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ABSTRACT 

This paper presents an efficient algorithm for developing 
vehicle structures for crashworthiness, based on the analyses of 
crash mode, a history of the deformation of the different 
structural zones during a crash event. It emulates a process 
called crash mode matching where structural crashworthiness is 
improved by manually modifying the design until its crash 
mode matches the one the designers deem as optimal.  Given an 
initial design and a desired crash mode, the algorithm 
iteratively finds a new design whose crash mode is increasingly 
closer to the desired one. At each iteration, a new design is 
chosen as the best among the normally distributed samples near 
the current design, whose mean and standard deviation are 
adjusted by a set of fuzzy rules. Each fuzzy rule encapsulates 
elementary knowledge of manual crash mode matching, as a 
mapping from the differences between the current and desired 
crash modes, to the changes in mean and standard deviation for 
sampling a sizing parameter in a structural zone.  A case study 
on a vehicle frontal crash demonstrated the algorithm 
outperformed the conventional methods both in design quality 
and computational time.  

1. INTRODUCTION 
Despite the recent advent of  technologies such as anti-lock 

braking, active steer, and collision mitigation, enhancing 
vehicle crashworthiness remains a high priority in  helping to  
protect occupants during crashes. Designing vehicle bodies for 
superior crashworthiness is a difficult task, since a body 
structure needs to be strong in some parts to minimize 
deformation near the passenger compartment, yet compliant in 
other parts to absorb the impact energy.  Oftentimes, the 
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outcome of design modifications can be difficult to predict due 
to the inherent high nonlinearity of a dynamic crash event. 

Instead of costly and time consuming crash tests using 
physical prototypes, finite element (FE) crash simulations are 
widely used for exploring design alternatives. FE crash 
simulations, however, require massive computational resources, 
making them difficult to use with optimization algorithms. 
Although computer speed continues to increase, higher detailed 
FE models are being constructed for better accuracy, creating 
ever increasing demands for more computer resources. 
Nowadays, detailed FE models for crash simulations commonly 
exceed one million DOFs. Tuning such complex nonlinear 
systems for a desired dynamic behavior (i.e., crashworthiness) 
poses a truly unique challenge. The use of surrogate models [1] 
only partially solve the issue, since training a high fidelity 
surrogate requires a large number of samples FE runs. As such, 
the need is imminent for an efficient algorithm that can achieve 
high crash performance with a far fewer number of FE crash 
simulations than the conventional optimization algorithm. 

Experienced vehicle designers, on the other hand, can 
vastly improve the crash performance of a vehicle structure 
with fewer FE crash simulations, by observing the crash modes 
of the structure. A crash mode is a time history of the 
deformation (such as axial crushing, twisting, and transversal 
bending) in the different structural zones during a crash event. 
Viewing crash mode as a strategy for energy absorption, a 
process commonly called crash mode matching can be 
employed where the design is manually modified until its crash 
mode matches the one the designers deem as optimal based on 
their experiences.  
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obtained, which typically happens after several meetings. 

As an example of the crash mode matching, consider a 
front frame of a vehicle subject to frontal impact in Fig. 1, 
where the crash modes of two different designs are illustrated 
as sequences of figures. The objective is to minimize the 
deformation in zone 2, close to the passenger compartment. 
Design A in Fig. 1 (b) exhibits CM1, where zone 1 fully 
deforms first and then zone 2 partially deforms. Design B in 
Fig. 1 (c) exhibits CM2, where zone 1 only partially deforms, 
followed by severe bending in zone 2. Between the two crash 
modes,  CM1 absorbs the same energy with less deformation in 
zone 2 than CM2, due to the occurrence of axial crushing 
(which tends to absorb more energy than twisting or transversal 
bending) immediately after the impact. Without additional FE 
simulations, the designer would simply try to match the crash 
mode of design B to CM1, by  allocating less material to zone 1 
(so it would deform more easily), and more material to zone 2 
(so it would not bend as much). To demonstrate how these 
changes to design B indeed improves its crash performance, the 
deformation in zone 2 was plotted in Fig. 2 as a function of the 
material fraction in zone 1, using LS-Dyna [2]. The plot 
confirms design A is indeed better than design B. With the 
division between CM1 and CM2 at about 30% mass to zone 1, 
the plot also confirms the above changes to design B will bring 
its crash mode closer to CM1 and improve its crash 
performance.  

Fig. 1 Vehicle mid-rail subject to frontal impact. (a) vehicle 
schematic, (b) Design A exhibiting crash mode CM1 and (c) 
Design B exhibiting crash mode CM2  

Since one FE crash simulation of a vehicle takes hours if 
not days to complete, the crash mode matching process  occurs 
over several meetings. At a meeting, a team of designers  
analyze the animation of FE crash simulation and suggest 
several design changes, and the next meeting is called when the 
simulation results with the suggested changes are completed. 
The recurrent meetings are held until a high quality design is 
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Visual observation of crash mode in the animation is essential 
to the crash mode matching process, as it gives the designers 
clues as to where to make changes (strengthen or weaken) in 
different zones of the structure. 

Despite its effectiveness 
ching remains more of an art than a systematic procedure, 

due to the difficulty in formalizing 1) the identification of the 
desired crash mode and 2) the design changes to attain the 
desired crash mode. As our first step towards the automated 
crash mode matching, we have previously proposed the 
computational identification of a high-quality crash mode using 
a reduced order dynamic model [3-6], followed by the manual 
(non-automated) crash mode matching to the identified crash 
mode. Although the results were very promising, the 
automation of the crash mode matching remained as future 
work in [3-6], which is addressed in this paper.  

 
Fig. 2 Deformation in 
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The crash mode matching algorithm pr
s as inputs an initial design and a desired crash mode, and 

iteratively finds a new design whose crash mode is increasingly 
closer to the desired crash mode. At each iteration, a new 
design is chosen as the best one among a small number of 
normally distributed samples near the current design, whose 
mean and standard deviation are adjusted by a set of fuzzy 
rules [7]. Each fuzzy rule encapsulates elementary knowledge 
of manual crash mode matching, as a mapping from the 
differences between the current and desired crash modes, to the 
changes in mean and standard deviation for sampling a sizing 
parameter in a structural zone. The algorithm stops upon 
attaining a desired crash performance or after a pre-set number 
of iterations. 

The pap
elopment of the proposed algorithm. The following sections 

provide a review of relevant literature, details of the algorithm 
and a case study of a vehicle model subjected to a full-overlap 
frontal crash condition. 
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2. RELATED WORK 
The algorithm presented in this paper is for sizing design 

of vehicle structures for crashworthiness. While numerous 
works are found in this area, no previous work has addressed 
computational algorithms for crashworthiness design driven by 
crash modes.  

2.1. Optimization with surrogate models 
For sizing optimization for crashworthiness, methods 

involving the use of phenomenological surrogate models are 
the most dominant (eg., [8-17]). Surrogate models can provide 
a convenient way of approximating the mapping of inputs 
(design variables) to outputs (objectives and/or constraints), 
when the nonlinearity of the underlying physics is modest to 
minimum. Since crash phenomena are highly nonlinear, the use 
of a surrogate model is limited to small ranges of design 
variables where “jumps” in the outputs, such as the one at the 
boundary of CM1 and CM2 in Fig.2, do not occur. If design 
changes are large enough to span multiple crash modes, the 
accuracy deteriorates at the boundaries of crash modes, where 
there is always “jumps” in crash performances. Since the crash 
mode matching always involves the design changes spanning 
multiple crash modes, surrogate models are unsuitable for use 
with the manual crash mode matching and the present 
algorithm. 

2.2. Optimization with reduced physics-based models 
Another contender to sizing optimization for 

crashworthiness is the family of reduced order physics-based 
models. Examples include coarse-mesh FE, lumped parameter, 
and lattice models [18-25]. While these models can be 
computationally inexpensive and also bear some physical roots 
in the underlying crash phenomena, their level of accuracy does 
not allow them to be a complete substitute to detailed FE 
models. With a “right” level of abstraction preserving general 
geometries, however, these models would be capable of 
simulating the crash modes of vehicle structures with realistic 
topology. In our previous work [4-6], we demonstrated that a 
reduced order linkage model of vehicle structure, called an 
equivalent mechanism (EM) model, could in fact simulate the 
crash modes with a reasonable accuracy. We also demonstrated 
the efficiencies of manual (non-automated) crash mode 
matching processes guided by the crash mode of the optimized 
EM model. The automated crash mode matching algorithm 
presented in this paper assumes a desired crash mode as a given 
input, which can be obtained by using the optimized EM model 
and/or based on the designer’s experience.  

3. CRASH MODE MATCHING ALGORITHM 
Given a parameterized geometry of a structure, an initial 

design and a desired crash mode, the proposed algorithm 
iteratively finds a new design whose crash mode is increasingly 
closer to the desired crash mode. At each iteration, a new 
design is chosen as the best one among a small number of 
normally distributed samples near the current design, whose 
 

mean and standard deviation are adjusted based on the 
differences between the current and desired crush modes by 
using fuzzy rules. The details of the algorithm are presented in 
the following subsections.  

3.1. Crash mode 
A crash mode of a structure is a time history of 

deformation (such as axial crushing, twisting, and transversal 
bending) in different structural zones during a crash event. It is 
defined as a 3×m matrix of functions of time: 

 
CM(x) = (cmij(t, x));   i =1, 2, 3;   j = 1, …, m (1) 

 
where cmij(t, x) ∈ [0,1] is the normalized deformation of 
collapsing type i at structural zone j of structure with size x, as 
a function of normalized time t ∈ [0, 1]. The collapsing type 
can be either axial crush (= 1), bend (= 2), and side squish (= 
3). The structural zones are typically chosen to coincide with 
major structural members. Fig. 3 shows an example of cmij(t, x) 
corresponding to bending of a structural member, obtained by a 
FE crash simulation. During a crash event, the collapsing of a 
structural member typically remains minimal until it suddenly 
rises at some point and quickly reaches a steady state. This 
behavior is well approximated by a step function, as also 
shown in Fig. 3. 

 
Fig. 3 Example of crash mode cmij(t, x) obtained by FE 
crash simulation and its approximation as a step function.  

Accordingly, a desired crash mode CM*, an input to the 
proposed algorithm, is defined as a 3×m matrix of step 
functions:  

 
CM* = (cm*

ij(t));   i =1, 2, 3;   j = 1, …, m  (2) 
 

where cm*
ij(t) = d ·θ(t−t0), d and t are the magnitude and start 

time of step as in Fig 3, respectively, and θ(t) is the unit step 
function: 
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Crash mode metric, the differences between CM(x) and 

CM*, are defined as a 3×m matrix of the normalized 
differences: 
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∆(x) = (δij(x));   i =1, 2, 3;   j = 1, …, m  (4) 
 
where δij(x) ∈ [0,1] is the normalized difference between cmij(t, 
x) and cm*

ij(t) over t ∈ [0,1], given as: 
 

∫
∫ −

= 1
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0
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ij

ijij
ij

x
xδ    (5) 

 
Fig. 4 shows examples of crash mode cmij(t, x) and desired 

crash mode cm*
ij(t) corresponding to various values of crash 

mode metric δij(x). With the deformation starting 
approximately at t = t0, a zero value of δij(x) means the amount 
of deformation of the current design matches well with the 
desired crash mode (Fig. 4 (a)), and negative and positive 
values mean smaller (Fig. 4 (b)) and larger (Fig. 4 (c)) 
deformations than the desired crash mode, respectively.  

 
Fig. 4 Examples of crash mode metric δij(x): (a) well 
matched deformation, (b) too little deformation, (c) too 
much deformation. 

Although crash mode metric ∆(x) contains 3m elements 
δij(x) for each deforming type and each structural zone, some of 
them can be ignored or combined if their contributions to the 
crash performance are minor. For example, the axial crush and 
bend of an insignificant structural member may be combined 
into one equivalent value for “deformation.” Another example 
is side-squish, which can be often ignored except for certain 
structural zones such as the bumper area. Appendix A lists the 
reduced δij(x) used in the following case study.  

3.2. Algorithm 
The crush mode matching algorithm solves the following 

optimization problem: 
 

minimize    { f(x), ∆(x) } 
subject to      xl ≤ x≤  xu

                                
where f(x) is a vector of the design objectives to be minimized 
(eg., structural weight) and the constraint violations (eg., 
intrusion beyond maximum allowable limit), ∆(x) is the crash 
mode metric as defined in Equations 4 and 5, and xl and xu are 
upper and lower bounds of design variable x, respectively.  

(a) (b) 

δ = +0.016 δ = −0.258

δ = +0.239 

(c) 
 

The algorithm is essentially adaptive neighborhood 
sampling. Starting with an initial design x ely 
sam

h-mode(x0) 
. x ← x and O ←{x }. 

 FE crash simulation. 
∆

l ≤ xs
i
 ≤  xu, 

imulation. 

). 

0, it iterativ
ples the new design within a neighborhood of the current 

design x. At each iteration, the new design is chosen as the best 
design with respect to f(x) and ∆(x), among ns samples xs

 

∼N(µ,σ) whose mean µ and standard deviation σ are adjusted 
based on ∆(x). The following outlines each step of the 
algorithm: 
 
match-cras
1 0 0

2. evaluate f(x) and ∆(x) by
3. (µ , σ) ← adjust-neighborhood(x, (x)). 
4. for each i = 1, …, n , sample xs i

and evaluate f(x

s  ∼N(µ,σ) and x
s
i) and ∆( xs

i) by FE crash s
5. O ← O ∪ {xs

1, xs
2, …, xs

ns} and remove from O all 
dominated and/or infeasible designs with respect to f(x

6. x  ← ∑∈
ij

s
kijnk s

)(minarg
},..,1{

xδ  

7. if the maximum number of iteration has reached, return O. 
Otherwise, go to step 2. 

In l , xs
2, …, xs

ns becomes virtually 
stinguishable in term of ∑δ (xs ) towards the end of the run, 

← σ ←

 
ine 6, if all samples xs

1

indi ij k
the next iterate can be selected based on the values of f(x). 

Subroutine adjust-neighborhood(x, ∆(x)) in line 3 
adjusts µ and σ as outlined below: 

 
adjust-neighborhood(x, ∆(x)) 
8.   x,     0. 
9. for each k = 1, …, n

µ
r, ) ))((~,( al x∆← kr , all

~+← µµ  and 
|~| all +← σσ . 

10. σ ← max{σ min

11. return (µ , σ). 

},..,1{}3,2,1 nm a is the k-th fuzzy 
: 

, σ }. 
 

 
In line 8, ]1,0[: {rk R×× },...,1{
rule [7] of the following form
 

If ijkijCji
FS

k

∈
∈

∧ )(
),(

xδ   

then adjust the lk-th variable by ak 
 
where Ck ⊆ {1,2, FSijk is 

ne of five fuzzy sets, NH (highly negative), NL (lightly 
3}×{1,...,m}, lk ∈ {1,...,n}, ak ∈ R, and 

o
negative), Z (almost zero),  PL (lightly positive), or PH (highly 
positive), whose membership functions ]1,0[]1,0[: aFSu are 
shown in Fig. 5. For all five fuzzy sets, standard sigmoid 
membership functions [7] are used. Based hip 
values of δ

 on the members
ij(x) in the “If” part of the rule, adjustment ak is 

scaled to produce the actual adjustment value ka~  as follows: 
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For example, consider one of the fuzzy rules used in the 

llowing case study: 

22
adjust the 2nd variable by +0.15. 

Since the 2  2, this 
rule translates to:

 the plate thickness in zone 2 by +0.15.”  

If δ
embership value of 12(x) to NH  is uNH( 12(x))  0.05 and the 

fo
 

If δ12(x)∈NH ∧ δ (x)∈PL  
then 
 

nd variable x2 is the plate thickness in zone
  

 
“If axial crush in zone 2 is too little and bend in zone 2 is 
much, then adjust

 
12(x) = 0.0 and δ22(x) = 0.3, for example, Fig. 5 tells the 

δ δ ≈m
membership value of δ22(x) to PL is uNH(δ22(x)) ≈ 0.8. Since 
min{0.05, 0.8} = 0.05, the actual adjustment value is 

0075.015.005.0~ =×=a . Note that this value is used to adjust 
µ2 and σ2, rather than x2 itself.  

 
Fig. 5. Membersh  func ns fo zzy set

 
As see entary 

nowled ber of 

the plate thicknesses in the 

Giv
la traightforward task, and does not require 
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In line 4, the candidates for the next iterate are sampled 
from normal distribution in order to guarantee the connectivity 

ip tio r fu s. 

n above, each fuzzy rule encapsulates elem
ge of manual crash mode matching with the numk

terms in the if-clause of a rule, |Ck|, typically less than 2. The 
rules can be classified to two types: 
 
• If a zone deforms too much (little) relative to the desired 

crash mode, increase (decrease) 
zone. 

• If a zone is bending too much relative to the desired crash 
mode, increase the height of the member cross sections in 
the zone.  
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of the neighborhoods during the iterations. This, together with 
the preservation of the best encountered solutions in line 5, 
satisfies the global convergence criteria for a lo
ne hborhood search [26], i.e., the algorithm has a non-zero 
probability of finding a global solution within a finite number 
of iterations. The actual efficiency of the algorithm, of course, 
depends on the quality of the fuzzy rules.  

4. CASE STUDY 
 

4.1. Scenario 
This section describes a case study on a front half-body 

model of a mid-sized vehicle, subjected to full-overlap frontal 
d barrier (Fig. 6). The model has the 

ions: 

• 

• he rest of the vehicle mass (600 kg) is represented as a 
s. 

• 
• s elastic-plastic for mild steel 

cted to full-overlap 
f ntal crash

 
There are 4 continuous and 14 discrete design variables:  
 

• e

• 2, b2 [mm]: height and width of the box-section of lower 

crash against a rigi
following specificat

 
All main structural members are hollow box-section 

• The engine and power train are represented as a rigid box 
of mass 250 kg, connected to the engine mounting points 
via stiff beams. 
T
lumped mass connected to the structure via stiff beam

• Crash speed is 15.6 m/s (35 mph) 
Coefficient of friction at the rigid barrier is 0.3 
Material model i

 
Fig. 6. FE model of a vehicle subje

. ro

h1, b1 [mm]: height and width of the box-section of upp
rails and cross members (continuous in [50, 150]). 
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h
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• , …, t  [mm]: sheet metal thickness of the box-section, 

l mass, 

• f
 g  < 100 [mm]: intrusion into passenger compartment 

• g

ttempts to tackle this problem were performed in [4, 6] 
) [27] to the FE 

hing. 
ode is 

btained by the optimization of a reduced order dynamic model 
(equ

and 11 
(

ing for zones 4, 6, 7, 8, 
12, 13 and 14 (zone with small deformations in CM*). 

den ational 

wh
The initial design x0 is the same as in [6]. Fig. 7 shows 

4.2.

t1 14
for structural zones 1 through 14 as indicated in Fig. 6 
(discrete in {0.6, 0.8, 1.0, …, 4.2, 4.4}). 

 
The design objective is to minimize the structura

subject to the constraints on the passenger safety:  
 
 [kg]: structural weight, to be minimized 

• 1

2 < 30 [G]: acceleration at passenger compartment 
 

A
via direct application genetic algorithm (GA
model, and via manual (non-automated) crash mode matc
For manual crash mode matching, the desired crash m
o

ivalent mechanism model [3-6]). This case study uses the 
desired crash mode in [6] as CM*, in order to compares the 
results of manual and automated crash mode matching.  

A total of 19 crash mode metrics are chosen as listed in 
Appendix A, which is summarized as: 
 
• Side squish in zones 1 and 10 (bumper and front cross bar). 
• Axial and bending deformations in zones 2, 3, 5, 9 

zones with significant deformations in CM*). 
• Combined values for axial and bend

 
In the rest of the section the 19 crash mode metrics are simply 

oted by a single subscript as δ1, δ2, …, δ19 for not
simplicity. Additionally, a total of 238 fuzzy rules are defined, 

ich are listed in Appendix B in a tabulated form. 

CM*, CM(x0), and ∆(x0). The minimum value of standard 
deviation σ min in adjust-neighborhood (line 11) was set to 2.0 
mm for h1, b1, h2 and b2 and to 0.2 mm for t1, …, t14. 

 Results 
Table 1 provides a comparison of the results of direct GA, 

manual crash mode matching, optimization via a response 
surface model (RMS), and the proposed algorithm. Four runs 
of the proposed algorithm were performed, of which the best 

hown in Table 1. The CM* and the CM(x) and 
∆(x)

m

randomized L54 orthogonal arrays [28] (total 108 samples) were 

and worst are s
 of the best design found by the proposed algorithm are 

shown in Fig. 8. The best obtained result by the proposed 
algorithm has good match to the design targets of the desired 
crash mode (Fig. 8), which is reflected both in graphic 
observation of deformation history, as well as the crash mode 

etrics δ1 through δ19. An overall summary of results is 
provided in Fig. 9. 

Despite the anticipation of poor performance, a response 
surface model was attempted anyway to complete the study 
since it is currently a dominant automation approach. Two 
 

constructed RSM. However, the result 
obta

 
Fig. 8. CM* and CM(x) and ∆(x) of the best design found by 

the proposed algorithm. 

used to construct the RSM model, and optimization was 
performed on the 

ined from RSM was infeasible to both constraints.  
Directly linking the FE model to genetic algorithm (GA) 

was successful in attaining a fairly good and feasible design. 
However, the computational time required for the direct 
application of GA were enormous (350 hours) compared to 
other methods (55-75 hours), rendering it impractical if more 
detailed vehicle models were considered. 

 
Fig. 7 CM*, CM(x0), and ∆(x0). 
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The design obtained by manual crash mode matching in 

[6] e cur nown o thi y. 
The best result by the proposed algorithm among the four runs 
is feasible and only 0.9 kg heavier than the best known result. 
The worst result by the proposed algorithm was still better than 
the ined he c nal t he 
proposed algorithm (75 hours) is approximately one fifth of 
those of GA (350 hours) and about the same as RSM (75 
hours). 

5. CONCLUSION AND FUTURE WORK 
This paper presented a computer algorithm for crush mode 

matching, a process which was previously possible only by 
usin ive j and erva he 
history of structural deformation. The performance of the 
algorithm was demonstrated by a case study on a vehicle model 
subjected to full overlap frontal crash. Future research would 
incl g the n m d vehicle models, 
and the automatic generation of baseline fuzzy rules through 
the optimization history of an equivalent mechanism model.   

he vehicle loped under the 
supp

line* GA CM [6] Best Worst

remains th rent best k  solution t s case stud

one obta by GA. T omputatio ime for t

g qualitat udgment visual obs tions of t

ude testin algorithm o ore detaile
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Table 1. Case study results by different techniques (results 

with asterisk * are infeasible). 
 

 Base- Direct RSM* Manual Auto 
CM – 

Auto 
CM – 

h1 [mm] 60.0 114.0 94.0 88.0 83.0 94.0
b  1 [mm] 96.0 67.0 66.0 80.0 77.0 77.0
h2 [mm] 67.0 69.0 50.0 60.0 54.0 68.0
b2 [mm] 50.0 95.0 75.0 50.0 56.0 105.0
t1 [mm] 4.0 2.2 2.2 3.2 2.6 3.2
t2 [mm] 1.0 2.0 2.0 2.4 1.6 2.2
t3 [mm] 1.0 1.8 1.8 2.0 2.2 2.0
t4 [mm] 3.4 2.8 3.0 2.8 4.6 3.4
t5 [mm] 3.8 3.0 3.2 4.2 4.4 3.0
t6 [mm] 2.2 3.0 3.0 2.8 3.2 2.6
t [mm] 4.0 1.2 1.2 3.2 3.4 2.07 

t8 [mm] 2.2 2.2 2.2 2.0 1.6 1.6
t9 [mm] 4.0 2.6 2.6 2.4 2.2 1.8
t10 [mm] 1.8 2.8 2.8 2.6 2.6 3.2
t11 [mm] 1.8 3.0 2.8 1.2 1.8 1.8
t12 [mm] 3.8 2.4 2.4 2.8 3.0 3.0
t13 [mm] 3.0 2.0 2.0 1.8 2.0 0.6
t14 [mm] 2.0 2.2 2.4 2.2 2.2 2.0
f [kg] 69.2 73.1 61.7 66.9 68.8 72.6
g1 m] 324.0 89.0[m 62.0 142.0 76.0 97.0
 

g2 [G] 31.0 28.0 25.9 29.4 26.8 27.4
# FE runs 500 108 10 50 50
# EM runs – – 500 500 500
Comp. time 
[hr] 350 75 55 75 75

 
mmary of case stu sult wo h onta

d  indicate t max m allo le in ion  
nd maximum cab  acceleration (30 g). 
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ENDIX A: CRASH MODE METRIC USED IN CASE 
DY 

bol Description 
δ1 Side-squish in zone 1 
δ2 Side-squish in zone 10 
δ3 Axial crush in zone 2 
δ4 ing in zone 2 Bend
δ5 Axial crush in zone 3 
δ6 Bending in zone 3 
δ7 Axial crush in zone 5 
8 Copyright © 2006 by ASME 



 

δ8 Bending in zone 5 
δ9 Axial crush in zone 9 
δ10 Bending in zone 9 
δ11 Axial crush in zone 11 
δ12 Bending in zone 11 
δ13 Combined axial crush and bending in zone 4 
δ14 Combined axial crush and bending in zone 6 
δ15 Combined axial crush and bending in zone 7 
δ16 Combined axial crush and bending in zone 8 
δ17 Combined axial crush and bending in zone 12 
δ18 ombined axial crush and bending in zone 13 C
δ Combined axial crush and bending in zone 14 19

APPENDIX B: FUZZY RULES USED IN CASE STUDY 
T ing tables summariz zy rules used in the 
ca y 
adjustments able. For example, 
T e B.1 represents the following five fuzzy rules for 
adjusting t1:
 

If 
If  t  by -0.2.  
If  +0.1.  
If  t  by +0.2.  
If 

 
or adjusting t1

δ

he follow
e stud

e the 238 fuz
Values in a table indicate s in a tabulated form. 

 to the respective design vari
abl

  

δ1 ∈ NH, then adjust t1 by -0.4.  
δ  ∈ NL, then adjust1 1

δ1 ∈ Z, then adjust t1 by
δ1 ∈ PL, then adjust 1

δ1 ∈ PH, then adjust t1 by +0.4.  

Table B.1 Fuzzy rules f

  Membership of 1
  NH NL Z PL PH 
  -0.4 -0.2 +0.1 +0.2 +0.4 

 

Table B.2 Fuzzy rules for adjusting t2

  Membership of δ3
  NH NL Z PL PH 
  -0.2 -0.1 +0.05 +0.1 +0.2 
  Membership of δ4
  NH NL Z PL PH 
     +0.1 +0.2 
  Membership of δ3
  NH NL Z PL PH 

NH      
NL      
Z      

PL +0.15 +0.10    M
em

b.
 o

f 
δ 4

  PH +0.20 +0.15  
 

Table B.3 Fuzzy rules for adjusting t3

  δ5Membership of 
 PH  NH NL Z PL 
  -0.2 -0.1 +0.05 +0.1 +0.2 
  Membership of δ6
 

  N NH L Z PL PH 
     +0.1 +0.2 
  Membership of δ5
 PH  NH NL Z PL 

N       H
N       L
Z      

PL +0.15 +0.10    M
em

b.
 o

f 
6

P     

δ

H +0.20 +0.15  
 

able B.4 Fuzzy ru  t

  M rship of δ13

T les for adjusting 4

embe
  NH NL Z PL PH 
  -0.4 -0.2 +0.2 +0.4   

 

Table B for adju ting t5

 

.5 Fuzzy rules s

 Membership of δ7
 PH  NH NL Z PL 
  -0.2 -0 +0.1 +0.2 .1  
  Membe p of δ8rshi
  N NH L Z PL PH 
  -0.2 -0 +0.1 +0.2 .1  

 

Table B.6 F  rules fo ng

embe p of δ14

uzzy r adju tis  t6

  M rshi
  NH NL Z PL PH 
  -0.4 -0.2 +0.2 +0.4   

 

ble B for adju ting t7

  embership of δ15

Ta .7 Fuzzy rules s

M
  PH  NH NL Z PL
 2 +0.4  -0.4 -0.2  +0.

 

Table B for tin

  embership of δ16

.8 Fuzzy rules adjus g t8

M
  PH  NH NL Z PL
 2 +0.4  -0.4 -0.2  +0.

 

Table B for tin.9 Fuzzy rules adjus g t9

  Membership of δ9
  NH NL Z PL PH 
  -0.2 -0.1  +0.1 +0.2 
  embership of δ10M
  PH  NH NL Z PL
 1 +0.2  -0.2 -0.1  +0.

 

T ble B zzy  for ju

  mbership of δ2

a .10 Fu  rules  ad sting t10

Me
  PH  NH NL Z PL
9 Copyright © 2006 by ASME 



 

 
 

  -0.4 -0.2 +0.1 +0.2 +0.4 
 

T ble B.1  r  for adju

 

a 1 Fuzzy ules sting t11

 Membership of δ11
 PH  NH NL Z PL 
  -0.2 - 0.1 +0.2 0.1  +
  Member p of δ12shi
  N NL Z H PL PH 
  -0.2 -0.1  +0.1 +0.2 

Table B.12 Fuzzy rules for adjusting t12

  Membership of δ17
  NH NL Z PL PH 
  -0.4 -0.2 -0.1 +0.2 +0.4 

 

T ble B.13 Fuzzy s for justin

rship of δ18

a  rule  ad g t13

  Membe
  NH NL Z PL PH 
  +0.4  -0.4 -0.2 -0.1 +0.2

 

T ble B.14 Fuzzy s for justin

r f δ19

a  rule  ad g t14

  Membe ship o
  NH NL Z PL PH 
  +0.4  -0.4 -0.2 -0.1 +0.2

 

T ble B.15 Fuzzy s for justin

δ3

a  rule  ad g t15

  Membership of 
  NH NL Z PL PH 

N  H      
NL      
Z +6.0 +3.0    

P  +9.0 +6.0 +3.0   LM
em

b.
 o

f 
δ 4

PH    +12.0 +9.0 0 +6.
  Member f δ5ship o
  NH NL Z PL PH 

NH      
NL      
Z +6.0 +3.0    

P     L +9.0 +6.0 0 +3.M
em

b.
 o

f 
6

PH 

δ

+12.0 +9.0 +6.0   
  Member δ7ship of 
  NH NL Z PL PH 

NH  -3.0 -6.0 -9.0 -12.0 
N  +3.0 -6.0 -9.0 L  -3.0 
Z +6.0 +3.0  -3.0 -6.0 

P  L +9.0 +6.0 +3.0  -3.0 M
em

b.
 o

f 
8

P  +12.0 +9.0 +6.0 +3.0 

δ

H  
 

Table B.16 Fuzzy rules for adjusting b1

  Member ip of δsh 3
  NH NL Z PL PH 

M e m NH      
 

NL      
Z -4.0 -2.0    

PL -6.0 -4.0 -2.0   
PH -8.0 -6.0 -4.0   

  Membership of δ5
  NH NL Z PL PH 

NH      
NL      
Z -4.0 -2.0    

PL -6.0 -4.0 -2.0   M
em

b.
 o

f 
δ 6

PH -8.0 -6.0 -4.0   
  Membership of δ7
  NH NL Z PL PH 

NH  +2.0 +4.0 +6.0 +8.0 
NL -2.0  +2.0 +4.0 +6.0 
Z -4.0 -2.0  +2.0 +4.0 

PL -6.0 -4.0 -2.0  +2.0 M
em

b.
 o

f 
δ 8

PH -8.0 -6.0 -4.0 -2.0  
 

Table B.17 Fuzzy rules for adjusting h2

  Membership of δ9
  NH NL Z PL PH 

NH  -3.0 -6.0 -9.0 -12.0    
NL +3.0 -3.0 -6.0 -9.0    
Z +6.0 +3.0  -3.0 -6.0  

PL +9.0 +6.0 +3.0  -3.0 M
em

b.
 o

f 
δ 1

0

PH +12.0 +9.0 +6.0 +3.0  
  Membership of δ11
  NH NL Z PL PH 

NH  -3.0 -6.0 -9.0 -12.0    
NL +3.0 -3.0 -6.0 -9.0    
Z +6.0 +3.0  -3.0 -6.0  

PL +9.0 +6.0 +3.0  -3.0 M
em

b.
 o

f 
δ 1

2

PH +12.0 +9.0 +6.0 +3.0  
 

T ba le B.18 Fuzzy  for stin

M mbe f δ9

 rules  adju g b2

  e rship o
  N NL Z H PL PH 

NH  +2.0 +4.0 +6.0 +8.0 
NL -2.0  +2.0 +4.0 +6.0 
Z -4.0 -2.0  +2.0 +4.0 

PL -6.0 -4.0 -2.0  +2.0 M
em

b.
 o

f 
δ 1

0

  PH -8.0 -6.0 -4.0 -2.0
  Membership of δ11
  NH NL Z PL PH 

NH  +2.0 +4.0 +6.0 +8.0 
NL -2.0  +2.0 +4.0 +6.0 
Z -4.0 -2.0  +2.0 +4.0 

PL -6.0 -4.0 -2.0  +2.0 M
em

b.
 o

f 
δ 1

2

PH -8.0 -6.0 -4.0 -2.0  
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