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This work is part of a series establishing the redshift framework for the 3 × 2pt analysis of the Dark
Energy Survey Year 6 (DES Y6). For DES Y6, photometric redshift distributions are estimated using self-
organizing maps (SOMs), calibrated with spectroscopic and many-band photometric data. To overcome
limitations from color-redshift degeneracies and incomplete spectroscopic coverage, we enhance this
approach by incorporating clustering-based redshift constraints (clustering-z, or WZ) from angular cross-
correlations with BOSS and eBOSS galaxies and eBOSS quasar samples. We define a WZ likelihood and
apply importance sampling to a large ensemble of SOM-derived nðzÞ realizations, selecting those
consistent with the clustering measurements to produce a posterior sample for each lens and source bin. The
analysis uses angular scales corresponding to 1.5–5 Mpc to optimize signal-to-noise ratio while mitigating
modeling uncertainties and marginalizes over redshift-dependent galaxy bias and other systematics
informed by the N-body simulation CARDINAL. While a sparser spectroscopic reference sample limits WZ
constraining power at z > 1.1, particularly for source bins, we demonstrate that combining SOM with WZ
improves redshift accuracy and enhances the overall cosmological constraining power of DES Y6. We
estimate an improvement in S8 of approximately 10% for cosmic shear and 3 × 2pt analysis, primarily due
to the WZ calibration of the source samples.

DOI: 10.1103/6lfl-h6dg

I. INTRODUCTION

Accurately determining the redshift distributions nðzÞ
of lens and source galaxy samples is crucial for correct
interpretation of cosmological measurements of galaxy
clustering and weak gravitational lensing (see, e.g., [1–4]).
The cost in time andmoney obtaining spectroscopic redshifts
for every galaxy is impractical for the > 100 × 106 galaxies
in present-day imaging surveys such as the Dark Energy
Survey (DES). “Photometric redshifts” (photo-z’s, or PZ)
can be estimated frommultiband photometry of each galaxy.
A wide range of photo-z methods exist (e.g., [5–8]). The
approach adapted by DES and other surveys [9–13] parti-
tions the photometric space with self-organizing maps
(SOMs) and calibrates each SOM “cell” with spectroscopic
and/or many-band photometric redshifts, which enables
careful quantification of various sources of uncertainty.
This framework is referred as SOMPZ (SOM+PZ).
Photometric methods are, however, inherently limited by
color-redshift degeneracies and by the lack of fully repre-
sentative spectroscopic samples for both training and cali-
bration [12,14].
Clustering-based redshift estimation [WZ, where W

refers to wðθÞ] provides a complementary method for
constraining redshift distributions (see, e.g., [2,15–25]).
Unlike photometric methods, clustering-based redshift
techniques are not affected by photometric noise, the large
statistical uncertainties from small deep fields, or the need
for fully representative spectroscopic samples. Instead, they
rely on angular cross-correlations between the photometric

samples and auxiliary spectroscopic samples with secure
redshifts. When two samples overlap in redshift, they
trace the same underlying dark matter field, leading to a
measurable angular correlation. The amplitude of this
correlation thus provides information on the redshift dis-
tribution of the photometric sample. This amplitude is,
however, degenerate with the biases of both galaxy samples
with respect to the dark matter, making galaxy-bias
estimation a crucial step [10,15–18,24–26]. The bias of
the spectroscopic sample, with its known nðzÞ, can be
directly inferred from its autocorrelation functions for a
known cosmology. But estimating the bias of the photo-
metric sample, with unknown nðzÞ, is more challenging.
Since both PZ and WZ approaches to measuring nðzÞ

have their respective strengths and weaknesses, for the
analysis of the full 6-year DES catalogs (DES Y6), we
combine both types of information to estimate the necessary
nðzÞ functions and their uncertainties. Figure 1 is a visual
summary of the steps in generating the probability distri-
butions of the DES Y6 galaxy samples’ nðzÞ functions.
This article is one of four papers that describe the redshift

treatment for the DES Y6 “3 × 2pt” analysis of angular
correlations among weak-lensing and galaxy-density
fields: (1) Yin et al. [27] describe the derivation of the
SOMPZ redshift estimates for the source galaxy sample;
(2) Giannini et al. [28] describe the derivation of the
SOMPZ redshift estimates for the lens galaxy sample;
(3) this article describes how the clustering information is
incorporated into the redshift estimates; and (4) Bernstein
et al. [29] describe a novel approach to sample over the
redshift uncertainty during the cosmological inference.
Together, the four papers coherently describe the Y6*Contact author: wdoumerg@ifae.es
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redshift estimate pipeline. In addition, two related papers
play a crucial role in our analysis: (a) Mau et al. [30]
describe the source redshift correction due to blending; and
(b) Giannini et al. [31] describe the shear ratio validation
for the lens and source redshift.
In this work, we follow the approach to uncertainties in

galaxy biases (and other WZ theory and measurement
systematic errors) used for DES Year 3 (DES Y3) analyses
by Giannini et al. [10,17]. N-body simulated catalogs are
used to define priors for the photometric galaxies’ bias and
its redshift evolution, as well as other clustering-related
systematics. These redshift-dependent systematics are mar-
ginalized over in the calibration.
The amplitude of angular clustering, alongwith its signal-

to-noise ratio (SNR), depends on the scale range considered.
In earlier studies, very small scales (0.1–1.5 Mpc) were
commonly used [15,16,19,26,32]. These scales offer high-
SNR data vectors and are not used for cosmological
analyses, ensuring a degree of independence between
calibration and cosmological inference. In DES Y3, a
larger-scale range (1.5–5 Mpc) was adopted, as it still
provided a good SNR while being less affected by non-
linearities and 1-halo physics, and remained separate from
the scales used in cosmological analyses [10,17]. More

recently, d’Assignies et al. [24] tested various scale ranges
using state-of-the-art mocks and found 1.5–5 Mpc to be
optimal. Based on these findings, we adopt this scale range
as the default in this work, while also exploring alternative
ranges with our data.
The precision of WZ estimation depends on the redshift

and sky overlap between the photometric and the spectro-
scopic data. In this work, we use spectroscopic data from
the BOSS and eBOSS surveys [33,34], which unfortunately
overlap only 700–800 deg2 of the ≈5000 deg2 of the DES
Y6 footprint. Furthermore, the dense samples from BOSS
and eBOSS surveys only cover the 0 < z < 1.1 range,
whereas our DES catalogs extend to zp ¼ 2. Thus in this
work we additionally use the eBOSS Quasi Stellar Object
(QSO) sample to extend WZ up to z ¼ 2.2 to constrain the
DES sources bins, but with limited constraining power due
to its sparser space density. Unlike DES Y3 WZ, we do not
use Redmagic [17,35] as a reference sample to calibrate the
sources nðzÞ, because the systematic uncertainties arising
from its photometric selection and redshift assignment are
found to negate any statistical gains from its inclusion.
The denser and larger DESI DR1 data [36] became

available in March 2025, too late for inclusion in the DES

FIG. 1. Flowchart summarizing the DES Y6 3 × 2pt redshift calibration pipeline. Photometric data for targeted subsets of the DES Y6
galaxy catalog are placed into SOMs, with the redshift distributions of each SOM cell estimated from better-observed galaxies in DES
deep fields, along with an observational “transfer function” from deep to wide observational properties derived from the “Balrog” source
injection simulations. Sampling over the associated uncertainties produces a set of realizations, nSOMPZ

i ðzÞ. The constraints on nðzÞ
implied by clustering information (WZ), described in this work, are realized by importance sampling the nSOMPZ

i ðzÞ to yield
nSOMPZþWZ
i ðzÞ realizations. These are then projected onto a small number of modes that capture all of the cosmologically relevant

variation, enabling a more accurate marginalization over the redshift distribution in cosmological inference. Note that for weak-lensing
source galaxies, there is an additional step of correction for image blending, applied after the mode projection. Yin et al. [27] and
Giannini et al. [28] contain longer descriptions of the full redshift pipeline.
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Y6 3 × 2 analysis, but a quick examination (also presented
in this article) suggests that the DESI DR1 cross-correla-
tions with DES Y6 catalogs are fully consistent with the
BOSS/eBOSS values. Future analyses of DES Y6 that
would benefit from more accurate nðzÞ characterization
than given here should include DES × DESI clustering.
The paper is structured as follows. In Sec. II we describe

the WZ methodology we have adopted to estimate and
calibrate the redshift distribution of the MagLim galaxy
samples used as the WL lens population and as density
tracers, as well as the Metadetect galaxy samples that form
the weak lensing (WL) source populations. In Sec. III we
describe the data used in this work, including DES data as
well as external spectroscopic catalogs. We present the
results of our calibration in Sec. IVand examine the impact
of the WZ information on cosmological results. Finally, we
conclude in Sec. V.

II. METHODOLOGY

In this section, we describe the WZ methodology. In
Sec. II A we introduce the modeling of angular clustering,
magnification, and clustering redshifts systematics. In
Sec. II B we briefly present how we measure in practice
the different correlations and covariance from the data.
Finally in Sec. II C we explain how the constraints on the
redshift distributions are extracted from the data
measurements.

A. Modeling of the angular clustering

The WZ method can be summarized as follows.
(i) We have one or more unknown samples u, each of

which has a redshift distribution nuðzÞ that we wish
to determine.

(ii) We have multiple reference samples ri, each with a
secure redshift distribution nriðzÞ. In this article, we
will use spectroscopic samples.

(iii) The intrinsic cross-correlation between two samples
is nonzero only for pairs of objects in close prox-
imity in z, in which case they trace the same matter
field. This intrinsic signal is contaminated with an
apparent angular clustering caused by gravitational
lensing magnification.

(iv) We evaluate cross-correlations of u and frig, where
the latter are the spectroscopic samples binned into
small spectroscopic slices zi � Δz=2. The ampli-
tudes of the cross-correlations inform nuðziÞ.

We now detail the modeling of the measured cross-
correlations.

1. Galaxy clustering

We use similar conventions to Krause et al. [37] for the
two-point statistics. One change relative to previous clus-
tering redshifts works (e.g., [17,24]) is that the unknowns’
distributions nuðzÞ are expressed as sums over a set of basis

functions KjðzÞ rather than assuming top-hat bins
[cf. Eq. (7)], which allows for the inclusion of additional
clustering effects. It also improves numerical evaluations of
the different WZ elements (in particular the likelihood).
The underlying model for the density ρx ∝ d3N=dzd2θ at
redshift z along line of sight θ for members of a galaxy
selection x is

ρxðz; θÞ ¼ nxðzÞð1þ Bx½z; δmðz; θÞ�Þ½1þ αxμðz; θÞ�; ð1Þ

where δm is the overdensity of mass at the location ðz; θÞ;
Bx is some biasing function for the galaxies in x, which
could depend on redshift; μðz; θÞ is the gravitational lensing
magnification imposed by the foreground line of sight to z,
θ; and αx is the magnification coefficient for the galaxies in
x. Any correlations between δmðz; θÞ and μðz; θÞ are weak
enough to ignore [38,39].
Integrated angular clustering correlation. Let x and y

refer to two galaxy samples, with x ¼ y referring to the
autocorrelation. We choose a weighting function1 WðθÞ to
convert the angular cross-clustering wxyðθÞ of the two
samples to a scalar value wxy, which can be written as

wxy ¼
Z

dθWðθÞ
X
l

2lþ 1

4π
Cxy
ggðlÞLlðcos θÞ þ wμ

xy; ð2Þ

where Cxy
ggðlÞ is the angular cross-power power spectrum

between the projected intrinsic (unlensed) densities of x
and y, Ll is the Legendre polynomial of order l, and wμ

xy is
the contribution from lensing magnification (which we
derive below). The angular clustering power spectrum can
be expressed as

Cxy
ggðlÞ ¼

Z
dχ

Wx
gW

y
g

χ2
Pxy

�
k ¼ lþ 0.5

χ
; zðχÞ

�

¼
Z

dznxðzÞnyðzÞbxðzÞbyðzÞ
HðzÞ
cχ2

Pmðkðl; χÞ; zÞ;

ð3Þ

where Wx
g ¼ nxðzÞ dz

dχ is the normalized selection function,
and Pxy and Pm are the 3D galaxy cross-spectra and
(nonlinear) matter power spectra, respectively. The second
line assumes that the biasing functional is linear,
bxðz; δmÞ ¼ bxðzÞδm, for both samples, as is typically
assumed for the WZ method [16,17,19,22,25,26,32]. The
nonlinear power spectrum is numerically evaluated with the
default configuration of the CCL library2 [40], which is
based on predictions from CLASS [41] and HALOFIT [42].
Departures from linear bias are a potential source of
systematic errors in this model, which we allow for as

1In this work we use a power law WðθÞ ¼ θ−1=
R
dθθ−1 [24].

2https://github.com/LSSTDESC/CCL
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described below. For a longer discussion about the validity
of this assumption, we refer to d’Assignies et al. [24].3 The
result of this latter article4 is that the assumption of linear
bias with nonlinear power spectrum is good enough for
scales down to 1.5 Mpc. In our context of redshift
calibration, we are not trying to extract small-scale cos-
mological information, merely using the fluctuations as
indicators of physical proximity. In later sections of this
work, we perform additional tests on the Y6 data to test
this claim.
We introduce the projected matter correlation function

wmðzÞ ¼
HðzÞ
cχ2

Z
dθWðθÞ

×
X
l

2lþ 1

4π
Pmðkðl; χÞ; zÞLlðcos θÞ; ð4Þ

and rewrite the galaxy-integrated angular correlation as

wxy ¼
Z

dzbxðzÞbyðzÞnxðzÞnyðzÞwmðzÞ þ wμ
xy: ð5Þ

Autocorrelation of the reference. For clustering red-
shifts, we need to measure the galaxy bias of each of the
reference samples ri. We neglect the redshift evolution of
bri in Eq. (5) as the reference samples are binned in narrow
redshift ranges. We neglect as well the lensing magnifica-
tion, which is nonzero only for galaxy pairs at well-
separated redshifts. Thus the galaxy bias is

bri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

wririR
dzn2riðzÞwmðzÞ

s
: ð6Þ

As a consequence, if nri is known (which is the case for
spectroscopic samples), we can use the measurements wriri
to infer the values bri of the reference galaxies’ biases.
Cross-correlation. We want to extract information

on the redshift distribution of the unknown sample nuðzÞ
by cross-correlating it with many reference samples ri.
First, we decompose the unknown redshift distribution over
a basis,

nuðzÞ ¼
X
j

fjuKjðzÞ; ð7Þ

with KjðzÞ the basis, and fju the coefficients of the
decomposition. We use sawtooth functions, as they natu-
rally give nðzÞ → 0 as z → 0 and are continuous,

KjðzÞ ¼
1

Δz
Λ
�

z
Δz

− j

�
;

with ΛðaÞ ¼

8><
>:

a; 0 < a < 1

2 − a; 1 < a < 2

0; otherwise:

ð8Þ

The modeling of the cross-correlation reduces to

wuri ¼ bri

Z
dz
X
j

bujf
j
uKjðzÞnriðzÞwmðzÞ þ wμ

uri

¼
X
j

bujf
j
uAji þ wμ

uri ð9Þ

where we assume the galaxy bias of the unknown sample
is a constant buj over the support of each element j of the
basis and where

Aji ¼ bri

Z
dzKjðzÞnriðzÞwmðzÞ: ð10Þ

2. Magnification

The angular correlation of x and y, caused by magni-
fication is, at first order,

wμ
xy ¼

Z
dθWðθÞ

X
ij∈ fgμ;μgg

cixc
j
y

Z
dχ

Wx
iW

y
j

χ2

×
X
l

2lþ 1

4π
Llðcos θÞPmðkðl; χÞ; zðχÞÞ; ð11Þ

where cgx ¼ bx is the galaxy bias, cμx ¼ αx is the magni-
fication coefficient,5 and Wμ is the lensing efficiency,

Wx
μ ¼

3ΩmH2
0

2c2

Z
∞

χ
dχ0nxðχ0Þ

χ

aðχÞ
χ0 − χ

χ0
: ð12Þ

Reordering the terms, and using the integrated matter
correlation wm from Eq. (4), we have

3We refer to Sec. III A 3 for a discussion on linear treatment of
galaxy bias with nonlinear matter power spectrum modeling and
its estimation, Appendix B where the relation between galaxy and
matter field is treated at second order, and propagated to the
modeling of the observables, and Sec. IV C for a measurement of
the linear galaxy bias at different scales.

4d’Assignies et al. [24] uses mocks from Euclid Flagship 2
simulation [43] and the same numerical power spectrum as in the
current work.

5Please note there is a large variety of notations in the
literature, often in conflict. E.g., what we refer to as α is often
written 2ðα − 1Þ, e.g., in Hildebrandt [44], ðCsample − CareaÞ=2,
e.g., in Elvin-Poole et al. [38].

W. D’ASSIGNIES et al. PHYS. REV. D 113, 123549 (2026)

123549-6



wμ
xy ¼ 3ΩmH0

c

Z
∞

0

dzbxðzÞnxðzÞ
H0ð1þ zÞ

HðzÞ wmðzÞ

×
Z

∞

z
dz0αyðz0Þnyðz0Þ

χðz0Þ − χðzÞ
χðz0Þ χðzÞ þ fx ↔ yg;

ð13Þ
where fx ↔ yg represents the same term, but switching the
x and y indices. Decomposing the u distribution over theKj

basis, the two magnification terms can be very compactly
written

wμ
uri ¼

X
j

fju½bujαriDji þ briαujDij�; ð14Þ

where we introduce the Dij matrices, independent of any b
or μ values, that capture the amplitude of the magnification
μ of galaxies in kernel j by the matter in kernel i,

Dij ¼
3ΩmH0

c

Z
∞

0

dziKiðziÞ
H0ð1þ ziÞ

HðziÞ
wmðziÞ

×
Z

∞

zi

dzjKjðzjÞ
χðzjÞ − χðziÞ

χðzjÞ
χðziÞ: ð15Þ

In this formula we have assumed that nriðzÞ ¼ KiðzÞ, but
one is free to reintroduce the explicitly known value of
nriðzÞ under the appropriate integral—this will not make
much difference, as can be seen by comparing the two
rightmost panels of Fig. 2, which swap the rectangular nri
bins for the different appearances of the kernel Ki in this
equation for Dij. The final theoretical expression for the
cross-correlation is then

wuri ¼
X
j

fju½bujAji þ αujbriDij þ bujαriDji�: ð16Þ

In Fig. 2 we show the clustering and magnification
matrices for a set of eight reference rectangular bins and

eight sawtooth bins, playing the role of the basis Kj. The
clustering matrix is mainly diagonal, as expected. The
magnification matrices D are lower triangular because for
tracers in bin j to be magnified by the matter in i, the latter
has to be localized at lower redshift. We also see that the
amplitude of magnification is 1 order of magnitude smaller
than the clustering, but couples more bin pairs.

3. Systematic errors

The model used to derive Eq. (16) is incomplete in
known respects, most importantly that the linear-bias model
does not hold precisely, especially at smaller separations,
and we will fit models in which bu; αu; br, and αr are
constant across redshift z. There may be other systematic
errors as well, which we will detail later. When fitting the
data to this model, we will therefore introduce a “system-
atic-error” function S into the model for the intrinsic-
clustering term, as in Gatti et al. [17]. The magnification
terms are smaller corrections to the intrinsic-clustering
term, so that any deviation from our magnification model-
ing can be easily absorbed into the bias on intrinsic
clustering,

ŵuri ¼
X
j

fju½bujAjrið1þ SuriÞ þ αujbriDij þ bujαriDji�:

ð17Þ

The S function is chosen to be a function of z whose scale
and amplitude of variability can be “dialed in” to match the
level that the model Eq. (16) departs from the true wur
values in simulations. We choose

Suri ¼
XM
k¼0

suk

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2kþ 1

p

0.85
Lkðz̃Þ

with z̃≡ 0.85 ×
2z − zmax − zmin

zmax − zmin
: ð18Þ

FIG. 2. Illustration of the clustering and magnification for eight sawtooth distributions (on the left panel odd j are represented by solid
lines and even with dashed) cross-correlated with eight rectangle reference bins, both with Δz ¼ 0.1. Clustering matrix A and
magnification matrices D are then 8 × 8. The orange values are 1 order of magnitude smaller than the red, and the blue, 2 orders of
magnitude. Matrix coefficients in white are exactly 0. Please note thatDrij andDjri are very similar but not exactly equal because for this
calculation we have taken similar Δz binning but with sawtooth kernels for the unknowns u and rectangular (boxcar) kernels for the
references r.
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z̃ is a linear remapping of z from the range ½zmin; zmax� to
½−0.85; 0.85�. The maximum degree M of the Legendre
polynomials Lk controls how rapidly SðzÞ can vary across
its range. Gaussian priors on the suk coefficients control the
(scale-dependent) amplitude of the deviations of the model
from the simple linear-bias model. The fit of the model in
Eq. (17) to the data is done with the fsukg allowed to vary.
The choices of the order M and the priors σðsukÞ are made
by examining the deviation between the “observed” wur
and the model in Eq. (16) in the CARDINAL simulations of
the DES Y6 catalogs [45]. This process is described in
Sec. IVA.
We have the option of parametrizing multiple uncorre-

lated systematic errors independently in the same Legendre
basis, with prior width amplitudes squk for systematic errors
indexed by q. Then, when calculating likelihoods for the
data, we can combine the multiple systematic errors’ effects
by σ2ðsukÞ ¼

P
q σ

2ðsqukÞ.

B. Measurement of the cross-correlations
and their uncertainties

In this section, we describe the methods for obtaining
estimates of and uncertainties on the observables ŵur and
ŵrr from the catalogs of DES Y6 galaxies and the
spectroscopic catalogs.

1. Data estimator and scale weighting

We use the Davis and Peebles (DP) [46] or the Landy-
Szalay (LS) [47] estimator, depending upon whether a
simulated catalog of random (unclustered) position sample
is available for the unknown data. The estimators for the
integrated correlation functions are

wDP
xy ≈

X
i

ΔθiWðθiÞ
DxDyðθiÞ − RxDyðθiÞ

RxDyðθiÞ
; ð19Þ

wLS
xy ≈

X
i

ΔθiWðθiÞ
ðDx − RxÞðDy − RyÞðθiÞ

RxRyðθiÞ
; ð20Þ

where XYðθiÞ are counts of pairs of catalog members with
separations in a bin centered at θi with width Δθi, and
X; Y ∈ fD;Rg are counts of the data or random catalogs.
We use ten logarithmically spaced bins between the angles
corresponding to comoving transverse scales rp of 1.5–
5 Mpc, withWðθÞ ¼ θ−1=

P
i Δθiθ−1i . These estimators are

evaluated with TreeCorr [48], a highly efficient, open-source,
user-friendly Python package.

2. Covariance

We estimate the covariance matrix Cw of the wuri values
with the jackknife method, splitting the overlap of the
DES Y6 footprint with the BOSS footprint into 100
subregions to capture both shot noise and sample

variance.6 Inverses of jackknife covariances are corrected
for finite sampling as per Hartlap et al. [49]. Because the
spectroscopic reference sample’s bins ri and rj have no
overlap in redshift for i ≠ j, we expect Covðwuri ; wurjÞ to
be near zero. This is found to be true to within measure-
ment error both for data and in the much larger area of the
CARDINAL simulated data and was also tested with
numerical estimates of the covariance. We therefore set
to zero all such terms. As the noise from finite number of
patches is greatly suppressed by this procedure, we do not
apply Hartlap corrections when inverting these covarian-
ces. Comparison of the Hartlap-corrected inverse of the
noisy covariance to the inverse of this “cleaned” covari-
ance yielded consistent diagonal elements, in both data
and CARDINAL (cf. Sec. III).
When there aremultiple unknowngalaxy samplesNu > 1

under study, we also set to zero all the covariances involving
two different spectroscopic bins, Covðwui;rj ; wuk;rlÞ for
j ≠ l, but we can have nonzero Covðwuirk ; wujrkÞ. If we
create a single vector w by concatenating the wuri values for
all samples u, the covariance matrix Cw for this vector is
block diagonal, with an Nu × Nu block for each reference
sample rk. This greatly accelerates the calculation of like-
lihoods described below and was tested with simulated
and analytical estimates of the covariances for different
realistic cases.

C. WZ posterior probability

With the model and measurements for wur both in hand,
we wish to evaluate the probability that any given proposal
for the nuðzÞ functions could have produced the observed
wur values. In what follows we will use u and r as indices
that run over the samples of unknown and reference
galaxies, respectively. The proposed nuðzÞ functions are
specified by a vector n≡ ffjug of the coefficients of the
expansion Eq. (7), and the data by a vector w ¼ fwurg with
covariance matrix Cw. We have a model ŵðn;qÞ where
there are nuisance parameters q ¼ fbu; αu; αr; sukg and br,
that appear in the model. We will assume that the br are
known from their autocorrelations via Eq. (6), letting any
errors be absorbed into the systematic-error functions
specified by the suk coefficients.
We will assume that the likelihood function of the

measurements is Gaussian, with a mean at ŵ and covari-
ance matrix of Cw. The posterior probability of the
observations given the proposed n then becomes

pðwjnÞ ∝
Z

dqLðwjn;qÞpðqÞ ð21Þ

6The physical size of an 8 deg2 area is much larger than the
correlation function scale (∼50–100 vs 2 Mpc).
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∝
Z

dq exp ½−ðw − ŵÞTC−1
w ðw − ŵÞ=2�

× exp
h
−ðαr − αð0Þr Þ2=2σ2ðαrÞ

i
×
Y
u

exp
h
−ðαu − αð0Þu Þ2=2σ2ðαuÞ

i

×
Y
u;k

exp
h
−s2uk=2σ2ðsukÞ

i
: ð22Þ

The last line contains the Gaussian priors that we apply to
the single value αr that we assign to all reference bins, the
αu magnification coefficient for each unknown sample, and
the (zero-mean) suk systematic coefficients. We take flat
priors for the bu values, which are strongly constrained by
the WZ data.
Examination of our ŵ model in Eq. (17) reveals that

if we divide the nuisance parameters into b ¼ fbug and
q0 ¼ fαu; αr; sukg, then the posterior probability under the
integral is an exponentiated quadratic function of q0. This
means we can write the integrand as a normal distribution
over q0 with a mean q0

0 and a covariance C0
q that are

functions of n and b,

pðwjnÞ ∝
Z

dbcðn;bÞ
Z

dq0N ½q0jq0
0ðn;bÞ; C0

qðn;bÞ�:

ð23Þ

There is a b-dependent normalization factor cðn;bÞ, and
the integration over q0 can then be done analytically,
yielding j2πC0

qj1=2. We opt to replace the marginalization
over the bu variables with an evaluation of the maximum of
the integrand (i.e., a profile likelihood)—this should still
yield a good estimate of the relative compatibility of any nðzÞ
proposal with the WZ observations.7 This gives

pðwjnÞ ∝ sup
b
fcðn;bÞjC0

qðn;bÞj1=2g: ð24Þ

The maximization over b is accomplished by a series of
Newton iterations, which are enabled by using automatic
differentiation to determine the derivatives of the algebraic
expressions for cðn;bÞ and C0

qðn;bÞ with respect to b.

D. Importance sampling and photometric
uncertainty marginalization

For the cosmological analyses of the DES Y6 data, we
need to marginalize the probability of cosmological param-
eters over the uncertainties in the nðzÞ distributions of four

samples of source galaxies for weak gravitational lensing
observations (“source bins”) and six samples of galaxies
used to trace the deflecting matter distributions (“lens
bins”). In each case we wish to combine the constraints
on nðzÞ provided by PZ analyses of the sample members
with the WZ information quantified with the previous
section’s posterior, to yield our strongest constraints on
nðzÞ. Using Bayes’ theorem,

pðnjPZ;WZÞ∝pðWZjPZ;nÞpðnjPZÞ¼pðwjnÞpðnjPZÞ;
ð25Þ

where pðWZjPZ;nÞ ¼ pðwjnÞ because the WZ likelihood
does not depend on the photometry, and pðnjPZÞ is the
posterior from photometry described in Sec. II E. Thus we
sample from the posterior probability pðnjPZ;WZÞ by
(1) using the method described in Sec. II E to create a

large number (≈108) of realizationsni frompðnjPZÞ;
(2) calculating pðwjniÞ for each PZ sample ni us-

ing Eq. (24);
(3) retainingeachni samplewithprobabilityβ×pðwjniÞ=

maxj½pðwjnjÞ�, with β chosen so that the number of
samples is around3000 (theminimumnumber needed
to get noiseless modes, cf. [29]). The samples of n
surviving this importance sampling step are drawn
from the joint distribution pðnjWZ; PZÞ, cf. Eq. (25).

(4) We apply the compression techniques described in
Bernstein et al. [29] to find an encodingmatrixE such
that fuig ¼ fEnig is a much lower-dimensional
representation of nðzÞ for the unknown population
under consideration.8A density estimator is then used
to find a continuous multidimensional probability
distribution pðuÞ that is plausibly the parent distri-
bution for the ui samples. The density estimators are
described in Bernstein et al. [29].

(5) Samples of nðzÞ for use in the cosmological analysis
can now be produced by sampling from pðuÞ,
setting n ¼ Du with the decoding matrix D found
by the modal analysis, then expressing nðzÞ from the
elements of n using Eq. (7).

There are some differences between the application
of the method to the source galaxies and the application
to the lens galaxies. The lenses are more straightforward:
each of the six bins’ nðzÞ goes through the full WZ process
independently. We can do so because the small overlap in
redshift between lens bins leaves little covariance between
bins’ results [50], so Covðwuir; wujrÞ can be neglected for
i ≠ j. This is verified with both an analytical covariance
matrix [generated assuming SOM nðzÞ] and jackknife
estimates of the covariance matrix. There are six indepen-
dent SOMs used for the SOMPZ calibration of each

7We expect the bu parameter to be uncorrelated with redshift
parameters [since it is an amplitude, and we want normalized
nðzÞ]. In the case of Gaussian likelihood with uninformative flat
priors, marginalization and profile likelihood are equal up to a
numerical factor.

8The notation u for the compressed representation is not
related to the index u enumerating the unknown galaxy samples.
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bin [28], six independent applications of the importance
sampling, and six distinct encoding/decoding matrices. The
derived distribution of the compressed u samples are seen
to be significantly non-Gaussian in some of the lens bins. A
straightforward “Gaussianizing” transformation u → ũ
yields a set of ũ that are consistent with a multivariate
normal distribution with identity-matrix covariance. The
cosmology inference pipeline thus needs only to sample
over these ũ variables, with statistically independent priors,
in order to implement marginalization over pðnjWZ; PZÞ
for the lenses.
For the source population, there are cosmologically

significant correlations between the ith PZ sample
nu;iðzÞ for source bin u with nu0;iðzÞ from a distinct source
bin. Our WZ sampling process must conserve these
correlations, so we concatenate the ni from all four source
redshift bins into a single vector, and we multiply together
the pðnjWZÞ posteriors for the bins as well when impor-
tance sampling. Another issue with the source bins’
samples is that the PZ samples are too noisy to generate
high values of pðnijWZÞ, so the importance sampling fails.
To remedy this, we use the mode compression method to
project away components of ni that vary nðzÞ in ways that
do not affect the DES Y6 observables, e.g., rapid variation
with z [27]. The denoised n̂i ¼ DEni are used to compute
the WZ posterior pðn̂ijWZÞ for importance sampling. The
mode compression is then recalculated using only the
samples that survive the importance sampling, i.e., are
drawn from the joint PZþWZ probability. An additional
difference between the processing of lens and source
galaxies is that the ui samples for the source galaxies
are seen to be consistent with a unit-normal distribution—
no Gaussianization is needed.

E. SOMPZ uncertainty

As highlighted in Secs. II C and II D, we work under the
assumption that there exists a set of proposal fnig real-
izations of the nðzÞ, representing the distribution pðnjPZÞ,
which is the range of possible nðzÞ that is allowed by the
information that we have from the photometry of galaxies.
In this section we summarize the various sources of
uncertainty affecting the distributions of nðzÞ coming from
the photometry of Metadetect and MagLim++ galaxies and
how we generate the fnig realizations of nðzÞ. Detailed
descriptions are provided in Yin et al. [27] and Giannini
et al. [28], respectively.
The nðzÞ for MagLim++ and Metadetect galaxies is

measured empirically with the SOMPZ methodology [9–
11,51–53], which leverages the DES deep fields as a
stepping stone between the wide-field galaxy photometry
in the target samples and redshift information. The DES
deep fields have deeper photometry with additional photo-
metric bands and overlap with many-band redshift surveys
outside of DES. To establish the probability distribution of
wide-field photometry given deep-field “truth”, i.e., the

“transfer function,” the BALROG software [54] injects simu-
lated galaxies drawn from the DES deep fields into real DES
wide-field images. The measured spectroscopic and many-
band photometric redshifts of the deep-field galaxies can in
this way be transferred to galaxy bins defined using wide-
field photometry. This methodology enables control over all
known potential sources of uncertainty impacting the nðzÞ
estimates from galaxy photometry.
To model the uncertainty, Yin et al. [27] and Giannini

et al. [28] adopt a methodology similar to Myles et al. [52],
incorporating updates from Sánchez et al. [53]. We account
for uncertainty arising from (i) sample variance and shot
noise from the finite area covered by the deep fields;
(ii) biases in the redshifts assigned to deep-field galaxies
lacking spectroscopy and using multiband photometric
assignments instead; (iii) uncertainty in the photometric
calibration (zero point) of deep-field galaxies (ZP).
To address the statistical uncertainties in item (i) above,we

use the approximate 3sDirmodel (a product of threeDirichlet
distributions), first presented in Sánchez et al. [11] and then
further developed in Myles et al. [52]. Mathematically the
model describespðffzcgjfNzcgÞ ≈ 3sDir, whereNzc are the
number counts of galaxies that have been observed to be at
redshift bin z and residing in deep SOM cell c, and ffzcg are
the underlying fractions of the full galaxy population that
reside in redshift bin z and cell c. We constrain

P
zc fzc ¼ 1

and 0 ≤ fzc ≤ 1. We use the SOM algorithm from
Sánchez et al. [11], which has been further validated by
Campos et al. [9] for use on DES Y6 weak-lensing samples.
The 3sDir samples of ffzcg incorporate the expected sample
variance and shot noise. Each such sample can be propagated
into nðzÞ functions for the wide bins by using the BALROG

transfer function and the observed color distribution of the
bin members.
Next the 3sDir process is modified to account for

uncertainties in category (ii), namely resulting from
biases and errors in the deep fields’ photometric redshift
catalogs: COSMOS2020 [55], PAUSþ COSMOS [56],
and PAUSW1 [57]. As described in Yin et al. [27] and
Giannini et al. [28], a parametrized many-band PZ bias
function is constrained separately for distinct magnitude/
redshift bin combinations. This expands on the DES Y3
assumption of biases scaling as (1þ z) and also takes a
more conservative approach for the uncertainty of these
systematic redshift biases.
The 3sDir process is also modified for uncertainties in

category (iii), namely the uncertainties from the relative
zero-point calibration across different deep fields [14].
Essentially we need to model the relative zero-point error
between the COSMOS field (which contains most of the
redshifts) and the other three deep fields.
In total, there are 24 relative zero-point systematic shifts

(8 bands and 3 out of 4 fields) from category (iii), plus
several parameters of the redshift systematics in category
(ii) for COSMOS2020, PAUSþ COSMOS, and PAUSW1,

W. D’ASSIGNIES et al. PHYS. REV. D 113, 123549 (2026)

123549-10



each with a Gaussian prior. We draw 100 samples of
possible values of this nuisance-parameter vector using a
Latin hypercube method. For each of these 100 samples, we
shift the deep fluxes of galaxies with the selected zero-point
errors, recalculate their redshift assignments with the
selected PZ biases applied, and reassign them to SOM
cells to collect new fNzcg values. Then, for each of these
100 samples, we generate 1 × 106 nðzÞ samples using
3sDir and SOMPZ. In total, we generate 100 × 106 nðzÞ
samples for each of the Metadetect and MagLim++ tomo-
graphic bins, which have effectively sampled over all three
types of PZ uncertainty.

III. DATA AND THEIR SIMULATED
COUNTERPART

This section describes the various photometric and
spectroscopic catalogs used for DES Y6 WZ. The
calibration of the nuisance parameters with simulated
data is critical for our method, so we need mocks with
properties as similar as possible to the real datasets. We
use the CARDINAL simulation [45] for this purpose. The
redshift distributions of the data and mocks are reported
in Fig. 3.

A. Unknown data

1. Metadetect

The source galaxies we calibrate in this work are from
the Y6 Metadetect shape catalog presented in [58]. The
catalog consists of 139.6 × 106 galaxies with the number
density of 8.87 galaxies per arc min2 and shape noise of
σe ¼ 0.29. Objects are removed based on star and fore-
ground flags from [59], as well as being outliers in
properties such as flux and color (see Sec. 4.4 of [58]
and Sec. 2 of [27] for more detail). We also remove objects
outside of the joint Large Scale Structure (LSS)-shear
footprint as described in [60]. The selected Metadetect
galaxies are divided into four tomographic bins of increas-
ing mean redshift on the basis of which SOM cell they
belong to, and redshift distributions for each bin are
generated under the SOM framework [27].
Thanks to the improvements in point spread function

(PSF)modeling sinceDESY3 described in [61], we are now
able to include g-band flux information for robust redshift
calibrations. A statistical weight for each Metadetect object
is generated as the inverse variance of shear inference from
this source (see Sec. 4.5 of [58] for more detail). All DESY6
shear measurements incorporate this weighting, hence our

FIG. 3. Redshift distributions of the data (top) and CARDINAL mocks (bottom) are shown for MagLim++ (lenses, left), Metadetect
(sources, middle), and BOSS-eBOSS (reference, right). Spectroscopic data are presented as a function of spectroscopic redshift.
MagLim++ bins are generated with photo-z cuts, and we plot the photo-z histograms of every bin, along with the corresponding SOM
estimate of the nðzÞ for the data. For Metadetect data, only the SOM estimate of the nðzÞ is shown. The true redshift distributions are
provided for all simulated DES samples. Simulated data do not reproduce properly the z > 1.5 distribution of the data.
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nðzÞ estimations andwur measurements apply these weights
to counts of source galaxies as well. Magnification coef-
ficients for the Metadetect bins are evaluated in [39]. The
properties of the source galaxies in each tomographic bin
generated in [27] are summarized in Table I.

2. MagLim++

The lens galaxy catalog we calibrate in this work is the
Y6 MagLim++ catalog presented in [50]. The MagLim++
selection in DES Y6 refines the Y3 MagLim sample to
improve purity and mitigate systematics. It consists of a
magnitude-redshift cut, near-infrared (NIR) star-galaxy
separation optimized for each redshift bin, and a SOM-
based quality filter.
Galaxies are selected from the Gold catalog using i-band

limiting magnitude thresholds,

i < 4 × zDNF þ 18; i > 17.5 ð26Þ

with zDNF being the mean directional neighborhood fitting
(DNF) [62] redshift estimates. This selection has been
optimized to balance photometric redshift accuracy and
number density, with the goal of to enhance the cosmo-
logical constraints on Ωm, σ8, and w [63]. Following [64],
redshift-bin-optimized cuts in the ðr − z; z −W1Þ color
space are used to isolate and remove stars from each
bin, where W1 is a NIR magnitude from the unWISE
catalog [65].
A SOM trained on griz photometry is used to identify

and remove galaxies in regions of color space with highly
unreliable photometric redshifts, preferentially excluding
quasars and other interlopers. The final sample is divided
into six tomographic bins based on the DNF mean photo-
metric redshift, with redshift bounds that yield similar sky
density in each bin. The selection yields 9 186 205 galaxies.
These refinements reduce stellar contamination, improve
clustering signal fidelity, and enhance suitability for cos-
mological analyses.
The lens galaxies in each bin are summarized in Table II.

We apply the LSS weights described in [50] to each galaxy
during all WZ calculations and use magnification coef-
ficient estimates from [39]. The characterization of the nðzÞ
using SOMPZ is described in detail in [28].

B. Reference data

For all unknown samples (sources and lenses), we use as
WZ references samples the spectroscopic galaxies from the
BOSS and eBOSS surveys [33,34]. We also use the final
eBOSS QSO sample covering 0.8 < z < 2.2 [66] to extend
WZ coverage to higher redshift. The DES Y3 analyses did
not use the QSO samples.
The redshift range, number of galaxies, and DES overlap

for each spectroscopic reference set are reported in
Table III, and their redshift distributions are plotted in
Fig. 3. We make use of the official random (unclustered)
catalogs for all the different samples, paying attention that
the ratio of random per tracer sample is constant, equal to
20. The weight for a BOSS-eBOSS galaxy i is calculated
from the catalog weights as in [67]: wi

tot ¼ wi
nozwi

syswi
CP.

There are no values available for BOSS-eBOSS magnifi-
cation parameters αr, so we assume Gaussian priors
centered at α ¼ 0 with σ ¼ 2.

1. BOSS-eBOSS galaxies

As in [10,15,17], we make use of the LOWZ, CMASS,
eBOSS luminous red galaxies (LRG), and emission line
galaxies (ELG) samples, covering a common sky area with
DES. To avoid replication, we use a z < 0.6 truncated
version of CMASS (that we refer to as CMASS⋆), and a
z > 0.6 combination of CMASS (CMASS**) with eBOSS
LRG. LOWZ, CMASS, and eBOSS LRG are composed of
red galaxies located at z < 1. In addition, we use the eBOSS
ELG sample covering 0.5 < z < 1.1.

TABLE I. Summary of the Metadetect sample. For each
tomographic bin, we give the (SOM-estimated) mean redshift
and redshift width, the number of galaxies, the number density in
arc min−2, and the magnification coefficient.

Metadetect hziSOM σSOMz N galaxies n density α

Bin 1 0.415 0.42 33 707 071 2.555 −0.186� 0.022
Bin 2 0.545 0.33 34 580 888 2.252 −0.248� 0.026
Bin 3 0.841 0.26 34 646 436 2.368 −0.122� 0.024
Bin 4 1.175 0.47 36 727 798 1.694 0.366� 0.028

TABLE II. Summary of the MagLim++ sample. For each bin
we give the DNF photo-z cuts, the number of galaxies, the
number density in arcmin−2, and the magnification coefficient.

MagLim++ z range N galaxies n density α

1 0.20 ≤ zDNF < 0.40 1 852 538 0.128 0.582� 0.042
2 0.40 ≤ zDNF < 0.55 1 335 294 0.092 0.380� 0.105
3 0.55 ≤ zDNF < 0.70 1 413 738 0.097 1.043� 0.078
4 0.70 ≤ zDNF < 0.85 1 783 834 0.123 1.209� 0.081
5 0.85 ≤ zDNF < 0.95 1 391 521 0.096 1.451� 0.144
6 0.95 ≤ zDNF < 1.05 1 409 280 0.097 1.416� 0.125

TABLE III. List of the spectroscopic samples from BOSS/
eBOSS overlapping with the DES Y6 footprint and covering
redshift up to 2.2, used as reference galaxies in this work.

Tracers z range N galaxies Area (deg2)

LOWZ + CMASS* 0: ≤ zspec < 0.6 88 340 860
CMASS** + LRG 0.6 ≤ zspec < 1 39 049 860; 700
ELG (eBOSS) 0.5 ≤ zspec < 1.1 86 055 620
QSO (eBOSS) 0.8 ≤ zspec < 2.2 20 837 700
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2. eBOSS QSO

In this work, in addition to these z < 1.1 samples, we use
all the eBOSS QSOs, covering 0.8 < z < 2.2. As McQuinn
and White [18] demonstrate, the reconstructed nðzÞ uncer-
tainties scale at leading order with the number of reference
objects, which is relatively low for the eBOSS QSOs. We
thus use broader redshift bins for QSOs than low-z samples
to raise signal-to-noise levels. Peculiar velocities of quasars
are much larger than standard galaxies’, but as we are
dealing with angular correlations, the redshift-space-
distortion effects are very limited [24]. We exclude scales
rp < 1.5 Mpc.

C. CARDINAL simulated data

Construction of the CARDINAL simulation and the asso-
ciated data are described in [45,68]. Here, we briefly
summarize important features. CARDINAL is developed to
produce realistic galaxy populations and lensing signals
mimicking the DES Y6. As a successor to the Buzzard
simulation [69], CARDINAL builds on a 10; 000 deg2 light
cone from z ¼ 0 to z ¼ 2.35 generated by combining three
N-body simulations of varying resolutions. Galaxy proper-
ties, including positions, velocities, and magnitudes, are
assigned to each dark matter particle based on their
Lagrangian overdensities calculated in the initial condition
of the simulation (inverse distance to the k nearest particles).
The relation of galaxy properties to the Lagrangian over-
densities is obtained from a subhalo abundance matching
(SHAM) model constrained by the galaxy-galaxy correla-
tions and group-galaxy correlations measured in SDSS [70].
An important feature of CARDINAL’s SHAM model is the
inclusion of orphan subhalos, enhancing the fidelity of
galaxy clustering down to small scales. Lensing quantities
such as shear, magnification, and deflections are computed
using multiplane ray tracing [71], with an innovative hybrid
correction scheme mitigating resolution effects [45]. The
simulation also includes realistic photometric noise, mod-
eled using DES Y6 survey property maps, ensuring that
galaxy selection functions accurately mimic survey data.
The source galaxies in CARDINAL are selected based on

griz photometry and PSF-convolved sizes, ensuring a
number density consistent with the DES Y6 Metadetect
sample. A key innovation in CARDINAL is the incorporation
of spatial fluctuations driven by survey depth variations,
implemented via a novel abundance matching algorithm
[68]. The tomographic binning and redshift distribution of
source galaxies are derived using the end-to-end DES
SOMPZ framework.
To construct the MagLim++ lens galaxy sample in

CARDINAL, we run a customized DNF pipeline on the
entire catalog. As in DES Y6, MagLim++ samples are
selected primarily based on i-band photometry. However,
due to differences in photometry between the datasets, we
adjust the magnitude cut to ensure that the MagLim++

sample in CARDINAL maintains a number density compa-
rable to the DES Y6 MagLim++ sample within each
tomographic bin.
We constructed a simulated BOSS-eBOSS sample using

the simulated MagLim++ sample, selecting subsamples
matching each data reference bin’s redshift distribution and
using true redshifts as the mock spectroscopic observations,
since the impact of peculiar velocities on the spectroscopic
samples is negligible for WZ [24]. The BOSS-eBOSS
randoms are used to create a BOSS-eBOSS mask in
CARDINAL, so that the sky distribution is also similar.
Initially, we built different BOSS-eBOSS mocks. The

mock ELG catalogs consisted of blue galaxies, while the
mock LOWZ-CMASS-LRG catalogs was composed of red
galaxies, both selected with a similar selection in CARDINAL

as with the data (cf. Appendix A). With these color-realistic
mocks we measured that the galaxy biases from cross-
correlations of sub-bins did not match the product of the
galaxy biases inferred from autocorrelations,

wuiri ≠
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wuiuiwriri

p
: ð27Þ

A similar behavior was observed in [24] using the Flagship
2 simulation, on scales smaller than 1.5 Mpc, and inter-
preted as evidence of 1-halo effects impacting galaxy-bias
measurements. In CARDINAL, we find the amplitude of this
effect to be very large, with biases differing by up to a factor
of 3–5 and effect persisted up to linear scales of 10 Mpc,
whereas a 1-halo origin would suggest it should be
confined to scales comparable to the typical 1-halo size
(∼1 Mpc). Consistency between scales evaluated on data
suggests that the behavior observed in Appendix A was
due to the mismodeling of galaxy-halo properties in
CARDINAL, rather than a physical process. Furthermore,
in Appendix B 1, we measure the consistency between
biases from auto- and cross-correlations for some red and
blue samples constructed with Redmagic and MagLim++
data samples, and obtain the same results as in [24], namely
this effect is limited to rp < 1.5 Mpc. Constructing the
spectroscopic mocks using a subsample of the simulated
MagLim++ catalog, we found this discrepancy between
biases to be limited and in better agreement with previous
works (e.g., [24]) and our data test (cf. Appendixes A
and B 1). Thus, we decided to use the MagLim++-selected
BOSS-eBOSS mocks.

IV. RESULTS

A. Systematics with CARDINAL

Systematics identified. The first step in our analysis is to
use simulated samples to define the priors of the systematic
parameters suk. This procedure must be carried out for both
source and lens samples. We identify several clustering
redshift systematics that could impact our measurements:
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(i) Any redshift evolution of the bias for the unknown
sample, buðzÞ, is not incorporated into the model.

(ii) At our scale range, rp ∈ ½1.5; 5� Mpc, modeling the
galaxies as having linear bias with respect to the
nonlinear matter power spectrum is not fully accu-
rate [72,73]. Additional effects from 1-halo physics
may be present, but they are expected to be minor at
scales larger than 1.5 Mpc [24].

(iii) Simulations show that the correlation of spectro-
scopic galaxies from narrow redshift bins with photo-
metric galaxies from broader bins can deviate from
model prediction, because of the correlation at the
border of the spectroscopic bin (cf. “Limber-1-bin
approximation” in [24]). Our new clustering model-
ing [cf. Eq. (9)] is expected to correct for this effect;
the clustering matrix A is not diagonal and takes into
account correlation at the edges of the bins.

(iv) The use of the DP estimator instead of LS for source
galaxies, in the cases where we lack the associated
random catalogs, can cause larger biases in wur
associated with mask shapes and edge effects. LS is
known to be a better estimator than DP, with smaller
bias and variance [74,75].

We note that a potential systematic we do not include in
CARDINAL is the fiber collisions’ effect on the spectroscopic
samples.9 Because of the fibers’diameters, two spectroscopic
galaxies cannot be arbitrarily close, and the biases inferred
from the autocorrelation might be underestimated with
respect to the one from cross-correlation (which is not
affected by this problem once weights are applied). We
check this in Sec. IV B 2 by comparing the br obtained from
different ranges of angular separation. Another potential
systematic arises from assuming an incorrect cosmology
when evaluating wm [see Eq. (4)] through the Alcock-
Paczynski effect. The quantity entering our modeling isffiffiffiffiffiffiffi
wm

p
. Any constant offset with redshift is absorbed by the

free amplitudebu [seeEq. (24)], so only the redshift evolution
of this ratio is relevant. We find that the ratio of this quantity
computed assuming different cosmologies (DES Y3, KiDS
Legacy, and Planck 2018) varies at the ∼1% level, which is
negligible compared to the other systematics considered here.
Evaluating the effect of the systematics on WZ. We

evaluate the systematic effects in CARDINAL by calculating
the ratio of the measured wur to a model ŵur. Systematic
effects can enter either the measurement w or the model ŵ.
We execute the WZ analysis on CARDINAL data under two
different cases. In the first “no-systematics” case we will
“cheat” by using the truth values for certain quantities that
we do not know for the real data, to see if this eliminates the
expected systematic errors. In the second “all-systematics”
case, we will impose the same level of ignorance on the
CARDINAL catalog and parameters as we have for the real
observations. Please note that we may underestimate

cosmic variance in the no-systematics case since the true
redshift distribution of the bins is taken directly from the
full CARDINAL simulation, whereas real data are restricted
to the 700 deg2 of sky overlapping with BOSS-eBOSS
mocks. The nðzÞ measured in the presence of systematics
are no longer expected to be normalized to unity.
The no-systematics test makes the following alterations

to the mock catalogs:
(i) The model ŵur departs from Eq. (17) by dropping

the (1þ S) systematic correction term and the
magnification terms. We replace bubri with buibri ,
where bui are estimated directly from a cross-
correlation between ri and the members of u that
match the redshift range of ri. Doing so should
eliminate systematic errors associated with redshift
evolution of bias and also limit the impact of scale-
dependent bias from small-scale physics.

(ii) For each cross-correlation between the u bin and a
reference bin ri, we replace the u binwith an idealized
bin. This is done by replacing each galaxywhose true
redshift falls outside the redshift range of the refer-
ence bin with a randomly placed galaxies. This
should correct for the “full-u-bin” systematic [24].

(iii) We use the LS estimator for wur, to have minimal
variance and bias from the estimator.

Together, these alterations should guarantee that the mea-
sured wur are proportional to nðzÞ, within statistical
uncertainties, if our code and methodology are correct.
For the all-systematics case, the analysis follows that of

the real data:
(i) We use the DP estimator for sources; but we keep the

LS estimator for lenses as we do have lens randoms.
(ii) We evaluate the cross-correlation wuri using the full-

u-bin’s catalog instead of one with positions ran-
domized outside the ri bin redshift range.

(iii) We maintain the single unknown bu value instead of
using truth values for bui in the model.

From now on, the different systematic functions will be
referred as Sys.
Dominant systematic. We find the redshift evolution of

galaxy bias to be the dominant systematic error causing a
significant deviation from the model. As the other system-
atics have limited (if not null) impact, we do not separately
analyze the different systematics asmentioned in Sec. II A 3.
In particular, we found the full-u-bin systematics to have
little impact for our analysis. Either our modeling of cross-
correlations between bins—cf. Eq. (9)—has captured the
effect, or our precision, using 700 deg2 of BOSS-eBOSS
data, is not good enough to detect these small effects,
contrary to [24], for which they were considering cross-
correlations between 1000 deg2 of Euclid and DESI data.

1. Systematic function for MagLim++

In Fig. 4, we compare the true redshift distributions nðzÞ
of the six MagLim++ bins in the CARDINAL simulation with9See https://www.sdss3.org/dr9/algorithms/boss_tiling.php.
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the nðzÞ inferred from WZ, in the no- and all-systematics
cases, and the corresponding derived systematic correction
function Suri needed to force agreement between the model
and mock data.
In the no-systematics case, the inferred distributions

accurately recover the true distributions for all six bins.
Small deviations at the peak of the Gaussian can be
explained by binning effects, as illustrated in Fig. 3 of
[24], and these are accounted for in the modeling of Arn.
For the more realistic, all-systematics mock catalog, we

observe significant deviations from the truth in the inferred
nðzÞ. The corresponding Suri corrections are shown in the
right panel of Fig. 4. We model these systematic functions
and find that an order-2 polynomial provides a good fit for

bin 1, while an order-1 polynomial is sufficient for bins
2–6. We note that the largest impact of systematics in the
first bin could be linked to a broader range of galaxy
luminosities selected, leading to more complex redshift-
dependent bias evolution. The priors on the nuisance
parameters suk for the real data are chosen to follow a
Gaussian distribution, centered at zero, with the standard
deviation set to the best-fit parameter amplitude (i.e., the 1σ
value). An alternative choice could have been to choose a
Gaussian distribution centered at the best fit from
CARDINAL, with same width, so that the no-systematic
case is at 1σ. The implicit assumption for such case would
be that we trust CARDINAL to reproduce the WZ system-
atics. We decided to rather assume CARDINAL was giving a

FIG. 4. Impact of systematics on WZ for the CARDINAL-simulated MagLim++ samples. Left: redshift distributions inferred from the
no-systematics mock catalog, WZ estimate (points) compared to the true nðzÞ (solid lines). Middle left: same as left but with the all-
systematics mock catalog that uses only information available in the real data. Middle right: corresponding systematic function w=ŵ, for
the no-systematic analysis, consistent with no deviation from a normalization constant. Right: systematic function wðzÞ=ŵðzÞ in the
presence of systematics, where deviations from unity Suri are fitted using a Legendre polynomial basis (black lines). The gray lines plot
some realizations of Suri from the derived prior on its suk coefficients.

FIG. 5. Impact of systematics on WZ for the CARDINAL-simulated Metadetect samples. Left: redshift distributions inferred from the
no-systematics mock catalog, WZ estimate (points) compared to the true nðzÞ (solid lines). Middle left: same as left but with the all-
systematics mock catalog that uses only information available in the real data. Middle: corresponding systematic function w=ŵ, for the
no-systematic analysis, consistent with no deviation from a normalization constant. Middle right and right: systematic function
wðzÞ=ŵðzÞ in the presence of systematics, where deviations from unity Suri are fitted using a Legendre polynomial basis (black lines).
The gray lines plot some realizations of Suri from the derived prior on its suk coefficients.
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good estimate of the amplitude of the systematics, but was
not necessarily reproducing them with fidelity.
Assuming consistency in the galaxy biases inferred from

fiducial and large scales (as wewill evaluate in Sec. IV B 2),
the low order of the systematic functions is physically
motivated. This is because the dominant systematic model
error—redshift evolution of the galaxy bias—is expected to
be small across the narrow redshift extent of the MagLim++
bins (cf. Sec. VI A for Y3 MagLim [63]).

2. Systematic function for Metadetect

In Fig. 5, we compare the true redshift distributions,
nðzÞ, of the four CARDINAL-simulated Metadetect bins with
the nðzÞ inferred from WZ, in the no-systematics and all-
systematics scenarios.
As with the MagLim++ simulations, the no-systematics

mock catalog yields nðzÞ consistent with the truth. When
the realistic all-systematics catalog is used, however, we
again observe significant deviations in the inferred nðzÞ.
The corresponding Suri corrections are shown in the right
panel of Fig. 5. An order-1 polynomial provides an
adequate fit for all four bins. As with MagLim++, the

priors on the nuisance parameters for the real data are
chosen to follow a Gaussian distribution centered at zero,
with a standard deviation set to the amplitude of the best-fit
CARDINAL parameters. A few realizations of the systematic
functions drawn from these priors are also shown in the
right panel. Even though the source bins are wider than the
lens bins, we still find that linear systematic functions are
effective at describing the dominant systematic error—
redshift evolution of galaxy bias—across the bins.

B. Data calibration

1. Measurements

In Figs. 6 and 7, we present the WZ measurements
wur=ðbrbuwmÞ for MagLim++ and Metadetect bins, over-
laid on the SOM-derived nðzÞ. Here, br represents the
galaxy bias of BOSS-eBOSS, which evolves with redshift,
while bu is the best-fit amplitude of the measurement
relative to the SOM nðzÞ. We observe a visually reasonable
agreement between WZ and the SOM estimates. We report
in Appendix C the measurements for Metadetect and
MagLim++ using DESI galaxies as reference. We obtain

FIG. 6. The measured nðzÞ from WZ [¼ wur=ðbrbuwmÞ] for each of the six DES Y6 data MagLim++ bins, without magnification and
systematics modeling. BOSS and eBOSS samples, except QSO, are used as reference samples. The estimated nðzÞ from the SOM are
reported with solid lines.

FIG. 7. The measured nðzÞ from WZ [¼ wurðzÞ=ðbrðzÞb̄uwmðzÞÞ] for each of the four DES Y6 data Metadetect bins, without
magnification and systematics modeling. BOSS and eBOSS galaxies and QSO are used as reference samples separately, covering
0 < z < 2.2. The estimated nðzÞ from the SOM are reported with solid lines.
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an excellent agreement with BOSS-eBOSS measurements.
We retain BOSS-eBOSS as our fiducial WZ measurements
rather than slow the Y6KP analysis with a switch to DESI.
Figure 7 includes z > 0.8 clustering-redshift measure-

ments using eBOSS-QSOs. Due to the sparse density of
this tracer, we adopted a binning of Δz ¼ 0.1 to increase
the number of spectroscopic redshifts per bin, as the
uncertainty on nðzÞ scales with the number of available
spec-z [18]. We detect no significant signal for bins 1 and 2,
partially recover the right tail of the distribution for bin 3,
and measure most of the distribution for bin 4. Although
not highly precise, these measurements serve as a useful
validation of the SOM’s performance at high redshift.
As future surveys such as DESI and 4MOSTwill provide

significantly more QSOs up to z ∼ 3, this measurement
serves as a promising proof of concept for high-z calibra-
tion in upcoming LSST and Euclid [76,77].

2. Scales and galaxy biases

For clustering redshifts, we rely on small scales that are
not used for cosmological analyses due to the lack of
precise modeling. Therefore, it is crucial to test whether
these scales can still be reliably used for redshift calibra-
tion. A detailed investigation of the impact of small-scale
effects on WZ measurements can be found in Sec. 4.3
of [24]. The main conclusion of that work is that deviations
of wðzÞ from a model adopting linear, redshift-independent
bias for the unknown populations are small enough to be
corrected by our systematic-error functions for our chosen
scale range of 1.5 ≤ rp ≤ 5 Mpc. The lower bound is a
compromise between measurement precision and modeling
accuracy, while the upper bound is fixed by the need to
maintain statistical independence from the cosmological
wðθÞ measurements. As a check, we investigate here
whether varying the scale range significantly affects the
inferred nðzÞ. We examine three different scale ranges:
small scales (SS), [0.1, 1.5] Mpc; fiducial range (Fid), [1.5,
5] Mpc; and large scales (LS), [5, 15] Mpc.

Nonlinear modeling. As a first sanity check, we examine
wurðθÞ to assess whether our model assumption of linear
galaxy bias [cf. Eq. (3)] remains valid across the chosen
wðθÞ scales. Figure 8 shows the correlation measurements
for MagLim++ bins cross-correlated with different spectro-
scopic bins, plotted as a function of scale from 0.1 to
5 Mpc.10 When the MagLim++ bin and the reference bin
overlap in redshift so that the wurðθÞ is appreciable, we
observe that the linear-bias fit remains visually good down
to rp ≈ 1 Mpc, across redshifts.
Unknown galaxy bias. Two internal consistency checks

on the validity of the linear-bias model [cf. Eq. (3)] and the
modeling of the bias redshift evolution [cf. Eq. (17)] are
possible. We examine the value of b̄u for every bin that best
fit the data with the simplified model

ŵurðziÞ ¼ b̄ubrðziÞnuðziÞwmðziÞ; ð28Þ

where we use the nðzÞ derived from the SOMPZ method11

and measure wur on the data for three scale ranges (SS, Fid,
and LS). We know that the linear-bias model is valid for LS.
The robustness of the linear-bias assumption in the full

ŵur model of Eq. (17) is supported by the agreement of the
bias values between the Fid and LS scale-range choices, as
reported in Fig. 9. For both MagLim++ and Metadetect, the
differences between Fid and LS bias values are easily
modeled by our systematic functions Suri . The galaxy-bias
measurements using small scales show strong deviation
from the fiducial case. This is not unexpected, as we
observe in Fig. 8 that the linear-bias model is insufficient
at small scales. The large-scale galaxy-bias values for

FIG. 8. Angular correlation vector for the six MagLim++ bins (colors) and five BOSS-eBOSS reference bins (panels), for angular
scales corresponding to rp ∈ ½0.1; 5� Mpc, and reference binning Δz ¼ 0.05. We only plot nonzero correlations (i.e., combinations of u-r
bins which overlap in redshift). We also plot a model ŵur ¼ a × wmðrpÞ for the best-fit constant a. The scales discarded for our WZ
analysis (rp < 1.5 Mpc) are colored in gray. We observe a good fit for the scale range [1.5, 5] Mpc, used in this work, despite the
simplicity of the modeling.

10We do not show larger scales, as they are used for
cosmology, and since we are not using a blinded catalog, we
avoid unintentionally unblinding the Y6 data in this figure.

11For the importance sampling, we will get bu for every
realization, cf. Eq. (24) from a similar fitting, but considering
systematics and magnification. For this test, we are assuming the
SOM nðzÞ if a good model, and focus on the galaxy biases.
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MagLim++ are consistent with those reported in the Y3
results (cf. Appendix B of [63]).
We can also use the b̄u to crudely confirm that our chosen

priors on the systematic-function coefficients suk introduce
sufficient freedom to track the variation of the unknown
samples’ bias functions with redshift, if we assume that the
variation of b̄u between different lens or source tomo-
graphic bins is a good proxy for the evolution of buðzÞ
within each tomographic bin. This assumption is not
expected to be very accurate, especially for Metadetect,
because different color selection criteria are used for
distinct bins, so their constituent galaxy populations differ.
For MagLim++, as bins are defined with photo-z cuts, this
procedure to estimate bias evolution corresponds to the
method M3 in [24] and was found to be accurate (cf. their
Fig. 14). Proceeding, we plot each b̄u of each bin at the
mean of its SOMPZ redshift distribution in Fig. 9. We

observe that the redshift evolution of the galaxy bias for
both the Fid and LS scale selections are well described by
low-order polynomials and can be well fit using the priors
and degrees for the systematic suk functions that we derived
from the CARDINAL simulations in Sec. IVA.
Reference galaxy bias. Next we examine the consistency

of the reference galaxy biases extracted from the autocor-
relations. The right-hand panel of Fig. 9 shows the derived
biases for BOSS-eBOSS vs redshift of the bin for the three
choices of scale range. The Fid and LS cases agree very
well, suggesting that neither scale-dependent bias nor fiber
collisions are having substantial impact at the fiducial
range. The SS biases differ substantially, suggesting the
presence of one or both effects in the small-scale clustering
data. The substantial changes in bias near z ¼ 0.2 and
z ¼ 0.7 are expected from the changes in BOSS-eBOSS
selection criteria.

FIG. 9. Galaxy biases of the three samples used for DES Y6WZ are plotted vs redshift. The values for Metadetect (left) and MagLim+
+ (middle) are derived from a fit of cross-correlations of each tomographic bin with BOSS-eBOSS galaxies [fixing nuðzÞ to nSOMðzÞ,
cf. Eq. (28)], and values for BOSS-eBOSS (right) from their autocorrelation. Each panel shows the average bias across three scale
ranges: [0.1, 1.5] Mpc (SS, orange), [1.5, 5] Mpc (Fid, red), and [5, 15] Mpc (LS, purple). In each case, the Fid and LS biases are
consistent and well fit by a low-order polynomial. The SS cases differ, due to some combination of nonlinear bias and, for BOSS-
eBOSS, fiber collisions.

FIG. 10. Redshift distributions of Metadetect four bins, evaluated as nðzÞ ¼ wurðzÞ=ðb̄ubrðzÞwmðzÞÞ (so neglecting magnification and
systematics), for three scale ranges. We can observe a very good agreement between the measurements using fiducial range [1.5, 5] Mpc
(orange) and the large-scale range (red).
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WZ and scales. Figures 10 and 11 compare the nðzÞ
values derived using the SS, Fid, and LS scale ranges for
each Metadetect and MagLim++ bin, respectively, under
the simplified model nðzÞ ¼ wurðzÞ=ðb̄ubrðzÞwmðzÞÞ. The
LS and Fid cases yield to two WZ results consistent within
their statistical uncertainties. The SSWZ result often differs
from the two others WZ results by substantially more than
its (very small) statistical uncertainties. To quantify any
scale-dependent deviations, we compute the ratio of the
inferred redshift distributions between different scale
ranges: ηscalesðzÞ ¼ nðzjscales1Þ=nðzjscales2Þ, The results
are shown in Appendix D. For both MagLim++ and
Metadetect, and for Fid vs LS, we find that any differences
are well within the freedom that we have allotted to the
systematic-error function. We find no significant evidence
that fiber collisions affect our results. Fiber collisions
should impact autocorrelations more strongly than cross-
correlations and primarily on small (fiducial) scales, how-
ever we obtain consistent galaxy biases from autocorrela-
tions across both fiducial and large-scale ranges (cf. Fig. 9),
as well as consistent nðzÞ between these two scale choices
(cf. Figs. 10 and 11). In addition, the nðzÞ inferred from
BOSS and eBOSS agrees with that obtained from DESI
on the same scales, despite their different fiber-collision

properties (cf. Appendix C). This is consistent with [78],
where they showed that fiber collisions have limited impact
even on 1–5 Mpc scales. Because of this, and taking into
account that any residual effect can be absorbed by our
systematic function, provided it does not vary too rapidly
with redshift, we are not explicitly modeling fiber collision
in this paper.

C. Importance sampling

We now turn to the results of applying the full WZ
importance sampling process (cf. Sec. II D) to the samples
of nðzÞ produced by the SOMPZþ 3sDir photometric
analyses.
For MagLim++, importance sampling of the SOMPZ

nðzÞ samples using the WZ likelihood is performed
independently for the six lens bins. For each nðzÞ sample,
we compute the mean z and standard deviation of z.
Distributions of these quantities computed from 100 ×
106 input PZ samples, and from the few thousand selected
via WZ, are reported in Fig. 12. The WZ information has
led to negligible shifts in the mean redshift in bins 1–4,
small shifts for bin 5, and a shift Δhzi ≈ 0.015 in bin 6. As
seen in Fig. 6, this shift in bin 6 is primarily driven by a
comparatively weak WZ signal at z ∼ 0.85 relative to the

FIG. 11. Same as Fig. 10, for the six MagLim++ bins. We also observe an excellent agreement between fiducial and large-scale ranges.

FIG. 12. Distributions of the mean redshift and standard deviation of nðzÞ samples drawn from pðnjPZÞ using SOMPZ (blue) and
samples drawn from pðnjWZ; PZÞ using WZ importance sampling (red), for each of the six MagLim++ tomographic bins. The contours
represent 68% and 95% of the data points. The lines report the position of the peaks. The WZ selected nðzÞ samples tend to have slightly
lower standard deviations and slightly less variation in the mean. Only bin 6 shows a substantial shift in the derived mean redshift.
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SOM mean distribution. Bringing the WZþ PZ point
at this z into agreement with the mean of the PZ
values would require a multiplicative error of factor
≈3, restricted only to this point, which is not within
the realm of WZ systematic errors expected nor encoun-
tered in CARDINAL. As z ∼ 0.85 corresponds to the
transition in the reference sample between an LRG
dominated sample and an ELG dominated sample, we
rerun WZ for both LRG and ELG separately and report
the results in Appendix B 2. Both reference samples,
composed of the same galaxy tracer, are in good agree-
ment. We thus consider this shift of the bin 6 leading edge
to be a definitive implication of the WZ measurement.
Regarding the standard deviation of nðzÞ, WZ information
alters the results of PZ sampling noticeably only by
requiring a narrower nðzÞ for bin 3.

Figure 13 presents violin plots of the distributions of
MagLim++ nðzÞ before and after WZ importance sampling.
We observe that incorporating WZ information yields
smoother nðzÞ distributions, removing the “divots” in
nðzÞ in bins 1, 2, and 4. Additionally, the sizes of the
violins are reduced, as WZ sampling eliminates nðzÞ
samples from PZ that have nonphysical fluctuations, i.e.,
the typical nðzÞ samples are less noisy after WZ importance
sampling.
For Metadetect source redshifts, as explained in

Sec. II D, we first remove cosmologically irrelevant fluc-
tuations from the input SOMPZ nðzÞ samples to ensure that
importance sampling yields a sufficiently large output
sample. Figure 14 compares the uncertainties in the PZþ
WZ nðzÞ elements with those in the PZ-only case, both
before and after mode compression of the PZ samples.

FIG. 13. Left: violin plots showing the distribution of nðzÞ functions in each of the six MagLim++ bins. Blue violins and lines are the
distributions and means of nðzÞ taken directly from the 3sDir sampling. Red lines and violins represent similar quantities from the WZ
selected subsample.

FIG. 14. Violin plots showing the distribution of nðzÞ functions in each of the four Metadetect redshift bins. Blue violins and lines are
the distributions and means of nðzÞ taken directly from the 3sDir sampling. Dark blue contour violins have used mode projection to
remove fluctuations with no significant cosmological impact (the mean is unchanged by this process). Orange are the distributions after
importance sampling with the WZ likelihood.
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As expected, mode compression significantly reduces
fluctuations in nðzÞ at each redshift, i.e., the violins are
shorter. The addition of WZ selection further suppresses
fluctuations, in line with expectations.
For the four source redshift bins, Fig. 15 shows the

distributions of the mean redshift hzi and standard
deviation stdðzÞ across two cases: the original 3sDir
samples and compressed PZþWZ samples selected with
importance sampling. The most noticeable feature is an
upward shift of approximately 1σ in hzi bins 1 and 2, and a
moderate upward shift for bins 3 and 4, due to WZ data,
along with a increase of the standard deviation of nðzÞ
(larger bin widths). We performed importance sampling
with larger priors on the systematics function, to check
whether the priors were not too small to describe the
galaxy-bias evolution buðzÞ, but we got similar shifts for all
the bins.
In Fig. 16, we further investigate the cause of the shifts in

mean z. We start with the mean nðzÞ from the SOM and
determine the best-fit model by varying the bu, magnifi-
cation and systematic parameters of ŵur with respect to the
BOSS WZ measurements. Using these best-fit parameters,
we transform wurðzÞ into a redshift distribution,

nWZðzÞ ¼ ðwurðzÞ − wμ
bfÞ=ðbrbu;bfÞ; ð29Þ

where the magnification contribution wμ to the covariance
and the bias bu are given their values in the best-fit model to
the data. The resulting nðzÞ distributions are shown in
Fig. 16 and compared with the mean SOMPZ nðzÞ. For bin
3, the WZ-derived model is significantly narrower than the
SOMPZ nðzÞ but remains relatively centered. In contrast,
for bins 1 and 2, the WZ-derived model fluctuates around
the SOMPZ nðzÞ, possibly leading to the observed shift in
mean z. Achieving full consistency between the SOM nðzÞ
and the best-fit model would require a higher-order

systematic function, allowing for these to be oscillatory
in the model, which is not physically motivated. Focusing
on Fig. 16, it seems WZ is predicting an excess for the first
two bins at z ∼ 1.05, which could hint for a potential
systematic, such as wrong magnification priors, leading to
an underestimation of this effect. One can then naturally
think these z ∼ 1 WZ points are responsible of the mean-z
shifts observed in Fig. 15. If we now look at Fig. 14, we see
no excess on the WZ selected nðzÞ at z ∼ 1 with respect to
PZ ones. For bins 1 and 2, the reason is straightforward: the
PZ samples are only marginally deviating from 0 at z ¼ 1,
and thus the corresponding WZ data points have no effect
for the importance sampling. For bins 3 and 4, there is no
significant mismatch between the best-fit WZ nðzÞ and the
SOM one [which does not correspond to the true nðzÞ],
showing that if there was a localized systematic effect, it is
corrected by the Sys function. A closer investigation reveals
that this shift primarily arises because the WZ data favor
3sDir samples from regions in the Latin hypercube where
COSMOS and PAUS redshifts have been perturbed
upward, though still within their estimated uncertainties.

D. Impact on cosmology

In this section, we assess the impact of including WZ
information on cosmological constraints. Specifically, we
aim to answer two key questions: (1) Does incorporating
WZ information shift the peak of the posterior distributions
of cosmological parameters? (2) Does it reduce the size of
the posterior contours? To investigate these effects, we
analyze two sets of Markov chain Monte Carlo runs: one
considering cosmic shear (CS, 1 × 2pt) alone and one with
galaxy clustering, galaxy-galaxy lensing, and cosmic shear
(3 × 2pt). The marginalization over photometric uncertain-
ties follows the mode-based approach described in
Sec. II D, replacing the shift-and-stretch model used in
Y3. The data vector is generated assuming a flat ΛCDM

FIG. 15. Same as Fig. 12 for Metadetect four bins. Samples drawn from pðnjPZÞ are reported in blue, and samples drawn from the
importance sampling on the compressed PZ are reported in red. Contrary to MagLim++, here WZ has an impact on the mean redshift of
the selected samples, with preference for higher mean redshifts. The variations in standard deviation is also reduced with a preference for
larger bins.
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cosmology (Ωm ¼ 0.31, As10
9 ¼ 1.831, ns ¼ 0.965,

Ωb ¼ 0.051, h ¼ 0.69) and, for both lenses and sources,
assumes a true nðzÞ that is the mean of our derived
sampling of pðnjWZ; PZÞ.

1. Cosmic shear

We test three setups for the source uncertainties assumed
for the cosmological inference:

(i) SOMPZ: the nðzÞ modes and priors are derived
from compression of the full SOMPZ samples
from pðnjPZÞ;

(ii) SOMPZþWZ: the nðzÞ modes and priors are
derived from the importance-sampled pðnjWZ; PZÞ;

(iii) fixed: no photo-z uncertainties are marginalized
over.

The posterior distributions of CS chains are shown in
Fig. 17(a). Incorporating WZ calibration of sources using
the BOSS-selected sample improves the constraints in S8
by 10% in the cosmic shear analysis. The fixed posteriors
improves SOMPZþWZ constraints in S8 by 10%, mean-
ing we are still losing some constraining power because of
the redshift uncertainties. We observe consistency between
the three results. SOMPZ and WZ are expected to provide

FIG. 16. The nðzÞ from the SOM and the best-fit distribution from the WZ data for Metadetect four bins (including magnification,
bias, and systematic parameters). One can see that, for the first two bins, the best model oscillates around the SOM distribution which
does not capture some of the high-z features in the WZ best fit (e.g., for the second bin, the excess at z ∼ 0.55).

FIG. 17. (a) Cosmic shear (1 × 2pt) chains for three setups: SOMPZ uncertainty in orange, SOMPZþWZ uncertainty in blue, and
fixed (i.e., no uncertainty) in black. We see a significant gain on S8 adding WZ uncertainty, but still smaller constraining power in
comparison to fixed. All the three chains give consistent results. (b) 3 × 2pt chains for the four uncertainty setups: lens SOMPZþWZ
and source SOMPZ in orange, lens SOMPZ and source SOMPZþWZ in red, both lens and source with SOMPZþWZ in blue, and
both lens and source fixed (i.e., no uncertainty) in black. All the chains give consistent results, with a clear gain adding WZ information,
mainly for the source.
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consistent best-fit cosmological parameters, with the inclu-
sion of WZ leading to improved constraints.

2. 3 × 2pt

For lenses and sources, we havemodes and priors derived
from pðnjPZÞ referred to as SOMPZ and from the WZ-
importance-sampled pðnjWZ; PZÞ referred to as SOMPZþ
WZ. We then test four setups for the uncertainties:

(i) source SOMPZ and lens SOMPZþWZ,
(ii) source SOMPZþWZ and lens SOMPZ,
(iii) source SOMPZþWZ and lens SOMPZþWZ,
(iv) fixed: no photo-z uncertainty are marginalized over

for both lens and source.
The posterior distributions of 3 × 2pt chains are shown in
Fig. 17(b). Adding theWZ information, we observe a gain of
around 10% in S8. Comparing the combinations of SOMPZ
and SOMPZþWZ uncertainty, we see that this gain is
mainly coming from the uncertainties of sources (orange vs
red), and adding WZ for lenses has a negligible impact in S8
(red vs blue), but results in a small gain in Ωm. The fixed
posteriors improvesSOMPZþWZconstraints inS8 by15%,
meaning we are still losing significant constraining power
because of the redshift uncertainties. We observe consistency
between the results. SOMPZ andWZ are expected to provide
consistent best-fit cosmological parameters, with the inclu-
sion of WZ leading to improved constraints.

V. CONCLUSION

This work is part of a series establishing the redshift
calibration for the DES Y6 3 × 2pt cosmology analysis.
Photometric redshifts in DES Y6 are estimated using SOMs,
calibrated with spectroscopic and many-band photometric
data, as described in [27,28]. In this paper, we complement
these estimates with clustering-based redshift (WZ) con-
straints by cross-correlating DES galaxies with BOSS,
eBOSS, and eBOSS quasar samples. These angular cross-
correlations define a WZ likelihood, which is then used to
perform importance sampling on a large ensemble of SOM-
derived nðzÞ realizations, retaining those consistent with the
WZ measurements. The resulting posterior samples of nðzÞ
for each lens and source bin are then compressed using a
principal component analysis-like decomposition introduced
in [29], enabling efficient exploration within cosmological
parameter inference.
Our main contributions include:
(i) Introducing the WZ methodology for DES Y6,

including a redshift decomposition [cf. Eq. (7)],
magnification [cf. Eq. (13)], and a systematics model
[cf. Eq. (18)]. All combined, we can express our WZ
data vectors as linear combinations of analytical
quantities—cf. Eq. (17).

(ii) Presenting an analytically marginalizable WZ like-
lihood that incorporates systematics and magnifica-
tion [cf. Eq. (21)], allowing direct sampling of nðzÞ

realizations consistent with both SOMPZ and WZ
constraints—cf. Sec. II D.

(iii) Investigating the impact of modeling systematics
using CARDINAL mocks and showing that a low-
order polynomial bias evolution model (linear or
quadratic) is sufficient for DES Y6 and significantly
simpler than the fifth-order model used in DES
Y3—cf. Sec. IVA.

(iv) Performing cross-correlation measurements using
BOSS and eBOSS galaxy and quasar samples—
cf. Sec. IV B 1.

(v) Comparing our redshift measurements with DESI,
showing consistency and confirming the reliability
of the method—cf. Appendix C.

(vi) Validating the scale range used in the analysis,
demonstrating robustness to nonlinear and small-
scale effects—cf. Sec. IV B 2 and Appendix D.

(vii) Applying importance sampling, significantly reduc-
ing redshift uncertainties by selecting realizations
consistent with clustering data—cf. Sec. IV C.

(viii) Demonstrating that incorporating WZ leads to im-
proved constraints on cosmological parameters in
test chains—cf. Sec. IV D.

This work highlights the importance of clustering-based
redshift constraints as a complement to photometric meth-
ods.While SOM-basedmethods remain a powerful baseline,
combining them with WZ constraints improves robustness
and reduces uncertainties. This hybrid approach will be
crucial for future stage-IV surveys such as Euclid, LSST, and
Roman, which will benefit from deeper imaging and much
greater spectroscopic overlap. For instance, Euclid will
obtain a spectroscopic redshift sample up to z ∼ 1.8 with
Hα emitters across its entire footprint. Even higher redshifts,
up to z ∼ 3, will be accessible through quasars with DESI.
The methodology developed here is readily extensible to
these surveys, paving theway for precise and reliable redshift
calibration in next-generation cosmological analyses.
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APPENDIX A: REALISTIC SPECTROSCOPIC
MOCKS AND SMALL-SCALE SYSTEMATICS

IN CARDINAL

For our fiducial analysis, we use BOSS-eBOSS mocks
constructed from the MagLim++ mock sample, which
reproduces the redshift distribution of the BOSS-eBOSS
data. In an earlier version of this work, we relied on a
different set of mocks. Specifically, we initially used a
“blue” CARDINAL eBOSS ELG sample, built using the same
color and magnitude cuts as the eBOSS ELG sample in the
South Galactic Cap, and a “red” CARDINAL LRG sample,
also reproducing BOSS/eBOSS selection [84]. In principle,
realistic mocks can be used to assess the impact of 1-halo
physics, as in [24]. Onvery small scales, effects such as halo
assembly history, quenching, stochasticity, and conformity
can cause deviations in the cross-correlation galaxy bias
from the product of the individual autocorrelation biases.
This deviation is quantified using a Pearson-like coefficient,

ηabðrpÞ ¼
wabðrpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

waaðrpÞwbbðrpÞ
p ; ðA1Þ

where a and b denote two galaxy samples with similar
redshift distributions, nðzÞ. In the linear-bias regime, ηab is
expected to approach unity on large scales. Figure 18 shows
the Pearson coefficientsmeasured in CARDINAL as a function
of scale and redshift, for different combinations of a and b.
As expected, ηab → 1 for rp > 10 Mpc. However, we also
observe a significant suppression of ηab at rp < 1.5 Mpc,
with a clear redshift dependence. Unlike in [24], we find that
this suppression extends to intermediate scales
(1.5 < rp < 10 Mpc), beyond the typical 1-halo regime.
Tests on the DES Y6 data (see Figs. 10 and 11) show

limited differences across redshifts in the WZ results when
using smaller (< 1.5 Mpc) and larger scales (> 5 Mpc).
For these two figures, we use bwrr

r as a proxi to bwur
r ,

showing that any potential deviation is limited for the
reference galaxy bias. For the unknown galaxy bias, we
know (i) from linear theory that the large-scale bwur

u is equal

to the large-scale bwuu
u , and (ii) bwur

u values are consistent
between 1.5 and 15 Mpc (cf. Fig. 9); (iii) we tested galaxy
bias from wuu are consistent between 1.5 and 15 Mpc; thus
we can deduce (iv) at scales rp ∼ 1.5 Mpc, the bwur

u would
be consistent with bwuu

u . In addition in Appendix B 1, we
measure the ηab functions for different red and blue tracer
samples generated from MagLim++ and Redmagic. We
observe some deviations from unity, but limited to the
range rp < 1.5 Mpc and far from the factor 5 and redshift
evolution observed in Fig. 18. Thus the variations of η
observed in CARDINAL do not appear to be physical.
In CARDINAL, the autocorrelation properties of red and

blue galaxies, as well as their mixtures, were validated
against SDSS data (see Fig. 5 of [45]). However, the
clustering of faint galaxies already shows significant dis-
crepancies with the data, even at large scales. More impor-
tantly, the cross-correlation between red and blue galaxies
was not validated. Therefore, the type of small-scale cross-
correlation analysis we aim to perform (at ∼1 Mpc) was not
reliably tested in CARDINAL. We found that the MagLim++-
based mocks exhibit fewer of these issues. Although we
cannot produce Fig. 18 directly from photometric data, the
cross-correlations in the MagLim++ mocks appear consis-
tent with our data measurements, as seen in Figs. 9 and 22.
Consequently, we adopted the MagLim++-based mocks for
our fiducial analysis. We emphasize that mocks are used to
define priors on systematics—not to parametrize them
precisely with informative priors. Our methodology is
deliberately conservative and flexible, allowing for system-
atic amplitudes larger than those observed in CARDINAL.
Therefore, despite concerns about mock realism, we are
confident in the robustness of our results.

APPENDIX B: IMPACT OF THE COLORS
OF THE REFERENCE SAMPLE

1. On small-scale systematics

The goal here is to measure ηabðrp; zÞ for combinations
of blue and red galaxy samples. We use the last four
MagLim++ bins and split each into blue and red

FIG. 18. Difference of the biases in the cross-correlations and the biases of the autocorrelations, quantified by a Pearson-like
coefficients. We evaluate this quantity for different combinations of Mocks.
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subsamples (one can find color sample split for source
sample in [85] with the SOM method), isolating the color
bimodality in color-color space. Two examples of this
bimodality are shown in Fig. 19. In addition, we consider
an extra red sample using Redmagic, but whose galaxies in
common with MagLim++ have been removed to ensure
independence. We then create four Redmagic bins whose
redshift ranges closely match those of the four MagLim++
bins. Unlike the approach used for CARDINAL in
Appendix A, here we cannot measure wab, waa, and wbb
for a and b within the same narrow redshift range.
Therefore, we must account for differences in the redshift
distributions. We estimate the nðzÞ of each sample using
BOSS-eBOSS cross-correlations on significantly larger
scales (5 < rp < 30 Mpc) than usual, to avoid small-scale
effects, and we neglect galaxy-bias evolution. To disen-
tangle the impact of galaxy bias from that of the redshift
distribution on η, we define a modified correlation function,

w̃xyðrpÞ ¼
R
dznxðzÞnyðzÞξxyðz; rpÞR
dznxðzÞnyðzÞξmðz; rpÞ

; ðB1Þ

ηabðrpÞ ¼
w̃abðrpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w̃aaðrpÞw̃bbðrpÞ
p : ðB2Þ

We obtain w̃ by dividing the measured correlations
wmeas
xy ðrpÞ by thedenominator of the right term in the equation

below. We only consider cross-correlations between color
bins that overlap significantly in redshift. The results of the
three cross-correlations (M-red × M-blue, M-red
×RM ðRedmagicÞ, M-blue ×RM) for the four bin pairs
(referred as b0–b3) are shown in Fig. 19. For scales larger
than 1.5 Mpc, ηab is generally consistent with unity, except
for bin 4 ofMagLim++ red×MagLim++ blue, which shows
a constant offset even at large scales, where linear theory
predicts ηab ¼ 1. This behavior likely reflects a miscalibra-
tion of the individual nðzÞ used in computing w̃, rather than a
physical effect. For blue-red cross-correlations, we generally
observe a decrease in η at small scales, as expected since blue
and red galaxies tend to occupy different halos (see dis-
cussion in Sec. 4.3 of [24]). Interestingly, for the two distinct
red samples, we measure an increase in η at small scales.
All the trends we observe are far from the extreme

behaviors seen in CARDINAL (Appendix A), where η ∼ 0.2
even at rp ∼ 5 Mpc. This validates our choice to switch to
the second set of BOSS-eBOSS mocks, which ended up
mitigating this effect in CARDINAL.

2. On MagLim++ bin 6 WZ

For the last MagLim++ bin, WZ predicts a significantly
smaller nðzÞ than the SOM estimate around z ∼ 0.85. This
redshift corresponds to the transition in the reference
sample r from LRGs to ELGs. We evaluate correlations
on small scales, where environmental effects can play an
important role. In particular, if bwur

u differs at small scales
when r is composed solely of LRGs vs solely of ELGs, this
could introduce a nonphysical jump in the inferred nuðzÞ

FIG. 19. Left: separation of the blue (in blue) and red (in red) samples in color space for two of the four MagLim++ bins we
considered. Right: Pearson-like coefficient for the cross-correlations of the MagLim++ blue and red samples, the MagLim++ red and
Redmagic samples, and the MagLim++ blue and Redmagic samples for four bin pairs b0–b3. We measure deviations from unity at
rp < 1.5 Mpc, but a rather constant equal to unity trend for larger scales. The cross-correlations of red and blue samples results in
undercorrelations, while the cross-correlations of the two red samples seem to result in an excess.

FIG. 20. WZ for the MagLim++ lens bin 6, using separately the
reference red (LOWZ-CMASS-eBOSS LRG) and blue (eBOSS
ELG) samples. We observe both reference sample are consistent
and predict a smaller nðzÞ at z ∼ 0.85.
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near the LRG-ELG transition [24]. To test this, we perform
WZ measurements separately for BOSSþ eBOSS LOWZ-
CMASS-LRGs and for eBOSS ELGs, as recommended by
d’Assignies et al. [24], assuming a fixed value of bu ¼ 2.
The results are shown in Fig. 20. We find good agreement
between the two measurements, ruling out the reference
tracer type as the cause of the low nðzÞ observed in this bin.

APPENDIX C: DESI WZ

In this section, we report the nðzÞ using DESI DR1
galaxies as reference samples (for a DESI-DR2WZ analysis
of hyper-suprime-cam data see [78]. In short, we use DESI
BGS, LRGs, ELGs, up to z ¼ 1.6 [36]. We obtain a sky
overlap with DES of 800 deg2, with a slightly different
footprint than BOSS-eBOSS. The WZ measurements are
performed over 1.5–5 Mpc, and reported in Fig. 21. For the
six MagLim++ bins, the agreement with BOSS-eBOSS is
excellent. For Metadetect the agreement also appears very
good, but withmore deviations, such as the excess ofnðzÞ for

the first bin at z ¼ 0.55. With a simple shift and stretch
model, we found the mean-z inferred from DESI to be
consistentwith the one fromBOSS-eBOSS for every bin.We
also observe in Fig. 21 that a magnification-like-effect seems
to be large for ELG, at z > 1, as we measuredwur < 0. Fiber
collisions, which are particularly relevant for ELGs in DESI-
DR1, could also contribute to this behavior. Including DESI
WZ would require an estimate of the magnification coef-
ficients, test of the validity of the scale range, and new sys
priors, as our measurement now extend up to z ¼ 1.6. The
photometric redshift uncertainty is not the most limiting
systematics for DES Y6, as explained in Sec. IVD. Thus, in
order to avoid delaying the DES Y6 analysis, we did not
include these DESI measurement to the official pipeline.

APPENDIX D: IMPACT OF THE
SCALE RANGES ON WZ

In Sec. IV B 2, we evaluated theWZmeasurements using
three different scale ranges: small scales, [0.1, 1.5] Mpc;

FIG. 21. WZ measurements using DESI and BOSS-eBOSS galaxy samples, for the six MagLim++ bins and the four Metadetect bins.
We observe an excellent agreement.

FIG. 22. Ratio of the nðzÞ inferred from different scale ranges for the six MagLim++ bins (right) and the four Metadetect bins (left).
The redshift range for every panel was chosen to remove all the points corresponding to small nðzÞ, as evaluating ratios for those is not
relevant. The fiducial scales/small scales are reported in green and the large-scale/fiducial in red. We report as well some realizations of
the Sys functions given our priors measured in Figs. 5 and 4.
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fiducial range, [1.5, 5]Mpc; large scales, [5, 15]Mpc, andwe
estimate the redshift distributions, neglecting magnification
and systematics. To quantify any scale-dependent deviations,
we compute the ratio of the inferred redshift distributions
between different scale ranges: ηscalesðzÞ¼ nðzjscales1Þ=
nðzjscales2Þ. The results are shown in Fig. 22. We observe
no statistical deviation from unity for the large-scale/fiducial

ratio, validating our scale-range choice. More surprisingly,
we also do not observe significant deviation using the
smaller-scale range, this measurement being associated with
higher SNR.We also report few realizations of the systematic
functions, randomly sampling over our Gaussian priors, and
observe that our systematic function can describe these kind
of (nonsignificant) variations.
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