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ABSTRACT: We present the constraint on the growth rate of structure from the combination
of DESI DR1 BGS sample, Fundamental Plane, and Tully-Fisher peculiar velocity catalogues
using the maximum likelihood fields method. The combined catalogue contains 415,523
galaxy redshifts and 76,616 peculiar velocity measurements. To handle the large amount of
data in the DESI DR1 peculiar velocity catalogue, we significantly improve the computational
efficiency by rewriting the algorithm with JAX. After removing outliers and Tully-Fisher
galaxies that are affected by systematics, we find fog = 0.483f8:8§g(stat) + 0.018(sys),
consistent within 1o with the power spectrum and correlation function analysis using the
same dataset. Combining all three measurements with appropriate correlations, the consensus
measurement is fog(zeg = 0.07) = 0.450 £ 0.055, consistent with Planck +ACDM cosmology
(fos = 0.449+0.008). Combining with the high redshift growth rate of structure measurements
from DESI ShapeFit, the constraint on the growth index is v = 0.58+0.11, consistent with GR.
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1 Introduction

Our concordance cosmological model, the A Cold Dark Matter model (ACDM), explains
the accelerating expansion of the universe by introducing the cosmological constant into
Einstein’s theory of General Relativity (GR). The ACDM model has been the most popular
cosmological model over the past 25 years and is supported by various observations [1-7].
However, several internal inconsistencies start to appear. The most famous example is the
Hubble tension, which is the discrepancy between measurements of the Hubble parameter
from late-universe probes, such as supernovae [8], and those from early-universe probes, such
as the Cosmic Microwave Background [1]. Furthermore, DES (Dark Energy Survey) [9] and
DESI (Dark Energy Spectroscopic Instrument) [10-19] found that the equation of state of
dark energy may not be constant in time, contrary to the prediction of ACDM [16, 17, 20-22].



An alternative explanation for the observed accelerating expansion is a modification to our
theory of gravity (e.g., [23, 24]).

The strength of gravity varies across different theories of gravity [25]. This affects the
distribution of large-scale structures in the late universe and the motions of galaxies induced
by them. The rate at which these structures grow is characterised by the linear growth rate
parameter f(a) = dj?fg,

at different epochs and 4, is the matter overdensity. Hence, different gravity theories predict

where the scale factor a describes the relative size of the universe

different linear growth rates at the same redshift. A model with weaker gravity than GR,
such as the normal branch of the Dvali-Gabadadze-Porrati (nDGP) model [23, 26], has a
lower linear growth rate. On the other hand, a stronger gravity, such as the f(R) gravity
models [27], has a higher linear growth rate. Additionally, some modified gravity theories
introduce scale dependence in the growth rate [28-30]. However, the differences in linear
growth rates among various theories of gravity could be small, depending on the values
of the additional degrees of freedom introduced by the model. Therefore, high-precision
measurements of the linear growth rate are required to differentiate these theories.

We can constrain the linear growth rate of structure either by directly measuring the
peculiar velocities of galaxies or by quantifying the change in the galaxy distribution inferred
from redshifts (which are contaminated by the galaxies’ peculiar velocities). The second
effect is called Redshift Space Distortions (RSD; [31, 32]).

The peculiar velocity of a galaxy is the difference between its total velocity, which
is related to its redshift, and its recession velocity from Hubble’s law [33]. To calculate
the recession velocity, we need the redshift-independent distance measurements, which are
obtained via galaxy scaling relations, such as the Tully-Fisher relation [34] for spiral galaxies,
the Fundamental Plane [35, 36] for elliptical galaxies, or standard candles such as Type
Ia supernovae [37]. In this work, we use the DESI DR1 peculiar velocity catalogue, which
contains ~ 80,000 peculiar velocity measurements using the Tully-Fisher relation [38] and
Fundamental Plane [39]. It is the largest peculiar velocity catalogue to date and is almost
twice as large as the Cosmicflows-4 sample [40].

In linear theory, the peculiar velocity and galaxy density are only sensitive to the
parameter combinations bog and fog, where og is the root mean square of matter density
fluctuation within spheres of radius 8h~!'Mpec, which defines the overall normalisation of
the density perturbations, and b is the linear galaxy bias.! The peculiar velocity and RSD
are highly complementary methods to measure the growth rate of structure since peculiar
velocity is more sensitive to the large-scale matter overdensity. At the same time, the RSD is
more sensitive on nonlinear scales [43]. More importantly, the peculiar velocity and galaxy
overdensity are two different tracers of the same underlying matter density field. Previous
literature has shown that combining two different tracers of the same matter density field,
such as galaxy density and peculiar velocity, can eliminate the sample variance and reduce
the statistical uncertainty [43-45].

Several methods have been developed to combine both tracers to constrain the growth
rate. For example, we can determine the growth rate of structure by measuring the two-point

'This degeneracy can be broken with the three-point correlation function/bispectrum or by combining the
result with weak lensing [41, 42].



velocity correlation functions [46-54], measuring the galaxy density and peculiar velocity
fields and constraining the growth rate by maximizing the likelihood [55-60], measuring the
momentum power spectrum [61-66], and using the density field to reconstruct the predicted
peculiar velocity field [67-73]. In this work, we focus on the maximum likelihood fields
method to constrain the growth rate of structure.

The maximum likelihood fields method directly fits the correlation of the galaxy overden-
sity and peculiar velocity fields. Ref. [58] were the first to simultaneously model the auto-
and cross-covariance matrices of galaxy overdensities and peculiar velocities and constrain
fos by maximising the Gaussian likelihood function. They found that the constraint on the
linear growth rate of structure is improved by 20% compared to analysis using a single tracer.
Ref. [59] improved on this previous method by including the effect of small-scale RSD on the
density field and velocity field. However, they assume that the lines of sight to all galaxies
are parallel during the derivation. This assumption ignores the wide-angle effect. Previous
literature has shown that this can introduce an error of more than 10% when the subtended
angle between the two line-of-sights exceeds 30 degrees [74, 75]. Although ref. [76] developed
a wide-angle formalism for the galaxy overdensity and peculiar velocity two-point correlation
functions, they did not consider the damping in the galaxy and velocity power spectrum due
to the effect of RSD on nonlinear scales (finger-of-god effect) [43]. Ref. [60] accounts for both
the wide-angle effect and the modelling of RSD on nonlinear scales by using the Taylor series
approximation of the nonlinear RSD model. Ref. [77] replace the Taylor series approximation
with the Hankel transform to improve the accuracy and computational efficiency of the model.

Three different analysis pipelines in DESI are used to constrain the growth rate of structure
with the DESI DR1 peculiar velocity catalogue. One companion paper [78] constrains the
growth rate of structure with the momentum power spectrum, while the other companion
paper [79] does the same with the correlation function. We demonstrate that, despite
differences in methodology, these three approaches can obtain consistent constraints on
the growth rate of structure. This consistency also allows us to combine the constraints
to produce a consensus constraint on the growth rate of structure with the DESI DR1
peculiar velocity catalogue.

This paper is organised as follows. In section 2, we introduce the DESI DR1 peculiar
velocity catalogue and its respective mock catalogues. In section 3, we briefly introduce
the maximum likelihood fields method and highlight several changes that improve the
computational efficiency of the algorithm. We present the results of tests on our methodology
using mocks in section 4. Section 5 then presents the constraint on the growth rate of structure
from the DESI DR1 peculiar velocity catalogue and discusses its implications and comparison
to previous constraints. Lastly, we present our conclusion in section 6. Throughout this work,
we assume a flat ACDM model with fiducial cosmological parameters given by 2, = 0.3121,
Hy = 100hkms'Mpc ! and og = 0.8150 at redshift zero, consistent with the ACDM baseline
cosmology in the ABACUSSUMMIT simulation [80-82].



2 Data and simulation

2.1 The DESI DR1 peculiar velocity catalogue

Dark Energy Spectroscopic Instrument (DESI) is a multi-object fibre spectrograph installed
on the Mayall 4-meter telescope at Kitt Peak National Observatory to conduct a large-scale
redshift survey over 8 years [10-12]. It aims to collect approximately 63 million redshifts over
the sky area of 17,000deg? below the redshift of four. The DESI peculiar velocity survey is a
secondary targeting program of DESI that was designed to measure the peculiar velocities of
galaxies in the local universe (z < 0.15) [83]. DESI peculiar velocity survey uses both the
Tully-Fisher [34] and the Fundamental Plane [35, 36] to measure the redshift-independent
distances to spiral and elliptical galaxies, respectively. We refer readers to ref. [39] and
ref. [38] for the detailed discussion of the construction of the DESI DR1 Fundamental Plane
and Tully-Fisher catalogue, respectively. Here, we will mainly focus on the data product
from these two catalogues.

The DESI DR1 Fundamental Plane catalogue [39] contains 73,822 elliptical galaxies
between redshifts of 0.01 and 0.1 with a mean uncertainty in log-distance ratio of 0.12.
Meanwhile, the Tully-Fisher catalogue [38] contains 6,806 spiral galaxies over the same
redshift range, with a mean uncertainty in the log-distance ratio of 0.11. Figure 1 illustrates
the distribution of the Fundamental Plane galaxies (circle) and the Tully-Fisher galaxies
(diamond) in the Aitoff projection. The colour of the marker indicates the galaxy’s redshift.
Most galaxies are in the Northern hemisphere, consistent with the DESI footprint. The
patchy nature of the distribution is mainly due to the low completeness of the DR1 catalogue.
This is expected to improve in future data releases.

Figure 2 illustrates the redshift distribution of the Fundamental Plane galaxies (blue) and
Tully-Fisher galaxies (orange). The histogram shows the number of galaxies in each redshift
bin, while the dashed line shows the number density of galaxies in each redshift bin. The
distribution of Fundamental Plane galaxies skews towards higher redshift, while the number of
Tully-Fisher galaxies peaks at low redshift. This is likely because elliptical galaxies are more
massive, making them easier to observe at higher redshifts than spiral galaxies. Furthermore,
to measure the rotation velocity of spiral galaxies, multiple fibres must be placed on the same
galaxy. In contrast, the velocity dispersion of the elliptical galaxy can be measured with
a single fibre. Additionally, the redshift bins at higher redshifts also have larger volumes,
so they contain more galaxies. In contrast, the galaxy number density in both catalogues
peaks at a redshift of 0.03. Figure 3 illustrates the distribution of log-distance ratios in the
Fundamental Plane, Tully-Fisher, and the combined catalogue. We normalised all three
distributions in the figure on the right to better compare them. In general, the Fundamental
Plane catalogue skews towards a more negative log-distance ratio with skewness of -0.53, while
the Tully-Fisher catalogue skews towards a more positive log-distance ratio with skewness
of 0.46. We do not expect the observed log-distance ratio to be perfectly Gaussian, since
data systematics could alter the distribution’s shape. Nonetheless, the skewness is small for
both samples, so the log-distance-ratio distributions can be approximated by Gaussians. To
further reduce the possibility that outliers may bias our constraints, we remove log-distance
ratio measurements that are more than 40 away from the median.
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Figure 1. The distribution of Fundamental Plane (FP; circle, left) and Tully-Fisher (TF; diamond,
right) galaxies in the DESI DRI peculiar velocity catalogue. Their colours indicate the galaxies’
redshifts. The DESI DR1 peculiar velocity catalogue mainly covers the northern hemisphere.
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Figure 2. The redshift distribution of galaxies in the DESI DR1 Fundamental Plane and Tully-Fisher

catalogue. The histogram shows the number of galaxies in each redshift bin, and the dashed line shows
the number density of galaxies per unit volume in each redshift bin. The distribution of galaxies in

the Fundamental Plane catalogue skews towards higher redshift, while the galaxies in the Tully-Fisher
catalogue peak at low redshift. However, the number density of galaxies from both catalogues peaks

at low redshift.
We found that the measurement of the growth rate from the Tully-Fisher catalogue
is inconsistent with that from the Fundamental Plane catalogue when including galaxies
beyond the redshift of 0.05 (see appendix B for detailed discussions). This result is consistent
with the companion paper [79], where we found excess correlation between the peculiar
velocity measurements at high redshift from the Tully-Fisher catalogue compared to the
Fundamental Plane catalogue, and compared to TF measurements at z<0.05. Since this is the
first time the Tully-Fisher relation has been used to measure peculiar velocity beyond redshift
0.05 [84], previously unknown systematics could cause the inconsistency observed here. In
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Figure 3. Distribution of the log-distance ratios 7 in the Fundamental Plane, Tully-Fisher, and the
combined catalogues. The plot on the right is the normalised probability density. The Fundamental
Plane catalogue skews towards a more negative log-distance ratio, while the Tully-Fisher catalogue
skews towards a more positive log-distance ratio.

section 4.2, we find the Tully-Fisher mocks can return unbiased fog, so the bias is caused by
systematics not captured by the mocks, such as the environmental dependence of the Tully-
Fisher catalogue. To establish a conservative measurement on the growth rate of structure,
we decided to remove all peculiar velocity measurements in the Tully-Fisher catalogue with
z > 0.05. This reduces the total number of galaxies to 76,756. However, we stress that
this selection choice does not impact the constraint on the growth rate and conclusion of
this work, as shown in appendix B, since over 90% of peculiar velocity measurements come
from the Fundamental Plane galaxies.

2.2 The BGS density field sample

In this work, we aim to analyse the combination of the peculiar velocity field with the galaxy
density field at redshifts below 0.1 to improve constraints on cosmological parameters and
reduce sample variance. For our galaxy sample, we use the DESI DR1 large-scale structure
catalogues (LSS)? [85]. We use the lowest-redshift sample — the Bright Galaxy Sample
(BGS) from DESI. The BGS sample is a magnitude-limited sample of galaxies with r-band
magnitudes of 14 < r < 19.5, extending to redshifts z < 0.5 [86]. We refer readers to ref. [86]
for a more detailed discussion on the selection criteria and validation of the BGS sample.

Here, we only use samples below the redshift of 0.1 to match the redshift range of the
peculiar velocity sample. A further luminosity cut is applied to the r-band M, —5log;, h < 17.7
to produce a sample containing 415,523 galaxies [79]. We refer the reader to ref. [39] for
the construction of the data and random catalogues.

2.3 Mock catalogues

The mock peculiar velocity catalogues are produced to closely replicate the data of the DESI
DR1 peculiar velocity catalogue and allow us to test whether our methodology is unbiased

’https://data.desi.1lbl.gov/doc/releases/drl/.
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before it is applied to the data. The 675 mocks are produced with the base ACDM cosmology
from the ABACUSSUMMIT simulations [80-82]. There are 25 different realisations, and we
subsample each realisation to 27 different mocks. The mocks are all generated at the snapshot
redshift of 0.2 with the fiducial fog = 0.462 calculated based on the fiducial cosmology.? We
refer the readers to ref. [87] for more detailed information on the construction of the mocks.

3 Theoretical modelling

In the maximum likelihood fields method, we directly fit the galaxy overdensity and log-
distance ratio, assuming a Gaussian likelihood function

m) — 1 STC(m)~!
P = e .

since on linear scales, both are expected to be Gaussian distributed. Here, C' is the covariance

matrix, m is an array of free parameters in the model, n is the number of free parameters and
S = (84, m) is the data vector. To calculate the likelihood, the only unknown is the covariance
matrix. Ref. [60] derived the covariance matrix analytically, so we will not show the derivation
here. In the next section, we show the final solution of the analytical covariance matrix.

3.1 The analytical covariance matrix

The galaxy auto-covariance matrix is given by

cgg(sl,sz)zzﬂaﬂpwz <b2 a9 (s,0)HL ,(s1,82) (3.2)

9
- 2P taplq! ;
4,0 P,q,0
PG 0 Y1 g (s1.52)+DFELAT5.0) [ H o y(o1,52) 1)1 (51.82)] ).

where b is the linear galaxy bias, f is the logarithmic growth rate, and Hzlxq is defined in
equation (3.6). We adopt the Gaussian model for damping in the galaxy power spectrum
due to the nonlinear RSD [43]

(k#ffg)2

> H(koy)% i
Dy, =e" Z 2%' ~ 9 (3.3)
1=0

where o, is a free parameter that controls the strength of damping. The correlation function

PL(r,0y) is given by

. kmax 2k .
P (r, o) = / Sz Pav (k)i (kr)k> PO D (ke 0,), (34)

min

where Py, is the power spectrum of two fields, a and b and a,b C {m, 8}, where m denotes
the matter density field and 6 denotes the velocity-divergence field. Different from ref. [60],
we generate the power spectra with the Standard Perturbation Theory (SPT) [63, 88] instead
of the Renormalised Perturbation Theory (RPT) [89-91]. This is because the companion

3We used redshift of 0.2 since the value of fog does not change greatly, and this snapshot redshift was
used to build the DESI official BGS mock catalogues and has been extensively tested [87].



power spectrum [78] and the correlation function [79] papers are both developed based on the
Standard Perturbation Theory. This helps us to better compare the three models. We will
refer the readers to ref. [78] for more details on the derivation of the power spectra in SPT.
In appendix A, we demonstrate that the constraint on fog is unaffected by the change in the
power spectrum model. The nuisance parameters account for the difference between SPT
and RPT. Here, the damping in the velocity field due to the small scales RSD is given by [43]

sin(koy,)

Du(k,o'u) = s (35)

koy
where o, is a free parameter that quantifies the strength of damping in the velocity power
spectrum. We set kpay = 0.20hMpc™! where our quasi-linear model breaks down [43] and
Emin = 0.0002hMpc ! since the DESI DR1 data may be affected by modes larger than the
survey volume [58]. The weighting function HZqu is given by

472

* 2p 2
(2l +1) (2l +1) EE: (?QiﬁiﬁﬂnQXQﬁn(sl,—-82)}7fﬂn1(81)372ﬂn2(82)a1fa,f7

m,mi,m2

Hzlhq(sh s2) = Z

l1,l2

(3.6)
where Y denotes the spherical harmonics, * denotes the complex conjugate, a; is the coefficient
of the multipole decomposition of the line-of-sight angle u = 7 - k

a2":2l+1 1

i | P2 Ly(p)dp, (3.7)

and G denotes the Gaunt coefficient

GLl’LQ’Lg _ (2L1 + 1)(2L2 + 1)(2L3 + 1) Ly Ly L3 I L3 (38)
My, Mz, Ms 4 0 0 0/ \M My M3)’

where the matrices in equation (3.8) represent the Wigner 35 symbols. We use MATHEMATICA
to evaluate the weighting function. Figure 6 and 7 in ref. [60] demonstrate that the weighting
function controls the RSD effect of lines-of-sight to two different galaxies. It reaches a
maximum when the two lines of sight are parallel to each other and a minimum when the
two are perpendicular.

We set the maximum of p, ¢ t0 Pmax = Gmax = 3 consistent with ref. [60]. This is equivalent
to using a third-order Taylor expansion approximation for equation (3.3). Since o4 is on
the order of unity [43], ko, < 1, the third-order Taylor expansion is accurate enough to
calculate the analytical covariance matrix. Ref. [77] developed the FLIP package® that can
calculate the analytical covariance without the Taylor expansion in D,. Furthermore, it uses
the parallelised Hankel transform to massively speed up the calculation of the analytical
covariance matrix. However, varying o, will require precomputing the covariance matrix
for different o, and interpolating them during MCMC, which is computationally expensive.
Additionally, figures 6 to 8 in ref. [77] illustrate that both pipelines provide a consistent
covariance matrix for kpax = 0.20hMpc71. Therefore, we decided to use the method described
in ref. [60] to constrain the growth rate with the DESI DR1 peculiar velocity catalogue.

‘https://github.com/corentinravoux/f1lip.
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Similarly, the galaxy-velocity cross-covariance matrix is

_1)P . o
Conlsv) = (a1 1) Y o S i1 (€07 (5. 1L (51, 52) 3.9)
p ’ l

,—0.5,1 I
+f g@,l (87 Uu)Hp—O—l,O.S(Sl’ Sz))
and the velocity-galaxy cross-covariance matrix is the transpose of the galaxy-velocity cross-
covariance matrix. Similar to the galaxy auto-covariance matrix, we set the maximum p to
Pmax = 3. Lastly, the velocity auto-covariance matrix is given by

Cou(s,00) = (aH )2 i26,57 0% (s, 00) Hiy 5 0 5(51, 52)- (3.10)
l

The velocity auto-covariance matrix does not depend on o4, so the highest order of [ only
depend on the highest combined exponent for p; and po, which is 2 [59, 60]. Therefore, the
only two non-zero terms for the velocity auto-covariance matrix are [ = 0 and [ = 2.

3.2 Modification to the covariance matrix

In the previous section, we presented the expressions for the analytical covariance matrices of
the theoretical galaxy overdensity and peculiar velocity field. However, before fitting the data,
we must ensure that the data and the model are being compared on equal footing and that
the comparison is computationally feasible. In this section, we will discuss the modifications
we applied to the analytical covariance matrix to address these two aspects.

3.2.1 Conversion between peculiar velocity and log-distance ratio

Refs. [55, 92] found that the uncertainty of the peculiar velocity is log-normally distributed.
To solve this problem, they introduce the log-distance ratio n

n = logy, (%) (3.11)

Here, D is the comoving distance, zgps is the observed redshift, and zg is the redshift converted
from redshift-independent distance with the fiducial cosmology. Since we fit the log-distance
ratio of the data catalogue, we need to convert the peculiar velocity auto- and cross-covariance
matrices to the log-distance ratio auto- and cross-covariance matrices. We use [92, 93]

_ 1 1+ Zobs
In 10 D (2obs) H (2obs)

K(Zobs) (3.12)

as the conversion factor. The auto- and cross-covariance matrices of the log-distance ratio are

Con(s1,82,04) = K(2s; )K(2s5)Cou(81, 82, 04), (3.13)
Cg(51,82,04) = K(2s;)Cog(S1, 82, 0u), (3.14)

and
Cyn(51,82,04) = K(2s,)Cyu(81, 82, 0u). (3.15)

The galaxy auto-covariance matrix is not affected since it does not depend on the log-
distance ratio.



3.2.2 Gridding correction

The DESI BGS density sample contains ~ 420,000 galaxies below the redshift of 0.1, and
the DR1 peculiar velocity catalogue contains ~ 80,000. This means a brute-force approach
will require us to compute the inverse and determinant of a ~ 500,000 x 500,000 covariance
matrix, which is computationally expensive and may be numerically unstable. To reduce
the computational time, we follow ref. [60] to reduce the dimensionality of the covariance
matrix by gridding the data with a 20h~!Mpc grid size. The centre of each grid is treated
as s; when calculating the covariance matrix. Lastly, gridding also helps smooth out the
nonlinearity in the data, making it more appropriate to use the Gaussian likelihood function.
The galaxy overdensity of each grid cell after gridding is given by

gerid = L~ Hr 3.16
g P (3.16)

where the weight in the mock/data catalogue is

Ng;rid
w = Z wfompwaP (3.17)
i
and w, is the weight in the random catalogue of the same grid calculated with equation (3.17).
Here, w;°™ denotes the incompleteness weight of galaxy i and

1
FKP
. = 3.18
i 1+ g o (3.18)
is the FKP weight [94],
N,
>iwj N
Zk Wi,r 9

and Nggrid is the total number of galaxies inside the grid. Additionally, 7, denotes the
number density of galaxies, and we set the characteristic amplitude of the power spectrum
Py = 1600h~3Mpc? following ref. [65]. Lastly, Ng4 denotes the total number of galaxies in the
mock/data catalogue and N, ; denotes the total number of galaxies in the random catalogue.

For the log-distance ratio, we choose not to apply the incompleteness weight because the
missing galaxies may not have the same log-distance ratio as the observed galaxies. While
we would expect two neighbouring measurements to share the same larger-scale velocity, in
reality, the individual measurements would be dominated by noise, both physical (because
two neighbouring galaxies in a cluster can have very different non-linear velocities) and
observational. Simply duplicating an observation by applying the incompleteness weight may
not be appropriate. Although we can calculate the FKP weight for the momentum power
spectrum [63], it is not clear whether the optimal weight for the log-distance ratio will be
the same.” The FKP weight is designed to optimise the statistical uncertainty [94], so our

5We also tried to multiply the FKP weight for the momentum power spectrum by x? to convert it into the
same unit as log-distance ratio. We applied this weight as an approximation of the FKP weight during the
mock test and found it has a negligible impact on the constraint.

,10,



uncertainty could potentially be slightly larger than the FKP weight is applied. Nonetheless,
we don’t expect it to significantly affect our result. Hence, we will assign no weight to
the log-distance ratio when gridding.® Consequently, the mean log-distance ratio within
each grid cell is given by [60]

grid
grid 1 gl
= g 2 (3.20)
n %

and the standard error of each grid is

oy (3.21)

- grid
Nn

where Ngrid is the total number of log-distance ratio measurements within the grid.
Gridding removes most of the nonlinear information, so we have to modify the covariance
matrix models accordingly. We can achieve this by replacing [55]

Pxy (k) — PEy(k) = Pxy (k)T (k)? (3.22)

when computing equation (3.4). I'(k) is the angle-averaged, Fourier transform of the gridding
kernel with cell edge-length L7 [55]

1 7 27 sin k, sin k, sin k
(k) = — i =S by S P 2
(k) = /0 /0 sin Od¢pdd Fokhe , (3.23)

where the components of the wavevector are given by

kL kL kL
ky = 5 sinfcos¢; ky = > sinfsing; k, = 5 cos 6. (3.24)

The gridding kernel is more important at small scales, where the wavenumber is comparable
to or greater than the inverse of the grid size. Figure 4 illustrates the gridding kernel after
numerically solving equation (3.23). The gridding kernel is degenerate with the RSD damping
term that is applied to the velocity field. The gridding kernel with a 20h~!Mpc grid size is
similar to applying the RSD damping with o,, = 10h~'Mpc. Therefore, our constraint on o,
could potentially be different from other approaches that do not need to apply the gridding
correction. Appendix B discusses the effect of gridding on the fog constraint.

Gridding also assumes that the galaxy densities and peculiar velocities are continuous.
For the galaxy density, this is corrected by the shot noise (see section 3.2.3). For the gridded
version of the velocity auto-covariance matrix (C’,gnr]id), we follow ref. [95] to update the
diagonal elements with

Con(s1,82,0u) — C&1(s1, 82, 00)
N

Ch (51, 52, 00) = C54(s1, 82,00) + Op(s1—s2) (3.25)

SWe also implemented the inverse variance weight as an option in our pipeline. However, during mock
testing, we also found this has little impact on the constraint.
"There is a typo in refs. [57, 60] for the expression of the gridding kernel, which misses the Jacobian sin .
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Figure 4. The damping on the power spectrum introduced by the gridding kernel and the RSD
damping on the velocity field D,,. The gridding kernel and the RSD damping are degenerate. The
gridding kernel with a 20h~*Mpc grid size is similar to applying the RSD damping with o, = 10h~!Mpc.
Similarly, the gridding kernel with a 30h~*Mpc grid size is similar to applying the RSD damping with
0. = 15h~'Mpe.

to account for the difference introduced by averaging over different numbers of galaxies in
different grid cells, where C,, is the covariance matrix without gridding. The correction is
unnecessary for the off-diagonal component because it is negligible on small scales [95].

We further reduce the dimensionality of the covariance matrices by removing grid cells
from the velocity auto- and cross-covariance matrices that contain no galaxy. Furthermore,
we remove grid cells from the galaxy auto- and cross-covariance matrices for which no galaxy
is present in the random catalogue. Both of these instances contribute no information to the
likelihood function. To evaluate the impact of grid size on the fog constraint, we decided
to test both 20h~'Mpc grid size and 30h~!Mpc grid size on the mocks.

3.2.3 Shot-noise correction

Both position and peculiar velocity of galaxies are treated as continuous fields in our model,
although they are both discrete quantities. The error introduced is called the shot noise
05, and can be modelled via Poisson statistics

05, (x) = ——. (3.26)

We add the shot-noise contribution to the diagonal of the galaxy auto-covariance matrix

ngr(sl, S2, O'g) = C%gd(sl, S2, 0'9) + O'gg(SD(Sl — 82). (3.27)
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Similarly, the uncertainty of the log-distance ratio in each grid cell is also added to the
corresponding diagonal of the covariance matrix

C%f;(sb S2,04) = C%%id(sl, S2,04) + J,%ép(sl — 82) (3.28)

and U%rid contains two independent contributions to the uncertainty of the log-distance ratio
oy = (a,g]rid)2 + k(2sy )k (2s,)02. The first term is the mean measurement uncertainty of the
log-distance ratio for all galaxies in the grid cell, given by equation (3.21). The second term
accounts for the velocity dispersion of galaxies on non-linear scales o,, which is treated as

a free parameter in our model.

3.2.4 Integration bounds
We follow refs. [58, 60] to add an additional integral from kpyayx to 1.0h Mpc~! for the galaxy

auto-covariance matrix to account for the contribution to the galaxy auto-covariance matrix
beyond 0.2hMpc~!. This additional integral only acts as a nuisance parameter to increase the
value of the galaxy-galaxy auto-covariance matrix, so it does not require complex modelling
of the nonlinear power spectrum or the inclusion of redshift space distortions [59]. This
additional covariance matrix is given by
add __ (—1)p+q 2(p+q) (112 ¢#pyq,0 l
ng - Z 2p+qp|q'0g ZZ badd mm,l(Ta O)Hp,qa (329)
Pq " l

where the integration bound for £ is from kpax to 1.0h Mpc™' and b,qq is treated as a free
parameter in our model.

3.2.5 Final covariance matrix and data vector

After applying all the modifications to the covariance matrices outlined in the previous
sections, the final covariance matrix is given by

C C cerr + Cadd Cgrid
C— ( 99 gv) N < 99 299 —an | (3.30)
C'Ug C'UU C%g Cfm

Similarly, the data vector is

grid
S = (‘iﬂ) - (Sgrid> . (3.31)

3.3 Marginalisation over the zero-point correction

The distributions of galaxy density and log-distance ratio are generally assumed to be
Gaussian [58, 59]. However, one assumption of the fundamental plane and the Tully-Fisher
relation is that the mean velocity within the sample is zero. The DESI peculiar velocity
catalogue takes this into account by calibrating the peculiar velocity sample with Type Ia
supernovae [96]. This procedure is called the zero-point correction. Ref. [60] derived the
likelihood function after marginalising over the zero-point correction uncertainty

2
1 -1 (STC(m)ls—xg)

@) M) Noo,

P(S|m) =

(3.32)
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where N, = , /7C(m) 'x + ~ and N, = STC(m) 'a. Here, x has the same length as the
Yy

data vector; it is zero for the galaxy density data and one for the log-distance ratio. This is
because the zero-point correction does not affect the galaxy density. Lastly, the uncertainty
of the zero-point correction for the DESI peculiar velocity catalogue is o, = 0.005 [96].

3.4 Improving computational efficiency

Ref. [60] showed that with the SDSS peculiar velocity catalogue, directly calculating the
logarithmic likelihood could take around 60 seconds with a ~ 5000 x 5000 covariance matrix.
Consequently, it may take weeks for the chains to converge using Markov Chain Monte
Carlo (MCMC) algorithms. Ref. [60] circumvents this issue by approximating the likelihood
using a second-order Taylor expansion around 50 fiducial points evenly distributed across
the prior of fog, while fixing other nuisance parameters to their best-fit values. These best
fits are evaluated with the optimisation algorithm, which requires a much smaller number of
iterations than the MCMC. Furthermore, the Taylor expansion of the likelihood depends on
the score and Hessian matrix of the likelihood, whose dimensions are given by the number of
free parameters in the model. This speeds up MCMC by more than a factor of 10 and could
return the constraint on fog within a couple of hours. The Taylor expansion will also slightly
shift the mean of the posterior of fog and changes its uncertainty as shown in figure 8 of
ref. [60]. However, such changes are much less than the uncertainty of fog in ref. [60], so
it was dismissed. In contrast, DESI peculiar velocity catalogues and the BGS sample are
predicted to obtain a ~ 5% [83] constraint on fog, almost four times tighter than that from
ref. [60] (18.2%). Therefore, using the Taylor expansion could potentially introduce significant
systematics. We implemented several changes to improve the computational efficiency of
exact logarithmic-likelihood calculation.

We rewrote our code using JAX [97] in PYTHON, as JAX enables Just-In-Time (JIT) and
XLA (Accelerated Linear Algebra) compilers to significantly speed up numerical calculations,
particularly those involving linear algebra. We additionally sped up the likelihood calculation
by applying the Cholesky decomposition. During our test with the mock catalogue, we
found that the combination of JAX and Cholesky decomposition can reduce the likelihood
computation time for a ~ 11000 x 11000 covariance matrix to around 1 second per evaluation.
Lastly, we also replaced the MCMC sampling algorithm from EMCEE [98] to the Adaptive
Sampling Metropolis-Hastings algorithm [99] within NumpPYRO [100, 101]. We consider
the MCMC has converged if the Gelman-Rubin statistics of fog reaches |R — 1| < 0.01.
It takes around 40,000 iterations for the chain to converge so that the analysis can be
finished within a day.

4 Testing on the DESI DR1 mocks

In this section, we demonstrate the robustness of our theoretical model and fitting methodology
using the DESI DRI peculiar velocity mock catalogues, which are created based on a known
cosmological model. We also use these fits to quantify fiducial values for parameters not
varied in our data fitting, our systematic error budget, and the expected statistical error for
our data. A more rigorous test requires us to use the approximate Neyman construction in

— 14 —



ref. [102] to assess the consistency in the confidence interval of our constraints. However,
there are no peculiar velocity mocks available that are generated with a different cosmology,
so we will leave this for future work.

We have 675 different mocks, and MCMC is computationally expensive, so we decided
to find the best-fit fog of each mock through numerical optimisation with JAXopT [103]
and estimate the uncertainty with its Fisher matrix.® Compared to the MCMC, which
takes around 20 hours to finish analysing a combined dataset with both galaxy density
and peculiar velocity, the optimisation will only take around 15 minutes. To ensure the
optimisation returns robust results, we decided that the optimisation is successful if either the
first derivative (score function) is less than 0.01 for all free parameters or the relative change
in the best-fit parameters between two consecutive iterations is less than 1%. If neither
condition is met after 10 iterations, we deem the optimisation unsuccessful and exclude them
from our final result. Except for the Tully-Fisher mocks (~ 71% success rate due to the low
number of galaxies), which have much less constraining power, over 99% of optimisations
are successful. In this section, the “mean” (red dot in figure 5, 6, 7, and 8) is estimated by
taking the average of best-fit fog from JAXOPT with all the mocks, the “mean uncertainty”
(width of the red line is figure 5, 6, 7, and 8) is the mean of all mock uncertainties estimated
from the Fisher matrix, the “mock standard deviation” (black dashed line in figure 5, 6, 7,
and 8) is approximated as the standard deviation of fog from all mocks around the mock
mean,? and the “relative uncertainty” is the uncertainty estimated from the Fisher matrix
divided by the best-fit fog from JAXopT.!?

4.1 Free parameters

There are six different free parameters in our model: fog, oy, bog, baqaos, 0, and O'g.ll Of
these, only o, cannot be varied by simply rescaling a pre-computed version of the appropriate
part of the full covariance matrix model with the fiducial cosmological parameters [60].
Therefore, we need to compute the analytical covariance matrix for each MCMC iteration,
which is computationally expensive. To reduce the computational time, we fix o, and justify
the fiducial value based on our fits to the mocks. The change in fog due to the change of
o, will be included as the systematic uncertainty.

We assign flat priors for the remaining five free parameters based on previous works [55, 58—
60, 104]. The prior for the normalized linear growth rate is 0 < fog < 1, the prior for the
normalized galaxy bias is 0 < bog < 3, the prior for the nonlinear velocity dispersion is
1kms™! < o, < 2000kms~!, the prior for the additional galaxy bias is 0 < bygqos < 10 and
the prior for the finger-of-god damping term is 0h~'Mpc < 04 < 10h~'Mpec.

8Estimated as the negative of the Hessian matrix at the maximum likelihood. The analytical expression of
the Hessian matrix and the score function are provided in ref. [60].

9The mock standard deviation is the combination of the statistical uncertainty and the sample variance
since the best-fit fos is also affected by the statistical limitation of the method.

0The y-axis value of mock mean (red line) in figure 5, 6, 7, and 8 is calculated by dividing the mean
uncertainty of all mocks by their mean best-fit fos.

"Different from ref. [59], we do not treat kmax as a free parameter. This is because figure 4 demonstrates
that the damping function strongly suppresses the power spectrum on small scales. Therefore, changing kmax
does not significantly affect the covariance matrix and the constraint on fos as shown in ref. [60].
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Figure 5. The constraints on fog from 479 Tully-Fisher mocks with ¢, = 10h~!Mpc and grid size of
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with the fiducial fog indicated by the blue dashed line.

4.2

Results from testing the Tully-Fisher mocks

Figure 5 illustrates the constraints on fog from 479 Tully-Fisher mocks with o, = 10h~'Mpc
and grid size of 20h~'Mpc. Figure 5 illustrates that the mock mean fog = 0.484 is consistent
with the fiducial value fog = 0.462 indicated by the blue dashed line. Therefore, setting
o = 10h~'Mpc and grid size of 20h~'Mpc returns mean fog closest to the fiducial value.

The reduced chi-squared value for most constraints is around 0.9, indicating that the model is
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a good fit to the mock data. Therefore, the same grid size and o,, should be chosen when only
fitting the Tully-Fisher data. Additionally, the relative uncertainty decreases with increasing
fog. Since the uncertainty on the log-distance is similar, a mock with a higher fog will also
have a higher signal-to-noise, resulting in a lower relative uncertainty. Lastly, the standard
deviation (0.102) of the best-fit fog is lower than the mean uncertainty (0.155), indicating
we are not underestimating the uncertainty.?

4.3 Results from testing the Fundamental Plane mocks

Figure 6 illustrates the constraints on fog from 674 Fundamental Plane mocks with o, =
10h~'Mpc and grid size of 20h"*Mpc. The mock mean fog = 0.458 is consistent with the
fiducial value of fog = 0.462 indicated by the blue dashed line, so our configuration returns an
unbiased constraint on fog. Therefore, the same setting is applied to the Fundamental Plane
data. Different from figure 5, the mean uncertainty (0.064) is close to the standard deviation
(0.063) of the best-fit because the Fundamental Plane catalogue has many more galaxies
than the Tully-Fisher catalogue. Nonetheless, the mean uncertainty exceeds the standard
deviation, indicating that uncertainty is not underestimated. The relative uncertainty on fog
is also lower for mocks with higher best-fit fog because they have better signal-to-noise.

4.4 Results from testing the combined mocks
4.4.1 Only using log-distance ratio

Figure 7 illustrates the constraints on the growth rate of structure with the combined peculiar
velocity catalogue with o, = 10h~'Mpc. The mean fog = 0.462 is consistent with the
fiducial value since both the Tully-Fisher and Fundamental Plane mocks return unbiased
fos with o, = 10h"!Mpc. Similar to figure 6, the mean uncertainty (0.066) is close to
the standard deviation (0.065), indicating that the uncertainty is not underestimated. The
reduced chi-squared for all fits is close to 1, indicating that the model fits all mocks well.
The relative uncertainty of fog of the combined mocks is similar to that of the Fundamental
Plane mocks since over 90% of galaxies in the combined catalogue are the Fundamental Plane
galaxies. The analysis here is a preparation for the DR2 data release, which will contain more
Tully-Fisher galaxies, and they will play a more important role in the constraint in the future.

4.4.2 Combining log-distance ratio with galaxy overdensity

Figure 8 illustrates the constraints on fog from 675 mocks with o,, = 16h~'Mpc and grid size
of 20h~*Mpc using both galaxy overdensity and log-distance ratio. The best-fit o, is different
from that when using only the peculiar velocity catalogue because the cross-covariance
also depends on o,,. The mean fog (0.460) constraint is consistent with the fiducial value
indicated by the blue dashed line, and the reduced chi-squared is around one. Therefore,

12The difference between the standard deviation and the mean uncertainty here is likely because our
likelihood function is a combination of a Gaussian and a non-Gaussian part, arising from marginalising
over the zero-point correction. Since the Tully-Fisher catalogue contains fewer galaxies, the non-Gaussian
parts dominate. The Fisher matrix only provides symmetry uncertainty, so it could cause the discrepancy
here. A rigorous approach with MCMC is computationally expensive, and we do not provide constraints on
cosmological parameters with only the Tully-Fisher catalogue.
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ou (h~1Mpc) mean fog | mean uncertainty | standard deviation | grid size

15 0.442 0.035 (7.9%) 0.056 (12.7%) 20h~1Mpec

16 0.460 0.036 (7.8%) 0.066 (14.3%) 20h~!Mpc

17 0.478 0.038 (8.0%) 0.071 (14.9%) 20h~'Mpec

16 0.491 0.045 (9.2%) 0.064 (13.0%) 30h~1Mpec

16 (40 + TF redshift cut) 0.455 0.036 (7.9%) 0.059 (13.0%) 20h~'Mpc

Table 1. The mean fog from 675 combined Tully-Fisher and Fundamental Plane mocks with different
values of o, using both density and velocity fields. Only the statistical uncertainty is included here.
The uncertainty of fog is estimated with the Hessian matrix at the maximum likelihood. The mean
fog from o, = 16h~!Mpc is closest to the fiducial value (fog = 0.462). We also find that the
additional quality cuts applied to the data catalogue do not have a strong impact on the best-fit fog
in the mocks.

we decided to use the same setting when applying to the data catalogue. Different from
figure 5 and 6, the mean uncertainty of fog (0.036) when combining the galaxy overdensity
and peculiar velocity is lower than the standard deviation of fog (0.066). There are two
possible reasons for this discrepancy. Firstly, the reduced chi-squared for all mocks is close to
one, indicating the method is not underestimating the statistical uncertainty. Therefore, the
covariance matrix is probably underestimating the sample variance. This is possibly because
the gridding kernel significantly reduces the power spectrum and, consequently, the covariance
matrix’s amplitude (see figure 4). The gridding does not bias the statistical uncertainty, as
indicated by the reduced chi-squared value, since our data vector is also gridded. However,
the gridding will remove all small-scale information below 20h~'Mpc, but the true sample
variance includes fluctuations on all scales, not just those larger than the gridding scale.
Therefore, the mean uncertainty will be smaller than the standard deviation. Furthermore,
equation (3.4) is a Fourier transform, so it should be integrated from zero to infinity, not kmin
to kmax. However, we don’t have a power-spectrum model for extreme nonlinear scales. This
could potentially underestimate the uncertainty. Secondly, we do not expect all mocks to have
the same o,. Therefore, if we let o, free, the standard deviation will possibly reduce while
the mean uncertainty increases. This will help to reconcile the discrepancy. However, it is not
computationally possible to free o,, with the current method. We decide to follow ref. [105] to
rescale the uncertainty when fitting the data by the ratio of the standard deviation (0.059) and
the mean uncertainty (0.036) with the fiducial choices of oy, and grid size after the redshift and
40 outlier cut. One may notice that after rescaling the uncertainty, the multi-tracer approach
yields a similar uncertainty as that with only the peculiar velocity. However, we stress that
with only peculiar velocity, fog is very degenerate with o, as shown in figure 10 of ref. [106],
so it will have a much larger systematic uncertainty. On the other hand, the galaxy data does
not depend on ¢, and could potentially help to break the degeneracy. Additionally, rescaling
the uncertainty this way is a conservative approach and may overestimate it. Therefore, if we
take o, into account, the multi-tracer approach will still give a smaller uncertainty.
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Table 1 presents the mean fog from 675 mocks with different values of o,,. We cut out all
grids with galaxy overdensity d, > 10 because our model is based on the quasi-linear theory,
and larger §, significantly worsens the reduced chi-squared of our fits. Fixing o,, = 16h~'Mpc
provides the mean fog closest to the fiducial value of 0.462. Additionally, we find that
increasing the grid size slightly increases fog, which remains consistent with the fiducial value.
However, the relative uncertainty is worse for a larger grid size because more small-scale
information is removed.'® Therefore, we decide to use 20h~'Mpc grid size when fitting the
data to obtain a tighter unbiased constraint on fog.

In this work and the companion papers [78, 79], we remove Tully-Fisher galaxies beyond
the redshift of 0.05 since there are inconsistencies between the constraints on the growth
rate with the Tully-Fisher catalogue and the Fundamental Plane catalogue (see appendix B
for more detail), possibly due to unknown systematics. Additionally, we apply a 40 cut on
the log-distance ratio to remove outliers introduced by systematics. We reran the mocks
with these two additional cuts and found that it has little impact on the mean fog and
its uncertainty in the mocks.

Now we have the best-fit o, the systematic uncertainty due to fixing o, is estimated
with the finite difference method [59, 60]

_ Ofos _ fog(ou+ds,) — fos(ow — 65,)

~ — 0.018. 41
70u = 9oy, 204, (41)

This will be added to the statistical uncertainty in quadrature to give the final uncertainty on
fos. The mean relative uncertainty and the standard deviation are roughly constant when
choosing different values of o, as expected, consistent with ref. [60].

5 Data fitting and discussion

Before applying our method to the data, we want to ensure that the mocks accurately replicate
the distribution of the log-distance ratio in the data. Figure 9 illustrates the probability
density distribution of log-distance ratio in the mocks and data after applying the 4o cut to
remove the outliers.'* After this cut, the final number of galaxies in the DESI DR1 peculiar
velocity sample is 76616'° with an effective redshift of z.gz = 0.07.

In section 4, we show that changing fitting choices such as grid size and 4o cut modify
the constraint on fog less than its uncertainty in the mocks. In appendix B, we demonstrate
that the same is true for the data catalogue. Therefore, in this section, we will constrain fog

13We could not use a smaller grid size than 20h~'Mpc because firstly, the MCMC analysis will become
extremely slow since a smaller grid size will increase the dimension of the covariance matrix and the data
vector. Secondly, a smaller grid size will also demand more memory to run the analysis. For 20h™*Mpc grid
size, it takes around 1 second per MCMC iteration and 140 Gb of memory.

“Theoretically, the log-distance ratio should be Gaussian distributed. Based on our sample size, there
should be around ~ 10 peculiar velocity measurements that are more than 40 from the median. However,
we remove on the order of 100 galaxies after applying the 40 cut. This indicates that most of the removed
galaxies are statistical outliers.

51n the companion paper, ref. [79], their final sample has 76615 galaxies. This is because they applied the
40 cut to the Fundamental Plane and Tully-Fisher catalogue separately. However, we do not expect the extra
galaxy to have a significant impact on our constraint and conclusion in this work.
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and the data (solid blue). We combine log-distance ratio measurements in all 675 mocks and then
normalise both the mocks and data to generate this plot. It shows that the distribution of log-distance
ratio in the mocks is consistent with the data.

with our fiducial fitting choices. Figure 10 illustrates the statistical constraints with the BGS
galaxy, Fundamental Plane, and Tully-Fisher peculiar velocity catalogue. We apply a galaxy
overdensity cut 5§“t = 10 to remove grids that our quasi-linear theory cannot accurately
model. In appendix B, we demonstrate that these cuts do not impact the constraints. Our
constraint is fog = 0.48370 050 (stat) + 0.018(sys). The relative statistical uncertainty on fosg
is 7.8%, consistent with the relative mean uncertainty from the mocks in table 1. However,
during the mock test, we noticed that the mean uncertainty is lower than the standard
deviation. To fully account for the sample variance, we inflate the error bar by % ~ 1.64.16
After inflating the uncertainty, the final constraint is fog = 0.483J_r8:8§1§(stat) + 0.018(sys).
The relative uncertainty increases to 13% after including the systematic uncertainty. It is
about 30% tighter than the constraint from the SDSS peculiar velocity catalogue [60] because
the DESI sample contains more galaxy overdensity and log-distance ratio measurements. The
fog mean of the posterior is higher than the prediction from GR with the Planck ACDM
cosmology (fos = 0.449), indicated by the black dashed line. However, after accounting for
the systematic uncertainty of fixing o, our constraint is consistent with the GR prediction at
around 1o level. Our constraint on o, is consistent with the values in ref. [43] from simulations.
Similar to ref. [60], o4 is strongly degenerate with b,qqos since both changes the amplitude
of the covariance matrix. We will leave for future work to investigate whether it will be
possible to eliminate the byqqos parameter with a better small-scale modelling of the power
spectrum. The constraint on fog is also consistent with the momentum power spectrum and

160.059 is the mock standard deviation, and 0.036 is the mock mean uncertainty in table 1. This will rescale
the under-estimated uncertainty to be consistent with the mock standard deviation.
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Figure 10. The constraints on fog with the BGS galaxy, Fundamental Plane, and Tully-Fisher
peculiar velocity catalogues. The uncertainty in fog here does not include the systematic uncertainty.
We follow the companion papers [78, 79] and exclude all Tully-Fisher log-distance ratio measurements
beyond a redshift of 0.05. Additionally, we apply a galaxy overdensity cut, 5;‘“ = 10, to remove grids
that our quasi-linear theory cannot accurately model, and a cut on the log-distance outliers, o.,t = 4.
Our constraint on fog is slightly higher than the GR prediction (indicated by the black dashed line,
fos = 0.444) at around a 1.30 level. After accounting for the systematic uncertainty of fixing o, the
discrepancy is reduced to around 1o level.
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Figure 11. Growth rate of structure measurements across different redshifts. The three measurements
from DESI are shown by the green circle (momentum power spectrum), the yellow square (maximum
likelihood fields method, this work), and the blue pentagon (velocity correlation function). The red
diamond shows the combined constraint. All four measurements have the same effective redshift but
are offset slightly to differentiate them. The blue band shows the GR prediction with the Planck
ACDM cosmology. The red and green bands show the predictions from DGP and f(R) gravity
models [25] within the Planck cosmology, respectively. Lastly, the orange band indicates the best-fit
~ by combining the combined constraint from peculiar velocity (red diamond) with the ShapeF'it
constraints on fog in higher redshifts (blue stars) [107]. The purple triangles at low redshift correspond
to previous measurements using the maximum likelihood fields method [55, 57, 59, 60].

the velocity correlation function approaches in the companion papers [78, 79]. However, o,
is around 3¢ higher than previous constraints, which are usually around 300kms~! [57-60].
This result is consistent with best-fits from the Fundamental Plane mocks, which are around
~ 1000kms™!, so this is not likely to be due to systematics in the data catalogue. There are
two possible reasons behind the high o, value. Firstly, we are using a 20h~'Mpc grid size, the
minimum scale that can be probed with this grid size is approximately k& ~ 27” ~ 0.3hMpc~t,
the quasi-linear theory here breaks down on such small scale. Since o, is the only nonlinear
velocity parameter, it not only accounts for the nonlinear dispersion, but also other nonlinear
effects that are not taken into account by our model here. Secondly, figure 4 demonstrates
that the grid correction function is still around 0.2 beyond k = 0.20hMpc ! with a 20h~"Mpc
grid size. There is still a contribution from smaller scales to the covariance matrix. For the
galaxy auto-covariance matrix, the b,qqos parameter accounts for these contributions, but
for the velocity auto-covariance matrix, the only term that is added to it is oy, so a higher
o, also accounts for the contribution to the covariance matrix on smaller scales. Nonetheless,
the reduced chi-squared of our fit is around 1.011 with 10,716 degrees of freedom, indicating
our model is a good fit for the data.

5.1 Comparison with other DESI PV measurements

Besides the maximum likelihood fields method, DESI also use the velocity correlation function
and momentum power spectrum to measure the growth rate of structure. The velocity
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correlation function companion paper [79] shows that the constraint is fog = 0.40215075

and the momentum power spectrum companion paper [78] shows that the constraint is
fos = 0.44370:310. All three measurements are consistent within 1o with each other and also
consistent with the Planck+ACDM prediction. Figure 11 summarises the measurements from
the DESI DR1 peculiar velocity catalogue and other previous constraints on the growth rate
of structure with the maximum likelihood fields method [55, 57, 59, 60] and DESI ShapeF'it
constraints on fog from higher redshifts [107]. The best-fit growth index is consistent with
the GR prediction and the Planck ACDM cosmology within the uncertainty. Furthermore,
figure 11 in ref. [78] illustrates that combining DESI with other datasets at low redshift
could significantly improve the constraint on the growth index, potentially reaching a similar
relative uncertainty as Planck.

Despite consistent fog constraints from all three methods, the correlation function and
the power spectrum have around 30% larger relative uncertainty of fog than that from
the maximum likelihood fields method. To understand this difference, we first compare
the constraints on the growth rate from these three approaches with the mocks. The mean
relative uncertainty for the maximum likelihood method is 13% (after including the systematic
uncertainty and inflating the statistical uncertainty to be equal to the systematic uncertainty),
11% for the momentum power spectrum (figure 6 in the companion momentum power
spectrum paper [78]), and 16% for the correlation function (figure 6 in the companion velocity
correlation function paper [79]). The maximum likelihood method is roughly consistent
with the momentum power spectrum when fitting the mocks, while the correlation function
has a slightly higher relative uncertainty. Both the maximum likelihood method and the
momentum power spectrum probes to ~ 0.3hMpc~!. The fitting range for the correlation
function is 24k~ *Mpc — 120h~'Mpc. Using the k ~ 27” approximation, this corresponds to
0.05h~*Mpc —0.26"'Mpc. Both the momentum power spectrum and the maximum likelihood
fields method probe larger scales than the correlation function. Since the velocity field signal
is mostly on large scales, both the momentum power spectrum and the maximum-likelihood
fields method yield tighter constraints on fog than the velocity correlation function. Figure 7
in the companion velocity correlation function paper [79] also demonstrates that the relative
uncertainty from the correlation function approach will reduce when including larger scales.

However, when fitting to the data, we only fit the momentum power spectrum up to
kmax = 0.1hMpc ™! [78]. While the velocity signal is mainly on large scales, it seems like small-
scale information is vital for the momentum power spectrum method to break the degeneracy
between two nonlinear velocity dispersion parameters with fog (figure 5 and figure 9 in the
momentum power spectrum companion paper [78]). These constraints on these nonlinear
dispersion parameters are weaker because of lower kp.x, so the fog constraint is also wider.
On the other hand, both figure 8 in this work and figure 5 in the velocity correlation function
companion paper [79] demonstrate that the relative uncertainty is inversely proportional
to the best-fit fog due to higher signal-to-noise for higher fog. The best-fit fog for the
correlation function is lower for the data than the mocks, so its relative uncertainty also
increases slightly from 16% to 19%. In contrast, the best-fit fog from the maximum likelihood
method is roughly the same between the data and the mocks, keeping the relative uncertainty
at around 13%. Consequently, the growth rate of structure constraint from the maximum
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likelihood fields method is approximately 30% tighter than that from the velocity correlation
function or the momentum power spectrum.

Since the three methods are not in statistical tension with each other, we produce a
combined constraint on fog with the approach in ref. [108]. We compute the correlation
between different methods with our growth rate constraints from the same mocks. We refer
readers to the velocity correlation function companion paper [79] for a detailed discussion of
the process of combining the three measurements by applying the method in ref. [108]. The
final consensus constraint on the growth rate of structure is fog(zeg = 0.07) = 0.450 £ 0.055,
consistent with GR, prediction with Planck ACDM cosmology within 1o. Combining with
the high redshift growth rate of structure measurements from DESI ShapeF'it, we find the
growth index is v = 0.58 £ 0.11 [78]. We refer the readers to the momentum power spectrum
companion paper [78] for more details on constraining -.

6 Conclusion

We present constraints on the growth rate of structure by combining the DESI DR1 BGS
sample, the Fundamental Plane, and the Tully-Fisher peculiar velocity catalogue using the
maximum likelihood fields method. The combined DESI DR1 peculiar velocity catalogue
contains approximately ten times as many galaxies and two times as many log-distance ratio
measurements as the largest existing single peculiar velocity catalogue, the SDSS peculiar
velocity catalogue. To speed up the analysis, we rewrite the code with JAX. This means
we no longer need to approximate the likelihood function using its second-order Taylor
expansion [60], thereby improving the accuracy of our constraints. Our tests on the mock
catalogues demonstrate that our model can return unbiased constraints on the growth rate
of structure. We find that increasing the grid size does not affect the constraint on fog
with the log-distance ratio, consistent with ref. [57], because peculiar velocities are most
sensitive to large scales. However, increasing the grid size removes the small-scale information
and significantly weakens the constraint on fog when using only galaxy overdensity. After
accounting for the systematic bias of fixing o, = 16h~'Mpc, removing outliers from the
data catalogue, and inflating the uncertainty to match the spread of fog in the mocks, our
constraint is fog = 0.48370:039(stat) 4 0.018(sys) with a 20h~'Mpc grid size, consistent
with the GR prediction at around 1o level. The reduced chi-squared value is approximately
1.011, indicating that our model is a good fit to the data catalogue. Our measurement is
around 30% tighter than that from the SDSS peculiar velocity catalogue. In companion
papers [78, 79], we present complementary results using the same data but with different
analysis methods: the velocity correlation function and the momentum power spectrum. We
find all three measurements are consistent with each other within 1o. After combining the three
measurements, our consensus constraint on the growth rate is fog(zeg = 0.07) = 0.45040.055,
consistent with the GR prediction with the Planck ACDM cosmology (0.449) with 1o. Lastly,
using the combined constraint on the growth rate and ShapeFit constraints on the growth
rate from DESI at higher redshifts, ref. [78] demonstrate that the constraint on the growth
index from DESI alone is v = 0.58 &+ 0.11.

The systematic uncertainty of fixing the nonlinear RSD damping parameters o,, is around
30% of the statistical uncertainty. However, future DESI data releases will provide additional
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Figure 12. Left: matter auto-power spectrum, matter-velocity divergence cross-power spectrum, and
the velocity divergence auto-power spectrum from SPT and RPT. Right: the fractional difference
between the RPT and SPT power spectra. At large scales, both models return consistent power
spectra because they reduce to linear perturbation theory. The difference between the two models
reaches ~ 20% for the velocity divergence auto-power spectrum, ~ 10% for the matter auto-power
spectrum, and ~ 5% for the cross-power spectrum.

galaxy and peculiar velocity measurements, and the systematic uncertainty could potentially
exceed the statistical uncertainty. To remove the systematic uncertainty, we need to pre-
compute covariance matrices with different o, values and use the linear interpolation during
the MCMC. However, since the covariance matrices are large, fixing o, already requires around
~ 140 GB of memory to perform the analysis. This is not currently feasible with a 20h~'Mpc
grid size. Increasing the grid size could reduce the memory required for the analysis, but it
will also weaken the constraint on fog. However, lossless data compression techniques such as
MOPED!" [109-113] could massively reduce the dimension of the covariance matrix and data
without weakening the constraints. Future research could focus on applying data compression
to the maximum likelihood fields method to reduce the dimension of the covariance matrices,
thereby allowing us to include o, as a free parameter and properly treat this contaminant.

A Comparing fog constraints with SPT and RPT

In this work, we generate power spectra from SPT (Standard Perturbation Theory) rather
than RPT (Renormalised Perturbation Theory), ensuring that all three pipelines share a
consistent theoretical basis. In this section, we compare the power spectra from SPT and
RPT with the baseline ACDM cosmology from ABACUSSUMMIT.

Figure 12 compares power spectra from SPT and RFT. At large scales (< 0.052Mpc™1),
both models produce consistent power spectra since they both reduce to the linear perturbation
theory on large scales. At small scales, the differences between the two models reach ~ 20%
for the velocity divergence auto-power spectrum, ~ 10% for the matter auto-power spectrum,
and ~ 5% for the cross-power spectrum. This is because while SPT continues treating the
small-scale perturbation perturbatively, while RPT introduces a nonlinear propagator to

1"Massively Optimised Parameter Estimation and Data compression.
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Figure 13. Constraints on free parameters with the SPT power spectra and the RPT power spectra
for mock 0. We set 5;“ =10, Ocus = 4, 0y = 16R~'Mpc, 20h~'Mpc grid size, and no redshift cut.
Both models give consistent constraints on fog. The differences between the two models shown in
figure 12 are mitigated by the nuisance parameters.

suppress the fluctuation on small scales [89]. Figure 13 illustrates that both SPT and RPT
approaches return the same constraint on fog for mock 0. The nuisance parameters mitigate
the differences between the two models on small scales.

B The effect of fitting choices on the fog constraint

Table 2 presents the constraint on fog with the Tully-Fisher data catalogue with only
the log-distance ratio. Despite the reduced chi-squared indicating that our method is a
good fit to the data, using the full Tully-Fisher sample yields fog constraints that are
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Data fos Reduced x? | dof | grid size | oy | ocut | Zeut
TF | 0.85%51] 1.08 1653 20 10 | 3 | None
TF | 0.92709% 1.10 1657 20 10| 4 | None
TF | 0.76%5%5 1.08 1653 20 0 | 3 | None
TF | 0.79700s 1.08 829 30 10| 3 | None
TF | 0.647033 1.05 446 20 10| 3 | 005
TF | 0.6070739 1.08 447 20 10| 4 | 005
TF | 0.62701% 1.06 446 20 0] 3 | 005
TF | 0.51%0% 1.06 208 30 10| 3 | 005

Table 2. Constraints on fog with the Tully-Fisher catalogue with only the log-distance ratio. The full
Tully-Fisher sample produces significantly higher fog than that from the Fundamental Plane catalogue
in table 3. Reducing o, and applying a 30 cut to the data will slightly reduce fog, but these changes
are much smaller than the uncertainty. This result is consistent with the companion papers [78, 79],
which also find the constraint on growth rate from the Tully-Fisher catalogue inconsistent with that
from the Fundamental Plane catalogue. The underlying cause of the inconsistency is unknown, so we
follow our companion papers [78, 79] to remove all Tully-Fisher log-distance ratios beyond the redshift
of 0.05 to obtain a conservative constraint on fog. This reduces fog, and the resultant measurement
is consistent with the constraints from the Fundamental Plane catalogue within 1o, independent of
grid size, o, and ocyt-

significantly higher than those from the Fundamental Plane catalogue in table 3. This result
is consistent with the constraints from the velocity correlation function approach in the
companion papers [79], which find excess correlation between peculiar velocity measurements
from the Tully-Fisher catalogue beyond the redshift of 0.05 compared to the Fundamental

Plane catalogue. Increasing the grid size and applying a 3o cut'®

or reducing o, can slightly
reduce the mean fog, but the changes are much smaller than the uncertainty. To reach such
a high value of fog at low redshift, either og is two times higher than the measurements
from weak lensing [5] and Planck [1] or the growth index 7 ~ 0.05, much stronger than other
constraints on v and theoretical predictions for gravity, including modified gravity models.
The source of this inconsistency is unknown, but this is the first time the Tully-Fisher relation
has been used to measure peculiar velocity beyond the redshift of 0.05. This could be caused
by previously unknown systematics at high redshift. Therefore, we decided to remove all
log-distance ratio measurements beyond redshift 0.05 from the Tully-Fisher catalogue to
obtain a conservative constraint on fog. This reduces the fog constraint from the Tully-Fisher
catalogue to be consistent with that from the Fundamental Plane catalogue within 1¢. This
result is also independent of the grid size, ocyt, and o,. We will investigate this systematics
in the Tully-Fisher catalogues in more detail in the future.

A 30 cut is likely more appropriate for the Tully-Fisher catalogue, since it contains only 6806 galaxies,
less than one-tenth of the combined catalogue. A 4o cut is not enough to cut out all outliers since the number
of galaxies is low.
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Data fos Reduced x? | dof | grid size | oy | Ocut | Zeut
FP | 0.510109%¢ 1.00 4779 20 10| 4 | None
FP | 0.520700%] 0.97 4775 20 10 | 3 | None
FP | 0.520100% 1.00 4779 20 0 | 4 | None
FP | 0.51240957 1.05 1784 30 10| 4 | None

Table 3. Constraints on fog with the Fundamental Plane catalogue with only the log-distance ratio.
Increasing grid size, reducing o, and applying a 30 cut can sightly reduce fog, consistent with table 2.
However, these reductions in fog are small when compared to the uncertainty of the measurement.
Our constraints on fog are generally consistent with the mock mean and the GR prediction within 1o.

Data fos Reduced x? | dof | grid size | oy | ocut Zeut
TF + FP | 0.55970.032 0.99 4798 | 20 10| 4 None
TF + FP | 0.50115:9%7 0.97 4798 20 10| 3 None
TF + FP | 0.53070:058 1.00 4811 20 0| 4 None
TF + FP | 0.53315:0:5 1.06 1786 30 10| 4 None
TF + FP | 0.53210:041 1.00 4787 | 20 10 | 4 |0.05TF cut
TF + FP | 0.51475:087 0.97 4785 20 10| 3 |0.05TF cut
TF + FP | 0.493%0574 1.00 4787 20 0| 4 |0.05TF cut
TF + FP | 0.513%0:942 1.06 1784 | 30 10 | 4 |0.05TF cut

Table 4. Constraints on fog with the combined catalogue with only the log-distance ratio. Our
constraints are consistent with the results from the Fundamental Plane catalogue, since over 90% of
the galaxies in the combined catalogue are Fundamental Plane galaxies. Applying the redshift cut on
the Tully-Fisher catalogue slightly reduces fog since table 2 demonstrates that the full Tully-Fisher
catalogue prefers a higher fog value. Nonetheless, our constraint from the redshift cut is consistent
with that without the redshift cut, albeit with slightly larger uncertainty. Similar to table 2 and 3,
changing o, ocut, and grid size will modify fog mean of posterior. However, these changes are
generally smaller than the uncertainty.

We then apply our pipeline to the Fundamental Plane catalogue, and the results are
shown in table 3. Our constraints are consistent with the mock mean and the prediction
from GR within 1o independent of o,, grid size, and o¢y. Although changing oy, ocut,
and grid size also change the fog mean of the posterior, these changes are small compared
to the uncertainty. Similar to the Tully-Fisher catalogue, the reduced chi-squared of our
constraints from the Fundamental Plane catalogue is also close to one, indicating our model
is a good fit to the data.

Next, we apply our method to the combined data catalogue and the results are summarised
in table 4. The constraints are consistent with the table 3 since the majority of galaxies in the
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Data fos Reduced x? | dof | grid size 5;‘“3 Zeut

BGS | 0.521700% 1.024 5929 20 10 | None

Table 5. Constraints on fog with only the BGS clustering catalogue. We only show the constraint
on fog with the 20h~'Mpc grid size because fog for the 30h~'Mpc grid size is poorly constrained
due to degeneracy between different parameters after removing the small scales information.

Data fos Reduced x? dof grid size | oy | Ocut 52‘“ Zeut

all | 0.500%5 050 1.012 10729 20 16| 4 | 10 None

all | 0.485700% 1.009 3760 30 16

2 None

4
all | 0.48370058 1.011 10716 | 20 |16 | 4 | 10 | 0.05 TF cut
all | 0.45375-038 0.986 3755 30 16 | 4

2 0.05 TF cut

Table 6. Constraints on fog by combining the Tully-Fisher and Fundamental Plane peculiar velocity
catalogues and the BGS galaxy catalogue. Only the statistical uncertainty is included here. The
30h~!Mpc grid size provides a weaker constraint because removing the small-scale information weakens
the constraints from galaxy overdensity. The last row in bold highlights our fiducial constraint on fog
using the maximum likelihood fields method.

combined catalogue are Fundamental Plane galaxies. Similarly, applying the redshift cut on
the Tully-Fisher catalogue only slightly reduces fog. Similar to table 2 and 3, changing o,
Ocut, and grid size will modify fog mean of posterior. However, these changes are generally
smaller than the uncertainty. Tables 2, 3, and 4 all demonstrate that increasing grid size has
little impact on the uncertainty on fog. For the maximum likelihood fields method, changing
the grid size is similar to changing ky.x in the momentum power spectrum or sy, in the
velocity correlation function approaches because any information smaller than the grid size is
removed. The linear theory shows that the peculiar velocity in Fourier space is proportional
to %, so it is most sensitive to large scales. Therefore, removing small-scale information
does not massively reduce the constraining power of peculiar velocity. However, this is not
the case for the galaxy overdensity. Using a 30h~'Mpc grid size, fog is unconstrained if
only the galaxy overdensity data is used because the small-scale information helps to break
the degeneracy between fog and nuisance parameters. Therefore, we only show the fog
constraint with the BGS sample using the 20h~'Mpc grid size. We also apply a galaxy
overdensity cut, 5;“t = 10, since our model fails at highly nonlinear scales [60], and a higher
overdensity cut will significantly increase the reduced chi-squared. This removes only 6 out of
~ 6000 grids, so it does not significantly affect the constraint on fog. However, it massively
improves the reduced chi-squared. The constraint on fog from the BGS density sample is
consistent with the ones from the combined peculiar velocity catalogue. This allows us to
combine the two data sets since there is no tension between them.

Table 6 presents the constraint on fog after combining the Tully-Fisher and Fundamental
Plane peculiar velocity catalogue and the BGS density catalogue. With 30~ Mpc grid size,
adding the peculiar velocity catalogue helps to break the parameter degeneracies so that we
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can obtain a constraint on fog. We also apply a galaxy overdensity cut 6;‘“ = 2 when using
30h~'Mpc grid size. The universe is more homogeneous on larger scales, so a lower galaxy
overdensity cut is required to remove the outliers. This removes 41 out of 2023 grids, which
is around 2% of the total number of grids. Therefore, this will have minimal effect on the
dataset’s constraining power while reducing the analysis’s systematics. We decided to use
20h~'Mpc grid size, which provides a tighter constraint on fog due to extra information
from the small-scale galaxy overdensity data. However, the constraints on fog are consistent
for the two different grid sizes, so the choice of grid size will not change the conclusion of
this work. Furthermore, the constraint on fog without cutting the high-redshift Tully-Fisher
galaxies is also consistent with the one obtained with the redshift cut, since it removes less
than 5% (3872 out of 80628) of all galaxies. Therefore, the decision to exclude Tully-Fisher
galaxies at higher redshifts will not change the conclusion here.
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