Combinatorial Models for Weyl Characters

John R. Stembridge

Department of Mathematics University of Michigan Ann Arbor, Michigan 48109–1109

February 18, 2001

Contents

0. Introduction 1. Preliminaries 2. Admissible Systems 3. The Product Construction 4. Thin Systems 5. Semistandard Tableaux 6. Untangled Systems 7. Generation of Finite Systems 8. Lakshmibai-Seshadri Chains

Partially supported by NSF Grant DMS–0070685 and the Guggenheim Foundation.

0. Introduction In this paper, we define an “admissible system” as a set-with-operators satisfying a certain list of axioms (see (A0)–(A4) in Section 2). Our goal is to show that these axioms abstract a minimal set of properties for understanding the combinatorics of the Weyl character formula for representations of semisimple Lie groups or algebras, and more generally for symmetrizable Kac-Moody algebras.

Axioms (A0)–(A3) can be recognized as defining, although with slightly different notation, what is known as a “crystal” in the theory that Kashiwara has developed for bases of representations of quantized universal enveloping algebras [K2]. The remaining axiom (A4) postulates the existence of what we call a “coherent timing pattern,” and is designed precisely to force a certain natural operation to be a sign-reversing involution.

We would like to emphasize that all proofs in this paper are self-contained, aside from a few standard facts about root systems and Weyl groups. Furthermore, it uses nothing from representation theory, and (if one is willing to drop all considerations of motivation) can be understood at a combinatorial level as a collection of theorems about generating functions expressible as ratios of alternating sums over Weyl groups.

In Section 2, after introducing the defining axioms, we prove simultaneously that (1) every admissible system has a “character” (i.e., a generating series) that is a nonnegative sum of Weyl characters, and (2) there is a simple product decomposition rule for multiplying the character by any Weyl character (see Theorem 2.4). As a corollary, one also obtains a branching rule for decomposing the character of any admissible system relative to Weyl characters for root subsystems. We remark that these results are false for general crystals; i.e., systems that fail to satisfy axiom (A4).

At this point the main issue is existence; i.e., for each Weyl character χ(λ), does there exist (and if so, how can one construct) an admissible system whose character is χ(λ)? Indeed, once we have such constructions, the previous results immediately yield tensor product and branching rules for Weyl characters. We give two solutions to the existence problem, the first (for finite root systems only) is close to the philosophy of crystal bases, and the second is provided by Littelmann’s path model [L1–4].

In the first approach, we define a product construction for admissible systems (see Section 3). This coincides exactly with the usual definition of the product of crystals, except that we have the added (light) burden of proving that axiom (A4) is respected.

In Section 4, we study “thin” admissible systems; these are the systems for which the most trivial timing pattern—a constant function—suffices. We prove that the only significant thin systems are those arising from minuscule and quasi-minuscule representations (Theorem 4.3).

In Section 5, we digress to discuss the example of semistandard tableaux for the root system A_n; these can be viewed as forming an admissible subsystem of a product of thin systems. Although tableaux are well understood from many points of view, including that of crystal bases and the path model, it is nonetheless worth emphasizing how easy it is to deduce in this way (1) the equivalence of the bi-alternant and tableaux definitions of the Schur functions, and (2) the Littlewood-Richardson rule (see Proposition 5.1).

In Section 6, we confront (the lack of) complete reducibility. Although there is a canonical decomposition of any admissible system into irreducible subsystems, there exist irreducible systems whose characters are sums of more than one Weyl character; we call these “tangled” systems. Entanglement is not an issue for the crystals corresponding to irreducible (integrable, highest weight) modules, since the latter belong to a category that enjoys complete reducibility. We prove (Theorem 6.4) that products of minuscule and quasi-minuscule systems suffer no entanglements, and this allows us to deduce (Theorem 7.1 and Corollary 7.2) that for every Weyl character χ(λ) for every finite root system, there is an admissible subsystem with character χ(λ) in such a product.

The crystals arising from representations are known to be unique and well-behaved under tensor product (see Theorems 4.1 and 4.2 of [K2]). Since the admissible systems arising from minuscule and quasi-minuscule representations are easily seen to be the crystals of these representations, it follows that the admissible systems whose existence we prove in Sections 6 and 7 must be identical to the crystals of representations in Kashiwara’s theory.

It would be interesting to identify a stronger set of axioms whose only models are the crystals of representations. It is conceivable that the axioms for a “strongly untangled” admissible system (see Section 6) have this property. For simply-laced root systems, a more specific proposal would be the axioms for an admissible system, together with the “combinatorial Serre relations” described in Lemmas 6.5 and 6.6 (see also Section 7.3 of [K1] and Remark 6.7(d) below).

In Section 8, we return to the general case, and show that Littelmann’s path model fits the axioms for an admissible system. More specifically, we treat the instance of the path model corresponding to Lakshmibai-Seshadri paths in [L1], although the derivation we give is closer in spirit to the approaches based on the Weyl character formula in [L2–3]. In this context, the timing pattern records the time of deepest penetration of a path through each wall of the fundamental chamber, and axiom (A4) can be viewed as extracting the essential combinatorial properties of these penetration times.

One reason for using the Lakshmibai-Seshadri path model is that the objects can be explicitly and uniformly described—in this case, as weighted chains in the Bruhat ordering of the Weyl group (hence we refer to the objects as “Lakshmibai-Seshadri chains”). However, this causes no real loss of generality, since the crystal defined by any path model depends only on the highest weight (see [L2] or Theorem 2 of [L3]). Thus all path models yield admissible systems, although this should not be hard to prove directly.

Acknowledgments.

I would like to thank the Isaac Newton Institute of Cambridge University for their hospitality during the preparation of this article. I would also like to thank J. Graham, M. Kashiwara, P. Littelmann and R. Proctor for helpful conversations.

1. Preliminaries Let V be a finite-dimensional real vector space with a non-degenerate symmetric bilinear form ⟨ , ⟩, and let Φ ⊂ V be a crystallographic root system with simple roots {α_i : i ∈ I}. By this we mean that Φ is the set of real roots of some symmetrizable Kac-Moody algebra. The finite root systems of this type are the root systems of semisimple Lie algebras.

For each root α ∈ Φ, we let α^∨ := 2α/⟨α, α⟩ denote the co-root and σ_α ∈ GL(V ) the reflection corresponding to α, so that σ_α(λ) = λ − ⟨λ, α^∨⟩α. For each i ∈ I, we let s_i denote the reflection corresponding to the simple root α_i. The Weyl group W is the subgroup of GL(V ) generated by {s_i : i ∈ I} (or equivalently, {σ_α : α ∈ Φ}); it is finite if and only if Φ is finite.

We remark that Φ can be characterized by the following axioms. (R1) {α_i : i ∈ I} is a linearly independent set. (R2) ⟨α_i, α_i⟩ > 0 for all i ∈ I.

(R3) ⟨α_i, α^∨_j ⟩ ∈ Z^{⩽0} for all i, j ∈ I such that i ≠ j. (R4) Φ = ⋃ i∈I W α_i. We let Φ^+ denote the set of positive roots; i.e., the roots in the nonnegative linear span of the simple roots. One knows that Φ is the disjoint union of Φ^+ and −Φ^+.

We let Λ := {λ ∈ V : ⟨λ, α^∨_i ⟩ ∈ Z, all i ∈ I} denote the lattice of (integral) weights. This is slightly misleading terminology, since Λ is not a lattice in V , but rather a lattice in V/Z, where Z = {λ ∈ V : ⟨λ, α^∨_i ⟩ = 0, all i ∈ I}.^1 Those λ ∈ V such that ⟨λ, α^∨⟩ ⩾ 0 for all α ∈ Φ^+ (or equivalently, ⟨λ, α^∨_i ⟩ ⩾ 0 for all i ∈ I) are said to be dominant. One knows that every W -orbit in V has at most one dominant member. We let Λ^+ denote the semigroup of dominant integral weights.

The (integral) Tits cone Λ_c is defined to be the union of all W -orbits of dominant integral weights, or equivalently,

Λ_c = {λ ∈ Λ : ⟨λ, α^∨⟩ < 0 for finitely many α ∈ Φ^+}.

We have Λ = Λ_c in the finite case, but not otherwise.

We now need to define a suitable ring R that contains the characters of all integrable highest weight modules for the corresponding Kac-Moody algebra. In the finite case, one may simply take R to be the group ring of Λ, but in general more care is required.

First, choose a height function ht : V → R; i.e., a linear map such that ht(α_i) = 1 for all i ∈ I. Second, for each λ ∈ Λ, let e^λ denote a formal exponential subject to the rules e^μ · e^ν = e^{μ+ν} for all μ, ν ∈ Λ. These given, we define R to be the ring consisting of all formal sums ∑ λ∈Λ c_λe^λ (c_λ ∈ Z) satisfying the condition that for all h ∈ R, there are only finitely many weights λ such that ht(λ) > h and c_λ ≠ 0. A subtle complication is the fact that the W -action e^λ → e^{wλ} on exponentials does not extend to the full ring R.^2 Note that R includes the formal power series ring R_0 = Z[[e^{−αi} : i ∈ I]]. In particular, if f ∈ R_0 has constant term 1, then e^λf has a multiplicative inverse in R.

For each λ ∈ Λ^+ with a finite W -stabilizer, we define

Δ(λ) := ∑ w∈W sgn(w)e^{wλ}, where sgn(w) = det(w) denotes the sign character. It is not hard to show that Δ(λ) is a well-defined member of R, and more generally, the same holds if we extend the definition to any λ ∈ Λ_c with a finite W -stabilizer. Moreover,

Δ(wλ) = sgn(w)Δ(λ) (w ∈ W ),

and Δ(λ) ≠ 0 if and only if λ has a trivial stabilizer. If λ is dominant, then Δ(λ) ≠ 0 if and only if λ is strongly dominant (i.e., ⟨λ, α^∨_i ⟩ > 0 for all i ∈ I). In that case, e^{−λ}Δ(λ) ∈ R_0 has constant term 1 and Δ(λ) is invertible in R.

1In general, we have to allow for the possibility that the simple roots span a proper subspace of V . Indeed, it can happen that the bilinear form is degenerate on the span of the simple roots.

2For example, consider how s_i should act on ∑ k⩾0 e^{−kαi} .

Since ⟨ , ⟩ is non-degenerate, we may select ρ ∈ Λ^+ so that ⟨ρ, α^∨_i ⟩ = 1 for all i ∈ I. This given, for each λ ∈ Λ^+ we define

χ(λ) :=

Δ(λ + ρ)

Δ(ρ) = ∑ w∈W sgn(w)e^{w(λ+ρ)−ρ} ∑ w∈W sgn(w)e^{wρ−ρ} ∈ R.

It is easy to show that wρ − ρ, and hence χ(λ), does not depend on the choice of ρ. By the Kac-Weyl character formula [Ka], these are the characters of the irreducible integrable highest weight modules for the corresponding Kac-Moody algebra.

2. Admissible Systems Fix a crystallographic root system Φ with simple roots {α_i : i ∈ I} and weight lattice Λ. Definition 2.1. An admissible system is a 4-tuple (X, μ, δ, {F_i : i ∈ I}), where • X is a set whose members are called objects, • μ and δ are maps X → Λ (i.e., assignments of integral weights to objects), and • for each i ∈ I, F_i is a bijection between two subsets of X, subject to axioms (A0)–(A4) below.

By abuse of notation, we identify the system with the set X. Our first requirement is (A0) For all h ∈ R, there are only finitely many objects x such that ht(μ(x)) > h.

In other words, the generating series G_X := ∑ x∈X e^{μ(x)} is a well-defined member of R.

In case Φ is finite, it is reasonable to use the stronger hypothesis that X is finite.

For each x ∈ X, we call μ(x), δ(x) and ε(x) := μ(x) − δ(x) the weight, depth and rise of x. We also require

(A1) δ(x) ∈ −Λ^+, ε(x) = μ(x) − δ(x) ∈ Λ^+.

It is convenient to introduce the notations μ(x, i) = ⟨μ(x), α^∨_i ⟩, δ(x, i) = ⟨δ(x), α^∨_i ⟩, and ε(x, i) = ⟨ε(x), α^∨_i ⟩ for all i ∈ I. We call δ(x, i) and ε(x, i) the depth and rise of x in the direction of α_i. In these terms, we have δ(x, i) ⩽ min(0, μ(x, i)) (i ∈ I), ε(x, i) ⩾ max(0, μ(x, i)) (i ∈ I), and either one of these is equivalent to (A1).

Next, we require the domain and co-domain of F_i to be the set of objects with nonzero rise and depth in the direction of α_i; i.e.,

(A2) F_i is a bijection {x ∈ X : ε(x, i) > 0} → {x ∈ X : δ(x, i) < 0}. We further impose the conditions

(A3) μ(F_i(x)) = μ(x) − α_i, δ(F_i(x), i) = δ(x, i) − 1.

Hence also ε(F_i(x), i) = ε(x, i) − 1. We let E_i = F^{−1}_i denote the inverse map.

It is easy to see that (A1)–(A3) imply

F^k_i (x) = E^{−k}_i (x) is defined ⇔ δ(x, i) ⩽ k ⩽ ε(x, i). (2.1)

The maps E_i and F_i act as raising and lowering operators that provide a partition of the objects into α_i-strings that are closed under the action of E_i and F_i. For example, the α_i-string through x is (by definition) F^ε_i (x), . . . , F_i(x), x, E_i(x), . . . , E^{−δ}_i (x), where δ = δ(x, i) and ε = ε(x, i). The top member of the string, E^{−δ}_i (x) = F^δ_i (x) has a depth of 0 and a rise of ε − δ in the direction of α_i; the bottom member F^ε_i (x) has a rise of 0 and a depth of δ − ε.

Lemma 2.2. If X is a system satisfying (A0)–(A3), then (a) G_X is W -invariant, and (b) μ(x) ∈ Λ_c for all x ∈ X.

Proof. (a) We seek to prove that for all μ ∈ Λ and all i ∈ I, the coefficients of e^μ and e^{siμ} in G_X are the same. Given an object x ∈ X of weight μ = μ(x), let δ = δ(x, i) and ε = ε(x, i). Since δ ⩽ 0 and ε ⩾ 0, it follows that δ ⩽ δ + ε ⩽ ε, whence x^′ := F^{δ+ε}_i (x) is a valid object of weight μ − (δ + ε)α_i = s_iμ (cf. (2.1)). Since there can be at most one member of the α_i-string through x^′ whose weight is s_iμ(x^′) (namely, x), it follows that the map x → x^′ is an involution.

(b) It follows from (A0) that {ht(μ(x)) : x ∈ X} has a maximum. Assume toward a contradiction that μ(x) has maximum height among all x ∈ X such that μ(x) /∈ Λ_c. Since μ(x) cannot be dominant, we have μ(x, i) < 0 for some i ∈ I, hence the element x^′ ∈ X in the α_i-string through x of weight s_iμ(x) constructed in (a) has greater height. The maximality of ht(μ(x)) then implies s_iμ(x) ∈ Λ_c, a contradiction. □

In the following, it will be convenient to define

x ≼_i y if x = F^k_i (y) for some k ⩾ 0.

Any assignment of real numbers t(x, i) ∈ R for all pairs (x, i) with δ(x, i) < 0 is called a timing pattern for X. Our final requirement is

(A4) There exists a coherent timing pattern t( , ) for X; i.e., for all pairs (x, i) such that δ(x, i) < 0 and F_i(x) is defined (i.e., ε(x, i) > 0), we have (i) t(x, i) ⩽ t(F_i(x), i), and for all j ≠ i, all integers δ < 0, and all t ⩽ t(x, i),

(ii) there is an object y ≽_j x such that δ(y, j) = δ and t(y, j) = t if and only if there is an object y^′ ≽_j F_i(x) such that δ(y^′, j) = δ and t(y^′, j) = t.

Note that if F^2_i (x) also exists, then for all t ⩽ t(F_i(x), i) we can apply (ii) with F_i(x) replacing x. Bearing in mind (i), it follows that for t ⩽ t(x, i), there is an object y ≽_j x such that δ(y, j) = δ and t(y, j) = t if and only if there is an object y^′ ≽_j F^2_i (x) such that δ(y^′, j) = δ and t(y^′, j) = t. By iteration, we obtain more generally

Lemma 2.3. For all distinct pairs i, j ∈ I, all objects x^′ ≼_i x such that δ(x, i) < 0, all integers δ < 0, and all t ⩽ t(x, i), there is an object y ≽_j x such that δ(y, j) = δ and t(y, j) = t if and only if there is an object y^′ ≽_j x^′ such that δ(y^′, j) = δ and t(y^′, j) = t.

For some basic examples of admissible systems, see Sections 4 and 5. Theorem 2.4. If X is an admissible system and ν ∈ Λ^+, then χ(ν) · G_X = ∑ x∈X: ν+δ(x)∈Λ^+ χ(ν + μ(x)).

In particular (taking ν = 0), G_X = ∑ δ(x)∈Λ^+ χ(μ(x)). It should be noted that ν + μ(x) = (ν + δ(x)) + (μ(x) − δ(x)), so (A1) implies that each term ν + μ(x) appearing in the above expansion is dominant. Note also that δ(x) is dominant if and only if δ(x, i) = 0 for all i ∈ I. In that case, we say that x is maximal.

Proof. Since G_X is W -invariant by Lemma 2.2(a), we have

Δ(ρ + ν) · G_X = ∑ w∈W,x∈X sgn(w)e^{w(ρ+ν)+μ(x)} = ∑ w∈W,x∈X sgn(w)e^{w(ρ+ν+μ(x))} = ∑ x∈X Δ(ρ + ν + μ(x)). (2.2)

The fact that the summands Δ(ρ + ν + μ(x)) are well-defined members of R follows from Lemma 2.2(b). (In particular, μ ∈ Λ_c implies that ρ + ν + μ has a finite W -stabilizer.)

Now let k_i = k_i(ν) = −⟨ρ + ν, α^∨_i ⟩ < 0. For all x ∈ X, we define J(x) = {i ∈ I : δ(x, i) ⩽ k_i}. For each i ∈ J(x), there is a unique object x_i ≽_i x such that δ(x_i, i) = k_i. Assuming that J(x) is nonempty, we say that x is “bad” with respect to ν.

By (A4), there is a coherent timing pattern t( , ) for X.

Given that x is bad, choose i ∈ J(x) so that t(x_i, i) is minimized. If there is more than one minimizing choice, select i to be the first one relative to some fixed ordering of I. Setting δ = δ(x, i), ε = ε(x, i) and l = ε + δ − k_i, we have δ ⩽ l ⩽ ε, so it follows by (2.1) that x^′ := F^l_i (x) is a valid object. Moreover by (A3), δ(x^′, i) = δ − l = k_i − ε ⩽ k_i, so i ∈ J(x^′), x^′ is bad with respect to ν, and μ(x^′) = μ(x) − lα_i = μ(x) − ⟨μ(x), α^∨_i ⟩α_i + k_iα_i, whence x^′ is the unique member of the α_i-string through x such that s_i(ρ + ν + μ(x)) = ρ + ν + μ(x^′). (2.3)

We claim that the map x → x^′ is an involution on the set of all members of X that are bad with respect to ν. To see this, for each j ∈ J(x^′) let x^′_j denote the unique object such that x^′_j ≽_j x^′ and δ(x^′_j , j) = k_j . Since x and x^′ are on the same α_i-string, we have x^′_i = x_i. Choose j ∈ J(x^′) so as to minimize t(x^′_j , j), and if there is more than one choice, select j to be first in the ordering of I. We have t(x^′_j , j) ⩽ t(x^′_i, i) = t(x_i, i) and x^′ ≼_i x or x ≼_i x^′, so if we assume j ≠ i, then Lemma 2.3 implies that there is an object y ≽_j x such that δ(y, j) = k_j and t(y, j) = t(x^′_j , j). Hence, j ∈ J(x) and y is the unique object on the α_j -string through x such that δ(y, j) = k_j (i.e., y = x_j ), so t(x_j , j) ⩽ t(x_i, i), contradicting our choice of i. Therefore j = i and the object x^{′′} such that x^′ → x^{′′} is (by (2.3)) the unique member of the α_i-string through x^′ (or x) such that

s_i(ρ + ν + μ(x^′)) = ρ + ν + μ(x^{′′}).

Thus x = x^{′′} and the claim follows.

Since (2.3) implies Δ(ρ + ν + μ(x)) = −Δ(ρ + ν + μ(x^′)), the net contribution of bad objects to (2.2) is zero. The remaining “good” objects are characterized by the property that ⟨ρ + ν, α^∨_i ⟩ + δ(x, i) > 0 for all i ∈ I, or equivalently, ν + δ(x) ∈ Λ^+, whence

Δ(ρ + ν) · G_X = ∑ x∈X:ν+δ(x)∈Λ^+ Δ(ρ + ν + μ(x)).

Now divide by Δ(ρ). □

Given J ⊆ I, let Φ_J denote the root subsystem of Φ with simple roots {α_j : j ∈ J}. We let W_J ⊆ W , Λ_J ⊇ Λ, and R_J denote the corresponding Weyl group, weight lattice, and character ring. Provided that we use the height function inherited from Φ (in which case R_J ⊇ R), it is easy to see that any admissible system X can also be viewed as an admissible system relative to Φ_J using only the operators E_j and F_j for j ∈ J.

An immediate consequence of the second part of Theorem 2.4 is the following “branching rule” for decomposing G_X as a sum of Weyl characters relative to Φ_J .

Corollary 2.5. If X is an admissible system and J ⊆ I, then

G_X = ∑ δ(x)∈Λ^+_J χ(μ(x); J),

where χ(λ; J) ∈ R_J denotes the Weyl character (relative to Φ_J ) corresponding to λ ∈ Λ^+_J .

Note that δ(x) ∈ Λ^+_J if and only if δ(x, j) = 0 for all j ∈ J.

3. The Product Construction Let X and Y be admissible systems. In the following, we will construct an admissible system XY whose set of objects is the Cartesian product of X and Y . For brevity, we will represent the objects of XY as concatenations xy with x ∈ X, y ∈ Y .

The weight, depth^3 and rise of the object xy are as follows: μ(xy) = μ(x) + μ(y), δ(xy, i) = min(δ(x, i), μ(x, i) + δ(y, i)) = δ(x, i) + min(0, ε(x, i) + δ(y, i)), ε(xy, i) = max(ε(y, i), ε(x, i) + μ(y, i)) = ε(y, i) + max(0, ε(x, i) + δ(y, i)). Since δ(x, i) ⩽ 0 and δ(y, i) ⩽ μ(y, i), it follows that δ(xy, i) ⩽ min(0, μ(xy, i)) and hence (A1) holds. It is also clear that G_{XY} = G_X G_Y , so (A0) is immediate.

The raising and lowering operators E_i and F_i are defined by F_i(xy) = { F_i(x)y if ε(x, i) + δ(y, i) > 0, xF_i(y) if ε(x, i) + δ(y, i) ⩽ 0, E_i(xy) = { E_i(x)y if ε(x, i) + δ(y, i) ⩾ 0, xE_i(y) if ε(x, i) + δ(y, i) < 0. We claim that these maps are well-defined inverse pairs satisfying (A2)–(A3). Indeed, consider an object xy with ε(xy, i) > 0. If ε(x, i) + δ(y, i) > 0, then ε(x, i) > 0, whence F_i(x) is defined, F_i(xy) = F_i(x)y, and F_i decreases both the depth and rise in the direction of α_i by 1. Furthermore, we now have ε(F_i(x), i) + δ(y, i) ⩾ 0, whence E_i(F_i(x)y) = xy. Otherwise, if ε(x, i) + δ(y, i) ⩽ 0, then ε(y, i) = ε(xy, i) > 0, whence F_i(y) is defined, F_i(xy) = xF_i(y), and again F_i decreases both the depth and rise in the direction of α_i by 1. Furthermore, we have ε(x, i) + δ(F_i(y), i) < 0, and hence E_i(xF_i(y)) = xy. Also, in both cases it is clear that μ(F_i(xy)) = μ(xy) − α_i. Conversely, a similar argument shows that E_i is well-defined and inverted by F_i whenever δ(xy, i) < 0, so the claim follows.

Lemma 3.1. Let x, x^′ ∈ X, y, y^′ ∈ Y , and j ∈ I. (a) If x^′y^′ ≽_j xy, then x^′ ≽_j x and y^′ ≽_j y.

(b) If x^′ ≽_j x, then there exists y^{′′} ∈ Y such that x^′y^{′′} ≽_j xy and ε(x^′, j)+δ(y^{′′}, j) ⩾ 0. (c) If ε(x^′, j) + δ(y^′, j) ⩽ 0, then x^′y^′ ≽_j xy if and only if x^′ = x and y^′ ≽_j y.

Proof. The action of F_j on xy decreases ε(x, j) + δ(y, j) by 1. Furthermore, whenever ε(x, j) + δ(y, j) is positive, F_j (xy) is defined and acts on x; similarly, ε(x, j) + δ(y, j) < 0 implies that E_j (xy) is defined and acts on y. It follows that every α_j -string in XY has a unique object xy for which ε(x, j) + δ(y, j) = 0, and the string itself takes the form E^{−δ}_j (x)y ≽_j · · · ≽_j E_j (x)y ≽_j xy ≽_j xF_j (y) ≽_j · · · ≽_j xF^ε_j (y), (3.1) where δ = δ(x, j) and ε = ε(y, j).

All three assertions are easy consequences of this observation. □

3Strictly speaking, we have not defined δ(xy) here, but rather δ(xy, i) for all i ∈ I. However the properties of admissible systems depend only on the latter, so it is a moot point.

Proposition 3.2. If X and Y are admissible systems, then XY is also admissible.

Proof. All that remains is to verify (A4); i.e., the existence of a coherent timing pattern. By applying order-preserving injections R → R^{<0} and R → R^{>0}, we may select coherent timing patterns for X and Y so that t(x, i) < 0 and t(y, i) > 0 for all x ∈ X, y ∈ Y, i ∈ I where these times are defined (i.e., δ(x, i) < 0 and δ(y, i) < 0). These given, we define t(xy, i) = { t(x, i) if ε(x, i) + δ(y, i) ⩾ 0, t(y, i) if ε(x, i) + δ(y, i) < 0 whenever δ(xy, i) < 0 and claim that this is a coherent timing pattern for XY .

From (3.1), one can see that the values of t( · , i) along a given α_i-string in XY consist of the negative, nondecreasing values of t( · , i) along the upper portion of an α_i-string in X, followed by the positive, nondecreasing values of t( · , i) along the bottom portion of an α_i-string in Y . This confirms part (i) of (A4).

For part (ii), choose a distinct pair i, j ∈ I, let xy be an object such that δ(xy, i) < 0 and ε(xy, i) > 0, and consider an object x^′y^′ ≽_j xy such that δ = δ(x^′y^′, j) < 0 and t = t(x^′y^′, j) ⩽ t(xy, i). We need to establish the existence of an object x^{′′}y^{′′} ≽_j F_i(xy) such that δ(x^{′′}y^{′′}, j) = δ and t(x^{′′}y^{′′}, j) = t.

Case 1: ε(x, i) + δ(y, i) > 0 (i.e., F_i(xy) = F_i(x)y). We have t(xy, i) = t(x, i) < 0, so t < 0, whence t = t(x^′, j), ε(x^′, j) + δ(y^′, j) ⩾ 0, and δ = δ(x^′, j). Since t( , ) is coherent on X and x^′ ≽_j x (Lemma 3.1(a)), there must be an object x^{′′} ≽_j F_i(x) with t(x^{′′}, j) = t(x^′, j) = t and δ(x^{′′}, j) = δ(x^′, j) = δ. By Lemma 3.1(b), it follows that there is an object y^{′′} ∈ Y such that x^{′′}y^{′′} ≽_j F_i(x)y and ε(x^{′′}, j) + δ(y^{′′}, j) ⩾ 0, so we have δ(x^{′′}y^{′′}, j) = δ(x^{′′}, j) = δ and t(x^{′′}y^{′′}, j) = t(x^{′′}, j) = t. Case 2: ε(x, i) + δ(y, i) ⩽ 0 (i.e., F_i(xy) = xF_i(y)) and t < 0. The latter of these forces t = t(x^′, j), whence ε(x^′, j) + δ(y^′, j) ⩾ 0 and δ = δ(x^′, j). Applying Lemma 3.1(b), there is an object y^{′′} ∈ Y such that x^′y^{′′} ≽_j xF_i(y) and ε(x^′, j) + δ(y^{′′}, j) ⩾ 0, and the latter implies δ(x^′y^{′′}, j) = δ(x^′, j) = δ and t(x^′y^{′′}, j) = t(x^′, j) = t.

Case 3: ε(x, i) + δ(y, i) ⩽ 0 (i.e., F_i(xy) = xF_i(y)) and t > 0. Here, t(xy, i) ⩾ t > 0, which forces t(xy, i) = t(y, i) and t = t(x^′y^′, j) = t(y^′, j), whence ε(x^′, j) + δ(y^′, j) < 0, δ(y^′, j) < 0 (since ε(x^′, j) ⩾ 0), and δ = μ(x^′, j) + δ(y^′, j). By Lemma 3.1(c), we must have x^′ = x and y^′ ≽_j y, and since t( , ) is coherent on Y , there is an object y^{′′} ≽_j F_i(y) such that t(y^{′′}, j) = t(y^′, j) = t and δ(y^{′′}, j) = δ(y^′, j). Applying Lemma 3.1(c) again, we obtain xy^{′′} ≽_j xF_i(y), t(xy^{′′}, j) = t(y^{′′}, j) = t, and δ(xy^{′′}, j) = μ(x, j) + δ(y^{′′}, j) = δ. Almost identical reasoning applies if we start with an object x^{′′}y^{′′} ≽_j F_i(xy) such that δ(x^{′′}y^{′′}, j) < 0 and t(x^{′′}y^{′′}, j) ⩽ t(xy, i), so this confirms part (ii) of (A4). □

Remark 3.3. In an l-fold product X_1 · · · X_l, iteration of the above construction yields objects that are l-tuples x_1 · · · x_l (x_i ∈ X_i), with

μ(x_1 · · · x_l) = μ(x_1) + · · · + μ(x_l), δ(x_1 · · · x_l, i) = min_{1⩽j⩽l} μ(x_1, i) + · · · + μ(x_{j−1}, i) + δ(x_j , i), (3.2)

ε(x_1 · · · x_l, i) = max_{1⩽k⩽l} ε(x_k , i) + μ(x_{k+1}, i) + · · · + μ(x_l, i). (3.3)

Furthermore, the raising and lowering operators are given by

E_i(x_1 · · · x_l) = x_1 · · · E_i(x_j ) · · · x_l, F_i(x_1 · · · x_l) = x_1 · · · F_i(x_k) · · · x_l,

where j and k denote the smallest and largest indices for which the minimum and maximum are achieved in (3.2) and (3.3), respectively.

4. Thin Systems The simplest admissible systems are those that admit a coherent timing pattern that is constant. We say that such systems are thin. For example, it can happen that all strings of objects have length at most one, so conditions (i) and (ii) of (A4) hold vacuously; in this case every timing pattern is coherent.

In general, if a constant timing pattern is to be coherent, then condition (ii) implies that for all distinct i, j ∈ I, all δ < 0, and all objects x such that δ(x, i) < 0 and ε(x, i) > 0, there is an object y ≽_j x such that δ(y, j) = δ if and only if there is an object y^′ ≽_j F_i(x) such that δ(y^′, j) = δ. Conversely, it is easily seen that this forces any constant timing pattern to be coherent. To simplify even further, observe that the existence of an object y ≽_j x such that δ(y, j) = δ is equivalent to the condition δ ⩾ δ(x, j). This yields the following characterization of thinness.

Proposition 4.1. A 4-tuple (X, μ, δ, {F_i : i ∈ I}) satisfying (A0)–(A3) is a thin admissible system if and only if δ(F_i(x), j) = δ(x, j) for all x ∈ X and distinct i, j ∈ I such that δ(x, i) < 0 and ε(x, i) > 0.

Remark 4.2. If X = X_1 · · · X_l is a product of thin admissible systems, it follows from Remark 3.3 and the proof of Proposition 3.2 that a coherent timing pattern for X can be devised by setting t(x_1 · · · x_l, i) = j when E_i acts on x_1 · · · x_l at x_j . Equivalently, if δ(x_1 · · · x_l, i) < 0 and j is the least index for which δ(x_1 · · · x_l, i) = μ(x_1, i) + · · · + μ(x_{j−1}, i) + δ(x_j , i), then one may set t(x_1 · · · x_l, i) = j (cf. (3.2)).

A. Trivial systems.

A weight θ ∈ Λ is said to be trivial if ⟨θ, α^∨_i ⟩ = 0 for all i ∈ I. Since V need not be spanned by the simple roots, there may be nonzero trivial weights. It is easy to see that one may construct a (thin) admissible system consisting of a single object with a trivial weight. Moreover, if X is any admissible system, one can create a new admissible system by adding a fixed trivial weight θ to the weight of each x ∈ X; this can be seen as a special case of the product construction.

B. Minuscule systems.

A weight μ ∈ Λ is said to be minuscule if ⟨μ, α^∨⟩ ∈ {0, ±1} for all α ∈ Φ. This includes the possibility that μ is trivial. Since W permutes Φ, every element in the W -orbit of a minuscule weight is also minuscule.

For any minuscule λ ∈ Λ^+, it is easy to construct a thin admissible system X(λ) whose object set is the W -orbit of λ. Naturally, the weight of the object μ is μ itself, and if we define the depth and rise of μ so that δ(μ, i) = min(0, ⟨μ, α^∨_i ⟩) = { −1 if ⟨μ, α^∨_i ⟩ = −1, 0 otherwise, ε(μ, i) = max(0, ⟨μ, α^∨_i ⟩) = { 1 if ⟨μ, α^∨_i ⟩ = 1, 0 otherwise,

then it is easy to see that (A1) holds. In particular, ⟨μ, α^∨_i ⟩ = δ(μ, i) + ε(μ, i) for i ∈ I.

For the raising and lowering operators, we define

F_i(μ) = s_iμ = μ − α_i if ⟨μ, α^∨_i ⟩ = 1 (i.e., ε(μ, i) > 0), E_i(μ) = s_iμ = μ + α_i if ⟨μ, α^∨_i ⟩ = −1 (i.e., δ(μ, i) < 0).

It is clear that these maps are inverse pairs satisfying (A2)–(A3). Since there are no objects μ in X(λ) that satisfy δ(μ, i) < 0 and ε(μ, i) > 0, we are in precisely the situation mentioned at the beginning of this section: every timing pattern is coherent. In particular, X(λ) is a thin admissible system; we call these minuscule systems.

Dominant minuscule weights are fairly rare and have a well-known classification (e.g., see Exercise VI.4.15 of [B]). In particular, no (irreducible) infinite root system has a nontrivial minuscule weight (this follows from Lemma 4.5 below), and in the finite case, there is one dominant minuscule weight in each coset of Λ modulo ZΦ (see Lemma 7.3).

C. Quasi-minuscule systems.

We say that a weight μ ∈ Λ is quasi-minuscule if ⟨μ, α^∨⟩ ∈ {0, ±1, ±2} for all α ∈ Φ, and there is a unique α ∈ Φ such that ⟨μ, α^∨⟩ = 2. Note that every element in the W -orbit of a quasi-minuscule weight is also quasi-minuscule.

For simplicity, assume now that Φ is irreducible. In that case, we should also assume that Φ is finite; otherwise, there are no dominant quasi-minuscule weights (Lemma 4.5). Under these circumstances, it is well-known that Φ must have either one or two orbits of roots. In the two-orbit case, the roots in each orbit have different lengths (“long” and “short”); in the one-orbit case, we can agree that all roots are short by convention. In either case, we let Φ_s denote the set of short roots, and let I_s = {i ∈ I : α_i ∈ Φ_s} denote the indices of the short simple roots.

A fundamental property of every short root β is that ⟨β, α^∨⟩ ⩽ 2 for all α ∈ Φ, and equality occurs if and only if β = α. (This can be proved by examining the rank two root systems; e.g., see [B, §VI.1.3].) In other words, short roots are quasi-minuscule. In fact, the short dominant root, denoted ᾱ, is the unique dominant quasi-minuscule weight, aside from trivial translations (see Lemma 4.6 below).

One may construct a thin admissible system X(ᾱ) whose object set is Φ_s ∪ {0_i : i ∈ I_s}, where 0_i denotes an object of weight 0, and each root β ∈ Φ_s is defined to have weight β. The depth and rise are defined by setting δ(β, j) = min(0, ⟨β, α^∨_j ⟩), δ(0_i, j) = −δ_{ij} , ε(β, j) = max(0, ⟨β, α^∨_j ⟩), ε(0_i, j) = δ_{ij} for all β ∈ Φ_s, i ∈ I_s, and j ∈ I. Thus ⟨β, α^∨_j ⟩ = δ(β, j) + ε(β, j) and δ(0_i, j) + ε(0_i, j) = 0, so (A1) holds. Note that δ(β, j) ⩾ −2 for all j ∈ I, with equality if and only if β = −α_j and j ∈ I_s. Similarly, ε(β, j) ⩽ 2, with equality if and only if β = α_j and j ∈ I_s.

For the raising and lowering operators, we define

F_i(α_i) = 0_i, F_i(0_i) = −α_i, F_j (β) = s_j β = β − α_j (if ⟨β, α^∨_j ⟩ = 1), E_i(−α_i) = 0_i, E_i(0_i) = α_i, E_j (β) = s_j β = β + α_j (if ⟨β, α^∨_j ⟩ = −1)

for β ∈ Φ_s, i ∈ I_s, and j ∈ I. As in the minuscule case, it is easy to check that these are inverse pairs satisfying (A2)–(A3). However, here there do exist objects x such that δ(x, i) < 0 and ε(x, i) > 0; namely, the objects 0_i (i ∈ I_s). For these, we have δ(0_i, j) = δ(−α_i, j) = 0 for j ≠ i, so X(ᾱ) is a thin admissible system by Proposition 4.1.

Even if Φ is not irreducible, the same construction can be used if ᾱ is the short dominant root of some (finite) irreducible component of Φ. Even more generally, if λ = θ + ᾱ for some trivial θ ∈ Λ, we define X(λ) to be the (thin) system obtained by shifting the weights of X(ᾱ) by θ; thus X(λ) ∼= X(θ)X(ᾱ). We call these quasi-minuscule systems.

D. Classification.

An explicit classification of all thin admissible systems would be unreasonably complicated, given the possibility of tangled systems (see Section 6). Nevertheless, the following result shows that the only “interesting” thin systems are the minuscule and quasiminuscule systems (see also Remark 6.7(c)).

Theorem 4.3. Assume that Φ is irreducible of rank > 1. If X is a thin admissible system, then the weight of every object is minuscule or quasi-minuscule. In particular, G_X is a sum of Weyl characters χ(λ) such that λ ∈ Λ^+ is minuscule or quasi-minuscule. Furthermore, nontrivial weights can occur only if Φ is finite.

Our proof will require a series of lemmas.

Lemma 4.4. If X is an admissible system with an object x such that δ(x, i) ⩽ −2 and δ(x, j) ⩽ −1 for some pair i, j ∈ I satisfying ⟨α_i, α_j ⟩ < 0, then X cannot be thin.

Proof. Assume toward a contradiction that X is thin. If ε(x, j) > 0, we can replace x with F_j (x); indeed, Proposition 4.1 implies that δ(F_j (x), i) = δ(x, i) ⩽ −2. Thus by iteration, we may assume that ε(x, j) = 0. Now consider the object y = E_i(x). We have δ(y, i) < 0 and ε(y, i) > 0, so Proposition 4.1 implies δ(x, j) = δ(y, j). However, μ(y) = μ(x) + α_i, so we have ε(y, j) = ε(x, j) + ⟨α_i, α^∨_j ⟩ = ⟨α_i, α^∨_j ⟩ < 0, contradicting (A1). □

Lemma 4.5. If Φ is infinite and irreducible, then for all nontrivial λ ∈ Λ^+, the set {⟨λ, β^∨⟩ : β ∈ Φ^+} is unbounded.

Proof. We may write λ = ∑ i∈I ⟨λ, α^∨_i ⟩ω_i for suitable ω_i ∈ Λ such that ⟨ω_i, α^∨_j ⟩ = δ_{ij} .

Since λ is dominant and nontrivial, the coefficients ⟨λ, α^∨_i ⟩ are nonnegative, and at least one is positive. It thus suffices to show that {⟨ω_i, β^∨⟩ : β ∈ Φ^+} is unbounded for all i ∈ I.

For each β ∈ Φ^+, we have β^∨ = ∑ i∈I ⟨ω_i, β^∨⟩α^∨_i . Bearing in mind that ⟨α_i, α_j ⟩ ⩽ 0 for all j ≠ i, it follows that for any particular such j, ⟨α_i, β^∨⟩ ⩽ 2⟨ω_i, β^∨⟩ + ⟨α_i, α^∨_j ⟩⟨ω_j , β^∨⟩. (4.1)

Now let J ⊂ I denote the set of indices j ∈ I such that {⟨ω_j , β^∨⟩ : β ∈ Φ^+} is unbounded. Clearly J is nonempty, since ∑ i∈I ⟨ω_i, β^∨⟩ is the height of β^∨ (as a co-root), and there can be at most finitely many positive co-roots of bounded height. If J ≠ I, then by the irreducibility of Φ, there must be a pair j ∈ J, i ∈ I − J such that ⟨α_i, α_j ⟩ < 0. In that case, ⟨ω_i, β^∨⟩ is bounded above, whereas ⟨ω_j , β^∨⟩ is not, so (4.1) implies that ⟨α_i, β^∨⟩ cannot be bounded below. However, ⟨ω_i, s_iβ^∨⟩ = ⟨ω_i, β^∨⟩ − ⟨α_i, β^∨⟩, so this contradicts the fact that ⟨ω_i, β^∨⟩ is bounded. □

Lemma 4.6. Assume that Φ is finite and irreducible. If λ ∈ Λ is quasi-minuscule and α is the unique root for which ⟨λ, α^∨⟩ = 2, then λ − α is trivial. Moreover, if λ is dominant, then λ − ᾱ is trivial.

Proof. We may assume that λ is dominant. In that case, we must have α = ᾱ, since ᾱ^∨ is the highest co-root. Now if λ − ᾱ fails to be dominant, say ⟨λ − ᾱ, α^∨_i ⟩ < 0, then 0 ⩽ ⟨λ, α^∨_i ⟩ < ⟨ᾱ, α^∨_i ⟩. We cannot have ᾱ = α_i; otherwise ⟨λ, α^∨_i ⟩ = ⟨ᾱ, α^∨_i ⟩ = 2. Thus since ᾱ is quasi-minuscule, we must have ⟨ᾱ, α^∨_i ⟩ = 1 and ⟨λ, α^∨_i ⟩ = 0. In that case, β = s_iᾱ is a root distinct from ᾱ such that ⟨λ, β^∨⟩ = ⟨λ, ᾱ^∨⟩ = 2, a contradiction.

Hence λ − ᾱ is dominant, and if it is also nontrivial, we must have ⟨λ − ᾱ, α^∨_i ⟩ > 0 for some i ∈ I. Moreover, since ᾱ is a dominant root, the coefficient of α^∨_i in ᾱ^∨ must be positive, so we obtain ⟨λ − ᾱ, ᾱ^∨⟩ > 0, whence ⟨λ, ᾱ^∨⟩ > 2, a contradiction. □

Lemma 4.7. Assume that Φ is finite, irreducible, and of rank > 1. If λ ∈ Λ^+ is neither minuscule nor quasi-minuscule, then there is a weight μ ∈ W λ that is neither minuscule nor quasi-minuscule relative to some irreducible subsystem Φ_J of rank 2.

Proof. Proceeding by induction, we assume that the rank is > 2. Since ᾱ^∨ is the highest co-root and λ is not minuscule, we must have ⟨λ, ᾱ^∨⟩ ⩾ 2. Every orbit of roots includes a simple root, so one may select w ∈ W so that wᾱ = α_i for some i ∈ I. Taking μ = wλ, we have ⟨μ, α^∨_i ⟩ ⩾ 2, so μ is not minuscule relative to Φ_J for all J ⊂ I such that i ∈ J.

A spanning tree with at least two vertices has at least two end nodes, so there must be at least one j ∈ I − {i} such that the subsystem indexed by J = I − {j} is irreducible. If μ is not quasi-minuscule with respect to Φ_J , we continue the induction. Otherwise, α_i must necessarily be the unique root in Φ_J such that ⟨μ, α^∨_i ⟩ = 2, and μ − α_i must be trivial relative to Φ_J (Lemma 4.6); i.e., ⟨μ − α_i, α^∨_k ⟩ = 0 for all k ≠ j. On the other hand, μ is not quasi-minuscule relative to Φ, so we must have ⟨μ − α_i, α^∨_j ⟩ ≠ 0.

We may therefore assume that i and j are the unique indices whose deletion leaves an irreducible diagram; if j^′ were a third (or second, if i failed to have this property), then μ could not be quasi-minuscule relative to the subsystem indexed by I − {j^′}, so again we could continue the induction.

It follows in particular that i and j are non-adjacent (i.e., ⟨α_i, α_j ⟩ = 0); a spanning tree with only two end nodes must be a path, and (since Φ has rank > 2) the end nodes of the path are non-adjacent. Hence ⟨μ, α^∨_j ⟩ ≠ 0. Setting μ^′ = s_j μ, we claim that μ^′ cannot be quasi-minuscule relative to Φ_J . We have s_j α_i = α_i and ⟨μ^′, α^∨_i ⟩ ⩾ 2, so if μ^′ were quasiminuscule, then μ^′ − α_i, and hence also μ^′ − μ, would be trivial relative to Φ_J . However, μ^′ − μ is a nonzero multiple of α_j and Φ is irreducible, so this is a contradiction. □

Proof of Theorem 4.3. Let λ be the weight of some object in X. Since λ ∈ Λ_c and the weights are W -stable (Lemma 2.2), we may assume that λ is dominant.

Case 1: Φ is infinite. If λ is nontrivial, then there exists β ∈ Φ^+ so that ⟨λ, β^∨⟩ ⩾ p+2, where −p < 0 denotes the smallest entry in the Cartan matrix [⟨α_i, α^∨_j ⟩] (Lemma 4.5). Now select w ∈ W so that −wβ is simple, say wβ = −α_i. Since Φ is irreducible, we can also find j ∈ I so that ⟨α_i, α_j ⟩ < 0.

There must be an object x ∈ X with μ(x) = wλ, whence δ(x, i) ⩽ μ(x, i) ⩽ −2−p < −2. If μ(x, j) < 0, then δ(x, j) ⩽ μ(x, j) < 0 and we contradict Lemma 4.4, so it must be the case that μ(x, j) ⩾ 0. If μ(x, j) = 0, then consider the object y = E_i(x). We have δ(y, i) ⩽ −1 − p ⩽ −2 and μ(y, j) = μ(x, j) + ⟨α_i, α^∨_j ⟩ < 0, so y is an object whose existence contradicts Lemma 4.4. The remaining possibility is that μ(x, j) > 0. In that case, ε(x, j) > 0, so there is an object z = F_j (x). This object has δ(z, j) < 0 and μ(z, i) = μ(x, i) − ⟨α_i, α^∨_j ⟩ ⩽ μ(x, i) + p ⩽ −2, so again we contradict Lemma 4.4.

Case 2: Φ is finite. Assume toward a contradiction that λ is neither minuscule nor quasi-minuscule. In that case, Lemma 4.7 shows that we may assume Φ has rank 2.

Since λ is not minuscule, there is a root β such that ⟨λ, β^∨⟩ ⩾ 2, so there is an object x whose weight is not quasi-minuscule and satisfies δ(x, i) ⩽ −2 for some i ∈ I. The lowest object x^′ on the α_i-string through x is either x, or satisfies μ(x^′, i) = δ(x^′, i) ⩽ −3, in which case μ(x^′) is also not quasi-minuscule. Replacing x with x^′, we may thus assume ε(x, i) = 0. We may further require that x has minimal height among all the objects at the bottom of some string of length ⩾ 2 whose weight is in the same (finite) W -orbit.

Since Φ has rank 2, there is only one other simple root, say α_j , and since Φ is irreducible, we have ⟨α_i, α_j ⟩ < 0. Since X is thin, it must be the case that δ(x, j) = 0; otherwise, we contradict Lemma 4.4. We also claim that ε(x, j) ⩽ 1. Indeed, if ε(x, j) ⩾ 2, then the lowest object x^′ on the α_j -string through x satisfies δ(x^′, j) ⩽ −2 and μ(x^′, j) = s_j μ(x), contradicting our choice of x. Now since δ(E_i(x), j) = δ(x, j) = 0 (Proposition 4.1), it follows that 0 ⩽ ε(E_i(x), j) = ε(x, j) + ⟨α_i, α^∨_j ⟩. But we have ε(x, j) ⩽ 1, so this leaves only the possibility that ε(x, j) = 1 and ⟨α_i, α^∨_j ⟩ = −1.

Finally, we claim that δ(x, i) = −2. If not, we have δ(x, i) ⩽ −3 and δ(E^2_i (x), j) = 0 (Proposition 4.1), so 0 ⩽ ε(E^2(x), j) = ε(x, j) + 2⟨α_i, α^∨_j ⟩ < 0, a contradiction.

To summarize, we have shown that ε(x, i) = δ(x, j) = 0, δ(x, i) = −2, ε(x, j) = 1, and ⟨α_i, α^∨_j ⟩ = −1. Hence, μ(x, i) = −2, μ(x, j) = 1, and μ(E_i(x), i) = μ(E_i(x), j) = 0. In other words, μ(E_i(x)) = μ(x) + α_i is a trivial weight. However, ⟨α_i, α^∨_j ⟩ = −1 implies that α_i is short, so −α_i (and hence μ(x)) is quasi-minuscule, a contradiction. □

5. Semistandard Tableaux Consider the root system Φ = A_{n−1} = {ε_i − ε_j : 1 ⩽ i ≠ j ⩽ n}, where ε_1, . . . , ε_n denote an orthonormal basis of V = R^n. As a set of simple roots, we take α_i = ε_i − ε_{i+1} for i = 1, . . . , n − 1. The Weyl group acts as the group of permutations of ε_1, . . . , ε_n.

It is not hard to see that ω_k := ε_1 + · · · + ε_k (0 ⩽ k ⩽ n) is a dominant minuscule weight, although ω_0 = 0 and ω_n are trivial. The W -orbit of ω_k can be naturally identified with the k-element subsets of [n] := {1, . . . , n}, so the construction of Section 4B yields a thin admissible system X_k whose objects are the k-subsets of [n].

The product of l copies of X = X_0 ∪ · · · ∪ X_n is (by Proposition 3.2) an admissible system whose objects consist of all l-tuples of subsets of [n]. Furthermore, the weight, depth, and rise of the l-tuple T = (T_1, . . . , T_l) are as follows (cf. Remark 3.3):

μ(T ) = N_1(T )ε_1 + · · · + N_n(T )ε_n, δ(T, i) = min_{0⩽j⩽l} N_i(T_{⩽j} ) − N_{i+1}(T_{⩽j} ), (5.1)

ε(T, i) = max_{0⩽j⩽l} N_i(T_{>j} ) − N_{i+1}(T_{>j} ), (5.2)

where T_{⩽j} = (T_1, . . . , T_j ), T_{>j} = (T_{j+1}, . . . , T_l), and N_i(T ) denotes the number of occurrences of i among T_1, . . . , T_l. Thus (for example), the depth of T in the direction of α_i can be computed by scanning the subsets T_j from left to right, finding the smallest cumulative difference between the number of i’s and i + 1’s. The depth is 0 only if the number of i’s accumulated is at least the number of i + 1’s at all stages of the scanning process.

As a particular instance of the product construction, the operator E_i acts as follows. Assuming δ(T, i) < 0, locate the least index j such that δ(T, i) = N_i(T_{⩽j} ) − N_{i+1}(T_{⩽j} ). Under these circumstances, T_j must include i + 1 but not i. One then obtains T^′ = E_i(T ) by replacing i + 1 with i in T_j . Consequently, j is now the greatest index for which δ(T^′, i) = N_i(T^′_{<j} ) − N_{i+1}(T^′_{<j} ), or equivalently, ε(T^′, i) = N_i(T^′_{⩾j} ) − N_{i+1}(T^′_{⩾j} ), and F_i inverts E_i by changing the i in T^′_j back to i + 1.

Now choose integers l = λ_1 ⩾ · · · ⩾ λ_n ⩾ 0, and consider the dominant (integral) weight λ = λ_1ε_1 + · · · + λ_nε_n. This weight is clearly in the nonnegative integral span of the ω_k’s; indeed, the coefficient of ω_k in λ is λ_k − λ_{k+1}. Thus we may uniquely write

λ = ω_{k1} + · · · + ω_{kl} ,

where 1 ⩽ k_1 ⩽ · · · ⩽ k_l ⩽ n.

Given an object T = (T_1, . . . , T_l), one may treat each subset T_j as a column whose members are listed in increasing order from top to bottom, with the top and subsequent entries of each column aligned in rows. If the j-th column has k_j entries for 1 ⩽ j ⩽ l, we say that T forms a tableau of shape λ.^4 In addition, if the rows are non-increasing from left to right, we say that the tableau is semistandard. For example, if l = 5, n = 6, and λ = 5ε_1 + 4ε_2 + 3ε_3, then the array

3 2 2 1 1 4 3 3 2 6 4 3

represents a semistandard tableau T of shape λ and weight 2ε_1 + 3ε_2 + 4ε_3 + 2ε_4 + ε_6. The reader can also check that δ(T, i) = (−2, −1, 0, 0, −1) for i = 1, . . . , 5.

4The columns of these tableaux are listed in reverse order from the usual English tradition.

Proposition 5.1. The set of semistandard tableaux of shape λ forms an admissible subsystem Y (λ) of X^l. Furthermore, Y (λ) has a unique maximal object, and the weight of this object is λ. Therefore, G_{Y (λ)} = χ(λ), and for all ν = ν_1ε_1 + · · · + ν_nε_n ∈ Λ^+, χ(λ) = ∑ μ∈Λ K_{λ,μ}e^μ and χ(λ)χ(ν) = ∑ μ∈Λ^+ c_{λ,μ,ν} χ(μ), where K_{λ,μ} denotes the number of semistandard tableaux of shape λ and weight μ, and c_{λ,μ,ν} denotes the number of semistandard tableaux T of shape λ and weight μ − ν such that ν_i + N_i(T_{⩽j} ) ⩾ ν_{i+1} + N_{i+1}(T_{⩽j} ) for all i < n and j ⩽ l.

Proof. To show that semistandard tableaux (or any subset of X^l) form an admissible system, it suffices to show that the operators E_i and F_i preserve semistandardness. Thus consider a pair (T, i) such that T is semistandard and δ(T, i) < 0. As we noted above, E_i operates on T by changing a single i + 1 to an i in the leftmost column T_j such that δ(T, i) = N_i(T_{⩽j} ) − N_{i+1}(T_{⩽j} ). Since i /∈ T_j , the only way E_i(T ) could fail to be semistandard would be if the entry in the same row of T_{j+1} were equal to i + 1. However in that case, there must also be an i directly above the i + 1 in T_{j+1} (or else we violate the defining property of j), and hence there must be an entry ⩾ i directly above the i + 1 in T_j , a contradiction. Similar reasoning shows that F_i preserves semistandardness.

If T is semistandard and maximal (i.e., δ(T, i) = 0 for all i), then the top entry in the leftmost column must be a 1. By semistandardness, it follows that the top entry in every column is a 1. Iterating this reasoning, the leftmost entry (and hence all entries) in the second row must be a 2, and so on. Hence, there is a unique maximal semistandard tableau of shape λ, and it has weight λ.

The remaining assertions are now immediate consequences of Theorem 2.4. □

6. Untangled Systems Let X be an admissible system. We say that Y ⊆ X is F -saturated if for all i ∈ I, we have F_i(y) ∈ Y for all y ∈ Y in the domain of F_i. We define E-saturated subsets of X similarly, and say that Y is saturated if it is both E- and F -saturated. It is easy to see that Y is an admissible subsystem of X if and only if it is saturated.

An admissible system is irreducible if it is nonempty and contains no proper subsystems. Intersections of saturated sets are saturated, so for every Y ⊂ X there is a smallest saturated subset containing Y . Since the complement of a saturated subset is saturated, it follows that every admissible system is a disjoint (countable^5) union of irreducible subsystems. Furthermore, the decomposition is unique up to order.

Recall that x ∈ X is said to be maximal if δ(x, i) = 0 for all i ∈ I; i.e., δ(x) ∈ Λ^+. Every nonempty admissible system has at least one maximal object; this follows from the second part of Theorem 2.4, or one can argue that an object of maximum height is maximal (cf. the proof of Lemma 2.2(b)).

An irreducible system need not have a unique maximal object.

For example, let X be any (irreducible) admissible system, and let X^′ denote an isomorphic copy of X, disjoint from X, with x → x^′ an isomorphism. It is clear that X ∪ X^′ also

5The countability of an admissible system follows from (A0).

forms an admissible system. However, one may create a new admissible system with object set X ∪ X^′ by redefining F_i(x) := y^′ and F_i(x^′) := y for an arbitrary set of triples (x, y, i) satisfying y = F_i(x). If X is sufficiently connected (e.g., there exists a pair x, y ∈ X such that there are two ways to write y = F_{i1} · · · F_{il} (x)), then this can be done in a way that yields a system with only one irreducible component. At the same time, this system has twice as many maximal objects as X.

We say that an admissible system X is untangled if every irreducible component of X has a unique maximal object; otherwise, X is tangled. We say that X is strongly untangled if it is untangled as an admissible system relative to Φ_J for all J ⊆ I.

Proposition 6.1. Minuscule and quasi-minuscule systems are strongly untangled. Moreover, all irreducible components of such systems relative to Φ_J (for all J ⊆ I) are minuscule or quasi-minuscule.

Proof. First consider a minuscule system X(λ) as in Section 4B. The objects (and weights) are the members of the W -orbit of λ, and it is clear that each such weight is also minuscule relative to Φ_J . Each W_J -orbit of weights has a unique member μ ∈ Λ^+_J , and this orbit forms a Φ_J -subsystem of X(λ) that is isomorphic to the minuscule Φ_J -system of highest weight μ.

Now consider a quasi-minuscule system X(λ) as in Section 4C. There is no loss of generality in assuming that Φ is finite and irreducible, and that λ = ᾱ, the short dominant root. For i ∈ I_s, the object 0_i is maximal relative to Φ_J if and only if i /∈ J, in which case the singleton {0_i} is an irreducible (minuscule) component of X(ᾱ) relative to Φ_J . All other objects are short roots β; if β is maximal relative to Φ_J , then it is either minuscule relative to Φ_J , or it must be a short dominant root of Φ_J . In the former case, the W_J -orbit of β forms a minuscule subsystem of X(ᾱ) relative to Φ_J ; in the latter case, β generates a quasi-minuscule subsystem. □

Given an admissible system X and a subset J ⊆ I, define a partial order ≼_J on X by taking the transitive closure of the relations

x ≺_J y if x = F_i(y) for some i ∈ J.

This extends the notation ‘≼_i’ introduced in Section 2. Note that the maximal objects of X relative to Φ_J are the maximal elements of this partial order.

The following is a type of “diamond” criterion for strong disentanglement.

Lemma 6.2. An admissible system X is strongly untangled if and only if for all distinct pairs i, j ∈ I and all x ∈ X such that δ(x, i) < 0 and δ(x, j) < 0, there is an object y such that E_i(x) ≼_{{i,j}} y and E_j (x) ≼_{{i,j}} y. Proof. If X is strongly untangled, then there is a unique maximal object in every irreducible component of X relative to Φ_{{i,j}}. In particular, since E_i(x) and E_j (x) belong to the same component, there is an object y satisfying the stated condition.

Conversely, given an admissible system X satisfying the stated condition, consider an object y_0 ∈ X that is maximal relative to some Φ_J , and let Y denote the F_J -saturated (i.e., {F_i : i ∈ J}) subset of X generated by y_0. It suffices to show that Y is E_J -saturated, since it then follows that Y is an admissible Φ_J -subsystem of X, which by construction has y_0 as the unique maximal object.

To show that Y is E_J -saturated, we proceed by induction with respect to height. Given a pair x ∈ Y , i ∈ J such that δ(x, i) < 0, it must be the case that x = F_j (x^′) for some x^′ ∈ Y and j ∈ J (by definition of Y ). If i = j, we immediately obtain E_i(x) ∈ Y . Otherwise, i ≠ j and the stated hypothesis provides for the existence of an object y such that E_i(x) ≼_{{i,j}} y and x^′ ≼_{{i,j}} y. We must have y ∈ Y , since by the induction hypothesis, any object ≽_{{i,j}} x^′ belongs to Y . It follows that E_i(x) ∈ Y , since E_i(x) ≼_{{i,j}} y ∈ Y shows that E_i(x) is in the F_J -saturated set generated by y_0. □

Question 6.3. Are products of (strongly) untangled systems (strongly) untangled?

The following special case is particularly useful, since it will lead to constructions of admissible systems for all Weyl characters of all finite root systems.

Theorem 6.4. Products of any number of minuscule and quasi-minuscule systems are strongly untangled.

Proof. Let X = X_1 · · · X_l be a product of minuscule and quasi-minuscule systems. To prove that X is strongly untangled, it suffices by Lemma 6.2 to show that X is untangled relative to Φ_J for all doubletons J ⊆ I. However by Proposition 6.1, the irreducible components of each X_i relative to Φ_J are still minuscule or quasi-minuscule. Since products distribute naturally with respect to disjoint union, X is therefore a disjoint union of products of minuscule and quasi-minuscule systems relative to Φ_J . In other words, we may assume that Φ has rank 2; say I = {1, 2}. We may also assume that Φ is finite, since otherwise X would be a product of singletons (cf. Theorem 4.3).

Thus there are four cases: Φ = A_1 × A_1, A_2, B_2, or G_2.

Lemma 6.5. Assume ⟨α_1, α_2⟩ = 0 (i.e., Φ ∼= A_1 × A_1). (a) For all x ∈ X such that δ(x, 1) < 0, we have δ(E_1(x), 2) = δ(x, 2). (b) If δ(x, 1) < 0 and δ(x, 2) < 0, then E_1E_2(x) = E_2E_1(x).

Proof. A quasi-minuscule system for Φ = A_1 ×A_1 consists of an α_1-string or α_2-string of length 2; a (nontrivial) minuscule system consists of an α_1-string or α_2-string of length 1, or a product of both. Thus we may assume that each factor X_i is a single string.

Now consider an object x = x_1 · · · x_l ∈ X such that δ(x, 1) < 0, and recall that the action of E_1 is such that E_1(x) = x_1 · · · E_1(x_i) · · · x_l for some i (see Remark 3.3). Since X_i must be an α_1-string, x_i → E_1(x_i) has no effect on δ(x_i, 2). Furthermore, since ⟨α_1, α_2⟩ = 0, this replacement also has no effect on μ(x_i, 2), and hence no effect on δ(x, 2) (see (3.2)), proving (a).

It follows that if δ(x, 2) < 0 and E_2 acts on position j of x, then it must also act on position j of E_1(x) (again, see Remark 3.3). We must also have j ≠ i, since E_2 does not act on any object of X_i. By the symmetry of the roles of α_1 and α_2, we conclude that the actions of E_1 and E_2 commute. □

Lemma 6.6. Assume ⟨α_1, α^∨_2 ⟩ = ⟨α_2, α^∨_1 ⟩ = −1 (i.e., Φ ∼= A_2). (a) For all x ∈ X such that δ(x, 1) < 0, we have δ(E_1(x), 2) − δ(x, 2) ∈ {0, −1}. (b) If δ(x, 1) < 0 and δ(x, 2) < 0, then exactly one of the following holds:

(i) δ(E_1(x), 2) = δ(x, 2) and E_1E_2(x) = E_2E_1(x), (ii) δ(E_2(x), 1) = δ(x, 1) and E_1E_2(x) = E_2E_1(x), or (iii) δ(E_1(x), 2) < δ(x, 2), δ(E_2(x), 1) < δ(x, 1) and E_1E^2_2 E_1(x) = E_2E^2_1 E_2(x) (and both expressions are defined).

Proof. In the notation of Section 5, the root system Φ = A_2 has two nontrivial dominant minuscule weights (up to trivial shifts): ε_1 and ε_1 + ε_2. Furthermore, it is easy to check that X(ε_1 + ε_2) occurs as a subsystem of X(ε_1)X(ε_1), and the quasi-minuscule system X(2ε_1 + ε_2) occurs as a subsystem of X(ε_1)X(ε_1 + ε_2). Thus we may reduce to the case where each factor X_i is isomorphic to X(ε_1); i.e., X = X(ε_1)^l.

As in Section 5, we can identify X(ε_1) with a system of three objects 1, 2, 3, with corresponding weights ε_1, ε_2, ε_3 and the string structure 1 ≻_1 2 ≻_2 3. In this way, the objects of X are words of length l over the alphabet {1, 2, 3}, and the depth and rise are given as very special cases of (5.1) and (5.2).

Given a word x = x_1 · · · x_l ∈ X such that δ(x, 1) < 0 and E_1 acts on x at x_i, it must be the case that x_i = 2 and E_1(x_i) = 1. This action of E_1 has the effect of decreasing N_2(x_{⩽j} ) − N_3(x_{⩽j} ) by 1 for j ⩾ i and no effect for j < i. Since δ(x, 2) is the minimum value of this expression over all j, this yields (a).

Now assume δ(x, 2) < 0 as well, and consider the case in which δ(E_1(x), 2) = δ(x, 2). By the previous analysis, E_2 must act on x at a position j < i. Since E_1 preserves x_{⩽j} , it follows that E_2 acts at position j in both x and E_1(x). Meanwhile, in E_2(x) there is an additional 2 prior to position i, the first position of x that achieves the minimum value for N_1(x_{⩽i}) − N_2(x_{⩽i}). Hence, this minimum decreases by 1 (and δ(E_2(x), 1) < δ(x, 1)), but the position where this minimum first occurs (namely, i) does not. That is, E_1 acts at position i in both x and E_2(x), so the actions of E_1 and E_2 on x commute.

By interchanging α_1 and α_2, we reach a similar conclusion if δ(E_2(x), 1) = δ(x, 1), so the only remaining possibility is that δ(E_1(x), 2) − δ(x, 2) = δ(E_2(x), 1) − δ(x, 1) = −1. Assuming that E_1 and E_2 act on x at a pair of respective positions i and j with j < i, it must be the case (in order for the action of E_1 to decrease δ(x, 2)) that there is a first position j^′ > i where N_2(x_{⩽j}′ ) − N_3(x_{⩽j}′ ) = δ(x, 2), and E_2 acts at position j^′ on E_1(x). In E_2E_1(x), the positions ⩽ j are unchanged and δ(E_2E_1(x), 2) = δ(x, 2), so E_2 acts on E_2E_1(x) at position j. We thus have x = · · · 3 · · · 2 · · · 3 · · · , E^2_2 E_1(x) = · · · 2 · · · 1 · · · 2 · · · ,

with the changed positions being j, i, j^′ (in order). Since the number of 1’s and 2’s in the first i − 1 positions of E^2_2 E_1(x) is the same as in x_{⩽i}, we have δ(E^2_2 E_1(x), 1) = δ(x, 1) < 0, and E_1 acts on E^2_2 E_1(x) at some position i^′ such that j ⩽ i^′ < i.

On the other hand, E_2 acts on x at position j, decreasing δ(x, 1) by 1, but the position where E_1 acts on E_2(x) remains i. The first j^′ − 1 positions of E_1E_2(x) and E^2_2 E_1(x) are now identical, so E_1 acts on E_1E_2(x) at position i^′. Comparing the cumulative number of 2’s and 3’s among the first j^′ positions of E^2_1 E_2(x) and x, the only difference is that E^2_1 E_2(x) has one less 3 (starting at j), one more 2 (from j to i^′ −1), and one less 2 (starting at j). It follows that δ(E^2_1 E_2(x), 2) = δ(x, 2) < 0, E_2 acts on E^2_1 E_2(x) at position j^′, and thus E_1E^2_2 E_1(x) = E_2E^2_1 E_2(x).

This proves the conclusion of (iii) under the added condition that j < i; i.e., E_2 acts to the left of E_1 on x. However, the hypotheses of the lemma are invariant under switching 1 and 2, so the conclusion must also be valid when E_2 acts to the right of E_1. □

Lemmas 6.5(b) and 6.6(b) establish the existence of a “diamond” fitting the conditions of Lemma 6.2, and thus prove Theorem 6.4 for all simply-laced root systems (i.e., root systems whose rank two subsystems are all of type A_1 × A_1 or A_2).

The case Φ = B_2. One way to realize B_2 is through an automorphism of A_3. Letting {α^′_1, α^′_2, α^′_3} denote the simple roots of A_3, there is a linear automorphism σ that fixes α^′_2 and interchanges α^′_1 and α^′_3. In this way, the short roots of B_2 can be identified with the roots of A_3 fixed by σ, and the long roots can be identified with the sums α + σ(α) for α ∈ A_3 such that σ(α) ≠ α. In particular, the simple roots of B_2 can be chosen so that α_1 = α^′_2 and α_2 = α^′_1 + α^′_3. Using the coordinates from Section 5, we have α_1 = ε_2 − ε_3, α_2 = ε_1 − ε_2 + ε_3 − ε_4, and σ acts by interchanging ε_1 with −ε_4 and ε_2 with −ε_3.

The nontrivial B_2-weight ω = (1/2)(ε_1 + ε_2 − ε_3 − ε_4) is dominant minuscule, and is the unique such weight up to trivial shifts. The corresponding minuscule system X(ω) consists of four objects with the string structure 1 ≻_1 2 ≻_2 3 ≻_1 4, and their weights are the four weights fixed by σ that can be obtained from ω by permuting ε_1, . . . , ε_4. From this it is easy to check that the quasi-minuscule system X(ᾱ) is a subsystem of X(ω)^2, so we may reduce to the case where each factor X_i is isomorphic to X(ω); i.e., X = X(ω)^l.

The weight ω is also dominant minuscule relative to A_3, and one can view X(ω) as the σ-invariant part of the minuscule A_3-system X^′(ω) in the following way. Since ω is fixed by σ, the A_3-orbit of ω is σ-stable, so there is an induced automorphism σ of X^′(ω). This automorphism fixes four of the six objects, and the weights of the fixed objects are the weights in X(ω). Letting E^′_i, F^′_i (i = 1, 2, 3) denote the raising and lowering operators of X^′(ω), one finds that the four fixed objects are x, F^′_2(x), F^′_1F^′_3F^′_2(x) = F^′_3F^′_1F^′_2(x), and F^′_2F^′_1F^′_3F^′_2(x) = F^′_2F^′_3F^′_1F^′_2(x), where x denotes the maximal object of X^′(ω). Identifying these objects with those of X(ω), we have F_1 = F^′_2 and F_2 = F^′_1F^′_3 = F^′_3F^′_1.

The automorphism σ extends naturally to the l-fold product X^′(ω)^l, and the fixed points of this automorphism can be identified with the objects of X(ω)^l. Furthermore, under this identification, the raising operators E_1 and E_2 act on X(ω)^l in the same way that E^′_2 and E^′_1E^′_3 act on the σ-fixed objects of X^′(ω)^l.

Now consider an object x = x_1 · · · x_l ∈ X(ω)^l such that δ(x, 1) < 0 and δ(x, 2) < 0. Since A_3 is simply-laced, we know that X^′(ω)^l is strongly untangled, so there is a unique maximal object y in the irreducible component of X^′(ω)^l that contains x, E_1(x) = E^′_2(x), and E_2(x) = E^′_1E^′_3(x). We claim that y is fixed by σ, and hence an object of X(ω)^l. If not, then let y^′ be a σ-fixed object of maximum height in this component. As a nonmaximal object of X^′(ω)^l, it must be the case that δ(y^′, i) < 0 for some i. However if δ(y^′, 2) < 0, then E^′_2(y^′) = E_1(y^′) would be a higher counterexample. On the other hand, since y^′ is σ-fixed, the only remaining possibility is that δ(y^′, 1) = δ(y^′, 3) < 0, in which case Lemma 6.5(a) shows that E^′_1E^′_3(y^′) = E_2(y^′) would be a higher counterexample, a contradiction. This same reasoning also shows E_1 or E_2 can be applied to any nonmaximal σ-fixed object of X^′(ω)^l, so it follows that E_1(x) ≼_{{1,2}} y and E_2(x) ≼_{{1,2}} y, whence by Lemma 6.2, X = X(ω)^l is strongly untangled.

The case Φ = G_2. Choose an order-three linear automorphism σ of the root system D_4. One can label the simple roots α^′_i (i = 0, 1, 2, 3) so that σ fixes α^′_0 and cyclically permutes α^′_1, α^′_2, α^′_3, which are mutually orthogonal. The short roots of G_2 can then be realized as the σ-fixed roots of D_4, and the long roots are sums of nontrivial σ-orbits in D_4. In particular, the simple roots of G_2 can be chosen so that α_1 = α^′_0 and α_2 = α^′_1 + α^′_2 + α^′_3.

In this case, there are no (nontrivial) minuscule weights, so we may assume that each factor X_i is isomorphic to the quasi-minuscule system X(ᾱ); i.e., X = X(ᾱ)^l. There are six short roots and an object of weight 0 in X(ᾱ); these objects have the string structure

ᾱ ≻_1 α_1 + α_2 ≻_2 α_1 ≻_1 0 ≻_1 −α_1 ≻_2 −α_1 − α_2 ≻_1 −ᾱ.

Furthermore, ᾱ is also the dominant root of D_4, and we can extend the action of σ to an automorphism of the quasi-minuscule D_4-system X^′(ᾱ) by permuting the weight 0 objects 0_i in the same way that σ permutes the simple roots α^′_i (0 ⩽ i ⩽ 3). Thus X(ᾱ) can be viewed as the σ-invariant part of X^′(ᾱ). Letting E^′_i, F^′_i (0 ⩽ i ⩽ 3) denote the raising and lowering operators of X^′(ᾱ), we have E_1 = E^′_0 and E_2 = E^′_1E^′_2E^′_3 under this identification.

The automorphism σ extends naturally from X^′(ᾱ) to X^′(ᾱ)^l, and the σ-invariant part can be identified with X(ᾱ)^l. Using Lemma 6.5 and the fact that α^′_1, α^′_2, α^′_3 are mutually orthogonal, it follows that E_1 and E_2 act on X(ᾱ)^l in the same way that E^′_0 and E^′_1E^′_2E^′_3 act on the σ-fixed part of X^′(ᾱ)^l. Since X^′(ᾱ)^l is strongly untangled (D_4 is simply-laced), the same reasoning used for B_2 shows that X(ᾱ)^l is also strongly untangled. □

Remark 6.7. (a) It follows that if X and Y are any admissible systems that occur as subsystems of products of (quasi-)minuscule systems, then XY is strongly untangled.

(b) In an untangled system, the irreducible component containing a given maximal object x is simply the F -saturated subset generated by x.

(c) Assuming Φ is irreducible of rank > 1, an untangled thin system must be a disjoint union of (thin) systems whose generating series are single Weyl characters χ(λ) with λ minuscule or quasi-minuscule (Theorem 4.3). Moreover, one can show that any such system must be isomorphic to one of the minuscule or quasi-minuscule systems X(λ) of Section 4. Thus in this context, products of untangled thin systems are strongly untangled.

(d) The relations E_1E_2 = E_2E_1 and E_1E^2_2 E_1 = E_2E^2_1 E_2 in Lemmas 6.5(b) and 6.6(b) can be viewed as combinatorial analogues of the Serre relations. In general, for each object x in a strongly untangled system, one can ask for a minimal object y such that E_i(x) ≼_{{i,j}} y and E_j (x) ≼_{{i,j}} y (assuming that E_i(x) and E_j (x) are defined). There must be a sequence of raising operators starting with E_i that takes x to y, and another starting with E_j ; their equality is a combinatorial Serre relation. In B_2, there are at least four of these relations; namely,

E_1E_2E_1E_2E_1 = E_2E^3_1 E_2, E_2E^3_1 E^2_2 E_1 = E_1E^2_2 E^3_1 E_2,

and the two that occur in A_2. In G_2, there are at least 15 such relations.

7. Generation of Finite Systems Throughout this section, we assume that Φ is finite. It follows that there is no harm in further assuming that V is spanned by the simple roots. Under these circumstances, there are no nonzero trivial weights, Λ is a true lattice, and Λ/ZΦ is a finite abelian group.

The following result implies (and is roughly equivalent to) the fact that every Weyl character occurs as a summand of a product of minuscule or quasi-minuscule characters. This fact does not seem to be well-known; in any case, we have not seen it in the literature.

Theorem 7.1. For every λ ∈ Λ^+, there is a product of minuscule and quasi-minuscule systems that includes a maximal object of weight λ.

Combining this with Theorem 6.4, we obtain

Corollary 7.2. For every λ ∈ Λ^+, there is an admissible subsystem of a product of minuscule and quasi-minuscule systems whose generating series is χ(λ).

Our proof of Theorem 7.1 (or rather, the stronger result in Theorem 7.6 below) is constructive in that for each λ, we show how to identify a suitable sequence of minuscule and quasi-minuscule systems and a maximal object of weight λ in their product. In order to explicitly realize the irreducible component containing this object, one still needs to identify the F -saturated set that it generates (cf. Remark 6.7(b)).

Lemma 7.3.

(a) Each coset of Λ modulo ZΦ contains a unique dominant minuscule weight. (b) If Φ is irreducible, then the lattice generated by any nonzero W -orbit of minuscule weights includes ZΦ.

Proof. (a) This is well-known and easy to prove; e.g., see Corollary 1.13 of [St]. (b) Given a nonzero minuscule orbit Ω, it suffices to show that ZΩ includes every simple root. However if α_i /∈ ZΩ, then α_i must be orthogonal to the linear span of Ω. Otherwise, we would have ⟨μ, α^∨_i ⟩ ≠ 0 for some μ ∈ Ω, and therefore ⟨μ, α^∨_i ⟩ = ±1 (since μ is minuscule), whence α_i = ±(μ − s_iμ) ∈ ZΩ. Thus the simple roots in ZΩ are orthogonal to those not in ZΩ. Given that Ω ≠ {0}, this contradicts the irreducibility of Φ. □

Lemma 7.4. If Φ is irreducible and Ω is a W -stable set of minuscule and quasi-minuscule weights, then for every dominant λ ∈ ZΩ, there is a decomposition

λ = μ_1 + · · · + μ_l (μ_i ∈ Ω)

with μ_1 + · · · + μ_i dominant for 1 ⩽ i ⩽ l.

Proof. The sum of all members of a W -orbit in Λ is W -invariant, hence orthogonal to all simple roots, and hence zero. It follows that each element of −Ω is in the nonnegative integer span of Ω, and thus there exist decompositions λ = μ_1 + · · · + μ_l with μ_i ∈ Ω.

If l ⩽ 1, there is nothing further to prove. Proceeding by induction, fix l ⩾ 2 and choose a decomposition that minimizes the height of μ_l within its W -orbit. If λ − μ_l is dominant, then the induction hypothesis provides a decomposition of λ − μ_l with dominant partial sums, and we are done. Otherwise, we have ⟨λ − μ_l, α^∨_i ⟩ < 0 for some i ∈ I and hence ⟨μ_j , α^∨_i ⟩ < 0 for some j < l and ⟨μ_l, α^∨_i ⟩ > 0, since λ is dominant.

Since μ_l is minuscule or quasi-minuscule, it must be the case that ⟨μ_l, α^∨_i ⟩ = 1 or 2. In the former case, μ_l − α_i = s_iμ_l is in the same W -orbit; in the latter case, μ_l must be quasiminuscule and μ_l − α_i = 0 (Lemma 4.6). Similarly, μ_j + α_i is either zero or in the W -orbit of μ_j , so we may replace μ_l with μ_l −α_i and μ_j with μ_j +α_i in our decomposition, suitably reducing l if either of these replacements vanishes. However, if this new decomposition of λ still has length l, we contradict our original choice. Hence it must be shorter, and we may appeal to the induction hypothesis. □

Remark 7.5. This result is false if we drop the hypothesis that V is spanned by the simple roots. For example, using the coordinates for Φ = A_{n−1} from Section 5, there is no suitable decomposition of the dominant weight λ = −ε_n for the minuscule orbit Ω = {ε_i : 1 ⩽ i ⩽ n}. Instead one can argue that the result remains valid in the general case if we are allowed to shift λ by a trivial weight.

Now consider any lattice Λ^′ such that ZΦ ⊆ Λ^′ ⊆ Λ. By Lemma 7.3(a), we know that Λ^′/ZΦ is a finite group generated by a set of dominant minuscule weights; let Ω^+ denote any such set of generators.

Theorem 7.6. Assume Φ is irreducible, and let Λ^′ and Ω^+ be as above. (a) If Λ^′ ≠ ZΦ, then for all dominant λ ∈ Λ^′, there is a sequence ω_1, . . . , ω_l ∈ Ω^+ such that the minuscule product X(ω_1) · · · X(ω_l) has a maximal object of weight λ.

(b) If Λ^′ = ZΦ (i.e., Ω^+ ⊆ {0}), then for all dominant λ ∈ Λ^′, there is an l ⩾ 0 such that the quasi-minuscule product X(ᾱ)^l has a maximal object of weight λ.

Proof. (a) Let Ω denote the W -stable set generated by Ω^+. Since ZΩ includes members of all cosets of Λ^′ modulo ZΦ, it follows via Lemma 7.3(b) that Λ^′ = ZΩ. Applying Lemma 7.4, we deduce that every dominant λ ∈ Λ^′ has a decomposition λ = μ_1 + · · · + μ_l with μ_i ∈ Ω and μ_1 + · · · + μ_i dominant for all i. Letting ω_i denote the dominant member of the W -orbit of μ_i, this means precisely that the l-tuple (μ_1, . . . , μ_l) is a maximal object of X(ω_1) · · · X(ω_l) of weight λ (see (3.2)).

(b) The short roots Φ_s generate ZΦ. If all roots are short this is vacuous; if there are long roots, then there is a pair i, j ∈ I such that α_i is short, α_j is long, and ⟨α_i, α^∨_j ⟩ = −1. In that case, α_j = s_j α_i − α_i ∈ ZΦ_s, and hence ZΦ_s includes the entire orbit of long roots. Applying Lemma 7.4, we deduce that every dominant λ ∈ ZΦ has a decomposition λ = β_1 + · · · + β_l with β_i ∈ Φ_s and β_1 + · · · + β_i dominant for all i. This implies (via (3.2)) that the l-tuple (β_1, . . . , β_l) is a maximal object of X(ᾱ)^l of weight λ. □

Remark 7.7. (a) The lattices Λ^′ such that ZΦ ⊆ Λ^′ ⊆ Λ index the various classes of (connected, semisimple, complex) Lie groups with root system Φ, and the dominant weights in Λ^′ index the (Weyl) characters of their irreducible representations.

(b) For irreducible root systems, the groups Λ^′/ZΦ are almost always cyclic. In such cases one can take Ω^+ to be a singleton and deduce that there are maximal objects of all possible dominant weights in Λ^′ among the powers of a single minuscule or quasi-minuscule system. The only exceptions occur when Φ = D_n, Λ^′ = Λ, and n is even.

8. Lakshmibai-Seshadri Chains Given a fixed λ ∈ Λ^+, we let ‘<’ denote the usual Bruhat ordering of the W -orbit of λ;

i.e., the transitive closure of the relations σ_αμ < μ if ⟨μ, α^∨⟩ > 0 (μ ∈ W λ, α ∈ Φ^+). Similarly, if λ is anti-dominant (i.e., −λ ∈ Λ^+), we define the Bruhat ordering of W λ in exactly the same way. We write ν ⋖ μ to indicate that μ covers ν. This happens only if ν = σ_αμ for some α ∈ Φ^+ as above, but not conversely.

The Bruhat orderings of W λ and −W λ are dual-isomorphic (in fact, μ < ν if and only if −ν < −μ), so by employing arguments that simultaneously apply to orbits generated by dominant or anti-dominant weights, one may instantly dualize any property of the Bruhat order. In the finite case such distinctions are unnecessary, since every finite W -orbit is generated by a dominant member.

Given ±λ ∈ Λ^+ and a fixed b ∈ R, we define the b-Bruhat ordering ‘<_b’ by taking the transitive closure of the relations σ_αμ <_b μ if σ_αμ ⋖ μ and b⟨μ, α^∨⟩ ∈ Z (μ ∈ W λ, α ∈ Φ^+). Thus μ covers ν in the b-Bruhat order if and only if μ covers ν in the normal Bruhat order and b(μ − ν) is an integer multiple of a root. In particular, ν ⩽_b μ ⇒ b(μ − ν) ∈ ZΦ, (8.1) and the only nontrivial values of b are rational with a denominator that divides ⟨λ, α^∨⟩ for some root α. (Otherwise, ν ⩽_b μ only if ν = μ.)

Note that the 1-Bruhat ordering is the normal Bruhat ordering.

Lemma 8.1. If ⟨μ, α^∨_i ⟩ > 0 and ν ⩽_b μ, then either (a) ⟨ν, α^∨_i ⟩ ⩽ 0 and ν ⩽_b s_iμ <_b μ, or (b) ⟨ν, α^∨_i ⟩ > 0 and s_iν ⩽_b s_iμ.

Proof. Proceed by induction, the base being the (trivial) case ν = μ. In all other cases, we have ν <_b μ and there is a positive root α such that ν ⩽_b σ_αμ <_b μ and σ_αμ ⋖ μ.

Case 1: α = α_i. We may assume ⟨ν, α^∨_i ⟩ > 0; otherwise, (a) holds and we are done. Now since s_iμ <_b μ is necessarily a covering relation, it follows that b⟨μ, α^∨_i ⟩ ∈ Z. Furthermore, since b(μ − ν) ∈ ZΦ by (8.1), we thus have b⟨ν, α^∨_i ⟩ ∈ Z, whence s_iν <_b ν ⩽_b s_iμ <_b μ and (b) holds.

Case 2: α ≠ α_i. In this case, β := s_iα must be positive and ⟨s_iμ, β^∨⟩ = ⟨μ, α^∨⟩ > 0, so we have s_iσ_αμ = σ_β s_iμ < s_iμ. Hence ⟨σ_αμ, α^∨_i ⟩ > 0; otherwise, σ_αμ ⩽ s_iσ_αμ < s_iμ < μ, contradicting the fact that σ_αμ ⋖ μ.

Claim: s_iσ_αμ <_b s_iμ. Since σ_αμ <_b μ, we have b⟨s_iμ, β^∨⟩ = b⟨μ, α^∨⟩ ∈ Z, so to prove the claim it suffices to show that s_iσ_αμ ⋖ s_iμ. If this were false, then there would be a chain of length ⩾ 3 from s_iσ_αμ to μ. However the chain s_iσ_αμ < σ_αμ < μ is unrefinable, contradicting the fact that the Bruhat order is graded (e.g., see [D]).

Now since ⟨σ_αμ, α^∨_i ⟩ > 0 and ν ⩽_b σ_αμ, it follows by induction that (a) ⟨ν, α^∨_i ⟩ ⩽ 0 and ν ⩽_b s_iσ_αμ <_b σ_αμ, or (b) ⟨ν, α^∨_i ⟩ > 0 and s_iν ⩽_b s_iσ_αμ.

In the latter case, the claim yields s_iν ⩽_b s_iσ_αμ <_b s_iμ. In the former case, the claim yields ν ⩽_b s_iσ_αμ <_b s_iμ. We also obtain s_iμ <_b μ in this case, since the relations s_iμ >_b s_iσ_αμ <_b σ_αμ <_b μ imply b(μ − s_iμ) ∈ ZΦ via (8.1). In either case, this completes the induction. □

Given ±λ ∈ Λ^+, we say that a pair consisting of a Bruhat chain μ_0 < μ_1 < · · · < μ_l in the W -orbit of λ and an increasing sequence of rationals 0 < b_1 < · · · < b_l < 1 is a Lakshmibai-Seshadri chain (or LS chain) if

μ_0 <_{b1} μ_1 <_{b2} · · · <_{bl} μ_l.

To simplify the description of certain operators, it will be convenient to identify this object with the map x : (0, 1] → W λ, where

x(t) = μ_0 if 0 < t ⩽ b_1, μ_k if b_k < t ⩽ b_{k+1}, μ_l if b_l < t ⩽ 1.

Note that the piecewise-constant left-continuous maps x that arise in this fashion (i.e., from LS chains) can be characterized by the property

x(t) ⩽_t x(t^+) (0 < t < 1), (8.2)

where x(t^+) denotes limiting value of x approaching t through values > t.

We claim that these maps form the objects of an admissible system whose generating series is χ(λ) (assuming λ ∈ Λ^+), although for this to be a precise statement we first need to assign weights and depths, and construct lowering operators.

Given x as above, we define the weight of x to be μ(x) = ∫_1 0 x(t) dt = μ_l − ∑ 1⩽k⩽l b_k(μ_k − μ_{k−1}). (8.3)

The fact that this is an integral weight is a consequence of (8.1). The depth (and resulting rise) of x in the direction of α_i is defined (respectively, given) by δ(x, i) = min_{0⩽t⩽1} ∫_t 0 ⟨x(s), α^∨_i ⟩ ds, (8.4) ε(x, i) = max_{0⩽t⩽1} ∫_1 t ⟨x(s), α^∨_i ⟩ ds. (8.5) We remark that the piecewise-linear map t → ∫_t 0 x(s) ds is a “Lakshmibai-Seshadri path” in the sense of Littelmann [L1].

To see that the depth and rise are integral, note that ∫_t 0 ⟨x(s), α^∨_i ⟩ ds = t⟨x(t), α^∨_i ⟩ − ∑ 1⩽k⩽j b_k⟨μ_k − μ_{k−1}, α^∨_i ⟩, where j is the largest index such that b_j < t. Hence by (8.1), ∫_t 0 ⟨x(s), α^∨_i ⟩ ds ∈ Z ⇔ t⟨x(t), α^∨_i ⟩ ∈ Z. (8.6) In particular, since s_iμ <_b μ implies b⟨μ, α^∨_i ⟩ ∈ Z, Lemma 8.1(a) yields ⟨x(t), α^∨_i ⟩ ⩽ 0, ⟨x(t^+), α^∨_i ⟩ > 0 ⇒ ∫_t 0 ⟨x(s), α^∨_i ⟩ ds ∈ Z. (8.7) Assuming that the minimum in (8.4) does not occur at an endpoint (otherwise δ(x, i) = 0 and ε(x, i) = μ(x, i) or vice versa), it must occur at some t for which ⟨x(t), α^∨_i ⟩ ⩽ 0 and ⟨x(t^+), α^∨_i ⟩ > 0, in which case (8.7) implies δ(x, i) ∈ Z.

To construct a lowering operator x → F_i(x), assume ε(x, i) > 0, let t_1 be the largest value of t for which equality occurs in (8.4) and (8.5), and let t_2 be the smallest value of t > t_1 such that

∫_1 t ⟨x(s), α^∨_i ⟩ ds = ε(x, i) − 1. We then define

F_i(x)(t) = { s_ix(t) if t_1 < t ⩽ t_2, x(t) otherwise.

Clearly F_i(x) is a piecewise-constant left-continuous map (0, 1] → W λ.

Lemma 8.2. Let x, t_1, t_2 be as above.

(a) F_i(x) is the map corresponding to some LS chain. (b) μ(F_i(x)) = μ(x) − α_i and δ(F_i(x), i) = δ(x, i) − 1. (c) t_2 is the smallest value of t such that ∫_t 0 ⟨F_i(x)(s), α^∨_i ⟩ ds = δ(x, i) − 1. (d) t_1 is the largest value of t < t_2 such that ∫_t 0 ⟨F_i(x)(s), α^∨_i ⟩ ds = δ(x, i). Proof. (a) Let x̂(t) = ∫_t 0 ⟨x(s), α^∨_i ⟩ ds. Bearing in mind (8.2), we need to show that (i) x(t_1) ⩽_{t1} s_ix(t^+_1 ) (assuming t_1 > 0), (ii) s_ix(t) ⩽_t s_ix(t^+) for t_1 < t < t_2, and (iii) s_ix(t_2) ⩽_{t2} x(t^+_2 ) (assuming t_2 < 1).

For (i), note that having the minimum value of x̂(t) at t = t_1 > 0 forces ⟨x(t_1), α^∨_i ⟩ ⩽ 0 and ⟨x(t^+_1 ), α^∨_i ⟩ ⩾ 0. The fact that t_1 is the largest value with this property forces ⟨x(t^+_1 ), α^∨_i ⟩ > 0, and hence (i) follows from Lemma 8.1(a).

For (iii), it suffices to show that s_ix(t_2) ⩽_{t2} x(t_2), or equivalently, t_2⟨x(t_2), α^∨_i ⟩ ∈ Z^{>0}. The integrality follows from (8.6) and the fact that x̂(t_2) = δ(x, i) + 1 ∈ Z, and the positivity follows from t_2 being the smallest value of t > t_1 such that x̂(t) = δ(x, i) + 1.

For (ii), we claim that ⟨x(t), α^∨_i ⟩ > 0 for t_1 < t ⩽ t_2. Since the previous argument shows that ⟨x(t_2), α^∨_i ⟩ > 0, this could fail only if ⟨x(t), α^∨_i ⟩ ⩽ 0 and ⟨x(t^+), α^∨_i ⟩ > 0 for some t ∈ (t_1, t_2). In that case, (8.7) implies x̂(t) ∈ Z. However, the definitions of t_1 and t_2 force δ(x, i) < x̂(t) < δ(x, i) + 1 for t_1 < t < t_2, so this is impossible. Given the claim, (ii) now follows from Lemma 8.1(b).

(b)–(d) Let y = F_i(x). We have μ(x) − μ(y) = ∫_{t2} t_1 (x(t) − s_ix(t)) dt = ∫_{t2} t_1 ⟨x(t), α^∨_i ⟩α_i dt = α_i, yielding the first part of (b). Since x(t) = y(t) for t ⩽ t_1, we have ŷ(t) ⩾ δ(x, i) for all such t, with equality at t = t_1. Since ⟨y(t), α^∨_i ⟩ = −⟨x(t), α^∨_i ⟩ < 0 for t_1 < t ⩽ t_2, it follows that ŷ(t) strictly decreases from t_1 to t_2 by the amount x̂(t_2) − x̂(t_1) = 1, so ŷ(t) ⩾ δ(x, i) − 1 for t ⩽ t_2, with equality if and only if t = t_2. Finally, we have y(t) = x(t) for t > t_2, so ŷ(t) = x̂(t) − x̂(t_2) + ŷ(t_2) = x̂(t) − 2 for such t, and to complete the proof of (b), (c) and (d), it suffices to show that x̂(t) ⩾ δ(x, i) + 1 for t > t_2. If this were false, there would be a local minimum for x̂(t) in this region strictly below δ(x, i) + 1. However, (8.7) shows that such a minimum would have to be integer-valued, and hence equal to the global minimum δ(x, i), contradicting the definition of t_1. □

The following result is essentially due to Littelmann [L1], the main difference being that we have formulated it in the setting of admissible systems.

Theorem 8.3. For all λ ∈ Λ^+, the set of LS chains in the W -orbit of λ is an admissible system with generating series χ(λ).

Proof. Let x be the map corresponding to some LS chain μ_0 <_{b1} μ_1 <_{b2} · · · <_{bl} μ_l. To verify (A0), note that if ν <_b μ, then every Bruhat chain from ν to μ must have length ⩽ ht(b(μ − ν)) (reduce to the case of a covering pair). Bearing in mind μ_l ⩽_1 λ, it follows via (8.3) that if μ(x) has height > h, then every Bruhat chain from μ_0 to λ must have length < ht(λ) − h. Thus for a given h, there are at most finitely many choices for l and μ_0, . . . , μ_l. Moreover, given ν < μ, there are only finitely many rationals 0 < b < 1 such that ν <_b μ, so (A0) holds.

Axiom (A1) is immediate from the discussion surrounding (8.4) and (8.5). To prove that F_i is bijective as in (A2), we construct the inverse E_i explicitly. Given a map x such that δ(x, i) < 0, we define

E_i(x)(t) = { s_ix(t) if t_1 < t ⩽ t_2, x(t) otherwise,

where t_2 is the smallest value of t such that equality occurs in (8.4) and (8.5), and t_1 is the largest value of t < t_2 such that ∫_t 0 ⟨x(s), α^∨_i ⟩ ds = δ(x, i) + 1. If we define the dual of x to be the map x^∗ corresponding to the LS chain

−μ_l <_{al} · · · <_{a2} −μ_1 <_{a1} −μ_0 (a_i = 1 − b_i),

then x^∗(t) = −x(1 − t) (aside from a set of measure zero), and E_i(x^∗) = F_i(x)^∗. Hence E_i(x) is the map corresponding to an LS chain (Lemma 8.2), and parts (c) and (d) of the lemma and its dual version show that E_i and F_i are inverses.

Lemma 8.2(b) proves (A3).

To construct a coherent timing pattern, let x be a map such that δ(x, i) < 0 and define t(x, i) to be the least value of t such that equality occurs in (8.4) and (8.5). Assuming F_i(x) is defined (i.e., ε(x, i) > 0), Lemma 8.2(c) shows that t(x, i) < t(F_i(x), i). By iteration, it follows that x^′(t) = x(t) for all x^′ ≼_i x and t ⩽ t(x, i). Therefore, given a map y ≽_j x for some j ≠ i such that δ(y, j) = δ < 0 and t(y, j) ⩽ t(x, i), we have y(t) = x(t) = F_i(x)(t) for t ⩽ t(y, j), and therefore δ(F_i(x), j) ⩽ δ. Hence there is a map y^′ ≽_j F_i(x) such that δ(y^′, j) = δ, and we claim that t(y^′, j) = t(y, j). Indeed, we must have y^′(t) = F_i(x)(t) = x(t) = y(t) for t ⩽ min(t(y^′, j), t(y, j)), so a discrepancy between t(y^′, j) and t(y, j) would contradict their definitions. Similar reasoning proves conversely that if there is a map y^′ ≽_j F_i(x) such that δ(y^′, j) = δ < 0 and t(y^′, j) ⩽ t(x, i), then there is a map y ≽_j x such that δ(y, j) = δ and t(y, j) = t(y^′, j), so (A4) holds.

Thus we have an admissible system.

Finally, note that if the initial term μ_0 of an LS chain is not dominant; say, ⟨μ_0, α^∨_i ⟩ < 0, then (8.4) implies δ(x, i) < 0. Hence the only maximal object in this system is the singleton chain of weight λ, and the generating series must be χ(λ) (Theorem 2.4). □

References

[B] N. Bourbaki, “Groupes et Algèbres de Lie, Chp. IV–VI,” Masson, Paris, 1981.

[D] V. V. Deodhar, Some characterizations of Bruhat ordering on a Coxeter group and determination of the relative Möbius function, Invent. Math. 39 (1977), 187–198.

[Ka] V. G. Kac, “Infinite Dimensional Lie Algebras,” Cambridge Univ. Press, Cambridge, 1990.

[K1] M. Kashiwara, Crystal bases of modified quantized enveloping algebra, Duke Math.

J. 73 (1994), 383–413.

[K2] M. Kashiwara, On crystal bases, in “Representations of Groups” (B. N. Allison and G. H. Cliff, eds.), CMS Conf. Proc. 16 (1995), 155–197.

[L1] P. Littelmann, A Littlewood-Richardson rule for symmetrizable Kac-Moody algebras, Invent. Math. 116 (1994), 329–346.

[L2] P. Littelmann, Paths and root operators in representation theory, Ann. of Math.

142 (1995), 499–525.

[L3] P. Littelmann, Characters of representations and paths in H^∗_R, Proc. Sympos. Pure Math. 61 (1997), 29–49.

[L4] P. Littelmann, The path model, the quantum Frobenius map and standard monomial theory, in “Algebraic Groups and their Representations” (R. Carter and J. Saxl, eds.), pp. 175–212, Kluwer, Dordrecht, 1998.

[St] J. R. Stembridge, The partial order of dominant weights, Advances in Math. 136 (1998), 340–364.