusion Ny = (q%N,;)Cd — ¢9N,. In
i i : NooJd dR 1

the other direction define a transfer morphism N +— ¢S N, by 74 = il 2 gy 90)-

Clearly the composition 74 o i, is the identity map on Nd and the reverse compo-

sition iy o 74 is the projection onto the G -invariants of quNd which are also the

G 4-coinvariants.

Consider the induced maps on the sheaf cohomology

. ~ Td . _ . _
H (MY /G gy Nyg) S H(MG /G g0N,) = H (MY Ny)

id

They induce a natural isomorphism Hi(/\/l‘il/Gd;Nd) = Hi(M%Nd)Gd where the

latter is the coinvariant quotient.
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By the Universal Coefficients Theorem there is a natural isomorphism
Hi(MAd; Nd) = Hi(MAd) ® Ny (3.5.1)

and as d ranges over all objects this is the tensor product of two free C-modules of
respective degrees < i x ¢ and ¢/. The analysis of free C-modules, found in §2, applies
to this exact case: Parts (1-2) of Theorem 2.1.11 implies that the tensor product in
(3.5.1) is again free of degree < (i x ¢)+ ¢, and Part (4) of Theorem 2.1.11 then shows

that the coinvariant quotients stabilize in the desired sense. O

Often, one is interested in cohomological stability with coefficients in the various
sequences of representations, e.g. the irreducibles V) in the case of Sy,. Such a sequence
is a natural candidate for a homological stability statement e.g. if its characters are
given by a single character polynomial (see Definition 2.2.5 for a general treatment).
In this case, when one is interested only in the dimension of the sheaf cohomology

groups a stronger stability statement can be phrased.

Theorem 3.5.4 (Stabilization of twisted Betti numbers). If A is as in Theorem
3.5.8 and Ne is any C-module (continuous over Qp) whose character coincides with a
character polynomial of degree < d (Ne need not be free), then the dimensions of the

sheaf cohomology groups

dimy, H' (M ge/Ge; Ne)
do not depend on e for all e > (i x ¢) + d.

Remark 3.5.5. In Theorem 3.5.4 there is no reference to the structure of No other
than its character. For example, all morphisms d i) e for d < e might induce
the zero map, and this will not be detected by the character. In particular, even

though the cohomology groups eventually have the same dimension, there is no hope
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of finding natural isomorphisms Hi(Mi/Gd; Ny) LN (MG /Ge; N¢) coming from

the structure of Ne.

Proof. The argument in the proof of Theorem 3.5.3 above shows that

HI (MY /G g Ny) (Hz‘(/\/l 1) ® Nd)Gd (3.5.2)

and the dimension of this coinvariant quotient is given by the G-inner product of
characters
dimy, H'(M%/Gg; Nyg) = (H'(M 4a)*, Ng)

p (3.5.3)

Part (3) of Theorem 2.1.11 shows that the pointwise dual of a free C-module can also
be given the structure of a free C-module, and Theorem 2.1.10 shows that the character
of such is given by a character polynomial of the same degree. With these facts we see
that the character of H' (M 4d)" 18 given by a character polynomial @ of degree <ixc.
By assumption there exists some character polynomial P of degree d that coincides
with the character of No. Therefore the above inner product of characters is given by
the inner product (@, P)¢, which stabilizes for all e > deg(Q) + deg(P*) = (i x ¢) +d
by Corollary 2.4.7. O

3.6 Applications

In all of the following examples we consider complex varieties, i.e. we take k& = C.
However, it should be noted that the same results hold in positive characteristic as
well. Moreover, if the subspace arrangements are defined over Z, the C-modules we
get are naturally isomorphic for any characteristic, so in this sense we might as well
concentrate on the complex version of the statements.

Consider the category F1I of finite sets and injections. Every finite set is isomorphic
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to a unique set of the form

n:={0,...,n—1}

and the endomorphisms of n are the symmetric group on n letters, S,. Furthermore
we consider the categorical power FI"" where m € N. Every object in this category is
isomorphic to a unique m-tuple n := (n(l), e ,n(m)), and the automorphism group of
n is the product of symmetric groups Sy := Sn(l) X. .. X Sn(m). The + and x operations

on objects coincide in this case with coordinatewise addition and multiplication.

Definition 3.6.1 (The FI°P-vector space V*). Fix some finite dimensional complex
vector space V. We consider the Set®P-vector space V® : ¢ — Homget(c, V), i.e. V€

1s the C-vector space of functions from c to V with pointwise operations.

This is a continuous contravariant functor from sets to vector spaces. Moreover,
since in Set every injection has a retraction, the functor V*® sends injections to surjec-
tive linear maps. Restricting to the subcategory FI we get an FI°P-vector space with

all induced maps surjective.

Definition 3.6.2 (The FI""-vector space V*). Embedding FI" into Set naturally
by considering (A1,...,Am) — Arl]...[[Am, we turn V* into a (FI"™)°P-vector

space.

The embedding FI" — Set sends every morphism to an injective function, and
furthermore takes pullbacks and (weak) push-outs in FI" respectively to pullbacks and
push-outs in Set. In turn we find that V'® respects the pullbacks and weak push-outs
of FI" and sends every morphism to a surjective linear map of vector space. Thus V'*®

can serve as a continuous underlying diagram of vector spaces for FI"*-arrangements.

Note 3.6.3. Unpacking the definition of V* we see that its value at (n(1), ... n(™) is

V”(l)]—["']—[”(m) = V”(l) X ... X V"(m).
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The automorphism group Sp =5 (1) X ... X S_(m) acts on this product through the

action of every S (; permuting the order of coordinates in V”(Z).

Using Criterion 3.4.1 for the normality of C-arrangements we get the following

result.

Corollary 3.6.4 (Producing normal FI"-arrangements). Let Aq be an FI"-
arrangement whose underlying diagram of vector spaces is V* for some V' and that is

generated by primitive subspaces. Then Ae is normal.

Theorem 3.1.4 then implies that for every i > 0 the FI™-module H* (M A)e exhibits
representation stability — see §2[Theorem 6.13] for concrete representation-theoretic
consequences of this fact.

A general example to which this theory applies is the following. All later examples

will be instances of this general case.

Example 3.6.5 (The arrangement M? , and X ). Let V be a finite-dimensional
complex vector space. Fix a pair of natural numbers (m, k) and consider the FI"-
arrangement .Aln’k(V) whose underlying diagram of vector spaces is V'® and is gener-

ated by the diagonal line in V¥ x ... x VF = vkm.
1 1 ) ) L
A(k,...,kj) = {((2§ )7 SR 7z](€ ))? SRR (Zim% S >Z]E;m))) ‘ Z]('il) = Z]('?) vz17227]17]2}

The preimage of A(h---Jﬂ) under an injection (k, ..., k) i> (n(l), . ,n(m)) is the

)

subspace of V”(1 X ... X V”(m) defined by the equations

(1)  _ _(i2)
“fi (1) T “Fiy(i(2))
forall 1 <iq1,79 < mand 1 < j1, 79 < k. In other words, this is the subspace in which

the coordinates specified by f are all equal. As we let f range over all injections, we
101



see that the induced arrangement on V™ is made up of precisely the tuples in which

there exists some z € V' that appears in every V”(z) factor at least k times.

The Sp-quotient of this arrangement (resp. its complement) is formed by forgetting
the ordering of the entries in each V" factor, i.e. it is the space of unordered sets with
multiplicities Uy, ..., Uy, € N[V] with |U;| = n; and the intersection of all these sets

contains a point with multiplicity > & (resp. contains no point with multiplicity > k).

Definition 3.6.6 (M? , and X ;). We denote the complement of A,—Lm’k(V) in VT

by MP (V) and its Sp-quotient by X' (V).

As stated in the introduction, these varieties are various spaces of configuration of

points in V. We will explore this geometric aspect below in specific examples.

Note 3.6.7. If k = 2 and m = 1 then (and only then) the S, action is free. In this case
the quotient map MI,2 — X 1°’2 is a normal Sj,-cover. It also follows that if Ne is any
FI-module then the twisted sheaf Nn on X ?,2 is actually a vector bundle isomorphic
to M7 5 xg, Na.

In other cases we get a branched cover M?n,k(v) — Xg%k(V), and the twisted
coefficient sheaf Nj on X;‘% (V) has different stalks above different points. This phe-
nomenon has a natural interpretation in our case. The following example illustrates

this well.

Ezample 3.6.8. Think of Polyy (C) := Xﬁ ;-(C) as the space of degree n polynomials
that have no roots of multiplicity > k (see example 3.6.11 later), and construct the
twisted coefficient sheaf corresponding to the permutation representation S, ~ Q™.
Then the stalk over a polynomial p € Poly}!(C) can be naturally described as the
Q-vector space spanned freely by the distinct roots of p. In particular, when p has
multiple roots (a Zariski closed condition) this vector space will have dimension smaller

than n.
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We conclude the general discussion with a proof of Theorem 3.1.6.

Proof of Theorem 3.1.6. Observe that the generating subspace A(k,...,k) is primitive,
as it does not contain the kernel of any map induced by any proper injection n <
(k,...,k). Therefore by Corollary 3.6.4, the arrangement Ain’k(V) is a normal FI"-
arrangement generated in degree (k, ..., k).

The only part of the statement of Theorem 3.1.6 that does not immediately follow
from this together Theorem 3.1.4 is the claimed bounds on generation degree. Let
r = dim(V') and recall that by Lemma 3.3.11 a subspace z € LA contributes to H! only
if cd(z) <. Since the arrangement is generated by the diagonal line A(k:,..., k) C yhkm
the subspace z is the intersection of a certain number of preimages of this generating
diagonal, say

r=An.. nAl

is such a presentation with [ least. We have a sequence of proper inclusions
Ao A NA?S o

where at each step we find a certain number of copies of V. Thus the codimension of
every successive pair is a positive multiple of r, in particular the successive codimen-

sions are > r. This forces the codimension of = to be at least 1. The bound cd(z) <

then implies that | < % In other words: z is already generated by an L%J—fold in-

tersection of images of the generating diagonal. By the same argument as in Lemma
3.3.20, x is therefore in the image of some subspace defined in degree L%J X (k... k).
This shows that the FI"™-module H’ is generated in the stated degree.

All the other statement follow from the general theory of FI"-modules presented

in §2.6 and Theorem 3.1.9. O]
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3.6.1 Specializing to tmportant examples

We now vary the parameters m, k and » = dim(V), and specialize to concrete cases
of interest. All of the following examples exhibit the stability properties described in

Theorem 3.1.6 with the specified stable ranges.

Example 3.6.9 (Configurations of points in the plane and square-free poly-
nomials). Let V = C (i.e. r =1), m =1 and k = 2. The resulting spaces form the
FI°P-space of ordered (or pure) configuration space of distinct points in C, denoted by
PConf®(C). The quotients by the action of the symmetric groups Sy, are the unordered
configuration spaces, denoted by Conf®(C) which, by the fundamental theorem of alge-
bra, are naturally isomorphic to the spaces of monic square-free polynomials of degree
e, denoted by Poly®(C). The isomorphism is explicitly given by sending an n-tuple of
distinct points to the unique monic, degree n polynomial which vanishes precisely at
these points.

For every natural number n, the space Conf”(C) is aspherical and its fundamental
group is Artin’s braid group on n strands, denoted by B,. By forgetting the order-
ing PConf™(C) — Conf”(C) is a normal Sp-cover corresponding to the short exact
sequence

1— P, — B, — S, —1

where P, is the pure braid group. Since both spaces are aspherical, they serve as
classifying spaces for B,, and P, respectively, and their cohomology coincides with the
group cohomology.

This sequence of spaces has been intensely studies starting with Arnol’d ([Ar]) and
Fuks ([Fu]), and more recently it served as the catalyst for the development of the
theory of representation stability in [CF] and later of FI-modules in [CEF1].

In this context Theorem 3.1.6 reproves representation stability, first demonstrated
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in [CF], using a generalization of the [CEF2]| notion of FI-CHAs. At the level of Sj,-
quotient spaces we get cohomological stability with various systems of twisted coeffi-
cients. Every Sy-representation naturally becomes a Bj,-representation via the natural
projection By — Sp. Thus we can consider the group cohomology of B,, with coeffi-
cients in Sj,-representations, and the results of Theorems 3.5.3 and 3.5.4 specialize to

the twisted cohomological stability — these results previously appeared in [CEF2].
A similar example arises by considering a vector space V' of higher dimension.

Example 3.6.10 (Configurations of points in even-dimensional Euclidean
space). Fix any r > 1 and consider V = C" = R?". By taking m = 1 and k = 2 in
Example 3.6.5 we get in degree n the space PConf" (V') of ordered configurations of n
distinct points in V. The Syp-quotient is the space Conf” (V') of unordered configura-
tions of n points in V.

The cohomology ring of PConf™ (V') was computed by F. Cohen in [Co] where it
was shown to have a similar structure to that of PConf"(C) with all degrees multiplied
by r. These spaces arise as a local model for ordered and unordered configurations of
points in smooth complex varieties and even dimensional orientable manifolds. In [To],
Totaro uses the cohomology of PConf™ (V') to compute the cohomology of the space of
ordered configurations PConf” (M) where M is a complex smooth projective variety.

Specializing Theorems 3.1.6 to this case we get a new proof of representation stabil-
ity and freeness for H*(PConf" (1)), previously proved in [CEF1] for the more general

case of all connected, orientable open manifolds.

Example 3.6.11 (The k-equals arrangement). Let V = C, m = 1 and k > 2
be arbitrary in Example 3.6.5. The resulting FI-arrangement is called the k-equals
arrangement (see e.g. [BW]). The complement of this arrangement parametrizes all

ordered configurations of points in the plane with possible coincidences, but where no
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k points are allowed to coincide. Taking the quotient by the action of the symmetric
group we get the unordered version of such configurations. By assigning a configuration
of n points to the unique monic, degree n polynomial that vanishes on these points
(with the specified multiplicity), we get an isomorphism from the n-th quotient X {L’ +(C)
to the space Poly} (C) of monic degree n polynomials that have no root of multiplicity
> k. These spaces of polynomials are the complements of the natural stratification
of the space of all monic, degree n polynomials (= A™), where we filter based on the
maximal multiplicity of their roots.

The intersection poset of the k-equals arrangement is usually denoted by II;, ;, and
is isomorphic to the lattice of partitions of {1,...,n} such that every non-singleton
block has size at least k. These posets were studied in [FNRS] relating to complexes
of disconnected k-graphs, and by Vassiliev in connection with homotopy classification
of links.

The real version of these subspace arrangements comes up in problems of compu-

tational complexity. Consider the following problem:
Given real numbers x1,...,xn, decide whether at least k are equal.

Put in other words, we are asking whether the vector (z1,...,2z,) € R™ belongs to
the k-equals arrangement. Bjorner-Lovasz show in [BL] that if one tries to solve
this problem using the computational model of a linear decision tree®, then the size
and depth of this tree can be bounded from below by expressions involving the Betti
numbers of (the complement of) the real k-equals arrangement.

The Betti numbers of the real and complex arrangements and their complements
are computed in [BW]. Among other things, our theory provides a new proof that the

Betti numbers are polynomial in n of the correct degree. To the best of the author’s

8. See [BL] for a definition.
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knowledge the representation stability results of Theorem 3.1.6, and the cohomological

stability results of Theorem 3.1.9 in this context are new.

Example 3.6.12 (Based rational maps P! — P™ 1), Let V = C, k=1 and

m > 2 be arbitrary in Example 3.6.5. The resulting space at degree

consists of m-tuples of ordered configurations of points in the plane (with possible
coincidences) whose sizes are n and who do not all have a point in common. The
Sr-quotient is the unordered version which is naturally isomorphic to the space of
m-tuples of monic polynomials (pg(t),...,pm—1(t)), of degrees given by 7, such that
the ged of the polynomials in the tuple is 1. An equivalent description of an orbit is

given by considering the algebraic function it defines
po(t) ... pm_1(t)] : PL — P71

When restricting to the case m = 2 and to objects of the form (n,n), the quotient
space is naturally isomorphic to the space of rational maps Pl — Pl of degree n
that are based in the sense that they send oo to 1. We denote the resulting space by
Rat](C). This space is the key to understanding the space Rat™(C) of all degree n

rational maps, since there is a fibration sequence
Rat” —» Rat™ &= P!

where the latter map is evaluation at oo and the fiber over 1 = [1 : 1] € P! is precisely
Rat}.

The sequence of spaces Rat!!(C) was studied by Segal (see [Se]), where its integral
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cohomological stability was demonstrated. Our techniques shows that the sequence
of Sy, X Sp-covers (obtained by choosing orderings on the zeros and poles) satisfies
representation stability rationally, and in particular rational cohomological stability
follows. In fact, here we extend the rational stability result to the 2-dimensional
sequence in which we allow ng and n; to vary independently.

For the case m > 2, one considers a similar restriction to degrees of the form
(n,...,n), in which case we get the space of degree n rational maps Pl — Pm—1 that
are based, i.e. send co € P! to [1:...: 1]. We denote this space by Rat,(C). As
in the m = 2 case, this space is the key to understanding the space of all degree n

]P)m—l

rational maps from P! to through the fibration sequence

Rat” . (C) — Rat”, (C) = pm—!

where evy is the evaluation at oo function.

Specializing Theorems 3.1.6 and 3.1.9 to this case we get new cohomological stabil-
ity results for spaces of (based) rational maps. A non-trivial example of a twisted coeffi-
cient sheaf (which is not a local system) is the sheaf whose stalks above a based rational
map f is the Q-vector space spanned freely by the distinct m-tuples (ag, ..., am—_1),
where f(a;) is contained in the hyperplane z; = 0. This is the sheaf associated to the

free, degree-1 FI""-module Indq(Triv).

We can also consider all of the above examples with C replaces by C". They all sat-
isfy representation stability (Theorem 3.1.6 for the ordered version) and cohomological
stability (Theorem 3.1.9 for the unordered version) with improved stability ranges as

7 Grows.
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CHAPTER 4
TRACE FORMULA WITH STABILIZERS

A standard observation in algebraic geometry and number theory is that a ramified
cover of an algebraic variety X — X over a finite field F¢ furnishes the rational points
r € X(F,) with additional arithmetic structure: the Frobenius action on the fiber over
x. For example, in the case of the Vieta cover of polynomials over F, this structure
describes a polynomial’s irreducible decomposition type.

Furthermore, the distribution of these Frobenius actions is encoded in the coho-
mology of X via the Grothendieck-Lefschetz trace formula. This chapter presents a
version of the trace formula that is suited for studying the distribution in the context
of representation stability: for certain sequences of varieties ()N(n) the cohomology, and
therefore the distribution of the Frobenius actions, stabilizes in a precise sense.

We conclude by fully working out the example of the Vieta cover of the variety
of polynomials. The calculation includes the distribution of cycle decompositions on
cosets of Young subgroups of the symmetric group, which might be of independent

interest.

4.1 Introduction

Representation stability identifies sequences of spaces equipped with group actions
(Gn ™~ Xn)pen whose cohomology groups exhibit a kind of stabilization as represen-
tations for n — oo. One then hopes to translate the observed cohomological stabi-
lization into arithmetic results via the bridge provided by the Grothendieck-Lefschetz
trace formula. This program was realized e.g. by Church-Ellenberg-Farb [CEF2] in
the case of statistics of square-free polynomials and maximal tori in Gl;, over finite

fields.
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One difficulty that the program faces is the possible presence of nontrivial stabi-
lizers of the group actions, and their effect on the trace formula. This chapter offers
a treatment of actions with stabilizers and the adaptation of the trace formula to
representation stability applications. The formula, presented in Theorem 4.1.2 be-
low, is proved using standard methods and will not be considered new by algebraic-
geometers!. Rather, it is presented as a ‘ready for use’ tool to be applied in the context
of representation stability.

Using the approach presented here, we extend the project initiated in [CEF2| to
include the statistics of polynomials with possible root multiplicities (see details in
§4.1.3). Let us remark that much of the work that goes into polynomial statistics
often passes through calculations on square-free polynomials and ignores the rest (the
latter being relatively uncommon), see e.g. [ABR, Section 4]. The calculations below
suggest a way to handle more general polynomials: we introduce an algebra of division
symbols on the space of polynomials, and show that these give rise to functions that
serve as a direct link between the statistics of polynomials and those of symmetric

groups (see §4.1.3).

4.1.1  Distribution of rational orbits

Let X be an algebraic variety over a finite field Fg, endowed with an action of a finite
group G. Then the variety of orbits X = X /G acquires arithmetic information from
X: a rational point z € X (IFq) corresponds to a G-orbit of X (F,) that is stable under
the Frobenius automorphism Fry. Thus for every € X (Fy) the Frobenius determines
a G-equivariant permutation o, on a transitive G-set, and this additional information
distinguishes rational points in X in a subtle way. For example, let X be the space

of monic degree d polynomials. Ordering the roots of a polynomial gives that X is

1. For example, the same ideas and definitions appear in Grothendieck’s [Gr] and in Serre’s [Sel].
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the quotient Al /S4 with S, the symmetric group on d letters, acting by permuting
the entries of A%. Then for every polynomial f(t) € Fy[t] the permutation o  encodes
precisely the decomposition type of f into irreducible factors over Fy.

On the other hand, following the philosophy of the Weil conjectures, it is known
that the action of Frq on the étale cohomology groups H7 t()? JF,; Qy) encodes arithmetic
information. At the same time, an action G ~ X induces a G-representation on

H*(X), and it is natural to ask: What arithmetic information is encoded by the joint

action of Fry and G on H*(X)?

One answer, given below, is that the information encoded in H*(X) is in some sense
the distribution of the permutations o, attached to rational points € X (F;). How-
ever, it is not initially clear what one should mean by a “distribution” of permutations
or on abstract G-orbits. The Tanakian point of view tells us instead to examine how
ox acts on G-representations, or equivalently: how it evaluates on G-characters.

We therefore detect the distribution of the permutations o, by evaluating them
on class functions of G as follows. Let y : G — C be a class function. If the
quotient map p : X — X is unramified at z € X (Fq) (i.e. the stabilizer of a lift
T € p~l(x) is trivial), then o, determines an element g, € G, unique up to conjugacy,
by 04(F) = go.& for a chosen lift Z € p~1(z). Changing the lift Z only amounts to
conjugating g, so it is possible to unambiguously define x(oz) := x(gz)-

However, when p is ramified at z, the permutation o, no longer determines a
conjugacy class: if Hy C G is the stabilizer of a lift T € p_l(x), then the condition

0z(T) = g;.@ only determines a coset g;Hz. The best one can do in this situation is

to average:

Definition 4.1.1 (Evaluating o, on class functions). Let x : G — C be a class
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function. For x € X(Fy) and a lift T € p~1(x) with stabilizer Hy define

|
1) = 17 > X(gah)

hEHg
where g € G is any element satisfying o,(T) = gz.T.

Theorem 4.1.2 below relates the sum Z x(02) to the representation H*(X).
reX (Fy)
As x ranges over all class functions, these sums in some sense capture the distribution

of 0.

Theorem 4.1.2 (Frobenius distribution trace formula). Let G be a finite group,
acting on an algebraic variety X over the finite field Fg, and let X = )N(/G as above.
Fiz a prime £ > 1 coprime to q|G| and let HZC()?) denote the compactly supported (-

1
c,et

2

adic cohomology H ()?Fq; Qy). Decompose HZC()?) ® Qy into generalized eigenspaces

of the Frq action:
HL(X) © Qy = €D HL(X)\.

AeQy
Note that this sum includes only finitely many nonzero summands, and that each
HZ()N())\ is a G-subrepresentation. Then for every class function x : G — Q,

m . . ~

Yo xlow)= DAY (CDHHIL e (4.1.1)
zeX(Fy) \eQ, =0

where the inner product (V,x)qa for a G-representation V is the standard character

inner product of x with the character of V. Note again that this is really a finite sum.

2. Here “generalized eigenspaces” means all possibly nontrivial Jordan blocks. This is to avoid
questions of possible non-semisimplicity of the Galois action, which are not of interest to us in the
current context.
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When X is further taken to be smooth, Poincaré duality implies

> Xlow gdim(X Z)\ 12 X))o (4.1.2)

zeX(Fy)

4.1.2  Implications of representation stability

Representation stability provides examples of sequences of spaces ()?n)neN where the
symmetric group Sy, acts on )?n, and where the induced representations H' ()~(n) sta-
bilize in the following sense: if (xp, : Sp — Q),en is a certain natural sequence of class
functions (namely, given by a character polynomial, see 2.2.5) then the character inner

products

(H'(Xn), Xn) s, (4.1.3)

become independent of n for n > 1. In the algebraic setting, the same stabilization
occurs within every eigenspace of Fry (this observation follows immediately from the
Noetherian property of the category FI, see [CEF1]). Denote the stable values of these

inner products by

<Hi(jzoo)/\’ Xoo)-

This phenomenon was used in [CEF2], along with the Grothendieck-Lefschetz trace
formula in the unramified context, to demonstrate that the factorization statistics of
degree d square-free polynomials over Fy and maximal tori in GL4(F;) tend to a limit
as d — oo (see [CEF2, Theorem 1 and 5.6 respectively].

A general type of result that one gets by combining representation stability and

the trace formula of Theorem 4.1.2 is the following.

Corollary 4.1.3 (Limiting arithmetic statistics). Let ()N(n)neN be a sequence of
smooth algebraic varieties over Fy where Sy acts on )?n, and denote the quotients by

X, = )?n/Sn Suppose that the cohomology HZ()?n) exhibits representation stability
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in the sense of [CEF1]. Further suppose that H*()N(.) 1s convergent in the sense of
[CEF2, Definition 3.12]. Then for every sequence of class functions (Xn)nen, given

uniformly by a character polynomial, the following equality holds

dim(X,,
FIRC D DERICRES 3) SRR U5 NS RN
x€Xp/Sn 120 A
In particular, the limit on the left exists, and its value is given by the wvalue of the

convergent sum on the right.

Remark 4.1.4 (Other sequences of groups). In §2 we discussed categories of FI-
type, to which the theory of representation stability can be extended. In particular,
Corollary 4.1.3 holds more generally for any diagram X, of varieties for which H*()N(.)
exhibits representation stability and has a subexponential bound on the growth of
certain invariants.

The main example of such sequences of spaces is given in §3, where we found
that many collections of complements of linear subspace arrangements indeed give
rise to cohomology groups which exhibit representation stability. Therefore, if such a
collection satisfies an additional subexponential growth condition as above, then an

analog of Corollary 4.1.3 holds for them.

4.1.8  Ezample: Spaces of polynomials and Young cosets

We conclude in §4.3 by fully working out the example of the space of polynomials
Polyd = Ad /Sy mentioned in the first paragraph. In this case, as introduced in the
beginning of 4.1.1, the permutation oy that the Frobenius induces on the roots of
a polynomial f € Polyd(Fq) records the irreducible decomposition of f. Thus The-
orem 4.1.2 is concerned with the fundamental question of factorization statistics of

polynomials over Fy.
114



On the one hand the variety X in this case is A? and has very simple cohomology.
On the other hand, the quotient map p : A% —s Polyd is highly ramified and the
associated permutations oy are very far from defining conjugacy classes of S;. Thus
§4.3 deals mainly with the combinatorial challenge of evaluating x(oy) when f is a
ramified point, i.e. computing averages of y over cosets of Young subgroups of S;.
The same calculation is useful in many other contexts when the symmetric group acts
by permutations.

Applying Theorem 4.1.2 to this case produces the following apparent coincidence

(which will become obvious once the two sides of Equation 4.1.5 are evaluated):

Corollary 4.1.5 (Equal expectations). Endow the two finite sets Sy and Polyd(IFq)
with uniform probability measures. Then every Sg-class function x simultaneously
defines a random variable on both spaces (for a point f € Polyd(IFq) define x(f) =

x(o¢) as in Definition 4.1.1), and for every such x

Epoiyaqr,) 0 = Es, - (4.1.5)

To understand the left hand side of this equation, one has to interpret the value
of x(f) for every f € Polyd(]Fq). The explicit description of this value requires some
notation, and the complete answer is given in Theorem 4.1.7 on the next page. For the
necessary notation — since x(f) is related to the divisors f, it will be most convenient
to describe its value using the following natural structure of division symbols.

For every polynomial g € F[t] define a function €4 : Fy[t] — {0,1} by

1 ifg|f
o(f) = (11.6)

0 otherwise.
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Further define formal multiplication on the symbols €4 by

€g€q = €qg- (4.1.7)

Note that this multiplication does not commute with the evaluation on a polynomial
[, and in fact every €, evaluates on f nilpotently.

To evaluate x(f) for every x, it suffices to consider a spanning set of class functions.
The most convenient in this context are given by character polynomials (see [CEF2])

which are described in §4.3.1 below. Briefly, for every k let X, by the class function
X (o) = # of k-cycles in o
and for every multi-index g = (i1, o, . . .) define
()= G G)
p pi)\p2)
Explicitly, ()/f ) is the Sg4-class function that counts the number of ways to choose p.

many k-cycles in a permutation o € S;. Instead of evaluating each ()/f ) separately, it

is possible evaluate them all simultaneously be means of a generating function.

Definition 4.1.6. Introduce indeterminantsty,ta, ..., and define a generating function
X
Fit)= ) (u)t*fltg? = (L) ()2
ﬂ:(ﬂlvﬂ%---)

Evaluating (if )(f) for every p is the same as evaluating F'(t) on f.

X

Theorem 4.1.7 (Evaluation of (M

)). When evaluating f € Polyd(]Fq) on class
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functions, there is an equality of generating functions

00 k
R
F(t) = exp Z Z deg(p)ep ™ Zk (4.1.8)
k=1pelr

where Irr|k is the set of irreducible polynomials over Fy whose degree divides k.
Unpacking Equation 4.1.8, for every multi-index = (1, pa, - . .) there is an equal-

1ty
K
_k__
)

* 1 —1 deg(p
(u)(f):gkukﬂk; > deg(p)ep™ (f) (4.1.9)

pelrr,

where the evaluation of the right-hand side proceeds by first expanding into monomial

terms in the e symbols using Equation 4.1.7, then evaluating according to Equation

4.1.6.

With Theorem 4.1.7 it is possible explain the coincidence of the two expectations

in Corollary 4.1.5:

Proposition 4.1.8 (Necklace relations). The equalities EPolyd(]F ) (x| = Eg, [x] for
q

every x are equivalent to the Necklace relations

> dNg ="

dlk
where Ny is the number of monic irreducible polynomials of degree d over Fy.

Proposition 4.1.8 shows that in fact Corollary 4.1.5 says nothing new about polyno-
mials. However, the explicit evaluation of x(f) in Theorem 4.1.7 contains much more
information: one can impose any Sj-invariant restriction on the roots of polynomials
(see examples in §4.3) and get an equality similar to Corollary 4.1.5 — relating the

factorization statistics of those polynomials that satisfy the restriction with various
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expectations calculated over S,.

Remark 4.1.9 (Statistics on cosets of Young subgroups). The calculation involved
in the evaluation x(f) is entirely combinatorial, and can be considered independently
from polynomial counting problems. In §4.3.3 we phrase this as an independent com-
binatorial result, which might be of interest in other contexts. Consider the following:

let Hy < S; be a Young subgroup and let gH ) be a coset with g € N(H)).
Question 4.1.10. What is the distribution of cycle types of permutations in gH ?

Theorem 4.3.15 below answers the question and provides additional statistics on

gH).

4.2 The Frobenius distribution trace formula

Let G be a finite group. As described above, one can extend the domain of G-class

functions to equivariant permutations of G-orbits by averaging.

Definition 4.2.1 (Evaluating class functions on permutations). Let S be a tran-
sitive G-set (possibly with non-trivial stabilizers) and let k be a field of characteristic

0. For every G-equivariant function o : S — S and every class function x : G — k

define
1
x(0) = T5n ] > xl(g) (4.2.1)

geG
g.s=o(s)

where s € S is any element and Stab(s) is its stabilizer subgroup.

Note that because y is a class function, this definition does not depend on the
choice of s, as any other choice reduces to conjugating all elements in the sum.

For the proof of Theorem 4.1.2 we recall the following definitions.
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Definition 4.2.2 (G-equivariant sheaf). A G-action on a sheaf F over a G-space
X is a collections of sheaf morphisms g : (g7 )*F — F indexed by G that make the

following diagrams commute for every g,h € G:

(g () F S (g F

(9‘1)*whl f"gh

() F —5——7F

Example 4.2.3 (Constant sheaf with a G-action). Given a G-action on an abelian
group A, construct a G-action on the constant sheaf A over a G-space X by defining

(g_l)*z 79, A to act by ¢ on all stalks, which are canonically isomorphic to A.

Now suppose p : X —» X is the ramified G-cover discussed in Theorem 4.1.2 and
let F be a sheaf on X equipped with a G-action. Then the push-forward p«F on X

acquires the G-action

DeF = (po Q)uF o pugaF = pulg™ V' F 259 p, F

which is now acting by sheaf automorphisms.

Definition 4.2.4 (Twisted coefficient sheaf). In the situation described in the
previous paragraph, define the twisted coefficient sheaf corresponding to the G-sheaf F
on X to be the subsheaf of invariants (p«F)E on X. We denote this sheaf by F/G
(corresponding to X = X /G).

This construction is the sheaf analog of the Borel construction in topology: giving

rise to a (flat) twisted fiber bundle from the data of a mj-action on the fiber.

Lemma 4.2.5 (Transfer for F/G). If multiplication by |G| is an invertible transfor-
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mation on F, there is an isomorphism

c,ét c,ét

H’ (XE;I/G)gHZ’ ()?Fq;f)G.

Furthermore, since the G-action is Galois-equivariant, so is this isomorphism.

Proof. Denote the inclusion F/G = (psxF )G — pxF by ¢ and define a transfer mor-
phism (psF)C <= puF by 7 = >_gei 9(+). Clearly the composition 7 o ¢ is multipli-
cation by |G| on (psF)¢ and the reverse composition ¢ o 7 is |G| times the projection
onto the G-invariants of ps.F.

Consider the induced maps on cohomology
. T L~
HL(Xg,  F/G) = HL(Xg, i )

Assuming multiplication by |G| is an invertible transformation on F, these maps induce
the desired isomorphism. Lastly, since the G-action on F is Galois equivariant, so is

T as a sum of group elements. O
With this in hand, the proof of Theorem 4.1.2 follows.

Proof of Theorem 4.1.2. First, observe that by the linearity of the two sides of equation
4.1.2, it will suffice to prove the equality for a spanning set of class functions. In
particular, it will suffice to consider only characters of G-representations.

If £ is a |G|-primitive root of unity, then Q[¢] is a splitting field for G, i.e. every
G-representation in characteristic 0 is realized over Q[¢] (see [Se2, §12.3, Corollary to
Theroem 24]). Since there are only finitely many irreducible representations of GG, and
each one of those is represented by finitely many matrices with entries in Q[¢], then

for every ¢ excluding a finite set of primes every one of the matrix entries is an f-adic
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integer. Fix any ¢ prime to ¢|G| and large enough to have this property, i.e. that every
G-representation in a QQy-vector space is defined over Z,.

Suppose the class function y is the character of a G-representation in a n-dimensional
Qy-vector space V. Let V denote the constant f-adic sheaf of rank n on )qu, and de-
fine a G-action on V as described in Example 4.2.3. Note that since Frg commutes
with the G-action on XFq’ it also commutes with this G-action on V.

The Grothendieck-Lefschetz trace formula [De2, Rapport, Theorem 3.2] applied to

the twisted sheaf V /G tells us in this case that

o0

> T ((Frge ~ (V/G),) = S (-1 T (Fry ~ HLy, (X V/G)) - (4:22)
z€X (Fy) i=0
The rest of the proof is rewriting this equation in the form stated by the theorem.
Starting with the left-hand side, the stalk (V/ G)I is the vector space of G-invariant
functions on p~1(z), and restricting to any choice of lift T € p~!(z) gives an isomor-
phism
(V/G), = (VP1($)>G RNV (4.2.3)

where Hy; = Stabz and V7 is the subspace of Hz-invariants. Indeed, this follows
immediately from Frobenius reciprocity (since p_l(a:) is a transitive G-set, the repre-
sentation VP~ (@) is the coinduced module Colndg’i V).

Pick an element gy € G such that Fry(Z) = go(z). Then for every v € VHz Jet
s = r%l(v) be the associated G-invariant section, i.e. s,z = g(v). The following
equalities hold

1 To)a -
v (Tﬂ”_>> s (F—q)> s o Fry »r—l} (s o Frq)g = Sgo(z) = 90(v)

and the trace of (Fry); coincides with that of gy acting on VHz To compute this trace
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let

Py = Z h:V — vz
: | hEH

be the usual projection operator. Composing gg with Py gives a selt-map on V' that
restricts to gy on VHz and is zero on the complementary representation. Thus the

trace of gg o P agrees with the trace of g ~ VHz On the other hand,

Tr(gooPp.) =

x(goh) (4.2.4)
hGH hEH

Denoting the induced permutation Frg ~ pil(x) by o, the above average is, by defi-
nition, the evaluation x(o,). This shows that the left-hand side of the Grothendieck-
Lefchetz trace formula (Equation 4.2.2) coincides with that of the formula that we are
proving.
Now for the right-hand side of Equation 4.2.2. The transfer isomorphism of Lemma
4.2.5 gives
Hi(Xﬁq;V/G) = Hf:()zﬁq;V)G'

Recall that V is a constant sheaf, so the cohomology groups can be expressed as
Hé(Xﬁq§V) = Hé(Xﬁq§ Q& V.
Extend scalars to Qp and decompose Hé()?ﬁq) ® Qg into generalized Frq-eigenspaces
H (X Q) ©@Q =@, H (X F, )\

Since Fry commutes with the G-action, the same decomposition holds after tensoring
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with V' and restricting to the G-invariant subrepresentation:
(HL(Xg ;Qp) @ V)C = @) (HL(X5 )y ® V)
c\AFy l Atle F, A :
Therefore the trace of Fry is Y\ A dim(Hg()zF )y ® V). The theorem follows since
q

. G .~
dim (H(Xg )y @ V) = (HA(X5)3 Ve

q

and V' was chosen so that its character is x. O]

4.3 Example: the space of polynomials

Consider the Vieta map v : AN — AN given by sending an N-tuple (21,...,2N) of
geometric points in Al to the (coefficients of the) unique monic polynomial that has

precisely these roots including multiplicity, i.e.
N
v(z1,-an) = f(8) = [ (=20
i=1

Denote the space of monic degree N polynomials by PolyN . This space is again AV,
parametrized by the polynomials’ coefficients, and the coordinates of the Vieta map v
are given by the elementary symmetric polynomials. Thus the map v : AN 5 AN
is a ramified Sp cover befitting the context of Theorem 4.1.2, where Sp acts on the
domain by permuting the coordinates.

By considering Sy-invariant subvarieties X c AN cut out by various constraints,
Theorem 4.1.2 can be used to compute statistics of spaces of polynomials whose roots
are subject to the same constraints. Example of such constraints include the space of

polynomials with
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e root multiplicity bounded by some fixed k;
e all roots colinear; etc.

However, to get concrete information out of Theorem 4.1.2 one must be able to
evaluate x(f) for every Sy-class function y and every polynomial f € Poly™ (Fq).
In particular, if f(¢) has multiple roots then it is a ramification point of the Vieta
map, and the value x(f) is an average over some coset in Sp. The current section is

concerned with computing the evaluations x(f) precisely.

4.3.1  BEwvaluation of x(f)

For computing x(f) on every Spy-class function Y, it suffices to compute them on the

following convenient spanning set of class functions.

Definition 4.3.1 (Character polynomials). For every k € N let X}, : Sy — N be

the cycle-counting function
Xi(0) = # of k-cycles in o.

A character polynomial is any P € Q[ X1, X2, ...]. Every character polynomial P gives

rise to class functions P : Sy — Q, which will also be denoted by P. Note that X3 =0
whenever k > N.

Furthermore, for every k, i, € N define a character polynomial

X 1
( k> = — Xp(Xp = 1) (X — g + 1)
pe) !

More generally, for every multi-index o = (p11, pi2, . . .) define its norm ||p|] = Y20, kg,
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and the character polynomial

() =) ()
p GYANCY
Note that (if) = 0 unless pp = 0 for all £ > N, so a non-zero product of this form

is necessarily finite.

Note 4.3.2. The class function (if) : Sy — Q is counting, for every o € Sy, the

number of ways to choose i, disjoint k-cycles in o for all £ simultaneously. Note that

when ||u]] = N there is at most one way to arrange the cycles of o in this way, so
(if) is the indicator function of the conjugacy class C), specified by having exactly

1. many k-cycles for every k. For this reason it follows that the functions ()/f ) with
||| = N form a basis for the class functions on Sp;. Lastly, if ||u|| > N then there are

not enough disjoint cycles in o, so (if ) = 0.

Theorem 4.1.7 describes the evaluation (if) (f) for every polynomial f € PolyV (Fq).
The statement involves the divisibility of f by other polynomials g, and its formulation

used the division symbols €4, recalled below.

Notation 4.3.3 (The algebra of division symbols). For every monic polynomial
g € Fy[t] introduce a formal symbol €, that measures divisibility by ¢ in the following

way: for every polynomial f € Fy[t] set

L glf
eg(f) = (4.3.1)

0 otherwise.

Let R4 be the free Q-vector space spanned by these €5 symbols with g ranging over all

monic polynomials in Fy[t]. Extend the evaluation maps f +— e4(f) linearly to Ry.
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Furthermore define multiplication on the symbols €, by

€g " €h = €gh- (4.3.2)

turning Ry into a Q-algebra. One should take care and observe that the evaluation
[ — €g(f) is not multiplicative on Ry. In fact, with respect to the evaluation on any

f € Fylt], every element ¢, is nilpotent. This nilpotence property turns out to be an

essential part of Theorem 4.1.7.
One can evaluate all functions (if) simultaneously using a generating function: set

F(t)=F(ty,ty,...) = Y (X)tfl“tg”?...

M:(/tl,ﬂg,...) a

This series evaluates on a polynomial f € Poly?Y (Fy) term-wise, that is:

X
JUEDS ( )(f) GRCI

o\

and the resulting series is generated by that coefficients that we wish to compute.

Theorem 4.1.7 then provides an explicit description of all evaluations by

o0 _k
Fio)g =ep | S 3 dealp)ef™™ % | () (133)

k=1 pelrr‘k

with Irr| . being the set of monic irreducible polynomials of degree dividing k. Re-
call that to evaluate an element of R4 on f one must first expand any product into

monomials in the €4 symbols, and then evaluate according to the divisibility of f by g.

We illustrate how to use this result in a couple of examples.

Example 4.3.4 (Square-free polynomials). Consider the special case where f €
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PolyN is square-free. This case is simple since such f are unramified points of the
Vieta map, and furthermore one does not encounter the non-multiplicative behavior
of the evaluation on €4 symbols.

One the one hand, since f is an unramified point, the Frobenius permutation on
the roots determines an element gy € Sy unique up to conjugation, and by definition
x(f) = x(g¢). In particular, the evaluation is multiplicative in y. Elementary Galois
theory shows that for y = X}, the value X}.(f) is the number of degree k irreducible
factors of f. Using these facts one can easily write down a formula for ()/f )(f) that
does not go though Theorem 4.1.7. However, the point of this example is to see how
to use Equation 4.1.9 in calculations, so we shall ignore this argument.

For every irreducible polynomial p(t), evaluating the symbol e, on f would give 0
whenever r > 1, as f will not be divisible by such powers of p. Thus in Equation 4.1.9,
the only contributions to the sum over p € Irr| 1. come from p of degree k precisely. We

can therefore simplify the expression and get that on the set of square-free polynomials

the following two functions coincide:
X o1
<M> =[]0 D e (4.3.4)

where Irr_;(Fy) is the set of irreducible polynomials of degree equal to k over Fy.

Observe the following two properties of this product.

1. If p and g are coprime polynomials then e (f)-€q(f) = €pq(f) for every f. There-
fore, since the k-th term of the product in Equation 4.3.4 involves only irreducible

polynomials of degree k, the different terms evaluate on f multiplicatively, i.e.

(e.¢]

M= S o O=T11- ¥ e

! !
k=1 'F et (F,) k=1 "% pemm_i(F,)



and thus each term may be evaluated separately.

2. For each k, use again the fact that any power (¢))" = €, evaluates to 0 on
a square-free polynomial whenever » > 1. Expanding the pg-th power and

eliminating high powers of €,’s

1( Z ep)it = Z €p1--Pyy,

1!
k pEII'I':k(Fq) {plr"apﬂk}clrr:k(Fq)

where the sum goes over all sets of degree-k irreducibles of cardinality p.. Since
the e symbols evaluate to either 1 or 0 on f, it follows that the sum evaluates to

the number of ways to choose . distinct irreducible factors of f with degree k.

Corollary 4.3.5. If f is a square-free polynomial then

X
( )(f) = # ways to choose p, many degree k irreducible factors of f, Vk.
]

Example 4.3.6 (Degree 1 character polynomials). The evaluation of X}, is most
straightforward. This is the expression ()/5 ) with g, = 1 and pj; = 0 for all j # k. In

this case Equation 4.1.9 simplifies to

k

Xk:% Z deg(P)Egeg(m:Z% Z Epk/d-

pGIrr|k dlk  pelrr—gq

When evaluating this expression on a polynomial f, since e-symbols evaluate to either

0 or 1, the sum becomes a simple count:

d
Xi(f) = Z E#{ irreducible degree d factors that divide f at least k/d times }.
dlk
(4.3.5)
Considering the two extreme cases: if f is square-free this reduces back to the count
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r

of degree k irreducible factors; and if f = p(¢)" with p irreducible of degree d then

Xgo(f) = % it r > ¢ and 0 otherwise.

Remark 4.3.7. The origin of the sum in Equation 4.3.5 is clear when one considers the
stack quotient [AN /Sn]: the Vieta map factors though the universal map from the

quotient stack to the quotient variety
(AN /Sy — AN /Sy = Poly™

and the fiber of this map over f contains multiple points that each contribute a term to
Xp.(f). At the same time, the points on the stack have automorphisms which account

for the denominators.

Proof of Theorem 4.1.7. Let f(t) be a monic polynomial over Fy. Suppose f decom-

poses as

f=pi@®)"™ . pn()™

where the p;(t)’s are the distinct irreducible factors of f and set d; = deg(p;). Over
the algebraic closure Fq every factor p;(t) decomposes further as a product of linear

terms

pit) = —a; 1)t — o) ... (t—a;gq,)

with all a; ;. distinct. Thus f(#) is the product

o= T -aip
1<i<n
1<k<d;

and the degree of fis N = > | d;r;.
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Under the Vieta map v : AN 5 AN

(z1,.-,2n) = pt) = (t—21)...(t—2N)

the polynomial f(¢) is the image of the N-tuple

ap = (@11, 01 1,009,...,002,... Oy O dyy Q2,155 Q215 - - ).

-~ -~ -~ -~

r1 times r1 times r1 times r9 times

Under the Sy-action of permuting the coordinates, the stabilizer of a s is the Young

subgroup

Hf::\Srlx...xSrljx...x:S‘rnx...xST@:(Srl)dlx...(Srn)d”.

-~ -~

dy times dy, times

For clarity of notation, relabel the points of the set {1,..., N} by choosing a bijection
Tp={(i,j,k):1<i<n, 1<j<r,keZ/dZ} = {1,...,N}

and thinking of Sy as the symmetry group of 7. One should think of the 3-tuple
(4,4, k) € Ty as corresponding to the root «; j, of the j-th copy of p;(t) (that is, i indexes
the irreducible factor, j indexes which of the multiple copies of p; one is considering,
and k indexes the roots of p;).

The Frobenius Frg acts on the roots of f(t) by the cyclic permutation a; 1, = @; j.41,
where the second subscript k& belongs to Z/d;Z. Thus the Frg-action is lifted by the

permutation 7 € Sy given by 7(i, 7, k) = (4,7, k + 1).

Our task is now to compute the value of x(o f) for every class function Y, i.e. the
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average value of y on the coset THy. Define a new function X(T) Sy — Q by

X(h) = x(7 - h).

1
Then it is clear that x(f) = T Z X(T)(h) =En, [X(T)] and that the operation
Ayl heH;
X X(T) commutes with arithmetic operations on functions. Thus to evaluate f on
(1)

arbitrary character polynomials, one can start by understanding the function X’

For this purpose introduce the following notation.

Definition 4.3.8 (The projection operator m;,). For every 1 <ig <n (i.e. for
every irreducible factor p; | f) define a projection operator my, Hy — Smo as follows.
An element of Hy = [[; 1, Sr; is given by a sequence of permutations (h;); . where

h; . € Sr;. Define

Mo = (i k)i = Rig.d;  Pig,di—1 - -+ Pig,2 * Pig,1-

(1)

Claim 2. For every r € N the function X, ' can be presented as a sum

X = Y Xeom (4.3.6)
1<i<n '
di|r

Proof. Fix an element h = (h;); € Hy. The value X;(7h) is the number of -
cycles the permutation 7h € 7Hy has when acting on the set 7. The action of this

permutation on an element (i, j, k) € Ty is by
.o h . . . .
(Z>]7 k) = (27 hi,k(]): k) '; (27 hi,k(])a k + 1)

Observe that the i-value is fixed by this action. Thus every cycle of T7h has a well-
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defined ¢-value, and there is a decomposition

=3 x
=1

where Xﬁz) counts only the number of r-cycles with ¢-value equal to i. It therefore

remains to show that X7(«Z) =X 7 om; if d; | r and 0 otherwise.
i

Fix i. An element (i, j,1) € Ry belongs to an r-cycle if it is fixed by (7h)" and not

by any smaller power of 7 - h. Compute

(7h)™(i,7,1) = (i, (him - -~ hi2 - hi1)(4), m+ 1)

so for (i, j, 1) to be fixed, demand that m+1 =1 mod d;, i.e. that d; | m. Restricting

to this case, write m = £ - d;. Now the j-value after applying (7h)™ is

This shows that (7, j,1) belongs to an 7 cycle if and only if d; | » and j belongs to an
d%—cycle of m;(h).

Since every orbit of 7 - h includes an element of the form (i,7,1) (as any triple
(1,7, k) goes to an element of the form (4, 5/, 1) after (d; — k + 1) applications of 7h),
one only need to count the number of such elements that belong to r-cycles. By the
previous paragraph, the number of j’s for which (i, 7,1) belong to r-cycle is equal to

the number of r-cycles of m;(h) when d; | 7, and that otherwise there are none. Thus
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the proclaimed equality follows

X (mi(h)  d;|r

0 otherwise

O

We are now ready to compute (if ) (f) for every multi-index p. Our calculation
proceeds using the generating function introduced above. Note that for every fixed
N, the class functions X, with & > N are identically 0, so the function F(t) is really
a polynomial in the variables t1,...,¢5. Throughout the proceeding calculation one
should remember that all expressions involved are really finite.

Apply the operation x — y(7) to F termwise: F(7 ( ) = ZM ( ) #. Using the

observation of Claim 2 it follows that
o

) H (1+1;) Z{zd &} Xk/d; O
e

n oo 0
H (1+1, Xk/diomi _ H H(l + tdié)Xgomi-
ixd;|k

1=1/¢=1

where in the last equality we relabeled k& = ¢ - d; to include only pairs (i, k) in which

d;|k. One now notices that the function F (7) factors though the product of projections
m=(my,...,mp): Hf — Spy X ... X Sp.

The next observation simplifies the problem greatly.

Claim 3. The product of projections

m:(m:l,...’mn):HfHSrlX...XSTn
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18 precisely an S Ayl -to-1 function. In other words, the map m is measure

g X XSy, |
preserving between the two uniform probability spaces.

Proof. Fix any element (o1,...,0n) € Sy, X ... x Sp,. Then for every i and every
choice of elements (h;1,...,h; g, 1) € S%i_l there exists a unique h; 4. that satisfies
the equality

hidg, ~hidg—1---hi1 =04

namely h; g = o (hj g1 hi’l)_l. Since the terms with different index ¢ do not
appear in this expression, they may be chosen independently.
It follows that there is a bijection [[i S,‘aiffl ~ m~(oy,...,0n), thus demon-

strating the claim. O

The fact that F(7) factors through the measure preserving map m allows one to

compute the H p-expected value by computing it on [T/ Sr; instead:

oo

gy, [F(7) om] = Bppn s, (F] =TT Es, (TT( + ta ™). (4.3.7)
=1 /=1

The derivation of our formula follows from the following key observation.

Theorem 4.3.9. Fizr € N and let € be a formal nilpotent element such that €+t =0

but € # 0. Then for every d € N there is an equality

e.¢]

Gar(te) :=Eg [[] (1 + €40 = exp (Z J%) . (4.3.8)
l

(=1

Furthermore, the introduction of € to the left-hand side of the equation does not
cause any loss of information in the sense that replacing every nonzero power of € by 1

recovers the expectations. Formally, denoting the ring Qlt1,ts,...] by A, the A-module
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map Ale]/(€"T1) =5 LNy defined by € — 1 for all j < r sends

Qbe : Gd,r(t7 6) — Gd,r(t7 1).
The latter function is the generating function of the expectations Eg, [(Xﬁ/d)] (defined
to be 0 unless d|().

Proof. Expand the left-hand side

o0
X X
[T+ cla e =3 (7 )enrmreaias. .= 3 ()il a5

(=1 jz H I

Recall that if ||| > r then (if) = 0, so setting € = 1 for all i < r is the same as
having 1’s in place of € everywhere.

Use the following calculation of [CEF2].

Fact 4.3.10 ( In the proof of [CEF2, Proposition 3.9] ). If u is a multi-index with

> [(ff)] B E Wlug!‘

When multiplying this equation by elvll one gets an equality that holds for all u.

y

el < 7 then

Thus when evaluating the expectation on the generating function

Eg

r

XN gl g oo (eta)p (Etag)pa
totes .| = ..
Z (H)E d ‘2d Z}; 1! 202 )] H Z

K (=1 pg= 1

To get the stated form of this expression, use the multiplicative property of the expo-

nential series. O
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Apply this observation to the calculation of Eg ; [F (T)]: introduce n nilpotent ele-
ments €; with respective order r; + 1 and let ¢ be the map Q[t]-linear map that sends

(¢;)7 — 1 whenever j < r;. Then

Eg, [FO(0)] = li[lEsri[H<1+fdie)Xf]:¢[HGXP (;6%6)]

(=1 1=1

— 5 [exp (izef“f)].

=1 /

Relabel the terms d;¢ = k back by summing only over {i : d;|k} and replacing ¢ = k/d;.

The resulting expression becomes

oo
k/d; , tk
Ey, [F(T)(t)] —olexp | S S g, e (4.3.10)
To bring the expression to the desired form, replace the ¢;’s with the symbols
€p € Ry introduced above. Recall that the (Sri)Xdi—factor of Hy corresponds to the
irreducible factor p; of degree d; that divides f precisely r; times. Thus, using the

symbol €, and its evaluation of f as defined in Equation 4.3.1, there is an equality

1 dST’Z’

0 otherwise

More generally, ¢ [e{l e 6%"} = 1if j; < r; for all i and is 0 otherwise. This is precisely

the value of ef,ll e E%Z = Ep{i... Jin evaluated on f, since the p;’s are coprime. It follows
that Equation 4.3.10 can be written with €, in the place of ¢; everywhere.

For every other irreducible polynomial p # p1, ..., pn the evaluation e,(f) = 0, so

adding all such symbols into Equation 4.3.10 does not change the resulting evaluation.
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It does, however, allow us to write the sum uniformly without making any reference

to the divisors of f. This is the sought after form of the generating function.

X

Lastly, to get the individual expectations (if )(f) =Eg 4 [( M

)(T)] one needs only
to look compute the u-th partial derivative with respect to t. This resulting expression

is as stated. O

4.3.2  The case of all monic polynomials

We now complete the calculation in the case where one does not impose any restrictions
on roots, i.e. we are considering the SV action on the whole of AY. The cohomology
groups of AN are very simple: they are known to be Q;(0) in dimension 0 and vanish
in all higher degrees. Moreover, the induced Spy-action on these cohomology groups is

trivial. Thus Theorem 4.1.2 reduces to the surprising Corollary 4.1.5.

Proof of Corollary 4.1.5. For every Spy-class function x Theorem 4.1.2 gives an equal-
ity

1 1
N 2 o =EAYQ). 08y = 17 2 1 x(9)
fePoly™ (F,) geSN

]

Remark 4.3.11. In Corollary 4.1.5, there is no reason to restrict attention to the group
action Sy ~ AN: one can more generally consider any subgroup of Aut(AV V(Fq) =

Aff 5 (Fy) and get a similar result:

Theorem 4.3.12 (Equal expectation for G < AffN(F,)). Let a subgroup G <
Affn(Fy) act on AN naturally, and denote the resulting quotient AN /G by Xg. Then

every G-class function x induces random wvariables on the two uniform probability
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spaces X (Fq) and G, and these satisfy

oy 5 = Bl

We will not pursue this idea any further.

Example 4.3.13 (Case y = ()/f)) The explicit form of (if) (f) given by Theorem

4.1.7 can be used to unpack Equation 4.1.5 and get definite facts regarding polynomials.

Claim 4. Fquation 4.1.5 is equivalent to the well known Necklace relations: for every
degree d let Ny be the number of degree d monic irreducible polynomials in F[t], then

for every k € N one has

> dNg =q". (4.3.11)
d|k

More specifically, for every multi-index p = (u1, pa, - ..) the following equality holds

Epoy (1) KX” =Eg, Ki)} ﬁ ikZde Mk. (4.3.12)

# k=1 \?" apk

Proof. The major challenge in computing the evaluation (if )(f) directly is that one
has to deal with the irreducible decomposition of f, and these can take many forms.
It turns out that this challenge disappears completely when one in only interested in

the average value over all f € PolyN (Fq), as the following observation shows.

Lemma 4.3.14 (Average of ¢;). Let E denote the expectation over the set PolyN(Fq)
of monic polynomials of degree N as a uniform probability space. Then for every

polynomial g, the symbol €4 satisfies

1
Ty deglg) <N
Ele] = { 4 (4.3.13)

0 Otherwise.
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Stated equivalently, let € be a formal nilpotent element of order N + 1. Then the

Q-algebra homomorphisms Ry A, Qle]/(eNTtL) defined by linearly extending

¢\ deg(g)
A:eg— (6) Vg € Fylt]

and the Q-module map ¢¢ : Q[e]/(ej\”l) — Q defined by sending €/ — 1 for all
j < N satisfy the relation
pe o A =E.

Thus the expectation factors through the homomorphism A, which sends all g sym-

bols to a single expression involving €.

Proof. First, if deg(g) > N then ¢ = 0 on Poly"Y and thus Eleg] = 0. Next, if

deg(g) < N, then since Fy[t] is a UFD, division gives a bijection

{f € PolyN(Ey) st glf} e Poly(Vdeslo) o).

N —deg(g)

Thus the number of monic polynomial divisible by ¢ is precisely ¢ . Evaluating

the expectation amounts to dividing this count by the cardinality of PolyN (Fg), which
is qN . 0

Let F(t) be the generating function of the (if )’s as introduced in the previous

section. Recall that by Theorem 4.1.7

00 k

de, tk:

F(t) =exp E E deg(p)ep g(r) -
k=1pelrr

as functions on Poly™Y (Fy). Using Lemma 4.3.14 proved above, one can readily compute

deg(g
E[F(t)] by first applying A: Since the evaluation A : ¢4 — <§> @) is a (Q-algebra
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homomorphism, it commutes with taking the exponential series

k
) = exp Z Z deg(p)A(ep degl’)— = exp Z Z deg(p () %

k=1 pelrr), k=1pelrr

Collect all terms that depend only on &

Reindex the sum Z deg(p) based on the degrees d = deg(p), and observe that it is
pGIrr‘ k
precisely the sum dlk dN, that appears in the Necklace relations.

By differentiation with respect to t one finds that the p-th coefficient of this gen-

erating function is

1223 HE

) M (S av) = Tt (S
= _— = €
pj)oo o kg I Pl e I

dlk d|k

Furthermore, Fact 4.3.10 produced an equality

" (Enu ﬁ ku:ﬂk!> _Eg, Kfﬂ

which produces the desired result using ¢ o A = ]EPoly N(F,) O

4.3.8 Statistics on cosets of Young subgroups

One can rephrase Theorem 4.1.7 as a purely combinatorial statement regarding the
cycle-decomposition statistics of cosets of Young subgroups. This could be stated as
follows.
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As stated above, for every multi-index u = (u1, po, . ..), the character polynomial
(if ) counts the number of ways to arrange cycles into sets of p;, many k-cycles for

every k.

Theorem 4.3.15 (Statistics on Young cosets). Let H = Sy, X ... x Sy be a
Young subgroup of Sp. Consider a coset gH where g € S is in the normalizer of H
(i.e. gH = Hg). Then conjugation by g induces a permutation T of the Sy, Jactors,
say

H:Sﬁlllx...xng

and T cyclically permutes the factors in each ng
Then for every multi-index 1 = (py, u2, .. .), the expected value of (if) on the coset

gH is given by the expression

x 00 & 1275
Eg, [( )] o TI 1 3 «a; (4.3.14)
H k=1 \{id;|k}
where the symbol €; is a formal nilpotent element of order r; + 1, and one eliminates
these applying the Q-linear transformation

:Qler,.... e/ —Q . Bi(gl 1 Vi<

7

In particular, for every cycle type pn = (u1, 1o, ..., uN), the number of elements in

gH with cycle-type p is given by the expression

N k HE

[H] - [Cpl i
—r Il D «id (4.3.15)
k=1 \{i:d;|k}
where C), is the conjugacy class of all elements with cycle-type i, and €; and ® are as

above.
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Example 4.3.16 (Expected number of k-cycles in gH C Sy). Let H and g be as
in the statement of Theorem 4.3.15. Compute the expected number of k-cycles in an
element o € gH, i.e. the average of X} over gH, using Equation 4.3.14 with p; =1

and p; =0 for all j # k. Tt takes the form

|
LS}
~
&
Q.
~.

I
| =
Q.
$

{a:d;|k} {itidz‘Vf}

Proof of Theorem 4.53.15. The proof given for Theorem 4.1.7 applies more generally in
this case: replacing the set of roots {ai,kzlgign,keZ/diZ} by a formal set of pairs { (i, k) :
1 <i<mnkeZ/dZ}, and the Frobenius permutation by the formal permutation
7: (i, k) — (i,k + 1), the proof proceeds as presented above.

This shows that our derivation leading up to Equation 4.3.10 applies and the ex-

pected values of (‘f ) on gH are given by the generating function

d [exp Z Z zal tk

k= 1{zd|k}

Extract the p-th coefficient by derivation with respect to t. The resulting Taylor

coefficient is
M

|
CI) H kukuk!
k=1 {i:d;|k}
Now use Fact 4.3.10 to substitute []p2, m = Eg, [(if)} and arrive at the final
form of our equation.

Lastly, the statement regarding the case ||p|| = N follows from the observation that

(if) is the indicator function of CM' O
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