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Gravitational-wave (GW) standard sirens have the potential to measure the Hubble constant H0 in the
local Universe independent of the distance ladder and thus offer unique insights into the Hubble tension.
A key challenge with standard sirens is detecting their electromagnetic counterparts and therefore assigning
redshifts to the measured distances. One promising way to proceed is to utilize GW dark sirens—events
without an identified electromagnetic counterpart—and cross-correlate their angular distribution with that
of galaxies. We present a quantitative study of how precisely the Hubble constant can be measured using
tomographic cross-correlation between galaxies and GW sources. Overall, we find that the constraints on
H0 will be limited by the quality and quantity of GW data. We find that percent-level constraints onH0 will
primarily depend on achieving small distance uncertainties (σdL ¼ 0.1dL), obtaining a large number of GW
dark sirens (≳5000) and accurate sky localization in the tomographic analysis.
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I. INTRODUCTION

Precise measurements of cosmological parameters from
an impressive array of probes have significantly refined our
understanding of the Universe’s expansion. Despite these
successes, accurately determining the Hubble constant (H0)
remains a central task in cosmology. Measurements based
on nearby type Ia supernovae “anchored” by absolute
distances coming from Cepheid variables yield H0 with
nearly a percent-level uncertainty [1]. Conversely, multiple
cosmological measurements at higher redshifts, including
analyses of the cosmic microwave background (CMB), big
bang nucleosynthesis, and baryon acoustic oscillations,
provide a much lower value of H0, with measurements that
are mutually consistent [2–5] and robust with respect to
frequently studied extensions of the cosmological models
beyond ΛCDM [4,6]. This disagreement between local and
global measurements constitutes the so-called “Hubble
tension,” whose statistical significance reaches or exceeds

5σ]7–10 ]. While the global measurements come from a
variety of cosmological probes with different physical

dependencies onH0, the local measurements are uniquely
based on nearby distance indicators. This implies an
urgent need for alternate measurements at low redshift
that could confirm or refute the higher value of H0

presently inferred from the distance ladder. Given that
the difference between the distance ladder and global
measurements is about 6 km s−1Mpc−1 or ∼10% of the
Hubble constant, it has become clear that a percent-level
independent measurement of H0 will be required to
decisively weigh in on the Hubble tension.
Gravitational-wave (GW) standard sirens have recently

emerged as a promising alternative for directly inferring
cosmological parameters [11,12]. GW events, primarily
from binary black hole mergers [13], provide direct
measurements of luminosity distances inferred from gravi-
tational waveform. After assigning redshifts to GW obser-
vations by observing their respective electromagnetic (EM)
counterparts, the value of H0 can be inferred [14,15].
However, most GW events do not have a corresponding
detection of an EM counterpart; these events are commonly
referred to as “dark sirens” [16–19]. It is nevertheless
possible, in principle, to extract H0 from dark sirens by
statistically matching the location of each GW event to a*Contact author: jiamingp@umich.edu
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number of galaxies that reside in the corresponding
localization region on the sky. Conventionally, such
dark-siren analyses employ a Bayesian framework to
integrate likelihoods from both EM observations and
GW events [20–25]. This approach relies on statistically
matching up potential host galaxies for each GWevent, but
may be biased unless an extremely precise localization of
dark sirens is available [26–29].
Another approach is the so-called “spectral siren”

method, which infers redshift distribution from features
in the compact binary mass spectrum rather than from host
galaxies [30–36]. While promising, in principle, this
method can become strongly degenerate with H0 if the
those spectral features in the source evolve with redshift.
In such cases, the nuisance evolution can mimic the H0

response, inflating σðH0Þ and erasing theH0 information in
the fully degenerate limit. We illustrate this behavior with a
simple toy model in Appendix A. This limitation motivates
the alternative we pursue in this paper.
The most promising known alternative to standard

candles is to use the standard sirens to constrain the
Hubble constant. While this is much more straightfor-
ward for the bright sirens than for the dark ones, a good
way to proceed in the latter case is to cross-correlate these
GW events with a population of galaxies. This has the
major advantage that it does not require matching up GW
events with their potential host galaxies (and letting the
galaxies “vote,” as in the standard dark-siren approach
described above). This approach exploits the fact that
both populations, GW and galaxies, trace the same
underlying matter density field, so they are guaranteed
to correlate, and this correlation is expected to be simple
on sufficiently large scales where biases of tracers of the
large-scale structure are linear. Therefore, spatial cross-
correlation between the GW events and galaxies can
directly measure H0 [37–45]. Additionally, systematics
of how each GW event corresponds to EM galaxies in
the standard dark-siren analysis are treated much more
simply in the cross-correlation approach than in the
standard per-event analysis which employs various astro-
physical efficiency and correction factors (e.g., [46]).
Therefore, the cross-correlation approach has the poten-
tial to simplify and make more robust the determination
of H0 from dark sirens.
In this paper, we systematically explore the efficacy of

the galaxy-GW cross-correlation method to constrain H0.
Our analysis investigates the impact on the forecasted H0

precision of a variety of observational and modeling
assumptions, including the choice of tomographic binning,
the uncertainty in GW distance measurements, the number
density of dark-siren events, their redshift range and
distribution, and the angular localization errors—on the
statistical errors. A detailed discussion of these assump-
tions and their implementation is provided in Sec. II, while
we present our results on the impact of these assumptions in

Sec. III. In Sec. IV, we conclude and discuss the prospects
for achieving a precise, percent-level measurement of H0

using the galaxy-GW cross-correlation technique.

II. METHODOLOGY

A. Cross-correlation between galaxies
and GW events

We consider two distinct populations of objects:
(1) gal: A sample of photometric galaxies, where each

galaxy’s redshift distribution is given by pgal
i ðzÞ.

(2) GW: Gravitational-wave events, where each event’s
dL distribution is given by pGW

i ðdLÞ.
We account for the observational uncertainties in these
measurements by modeling the respective redshift and
distance distributions and, for simplicity, treating them
as Gaussians. For the galaxy sample, the redshift proba-
bility distribution for the ith galaxy is modeled as a
Gaussian

pgal
i ðzÞ ¼ 1

σzi
ffiffiffiffiffiffi
2π

p exp

�
−
1

2

�
zi − z
σzi

�
2
�
; ð1Þ

where the uncertainty associated with the redshift meas-
urement of the ith galaxy is given by σzi ¼ 0.013ð1þ ziÞ3,
following the relation adopted by [21]. For the GW sample,
the luminosity distance dL for the ith event is modeled also
by the Gaussian,

pGW
i ðdLÞ¼

1

σdL;i
ffiffiffiffiffiffi
2π

p exp

�
−
1

2

�
dLðz;H0Þ−dL;i

σdL;i

�
2
�
: ð2Þ

We assume a constant relative uncertainty with the fiducial
value σdL;i ¼ 0.2dL;i [20]. We have also checked the case
where the distance error scales inversely with the signal-to-
noise ratio (see Appendix G for details).
To obtain number density distributions for the two

samples, we sum the probability distributions for all
sources and normalize by the total number of objects,
and we get

ngalðzÞ ∝ 1

Ngal

XNgal

i¼1

pgal
i ðzÞ⟹H0

ngalðrÞ ð3Þ

nGWðdLÞ ∝
1

NGW

XNGW

j¼1

pGW
j ðdLÞ ⟹

dL=ð1þzÞ
nGWðrÞ; ð4Þ

where the text over the implication signs indicate that
[in Eq. (3)] we convert the galaxy redshift distribution to
comoving distance by assuming a value for the Hubble
constant (which is varied in the analysis), while [in Eq. (4)]
for GW sources we enact a simple conversion from
the measured luminosity distance to comoving distance.

JIAMING PAN et al. PHYS. REV. D 113, 103532 (2026)

103532-2



This way, both galaxies and GW sources are represented as
functions in comoving-distance space, with the important
built-in dependence on the Hubble constant.
To incorporate tomography, we further bin these comov-

ing number density distributions into a number of radial
bins. For the galaxy sample, the normalized number density
distribution in the ith redshift bin is defined as

ngali ðrÞ ¼ 1

Ngal

dNgal

dr
Wgal

i ðrÞ; ð5Þ

where Ngal is the total number of galaxies, r is the
comoving distance, and Wgal

i ðrÞ is the window function
that selects the contributions for each bin of galaxy sample.
The differential count dNgal

dr is obtained by summing the

pgal
i ðzÞ for all galaxies and converting to comoving distance

dNgal

dr
¼

XNgal

i¼1

pgal
i ðzðrÞÞ dz

dr
; ð6Þ

where pgal
i ðzÞ is the redshift probability distribution for

the ith galaxy.
A similar binning procedure applies to the GW sample.

In that case, the number density distribution in the ith
redshift bin is given by

nGWi ðrÞ ¼ 1

NGW

dNGW

dr
WGW

i ðrÞ; ð7Þ

with NGW defined as the total number of GW events.
A similar procedure applies to the GW sample, and the
differential count dNGW

dr is given by

dNGW

dr
¼

XNGW

i¼1

pGW
i ðdLðrÞÞ

ddL
dr

; ð8Þ

where pGW
i ðdLÞ is the luminosity-distance probability

distribution for the ith GW event.
For a bin bounded by comoving-distance values ia and

ib, the window function for tracer X (either galaxies or
GW events) is specified by

WX
i ðrÞ ¼

Iðia; ib; rÞ
Ið0;∞; rÞ ; ð9Þ

with

Iða; b; rÞ ¼ 1ffiffiffiffiffiffi
2π

p
σr

Z
b

a
drobs exp

�
−
ðrobs − rÞ2

2σ2r

�
: ð10Þ

The normalization factor Ið0;∞; rÞ ensures that the
window function integrates to unity over the entire range.

In order to maximize the amplitude of the angular power
spectrum whenH0 assumes its true value, identical window
function boundaries are adopted for both the galaxy and the
GW event distributions in comoving distance.
The cross-correlation of these two normalized number

density distributions allows us to extract robust cosmo-
logical information and, specifically, to constrain the
Hubble constant H0.

1 The radial positions of galaxies
are measured in redshift space, while gravitational-wave
measurements report their luminosity distance; the two sets
of sources are matched radially through the Hubble con-
stant H0 that links redshift to luminosity distance. This
makes the tomographic cross-correlation sensitive to H0,
as only the true value of H0 leads to the match of radial
positions of GW sources and galaxies and hence produces
the correct power in the tomographic cross-correlations.
We further discuss the H0 information from cross-
correlation in Appendix B.
The angular power spectrum is given by

Pðgal;GWÞ
ij ðlÞ ¼ 4π

Z
∞

0

dk
k
αgali ðl; kÞαGWj ðl; k; H0ÞΔ2

ijðkÞ;

ð11Þ

where the dimensionless power spectrum is separable,
at least in linear theory, as

Δ2
ijðkÞ ¼ Δ2ðk; z ¼ 0ÞDðziÞDðzjÞ; ð12Þ

whereDðzÞ is the linear growth factor. In Eq. (11), we make
use of the projections of three-dimensional functions onto
the harmonic and Fourier space; they are defined as

αgali ðl; kÞ ¼
Z
0

∞
drDðr;H0Þngali ðrÞjlðkrÞbgali ðzÞ

¼
Z
0

∞
drDðr;H0Þngali ðrÞjlðkrÞ

bgali

DðziÞ
¼ bgali

Z
∞

0

drngali ðrÞjlðkrÞ; ð13Þ

where we have assumed the model for the time-dependent
bias where it scales as 1=DðzÞ based on [49], so that the
linear growth [DðzÞ] terms cancel. Equivalently, αGWj is
defined as

αGWj ¼ bGWj

Z
∞

0

drnGWj ðr;H0ÞjlðkrÞ: ð14Þ

1Throughout our analysis, we assume general relativity as the
underlying theory of gravity (for alternative cosmologies, see,
e.g., [47,48]).
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The observed angular power spectrum, including the
contribution from shot noise, is then given by

Cgal;GW
ij ðlÞ ¼ Pgal;GW

ij ðlÞ þ P
galiGWj

l;shot ; ð15Þ

where i and j indicate the corresponding radial bins. The
derivation and definitions of the shot-noise terms, including
the effects of angular smoothing, are provided in
Appendix C. This definition of Cgal;GW

ij ðlÞ ensures that
both the cosmological signal and the contribution from shot
noise are accounted for and, equivalently, applies to
Cgal;gal
ij ðlÞ and CGW;GW

ij ðlÞ.
In our fiducial test, GW events are sampled from the

same redshift distribution as the galaxies. However, this
does not imply that every GW event’s host galaxy is
included in the galaxy catalog, since the two samples have
different window functions. We have also tested more
realistic GW distributions (see Sec. III) and find consistent
conclusions.
We wish to utilize only the information on H0 from

angular clustering of GW and galaxies, and explicitly
exclude information from the three-dimensional power
spectrum. We do so in order to isolate the new information
that the GW-galaxy tomography provides on top of
that provided by various other measurements of three-
dimensional clustering in cosmology. To remove con-
straints on H0 arising from the dimensionless matter power
spectrum Δ2

ijðkÞ, we fix Δ2ðk; 0Þ to the fiducial cosmology
and do not vary it in our analysis. As shown in Eq. (13), the
growth function cancels out so that the whole time-
dependent power spectrum Δ2ðk; zÞ can be considered
fixed. As a result, because we work in flat ΛCDM, the
luminosity distance dLðzÞ and redshift relation z are fully
specified by just two parameters, fH0;Ωmg. We include
galaxy and GW autocorrelation in the data vector, but
fix the matter power spectrum Δ2ðkÞ to the fiducial

cosmology. The H0 information comes primarily from
the tomographic galaxy-GW cross-correlations; a more
conservative choice would be to omit the auto-Cl’s entirely
and use only Cgal;GW

l [37,50].

B. Angular smoothing

In our analysis, observational uncertainties are incorpo-
rated by smoothing the underlying distributions with
Gaussian kernels. While radial smoothing has already been
applied to the number density ngali ðrÞ and nGWj ðrÞ, we now
include angular smoothing to consider uncertainties in the
positions (see Appendix D for a derivation).
Angular uncertainties are incorporated by convolving the

sky map with a Gaussian beam,

BðθÞ ¼ 1

2πσ2θ
exp

�
−

θ2

2σ2θ

�
: ð16Þ

In spherical harmonic space, this convolution is equivalent
to multiplying the original coefficients by the angular
window function,

Wl ¼ exp

�
−
1

2
lðlþ 1Þσ2θ

�
: ð17Þ

The effect of angular smoothing is directly incorporated
into the cross-correlation analysis. For example, the α
function for GW events is modified to include the angular
window function as follows:

αGWj ðl;k;H0Þ¼bGWj WGW
l

Z
∞

0

drnGWj ðr;H0ÞjlðkrÞ: ð18Þ

Accordingly, the cross-correlation with shot noise between
galaxy and GW becomes

Cðgal;GWÞ
ij ðlÞ ¼ 4πbgali bGWj Wgal

l WGW
l

Z
∞

0

dk
k

�Z
∞

0

drngali ðrÞjlðkrÞ
��Z

∞

0

drnGWj ðr;H0ÞjlðkrÞ
�
Δ2

ijðkÞ þ P
galiGWj

l;shot : ð19Þ

Equation (19) is the expression for the angular power
spectrum used in our analysis. A derivation of these
expressions, including the treatment of angular smoothing,
is provided in Appendix E. The autocorrelation expressions

Cðgal;galÞ
ij ðlÞ and CðGW;GWÞ

ij ðlÞ follow the same form as
Eq. (19), with the appropriate substitutions for the tracer
populations and shot-noise terms.
Figure 1 shows the angular power spectrum of galaxies

and GW events for the first bin (assuming a total of
15 bins). The shot noise in the GW, galaxies, and their
cross, are shown separately as dashed lines. Note that the

shot noise of GW sources dominates over the signal (the
angular power spectrum) and over the galaxy and cross
noise, reflecting the much lower number density of GW
sources compared to galaxies. At high multipoles (l), the
cross terms of shot noise are suppressed, owing to the large
angular localization uncertainty of GW events.

C. Setup for testing the cross-correlation method

We adopt an analytical form to model the galaxy redshift
distribution inspired by [51]. Specifically, the galaxy red-
shift distribution is modeled as
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nzðzÞ ∝ z2 exp

�
−
�
z − 0.2
z0

�
2
�
; ð20Þ

where z0 is a parameter controlling the width of the
distribution (here, we choose z0 ¼ 0.25). This expression
captures both the z2 scaling—reflecting the growth of the
cosmic volume element at low redshift—and an exponen-
tial cutoff at higher redshift. We assume that the GWevents
follow the same radial distribution as the galaxies, and we
select GWs from the same radial distribution as the galaxies
given in Eq. (20).
To complement this analytical model of the distribution

of galaxies (as well as GW events which are selected from
the galaxy sample), we also performed tests with the galaxy
redshift distribution using simulated galaxy data from
the MICECAT catalog [52–54]. We find that our overall
conclusions remain largely unchanged when using simu-
lated data from MICECAT. We eventually chose the
analytical form to produce the results because it allows
us to easily test different redshift distribution scenarios.
Additionally, we conducted our analysis with a GW
population sampled from the Gravitational-Wave

Transient Catalog 3 (GWTC-3) inferred model of LIGO,
Virgo, and KAGRA (LVK) in Appendix G and found that
this does not change our results.
We choose to fix lmax ¼ 250 for our analysis. We have

verified that, for our fiducial setup, the constraint on H0

converges by this choice (see Sec. III for details). Finally,
to improve computational efficiency, we compute the
angular power spectrum using a bin width of Δl ¼ 10 in
l space; we have checked that this approximation does
not lead to appreciable information loss relative to using
all multipoles.

D. Fisher matrix forecasts

In our analysis, we employ the Fisher matrix forecast to
quantify the statistical errors and covariances of estimated
parameters. The Fisher matrix is computed as [55]

Fab ¼ fsky
1

2

X
l

ð2lþ 1ÞTr½A−1A;aA−1A;b�; ð21Þ

where fsky is the fraction of the full sky that is observed.
The matrix A is given by

Aij ¼
2
4 Cðgal;galÞ

ij Cðgal;GWÞ
ij

Cðgal;GWÞ
ij CðGW;GWÞ

ij

3
5

which expands for multiple bins as

Aij ¼

2
66666666664

Cgal;gal
11 Cgal;GW

11 … …

Cgal;GW
11 CGW;GW

11 … …

..

. ..
. . .

.

Cgal;gal
NbinsNbins

Cgal;GW
NbinsNbins

..

. ..
.

Cgal;GW
NbinsNbins

CGW;GW
NbinsNbins

3
77777777775
:

We choose the fiducial cosmology to have the matter
density parameter Ωm ¼ 0.3 and Hubble constant
H0 ¼ 70 km=s=Mpc. We also assume linear bias through-
out, which is consistent with our approach of using large
angular (and therefore spatial) scales. We assume one bias
parameter per tomographic bin, separately for GW and
galaxies. Here we set the redshift-zero biases to bgal ¼ 1.5
for the galaxy bias and bGW ¼ 1.5 for the GW bias [and
then both scale with 1=DðzÞ, as explained near Eq. (13)].
Our set of parameters that are free to vary is therefore

pi ∈
n
bgal1 ; bgal2 ;…; bgalNbins

; bGW1 ; bGW2 ;…; bGWNbins
; H0;Ωm

o
;

ð22Þ

where Nbins is the number of tomographic bins.

FIG. 1. Angular power spectra Cl for galaxies and
gravitational-wave events in the first bin with z∈ ½0.05; 0.15Þ,
assuming 15 radial bins in total. The horizontal lines indicate the
corresponding shot noise for each population. We show the
autocorrelation power spectra of galaxies and GWs, as well as
their cross-correlation power spectrum. Note that the shot noise in
the GW autocorrelation is particularly large due to the relatively
small number density of GW sources (here, we assume 1000 GW
events over a 10; 000 deg2 area). The shot-noise cross terms
are suppressed at high l due to large angular localization error of
GW sources.
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The uncertainty on the Hubble constant is defined as

σðH0Þ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½F−1�H0H0

q
, where ½F−1�H0H0

refers to the diago-

nal element of the inverse Fisher matrix corresponding to
the Hubble constant. Interestingly, we find that the mar-
ginalized H0 error (to be reported below) is only modestly
larger than that in the fictitious case when all of the
other parameters are fixed; this indicates that the cross-
correlations are able to break degeneracy between the bias
terms and the Hubble constant. We will discuss this in
further details in Sec. III.
Using the Fisher forecast, we systematically test several

key survey and analysis specifications to assess their impact
on the precision of the H0 constraints in the cross-
correlation method. The inputs under investigation are:

(i) Number of tomographic bins (Nbins): The fiducial
analysis is performed using 15 bins. We extend the
analysis up to approximately 25 bins to explore how
tomography influences the constraints.

(ii) Error in GW distance measurements (σdL): Our
fiducial relative uncertainty is σdL ¼ 0.2dL. An
alternative scenario with a reduced error of σdL ¼
0.1dL is also tested, allowing us to evaluate the
sensitivity of H0 constraints to the luminosity-
distance error.

(iii) Number of dark-siren GW events (NGW): We con-
sider a range from 1000 (fiducial) to 50,000 events.
This test allows us to quantify how increasing the
number of events improves the statistical precision.

(iv) Redshift range: The fiducial redshift interval is set
from z ¼ 0.05 to z ¼ 1.05. Alternate redshift ranges
are examined to understand the effects of galaxy
redshift distribution on the H0 constraints.

(v) Error of GW event localization: The fiducial GW
events localization uncertainty is assumed to be
10 deg2. We also test an alternative scenario with
a more optimistic 1 deg2 error.

Note that all of these parameters are affecting the statistical
errors; in this paper, we do not study the impact of the
systematics. Also, systematic effects associated with galaxy
catalog incompleteness have been studied in the literature
(e.g., [19,20,39,56]); however, in this work we focus on
statistical forecast uncertainties and do not include catalog-
incompleteness systematics. Our baseline configuration
assumes a survey covering 10000 deg2 (i.e., fsky ≈ 0.24),
with 1.2 × 107 galaxies and 1000 GW events. In the
following section, we show the results of these
investigations.

III. RESULTS

We now present results of our analysis of the GW-galaxy
cross-correlation method for constraining the Hubble con-
stant. We examine how tomographic binning improves H0

constraints, explore the impact of distance errors, angular
localization uncertainties, and the number of GW events,

and test different redshift distributions (including the
GWTC-3-inferred population). Finally, we summarize
the results with an empirical scaling relation for σH0

.
Figure 2 displays the two-dimensional (2D) confidence

ellipses derived from the Fisher matrix analysis for both 2
and 15 tomographic bins (the latter of which is our fiducial
choice); we assume NGW ¼ 1000 GW events, with all
other settings identical to the fiducial choice. We show
constraints on the four bias parameters that are featured in
both of these tomographic analyses, as well as the Hubble
constant and Ωm. It is interesting that the constraints on the
Hubble constant significantly improve with more tomo-
graphic bins despite the proliferation of bias parameters
(whose number, recall, is 2Nbins) due to the breaking of
parameter degeneracies.2

We have investigated the breaking of the degeneracy
between the bias parameters and H0 in a little more detail.
We find that breaking of the degeneracy persists when we
increase the GW luminosity-distance error to σdL ¼ 0.3dL.
Similarly, setting the shot noise in the cross-tracer terms
(i.e., gal-GW terms) to zero does not affect significantly the
fiducial constraints, indicating that the degeneracy breaking
is not driven by the information from these terms. We do
find, however, that the constraints dramatically worsen, and
the parameter degeneracy becomes much stronger, once we
exclude the off-diagonal cross terms in the angular power
spectrum (that is, Cij when i ≠ j). This indicates that the
tomographic correlations between different radial bins are
crucial in helping break the degeneracy between the bias
parameters and H0.
Figure 3 presents the forecasted uncertainties on H0 as a

function of the number of radial bins under a variety of
assumptions including the number of GWevents, GWevent
localization errors, and GW luminosity-distance uncertain-
ties. The fiducial case is the red line, and the other curves,
as detailed in the legend, are scenarios with variations
relative to the fiducial assumptions.
Figure 3 shows that increasing the number of tomo-

graphic bins significantly increases the constraints on H0.
In the fiducial case with σdL ¼ 0.2dL, the constraint on H0

improves rapidly and reaches convergence around ∼15
bins, yielding a fractional uncertainty of σðH0Þ=H0 ≃ 9%.
Note that the fiducial forecast with NGW ¼ 1000 and a
fixed σdL ¼ 0.2dL should be regarded as conservative. In
realistic GW data, σdL varies with the signal-to-noise ratio,
and a subset of nearby, high-SNR events achieves sub-
stantially better precision than 0.2dL (e.g., [57]). Therefore,
with NGW ¼ 1000 real events, the constraints should

2Note that the improvement in constraining the bias terms is
not uniform in each bin; the improvement with increasing number
of tomographic bins in the lowest- and highest-redshift bias terms
is reduced due the decreased number of objects in the corre-
sponding redshift ranges when Nbins increases. This is why bgal1
does not improve with increased tomographic bins in Fig. 2.
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improve over this fixed-error baseline. For a smaller error
σdL ¼ 0.1dL, a larger number of tomographic bins is
required for convergence. This is because the tomographic
information is exhausted when the bin width becomes
comparable to, or smaller than, the typical galaxy photo-z
errors. We have also verified that reducing the adopted
galaxy photo-z scatter, σzi ¼ 0.013ð1þ ziÞ3 [21], by a
factor of 2 changes the inferred H0 constraints by less
than 0.1%, confirming that the results are not limited by
galaxy photo-z errors.
While improvements in σdL and GW localization errors

(e.g., achieving a 1 deg2 error) help tighten the H0

measurements, these factors alone are insufficient to reduce
the uncertainty to one percent level. For example, with
NGW ¼ 1000, the case with σdL ¼ 0.1dL yields a fractional
uncertainty of σðH0Þ=H0 ≃ 4.6%, while assuming 1 deg2

localization gives ≃4.8%.
Our forecasts indicate that achieving subpercent preci-

sion in H0 ultimately requires a substantial increase in
the number of GW events. Specifically, under optimistic
conditions assuming a localization error of 1 deg2 and
distance error σdL ¼ 0.1dL, we find that 5000 or more GW
events are necessary to reach the desired subpercent
accuracy in H0. While such tight localization and distance
errors will be challenging to achieve, a large number of GW

events is expected with future observations using a 3G GW-
detector network composed of the Einstein Telescope [58]
and Cosmic Explorer [59], making it perhaps the most
ready survey-specification parameter to improve upon for
driving down the uncertainty inH0. Also, we note that even
with NGW ¼ 50; 000, σdL ¼ 0.2; dL, and 10 deg2 locali-
zation (not shown in the figure), the forecasted constraint
on H0 saturates at σH0

=H0 ≃ 1.2%, i.e., it does not reach
the subpercent regime. This indicates that increasing NGW
alone is insufficient; achieving subpercent precision will
also require improved luminosity-distance accuracy and
better sky localization.
Interestingly, marginalization over the galaxy and GW

bias parameters does not significantly affect the H0

uncertainties. The reason is that the degeneracies between
galaxy biases and H0 are broken with sufficient number of
bins. As a result, the dominant source of error on H0 is the
large shot noise of GW events due to low number density.
Recall that we have adopted a fiducial choice of

lmax ¼ 250 for our results. Figure 4 shows the forecasted
σH0

converges by this scale for both the 10 deg2 and
1 deg2 localization scenarios, with the 10 deg2 case
converging at smaller l due to its lower resolution. The
choice of lmax is also robust to the assumed galaxy redshift
distribution. We have also compared the linear and

FIG. 2. Forecasted constraints on key cosmological parameters from the cross-correlation between galaxies and GW dark sirens. The
plot includes results for both 2-bin and 15-bin cases and assuming GWevent number NGW ¼ 1000. The red stars denote the true values
of the parameters. The shaded regions represent the 1σ and 2σ (68.3% and 95.4% credible levels in 2D) intervals. Increased number of
radial bins breaks the parameter degeneracies, thereby providing more stringent constraints on the Hubble constant H0. Note that the
uncertainty on the first bias parameter bgal1 is comparable in the 15- and 2-bin cases because there are fewer objects in that bin in the
former case, but the constraints on the Hubble constant nevertheless improve with more tomographic bins as expected.
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nonlinear predictions for the angular power spectra using
the halofit model [60] and determined the scale where their
difference becomes statistically significant. This test shows
that linear theory is valid up to l ∼ 100 at low redshift
and up to l ∼ 200 at higher redshift under our fiducial
assumptions. Hence, lmax ¼ 250 provides an optimistic
and converged cutoff, extending slightly into the mildly
nonlinear regime but still retaining essentially all of the
constraining power available at linear scales. We also find
that broadening the galaxy redshift distribution (e.g.,
0.05 < z < 1.5 and 0.05 < z < 1.95) does not signifi-
cantly change the inferred σH0

at fiducial NGW, angular
localization uncertainty, and σdL , and the multipole at
which the forecasts converge remains l ≃ 100 across all
different choices of redshift distribution.
Additionally, we tested the impact of the GW redshift

selection on the constraints on H0 in Fig. 5. In this test, we
adopt a fixed galaxy redshift distribution [Eq. (1) with
i ¼ 19.5] and select GW events from three redshift win-
dows: the fiducial window z∈ ½0.10; 0.45� indicated by a
dark shaded band in Fig. 5 and two alternative choices
where the minimum redshift is decreased or maximum
redshift increased. We fix the galaxy number density across
the three cases and forecast the marginalized H0

FIG. 3. Forecasted relative uncertainty on the Hubble constantH0 as a function of the number of tomographic radial bins. The fiducial
configuration (red) assumes z∈ ½0.05; 1.05�, 10 deg2 localization uncertainty, NGW ¼ 103, and σdL ¼ 0.2dL. Variants shown are:
improved luminosity-distance errors σdL ¼ 0.1dL (green); reduced localization errors to 1 deg2 (brown); a larger GW sample size
NGW ¼ 10; 000 (black); the combined case with 1 deg2, σdL ¼ 0.1dL, andNGW ¼ 5000 (orange); and the same combined case but with
NGW ¼ 10; 000 (orange dashed). Gray dashed lines mark the 10% and 1% levels. This illustrates that percent-level constraints require
simultaneously large NGW, precise angular localization, and small luminosity-distance errors.

FIG. 4. Forecasted fractional uncertainty on the Hubble con-
stant H0 as a function of the maximum multipole lmax. We
compare scenarios with different localization areas (10 and
1 deg2) and with broader galaxy redshift distributions
(0.05 < z < 1.05, 0.05 < z < 1.5, and 0.05 < z < 1.95). All
cases assume NGW ¼ 1000 and a distance error of σdL ¼ 0.2dL.
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uncertainty using 15 tomographic bins and NGW ¼ 1000.
We find that including lower-redshift GW events (in the
z∈ ½0.05; 0.10� range) yields tighter H0 constraints, while
adding higher-redshift events (in the z∈ ½0.45; 0.60� range)
does not. This can be understood as follows: at low redshift,
the absolute distance uncertainties are small and the
cross-correlation signal is strong, whereas GW events at
higher redshift contribute less significantly to tightening
the H0 constraint because the clustering signal is weaker
and the overall cross-correlation information is reduced.
Performing further tests on the shot-noise-only case, we
confirm that removing the two-halo terms yields very weak
H0 constraints, demonstrating that the dominant informa-
tion comes from the cross-correlation signal. Further details
are provided in Appendix F and Fig. 6.
Moreover, because GW detectors and galaxy surveys

have different selection functions, the true redshift distri-
bution of GW events does not necessarily trace that of the
galaxies. In our fiducial analysis, we drew GWevents from
the galaxy redshift distribution, which assume both galaxy
survey and GW detector have the same selection effects. In
practice, however, the observation biases for galaxy surveys
and GW detectors differ. To quantify the effect, we instead
sample GW events from the inferred GWTC-3 [61]
population model of the LVK [61] O3 measurement. We
compute each event’s luminosity-distance uncertainty σdL
by sampling a fitted relation between signal-to-noise ratio
(SNR) and σdL . In this approach, more distant GW events
have larger σdL (and the nearby GW events have smaller
σdL) compared to the case of σdL ¼ 0.2dL. Carrying out this
test, we find that assuming different galaxy and GW

distributions leads to similar H0 constraints as in our
fiducial case with σdL ¼ 0.2dL. Further implementation
details and numerical results are given in Appendix G
and Fig. 8.
To facilitate interpretation of these forecasts, we empiri-

cally determine how the σH0
scales with the GW event

properties. By fitting the dependence of the H0 uncertainty
atNbins ¼ 22 across all tested scenarios, we find that theH0

constraint approximately follows the scaling relation

σH0
≃ 6.2

�
N
N0

�
−0.50

�
σdL
σdL;0

�
1.10

�
σθ2

σθ2;0

�
0.28

; ð23Þ

where the prefactor has units of km s−1 Mpc−1; here
N0 ≡ 103, the distance error σdL;0 ≡ 0.2dL, and the GW
localization error σθ2;0 ≡ 10 deg2. This result indicates that
the H0 error decreases nearly as N−1=2 with the number of
events and is roughly proportional to the distance uncer-
tainty. The dependence on σθ2 is the weakest of the three,
which also agrees with the weak dependence on GW event
localization uncertainty using the Bayesian approach found
in [62]. We find that the fitted localization exponent [0.28
in Eq. (23)] is stable, remaining close to 0.3 in joint fits over
scenarios with NGW ¼ 103; 5 × 103; 104 and σdL ¼ 0.1dL
and 0.2dL. This suggests that improving distance meas-
urement precision is most important for tightening H0

constraints in cross-correlation techniques. We leave
detailed study of these scaling relations for future work.

IV. DISCUSSION AND CONCLUSIONS

We have conducted a quantitative study of how precisely
cross-correlation between gravitational-wave events and
galaxies can be used to constrain the Hubble constant. We
have purposefully not adopted a configuration of any
planned future GW experiment (other than in the test
explained in the last paragraph of Sec. III), but have rather
varied several key parameters that characterize the quality
and quantity of GW data in order to investigate how they
impact the precision in H0. This approach complements
more specialized forecasts that aim to describe data quality
expected for specific proposed surveys (e.g., [63]).
Our forecasts suggest that achieving subpercent preci-

sion on H0 through the cross-correlation method may
remain challenging unless a substantially larger sample
of dark-siren GW events with small uncertainties in dis-
tances and very accurate localizations becomes available.
Even under the highly optimistic scenario of NGW ¼
50; 000 dark-siren events—achievable with next-generation
detectors—with distance uncertainties σdL ¼ 0.2dL and sky
localizations of 10 deg2, the cross-correlation method fails
to achieve subpercent constraints on H0. We find that
reaching percent-level H0 constraints will require a 1 deg2

localization, along with at least NGW ≈ 5000 events with
σdL ¼ 0.1dL distance uncertainties. Gravitational-wave

FIG. 5. Dependence of forecasted errors in H0 on the GW
redshift range. The green curve shows the galaxy redshift
distribution used in this test [Eq. (1) with i ¼ 19.5]. The central
shaded vertical band indicates the fiducial redshift range, while
the lighter vertical bands indicate the range of redshifts added in
our tests that extend the lower or upper end. The legend gives the
marginalized 1σ uncertainty on H0 for the three redshift-window
cases. The analysis assumes 15 tomographic bins, NGW ¼ 1000,
and a fixed galaxy number density. The results indicate that
including lower-redshift GW events is important for tightening
H0 constraints.
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dark-siren constraints on H0 that will shed light on the
Hubble tension therefore critically depend on high-
accuracy luminosity-distance measurements and precise
sky localizations for a large number of events expected
from future GW surveys (see forecasted 1σ uncertainties
in Fig. 3).
We find that the H0 uncertainty in the cross-correlation

technique follows the approximate scaling relationship
N−0.50σ1.10dL

σ0.28
θ2

, where N is the number of GW events,
σdL is the luminosity-distance uncertainty, and σθ2 is the sky
localization uncertainty in square degrees. This relation
underscores the fact that reducing distance measurement
errors is most impactful for improving H0 constraints.
We also find that low-redshift GW and galaxy samples

are particularly helpful for constraining H0 (see Fig. 5). In
our fiducial tests, we assumed that both galaxy and GW
events follow the same radial distribution. Nevertheless,
drawing GW events from the GWTC-3 population model
with σdL determined by their signal-to-noise ratios yields
H0 constraints very similar to those in the fiducial case with
σdL ¼ 0.2dL and GW events sampled from the galaxy
distribution (see Fig. 8).
Our results broadly align with recent forecasts that were

posted while this paper was in preparation [37,43,64].
These papers assume specific configurations of planned or
conceptualized surveys, rather than isolating dependence
on key data-quality parameters that we adopted in this
work. We have checked that, assuming similar assump-
tions as these investigations, we find results that are in a
good general agreement with them. In particular, Ferri
et al. [37] only find subpercent H0 constraints if they
assume the scenario of a next-generation GW detector
with more than 50, 000 GW events. Under similar locali-
zation uncertainties and distance errors, our results are
in broad agreement. Similarly, Pedrotti et al. [43] find
percent-level constraint on H0 only if they assume the
Einstein Telescopeþ Cosmic Explorer configuration with
∼100; 000 GWevents and 1.6 × 109 galaxies from Euclid;
we again find good agreement with them once we assume
similar numbers and approximate their assumed distribu-
tion of sky localization and distance errors. Moreover,
Pedrotti et al. [43] allow information from the matter
power spectrum (which, recall, we explicitly exclude
to isolate the geometric information from cross-
correlations), which further boosts their precision.
Overall then, this paper and other related work all

indicate that H0 constraints sufficiently precise to deci-
sively weigh in on the Hubble tension might be available
from GW-galaxy cross-correlations, but only once we have
GW dark-siren data of much higher quality and quantity
than presently available. It is at present unclear when this
will be the case. Given that the Hubble tension has only
become stronger over the last ∼5 yr, it may well be that it
will remain relevant for years to come, up until the next
generation of GW experiments is online and operating.

Other approaches for dark sirens also exist. Recent
studies have shown that the traditional Bayesian framework
can lead to biases in cosmological inference [26–29]. The
spectral siren methods infer redshift information from the
source-frame mass distribution, but can be affected by
degeneracies with possible redshift evolution of that dis-
tribution, which may limit the precision of H0 inference
(Appendix A; see also [65,66]). We leave investigation of
potential biases in the cross-correlation approach and a
comparison with these other methods to future work.
Finally, we note that our forecasts are conservative in

that we have explicitly zeroed out any information coming
from the matter power spectrum PðkÞ and only kept the
information from the cross-correlations. However our
forecasts may nevertheless be optimistic because we
adopted a purely statistical analysis without accounting
for any systematic errors. A focus of current [67–69] and
future work should be to study robustness of the cross-
correlation method to systematic biases.

ACKNOWLEDGMENTS

J. P. thanks Otávio Alves for many valuable conversa-
tions. J. P., D. H., and D. J. were supported by the NSF
under Contract No. AST-2307026. J. P., D. H., and C. A.
also acknowledge support from the Leinweber Center
for Theoretical Physics and DOE under Contract
No. DE-SC009193. This research was supported in part
through computational resources and services provided
by Advanced Research Computing at the University of
Michigan, Ann Arbor.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: SPECTRAL SIREN METHOD
DEGENERACY

In order to further motivate the focus of this paper on the
dark GW sirens, we briefly illustrate potential challenges
with another recently discussed method—that of spectral
sirens [30–36]. In this approach, one considers the mass
spectrum of GW events and, assuming it evolves in time in
a way that is known or can be modeled, uses its temporal
evolution to place constraints on the Hubble constant or
other cosmological parameters.
We test H0 inference from the spectral siren method

allowing for the possibility that source-frame mass spec-
trum features evolve with redshift. Previous studies have
shown that such evolution can bias cosmological inference
[65,66]. Here, we show that redshift evolution of source-
frame mass spectrum is degenerate with H0, leading to
inflated uncertainties or, in the fully degenerate limit, a
complete loss of H0 information.
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We simulate a GW catalog adopting the Power Lawþ
Peak model [70] as our fiducial case and bin events in
observed luminosity distance. We note that source-frame
masses are defined by msrc ¼ mdet=ð1þ zÞ, where mdet is
the detector-frame mass. Varying H0 repopulates dL bins
and reshapes the mass spectrum counts within each dis-
tance bin through mdet.
To study effects of possible redshift evolution, we

consider the mean (of the Gaussian peak) of source-frame
mass in the spectrum—that is, the number density vs mass
relation, NmassðMÞ. We model this mean mass by

μðzÞ ¼ μ0 þ
X
i

cið1þ zÞγi ; ðA1Þ

where μ0 is the fiducial Gaussian mean, and the coefficients
ci with exponents γi parametrize redshift evolution of the
spectral feature. The Fisher matrix for the observations of
the mass spectrum (that is number counts vs mass) is

Fαβ ¼
X
i

1

σ2N;i

∂Nmass
i

∂θα

∂Nmass
i

∂θβ
; ðA2Þ

where i runs over the bins in mass. Here θα ∈
fH0; c1; c2;…g are parameters of the model including
the Hubble constant, and σ2N;i is the variance of the mass
spectrum counts (for Poisson noise). If the derivatives with
respect to the nuisance parameters f∂Nmass=∂cig can be
linearly combined to reproduce the derivative with respect
to H0, then the Fisher matrix will become singular and the
forecasted uncertainty on H0 will diverge.
To illustrate this with some results, we perform a simple

test case assuming NGW ¼ 1000 dark sirens (see Table I).
We compare a baseline scenario with no redshift evolution
to cases in which additional ð1þ zÞγ terms are included. As
more evolution terms are added, their response vectors can
be combined to approximate the H0 response with increas-
ing accuracy. Once this alignment becomes exact, the
Fisher matrix becomes singular and the uncertainty in
H0 diverges. In our setup, we used eight luminosity-
distance bins and 24 mass spectrum bins. We found a
four-term basis, i.e., cið1þ zÞγi for i ¼ 1;…; 4, renders the
Fisher matrix numerically singular, and the H0 uncertainty
diverges.

This toy example shows that the spectral siren method
can be highly sensitive to assumptions about the redshift
evolution of source-frame spectral features. Even modest,
smooth redshift evolution can eliminate theH0 information
entirely.

APPENDIX B: H0 FROM
CROSS-CORRELATIONS

In the computation of the cross-correlation function

Cðgal;GWÞ
ij ðlÞ, the functions αgali ðl; k; H0Þ play a crucial

role, where x and y denote different datasets—galaxies
and GW events, respectively. For galaxies, redshifts z are
measured directly and converted into comoving distances r
using the fiducial cosmology. When expressed in units
of h−1 Mpc [where h ¼ H0=ð100 km s−1 Mpc−1Þ], the
dependence on the Hubble constant H0 cancels out. This
renders the galaxy distribution ngali ðrÞ independent of H0,

ngali ðrÞ ∝ dNgal

dr
; ðB1Þ

where dNgal=dr is defined in Eq. (6). The α function for
galaxies is independent of H0 and given by

αgali ðl; kÞ ¼ bgali

Z
∞

0

drngali ðrÞjlðkrÞ; ðB2Þ

where bgal is the galaxy bias and jlðkrÞ is the spherical
Bessel function of order l.
For GW events, distances are measured via luminosity

distances DL, which are related to comoving distances by

DL ¼ ð1þ zÞr: ðB3Þ

Since the distance of GW events is observed directly
in units of megaparsecs, converting DL to r in units of
h−1 Mpc necessitates an assumption about H0. This intro-
duces an explicit dependence of the GW source distribution
nGWj ðr;H0Þ on H0,

nGWj ðr;H0Þ ∝
dNGW

j

dr
; ðB4Þ

where NGW
j is the number of GW events in the jth distance

bin. The α function for GW events then becomes

αGWj ðl; k; H0Þ ¼ bGWj

Z
∞

0

drnGWj ðr;H0ÞjlðkrÞ; ðB5Þ

with bGWj being the GW bias parameter.

TABLE I. Illustrative spectral siren constraints for NGW¼1000.
Adding redshift-evolution terms inflates σðH0Þ, since their effects
increasingly mimic the impact of changing H0. Once the two
become indistinguishable, the constraint on H0 diverges.

N σðH0Þ=H0 Comment

0 2.4% Baseline, no evolution
4+ ∞ Fisher singular (degenerate)
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Substituting these into the cross-correlation function,

Cgal;GW
ij ðlÞ ¼ 4π

Z
∞

0

dk
k
αgali ðl; kÞαGWj ðl; k; H0ÞΔ2

ijðkÞ

þ P
galiGWj

l;shot : ðB6Þ

Note that we fix Δ2
ijðkÞ to a fixed cosmology, so it does

not depend on H0. We see that Cgal;GW
ij ðlÞ depends on H0

through αGWj ðl; k; H0Þ. The galaxy term αgali ðl; kÞ is fixed
and independent of H0 in h−1 Mpc units, whereas the GW
term retains H0 dependence due to the conversion from
luminosity distance to comoving distance.
Only the correct value of H0 will properly align the GW

events with the galaxy distribution in comoving space,
maximizing the true cross-correlation signal. By analyzing
how Cgal;GW

ij ðlÞ varies with different assumed values ofH0,
we can constrain the true value of the Hubble constant
through observational data.

APPENDIX C: SHOT NOISE WITH RADIAL
AND ANGULAR SMOOTHING

In our analysis, both galaxy (X ¼ gal) and GW
(X ¼ GW) samples are smoothed radially by Gaussian
kernelsWX

i ðrÞ [Eq. (9)] and have finite angular localization
uncertainty WX

l [Eq. (E4)]. We define the mean number
density per steradian in the ith radial bin as

NΩ
X;i ≡ dNX

i

dΩ
¼ 1

Ωsurvey

Z
∞

0

nXðrÞWX
i ðrÞdr; ðC1Þ

where nXðrÞ is the unbinned comoving-distance density
[Eqs. (3) and (4)] and Ωsurvey is the total survey solid angle.

1. Autocorrelation for galaxies and GW

Let the discrete projected count in direction n̂ be

N X
i ðn̂Þ≡ 1

Ωsurvey

Z
d2n̂kBðn̂kÞ

X
k∈ i

δð2Þðn̂ − n̂kÞ: ðC2Þ

We then form the overdensity field

δXi ðn̂Þ ¼
N X

i ðn̂Þ − N̄Ω
X;i

N̄Ω
X;i

: ðC3Þ

Expanding in spherical harmonics,

δXi ðn̂Þ ¼
X∞
l¼0

Xl
m¼−l

aXi
lmYlmðn̂Þ: ðC4Þ

Note that the angular beam WX
l does not convolve with the

auto-shot-noise unlike the case for cross terms of shot

noise. Including WX
l in the auto-shot-noise would artifi-

cially remove the impact of angular localization uncer-
tainty, since the beam suppression would cancel out in the
Fisher matrix.
Thus, the autocorrelation shot-noise power is

PXiXi
l;shot ¼

1

N̄Ω
X;i

: ðC5Þ

2. Cross-correlation between galaxies and GW

For a galaxy bin i and a GW bin j, only the objects
common to both contribute to the disconnected (shot-noise)
term. First, we define their radial overlap density,

nbothij ðrÞ≡min
h
ngalðrÞWgal

i ðrÞ; nGWðrÞWGW
j ðrÞ

i
: ðC6Þ

Next introduce the radial overlap mean density (per
steradian),

N̄Ω;both
ij ≡ dNboth

ij

dΩ
¼ 1

Ωsurvey

Z
∞

0

nbothij ðrÞdr: ðC7Þ

Carrying through the same projection and beam-smooth-
ing steps as in the autocorrelation, the cross-correlation
shot-noise term is then

P
galiGWj

l;shot ¼ Wgal
l WGW

l

N̄Ω;both
ij

N̄Ω
gal;iN̄

Ω
GW;j

: ðC8Þ

If the two radial bins do not overlap, then Nboth
ij ðrÞ≡ 0 and

hence P
gali;GWj

l;shot ¼ 0.
For galaxy samples, the conversion from redshift to

comoving distance is performed in units of h−1 Mpc, so
there is no dependence on H0 in either ngalðrÞ or N̄Ω

gal;i.
For GW samples, although the conversion from lumi-
nosity distance to comoving distance introduces an
explicit H0 dependence in nGWðrÞ, this dependence
cancels out in N̄Ω

GW;i after integrating over r. Thus, the
projected number density per steradian N̄Ω

X;i is indepen-
dent of H0 for both tracers.
However, for the cross-correlation shot-noise term, the

situation is different. In Eq. (C7), the numerator N̄Ω;both
ij ,

which is the integrated overlap of the galaxy and GW
distributions, retains dependence onH0. This is because the
overlap distribution min½ngalðrÞWgal

i ðrÞ; nGWðrÞWGW
j ðrÞ�

depends on the relative radial alignment of the two tracers,
and the conversion from GW luminosity distance to
comoving distance is H0 dependent, which cannot be
canceled out.
Therefore, only the cross-correlation shot-noise term

P
galiGWj

l;shot carries information about H0, enabling us to
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constrain H0 from the shot-noise contribution in cross-
correlation, while the autocorrelation shot-noise terms
remain H0 independent.

APPENDIX D: RADIAL SMOOTHING

When a field on the sphere is smoothed (or convolved)
with a Gaussian beam, the operation in real (angular) space
becomes a simple multiplication in spherical harmonic
space. This section illustrates the derivation of the angular
window function and shows how the convolution translates
to a product in harmonic space, with an application to the
final expression for the cross-correlation.
The convolution theorem states that a convolution in

real space becomes a product in Fourier (or harmonic)
space. For example, if a function fðxÞ is convolved with a
kernel gðxÞ,

ðf � gÞðxÞ ¼
Z

gðx − x0Þfðx0Þd3x0; ðD1Þ

then its Fourier transform is

gðf � gÞðkÞ ¼ g̃ðkÞf̃ðkÞ: ðD2Þ

Here we demonstrate that the normalized number density
distribution

niðrÞ ¼
1

Ngal

dNgal

dr
WiðrÞ ðD3Þ

(which is obtained by summing over the contributions of
all events, and each of them is a Gaussian distribution) is
equivalent to a distribution that has been smoothed by a
radial Gaussian kernel, which is defined as the following:

Srðr; r0Þ ¼
1ffiffiffiffiffiffi
2π

p
σr

exp

�
−
ðr − r0Þ2
2σ2r

�
: ðD4Þ

Given the smoothing kernel, the effective (smoothed)
distribution is

neffðrÞ ¼
Z

dr0Srðr; r0Þntrueðr0Þ; ðD5Þ

where ntrueðrÞ represents the underlying true distribution
of sources.
The true radial distribution of events is described by a

sum of Dirac δ functions (equivalent to infinite precision in
localization),

ntrueðrÞ ¼
X
i

δðr − riÞ; ðD6Þ

where ri is the true radial coordinate of the ith event.

Because of observational uncertainties, the measured
radial position of each event is not exact but rather is
distributed around ri according to a Gaussian probability
density,

piðrÞ ¼
1ffiffiffiffiffiffi
2π

p
σr

exp

�
−
ðr − riÞ2
2σ2r

�
¼ Srðr; riÞ: ðD7Þ

Thus, the contribution of each event to the observed
number density is exactly the kernel Srðr; riÞ.
Summing over all events, the observed (or effective)

number density distribution is

dNgal

dr
¼

X
i

piðrÞ

¼
X
i

Srðr; riÞ

¼
X
i

Z
dr0Srðr; r0Þδðr0 − riÞ

¼
Z

dr0Srðr; r0Þ
�X

i

δðr0 − riÞ
�

¼
Z

dr0Srðr; r0Þntrueðr0Þ; ðD8Þ

which is exactly the convolution expression in Eq. (D5).
The observed number density distribution is also nor-

malized and includes window function WiðrÞ that enco-
des binning as in Eq. (D3). However, these two factors
do not influence the derivation here. Since each individual
event’s uncertainty has already been incorporated
through its Gaussian profile Srðr; riÞ, the overall distribu-
tion nðrÞ is effectively a sum of these smoothed contribu-
tions. Hence, the radial smoothing is already built into the
definition of nðrÞ,

niðrÞ ¼
1

Ngal

Z
dr0Srðr; r0Þntrueðr0ÞWiðrÞ: ðD9Þ

Therefore, when radial uncertainties are already incorpo-
rated into the individual contributions piðrÞ, no additional
smoothing is necessary.

APPENDIX E: ANGULAR POWER SPECTRUM
INCLUDING ANGULAR SMOOTHING

Consider a beam (smoothing kernel) on the sphere with a
Gaussian profile,

BðθÞ ¼ 1

2πσ2θ
exp

�
−

θ2

2σ2θ

�
; ðE1Þ

where θ is the angular separation and σθ is the beam width
(in radians). Its spherical harmonic coefficients are given by
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Bl ¼ 2π

Z
π

0

dθ sin θBðθÞPlðcos θÞ; ðE2Þ

with Plðcos θÞ being the Legendre polynomials.
For a narrow beam (small σθ) the dominant contribution

comes from small θ, where one may approximate sin θ ≈ θ
and cos θ ≈ 1 − θ2=2. Under these approximations (or by
referring to standard results in CMB analyses [71]), one
obtains

Bl ≈ exp

�
−
1

2
lðlþ 1Þσ2θ

�
: ðE3Þ

This factor, commonly denoted as Wl, is the angular
window function,

Wl ¼ exp

�
−
1

2
lðlþ 1Þσ2θ

�
: ðE4Þ

The physical meaning is as follows: if a sky map fðn̂Þ
(with n̂ a direction on the sphere) is convolved with
the beam BðθÞ, its spherical harmonic coefficients alm
transform as

aconvolvedlm ¼ Bla
original
lm ¼ Wla

original
lm : ðE5Þ

In our analysis, the α function with unsmoothed angular
function for GW events is defined as

αGWj ðl; k; H0Þ ¼ bGWj

Z
∞

0

drnGWj ðr;H0ÞjlðkrÞ: ðE6Þ

Including the angular smoothing [and note that the radial
uncertainties are already incorporated in nGWj ðr;H0Þ], we
modify the α function by multiplying by Wl,

αGWj ðl;k;H0Þ¼bGWj WGW
l

Z
∞

0

drnGWj ðr;H0ÞjlðkrÞ: ðE7Þ

One would obtain similar results for the galaxies.
Substituting this into the cross-correlation function,

Pðgal;GWÞ
ij ðlÞ ¼ 4π

Z
∞

0

dk
k
αgali ðl; kÞαGWj ðl; k; H0ÞΔ2

ijðkÞ;

ðE8Þ

and the final expression including the angular smoothing
for the galaxy-GW cross-correlation becomes

Cðgal;GWÞ
ij ðlÞ ¼ 4πbgali bGWj Wgal

l WGW
l

Z
∞

0

dk
k

�Z
∞

0

drngali ðrÞjlðkrÞ
��Z

∞

0

drnGWj ðr;H0ÞjlðkrÞ
�
Δ2

ijðkÞ þ P
galiGWj

l;shot : ðE9Þ

In this final expression, the factor Wl ¼
exp ½− 1

2
lðlþ 1Þσ2θ� accounts for the angular smoothing

(i.e., the finite resolution in the sky positions).
We assume a galaxy survey with 1 arc sec resolution,

which is

1 arc sec≈
1

3600
deg≈ 4.85 × 10−6 rad:

Thus, a representative value for σθ in a galaxy survey
might be

σθ ∼ 5 × 10−6 rad:

In contrast, current ground-based GW detectors
(LIGO-Virgo) typically localize events with error regions
of tens to hundreds of square degrees [72]. If one
approximates a GW event’s localization as a Gaussian
probability distribution over a flat sky, the 1σ angular
resolution is given by

σθ ∼
ffiffiffiffi
A
π

r
:

In our fiducial case, we assume an GW event localized to
roughly A ≈ 10 deg2, and we have

σθ ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10 × ð0.01745Þ2

π

r
≈ 0.03 rad:

APPENDIX F: EFFECTS OF GALAXY
REDSHIFT DISTRIBUTION

Figure 6 compares the angular power spectra and shot-
noise terms for three redshift selections assuming 15 bins,
NGW ¼ 1000, a fixed galaxy number density, and
lmax ¼ 250: 0.05–0.45, 0.1–0.45, and 0.10–0.60. In this
test, GW events are sampled from the same galaxy redshift
distribution. We find that H0 constraints are significantly
tighter at low redshift. This is because the luminosity-
distance errors are smaller and the cross-correlation sig-
nal is stronger, which together enhance the constraining
power. At higher redshift, although the survey volume
and number of galaxies increase and the shot-noise con-
tribution decreases slightly, the clustering signal weakens
substantially. Since the cross-correlation carries the dom-
inant information for H0, this weakening of the clustering

JIAMING PAN et al. PHYS. REV. D 113, 103532 (2026)

103532-14



signal leads to degraded constraints overall. Thus, extend-
ing to higher redshift without improving distance precision
or event statistics does not improve H0 constraints, and
low-z GW samples remain especially valuable.

APPENDIX G: EFFECTS OF GW DISTRIBUTION

In our main forecasts we assume GWevents are sampled
from the galaxy redshift distribution. To test a more realistic
scenario, we instead draw events from the GWTC-3-
inferred GW distribution and compute each event’s σdL

3

(details of the calculation are provided below).
To simulate the GW population, we follow the popula-

tion model described in [61]. We assume the Power Lawþ
Peak model for the primary (m1) and secondary (m2) mass
distributions,

pGWðzÞ ∝
1

1þ z
dVc

dz
ð1þ zÞκ; ðG1Þ

where κ is the governing parameter of the distribution.
All parameter values are chosen to be the best-fit
parameters from [61]. After simulating the intrinsic
ðm1; m2; zÞ population, we apply the detectability
pdetðm1; m2; zÞ to obtain the observed population. For
simplicity, we use the package GWDET [73]. Finally, we
convert the redshift to luminosity distance using the
fiducial model.
For each GWevent, we simulate the luminosity-distance

(dL) posterior using a Gaussian distribution with a standard
deviation σdLðdLÞ, which is inversely proportional to the
SNR. The relationship between σdLðdLÞ and SNR is fitted
using events from GWTC-3 [61]. The simulated relative
luminosity-distance uncertainties and corresponding SNR
values are shown in Fig. 7.
In our model, the dL measurement uncertainty depends

on ðm1; m2; dLðzÞÞ. To incorporate this into the window

function, we marginalize overm1 andm2, weighted by their
population distribution,

σdLðdLÞ ¼
Z

σðm1; m2jdLÞpGWðm1; m2Þdm1dm2: ðG2Þ

In Fig. 8, we compare H0 constraints obtained from GW
events sampled from the galaxy redshift distribution with
those from the GWTC-3 redshift distribution, where each
event’s σdL is set by its SNR. Compared to our fiducial
model with σdL ¼ 0.2dL, GWTC-3-inferred distribution
has more distant GW events with larger distance uncer-
tainties, and about 5% of events have σdL < 0.2dL at low
redshift (see Fig. 7). Nearly all GWTC-3-inferred GW
events have σdL exceeding 0.1dL. As a result, the H0

constraints from GWTC-3 are identical to those of the
fiducial model, but remain weaker than the idealized
scenario with 1 deg2 localization, σdL ¼ 0.1dL, and
NGW ¼ 10, 000 (see Fig. 8).

FIG. 6. Angular power spectra in three different redshift ranges assuming the fiducial cosmology in the first bin with a total of 15 bins.

FIG. 7. Relative uncertainty σdL=dL vs redshift z for our
GWTC-3-inferred GW sample. Each point is color coded by
its SNR, as shown by the accompanying color bar. The dashed
horizontal lines, with coordinate values σdL=dL ¼ 0.1 and 0.2,
indicate the two distance precisions adopted in this test.

3In this test, we assume constant sky localization error.
Alternatively, one can calculate each event’s sky localization
error based on its SNR.
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