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We explore the notion that cosmological models that modify the late-time expansion history cannot
simultaneously fit the SHOES Collaboration’s measurements of the Hubble constant, Dark Energy
Spectroscopic Instrument baryon acoustic oscillations data, and type Ia supernova distances. Adopting a
few simple phenomenological models, we quantitatively demonstrate that a satisfactory fit with a model
with late-time expansion history can only be achieved if one of the following is true: (1) there is a sharp step
in the absolute magnitude of type Ia supernovae at very low redshift, z ~ 0.01, or (2) the distance duality
relation, d; (z) = (1 + z)?d4(z), is broken. Both solutions are trivial in that they effectively decouple the
calibrated type Ia supernovae measurements from other data, and this qualitatively agrees with previous
work built on studying specific dark-energy models. We also identify a less effective class of late-time
solutions with a transition at z ~ 0.15 that lead to a more modest improvement in fit to the data than models
with a very low-z transition. Our conclusions are largely unchanged when we include surface brightness
fluctuation distance measurements, with their current systematic uncertainties, to our analysis. We finally
illustrate our findings by studying a physical model which, when equipped with the ability to smoothly

change the absolute magnitude of type Ia supernovae, partially resolves the Hubble tension.
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I. INTRODUCTION

Recent evidence for the so-called “Hubble tension’—a
discrepancy in the measurements of the Hubble constant
between low-redshift direct determinations and higher-red-
shift inferences—has caused waves in cosmology and
emerged as a forefront challenge to the standard cosmo-
logical model with dark matter and dark energy (ACDM).
Direct measurements provided by the SHOES Collaboration
[1] indicate that H, = 73.04 & 1.04 kms~! Mpc~'. In con-
trast, parameter inference from the cosmic microwave
background (CMB) gives Hy = 67.14 £0.47 kms~' Mpc~!
[2], while the combination of baryon acoustic oscillation
(BAO) measurements from the Data Release 2 of the
Dark Energy Spectroscopic Instrument (DESI) and the
big bang nucleosynthesis (BBN) prior gives Hy = 68.5 +
0.51 kms~! Mpc~! [3]. Consequently, measurements by the
SHOES Collaboration are 5.2¢ and 3.9¢ apart from the CMB
and BAO + BBN measurements, respectively.1 While there
exist multiple other methods for local (at redshift z <« 1)
and global (z~ 1 or higher) determination of the Hubble
constant, these methods are currently not as mature as the
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"The latest determination of H, from the HODN Collaboration
[4] raises the Hubble tension to a 7.1c level.
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aforementioned measurements that are in tension; see [5,6]
for reviews.

Exploration of possible systematic errors in these mea-
surements and their inability to account for the Hubble
tension has caused major effort on the theory front. It is fair
to say that no compelling theoretical solution to the Hubble
tension has yet been identified. Roughly, these theoretical
solutions come in two flavors: those that change the early-
Universe physics, typically changing the sound horizon,
and those that affect the late-time expansion history (for
comprehensive reviews, see [7-9]). Both kinds of explan-
ations increase the H, inferred from the CMB and BAO to
better agree with the SHOES value.

The difficulty of explaining Hubble tension with theo-
retical models is well known [7]. Early-time dark-energy
solutions to this problem, reviewed in Poulin et al. [10],
technically work but are very fine tuned. The situation is
even more dire with late-time solutions to Hubble tension;
it has been pointed out that they are essentially not feasible
[11-21] except in extremely fine-tuned scenarios [22].
Previous studies have primarily focused either on modify-
ing the late-time expansion history through exotic scalar
field components that become relevant at z <1, or on
investigating potential systematics in the type la super-
novae (SNla) dataset, including analysis choices such as the
assumed fiducial cosmology in BAO inference, as possible
resolutions to the Hubble tension. In contrast, in this work
we adopt a more transparent and controlled approach by
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employing simple toy models of late-time expansion
history modifications, with the aim of elucidating the
generic challenges faced by such solutions. In addition,
we extend the analysis beyond expansion history by
exploring the possibility of redshift-dependent magnitude
evolution within the SNIa dataset. To further assess the
viability of these effects, we present an explicit example
of a more realistic model capable of producing such a
magnitude transition, and incorporate the surface bright-
ness fluctuations (SBFs) dataset to test the robustness of
our conclusions.

The stakes were raised recently with the finding by DESI
and other data finding some hints for dynamical dark
energy. Adopting the popular parameterization of the
equation of state of dark energy w(a) = wy+ w,(1 — a)
[23,24], where w, and w, are free parameters and a is the
scale factor, the analysis of DESI data, combined with
CMB and SNIa favor values with wy > —1 and w, < 0,
and depart from the standard cosmological model with
vacuum energy (wy = —1,w, = 0) at the statistical level
between 2.80 and 4.2¢ [3,25-27]. This finding, which was
followed up widely in the literature (e.g., [28—60]) may be
related to the Hubble tension, though at present it appears to
be separate from it: for example, in the wyw,CDM model,
the derived value of the Hubble constant is even farther
away from the SHOES measurement than in ACDM [3].

Our goal in this work is to explain as clearly as possible,
and illustrate with simple examples, the difficulty that
models that modify late-time expansion history of the
Universe face to explain the combination of SHOES
measurements of the Hubble constant, data from type Ia
supernovae, and baryon acoustic oscillation measurements
from the DESI survey. In order to do so, we do not present a
comprehensive scan through classes of dark-energy mod-
els, but rather investigate a few parametrized models for the
expansion history that, in our view, encompass a range of
physical possibilities. We also illustrate results with a
physical, albeit fine-tuned, model.

Our paper is organized as follows. In Sec. II, we describe
the methodology and our models. In Sec. IV, we present our
results, while in Sec. VI we give a worked physical example
of a model that modifies late-time expansion history in a
rather drastic way, yet still does not have a sufficiently good
improvement in the fit. We conclude in Sec. VIIL.

II. METHODOLOGY, MODELS AND DATA

We assume a spatially flat cosmology and the validity of
general theory of relativity throughout. The transverse and
line-of-slight comoving distances are respectively

z d7 c

——3 Dy(z) “HE) (1)

Dy(z) =¢ | H(ZI);

where c is the speed of light. Here the expansion rate can be
written in terms of the Hubble constant as H(z) = HyE(z).

We now describe the cosmological models that we consider
in this paper.

ACDM model: In this model the expansion history E(z)
takes on the standard expression

E(z) = /@1 + 2 + Q1 +2)* + (1 = — Q)

100 2
Qm = <—> (gzcdmh2 + Qbhz)’ (2)
H,

where Q. ,Qp,Q.4m, and €, are respectively energy
densities of matter, radiation, cold dark matter and baryons
relative to critical density, H, is the Hubble constant, and
h = Hy/(100 kms~! Mpc™!). All throughout this work we
assume a single massive neutrino with m, = 0.06 eV and
two massless neutrino species. We have accounted for the
neutrino density using the formalism developed in WMAP
7-year analysis [61], as also described in Appendix C of
[48]. The SNIa apparent magnitude is given by another
standard expression (to be modified in the next two models
we introduce further below)

m(z) = u(z) + M 3)

where (z) is the distance modulus defined as

u(z) =5 log (flLT(Zp)J +25 (4)

where d; (z) = (1 + z)Dy(z) is the luminosity distance
and z is the redshift. The redshift used in the prefactor here
is the heliocentric redshift z,, from the PantheonPlus
catalog. In this model, the parameters are

pACDM € {chmh27gbh2’H0’M}' (5)

We next consider extended models with more freedom
than ACDM which aim to better fit the combined cosmo-
logical data that include SHOES.

We have assumed a flat cosmological model thus far. As
an alternative to flat ACDM, in our analysis we also briefly
consider a curved ACDM, with one additional parameter,
Q. and with the full parameter set

pQKCDM c {p/\CDM7 QK} (6)

Hstep model: This is the simplest model, in which we
allow for a transition in the Hubble parameter at redshift z;.
Mathematically, the expansion-rate step transition is
defined via

if z<z

H@—{%ﬂd )

HEE(z), if 2>z

where HE is a new parameter in general different from the
late-time Hubble constant H,. In this model, the matter
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density corresponds to the early-time physical density in
mass, that is

2
Qm = <@> (chmh2 =+ Qbhz)' (8)

The parameters in this model are

pstep c {pACDM’ Hg’ Z[}. (9)

where pA“PM s the parameter set in ACDM listed in

Eq. (5). There are therefore two additional parameters in
this model relative to the standard cosmological constant
plus cold-dark-matter scenario.

Mstep model: In this model, we allow for a sharp change
in the absolute magnitude of SNIa at the transition redshift
Z,, but keep all other properties as in ACDM. The new
parameters in the model are the magnitude change and the
redshift at which it occurs z;; the apparent magnitude is now
given by

if <z

m(z) = (10)

{M(ZH‘Mv

u(z) + ME, if 7> z,

where MF is a new parameter, different in general from the
late-time absolute magnitude M, and z; is the transition
redshift. The parameter set is then

pMstcp c {pACDM’ ME, Zt}- (11)

Similar to the Hstep model, the Mstep model also contains
two additional parameters relative to ACDM.

Hstep + Mstep model: Here, we allow for both a tran-
sition in the absolute magnitude of SNIa at the transition
redshift zy; and a transition in the Hubble parameter at
redshift z. The M transition is described in Eq. (10), while
the H transition is defined as in Eq. (7). The parameters in
this model are

pHslep+Mstep c {pACDM7 ME, ]_I(]?7 Mo ZtH}- (12)

There are therefore four additional parameters in this model
relative to ACDM.
wow, + Mstep model: Finally, we use the more flexible

(wp,w,) parametrization [23] to model the expansion
history and similar to previous models, allow for a
transition in the absolute magnitude of SNIa at the
transition redshift z,. The M transition is same as described
in Eq. (10), while the Hubble parameter in the (wg,w,)
model is given by

H(z) = Hy {Qm(l +2)3 + Qp(1 +2)*

+ (1= Q,, — Qg)(1 + z)3(Hmwotwa)
3 1/2
X exp <— W“Z)] . (13)

1+z

The parameters of this model are
pwow[,+Mstep c {pACDM’ W\ W ME, Zt}' (14)

Similar to Hstep + Mstep model, there are four additional
parameters in this model relative to ACDM.

To carry out our analysis, we modify the cosmological
code CAMB [62] to compute the background quantities like
Hubble rate, distances and supernova magnitudes in our
modified-H model. To obtain the Ay? values for comparing
models, we the run the minimiser iminuit [63] via its
wrapper in Cobaya [64].

We make use the following data sets:

DESI DR2 BAO. We use the measurements from the
DESI BAO analysis from its second data release (hence-
forth DESI DR2 BAO, or just DESI), and we adopt the 13
distance measurements, and their covariance, as quoted
in Table IV of [3] and validated in supporting DESI DR2
publications [65,66]. To make our analysis simple and as
model independent as possible, we do not use the additional
information from the full-shape clustering of DESI
sources [67].

Compressed CMB data. As discussed in [48], for the
phenomenological class of models considered in this work,
the theoretical CMB angular power spectrum cannot be
consistently computed, and therefore the full power-
spectrum-based CMB likelihood cannot be used. Hence,
we rely on the compressed CMB likelihood [48] which
involves the “shift” parameter R, the angular location 7, as
well as the physical baryon density 4.

Calibrated SNIa: We make use of the full PantheonPlus
+SHOES catalog, including the calibrator sample, follow-
ing the procedure adopted in the official analysis [1,68,69].
The PantheonPlus compilation consists of distance modu-
lus measurements from 1701 light curves of 1550 spectro-
scopically confirmed type Ia supernovae spanning the
redshift range 0.001 < z < 2.26. The low-redshift subset
is calibrated using 77 nearby SNe Ia hosted in galaxies with
Cepheid distance measurements, forming the SHOES dis-
tance ladder that anchors the absolute magnitude of SNe Ia.
Unlike the commonly used approach of applying a prior on
the absolute magnitude M to incorporate the SHOES
calibration, we instead include the full set of calibrators
directly in the analysis, thereby accounting for the Ay?
contributions self-consistently. Additional discussion of the
subtleties associated with using a magnitude prior for the
SHOES calibration is provided in Appendix A.
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FIG. 1.

z

Ilustration of the inability of low-redshift dark-energy models to simultaneously fit the SHOES measurements and other

cosmological data. In both panels, we show the distance modulus relative to one predicted in the best-fit ACDM model as a function of
redshift, along with the Cepheid measurements by SHOES Collaboration, SNIa data from PantheonPlus, and BAO data from DESI DR2.
The top panel shows the scenario in which SNIa are anchored to the SHOES measurement while the BAO are calibrated via Planck’s
ACDM sound horizon; then a smooth model is unable to simultaneously fit the SNIa and BAO data in the region where they overlap.
The lower panel shows the scenario where the SNIa data are instead anchored to BAO distances (as actually preferred by a global
cosmological fit); then the Cepheid measurement is inconsistent with the rest of the Hubble diagram in which it effectively introduces a

sharp break. See text for more details.

III. TROUBLE BREWING IN THE HUBBLE
DIAGRAM: A PREVIEW

We illustrate in Fig. 1 the fundamental difficulty of
simultaneously fitting SHOES data and the SNIa and BAO
data. In both panels, we show the distance modulus (u)
relative to one predicted in the best-fit need to specify
which best-fit ACDM model (#*“PM) as a function of
redshift. We also show the Cepheid measurements by
SHOES Collaboration [1], SNIa data from PantheonPlus
[68,69], and BAO data from DESI DR2 [3].

The top panel of Fig. 1 shows the scenario in which SNIa
are anchored to the SHOES measurement; in this case,
a smooth model is unable to simultaneously fit the SNIa
and BAO data in the region where they overlap. It would take
a low-redshift model with extremely rapid oscillations in
redshift—with variations on a scale of Az ~ 0.01 or faster—
to fit both SNIa and BAO data, something that does not seem
physically plausible.

The lower panel of Fig. 1 shows the scenario where the
SNIa data are instead anchored to BAO distances, and there
absolute magnitude matches that inferred from the BAO
(this is sometimes referred o as the “inverse distance

ladder” [70]). This situation is actually preferred by a
global cosmological fit to SHOES 4+ BAO + SNIa, as the
BAO data provide a stronger “pull” on SNla than the
SHOES data point. In this case, it is immediately trans-
parent that the Cepheid measurement becomes inconsistent
with the rest of the Hubble diagram in which it effectively
introduces a sharp break. Specifically, SNIa now favor the
absolute magnitude of Mgy, = —19.40 +0.0092, while
the SHOES measurement is Mgyops = —19.25 £+ 0.027.

Overall, Fig. 1 illustrates the steep challenge faced by
models that modify the low-redshift expansion history.
Note, in particular, that even an arbitrarily sharp transition
in the expansion rate at low redshift does not alleviate the
problem, because it is a transition in the absolute magnitude
M that is apparently required by the combined SHOES and
SNIa/BAO data [14,17,18].

IV. RESULTS WITH SPECIFIC MODELS

We next study specific cosmological models and their fit
to data.

Our principal results are shown in Table I and Fig. 2.
In Table I, we show the principal cosmological models
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TABLE L

Goodness of fit values for various dataset combinations using DR2 BAO, CMB, and full SNIa data comprised of

PantheonPlus and SHOES. The total y> is shown along with Ay? relative to the best-fit ACDM model, and this is followed by y?
contributions that come from BAO + CMB data only, and from PantheonPlus + SHOES data only. We also show the best fits for the
absolute magnitude M and, in models with a transition in absolute magnitude, we also show the early-time (before-transition) value, M.
The last column shows the number of degrees of freedom of a given model relative to ACDM. The top section of the table shows models
that show a very small improvement of fit relative to ACDM, while the bottom section shows those with a substantially improved fit.

Poor Fit to DR2 BAO + CMB + PantheonPlus + SHOES Data

Model Aiotal Ay? X%BAO+CMB X%’antthSHOES M* M ADOF
LCDM 1500 0 17 1482 —19.399 0
LCDM (PantheonPlus + SHOES only) . e cee 1452 —19.243 0
Q,CDM 1490 —-10 12 1478 —19.384 1
wow,CDM 1495 -5 15 1480 —19.377 2
HStep 1498 -2 19 1479 —19.395 —19.395 2
Good Fit to DR2 BAO + CMB + PantheonPlus + SHOES Data
Model Xtotal Ay? X%}A0+CMB X%’antthSHOES M* M ADOF
Mstep 1460 —-40 17 1443 —-19.414 —19.246 2
Hstep + Mstep (g1 = Zav) 1458  —42 18 1440 19419  —19.250 3
Hstep + Mstep 1457 —43 17 1440 —19.423 —19.247 4
wow, + Mstep 1457 —43 15 1443 —19.408 —19.250 4

(introduced in Sec. II), and their respective goodness of fit
to the SHOES+SNIa+BAO+CMB data that was also intro-
duced in that section. Table I is further divided into two
sections, with the top part showing models with a very
small improvement relative to ACDM, while the lower
section shows models with a substantial improvement of fit.
In Fig. 2, we show three select extended models and how
they compare to ACDM. In this figure, we show the
apparent magnitude relative to that in the ACDM model,
u— puPM: in this case, SNIa data also shift between
different models because of the change in the best-
fit absolute magnitude; see Appendix B for details.
Throughout, we assume the combined DESIDR2 +
CMB + PantheonPlus + SHOES dataset, except in the
second line of the top block of Table I, where we show
results for PantheonPlus+SHOES alone to illustrate wors-
ening of the fit when when BAO + CMB data are added to
this combination.

Let us now interpret the Ay? values in Table I and Fig. 2.
A striking feature of the ACDM model, which is shown in
all panels of Fig. 2 and listed in the top section of Table I, is
that the Cepheid data point lies about 4 — 5¢ away from the
theoretical curves for both ACDM and Hstep models. This
arises because the absolute magnitude M is treated as a free
parameter, and its best-fit value is predominantly deter-
mined by high-redshift SNIa data points which adjust M so
as to reconcile their inferred distances with BAO measure-
ments. As a result, the best-fit absolute magnitude is
M ~—-19.4, which is about 4 —5¢ away from the
SHOES calibrator value (M = —19.243 £+ 0.027).

The top panel in Fig. 2 further shows that the situation
is not alleviated in models that modify the low-redshift

expansion history: for example, the Hstep model
(¢* = 1498, obtained for the illustrative transition redshift
z¢ = 0.013) negligibly improves upon the fit in ACDM
model (y> = 1500). The same is true in the (w,, w,) model
(¢y* = 1495), which is not shown in Fig. 2 for clarity.
Interestingly, the model with spatial curvature improves the
fitby Ay?> = —10 (so y*> = 1490) for a single new degree of
freedom (Qy), but this improvement is much too small to
explain the data when SHOES are included in the dataset.
All these (or other similar) low-z solutions do not improve
the fit because a late-time transition in the Hubble param-
eter still leaves the SNIa as the dominant driver of M,
pushing the best-fit magnitude to values that remain
significantly offset from the Cepheid determination
by SHOES.

In contrast, the lower section of Table I shows several
models that have a much better fit than ACDM (or Hstep)
model. However, all of those models are ad hoc, created
just so as to effectively decouple the SHOES H measure-
ment from the rest of SNIa Hubble diagram. First, we list
the Mstep model, whose fit to data is better by a whopping
Ay? ~ —40 relative to ACDM. This model has two param-
eters relative to ACDM, the pretransition value of the
absolute magnitude MF and the transition redshift z,. All of
the improvement in the fit of this model relative to ACDM
comes from improvement in modeling the PantheonPlus
+SHOES SNIa data, rather than BAO + CMB (to see this,
compare the y§,0.cvp Value for this model to that of
ACDM; they are identical). Figure 3 shows that the best fit
for the Mstep model is achieved at the transition redshift
7, =~ 0.013. As expected, the best fit is therefore achieved at
a very low transition redshift which effectively decouples
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FIG. 2. Similar as Fig. 1, but for three phenomenological models, each compared to ACDM. From top to bottom these are a model
with a sharp step in the expansion rate (Hstep), one with a step in the absolute magnitude of SNIa (Mstep), and one with the wyw,CDM
expansion history and an Mstep. In each case, we provide in the legend the best-fit chi squared relative to ACDM (Ay?), as well as the
best-fit redshift of the step (z;). We also show data for the Cepheid calibrators, SNIa, and DESI BAO.

Cepheids and SNIa in the SHOES measurements. Table I
also shows that MF in the Mstep model is very close
to the best-fit M value in the ACDM model, allowing the
SNIa distances to agree with BAO distances over the
redshift range where they overlap. The late-time abso-
lute-magnitude value, M, is close to the SHOES-only
measurement (compare M of the Mstep model to M of
the ACDM model where PantheonPlus+SHOES data alone
were used—the second model listed in Table I). Thus the
Mstep model avoids the massive penalties faced by the
ACDM and Hstep models.

Next we show the Hstep + Mstep model; the two rows
corresponding to this model in Table I assume respec-
tively same or different redshift of transition in the
absolute magnitude M and Hubble parameter H (that
is, zy and zg respectively set to equal each other, or
assumed as separate parameters). The two Hstep + Mstep
model variants have a comparable fit, which is also
similar to that of the Mstep model. Therefore, further
introducing a step in H does not help the fit once a step
in M has been adopted. The cyan curve in Fig. 3
confirms that the behavior of the goodness of fit in the
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FIG. 3. Improvement of the goodness of fit, Ay?, relative to the
best-fit ACDM cosmological model, shown as a function of the
transition redshift z,. We show results for the Mstep model,
Hstep + Mstep (assuming the same transition redshift in the
Hubble parameter and absolute magnitude), and the Mstep model
embedded in (wg, w,) expansion history. In all three models, the
largest improvement in the fit occurs with transition redshift of
about 0.01. See text and Table I for more details.

Hstep + Mstep model, as a function of the transition
parameter (assuming the same transition redshift for H
and M), is very similar to that of the Hstep model, albeit
with a slightly better goodness of fit, as would be
expected for a model with an additional free parameter.

The last row of Table I shows the goodness of fit of the
wow, + Mstep model, which is the Mstep model that
assumes the (wg,w,) expansion history rather than
ACDM. We find that the additional freedom allowed by the
(wg,w,) expansion history does not appreciably change
the fit of the Mstep model with ACDM expansion history;
the former has Ay?> = —43 relative to the pure ACDM
model, while the latter has Ay? = —40. Figure 3 confirms
this, showing a slightly improved but overall similar fit as a
function of the redshift at which M transitions.

Figure 3 also identifies a second class of solutions that
have a sharp step at z; =~ 0.15 though a much smaller peak
in the likelihood than the z; ~ 0.01 solutions. The former
class of partially successful solutions is interesting because
it is able to produce a higher H,, with a relatively weaker M
transition even though the fit is modest. We discuss the
reason why these z; ~0.15 solutions work in detail in
Appendix C.

Overall then, we find that the principal feature required
to fit data significantly better than ACDM is to have a
sharp, low-redshift transition in the absolute magnitude M.
Such a transition, which is preferred by data at redshift
7, ~0.01, effectively decouples the SHOES calibration of
the Hubble diagram, and allows the Hubble parameter to
return to the value preferred by the CMB and BAO data,
which is Hy~67 kms~! Mpc~'. Conversely, a sharp
transition in the Hubble parameter, with or without addi-
tional freedom imposed by the (w,, w,) model, does not
appreciably improve the fit to the data relative to
pure ACDM.

While effective in terms of fitting data, the Mstep model
presents a nonphysical solution to the Hubble tension—it
effectively simply removes the SHOES measurements from
the data, which has been known for a long time to improve
the overall fit to the combined data.

There is one more altogether different possibility for
solving the Hubble tension, but much like the class of Mstep
models it is trivial. This scenario is to break the Etherington
duality relation that links the luminosity distance to angular
diameter distance, d; (z) = (1 + z)?>d4(z). The Etherington
relation is extremely robust in the standard cosmological
model, and holds even the models with departures from
the Friedmann-Lemaitre-Robertson-Walker metric [71,72].
If this relation were broken, however, then the BAO data
would have an arbitrary normalization not tied to that from
SNIa or the SHOES measurement (so, the black points in
Fig. 1 would be able to move vertically regardless of the
red points). Etherington duality relation’s breaking was
recently investigated specifically in the context of Hubble
tension by Teixeira et al. [73], where it was shown that a
redshift dependent violation of the distance-duality rela-
tion along with a non-ACDM compensation in the
expansion history can resolve the Hubble tension.
While the breaking of the duality relation remains a
theoretical possibility to solve the Hubble tension, such
a breaking would represent a radical (and, arguably,
extremely unlikely) departure from the standard cosmo-
logical model.

V. INCLUSION OF SURFACE BRIGHTNESS
FLUCTUATIONS MEASUREMENTS

In order to better understand the dependence of our
conclusions on the PantheonPlus + SHOES dataset, we
repeat the above analysis by including SBFs [74]. SBFs
measure the pixel-to-pixel variance in a galaxy’s unre-
solved stellar light, which arises from Poisson fluctuations
in the numbers and luminosities of stars per resolution
element. The amplitude of these fluctuations decreases with
distance and can therefore be used as a standard-candle-like
distance indicator. Converting the observed fluctuation
signal into a distance requires a calibration of the absolute
SBF magnitude, which depends on the underlying stellar
population and photometric zero point.

We adopt the SBF measurements® from Jensen et al.
[75]. For this sample, the SBF measurements are cali-
brated based on James Webb Space Telescope tip-
of-the-red-giant-branch (TRGB) distances, themselves
calibrated using the megamaser distance to NGC 4258,
to determine a Cepheid-independent SBF zero point using
Hubble Space Telescope observations. These SBF
measurements alone give the constraint on the Hubble
constant Hy =73.8 +0.7(stat) 2.3 (sys) Km s~! Mpc! [76].

2https:// github.com/jjensen-uvu/sbf_distances_2021/tree/main.
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Given the relatively large combined uncertainty, these
measurements by themselves are not in significant tension
with the combined BAO + CMB data. Nevertheless, it is still
useful to repeat the above analysis including this dataset, as it
provides low-redshift information on H, that is independent
of the PantheonPlus + SHOES sample.

Typically, these measurements are incorporated into the
likelihood using the observed “velocities” and “distances”
determined as described above. In this analysis, we use the
group velocities listed in the v_grp column, and the distance
moduli and their associated uncertainties given in the
mM_2025 and err_2025 columns, respectively, from the
dataset presented in [75]. To account for peculiar velocities,
we assume an uncertainty of op = 250 kms~!, as pre-
scribed in [76], and add this contribution in quadrature to
the uncertainties in the distance moduli after converting it to
an equivalent uncertainty in distance modulus. The total
uncertainty entering the likelihood for each data point is
therefore given by

50 2
Olotal = \/0/24 + (M) ' (15)

To obtain a theoretical prediction for the distance, a
simple approach is to use the Hubble law’

Vobs
dtheo = ?t; , (16)

and then convert dg,., into a distance modulus py,.,, Which
can be directly compared to the observed distance moduli.
In this approach, the only theory parameter entering the
likelihood is H,. However, this method is valid only for
models that do not feature an H transition. Since such
models are considered in our analysis, we instead obtain a
redshift from the group velocity by solving the following
cosmographic cubic equation:

2
Z .
<2 +490+ 3q3 —Jo)>,

(17)

v_grpzcz(l—%(l +qo) +

and only consider the positive roots which are less than 1 in
value. In the above equation we choose the value of the
acceleration parameter, gy = 1/2(Q,, —2Q,) = —0.595,
and the jerk parameter, j, = 1, corresponding to the value
of Q,=027,Q, =073 as used in the original
COSMICFLOWS-3 [77] database, from which these group
velocities were originally derived. We then compute the
comoving distance dy;(z) and subsequently the luminosity

>The SBF dataset used here lies at very low redshift, z < 0.02,
for which the relation d = c¢z/Hy = v/H holds true.

distance d;(z) = (1 +z)dy(z) for a given theoretical
model and convert it into the distance modulus.

To account for systematic uncertainties in the zero-point
calibration, we introduce a free parameter Zqgp with a
Gaussian prior A/'(0, 0.063%), which is added directly to the
theoretical prediction of the distance modulus. The width of
this prior is chosen to match the total systematic uncertainty
in the TRGB calibration of Hubble Space Telescope SBF
measurements, as described in [75].

Having described the construction of the SBF likelihood,
we now present the results obtained after including these
measurements in our analysis. We consider two scenarios:
(A) fixing Z¢pp = 0, and (B) allowing ZqgF to vary with the
prior given above. The first case corresponds to a situation with
no systematic uncertainty in the SBF zero point, and therefore
in Hyy. Table II summarizes the results for both scenarios.

We first discuss the results corresponding to SBF
measurements without a zero-point uncertainty, shown in
the upper half of Table II. As discussed earlier, in this case
the SBF data are in tension with BAO 4+ CMB at a level
similar to that of the PantheonPlus+SHOES data. Therefore,
when SBF distance measurements are combined with
BAO + CMB in the ACDM model, the fit to the SBF
data is expected to worsen, which is indeed seen in the first
two rows of the table. We next consider the Hstep model
and find a moderate improvement in the overall fit, with
Ay? = —15 relative to ACDM. From the individual y?
contributions, it is clear that most of this improvement is
driven by the SBF data. This is expected, since at the
likelihood level SBF distances depend only on the value of
H,. The Hstep model can therefore simultaneously fit the
BAO + CMB data with H, ~ 68 and the low-redshift SBF
data with Hy ~ 73. We then move on to the Mstep model.
Although this model leads to a larger overall improvement,
with Ay? = —31 compared to ACDM, it does not improve
the fit to the SBF data at all. This is again expected, as SBF
distances are insensitive to an absolute-magnitude transi-
tion in their likelihood (as they measure distances directly).
Finally, we consider the Hstep 4+ Mstep model. This model
provides the best overall fit, with Ay? = —49 relative to
ACDM. Since Hstep + Mstep allows for both an H
transition which is preferred by the SBF data (when
combined with the BAO + CMB data), and a magnitude
transition which is preferred by the Cepheid data, it leads to
an improved fit to both the SBF and PantheonPlus +
SHOES datasets compared to the ACDM model.

We now turn to the second case, in which a variable zero-
point uncertainty in the SBF measurements is included.
These results correspond to the lower half of Table II. Now,
we find that the level of improvement obtained using the
various models does not change essentially at all compared
to the case without SBF, in complete distinction from the
case with a fixed zero-point uncertainty. This is further
reflected in the values of y2zp, which remain nearly
unchanged across the different models we consider.
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TABLE II.

Goodness of fit for our models, shown for the scenario when surface brightness fluctuations data are added to the fiducial

datasets (studied and displayed in Table I). The top half of the table shows the assumption of a fixed zero-point uncertainty of the SBF,
while the bottom half shows a more realistic scenario when this uncertainty has been varied in the analysis. The total 2 is shown for the
baseline data consisting of DR2 BAO + CMB + PantheonPlus + SHOES + SBF, along with its contributions from BAO + CMB data,
PantheonPlus + SHOES data, and SBF data alone. The column labeled Ay? shows the difference of the goodness of fit relative to the
fiducial ACDM model. To enable a direct, idealized comparison of the impact of including SBF data, the relevant quantities are the Ay?
values in the lower panel in this table compared to those for the corresponding models in Table I for the corresponding models. The last
column displays the number of degrees of freedom of a given model relative to ACDM.

Baseline + SBF (Zero-Point Uncertainty Ignored)

Model Atotal Ay? X%;A0+CMB X%’anth+SHOES XéBF ADOF
LCDM 1645 0 32 1478 135 0
LCDM (SBF only) s cee cee cee 97 0
HStep 1630 —15 24 1498 108 2
MStep 1614 -31 26 1446 142 2
HStep + MStep (zg = Zov) 1596 —49 19 1465 112 3
Baseline + SBF + Zggp (Zero-Point Uncertainty Included)
Model X%otal Ay? X%;AOJrCMB X%’anth+SH0ES XgBF ADOF
LCDM 1574 0 18 1483 73 0
LCDM (SBF only) 71 0
HStep 1571 -3 18 1482 71 2
MStep 1533 —41 17 1444 72 2
HStep + MStep (zg = Zov) 1530 —44 17 1442 71 3

This distinct insensitivity of the SBF likelihood with a
varying zero-point uncertainty to the models that we
explored can be understood as follows. Allowing for a
free zero-point uncertainty effectively increases the error
bars on the inferred distances. As a result, any changes
introduced by non-ACDM models can be accommodated
within these enlarged uncertainties. Consequently, once the
zero-point uncertainty is included, the SBF data yield very
similar constraints across the different models.

Summarizing this section, we conclude that, in the realistic
case when the zero point uncertainty of the SBF has been
varied, the addition of SBF to our fiducial dataset consisting
of baryon acoustic oscillations, type Ia supernovae, and
SHOES measurements, is minimal. This analysis also high-
lights the potential of SBF distances to provide an indepen-
dent handle on the Hubble tension. As the calibration of SBF
distances improves through an expanded sample of TRGB—
SBF calibrators, the associated zero-point systematic uncer-
tainty is expected to decrease. This combination of more
precise SBF distances combined with the PantheonPlus
+SHOES SNIa dataset will help test and potentially rule
out these admittedly artificial Hstep and Mstep solutions
which appear to work for the Hubble tension.

VI. WORKED PHYSICAL EXAMPLE:
NONMINIMALLY COUPLED SCALAR FIELD

We now provide a specific physical example of a model
that features a transition in the Hubble parameter. We do so

to balance the previous discussion which was entirely based
on models that are purely phenomenological, and extreme
in the sense of the sharpness of transitions in the relevant
parameters (Hubble parameter and the absolute magnitude
of SNIa).

We consider the nonminimally coupled scalar field
model introduced in Wolf er al. [78,79]. This model is
particularly appealing because it possesses sufficient flex-
ibility to reproduce the expansion history favored by the
combination of DESI DR2 BAO, CMB, and uncalibrated
SNIa data. Moreover, it inherently features a transition in
the effective gravitational constant due to the coupling
between the scalar field and gravity. This gravitational
transition provides a physical motivation for considering
an analogous transition in the SNIa absolute magnitude,
as discussed in the following sections.

We begin by outlining the action for this model:

1

5= [ =g 2 FR- L 60x - Vie)

—J(@)X* + Ly (gup- WM)] : (18)

where g, is the metric, R the Ricci scalar, ¢ the scalar field,
X = 0,00"p, and L), denotes the matter Lagrangian. For
the nonminimally coupled scalar field, the relevant func-
tions are expanded as
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FIG. 4. Similar as Figs. 1 and 2, but for the physical scalar-field model discussed in Sec. VI. The fit of the model is acceptable
(Ay? ~ —27 relative to ACDM) due to its ability to change the absolute magnitude of SNIa. While not as good a fit to the data as models
with a very low-redshift (z; ~ 0.01) transition, the model’s reasonable fit is due in part to the fact that the transition at z; ~ 0.15 is gradual,
as it fits the data in the intermediate redshift range better than models with a sharp transition. See text for more details.

@* “G-induced” transitions in SNIa luminosities have

Flo)=1- M2 appeared in the literature [80-85], the underlying physical
o 1 mechanisms remain a subject of ongoing debate.

V(p) = Vo + Bo +=m?p?, (19) To remain agnostic regarding specific implementations,

2

with G(¢) =1 and J(¢) = 0.

The nonminimal nature of this model arises through the
F(¢) term, which modifies the coupling between the scalar
field and the Ricci scalar R. In contrast to general relativity
or the minimally coupled models, where this coupling is
unity, the scalar field dependence of F(¢) introduces
a dynamical effective Planck mass, leading to a time-
dependent gravitational constant. The model introduces
four additional parameters relative to ACDM: &, V,, 5, and
m (the field mass). However, only three are independent
since V| is adjusted to ensure that the sum of all fractional
energy densities equals unity.

This coupling implies that the effective gravitational
constant varies over cosmic time, Gy (), driven by the
evolution of the scalar field. Such variation motivates the
consideration of a corresponding time-varying absolute
magnitude for SNIa. Although several examples of

TABLE III.

we do not adopt any single model from the literature.
Instead, we propose a generalized phenomenological link
between the gravitational transition in the nonminimally
coupled scalar field model and a corresponding SNIa
absolute magnitude transition. This connection is imple-
mented through the modified gravity function uyg(z) [56],
which parametrizes deviations from the Poisson equation
as a time-dependent rescaling of Newton’s constant.
Neglecting any scale dependence of puyg, and assuming
the SNIa luminosity scales as a power law with the
gravitational constant G, the absolute magnitude can be
expressed as a logarithmic function of pyg(z):

M(z) = M + n log[uyg(2)], (20)

where the parameter n encodes the power-law index,
and ME denotes the asymptotic SNIa magnitude at high
redshift (z > 1).

Goodness-of-fit values and associated parameters for ACDM two purely phenomenological modes (Hstep + Mstep and

(wo, w,) + Mstep), as well as the scalar field model with nonminimal coupling. The cosmological parameters shown are the Hubble
constant, matter density relative to critical, pre-transition and post-transition SNIa absolute magnitudes, and degrees of freedom relative
to ACDM. In the Hstep + Mstep model, we additionally show the pre-transition Hubble-constant value, Hf. A noteworthy feature is the
Hubble constant value in these models; see text for more details.

Modest fit to DR2 BAO + CMB + PantheonPlus + SHOES data

Model Xioial Ay? H, (Hf) Q, ME M ADOF
ACDM 1500 0 68.71 0.297 e —19.399 0
Hstep + Mstep (ziy = zgv = 0.15) 1484 —-16 70.24 (67.94) 0.305 —19.391 —19.341 3
wow, + Mstep (z; = 0.15) 1484 -16 69.99 0.291 —19.383 —19.352 4
Nonminimal coupling 1473 -27 71.78 0.272 —-19.42 —19.281 4
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PantheonPlus + SHOES
—— PantheonPlus + M prior (=19.253 £ 0.027)
—— PantheonPlus + M prior (—19.243 £ 0.032)

E0.35
c

0.30
—-19.2

=
-19.3
727476 0.30 0.36 —-19.2
Ho Om M

FIG. 5. Tests of the replacement of the SHOES dataset with an
equivalent M prior. We show constraints on the Hubble constant,
matter density relative to critical, and absolute magnitude of SNIa
in the ACDM model. The solid grey contours show the fiducial
case, the red contours show the case when the M information is
effectively double counted, while the green contours show the
corrected M prior that approximately matches the fiducial
constraints. See text for details.

We implemented this model by modifying hi_class [86]
and used cobaya [64] to run the minimiser iminuit [63]
using the combined DESI DR2 BAO + CMB +
PantheonPlus + SHOES data. We find that the best fit to
this model with a nonminimally coupled scalar field and a
time-varying G gives a Ay? = —27 over the best-fit
ACDM. This is further illustrated in Fig. 4 which shows
the Hubble diagram corresponding to the best-fit non-
minimal coupling model along with the data used. The
success of the model comes from its ability to accommo-
date the change in the absolute magnitude M, which has
been implemented via a time-varying gravitational con-
stant. (It is useful to again refer to Fig. 1 to understand what
is needed for a successful model.) Specifically, we find that
the best-fit model favors a transition relative to ACDM
of AM ~ —0.1 that smoothly takes place over a range of
redshifts around z; ~ 0.1-0.2. Note that the nonminimally
coupled scalar field model without the M transition would
only achieve Ay? ~ —10 relative to ACDM, again illustrat-
ing the importance of the absolute-magnitude transition.
Conversely, the fact that the goodness of fit of the model
with a smooth M transition is Ay? = —27 rather than
~ —40 as with the Mstep (or Hstep + Mstep) models

0.14
= 1
3 —— 0
= 00 ~ ]
3
| A Cepheids _
3 —0.141 @ SNIa —— Best Fit ACDM
@ DESIBAO } ——— Hstep+Mstep (z; = 0.013)(Ax? = — 38)
1072 102 107! 100
z
0.11
: ¢
[
S 00 0
N 0 il T
| A Cepheids . .
@ DESIBAO é} —— Hstep+Mstep (2; = 0.150)(Ax* = — 16)
1073 102 107" 100

z

FIG. 6. Similar as Fig. 2, except providing a direct comparison of a single model with a sharp H and M transition at two alternative
redshifts: z; = 0.013 (top panel), and z; = 0.15 (bottom panel). The former case provides a much better fit to the data, as indicated in

respective legends.
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discussed in Sec. IV is that the scalar-field model’s
transition is gradual and at an intermediate redshift
(z; ~ 0.15), rather than sharp and at a much lower redshift
(z; = 0.01), the latter of which would better fit data that
includes SHOES. This is further discussed in Appendix C.

We have identified one more interesting feature of the
scalar-field model studied in this section: its best-fit value
of the Hubble constant is ~72 kms~! Mpc~', even higher
than that in models with a sharp step in M with transition
specified at z, ~ 0.15 (which give Hy ~ 70 kms~! Mpc~!;
see Table III). The reason for this high H, is the fact that the
gradual transition in the expansion history enabled by the
scalar-field model fits data better than the sharp transition
at z, ~ 0.15 in our Hstep + Mstep model; this can be seen
by comparing Fig. 4 with the lower panel of Fig. 6. The
scalar-field model’s gradual H transition also fits data better
than the z; ~0.15 Mstep model even when the latter is
embedded in a wyw,CDM background. This is further
discussed in Appendix C, while Table III has more details
about the derived parameters of the scalar-field model
compared to two phenomenological step models, as well
as ACDM.

Overall, the scalar-field model with a nonminimal
coupling and an M transition serves a useful purpose of
illustrating what precisely is required in order to fit the
combination of SHOES and other cosmological data.
It could be that a model like this, perhaps better motivated
by compelling theory or else favored by other data in
cosmology, will prove to be useful in explaining the Hubble
tension.

VII. CONCLUSIONS

We have investigated the notion that low-redshift mod-
ifications to expansion history face very steep challenges to
resolve the Hubble tension. To better understand this thesis,
we studied several simple phenomenological models that
modify expansion history and/or introduce a jump in the
absolute magnitude of type Ia supernovae. In order to gain
more understanding about what the data are indicating, we
also studied a physical model of dark energy that is fine-
tuned for the purposes of explaining the Hubble tension.
We studied how these models fit the combined SHOES
+SNIa+BAO+CMB data. Instead of adopting the M prior
or H prior commonly found in the literature, we instead
employed the full SHOES data in order to properly quantify
the corresponding Ay?> values. We also clarified some
subtleties associated with using an M prior, and empha-
sized that care must be taken to avoid double-counting
information when such a prior is applied.

We found that a sharp transition in the expansion rate
does not appreciably improve the fit to data relative to the
standard ACDM model; this remains true even when
allowing a more flexible expansion history accommodated
by the (wg,w,) model. This occurs because, when the
model is fit to the BAO data calibrated by Planck ACDM

sound horizon, the resulting expansion anchors the nor-
malization of the SNIa in order to agree with the BAO and
the theoretical model, and this normalization anchors the
absolute magnitude M to a value that is approximately So
away from that preferred by the Cepheid calibrators.

In contrast, a sharp step in the absolute magnitude of type
Ia supernovae at redshift z; ~0.01 works much better; it
improves the overall fit to the data by Ay? ~ —40. It is easy
to derive a back-of-envelope value of the magnitude step
preferred by these models: if we write the SNIa apparent
magnitude as m = 5 log;o(Hod; (z)) + M, where d; is the
luminosity distance at a given redshift, then the nuisance
parameter that combines the absolute magnitude M and the
Hubble constant H is defined by (e.g., [87])

M =M -5 1logo(Hy x 1 Mpc) + 25. (21)

Then the desire to keep M to whatever SNIa measurements
favor it to be, but to somehow lower H, from
~67 kms~! Mpc~! that is favored at higher redshifts to
~73 kms~! Mpc~! favored at z — 0, immediately implies
that M should increase by about 0.15-0.18 magnitudes.
This is indeed the jump that the various Mstep models favor
(see the typical differences between M and M* in Table I).

However these “Mstep” solutions are ad hoc, as they
effectively decouple the SHOES measurements and allows
an arbitrary normalization of SNIa Hubble diagram. This is
similar to another known possibility for explaining the
Hubble tension, the decoupling of the Etherington distance
duality relation d; = (1 + z)?d4(z); it too is trivial as it
allows for a separate anchoring of SNIa measurements
relative to those from the CMB and BAO.

We also found that models with a transition in the
absolute magnitude M at an intermediate redshift,
7y ~0.15, while not as successful as models with the
transition at very low redshift, nevertheless lead to a
somewhat acceptable fit to the data (Ay”> ~ —16 relative
to ACDM). The reason that the physical scalar-field model,
which also accommodates the M transition at intermediate
redshift, does better (Ay? ~ —27) is because its M and
Hubble transitions are more gradual and the data mildly
prefer that. Interestingly, scalar-field models with an M
transition also result in the Hubble constant of
H, ~72 kms~!' Mpc~!, which is among the highest among
the models that we studied.

We repeated the above analysis by including the SBF
dataset, which is calibrated independently from the SHOES
Cepheid distance scale. Given the current level of uncer-
tainty in these measurements, the inclusion of SBF dis-
tances does not lead to a significant change in our principal
conclusions. In an idealized scenario where systematic
uncertainties are neglected, we find that improved SBF
precision can have a noticeable impact on the results and
may help further test magnitude-transition-type solutions to
the Hubble tension.
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Finally, we have also studied a previously proposed
physical model of dark energy with the nonminimal
coupling to gravity. This model by itself could not resolve
the Hubble tension and fit the combined data because,
as discussed above, even an arbitrary change to the low-z
expansion history is insufficient to succeed in this.
However, when “fortified” by the late-time temporal
change in Newton’s constant that is conjectured to lead
to a jump in the Chandrasekhar mass and hence the
absolute magnitude of SNIa, the model succeeds in
providing a reasonably good fit to the data (the aforemen-
tioned Ay? ~ —27 relative to ACDM).

Despite such partial successes, our general conclusion is
that the only models that fit data much better than ACDM
are the ones with an M transition at very low redshift,
7, 2 0.01. Those models are trivial in that they explicitly
decouple of the SHOES measurements of the anchors of the
distance ladder from the higher-redshift SNIa and BAO
measurements. A similar conclusion applies to models that
induce breaking of the Etherington relation which links
the angular-diameter distance and luminosity distance;
this relation is considered extremely robust and holds even
in beyond-Friedmann-Lemaitre-Robertson-Walker models,
and its breaking would also resolve the Hubble tension in
an ad hoc fashion as it would decouple the SNIa Hubble
diagram from that of the BAO. An even more far-fetched
low-redshift solution to the Hubble tension would be to
postulate a “just-so” expansion history where the theoreti-
cal prediction for the distance-redshift relation rapidly
wiggles to pass through the SNIa and BAO data in the
overlapping redshift range where they have different overall
normalizations (see the shaded region in Fig. 1). A subtle
but important point is that these oscillations would in fact
need to be significantly more rapid than they appear in
Fig. 1, since the SNIa data shown there are binned. These
conclusions are unlikely to be changed in models that allow
an even more flexible smooth late-Universe expansion
history, as those models have fits that are comparable to,
and not much better than, (wy, w,) (e.g., [48]).
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APPENDIX A: ON THE SUBTLETIES
OF USING M PRIOR

In the analysis above, we have used the full
PantheonPlus+SHOES dataset, which consistently accounts
for the Cepheid-calibrated supernovae. In the literature,
however, it is common to adopt a Gaussian prior on the
absolute magnitude of SNe Ia, M.

Care must be taken when employing this prior in
order to avoid double counting. The widely used
prior, M = —19.253 +0.027, comes from the SHOES
Collaboration. It is important to recall how this value is
derived. In their analysis to constrain H,, the SHOES team
does not use the full high-redshift PantheonPlus sample,
but instead restricts to SNe Ia at z < 0.15, where the
statistical weight is sufficient. From this low-redshift
sample, they obtain Hy;=73.04+1.04 and M =
—19.253 £ 0.027 [1].

When this M prior is applied together with the full
PantheonPlus sample (often with a low-redshift cut of
z > 0.01), it effectively double-counts the SNe in the range
0.01 < z < 0.15. This double counting manifests in Fig. 5,
where constraints obtained from PantheonPlus plus the M
prior (red contours) are artificially tighter compared to
those from the full PantheonPlus + SHOES dataset. To
avoid this issue, the error on the SHOES-derived magnitude
can be inflated. This was done by Camarena and Marra [88]
using a procedure called “demarginalization,” yielding an
adjusted prior of

M = —19.243 + 0.032. (A1)
As shown in Fig. 5, adopting this inflated-error prior (green
contours) leads to constraints consistent with those from the
full PantheonPlus+SHOES analysis.

We again emphasize that we did not need to impose any
prior on M to represent SHOES data, as we used the full
PantheonPlus + SHOES dataset; the discussion above is
therefore mostly pedagogical.

APPENDIX B: MORE DETAILS ABOUT THE
NORMALIZATIONS IN FIGS 1 AND 2

At first glance it may seem surprising that the SNIa data
points in Figs. 1 and 2 shift depending on the theoretical
model. This arises from how the observational quantities
are represented, so we outline here precisely what is
plotted. For the SNIa data points, we display

_ ,ACDM _ mdata _ Mth.,best—fit _

U= ACDM ,

7 (BI)
where p is the distance modulus (and y =m — M in

general) and M-t jg the absolute magnitude that is
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determined by a fit of the corresponding theoretical model
considered in the figures to SNIa data. This makes the SNIa
points explicitly model dependent, since the absolute
magnitude M™-Pesthit jg jtself theory dependent.

The situation is different for the Cepheid calibrator data
point shown in these figures. Because the Cepheids only
measure the absolute magnitude (which we will call M9@),
their corresponding distance modulus—so y in the expres-
sion for the coordinate y — p*“PM3will necessarily be theory
dependent. Despite this unusual feature of the measurement
varying with the theory model, such a procedure will allow
for a fair comparison between Cepheid measurements and
individual theory models. For the Cepheid calibrators we
therefore plot the theory distance modulus, but one where
the theory/best-fit absolute magnitude M"M-Pes“fit has been
replaced by the measured value M44@

(ﬂtheory + Mth.,best—ﬁt _ Mdata) _ /AACDM. (Bz)
An immediate consequence, evident from Eq. (B2), is that if
M™heoy — Mt then the calibrator data points reduce to
ptheory — yACDM “exactly matching the theoretical prediction.
Conversely, the larger the difference between M"Y and
M9 the greater the offset of the Cepheid data points from the
theory curve. This behavior is consistent with how Cepheids
are treated within the PantheonPlus+SHOES likelihood.

For the BAO data points, we proceed as follows: we first
compute the sound horizon using the best-fit ACDM
cosmology, then use this to obtain the transverse comoving
distance from Table IV of Ref. [3]. These comoving
distances are then converted to luminosity distances, and
hence to distance moduli, assuming the validity of the
distance-duality relation.

APPENDIX C: PARTIAL SUCCESS
OF MODELS WITH STEP AT z~0.15

We now comment on some interesting features of models
that feature an absolute magnitude transition not at a very
low redshift, but rather somewhat earlier in the expansion
history, at z; ~0.15.

As discussed in Sec. IV, an M transition at very low
redshift (z ~ 0.01) effectively decouples the low-z calibra-
tors from the high-z SNIa sample, thereby yielding an
excellent Ay?. However, an additional feature is visible in
Fig. 3: both the Hstep + Mstep and the wyw, + Mstep
models exhibit a noticeable bump around z; ~ 0.15.

This feature can be understood from Fig. 6. For the
Hstep + Mstep model, a transition at z; = 0.013 produces
an evolution that is qualitatively similar to a pure Mstep
model with a comparable z,. In contrast, the same model
with z, = 0.15 behaves very differently. At higher tran-
sition redshifts, an M step introduces a discontinuity which

affects the high-z SNIa and which is strongly disfavored.
The accompanying H transition compensates for this by
shifting the expansion rate so as to keep the effective M
approximately constant. However, this compensation can
only operate up to a certain redshift: if the H transition
begins at a significantly higher redshift than z ~0.15, it
leads to unacceptable deviations in the BAO distances.
Consequently, there exists a “sweet spot” around z ~ 0.15
where a modest M transition, combined with a mild
modification to the expansion history, partially alleviates
the tension and yields a small (though not dramatic)
improvement, with Ay? ~ —16.

The presence of the aforementioned sweet spot in redshift
is primarily driven by the DESI BGS measurement at a
redshift of z ~ 0.3, which effectively constrains the range in
which such a feature can occur. This result highlights the
importance of future observations in the low-z regime. In
particular, an additional measurement in the interval 0.1 <
z < 0.3 would be especially valuable for discriminating and
potentially falsifying this class of “partial solutions.”

A similar mechanism operates in the wyw, + Mstep
model and even in the nonminimally coupled scalar-field
model. In the latter case, the effective M transition occurs
around the epoch when dark energy begins to dominate
(z¢ ~1). This naturally produces a relatively weak M
variation coupled with a highly flexible expansion history,
leading to a moderate improvement in Ay?.

An additional noteworthy feature of these models is their
ability to accommodate a higher value of H,, as shown in
Table III. A larger H partially alleviates the requirement
for a large M transition, which is reflected in the M and Mg
columns of the table. Crucially, this increase in H occurs
only in models that allow a flexible expansion history. In a
ACDM-like expansion history, a Hubble constant of
~70-72 kms~! Mpc~! would lead to tension with BAO
distance measurements. In contrast, in the Hstep + Mstep
model this issue is mitigated by the presence of HE; the
value Hf ~ 68 kms™' Mpc™!' maintains consistency with
BAO distances despite the higher inferred H,.

A similar mechanism operates in the wyw, + Mstep
model: although the model contains only a single H, the
freedom introduced by the parameters w, and w, in the
expansion history allows the BAO constraints to be
satisfied with a moderately acceptable fit (Ay> = —16
relative to ACDM and H, =~ 70 kms~' Mpc™!). Finally,
in the nonminimal coupling model, there is again a single
H,, but the expansion history gains additional flexibility
through the three free parameters &, 3, and m. As a result,
the fit is even better (Ay? = —27 relative to ACDM) and
this model can accommodate an even higher value of the
Hubble constant (H, ~72 kms~! Mpc™!) than the other
models; see again Table III.
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