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We present a measurement of the non-Gaussian four-point correlation function (4PCF) from the DESI
DR1 luminous red galaxy (LRG) sample. For the gravitationally induced parity-even 4PCF, we detect a
signal with a significance of 14.7¢ using our fiducial setup. We assess the robustness of this detection
through a series of validation tests, including auto and cross-correlation analyses, sky partitioning across
multiple patch combinations, and variations in radial scale cuts. Due to the low completeness of the sample,
we find that differences in fiber assignment implementation schemes can significantly impact estimation of
the covariance and introduce biases in the data vector. After correcting for these effects, all tests yield
consistent results. This is one of the first measurements of the connected 4PCF on the DESI LRG sample;
the good agreement between the simulation and the data implies that the amplitude of the density
fluctuation inferred from the connected 4PCF is consistent with the Planck ACDM cosmology. The
methodology and diagnostic framework established in this work provide a foundation for interpreting
parity-odd 4PCF.

DOI: 10.1103/1wyy-758f

I. INTRODUCTION random field, higher-order statistics offer an efficient

framework for capturing this non-Gaussian information.

Non-Gaussianity on cosmological scales can arise from
late-time nonlinear gravitational evolution or from devia-
tions in the initial conditions from the standard single-field,
slow-roll inflation paradigm [1-3]. While two-point sta-
tistics can fully capture all information in a Gaussian

“Contact author: jiamin.hou@ast.cam.ac.uk
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Beyond the standard two-point statistics, a variety of
tools have been developed, such as N-point correlation
functions in position space, and their Fourier-space
counterparts, the polyspectra. The lowest-order exten-
sion beyond two-point statistics is the three-point
statistics. In recent years, significant developments have
been made for both the three-point correlation function
(BPCF) and the bispectrum [4-10]. In addition to
N-point functions, alternative statistics have been
explored to extract non-Gaussian features, such as
galaxy skew spectra [11-14], density split statistics
[15], the wavelet scattering transform [16-18], and
marked two-point statistics [19,20].
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While a range of statistics beyond the standard two-point
function has been developed, most either focus on three-
point statistics or extract additional non-Gaussian informa-
tion through nonlinear transformations. As a result, they do
not explicitly encode correlations among more than three
fields. A key advantage of galaxy spectroscopic surveys is
their sensitivity to the full three-dimensional galaxy spatial
positions, making them naturally suited to probe sym-
metries such as parity, defined as spatial inversion. The
sensitivity to the parity transformation can be explored
using galaxy four-point functions [21-23] or various com-
pressed forms of four-point statistics [24,25].

The galaxy four-point function can be decomposed into
parity-even and parity-odd components. The even compo-
nent itself contains both a disconnected part, composed of
products of two-point functions; and a connected part
arising from nonlinear gravitational evolution. The latter
also encodes rich cosmological information in tightening
cosmological parameters and understand primordial non-
Gaussianity [26].

Previous work [27] quantified the detection significance
for the gravitationally induced connected even 4PCF using
the galaxy sample from Baryon Oscillation Spectroscopic
Survey (BOSS [28]). In this paper, we study the galaxy
sample from the Dark Energy Spectroscopic Instrument
(DESI) [29-36], which currently provides the largest
spectroscopic galaxy sample to date. In particular, we
focus on the luminous red galaxy (LRG) sample, enabling
a direct comparison of information gain relative to BOSS.
Moreover, this work is crucial for understanding system-
atics in the 4PCF and for interpreting the significance of
parity-odd measurements.

The paper is structured as follows. In Sec. II we provide
an overview of the DESI DRI, the LRG sample, the
simulations, and the evaluation of systematics, particularly
those arising from sample incompleteness in the first-year
data of the five-year survey program. In Sec. IV, we provide
areview of the 4PCF estimator and the measurement on the
real data. In Sec. V we discuss the methodology used in this
paper in quantifying the detection significance. In Sec. VI
we discuss the detection significance for the DR1 result.
In Sec. VII we discuss various points regarding the scale
dependence, usage of different covariance, impact of
incompleteness. Finally, we conclude in Sec. VIIL

Our Fourier transform convention is f(k)=
[dxe ™®*f(x) and  f(x)= [, e**f(k), where
J = [ &Pk/(2n).

II. AN OVERVIEW OF DESI DR1

DESI is a ground-based, fiber-fed spectroscopic survey
located at Kitt Peak National Observatory in Arizona
[37,38]. Over its five-year duration, DESI will map
14,200 square degrees of the sky, aiming to collect spectra
for approximately 40 million galaxies and quasars across

the redshift range 0.1 < z < 4.2 [39]. This includes the
Bright Galaxy Survey (BGS) targeting galaxies at 0.1 <
7z < 0.4 [40]. During dark time, DESI observes luminous
red galaxies (LRGs) in the range 0.4 <z < 1.1 [41],
emission-line galaxies (ELGs) at 0.8 < z < 1.6 [42], and
quasars (QSOs) spanning 0.8 < z < 2.1 [43]. DESI uses
robotic positioners to place optical fibers within the 7-
square-degree field of view of its focal plane [44]. Each set
of targets is assigned to a set of 5,000 fibers. The year-one
(Y1) data were obtained during the first 13 months of main
survey operation. Over 4.7 million objects covering a sky
area of 7,500 square degrees are included in the clustering
analyses [45]. For this work, we focus on a sample of
2,138,627 LRGs, which we briefly describe in the follow-
ing section.

A. DESI DR1 LRG sample

All four classes of DESI targets, including the LRGs,
were selected based on photometry from Data Release 9
(DRY) of the Legacy Survey (LS) imaging [46]. The
Legacy Survey combines photometric data from the
Beijing-Arizona Sky Survey (BASS [47]) and the
Mayall z-band Legacy Survey (MzLS) for target selection
in the Northern Galactic Cap (NGC). For the Southern
Galactic Cap (SGC), target selection is based on imaging
from the Dark Energy Camera (DECam [48]) and the Dark
Energy Survey (DES [49]). Infrared photometry in the W1
and W2 bands from the WISE satellite [50,51] is used
across the entire sky.

The DESILRG sample is selected using g,r,z, and W1 flux
measurements [41]. A series of photometric cuts is applied to
the sample to reduce stellar contamination, select the most
luminous galaxies across redshifts, maintain an approxi-
mately constant comoving number density in the range
04 <z <0.8, and ensure a high spectroscopic-redshift
success rate. The selection criteria are independently opti-
mized in the BASS/MzLS and DECam regions to yield a
sample of passively evolving galaxies with an approximately
constant number density of 5 x 10~ [Mpc~'4]? in the red-
shift range 0.4 < z < 0.8. Beyond this range, the number
density drops below 1 x 107* [Mpc~!A]® by z = 1.1, pri-
marily due to a threshold on the z-band fiber magnitude [41].

To obtain galaxy spectra, each target is assigned a fiber
that directs its emitted light into a DESI spectrograph. A
FIBERASSIGN code [52] is used to allocate fibers to
designated targets based on the DESI targeting algorithm.
This algorithm assigns fibers according to the merged-
target-ledger (MTL) file, which records sample information
such as sky coordinates, target IDs, and priorities. Among
these, the priority label is particularly relevant; in this
process, the LRG sample has intermediate priority, lower
than that of the QSO sample but higher than that of the
ELG sample.

Fiber assignment in DESI has two major impacts. First,
each fiber can access only a limited patrol area; although
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Left: footprint of DESI-DR1 LRG for both the NGC and SGC. The color map shows the number of targets sharing the same

unique identifier, which combines the tile ID and fiber location. This quantity is closely correlated with the sample completeness; higher
values of NTILE indicate higher completeness. For this paper, we specifically studied two regions, the NGC; (dotted black box) and
NGC, (dashed gray box). Right: number density as a function of redshift n(z) for the NGC (red) and SGC (blue), including different
patches with various cuts in both angular and radial directions. After applying completeness weights, the number densities as a function
of redshift are consistent across various cuts. This demonstrates the effectiveness of the completeness weights at the density level in the

radial direction.

adjacent patrol regions overlap and about 15% of the focal
plane is reachable by two fibers, in dense regions the
number of targets often exceeds the number of available
fibers. Second, due to the physical size of the positioners,
fibers cannot be placed too close together, a constraint
commonly referred to as “fiber collisions,” which limits the
ability to observe all targets, especially for closely spaced
galaxy pairs in a single pass. Each pointing of the telescope
brings approximately 25,000 targets into the focal plane, of
which only 5,000 can be accommodated. As the survey
progresses, each domain is visited multiple times. Early in
the survey there is significant incompleteness. In the full
five-year survey, these limitations will be largely mitigated
by repeated observations.

In addition to fiber assignment incompleteness, other
systematics such as density variation due to imaging

TABLE L

systematics, redshift failure also need to taken into account.
These effects are currently accounted for by applying
weights to either data or randoms at catalog level.

B. Choice of the LRG sample

A key consideration for the DR1 LRG sample is its
completeness, defined as the ratio of observed galaxies to
the targeted galaxies for a given region. Figure 1 shows the
DESI DR1 LRG footprint, where the colormap indicates
the number of targets sharing the same identifier
(TILELOCID, which combines the tile ID and fiber location).
The quantity NTILE denotes the number of tiles on which a
target was observed, serving as an indicator of sample
completeness; higher values correspond to more complete
regions [53].

Statistics for the DR1 LRG sample, including the number of galaxies Ng,; both the number density 7,

and fiducial volume V§, are obtained from fitting the analytic covariance matrix. The effective volume Vg is
computed from the trace of the product of the inverse of the full analytic covariance and the covariance for the uth
patch (cf. Sec. V B). The difference between Vg4 and Vg arises from variations in number density.

Region Selection N fig[h~" Mpc] Vialh™! Gpe)? Ve [h™" Gpc]?
Full-NGC 04<z<11 1,476,135 23x 107 2.54 2.54
NGC-1 110 < RA < 260, 434,054 3.5x 107 0.54 0.87
—10 < DEC < 8,
04<2z<08
NGC-2 180 < RA < 260, 119,034 29x 107 0.13 0.17
30 < DEC < 40,
04<z<08
Full-SGC 04<z<1.1 662,492 1.5x 10~ 1.43 0.79
SGC-3 04 <2z<08 398,089 1.7 x 107 0.72 0.48
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We use the default clustering catalog with a redshift
range 0.4 < z < 1.1. Additionally, given the dependence
on completeness and redshift evolution, we further split the
LRG sample into three subregions. For the NGC, we select
areas with higher completeness, defining two subregions:
NGC-1 with angular cuts in both right ascension (RA) and
declination (DEC); 110 < RA < 260, —10 < DEC < 8,
and a radial cut 04 <z<0.8; and NGC-2 with
180 < RA < 260, 30 < DEC < 40, and the same redshift
range. For the SGC, we define a single subregion, SGC-3,
using only the radial cut 0.4 < z < 0.8, since there is no
large variation in completeness (unlike NGC) and also to
retain statistical constraining power. The geometric selec-
tion, the number of galaxies, and the corresponding
volumes are listed in Table I.

III. SIMULATIONS

Two types of simulations are used for DESI DR1 for
estimating the covariance matrix and studying systematics.

To estimate the covariance matrix, we use a suite of fast,
approximate, but extensive EZmock [54,55] provided by the
DESI collaboration. For the EZmock, the dark matter density
field is based on the Zel’dovich approximation. The
resulting density field is populated with galaxies using
an effective-bias model to account for nonlinear evolution
and galaxy bias. There are 1000 realizations for the box of
size Ly, = 6h~! Gpc, which are postprocessed to match
the DESI DR1 geometry.

In addition, DESI also has a suite of high-resolution
N-body simulations; AbacusSummit [56,57]. These have
Liox =2h™" Gpc box and use a fiducial cosmology
Q.h* = 0.1200, Qyh* = 0.02237, og = 0.811355,
ny = 0.9649, h = 0.6736, wy = —1, w, = 0. They use a
halo occupation distribution model for the galaxy-halo
connection, calibrated on the DESI Early Data Release
(EDR [58]) described in [59] for the LRG sample. Since the
mock box size is insufficient to encompass the full
DESI DR1 LRG volume, the mocks are tiled to fill the
survey footprint. As a result, they overestimate the cosmic
variance and are therefore unsuitable for covariance esti-
mation. Nevertheless, they remain valuable for studying
systematics.

Both EZmock and Abacus simulations are postprocessed
with three variations for the fiber assignment implementa-
tion. The “complete” mocks represent surveys capturing all
galaxies that could have been targeted [60]. The “alter-
native MTL” (altMTL) mocks represent the most realistic
fiber assignment; they were generated using the DESI
FIBERASSIGN code [52] applied to tiles in the same ordering
and cadence, with a feedback loop to the target list,
mirroring the procedure used for the observed data. The
“fast fiber assignment” (FFA) mocks emulate the fiber
assignment process by repeatedly sampling from the
average targeting probability of galaxies. This probability

is learned from the data as a function of the number of
overlapping tiles and the local angular clustering.

Although the altMTL fiber-assignment approach is more
realistic, it is substantially more expensive to run and
imposes stricter simulation requirements; it requires the full
dark-time sample, whereas the FFA algorithm does not and
is much faster. Consequently, we have only 25 altMTL
realizations applied to Abacus, an insufficient number to
estimate the inverse of the covariance reliably. We therefore
rely on FFA-based EzZmock realizations for covariance
estimation.

We will discuss in more detail the fiber assignment
implementations and their impact on statistical fluctuations
of the 4PCF (see Sec. VIID), which is crucial for
interpreting the detection significance.

IV. FOUR-POINT CORRELATION FUNCTION
AND ITS ESTIMATOR

Assuming homogeneity, the four-point correlation can
be expressed as {(r;,r,,r3) by taking the origin at one
galaxy. It can be decomposed into a parity-even part {, and
a parity-odd part ¢_,

{(ry,rp.13) = (1,10, 13) + i0_(ry,10,13), (1)

where ¢, and {_ are real. The parity-odd part in general
vanishes for the standard model of cosmology (further
discussion see [21-23]). The parity-even part includes both
a disconnected contribution, given by products of two-point

functions £ and a connected contribution { Sf). If initially the
distribution is given by a Gaussian random field, there is
only a disconnected piece. Nonlinear gravitation evolution
generates the connected piece:

¢ (ry,1p,13) :§(+C)(1'1’1‘2,1‘3) +[£(ry)&(r, —13) +2cyc.],
(2)

where we cyclically permute the contribution from
the 2PCF.

A. Isotropic basis functions

A brute force measurement of the 4PCF scales as O(N}),
with N, being the number of galaxies and is thus computa-
tionally challenging. To accelerate the process, we expand
the 4PCF in a basis of isotropic functions Py ¢, ., [61],
which capture its angular behavior about one galaxy (the
“primary”’), multiplied by functions that capture its depend-
ence on tetrahedron side lengths r;, r,, r3 from that
primary. The radial coefficient function are projections
of the full distribution on the isotropic functions:
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é’flfzfg(rl’ ra, 73)

— [ dndradr Lo )P (7). ()

where 7, for i =1, 2, 3 are the “angular momenta”
associated with the three direction vectors r;, and star
denotes a complex conjugate. We define the angular
differential d7 by [ dF = 4r.

To avoid an over-complete basis,we expand in
Py, fzfs(?l’ 75, 73) where r; < r, < r3. The isotropic func-
tions Py, z,¢, (71, 2, 3) of three arguments is given by

‘ 6, C
Privse,(P1oPas F3) = Z (_1)f1+f2+f3( ) 3)

mymymy my mp s
X Yflml(?I)Yfzmz(?2)yf3m3(?3>’ (4)

where the Y, (7;) are spherical harmonics and the m; are
the z-components of their angular momenta ¢;. The product
of the three spherical harmonics is weighted by the Wigner
3-j symbol. The isotropic basis is fully separable in the 7;,
thus reducing the formal scaling of the 4PCF estimator to
pairwise operations [62].

Applying a parity transformation P:(x,y,z) —
(—x,—y,—z) to a spherical harmonic yields P[Y,,(7)] =
(=1)7Y,,(#). Extending this relation to the isotropic basis
function in Eq. (4), we find

P(Pr,oyey (P12, 13)] = (=124 GP, o (7,79, 7).
(5)

With this basis, the parity behavior described in Eq. (1) can
be isolated by examining the sum ) _, Z;; the basis function
is parity-even if the sum is even, and parity-odd if the sum
is odd.

In practice, the connected 4PCF multipole estimator

(:“Efl)fz ¢, is obtained by subtracting from the full 4PCF
multipole estimator ¢ ¢,¢,¢, the disconnected 4PCF estima-

tor gA“L(ﬂd]C;zf} as follows:

P P 2(d
C;cl)fz,g(rl, 1y, r3) = o6y, (11,12, r3) — C(flcf?z,g(rh r2,73),
(6)

where the disconnected multipoles arise from the product
of two two-point correlation functions (2PCFs, cf, Eq. (2);
one depending on a single argument, and the other on a
composite argument. After locally projecting both 2PCFs
onto the spherical harmonic basis, the resulting estimators
are summed, yielding global 2PCF multipoles with single
angular momentum indices &,,, and double indices
Epmewe- The details of measuring the connected 4PCF
and definition of the 2PCF multipoles £,,, and &, 1, are
given in [27].

Hereafter, we will use { to denote the connected parity-
even 4PCF multipoles and drop all the superscripts and
subscripts for brevity.

B. Survey geometry correction

The survey geometry can affect galaxy clustering mea-
surements. To account for this, arandom catalog with identical
survey geometry is used as a correction. For a discrete galaxy
sample, the galaxy number density can be expressed as

Ng
ng(x) =Y whEp (x - x,). (7)
i=1

with {g, r} denoting the galaxy or random catalog, w; is the

weight for each galaxy, 55] (x — x;) is the three-dimensional
Dirac delta function. The number density can be converted to
number counts D(x) = n,(x)AV and R(x) = n,(x)AV,
where AV is a volume element, which cancels out when
taking the ratio. By forming the difference between the
data and the random catalog, we can construct
N(x) = D(x) — R(x). Theextended Landy-Szalay estimator
for the 4PCF thus reads [63,64],

[ EXNN( + NG + EN(x £ 1)
J &@XR(X)R(x + r|)R(X + ry)R(Xx +13)
_ N(ry,15,13)

- R(ryryr3) ®)

C:“(I'hl’z,r.%) =

Since we are interested in the coefficients of the 4PCF in the
isotropic basis, we expand both sides of the equation in this
basis. In particular, both the numerator and denominator on the
right-hand side are also expanded in the isotropic basis. By
doing so, Eq. (8) becomes

Coese(r1sraims) = Z M~ 001 000 (P12 72, 73)
416305
Nf’lf’zfg(rh"z,rz)

ROOO(rh I, r3)

The mode decoupling matrix M reads [63]

\ | T (ri.r2.r3)

= (4r) 732 (=1)O1+O0+s z Ry, (r1.r2.13)
LiLLs Rooo(r1.72.73)

3 f] Ll fll
£iLit
X HDfiLif;COOO fz L2 flz . (10)
= ¢35 Ly 24

Here we use the Wigner 9- j symbol and define the coefficients

Doy =V (26 +1) 26+ )26, + 1) (11)
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FIG. 2. Measurement of the connected 4PCFs using the DESI-DR1 LRG sample in NGC. The top two panels show a subset of the
angular channels (¢}, &5, 3) for the coefficients of the connected 4PCF, weighted by r;r,r;. Points with error bars (red) are the
measurement from the data; the black curves with shaded gray regions indicate the 1o standard deviation from the Abacus simulations
with altMTL fiber assignment scheme. The bottom panel shows the arrangement of the three radial bins.

and Wiot = Wcompwsyswzfail/ <Wcomp> Ny’ (13)
Clirats = (f . O 7 3>' (12) where Weom, is the completeness weight, defined as the
0 0 0 number of targets that compete for a given fiber. wyy

accounts for target density fluctuations due to imaging
conditions, including stellar density, HI column density, z-
band galaxy depth, r-band Point Spread Function (PSF)
size, and W1 PSF depth, and is derived using a linear

We apply the 4PCF estimator described in this section to ~ regression method [53]. w,g; accounts for the redshift
the DESIDR1 LRG sample [65]. For each galaxy, we apply ~ success rate and reduces spurious fluctuations in tracer

C. Measurement of the connected four-point
correlation functions

weights following [53]: density that are correlated with observational conditions in
x103 x103 x103
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8 ] S 0.5
N I\ IV

o ™ m 0.0
- - o

g g S 05+
= —— Abacus-altMTL = =

i DESI-DRI, SGC —1.04

0.5
3 3 g
L\ e e

%’ L: ,L: 0.0
< < <
~ ~ ~

_054 -0.5

1004 1004 1004
I~ (L (L

0_

T T T T T T T T T T T T T T T
0 25 50 75 100 125 0 25 50 75 100 125 0 25 50 75 100 125
Radial Bin Index Radial Bin Index Radial Bin Index

FIG. 3. Similar to Fig. 2, this figure shows the measurement of the connected 4PCFs using the DESI-DR1 LRG sample in SGC. The
top two panels show a subset of the angular channels (¢, ¢», ¢3) for the coefficients of the connected 4PCF, weighted by r;r,r;. Points
with error bars (blue) are the measurement from the data; the black curves with shaded gray regions indicate the 1o standard deviation
from the Abacus simulations with altMTL fiber assignment scheme. The bottom panel shows the arrangement of the three radial bins.
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DESI spectra. (Womp),  is the averaged completeness for

Nii
a given number of overlapping tiles Ny.

Additionally, we apply Feldman—Kaiser—Peacock (FKP)
weights [66], which balance the trade-off between cosmic
variance and the Poissonian shot noise:

WEKP = (1 + n0<Cassign>NmeP0)_1’ (14)
where we take ng=4x 107* (Mpc'h)? and P, =
10,000 (A~'Mpe)®, and (Cygign)y,, is the expectation
value of assignment completeness for a given number of
overlapping tiles.

Figures 2 and 3 show the measurement of the connected
4PCF using DESI-DR1 LRG sample in the NGC and
SGC, respectively. We use the radial scales between
20h~! Mpc < r < 160h~" Mpc, divided into ten bins.
The top two panels show, for selected choices of
(£1,6,,¢3) the coefficients of the connected 4PCF,
weighted by the product of r;r,r;. Points with error bars
are the measurement from the data; the black curves with
shaded gray regions indicate the 1o standard deviation from
the Abacus simulations with altMTL fiber assignment
scheme. The bottom panel shows the arrangement of the
three radial bins. The radial bin index can be expressed as
i=i(n—iy+ 1)+ (i — 1), with i; and i, being the first
and second bin index, and n being the total number of
radial bins.

We select these angular channels because they exhibit
prominent features, notably a characteristic “sawtooth”
pattern. We note that these features are closely related to
the specific ordering of the three sides r;, r,, r3; the signal-
to-noise ratio is highest at small scales for the approx-
imately equilateral configurations, i.e., when the three bins
are closest in value.

V. ANALYSIS METHODOLOGY

To quantify the gravity-induced connected 4PCF, we
perform the analysis using the null hypothesis. With the
assumption that the gravity-induced connected 4PCF is
zero we assess the extent to which this hypothesis can be
rejected. To do so, we compress the 4PCF data vector into a
single scalar quantity, 2, which involves the data vector, a
model, and a covariance matrix.

The key challenge is accurate estimation of the covari-
ance matrix. A common practice is to use simulations to
estimate the covariance matrix. The simulations used for
DESI DRI are, however, not tuned to match higher-order
clustering, and the approximate method may underestimate
nonlinear effects from gravitational dynamics, leading to a
data-simulation mismatch. Additionally, the sample covari-
ance requires the number of simulations N, to be much
larger than the length of the data vector. However, given
that the length of the data vector is O(10%), alternative
covariance estimation methods are necessary.

In Sec. V C, we present the formalism for computing the
analytic covariance matrix. The covariance matrix of the
4PCF includes both Gaussian and higher-order non-
Gaussian contributions. Following [67], we keep only
the leading Gaussian term, as that work showed that the
Gaussian approximation to the covariance provides a
reasonably good description even when nonlinearity is
present at the level of the summary statistics. However,
because the analytic approach does not account for survey
systematics and geometry, we adopt a hybrid strategy; we
use the analytic covariance to construct a basis in which to
decompose the sample covariance estimated from simu-
lations. In this way, the analytic covariance does not
directly enter the significance quantification, while still
enabling an efficient reduction in the dimensionality of the
data vector.

However, there remains a potential concern that the
covariance estimated from simulations may not fully cap-
ture the true fluctuations present in the data. To address the
data-simulation mismatch in the covariance, we perform
two tests; (1) autocorrelation (Sec. VA) and (2) cross-
correlation (Sec. V B). The autocorrelation captures both the
signal and statistical fluctuations, while the cross-correla-
tion enables separation of these components. If the excess in
x* from the autocorrelation arises from an underestimated
covariance in the simulation, the cross-correlation will yield
areduced significance. Comparing the two provides a cross-
check on the robustness of the detection significance.

A. Autocorrelation

We define y?, which quantifies the overall deviation
from the null hypothesis for the parity-even signal and
corresponds to the square of the detection significance (in
units of o) [68]:

P = 0EY. (15)
C is an estimator of the covariance matrix, which can
be derived analytically (see Sec. V C) or from simulations.
f is the measured 4PCF from the data, which is composed
of a gravity-induced connected 4PCF signal (.
The components of the data vector—the values of
Cieytry) (112 12, 13)—are labeled {'. Following [22,27],
we set {, to be zero for the null hypothesis test.

We assume that the observed connected 4PCF is com-
posed of the following terms:

2:§g+gs+€’ (16)

where (, represents the true gravitationally-induced signal,

while 5 s accounts for systematic effects, including survey
systematics and inaccuracies in modeling nonlinear gravi-
tational effects. The third term € corresponds to statistical
fluctuations arising from cosmic variance.
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Broadly, systematic effects can impact the signal in two
ways. On the one hand, they may introduce a nonvanishing
bias, on the other hand, they can have nonvanishing
correlations; ¢ s = s + &, with { being a systematic bias
that survives in the ensemble average, and the stochastic €
term introduces a correction in addition to the cosmic
variance:

Gy=¢#0. (e)=acd#£0  (17)

The statistical fluctuation becomes zero under the ensemble
average, and has nonvanishing correlation:

(&) =0, (/) = CY, (18)

here, C represents the intrinsic statistical fluctuation for the
data Cg,, or the simulations C,,,.. Moreover, the cross-
correlation between the stochastic component of the sys-
tematics and the statistical fluctuation of the density field
could also be present:

(eiely = ACY. (19)
In the presence of systematics, the inverse of the
covariance receives an additional correction,
C™! - (C+ AC, + AC)™!
~C™!' = C'(AC, + AC)C!. (20)

Given Egs. (16)—(18), we find the expectation value of the
product of the 4PCF observables is

(&) = Y ad+(Ci+acy +acy). (1)
abe{gs}

As a result, the expectation of the y? defined in Eq. (15)
under the null assumption, that there is no connected
contribution to 4PCF, becomes

<)(2> = <5i(@']),~j€“j>

= (€7)(Gde + 206 + +4E) + THE' ). (22)
where (C_l)ijg“ég“é = (€M), 1, given that the covaraince
matrix is symmetric C;; = Cj;.

The difference between the y> from the data and the
mocks is given by

Ofﬁata> - 2mock> = <(édata - gg)i<@_1)ij(5dala - Cg)j>
- <(8mock - gg)i(@_l>ij(8mock - z.:g)j>
= G (A% +2A% + AY)
+ TI‘[C_I (Cdata - Cmock)]v (23)

with the residual difference in cross-correlation products
between data and mock catalogs A defined as

ij __ edata,i ~data,j mock,i smock,j
Aab = ba b — ba b ’ (24)

where a€ {g,s} and be{g, s} represent gravity-induced
“g” or systematic-induced “s.”

The expectation values of (y3,.) and (r2 ) are equal
only if the mocks perfectly reproduce nonlinear gravita-

tional evolution, all systematics are fully corrected (i.e.,
A}l =0), and the covariance matrix is estimated without
bias. In that case, the y” statistic effectively quantifies the
excess signal arising from the gravity-induced connected
4PCF. In practice, however, these conditions are not always
satisfied, and residual systematics may be misinterpreted as
gravity-induced nonlinearity, impacting both the signal and
the covariance estimation.

For the DESI-Y1 LRG sample, one major concern is the
fiber assignment implementation scheme. Overall, an
incomplete sample has larger statistical fluctuations; in
particular, we find that different fiber assignment imple-
mentations can lead to a difference in covariance of up to
20% to 30% (see Sec. VIID).

For these reasons, in the autocorrelation tests we
compare the results using four sets of simulations:
(1) Ezmock with FFA; (2) Abacus with altMTL (reference);
(3) Abacus with FFA; (4) “complete” Abacus. These sets of
tests allow us to isolate the effects due to inaccurate
estimation of statistical fluctuations. Moreover, they allow
us to understand the contribution due to incomplete fiber
assignment implementation effects, and potential misinter-
pretation of gravity-induced non-Gaussianity.

B. Cross-correlation test

As an additional test of the detection significance, we
follow [22,69], and divide the full survey into different
smaller angular patches, with data vectors labeled
gwigvi, ... The idea is that if there is an underlying
signal, it should show correlation across different patches
of the sky.

In particular, [69] proposed to further divide y? in
Eq. (15) into two terms; (1) y%, which captures spa-
tially-correlated physics such as gravity-induced connected
4PCF (the signal in our context) and (2) )(ZA, which is
sensitive to the mismatch in statistical fluctuations between
the data and the mocks.

The signal-sensitive statistic % is defined as

5 1

Xx =

Zfﬂ'i(é_l)ijéy’j, (25)

X pu<v
with the normalization factor

Ny=N,(N,-1)/2, (26)
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with N, being the number of patches, and the normaliza-
tion given by the combinatorial factor.

Under the assumption that different patches are uncorre-
lated, the underlying density field and the systematics are
also uncorrelated. The expectation value of the cross-
correlation between the 4PCF of two different patches reads

(Griely = N giiged 4 eriisK,. (27)

abe{gs}

Here we explicitly include the systematics term {,, which
can potentially generate a connected parity-even 4PCF at
the signal level.

The expectation value of the signal-sensitive statistic

() is
ST

X u<v
1 _
o Dt

X u<v

(%)

)ij&y’j>

=(C

m{g@ +¢ﬂ+&%w@.

(28)

Here we impose that the signal from gravitational evolution
is identical across different patches, while allowing the
systematics in the uth and vth patches to differ in general.
Compared to the parity-odd case in [69], the expectation of
the cross statistics for simulations does not center around
zero, since the simulations do include gravitationally-
induced non-Gaussian effects. Moreover, the additional
systematics-induced term can potentially contaminate the
cross-statistic. Notably, the cross-correlation between the
signal and the systematics may lead to a negative
correlation.

Comparing the difference between y% for data and
mocks, we arrive at the following:

i.data> - i,mock>

N . : . :
= (C )ij{ (C;,data é.data - C;.mockgé.mock)

1
N Z [( ;dataz:s data z-:; mockz:s mock)

X p<v
+ ( }:cliata g.data gft mocké:q mock)
+ ( (::éatagz:éata d: mocsz mock)] }
=G (A + AL + A + AY), (29)

where we define the patchwise residual difference in cross-

correlation products between data and mock catalogs A’/ ab 1S
defined as

&;}b E data, ﬂé’data v é’;nock.ué«]rjnock,u , (30)

X pu<v

forae {g,s} andbe{g,s}. Note that whena = b = g, the
first pure gravity-induced term reduces to the definition
in Eq. (24).

If the systematics in the pth and the vth patches are
identical, Eq. (29) trivially reduces to the first term of
Eq. (23). However, when systematics vary between patches,
auto and cross-statistics will yield different results due to
their distinct computational approaches. Autocorrelation
statistics compute the 4PCF with systematics applied glob-
ally across the entire survey volume, while cross-statistics
compute the 4PCF with systematics applied separately to
each individual patch before combining results. These two
approaches can yield significantly different outcomes when
systematic effects vary sufficiently between patches, par-
ticularly when the systematic variations are comparable to or
larger than the underlying cosmological signal.

Similarly to Eq. (23), if the simulations accurately
reproduce gravitational nonlinearity and systematics, A’}
should vanish, and the difference between the two cross
statistics should approach zero. In Eq. (29) we also see that
gravity-induced nonlinearity is not the only cause for the
cross-statistic to deviate from zero; if the systematics were
not faithfully implemented, they can also potentially lead
to a data-mock mismatch. For this purpose, we applied
different tests in Sec. VI to quantify the impact of
systematics at the signal level.

Note that the parity-even case studied here differs from
the test applied to the parity-odd case presented in [69],
where a discrepancy between the mock and data indicates a
parity-violating signal. In the test for the gravitationally
induced 4PCF, we are interested in both the agreement
between the data and mocks, and in any deviation of the
data minus mock distribution from the null distribution,
where the latter indicates the detection significance.

As a further consistency check, we now turn to the
statistical mismatch-sensitive statistic y% defined as

o P (SO LN €2

with N\ being the normalization factor

Vet
-
Veff

NAE(NP_I)Z

H

(32)

Following [69], we define the effective volume to be

ViaN a.o.f

el (33)
Tr[Cthl G:mock]

eff =

where V4 is the fiducial volume of the survey, obtained by
fitting the analytic covariance to the EZmock. N, ¢ is the
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number of degrees of freedom for the data vector, Cy, is
the analytic covariance (see Sec. V C). If the analytic
covariance is a good approximation of the mock covari-
ance @mock, Vs = Vg However, in our case, due to the
difference in the number density in different patches, there
could be a significant difference between the two
volumes.

The effective volume for each patch is similarly
defined as Vi = ViaNg, ;/Tr[Ch'C*). Again, if the
analytic covariance is a good approximation of the
mock covariance, the definition of the effective volume
for uth patch reduces to a rescaling of the fiducial
volume.

The expectation value of the mismatch-sensitive statistic
is given as

1 > At v
) _ATA;«C”—( J(C7h,; =8
——{ —1) ZTr C1e]
+YAGH(ET), A } (34)
u<v

to obtain the second line, we used the definition of the trace
Tr[C'C] = 3, [C' €, le( )UC’,‘j We note that
the deterministic gravity terms in Eq. (27) cancel between
the different patches, while we still keep the potential
difference in the systematics-induced bias across different
patches ALK = ¢ — ¢4,

From Eq. (34), we can see that the normalization
coefficient in Eq. (32) is defined to recover the number
of degrees of freedom of the data vector. We note that the
definition assumes that the statistical fluctuations of
different patches only differ by an overall rescaling,
and the systematics-induced correction is negligible.
However, the variation in the number densities and the
difference in the fiducial and the effective volume as
shown in Table I indicate that the statistical fluctuation
across different patches may be more than an overall
scaling factor. Moreover, there is no guarantee the
systematics-induced bias should vanish. Consequently,
the center of the y3 can deviate from the number of
degrees of freedom.

The difference between y% for data and mocks is given as
follows:

0(2,data> O(A mock NA ;TI‘ data G:/;nock)]

(35)

which quantifies the mismatch between the statistical
fluctuation of the data and mocks.

C. Analytic covariance matrix

In this section, we provide a brief review of the analytic
covariance matrix derived following the method outlined in
[67]. The covariance for the NPCF coefficients in the
isotropic basis reads

Can(R.R)

d ! " —
(47) 3N/2/S S ( I)Zi(_fi_fi+fi)/ngG],A
A//

’ "
gLGAA DA//CQ HffG[f;f:'/(rGi’ r;, S)|r60:r[!}:0. (36)
i=0

Welet A ={¢y,....0n_1} and N = {7}, ..., £),_, } denot-
ing the angular momenta associated with the position
vectors R = {rg,...,ry_1} and R"={r(,....r\y_,}. s is
the vector denote the separation between the two copies of
the N-tuplets of the density fields. Its corresponding
primary angular momenta are A” = {Z],...Z%_,}. The
N! permutations are given by the notation G. The permu-
tation G can cause the order of the rg; to differ from the
canonical ordering by length. This accounted for by

defining Bg; , through
Pro(Forter--.) = 281: APA(H,Q’ ). (37)

where the (r, r,, ...) are ordered by length.

For N =4 with only three nonzero elements, the
reordering operator reduces to a product of Kronecker
deltas, 52_ ¢, » and is given by

B\ = (—1)2io” ”G/QH%, (38)

where £ = 1 for even permutations and £; = —1 for odd
permutations. The generalized Gaunt integral reads [61]

3
LeNA" _ -2 P Ll il | LGN N
Grett = (4n [H Dy eenCoo0 "' Q7 (39)
i=0

with
QLN = H S C O e, (40)
i=0 mgmim!
where
‘ 6, C
cm=(l 2 7). (41)
mp mp mj

In the case of N = 4, we have
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CA — 081 (C4) 0283

M ™ Ymom, (m.)mym;

= (1) 2D S (1) Crttn, o (42)

and similarly,
” f// f/l (Lﬂﬂ)f// fl/
— 0”1 #7273
Co = Coooo
3 " oIl oIt " ol oIt
B 3y e LN
= (=1)Zui=0 Df;’cooo Cooo (43)
and

Dy =D
A" cienenen

E\/(2fg+1)(2f’{+1)(2fg+1)(2f’3’+1). (44)

Here we choose to fix £, =0 and permute only £’s.
Depending on the position of zeros for the angular
momentum 7, they will lead to seemingly different
structure in the 6-j and 9-j symbols. In Appendix C, we
discuss these three cases and show the unification of the
coefficients for these three different cases.

The f-function is defined as

k*dk . : :
feeer(ririss) = /2—”2]f,-(kri)]f;(krﬁ)Jf;’(kS)P(k)v

(45)

where P (k) is the power spectrum. In the case of discretized
samples, the power spectrum also includes the shot noise;
P(k) — P(k) + 1/n, with i being the galaxy number
density.

Finally, we fit the analytic covariance for its galaxy
number density 72, and the sample volume Vg to the
Ezmock-FFA mocks following [67]. The fitted values are
summarized in Table I. This fitted covariance can partially
mitigate effects such as survey geometry and gravitational
nonlinearity that are not fully modeled in the analytic
approach. However, it does not capture all contributions,
including potential systematic effects, which can lead to
deviation from the Gaussian distribution assumption (see
Sec. VIIC).

D. Dimensionality reduction with
eigendecomposition

Given the high incompleteness of the DESI DR1 sample,
the mock-based covariance offers a more reliable estimate
of the covariance matrix. However, due to the high
dimensionality of the data vector and the limited number
of the available mocks, data vector compression is needed
before we proceed with the estimating the detection
significance. For this purpose, we use the analytic covari-
ance to compress the data vector. The analytic covariance
matrix can be decomposed as

Cq, = UAUT, (46)

with A being the diagonal matrix of eigenvalues with the
diagonal entries 4;, and U the orthonormal matrix of
eigenvectors, the 4PCF coefficients can be projected onto
the eigenbasis of the analytic covariance as

[=u'c (47)

Next, we select the components that have the highest
signal-to-noise ratio

il

A

SNR,; = (48)

where £; is the mean of the 4PCF estimated from the
simulations.

This compression method enables us to construct a
hybrid covariance matrix by decomposing the 4PCFs
measured from simulations (specifically, the 1,000
Ezmock with FFA implementation used in this work) into
the eigenbasis of the analytic covariance matrix. We select
the top N, eigenmodes with the highest signal-to-noise
ratio and use the corresponding rotated data vectors ¢ to
build a covariance matrix in the compressed basis:

1 N mock

Y@ - @)E" - @)y @9

(AP

hybrid,ij Nmock 1 —
Due to the data compression, even though the covariance
matrix is estimated from mocks and subject to the condition
Ngm > Ny, 5, the reduced size of the data vector allows for
a smaller number of simulations to be sufficient.

In Sec. VI, we will compare the results obtained using
both the analytic covariance and the hybrid approach,
discussing the differences in the detected significance
and the implications of assuming a Gaussian likelihood.

VI. RESULTS

In this section, we first present the detection significance
based on the full autocorrelation statistic ;(2, as defined in
Eq. (15). However, as discussed in Sec. VA, the full
autocorrelation may be affected by potential data-mock
mismatches. To address this, we perform an additional test
using the cross statistic )(i described in Sec. V B.

Figure 4 presents the detection significance for the full
DESI DRI LRG sample, combining both the NGC and
SGC regions. Each plot corresponds to a different number
of eigenvalues, Ngj, = {50, 100,200}. We used the range
20h~! Mpc < r < 160h~! Mpc with ten equally spaced
radial bins. This range and spacing is used in all the
following analyses. The vertical lines represent the statistics
from the DESI data. The predictions assuming the absence
of any connected 4PFC are shown as black curves. For
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FIG. 4. Distribution of the autocorrelation y? for the parity-even connected 4PCF, using the full DESI DR1 LRG sample, combining
the NGC and SGC. The panel shows the comparison between simulations and data, as well as the detection significance of the
gravitationally-induced connected 4PCF. Each plot corresponds to the number of eigenvalues used; N, = {50, 100,200}. We used the
range 20h~! Mpc < r < 160h~! Mpc. The data vector and the corresponding EzZmock-FFA-based covariance are both compressed
according to Sec. V D. The vertical lines represent the statistics for the DESI data; the filled gray histograms correspond to the Abacus-
Complete; the hashed histogram corresponds to the Abacus-altMTL; the black curves show the theoretical predictions of a y? distribution,
which represents the null-hypothesis distribution of the test statistic. We evaluated the significance using both the probability-to-exceed
and the Wilson-Hilferty transformation, finding Gaussian-equivalent significances of 14.7¢, 15.20, and 14.2¢. In addition, we rescale all

the distributions by the ratio of the fiber implementation given by the FFA and the altMTL fiber implementation, which reduces the y by

15%-20%.

further consistency checks, we show the distributions from
the Abacus simulations; one using the altMTL implementa-
tion (hatched histogram), and the other from the Complete
mocks without systematic effects (filled histogram), which
allow us to isolate the impact of pure nonlinear gravita-
tional evolution. We find that the two distributions from
simulations are consistent with each other and with the
DESI data, indicating that systematic effects do not
artificially enhance the detection significance or lead to
a misinterpretation of the gravity-induced connected parity-
even 4PCF.

Since the observed 2, is much higher than the number
of degrees of freedom for the data vector, y3, > 17, > @

probability-to-exceed (PTE)-based significance estimation
will run into numerical instability. We therefore assess
significance using the Wilson-Hilferty transformation [70]
as a statistical approximation that maps a chi-squared
distributed variable into an approximately normal distrib-
uted variable. Suppose X ~ y2, ., the Wilson-Hilferty trans-
formation reads

_ (X/Nawy)"? = (1=2/(ON,, 1))
OwH = .

2/<9Nd‘0.f)

(50)

For DESI DR1 LRG sample, we obtain Gaussian-equiv-
alent values of 14.7¢, 15.20, and 14.2¢ as shown in Fig. 4.
We note that the Wilson—Hilferty transformation could
yield a more conservative estimation of the significance.
Alternatively, one can obtain a more accurate estimate of
the tail probability using a saddle point approximation. The
two approaches yield similar answers.

Since we applied the data compression scheme as in
Sec. V D, the covariance matrix is essentially based on the
EZmock-FFA. As we will see in Sec. VIID, the FFA fiber
assignment implementation leads to an underestimation of
the covariance compared to the altMTL implementation.
We therefore rescale all distributions by the ratio between
the FFA and altMTL samples, leading to a 15%-20%
reduction in y2. Additionally, we also apply the Hartlap
factor M = (N, — N, —2)/(N,, — 1) to debias the inverse
of the sample covariance [71].

In addition to the autocorrelation, we perform a cross-
correlation test as discussed in Sec. V B. Figure 5 shows the
detection significance of the cross-correlation statistic y%
for the DESI DR1 LRG sample between NGC and SGC.
Each plot shows results for a different number of eigen-
values, N, = {50, 100, 200}. Both the data vector and the
associated EZmock-FFA-based covariance matrix are com-
pressed as described in Sec. V D. Vertical lines indicate the
x% values obtained from the DESI data. The filled gray
histograms represent the distribution from the Abacus-
Complete mocks, while the histogram marked with circles
corresponds to the Abacus-altMTL mocks. The theoretically
predicted distribution of the signal-sensitive cross statistic
is shown as the black curve. Under the null hypothesis, i.e.,
the signal term in Eq. (27) vanishes (Z#Z*) co—o = O CF,
leading to (y2 ;) = 0. As a result, the black curve of
Fig. 5 is centered around zero.

Next, to further quantify the significance of the signal-
sensitive cross statistic, we evaluate its variance, which is
defined by

Var(lzx.nuu) = <(sz,nu11>2> - <)(2x,nu11>2v (51)
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FIG. 5. Distribution of the cross-correlation y% for the parity-even connected 4PCF, using the full DESI DR1 LRG sample, combining

the NGC and SGC. The black curves show the theoretical predictions for the cross statistic under the null-hypothesis of the test statistic,
obtained by assuming a Gaussian distribution centered at zero with a variance given by Eq. (54). The rest of the labeling is identical to

that in the preceding figure.

where the first term is

1 PPN B A N
(man)) = 37 DG ENGEENE. (52)

X p<v
o<p

This is to be evaluated in the Gaussian approximation
where the four-point expectation is a sum of products of
two-point expectations. The second term of Eq. (51)
cancels the contribution where 4 =v and ¢ = p. The
remaining four-point expectation is

(Slatatap (53)

_ sK M K v
= 5ﬂ6¢:i15y/,<[:jk.

p<v
o<p

Inserting this, we have for the variance of the signal-
sensitive cross statistic under the null hypothesis (also see
[69)

1 . .
Var(y2 ) = e > Trjciereie)

X pu<v
2
~ N do.f Vid (5 4)
N 2x U<v ngfvgff

where V%, is the effective volume for each patch, defined in
Eq. (33). Here we choose to normalize all the patches with
respect to the full NGC, and thus Vg4 corresponds to the
volume of the full NGC. Here we approximate the
distribution of »2 as a Gaussian distribution, with
Eq. (54), the width of the black curve is 6(y%)|y. _so =

16.6, ”()(iﬂNe;g:lOO =23.5, and ‘7()&)|Neig:200 =33.2. To
test the estimation of the variance for the cross statistic in
the absence of a real signal, we also analyze the parity-odd
modes in Appendix A. The good agreement between the
theoretical prediction and the mock distribution in Fig. 14
demonstrates the validity of the estimation.

As in Fig. 4, a fiber correction factor is also applied to
account for the use of the FFA configuration in the EZmock

implementation. Comparing the significance found in
Fig. 4 and Fig. 5, we found good agreement between both
the autocorrelation and the cross-correlation.

As a further consistency check, we test null cross-
correlation yZ ., for the DESI DR1 LRG sample
between NGC and SGC as shown in Fig. 7. This
statistic is targeted at distinguishing the data-mock
mismatch. As before, each plot here corresponds to
the number of eigenvalues N, = {50,100,200}. The
data vector and the corresponding EZmock-FFA-based
covariance are both compressed according to Sec. V D.
The vertical lines represent the statistics for the DESI
data, the filled gray histograms correspond to the Abacus-
Complete mocks, the histogram marked with circles
corresponds to the Abacus-altMTL mocks. Here, we also
apply the fiber correction factor. We find good agree-
ment between the Abacus-altMTL mocks and data across
the three numbers of eigenvalues, indicating that the

300 -
250 :
—~
% 200 -
A .
g .
150
4 .
o$< K
100 ,3 i
""’ ..... Xi,DRl = Tr(éc_olmpéaltMTL)Xg,comp
504 + +#+  DESI DR1
T T ! !
50 100 150 200 250

2
XA, Abacus, Complete

FIG. 6. y3 for data and Abacus-Complete mocks. The relation
between the two data sets can well be described using the ratio
between the statistical fluctuation due to the fiber assignment
effects. This demonstrates that the second term in Eq. (34) is
negligible.
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FIG. 7. Distribution of the y% statistic for the parity-even connected 4PCF, using the full DESI DR1 LRG sample, combining the NGC

and SGC. Each plot corresponds to the number of eigenvalues N,

= {50, 100, 200}. The data vector and the corresponding EZmock-FFA-

based covariance are both compressed according to Sec. V D. The vertical lines represent the statistics for the DESI data; the filled gray
histograms correspond to the Abacus-Complete mocks. The histogram marked by circles corresponds to the Abacus-altMTL mocks.

statistical fluctuations estimated from the mocks are
consistent with the intrinsic fluctuations in the data.

Moreover, the distribution also centers around the
number of of degrees of freedom, as predicted
in Eq. (34).

At the same time, we find deviation between the data and
the Abacus-Complete mocks and the deviation becomes
larger as we increase the number of eigenvalues. The
difference could potentially arise from two effects; larger
statistical ~fluctuation due to incompleteness (see
Sec. VII D) and systematics-induced bias [see second term
of Eq. (34)]. To distinguish these two effects, we further
compare the observed y3 for the DESI DR1 LRG sample
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354 — XBesi—scc, 0=7.4
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FIG. 8. Distribution of the autocorrelation y? for the parity-even
connected 4PCF. Here we show the DESI DR1 LRG sample for
the NGC (red) and SGC (blue) separately with N, = 50. The
vertical lines represent the statistics for the DESI data. The
thinner-lined histograms correspond to the Abacus-Complete
mock. The thicker-lined histograms are for the Abacus-altMTL.
The black curve shows the theoretical prediction in the absence of
a connected 4PCFE.

and the Abacus-Complete mocks as shown in Fig. 6, with
the error bars derived from the Abacus mocks. We find that
the slope of the dashed line is well described by the ratio
between the fiber assignment using altMTL-assigned
Abacus mocks and the one without fiber assignment,
demonstrating that the systematic bias in Eq. (34) does
not contribute significantly and has a subdominant impact
on the signal.

We highlight that despite the good agreement between
the data and Abacus-altMTL, the center value of the
distribution is higher than the number of degrees of
freedom [cf. Eq. (34)], which may be a result of the large
variation in incompleteness across different patches.

Figure 8 displays the detection significance for the DESI
DR1 LRG sample, shown separately for the NGC and
SGC, for N, cig = 50. The vertical lines indicate the statistics
from the DESI data; the line-hatched histograms corre-
spond to the Abacus-Complete mocks, the circle-hatched
histograms to the Abacus-altMTL mocks, and the black
curves represent the theoretical predictions. The distribu-
tions for both mocks are very close to each other, indicating
that systematics do not artificially enhance the detection
significance. While here we only display the result for
Nz = 50, we also find very similar results for N, = 100
and N, = 200.

Using Eq. (50), we find the significances for the
NGC and SGC to be 1290 and 7.46. Approximating
the two distributions to be independent Gaussian detec-
tions, the combined significance is approximately

V0%6e + 0%ge & 14.90, which is in good agreement with
the significance obtained from analyzing the combined

sample directly.

eig

VII. DISCUSSION

In this section, we discuss alternative configurations for
the detection significance, including the scale dependence,
impact of individual patches as listed in Table I, assumption
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FIG. 9. Distribution of the autocorrelation y> and T2 for the parity-even connected 4PCF, using the full DESI DR1 LRG sample,

combining the NGC and SGC. Each plot corresponds to the number of eigenvalues N

cig = 150, 100,200}. We applied additional radial

cuts Ar = 14h~! Mpc, to ensure that used galaxies do not fall in adjacent radial bins. We quantified the detection significance using two
statistical distributions: the T? (dashed) and the y? (solid). The vertical lines represent the statistics for the DESI data, the histograms
correspond to the Ezmock, and the black curves show the theoretical predictions under the null hypothesis. For the y? distribution, we
evaluated the significance using both the probability-to-exceed and the Wilson-Hilferty transformation, finding Gaussian-equivalent
significances of 4.86, 3.80, and 4.2¢. The probability-to-exceed method yielded nearly identical values. For T2, we used only the
probability-to-exceed approach and obtained detection significances of 4.7, 3.60, and 3.76.

of the Gaussianity of the likelihood, and the impact of
sample incompleteness.

A. Scale dependence

Figure 9 shows the detection significance for the full
DESI DR1 LRG sample combining NGC and SGC. Each
plot corresponds to the number of eigenvalues
Ny = {50,100,200}. We applied additional radial cuts
Ar=14h7"' Mpc to enforce a minimum separation
between the radial bins, to ensure that used galaxies do
not fall into adjacent radial bins.

Here we additionally quantified the detection signifi-
cance using two statistical distributions: the 72 (dashed)
and the y* (solid). The T2 distribution is used because the
covariance matrix is estimated from simulations, which
modifies the likelihood to follow a 72 form [72]. This
distribution has been adopted in previous analyses [22,27],
with an explicit expression given, e.g., in Eq. (20) of [22].

The vertical lines represent the statistics for the DESI
data, the histograms correspond to the EZmock, and the black
curves show the theoretical predictions for the null hypoth-
esis. Both the data and the simulations show strong
evidence for the presence of a connected four-point
correlation. Due to the reduced detection, we can assess
the significance using both the Wilson-Hilferty transfor-
mation and the probability-to-exceed by computing the
area as the fraction of the distribution that lies beyond the
detection significance observed in the data.

For the y? distribution, we evaluated the significance
using both methods, finding Gaussian-equivalent signifi-
cances of 4.8, 3.80, and 4.2¢ using the Wilson-Hilferty
transformation. The probability-to-exceed method yielded
nearly identical values. For 72, we used only the probability-
to-exceed approach and obtained detection significances of

4.70, 3.60, and 3.7¢. Compared to the full range of scales in
Fig. 4, we find a reduction in the detection, as expected,
since the gravity-induced signal should be manifest mostly
on small scales.

B. NGC-1, NGC-2, SGC-3

In this section, we examine the significance individually
for NGC-1, NGC-2, and SGC-3. As before, we focus on
the case with N, = 100, since the results do not show
notable variation with the number of eigenmodes.
Figure 10 shows the significance for the cross-correlation
of the three combinations. From left to right, we have
NGC-1 x NGC-2, NGC-1 xSGC-3, and NGC-2x
NGC-3, with significance of 3.60, 8.50, and 1.60, respec-
tively. In addition, we also find good agreement between
the data measurement and the mock distribution, with
or without fiber assignment. Due to the additional
geometry cuts for each patch, the volume for each patch
is smaller than the full volume, and we account for it
when computing the variance of y3 [cf. Eq. (54)].
Approximating the three distributions to be independent
Gaussian detections, the combined significance is

~ ]2 2 2 oh
Oior X \/ Onge—1 T Onge—z + Oggc3 9.4, which is less com-

pared to the fiducial result due to the angular and radial cuts.

C. Testing Gaussianity of the likelihood

When analyzing high-dimensional data vectors, one
needs to be careful about the assumption of Gaussianity
in the likelihood function. Many statistical tests applied to
the data rely on this assumption, under which the infor-
mation can be effectively compressed into a single y?
statistic and interpreted in terms of a detection significance,
expressed in units of standard deviations relative to
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FIG. 10. Distribution of the cross-correlation % for the parity-even connected 4PCF of the three patches: NGC-1, NGC-2, SGC-3.
Here we only show N, = 50, given that the significance varies only marginally for different numbers of eigenvalues. The filled
histograms correspond to the Abacus-Complete mocks. The hatched histograms and histograms marked with circles are for the Abacus-

altMTL mocks. The vertical line corresponds to the measurement from the data and the black curves show the theoretical predictions for

the y2 distribution with null hypothesis. For all three plots, we also apply the fiber correction factor.

a Gaussian distribution. However, when the likelihood
deviates significantly from Gaussianity, this interpretation
may no longer be valid, and one must be cautious in
drawing conclusions based on the y> (or T?)-derived
significance.

Following [27], we assess the validity of the Gaussian

components of the data vector in mode space, sampled
across all eigenmodes and simulations, for different choices
of degrees of freedom. The black dashed line denotes the
standard normal distribution N (0, 644). In the left plot, this
mode space normalization is performed using the inverse
Cholesky decomposition L~ of the hybrid covariance

likelihood assumption by examining the distribution of
Cholesky-normalized data vectors, where the data vector is
transformed into an uncorrelated mode space [73].
Figure 11 presents the distribution of the normalized

matrix @hybrid = LLT, where the hybrid covariance is based
on the EZmock, following Sec. V D. In the left panel, the
mocks are split into two sets: one subset is used to estimate
the covariance matrix, and the other to generate the test
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100 hybrid, 'Vsim 100 = y
Gaussian 3 - Gaussian
Neig=50 ]
Neig = 100 i
107! Neig = 200 107" 5
Neig = 500
I o3 i
- 0 10723
a 10 e §
1073 10_3-E
1074+ HJ‘.I[" T T T T 1 104 T T T T T
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
L7 -(D) L= (D)

FIG. 11. The histograms show the distribution of the normalized components of the data vector in mode space. The black dashed line
denotes the standard normal distribution N (0, 1). In the left, the mode space normalization is performed using the inverse Cholesky
decomposition L~! of the hybrid covariance matrix Chybrid = LL", where (fihybrid is obtained from the Ezmock, following Sec. V D. Here,
we split the mock into two sets: one subset is used to estimate the covariance matrix, and the other to generate the test data vectors. We
use 800 mocks for covariance estimation and 200 as test data. We vary different choices of N, (indicated by color). When the condition
Neoy > Nejg is not well-satisfied, the normalized data vector shows deviations from Gaussianity, indicating that the Gaussian likelihood
assumption breaks down in this regime. In the right panel, we apply a Cholesky decomposition to the analytic covariance matrix and use
the resulting Cholesky factor to normalize the unprojected data vector from the Ezmock. Despite various simplified assumptions in the
analytic covariance, we find good agreement with the Gaussian likelihood.
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data vectors. We use 800 mocks for covariance estimation
and 200 for testing. We find that when the condition
Neoy > N is not well-satisfied, the normalized data
vector shows deviations from Gaussianity, indicating that
the Gaussian likelihood assumption breaks down in this
regime.

In the right panel, we test the Gaussian likelihood
assumption with the analytic covariance matrix. As above,
here we apply the Cholesky decomposition to the analytic
covariance matrix Cana]yt = LL", and use the Cholesky
factor L to normalize the data vectors in the mode space.
Although the analytic approach relies on simplified treat-
ments of survey geometry and sample incompleteness, it
nevertheless shows good consistency with a Gaussian
likelihood. We further discuss the detection significance
in Appendix B.

D. Impact of incompleteness due to statistical
fluctuations

Due to the limited number of fibers and the large sample,
the DR1 sample exhibits low completeness and is therefore
sensitive to the details of fiber assignment implementation.
As discussed in Sec. II, two fiber assignment implementa-
tion schemes were applied to the DESI mocks; the FFA and
the altMTL. In the following, we briefly describe these two
implementations and examine their impact on the covari-
ance matrices.

We start by briefly describing the altMTL implementa-
tion. Each target sample has its own “Merged Target
Ledger” [39], which tracks the observation history of the
corresponding targets, including targets’ metadata, obser-
vation status, redshift information, priority, and etc., [52].
In addition to the priority, a subpriority field is generated to

104 Abacus, altMTL
Abacus, ffa
10-5 Abacus, comp
=106
1077
10-8
T T T
0 2000 4000
Index

assign small additional priority which FIBERASSIGN uses to
reproducibly resolve collisions. This is a random number in
the range O to 1. With the altMTL approach, the default is
the inverse completeness weighting Weomp, = (f1Lipfiite) ™
with frp the number of targets competing for a single
fiber and f; is a tile-based completeness that quantifies
the fraction of targets that are considered to have
been “observed” within a group of overlapping tiles
[cf. Eq. (13)].

The FFA is an emulator that learns the mapping between
an input and a FIBERASSIGN-processed galaxy catalog,
specifically predicting the probability of a target being
assigned a fiber based on its properties and tiling informa-
tion. This mapping function, F, depends on two key
variables: the close-friend count, n., and the number of
tiles, ng.. To compute n. ., a friend-of-friend (FOF)
algorithm is applied to identify galaxies that are closely
separated in angular space. The learning algorithm is
optimized by comparing to the reference algorithm, in this
case the output of the FIBERASSIGN code. With the FFA
approach, while the default weight is also the inverse
completeness weighting, it does not decompose f11p and
fiile» but rather learns the average effect of a mixed priory
targets such as QSO and LRG as a function of number of
overlapping tile n,.

Figure 12 shows the impact of different fiber assignment
schemes on the statistical fluctuations. Left panel shows the
diagonal elements of the covariance matrix from the Abacus
altMTL (black), Abacus FFA (orange), and Abacus complete
(gray). Right panel shows the ratio between the diagonal
elements of Abacus simulations with different fiber assign-
ment implementations and the complete sample. We find
the average ratio between the Abacus altMTL to the
complete sample (black) to be (Cymr/Ceomp) = 1.12,
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FIG. 12. The plot shows the statistical fluctuations in the Abacus simulations under different fiber assignment implementations. Left:
Diagonal elements of the covariance matrix, with different colors indicating altMTL (black), FFA (orange), and a set of mocks without
fiber assignment (complete, gray). Right: Ratio between the fiber-implemented mocks and the complete mocks. We find that fiber
assignment induces an overall rescaling of the covariance matrix, increasing its amplitude by 12% and 30% for altMTL and FFA,
respectively. The covariance is measured from the mocks for the NGC; we find a comparable ratio in the SGC.
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whereas the average ratio between the Abacus FFA to the
complete sample (orange) to be (Cppa/Ceomp) ~ 1.30.

A reduced covariance in the FFA mocks was also
observed in [53,74]. Several factors may contribute to
the differences in statistical fluctuations as outlined in [75];
altMTL is a more realistic implementation, whereas FFA is
based on an approximation. FFA exhibits a less pronounced
collision window (i.e., the angular scales affected by the
fiber collision effect) and therefore yields fewer zero-
probability pairs compared to the altMTL mocks. For a
fixed number density, this implies that the FFA-based
mocks exhibit smaller density fluctuations, consistent with
the observed reduction in covariance. We leave a detailed
quantitative investigation to future work. However, since
we use the FFA-based Ezmock for covariance estimation, we
account for the differences between the two fiber assign-
ment schemes by applying an additional correction factor to
our significance, as discussed in Sec. VI.

VIII. SUMMARY

In this paper we presented the measurement of the
nonlinear gravity-induced parity-even connected 4PCF
on the DESI DR1 LRG sample and quantified its detection
significance. We found a 14.7¢ significance for our fiducial
configuration using an autocorrelation test with the number
of eigenvalues N, = 50. Increasing the number of
eigenmodes by a factor of two or four changes the
significance by £3%, indicating robustness to the choice
of eigenmode cutoff in our data compression method.

In addition, we tested various analysis setups, including
scale dependence by imposing additional radial bin cuts,
partitioning the sky into different patches and testing
various combinations, and performing both auto and
cross-correlation tests. Excluding smaller scales reduces
the significance to 4.80, as expected, since small scales are
more sensitive to nonlinear gravitational evolution. In
contrast, combining sky patches in different ways or using
the cross-correlation test yields results consistent with the
fiducial configuration. In particular, the two cross statistics
allow us to isolate the impact of general systematics by
comparing the data to the Abacus-complete mocks. We find
that systematics have subdominant impact on the signal.

To compute the significance, we compared the y* and 7?2
distributions and evaluated the probability using both the
probability-to-exceed method and the Wilson-Hilferty
transformation, finding only a marginal impact on the
resulting detection significance.

In this paper, we also briefly discuss the Gaussian
likelihood assumption and assess its validity by examining
the distribution of Cholesky-normalized data vectors in
mode space. We find that the Gaussian assumption holds
well for simulation-based hybrid covariance estimates,
provided that the number of simulations significantly
exceeds the number of degrees of freedom by at least a
factor of two N, > 2Ny, . For the analytic covariance,

despite the simplifying assumptions involved, we still find
good agreement with the Gaussian likelihood. However,
the autocorrelation test is more affected by the data-mock
mismatch when using the analytic covariance, as discussed
in Appendix B. We therefore present the hybrid method as
our main result:

(1) Comparison to BOSS: We reevaluate the detection
significance for the BOSS CMASS sample using the
Wilson-Hilferty transformation [Eq. (50)] and obtain
10.50,10.40 and 10.5¢ using, 10, 50, and 100
eigenvalues. We note that when the observed y2,
lies in the extreme tail of the distribution, the
probability-to-exceed method can become numeri-
cally unstable due to machine precision limitations.
The BOSS CMASS sample contains 777,202 galaxies
with a completeness exceeding 95%. Scaling the
significance with the square root of the galaxy number
yields an expected significance of approximately 17¢
for DESI. After accounting for the impact of fiber
assignment reduces this estimate, bringing it into
agreement with our findings in this paper.

(ii) Fiber assignment and sample incompleteness: We
find that the fiber assignment implementation has a
significant impact on the covariance (see Sec. VII D).
This is likely due to the highly incomplete DESI
DR1 sample. To account for this, we introduce a
correction factor in our significance estimation.
Nevertheless, when using the hybrid covariance,
we find consistent results between the fiber-assigned
mocks and the corresponding complete mocks with-
out fiber assignment. The impact of fiber assignment
is expected to be reduced in future data releases with
increased sample completeness;

(iii) Imaging systematics: For DESI LRG, major imaging
systematics were identified in the DECam region,
including E(B — V) maps, r-band depth, and stellar
density [53]. Since SGC uses entirely DECam
photometry while NGC uses a mix of DECam
and BASS/MzLS photometry, we tested cross-cor-
relations between NGC and SGC regions to assess
whether these DECam-specific systematics bias
clustering measurements. The consistency between
NGC-SGC cross-correlations and their respective
autocorrelations demonstrates that these imaging
systematics do not substantially contaminate the
clustering signal used for cosmological inference.
In addition, the angular integral constraint [76] was
also considered but showed marginal impact on
LRG measurements when using linear regression
weights [53]. Since this effect primarily manifests on
large scales, we do not explicitly test it here, though
it should be verified for other tracers when quantify-
ing the connected 4PCF;

@iv) Parity-odd 4PCF measurements: Unlike the
parity-even 4PCEF, the parity-odd signal has a much
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lower signal-to-noise ratio and is largely noise
dominated, making its detection particularly sensi-
tive to the covariance estimate. However, the DESI
DR1 LRG sample suffers from high incompleteness,
and the available mocks have limitations; the EZmock
underestimates the covariance, while the Abacus
mocks do not have sufficient volume. As a result,
despite performing both autocorrelation and cross-
correlation tests, we cannot draw a definitive con-
clusion regarding the parity-odd result in the DR1
LRG sample. We plan to revisit this analysis
with future data releases. Consistency tests based
on the parity-odd 4PCF analysis are presented in
Appendix A.
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APPENDIX A: PARITY-ODD 4PCF

In this section, we consider the parity-odd 4PCF,
focusing on the consistency between the statistical fluctua-
tions observed in simulations and those predicted by
theoretical expectations. We present the consistency check
for both the autocorrelation and the cross-correlation tests.

Figure 13 shows the autocorrelation for the parity-odd
4PCF combining the NGC and SGC. We do not show the
measurements from the DESI data in the parity-odd case.
We find that the correction due to the fiber assignment
reduces the data y> by 10%. For the autocorrelation test,

Neig = 200
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FIG. 13. Distribution of y? for the parity-odd 4PCF combining the NGC and SGC using Ezmock only. We do not display measurements

from DESI Y1 LRG. The fiber correction reduces the data y> by 10% in the odd sector. The black curve is the theoretical prediction in
the absence of parity violation. For different choices of eigenmodes, we find the Ezmock distributions agree well with the theoretical x>

distribution.
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FIG. 14. Cross correlation y2 of the parity-odd 4PCF between NGC and SGC using Ezmock. We do not display measurements from
DESI Y1 LRG. The EZmock-FFA-based covariance is compressed according to Sec. V D. The filled gray histograms correspond to the
Abacus-Complete mocks; the histogram marked with circles corresponds to the Abacus-altMTL mocks. The black curves show the
predictions for the cross statistic under the null hypothesis, assuming a zero-mean Gaussian distribution with variance given by Eq. (54).

we use only the EZmock-FFA, which has sufficient volume
to reproduce the statistical fluctuation due to cosmic
variation. We do not include the Abacus results here, as
the box side length of the Abacus mocks is only one-third
that of the EZmock simulations. This leads to increased
statistical fluctuations and artificially high y? values. The
black curve is the theoretical prediction for a y? distribu-
tion. The EZmock y? distribution is well-described by the
theoretical prediction.

Figure 14 shows the cross correlation y2 of the parity-
odd 4PCF between NGC and SGC using EZmock only. Since
statistical fluctuations do not contribute to the cross-
correlation, the smaller volume of the Abacus mocks does
not have adirect consequence on the inferred 2%, and we
include all available mocks for this test.

The EzZmock-FFA-based covariance is compressed
according to Sec. V D. The filled gray histograms corre-
spond to the Abacus-Complete mocks, and the histogram
marked with circles corresponds to the Abacus-altMTL
mocks. The black curves show the predictions for the
cross statistic under the null hypothesis, assuming a
Gaussian distribution with a zero mean with variance given

in Eq. (54). A fiber correction factor is applied to account
for the fact that the covariance is calibrated with respect to
EZmock-FFA.

We note that the good agreement between the theoretical
prediction (black curve) and the mock distribution dem-
onstrates that Eq. (54) provides a reliable estimate of the
cross-statistic yZ in the absence of a real signal.

APPENDIX B: DETECTION SIGNIFICANCE
WITH ANALYTIC COVARIANCE

In this section, we show the results using the analytic
covariance. In Fig. 15, we show the detection significance
using the autostatistic (left), cross-statistic yZ (middle), and
cross-statistic y3 (right) of the parity-even 4PCF measured
from the full DESI DR1 LRG sample in both the NGC and
SGC, using the analytic covariance matrix. In all three
panels, the vertical lines are the measurements from the
DESI DR1 LRG sample, while the hatched histograms
correspond to the Abacus-altMTL and the gray histograms
correspond to the Abacus-complete mocks.

As discussed in Sec. VA, the autocorrelation can suffer
from data-mock mismatch, leading to an overestimation
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FIG. 15. Autostatistic (left), cross-statistic y2 (middle), and cross-statistic ;(i (right) of the parity-even 4PCF measured from the full
DESI DR1 LRG sample in both the NGC and SGC, using the analytic covariance matrix. The vertical lines represent the statistics for the
DESI data. The histograms correspond to the Abacus mocks and the black curves show the theoretical predictions in the absence of a

connected 4PCF.
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of the detection significance. In the left panel, the uncor-
rected value shown by the solid vertical line corresponds to
a 31.60 detection significance, which is 60% higher
compared to the cross-statistic in the middle panel. At
the same time, there is a discrepancy between the data and
the mock distribution, as well as a disagreement between
the two Abacus mocks. To account for this, and following the
procedure in Sec. VB, we apply yX to correct for the
mismatch. Specifically, we first compute the difference
between the two Abacus mocks, 673 | = X2 aimi — X4 comp>
which quantifies the systematic-induced fluctuations. We
then compute the difference between the data and the
Abacus-altMTL, 6x3 5 = X jron — (Y& comp)» Which charac-
terizes the residual fluctuation.

In the left panel, we apply 5)&., to the Abacus-altMTL
distribution (dashed histogram) and &3, to the data
(dashed vertical line). After these corrections, the mock
distributions show good agreement with each other, and the
resulting detection significance is 16.4, consistent with the
value obtained using the compressed method.

APPENDIX C: GENERALIZED GAUNT
INTEGRAL

In this section, we take a different approach to derive the
analytic covariance, without explicitly introducing the “H”
permutation as done in [67]. From Eq. (36), we first
recognize that the prefactor of interest is

FEGA/AH _ gGgLGA/A// DA// COA//
o T Lot
= (477) Eq H chif;fii”cooo o
i=0
% Qc(;A/A//DAHCA//’ (Cl)

where &; denotes a permutation of {Z,7,,#3}, with
&g = 1 for an even permutation of the three indices, and
with £; = —1 for an odd permutation. The generalized
Gaunt integral GE6NA" is defined in Eq. (39). The coef-

ficients DOOG(’)KW nd ng(’) I are defined in Egs. (11) and
(12), respectively, while D,» and C{)\" are defined in
Egs. (44) and (43). As mentioned in Sec. VC, we fix
¢y =0, such that £, - ¢, and m/ — m/. Given the
definition of Q%¢A'A" in Eq. (40), we have

QLANN —

CGo+t —mgy—m 1
( 1) ! ngof/ 5f60f”5m60 _m()

MM'M”
3 ! 1" ! "
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m,mgryme3 ' !,
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/ H /e
—nt, m2m3
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XCmGroongcllm*c ngan

(C2)

Depending on the position of the zero among 7;, for
i ={0,1,2,3}, different solutions can in principle arise.
We consider the following cases: (1) £go = 0, where an
entire column of the 9-j symbol vanishes; (2) £ =0,
where two elements of the first 9-j symbol are zero; and
> = 0, where one element in each 9-j symbol is zero.
The fourth case, where 753 = 0, is trivially degenerate with
case (3) and is therefore not treated separately.

For case (1), since we set £y = 0, £;; — 0. Therefore,
we have

3
LoNN 3l AL Z Cait it}
QI - (_1>Z’:l o Hcmc,m’m”

MM'M" Li=1

! " pll plt
chclfczfm 05 S
MGIMGIMG3™ i mlymly ™~ m'{ mym’y

Ce1 e Co3

= by, (C3)
6o

where we relabel £, — £y, £, — ¢}, and £ — ¢]. The

phase (=1)%e+41+%7 vanishes due to the presence of

Cg(‘)(') “I_ Given the relabeling, we find

A ,, o1 DL LS
DarCy = Dyeyeyr 261 + 1(=1)"1Co00 ' Cono

fll f// f”

= Df”f”f” COOO (C4)

Combining Egs. (C3) and (C4), the prefactor for case
(1) reads

3
LoNA o Cil !
T = (4m)%E¢ H chif;f;’ Co00
i=1
1 Car Cos
y , y f// f/l f//
xq 0 & O3 2DameCoy’ (C5)

1 1" 1
l’ﬁl fz ¢ 3

For case (2), we set £g =0, therefore Zgy — €51,
fg—)f(;],lxﬂ;—)f,,f/{—)f/,and f*—)fGl.Weﬁnd

LeNA' _ -2 Co1lc:tes 17505
1l - § (Dfmf’l) Dfmf’,f'l'CmGlmszmCm iy,
MM/MII
f f f f/ U f tﬂ Z/ﬂ// f’/fﬂf//
x C o @ / // C al !/ " // /l "
mey m2m2 mmm m z : mgymym|~ —m'{mim’
261 C6r a3
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gy ¢y
where we have relabeled {£,7¢,} — ¢, and {¢.7.} —

| in the first line and £ — ¢] for the last 11ne which
leads to a prefactor of (Dy,, ,g/]) . For case (2), we find
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I’ﬂGl 2" f//f” f”
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Combining Egs. (C6) and (C7), the prefactor for case
(2) becomes
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since Coiy ' = (=1)7 D71 and Copy ' = (=1)" Df, , the

coefficients cancels with Dy ! which arises in Eq. (C7).

The resulting phase (=1)fart?) +e also cancels due to the
Aot

presence of Cy;, ' '. As a result, we have
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where case (1) and (2) share the same coefficients F£LeAA",
For case (3), we set £5, =0, such that £gy = €0,
(=06 =10, ¢, =g, ¢ = We therefore find
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where the 3-j connection structure is represented by the
type-II Yutsis diagram in Fig. 16. Here all the phases
involving summation of angular momenta £’s and m’s all
cancel with each other.

To restore the 9-j symbol, we need to rearrange the
fG7f f// f//f/ f//
. C_ 70 . In order to

mmm mmm

product of the 3-j symbols; C

do so, we first recognize the property of the 1ntegral for the
product of four spherical harmonics:

7
fa ) \%
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FIG. 16. Yutsis diagram for the type-II 9-j symbol.

/ﬁwMJmeWw%Wwwm>

o ’ni/ f( Zf/ f// f//f’ Z/ﬂ//
—_ E (_ 1 ) N gmG2m/ m// g_m//m/ nl//
'm!!
' fc2f’ el O]
— E mGZml m//g_m;/m;mg/ ) (Cl 1)
'm!! N
£1283

where the Gaunt integral G,/ m,m, involves product of 3;
symbols both with all m’s being zero m; = m, = m3 =0
as well as the ones being nonzero. For the 3j symbols with
all m’s being zero, they are defined as

(fl %2 "”3> 0, J odd,
=\ DML/ (=202
000 (@+O)H72 (L/2=6)1 ° J even,
(C12)

where L = ¢ + ¢, + 5. As a result, we can re-order the
arrangement of the product
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Combining with Eq. (C11), we find that
f(ztil Lﬂ// f//tﬂ Z/ﬂ// Lﬂ(zf/ f// f’/f’ Z/ﬂ//
m ’nl m;/c rn//’nl rn;/ - Cmc2m/ ml/c_m//m/znl%/- (C14)
By relabeling ¢ — ¢}, case-III can be written as
o1 Cer Co3
LGN N
i = chlzf’ Df’z’ AT T (C15)
A 2 S 44
For case (3), we find
A o1 AL lhl] A1)
DrCy = DereyerDegye,(=1)2Co00 * 'Cogo” *- (C16)

Combining Egs. (C15) and (C16), we find
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Comparing Egs. (C5), (C9), and (C17), we find that the coefficients can be unified, regardless of where the zero appears in

the 3n-j symbols.
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