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ABSTRACT: We present a frequentist analysis of clustering measurements from Data Release
1 of the Dark Energy Spectroscopic Instrument (DESI) using the standard profile likelihood
method. While Bayesian inferences for effective field theory models of galaxy clustering can
be highly sensitive to prior choices for extended cosmological models, frequentist inferences
are not susceptible to such effects. We compare frequentist and Bayesian constraints for
the parameter set {og, Hp, Qm, wo, w, } using the full-shape power spectrum multipoles, post-
reconstruction baryon acoustic oscillation (BAO) measurements, and external datasets from
the CMB and type Ia supernovae measurements. The frequentist confidence intervals are
significantly shifted relative to the Bayesian credible intervals for the wyw,CDM model,
unless supernovae data are included. When DESI full-shape and BAO data are fit jointly,
we obtain the following lo frequentist confidence intervals for ACDM (wyw,CDM): o5 =
0.86370015, Ho = 68.96708 km s~ 'Mpc™, Qy, = 0.3034 4 0.0110 (0 = 0.78273550 Hy =
63.7752 km s™'Mpc!, Q= 0.37870031 wo = —0.167035, w, = —3.0717), corresponding
to 0.80, 0.30, 0.70 (2.10, 4.10, 6.50, 6.30, 6.60) shifts between the maximum likelihood
estimate and the Bayesian posterior mean for ACDM (wow,CDM) respectively.
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1 Introduction

Large-scale structure (LSS) observations are a pillar of modern cosmology, providing key
insights about the universe’s origin and evolution. This wealth of information is often derived
from the three-dimensional spatial clustering of galaxies, with their distribution in comoving
space inferred from redshifts and angular positions. Encoded within clustering measurements
is the baryon acoustic oscillation (BAO) feature, which serves as a robust standard ruler
for measuring cosmic expansion. Additionally, modeling the full shape of the clustering
signal encodes details about the growth of structure and the amplitude and shape of the
primordial power spectrum.

Previous-generation surveys, including the Baryon Oscillation Spectroscopic Survey
(BOSS) [1] and its extension eBOSS [2], have significantly advanced our understanding
of cosmic expansion and structure growth. New-generation surveys are now realizing a
significant increase in the quantity of available data. Among these projects is the Dark Energy
Spectroscopic Instrument (DESI) [3-8], the first Stage-IV galaxy survey in operation. It is
conducting a five-year spectroscopic program over 14,200 square degrees of the sky, measuring
redshifts for more than 50 million galaxies and quasars. DESI uses five distinct tracers — the
Bright Galaxy Sample (BGS), Luminous Red Galaxies (LRG), Emission Line Galaxies (ELG),
Quasars (QSO), and the Lyman-a (Lya) forest — to cover a broad redshift range of 0 < z < 4.
The first data release (DESI DR1) [9] included spectra from one year of observations, and
the resulting science [10, 11] has provided interesting constraints on cosmological models.

The existing analyses conducted by DESI [10-12] have largely focused on inference
within the Bayesian statistical framework. In this approach, the posterior distribution —
the probability density for the parameters conditioned on the observed data — is obtained
by multiplying the likelihood function by the prior distribution and normalizing the result
according to Bayes’ theorem. The likelihood describes the probability of observing the



data given fixed parameters, while the prior is a probability density over parameter space
encapsulating existing knowledge or assumptions. Uniform priors are often considered “non-
informative” on the grounds that they do not explicitly favor specific parameter values.
However, this characterization is misleading, since priors are probability densities; a prior that
has a uniform distribution in one parameterization generally transforms (via the Jacobian)
to a distribution that is non-uniform under a nonlinear change of variables [13]. Priors with
uniform distributions in different parameter bases assign different probabilities to the same set
of physical models. In the absence of a clear theoretical or physical motivation for selecting a
preferred parameterization, the coordinate dependence associated with adopting uniform priors
is arbitrary and can exert undue influence on the resulting parameter inference. The Jeffreys
prior [14] is a commonly used alternative because it defines a coordinate-independent rule for
prior selection, based on Fisher information, that ensures equivalent prior weightings when
independently constructed in different parameterizations. Previous studies such as [15, 16]
have separated the impact of priors into two categories: prior weight effects (PWE) and prior
volume “projection” effects (PVE). PWE arise when the prior is not well aligned with the
likelihood, leading to shifts of the maximum a posteriori (MAP) parameters relative to the
maximum likelihood estimate (MLE) parameters in a given parameter basis. PVE occur when
large regions of prior-supported but low-likelihood nuisance parameter space dominate the
projection of the posterior onto lower-dimensional parameter subspaces, causing the resulting
marginal posterior to shift significantly away from the MAP. However, this distinction is
itself parameterization-dependent because, unlike the MLE, the MAP is not invariant under
reparameterization. Thus, a shift between the marginal posterior and the MLE reflects a
combination of PWE and PVE that is challenging to disentangle and non-trivial to interpret.
Consequently, we will refer to both contributions collectively as prior effects. At the same
time, priors are necessary and can be beneficial when they are physically well motivated
(e.g. HOD-informed priors [17-20]).

These prior effects have been studied in previous full-shape (FS) analyses of galaxy
clustering data [15, 16] and have been under scrutiny — particularly for extended cosmological
models — in recent DEST analyses [11, 21]. In FS analyses, the complete clustering signal is
fitted using perturbation theory (PT)-based models [22] and augmented by an effective field
theory (EFT) approach to capture small-scale effects [23-31]. However, this approach also
introduces a large number of nuisance parameters that must be marginalized over. Many
of these parameters are only weakly constrained by the data and are highly degenerate
with cosmological parameters, making the inference susceptible to the prior effects discussed
above [16, 32, 33]. Several approaches have been studied to mitigate these issues within
the Bayesian framework, including introducing physically motivated priors based on the
galaxy-halo connection [17-20], developing different integration measures [34], employing
non-linear reparameterizations to decorrelate the nuisance parameters and the cosmological
parameters [35, 36], and applying the Jeffreys prior [37-39]. Another option is to derive
cosmological constraints within the frequentist framework [16, 40].

The Bayesian interpretation of uncertainty characterizes knowledge in terms of degrees of
belief, constructing credible intervals from the posterior probability distribution, which com-
bines prior information with observed data. In contrast, the frequentist interpretation regards



uncertainty as arising from the long-term frequency of events, treating model parameters as
fixed but unknown quantities. Frequentist methods construct confidence intervals such that,
under repeated experimentation, a specified proportion of these intervals contain the true
parameter value, a property known as coverage. This approach is inherently parameterization-
invariant and relies solely on observed data without incorporating prior beliefs, thereby
sidestepping prior effects altogether. Neither Bayesian nor frequentist methodologies are
objectively superior; rather, they address fundamentally different inferential questions. Em-
ploying both paradigms concurrently, as done in this analysis, can yield a deeper and more
nuanced interpretation of scientific results.

Frequentist methods for parameter estimation and interval construction have a rigorous
foundation in classical statistical inference, prominently formalized by Neyman [41], who
defined confidence intervals using the likelihood at the observed data across a range of models.
A further improvement to the methodology was introduced by Feldman & Cousins [42], which
resolved issues inherent in naive confidence interval constructions, particularly in boundary
cases or parameter regions near physical limits. Feldman-Cousins intervals systematically
handle both two-sided and one-sided intervals, providing a unified procedure that maintains
correct coverage probability. Another powerful technique is the profile likelihood method,
which approximates the Neyman and Feldman-Cousins approaches in certain limits but is
more tractable in practice when many nuisance parameters and multidimensional data are
present. This method constructs intervals by profiling the likelihood function over nuisance
parameters and directly relating intervals to variations in the likelihood. The profile likelihood
method benefits significantly from Wilks’ theorem [43], which establishes that, under regularity
conditions, the distribution of twice the log-likelihood ratio asymptotically follows a chi-
squared distribution. This connection simplifies interval estimation and hypothesis testing
in frequentist analyses, enabling the robust and straightforward construction of confidence
intervals. A recent cosmology-focused review of frequentist methods is given in [44].

Our paper is organized as follows. In section 2, we discuss the data and modeling used
in our analysis. In section 3, we discuss the methodology applied for the frequentist and
Bayesian approaches. In section 4, we present our main findings including a direct comparison
of frequentist and Bayesian constraints. Finally, in section 5, we conclude by summarizing
our findings and discussing plans for future work.

2 Data & modeling

To ensure consistency with the baseline Bayesian FS analysis [11, 21], we adopt the same
data and models used in that work. This includes inference using four distinct datasets:
FS power spectrum multipoles and post-reconstruction BAO measurements (from DESI),
and CMB angular power spectra and type Ia supernovae (external). We briefly describe
each of these datasets and their modeling.

DESI DR1 includes over 4.7 million galaxy and quasar redshifts between 0.1 < z < 2.1,
divided into several tracer classes: the Bright Galaxy Survey (BGS) from 0.1 < z < 0.4,
Luminous Red Galaxies (LRGs) in three redshift slices (0.4 < z < 0.6, 0.6 < z < 0.8,
0.8 < z < 1.1), Emission Line Galaxies (ELGs) from 1.1 < z < 1.6, and Quasars (QSOs) from
0.8 < z < 2.1. The power spectrum multipoles for each tracer are measured using the Feldman-



Kaiser-Peacock (FKP) [45] estimator as implemented in pypower [46], applying weights to
correct for survey selection effects and optimize two-point statistics. Small-scale systematics
from fiber collisions are mitigated via a combination of angular cuts and a rotation of the data
vector, window matrix, and covariance, yielding a more diagonal window function (see [47]).
The covariance matrix for the multipoles is estimated from 1000 EZmock realizations [48-50]
and rescaled to match the semi-empirical covariance inferred from the observed data; all
known observational systematics [51] are incorporated. BAO measurements are extracted after
reconstruction and compressed into isotropic and anisotropic components® as described in [10].
These are calculated for the six DESI tracers and for the Lya forest [52, 53]. Correlations
between the FS and BAO measurements are accounted for via the full mock-based covariance
matrix when performing joint fits. To tighten cosmological constraints, we combine the
DESI FS and BAO measurements with external probes, including the Planck “lite” CMB
likelihood [54] and type Ia supernovae distance compilations from Union3 [55], Dark Energy
Survey (DES) Year 5 [56] and PantheonPlus [57].

Table 2 summarizes the datasets included in this paper. When CMB data are not included
in the likelihood, we add an independent measurement of the physical baryon density, wy,
from Big Bang Nucleosynthesis (BBN) and a weak constraint on the spectral index, ng, with
10x the width of the Planck 2018 result [58], denoted ns1o. For the FS modeling, we work in
the same “physical” basis employed in [11, 20, 21] which includes galaxy bias parameters,
counterterms, and stochastic parameters; we sometimes collectively refer to these as EFT
nuisance parameters. The priors applied to the physical basis for the Bayesian results?® are
found in table 4 from [21]. The conversion to the Eulerian basis, which is ultimately used in
Effort.jl (see below) to emulate the velocileptors code [59] for theory predictions, can be
found in equation (2.2) of [20]. Uniform priors are applied to cosmological parameters (except
for ng and w;, when CMB data are excluded) in the basis {In (10'°Ay), ng, Ho, Wy, we, Wo, Wa }
for the Bayesian results. The ranges for the uniform priors correspond to the boundaries
chosen for our emulators,® listed in table 1.

To accelerate our analysis, we employ surrogate models: specifically, Effort.j1 [61] to
emulate the FS power spectrum multipoles and Capse.jl [62] to model the CMB primary
anisotropy power spectrum. This approach offers two main advantages: it significantly speeds
up theoretical calculations, and, because these codes are differentiable [63], it enables the use of
gradient-based methods. In the context of cosmological summary statistics, recent studies have

!The procedure used to extract the compressed BAO parameters is Bayesian, marginalizing over the non-
BAO signal in the clustering. However, a profile likelihood study was conducted with iminuit and confirmed
that it produced confidence intervals that differ from the Bayesian credible intervals by only a few percent
for the same coverage probability, consistent with the near-Gaussian shape of the posterior distributions.
Thus, we interpret the BAO measurements as giving matching frequentist and Bayesian constraints for the
compressed parameters and therefore are not expected to alter our results significantly.

2These priors on the EFT nuisance parameters are only applied for the Bayesian results since the frequentist
results do not apply any priors, except for BBN and nsi1p which are treated as joint likelihoods.

3The emulator boundaries were chosen to be wide enough to encompass the relevant regions of the
posteriors (to avoid results being significantly skewed from the official DESI results), but not so wide as
to diminish emulator accuracy. The only exception is the full-shape only wow,CDM scenario, where the
posterior prematurely hits the Hy upper boundary, skewing the Bayesian results, which are thus excluded
from our results.



Parameter | Emulator Range
In (1010 Ay) 2.5, 3.7]

Ng [0.85, 1.1]

Hy [50, 85]

Wh [0.02, 0.025]

We [0.08, 0.16]

wo [-3, 0.5]

w, 3, 2]

Table 1. Emulator ranges for the full-shape and BAO relevant cosmological parameters.

Name Description Ref
DESI-FS DESI DR1 FS likelihood [11, 21]
DESI Combined DESI DR1 FS+BAO likelihood [11, 21]
CMB Planck “lite” CMB likelihood [54]
Union3 Type Ia supernova likelihood from Union3 compilation [55]
DESY5 Type Ia supernova likelihood from DES Year 5 compilation [56]
PantheonPlus | Type Ia supernova likelihood from PantheonPlus compilation [57]
BBN Independent measurement on wy, from Big Bang Nucleosynthesis, w;, ~ A/(0.02218,0.000552)  [60]
Ns10 Weak constraint on ng with width 10 times wider than Planck, ns ~ N(0.9649, 0.0422) (58]

Table 2. Summary of datasets used in this analysis. The first column lists the shorthand notation
for each likelihood, followed by a brief description and relevant references.

demonstrated the promise of such techniques for further accelerating analysis pipelines [64—72].
For the CMB likelihood, we adopt the compressed 2018 Planck likelihood,* used in [62] and
developed in [54]. By marginalizing over CMB-specific nuisance parameters, this methodology
reduces computational complexity. Comparisons within the CMB community show close
agreement between marginalized and full likelihoods [54, 71, 73, 74]. Finally, we ported
the type Ia supernovae likelihoods® to Julia in order to use them together with the other
employed codes.

3 Methodology

We apply the standard profile likelihood (PL) graphical construction method [16, 40, 44, 68, 75—
79] to construct frequentist confidence intervals, and compare them with Bayesian credible
intervals derived from the marginal posteriors. We also compare with the MAP parameters,
albeit with the caveats discussed in section 1. We model our likelihoods and perform all
optimizations and chains using the probabilistic programming language Turing. j1 [80, 81];
its compatibility with the Julia automatic differentiation ecosystem permits the use of
gradient-based methods, speeding up convergence. We now discuss how each of the above
quantities is calculated.

‘https://github.com/JuliaCosmologicallikelihoods/PlanckLite. j1.
Shttps://github.com/JuliaCosmologicallikelihoods/SNIaLikelihoods. j1.
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3.1 Bayesian credible intervals

We use the standard Markov Chain Monte Carlo (MCMC) technique to sample from the
posterior distribution, defined by Bayes’ theorem as:

P(6|d) x L(d|0)p(0), (3.1)

where £(d|6) is the likelihood function and p(@) is the prior distribution. Specifically, we
apply the “No-U-Turn Sampling” (NUTS) Hamiltonian Monte Carlo (HMC) algorithm [82],
running ten independent chains, each with 500 burn-in steps, 2000 accepted steps and a
0.65 acceptance fraction, combining to obtain a total of 20000 accepted steps.® We obtain
Bayesian credible intervals by marginalizing over the full multidimensional posterior,” and
then calculating the mean and corresponding uncertainty intervals using the Python package
GetDist [84].

3.2 Maximum a posteriori (MAP)

To maximize the posterior distribution, as defined in equation (3.1), we use the limited-
memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm [85], as implemented in
Optim. j1 [86]. We run 50 independent optimizations with random starting locations through-
out the parameter space to increase the chances of reaching the global maximum.

3.3 Frequentist confidence intervals

The one (two)-dimensional PLs are calculated by maximizing the likelihood over all parameters
except the one (two) being profiled:

L(6;) = ema;é('ﬁ(d\a) < 1D PL (3.2)
R el
L(0;,0;) = e,fnkzzjﬁ(dW) < 2D PL. (3.3)

In the asymptotic limit of a large dataset or a Gaussian likelihood, the quantity
Ax2(0;) = —2log (L(0;)/Lmax) follows a x? distribution with one degree of freedom (like-
wise Ax%(0;,0;) = —2log (L(6;,0;)/Lmax) follows a x? distribution with two degrees of
freedom). In this scenario, the 68.3 (95.4)% one-dimensional confidence intervals correspond
to Ax2(6;) < 1 (4), and the equivalent two-dimensional confidence regions correspond to
Ax?(0;,0;) < 2.30 (6.17). We note that this assumption does not strictly hold given that some
of our likelihoods are non-Gaussian — particularly for the wow, extension when constraints
are weaker — and therefore our constructed confidence intervals are not guaranteed to
obey exact frequentist coverage properties [16, 44]. To help assess the level of disagreement,
appendix A includes a coverage test for one of the dataset/parameter combinations that
exhibits significant prior effects, and we find the observed coverage is statistically consistent
with the expected coverage when mock power spectrum realizations are generated from an
underlying ACDM fiducial model.

5To ensure sufficient convergence, we calculated the Gelman-Rubin statistic [83] and found that R—1 < 0.01
is satisfied for all parameters.

"Given the significant computational speedup described previously, we did not use analytical marginalization
over any parameters in the model.



The PL is more computationally intensive than finding the MAP, as separate optimizations
must be performed for each entry (parameter value) in the profile; it is important to select
reasonable starting points in parameter space so that convergence can be achieved with fewer
total optimizations. Since the PL peaks at the MLE by definition, we begin by calculating the
MLE parameters. To do this, we apply the same procedure used to find the MAP in 3.2, but
remove all Gaussian priors for the EFT nuisance parameters. Once the MLE is obtained, we
use the same L-BFGS procedure to perform the optimizations for the PL, albeit in the reduced
parameter space excluding the parameters being profiled. We performed between 10 and 20
independent optimizations in total for each entry,® with the first optimization starting from
the exact MLE parameters (except the parameter(s) being profiled), and the remaining runs
using starting guesses centered on the MLE with random displacements added proportional
to the variance of the corresponding MCMC chain. While a single optimization from the
MLE point often finds the maximum, initiating multiple runs from diverse starting locations
ensures a more thorough exploration of the parameter space and yields more robust estimates.

We compute 16 entries (discrete parameter values) for each one-dimensional profile and
apply quadratic interpolation in log-likelihood space to produce a smooth one-dimensional
profile. This ensures both that the minimum x? is accurate, since none of the discrete
points exactly coincide with it, and allows for interpolation between entries to find the Ay?
thresholds necessary to construct our confidence intervals.” Similar to the procedure for
the one-dimensional profiles, we generate the two-dimensional profiles on a discrete 16 x 16
grid narrowly encompassing the relevant regions of the PL, and use cubic interpolation to
generate the contours for the 1o and 20 confidence regions.

4 Results

We compare the one-dimensional PL, marginalized posteriors (MCMC), and MAP across
all dataset combinations for both the baseline ACDM and wyw,CDM models. These three
statistics are calculated for the following parameters: {og, Hy, Qm, wo, we . We neglect ng
and wy, since they are subject to the wide ng19 and BBN constraints when CMB data are not
included [11, 21], as discussed previously. Given the significant interest in the question of
dynamical dark energy and the apparent inconsistency with ACDM when DESI results are
combined with CMB and supernovae datasets [10-12], we also include the two-dimensional
PL for the wp,w, parameter pair. Figure 1 displays the Ax? results associated with the
one-dimensional PLs. Since new parameters are introduced in the wyw,CDM model, we
observe wider and often asymmetric or non-Gaussian Ay? profiles compared to the ACDM
model. We caution the reader that certain PLs for the wgw,CDM model contain distortions,
since the associated best-fit w, frequently hits the lower boundary w, = —3 imposed on

8The specific number of optimizations used was based on the convergence requirements of each dataset
combination, with datasets including supernovae converging with fewer optimizations and the most optimiza-
tions required when only DESI data are fit. When needed, additional optimizations were run for individual
profile entries that were noisy and did not converge for the given number of minimizations.

9The parameter bounds for the profiles were selected in advance, using initial test runs, to approximately
encompass the relevant ~ Ax? < 9 (30) regions. In most cases, the chosen resolution of 16 entries was
sufficient to generate smooth interpolated profiles, without performing unnecessary computations. When
necessary, additional entries were introduced to avoid unwanted features in the interpolation.



the model by DESI, within the range of parameter values considered in the profile. This
does not affect the constructed confidence intervals if the boundary is reached when the
profiled parameter is beyond the +10 range relative to the MLE. In some cases — specifically
when supernovae are excluded — there is a non-negligible impact on the quoted confidence
intervals. This effect often manifests visually as a sudden increase on one side of the Ay?
profile (compared to the other side, which increases more smoothly), e.g. the wy profiles for
DESI 4+ BBN + ng1g and DESI + CMB in figure 1. We note, however, that the marginalized
posteriors are also impacted by the lower w, = —3 boundary. To ensure maximum consistency
between procedures, we still apply the boundary when computing the profiles. We now proceed
to consider the ACDM and wow,CDM models individually and assess the prior effects.

4.1 ACDM model

Figure 2 overlays the PL, MCMC and MAP for each dataset combination and parameter for
the ACDM model. Table 3 summarizes these results by showing the 1o (68.3%) confidence
intervals, along with the analogous 1o credible intervals and MAP parameters. We observe
close agreement between the PL, MCMC and MAP, with the MLE and MAP falling within
the 1o Bayesian credible intervals for all parameters and dataset combinations; the agreement
becomes even stronger when additional CMB and supernovae datasets are combined with DESI
data. For example, for the DESI + BBN+ng1g dataset, we obtain the following frequentist
lo confidence intervals:

oy = 0.86310048
Hy = (68.967055) kms™*Mpc™ 3 DESI+BBN-+ng, (4.1)
Qm = 0.3034 £ 0.0110

and for the DESI + CMB + Union3 dataset, we obtain the following:

og = 0.8115 + 0.0074
Hy = (67.79 + 0.40) kms'Mpc™! 5 DESI+CMB+Union3 . (4.2)
Q= 0.308913-9054

For DESI 4+ BBN+ngjg, we observe 0.80, 0.3¢0, 0.7¢ shifts'’ between the MLE and the
Bayesian mean for og, Hy, {,,, compared to only 0.2¢ shifts for the DESI + CMB + Union3
dataset. The Bayesian credible intervals are narrower than the frequentist confidence intervals,
which can likely be attributed, at least partially, to the weight of the EFT priors. As described
in section 4, though, these are intrinsically different quantities calculated in different ways
using marginalization or profiling, so it is difficult to say with certainty where the difference
arises. Overall, the close agreement between the confidence and credible intervals is indicative
of minimal prior effects for the ACDM model, which is in agreement with the official DESI
DR1 analysis [11].

10We use the following metric to quantify the discrepancy between the MLE and the Bayesian mean:

. OmLE — Oncnmc
o—distance = —————
OMCMC

where Oyrg is the MLE value, 6vcmc is the Bayesian mean and omcmc is the standard deviation of the
Bayesian posterior.
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Figure 1. Ax? profiles for the profile likelihoods. The solid lines (with solid markers) indicate ACDM
while the dashed lines (with open markers) indicate wow,CDM. The horizontal dashed lines indicate
the Ax? = 1,4 thresholds for the 1o and 20 confidence intervals.
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for each of the three cosmological parameters in the ACDM model. Bottom panels: the corresponding
68.3% confidence intervals from the profile likelihood (solid line), credible intervals from the one-
dimensional posterior (dashed lines) and maximum a posteriori (markers).

4.2 wowy,CDM model

Figure 3 and table 4 are equivalent to figure 2 and table 3, but for the wyw,CDM extension.
As expected, prior effects are significantly more pronounced for the wow,CDM model. While
the MLE and MAP are similar, i.e. the MAP estimates fall within the 1o confidence intervals,
for all the parameter/dataset combinations, the MLE consistently occurs well outside the
1o Bayesian credible intervals. The notable exceptions occur when supernovae are included,
as they help break degeneracies among the background expansion parameters, tightening
constraints sufficiently to reduce prior effects. For the DESI + BBN+n41¢9 dataset, for example,
we obtain the following frequentist 1o confidence intervals:

og = 0.78270-060
Hy = (63.7753) kms™ *Mpc ™!

Q= 0.37870:024

wo = —0.1674 30
wy = —3.0717
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and for the DESI + CMB + Union3 dataset, we obtain the following:

og = 0.816 £ 0.012
Hy = (66.577093) km s~ Mpc ™"

Q= 0.324010-0007 DEST+CMB+Union3 . (4.4)
wo = —0.634 £ 0.100
we = —1.39703

For DESI + BBN+ng1g, we observe 2.10, 4.10, 6.50, 6.30, 6.60 shifts between the MLE
and the Bayesian mean for og, Hy, Qyn, wg, we, compared to only 0.20, 0.70, 0.70, 1.00,
0.90 shifts for the DESI + CMB + Union3 dataset. While a reduction was also observed for
ACDM, none of the deviations were more than 1o, while for wow,CDM, deviations go from
being statistically significant to less than 1o when CMB and supernovae data are added.

Lastly, figure 4 overlays the 1o and 20 two-dimensional confidence regions (from the
two-dimensional PL), two-dimensional credible regions (from the two-dimensional marginal
posterior) and the MAP parameters. We reach similar qualitative conclusions as found for the
one-dimensional scenarios; the MAP occurs within the 1o confidence regions, while the MLE
falls outside the 1o credible regions unless supernovae are included. Importantly though, we
observe the same degeneracy directions in both the frequentist and Bayesian approaches.

While the existing DESI Bayesian constraints are largely insensitive to prior effects for
ACDM, the wow,CDM constraints are not. Having now performed a frequentist analysis
where the prior effects are suppressed, we can make several comparisons that were not possible
before. As presented in table 4, the frequentist constraints are largely consistent between
full-shape only and joint full-shape/BAO fits, indicating similar parameter preferences for
both full-shape and BAO probes. This is in sharp contrast to the Bayesian framework,
where statistically significant discrepancies exist depending on whether or not full-shape data
are included. To highlight this, in figure 4 we also overlay the two-dimensional marginal
posteriors for the analogous BAO-only models to highlight the minimal prior effects present
when full-shape data are excluded.!! Unlike the Bayesian results, where the wow, contours
only move to the quadrant favored by the BAO results once supernovae are added, the
frequentist constraints for all data combinations are found in the same quadrant and are
largely consistent with the BAO-only Bayesian constraints. These key observations collectively
highlight the importance of accounting for prior effects when obtaining parameter constraints,
particularly for the wow,CDM extension.

5 Conclusions

We have presented a frequentist inference of the DESI DR1 full-shape measurements [11, 21]
and derived cosmological constraints under both ACDM and wow,CDM models. For ACDM,
our analysis yields confidence intervals of og = 0.863f8:8§g, Hy = 68.96J_r8:§(1) km s~ 'Mpc~!,

The BAO-only chains are taken from the official DESI results (as opposed to running chains under
our pipeline). While they serve as a useful comparison, we note that they use a different CMB likelihood
and slightly different priors/parameterizations. However, given the reduced parameter space for BAO-only
modeling, this is not expected to significantly alter the results.
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Figure 3. Top panels: profile likelihood (solid line), one-dimensional posterior (dashed line) overlaid
for each of the five cosmological parameters in the wow,CDM model. Bottom panels: the corresponding

68.3% confidence intervals from the profile likelihood (solid line), credible intervals from the one-

dimensional posterior (dashed lines) and maximum a posteriori (markers).
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Figure 4. Two-dimensional 1o and 20 frequentist confidence regions (solid line) from the two-
dimensional profile likelihood and the maximum a posteriori from the posterior (marker) overlaid on
the corresponding Bayesian credible regions (dashed line) for the wow, parameter pair for the various
dataset combinations. The BAO-only Bayesian credible regions (lighter dashed line) are overlaid on
each dataset for comparison.
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DESI+BBN+ngo (PL)

DESI+CMB+D5 (MCMC)
DESI+CMB+D5 (MAP)
DESI+CMB+PP (PL)
DESI+CMB-+PP (MCMC)

DESI+CMB+PP (MAP)

0.8112 £ 0.0073

0.8114 £ 0.0074

0.8101 £ 0.0073

0.8111

0.39
67.687 054

67.79 + 0.39
67.8670:39

67.75

Model/Dataset o8 Hp [kms™tMpc™1] Qm
Flat ACDM

DESI-FS+BBN+n40 (PL) 0.86115:07 70.4+1.1 0.30070:013
DESI-FS+BBN+ng0 (MCMC) | 0.837 4 0.034 70.2 £+ 1.0 0.28479:511
DESI-FS+BBN+ng9 (MAP) 0.839 69.9 0.291

0.3034 £ 0.0110

DESI+BBN+n49 (MCMC) 0.83810 055 68.73 + 0.76 02965700009
DESI+BBN+ng9 (MAP) 0.842 68.64 0.3010
DESI+CMB (PL) 0.810510 007 67.95 + 0.41 03067700055
DESI+CMB (MCMC) 0.8091 =+ 0.0073 68.02 + 0.40 0.305870:0024
DESI+CMB (MAP) 0.8101 67.90 0.3074
DESI+CMB+U3 (PL) 0.8115 + 0.0074 67.79 + 0.40 0.308970:0023
DESI+CMB+U3 (MCMC) 0.8100 £ 0.0074  67.87+0.39  0.3079 % 0.0052
DESI+CMB+U3 (MAP) 0.8111 67.74 0.3095
DESI+CMB+D5 (PL) 0.8126 +0.0074  67.60 + 0.39 0.311559-9923

0.3105 £ 0.0052

0.308970-0025
0.3080 = 0.0051

0.3095

Table 3. 68.3% confidence intervals for frequentist profile likelihoods, 68.3% credible intervals for
Bayesian MCMC chains, and MAP parameters for each dataset/parameter combination for the ACDM
model. To save space, Union3, DESY5, PantheonPlus are denoted as U3, D5, PP.
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Model/Dataset os Hy [kms~'Mpc™!] Om wo Wq
Flat wow,CDM

DESI-FS+BBN+n49 (PL) 0.801+3:95% 66.1750 0.34670:043 —0.421039 —2.1120
DESI-FS+BBN-+n40 (MAP) 0.786 65.7 0.335 —0.43 2.0
DESI+BBN+ng9 (PL) 0.78275-088 63.7732 0.37875-521 —0.1675-40 —3.0t17
DESI+BBN+n49 (MCMC) | 0.865 + 0.038 77.0433 0.24410:01% ~1.531028 1.027073
DESI+BBN+ng19 (MAP) 0.764 62.6 0.383 —0.12 —2.94
DESI+CMB (PL) 0.80175:035 64.673% 0.34470:044 —0.4279:49 1.97+089
DESI+CMB (MCMC) 0.872 + 0.025 74.6152 0.25870-018 —1.3475:20 0.431993
DESI+CMB (MAP) 0.794 64.1 0.349 —0.42 ~1.87
DESI+CMB+U3 (PL) 0.816 + 0.012 66.5770:95 0.324070:0057  —0.634 £0.100 —1.3973%%
DESI+CMB+U3 (MCMC) | 0.819 4+ 0.012 67.23 +0.91 0.3174+0.0091 —0.7314+0.098 —1.08*93)
DESI+CMB+U3 (MAP) 0.811 66.31 0.3260 —0.662 —-1.22
DESI+CMB+D5 (PL) 0.821 +0.011 67.2675:%3 0.3171+9:9067 o 71540071 1154031
DESI4+CMB+D5 (MCMC) | 0.820 + 0.011 67.40 + 0.62 0.315770:0064  —0.756 £ 0.065 —1.01735%
DESI+CMB+D5 (MAP) 0.816 67.02 0.3190 —0.741 —0.99
DESI+CMB+PP (PL) 0.826 + 0.012 68.10 4 0.70 0.3089+90068  _(.82010:965  _0.83%9-27
DESI+CMB+PP (MCMC) | 0.825 £ 0.011 68.27 4 0.68 0.307370.95¢%  —0.855£0.061 —0.7110-28
DESI+CMB+PP (MAP) 0.821 67.82 0.3111 —0.839 —0.70

Table 4. 68.3% confidence intervals for frequentist profile likelihoods, 68.3% credible intervals for
Bayesian MCMC chains, and MAP parameters for each dataset/parameter combination for the
wowe, CDM model. The MCMC results for full-shape only are excluded as the projection effects for
Hj are severe and the emulator boundary is hit without encompassing the full posterior.
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and Q, = 0.3034 + 0.0110, when using DESI+BBN-+ng1y. In the wow,CDM case, the
prior independence of the frequentist method mitigates the prior effects seen in Bayesian
analyses. We obtain: og = 0.78215:0%8 Hy = 63.7732 km s~ 'Mpc™!, Q, = 0.37870 037,
wy = —O.leSjég and wg = —3.0757 from DESI+BBN+ng9. The constraints tighten when
CMB data are included, but the prior effects are only significantly reduced with the addition
of supernovae data.

Unlike Bayesian inferences, which are susceptible to prior effects when working in poorly-
constrained nuisance parameter spaces, frequentist inferences make no assumptions about
priors. The objective of this study was to compare these two approaches in order to study the
impact of prior choices. As in the baseline DESI analysis, we observed limited prior effects
for the ACDM model, with the MLE and MAP falling within the 1o credible intervals. By
comparison, despite the MAP falling within the 1o confidence intervals for the wyw,CDM
model, prior effects were very pronounced with the MLE almost always falling beyond the
lo credible intervals; only when supernovae were combined with DESI and CMB data did
the prior effects reduce significantly due to their degeneracy-breaking ability. These findings,
together with previous PL analyses, demonstrate the importance of carefully considering
prior effects when performing full-shape analyses for extended cosmological models such as
wowy, CDM. Complementing the standard Bayesian approach with the prior-independent
frequentist interpretation of uncertainty provides a more nuanced interpretation of results,
less susceptible to misleading conclusions.

We also emphasize the comparatively limited computational resources required to generate
our results, given both the speedup provided by the use of emulators that avoid repeated
manual computations of cosmological observables [61, 62] and the use of gradient-based
minimizers, which improve convergence [68, 85]. Most dataset/model combinations only
require a couple of minutes to reach convergence for individual minimizations on the Digital
Alliance Narval supercomputer. Given the 10-20 optimizations performed for each individual
entry and 16 total entries per profile, our PL computations (across all dataset/model/param-
eter combinations) collectively required ~ 1000 CPU hours. The MAP/MLE calculations
required fewer resources (collectively ~ 100 CPU hours), since there are not multiple profile
entries, each requiring their own computations. Consequently, the results in this paper can
be reproduced at a reasonably low computational cost.

We are currently working on a follow-up analysis for DESI DR2 to study how strongly
prior effects are suppressed with the increased quantity of data. This includes significant
improvements to the speed of our code, which will allow us to explore alternative approaches
such as the profiled Feldman-Cousins method [87], which are more computationally intensive
but provide alternative mechanisms for defining confidence regions. We will also provide
tests to verify the coverage properties of both approaches. Preliminary results suggest that
the coverage probabilities associated with the confidence intervals resulting from the profile
likelihood method are close to those in the current work. This will be discussed in further
detail in our follow-up analysis.
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A Coverage test

As noted previously, the profile likelihood (PL) method only guarantees correct frequentist
coverage under asymptotic conditions, i.e. a Gaussian likelihood, which are not satisfied in
several scenarios considered here. Nevertheless, in cases where there are strong prior effects,
the PL-based confidence intervals may exhibit better frequentist coverage than Bayesian
credible intervals if the latter are interpreted in a frequentist sense. We perform an explicit
coverage test for a case known to have severe prior effects: the joint full-shape/BAO constraint
of Hy. We assume a fiducial “true” model'? and generate 100 mock realizations by adding
multivariate Gaussian noise, using the data covariance matrices, to the noiseless theory
prediction computed from our emulators. For each realization, we compute 1o confidence

2We adopt the Planck 2018 ACDM model for cosmological parameters and fix the EFT parameters to
the best-fit values obtained for our most constraining dataset (joint full-shape/BAO/CMB/supernovae under
ACDM).
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intervals (from the profile likelihood) and 1o credible intervals (from the marginalized
posterior), for both the ACDM and wow,CDM models. Coverage is then evaluated as the
fraction of intervals containing the true value.

Figure 5 shows the results for the first 20 out of 100 independent realizations'® (generated
using distinct random seeds). Consistent with the results throughout this work, we find close
agreement between the frequentist confidence intervals and Bayesian credible intervals for
ACDM. In contrast, for the wow,CDM model the credible intervals for Hy are systematically
biased high and rarely contain the truth despite the MAP remaining well within the PL
confidence intervals in both models. Figure 6 summarizes the results in terms of observed
coverage and associated binomial uncertainties, /p(1 — p) /N, where p is the observed coverage
fraction and N = 100. We find that the coverage of PL confidence intervals is consistent
with the expected 68.3% level for both ACDM and wow,CDM, with similar behavior for the
credible intervals in ACDM (with tighter agreement for the former). However, the credible
intervals for wow,CDM when interpreted as confidence intervals show dramatic undercoverage.
We attribute this primarily to the effect of the prior, which is substantially stronger in this
model. Residual deviations in the other cases are likely due to a combination of intrinsic error
(finite number of samples), emulator noise, and expected violations of asymptotic assumptions.
Overall, these results indicate that the PL-based confidence intervals do not exhibit significant

over- or under-coverage, even in the presence of strong prior effects.

13We opt not to show all 100 realizations as the plot becomes too crowded to clearly visualize each realization.
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Figure 5. The confidence intervals (blue), credible intervals (green) and MAP (orange) when
constraining Hy in the ACDM (circle marker) and wow,CDM (cross marker) models, for the first 20
out of 100 mock realizations (the vertical axis denotes the random seeds) of the joint full-shape power
spectrum/BAO parameter vector. The vertical dashed line shows the true underlying value of H
(the Planck 2018 value).
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Data Availability Statement. The data used in this analysis are public along with Data
Release 1 (details in https://data.desi.lbl.gov/doc/releases/). The data points
corresponding to the figures in this paper are available at https://doi.org/10.5281/
zenodo.16876979.
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