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ABSTRACT

An automated method for synthesizing assemblies of
structural products is presented, where a complex
structure obtained via structural topology optimiza-
tion is decomposed into an assembly made of multi-
ple members with simpler geometries. The method
provides an efficient means to explore a large num-
ber of feasible decompositions prior to the detailed
component design phase. First, a bitmap image of
a structure obtained via structural topology opti-
mization is transformed to a graph with the equiv-
alent topology through the sequential application
of image filters. Second, the structure is automati-
cally decomposed into multiple structural members
through the decomposition of the resulting graph to
its subgraphs. Preliminary results of the decomposi-
tions of Mitchell’s truss like structures demonstrate
the impact of decomposition to the overall struc-
tural stiffness and in-process dimensional adjusta-
bility of the resulting assembly. The results moti-
vate the future development of automated optimal
assembly synthesis based on the quantitative evalu-
ation of product decompositions generated through
the presented method.
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1 INTRODUCTION

Many structural products such as automotive bod-
ies are made of multiple components with relatively
simple geometries decomposed from substructures
of the products.Assembly synthesisrefers to a pro-
cess of decomposing an overall product into mul-
tiple components. Although may not be desirable
from structural point of view, assembly synthesis is
often inevitable since production of an entire prod-
uct without decomposition is technically or eco-
nomically infeasible.

Figure 1 shows an example of the decomposition of
an automotive body front consisting of the external
panels (a hood and outer fenders) and the internal
structures (inner fenders and a radiator support) that
connect to the rest of the internal body frame. In
industry, such decompositions are typically deter-
mined ad hocprior to the detailed design of each
component. Such anad hocdecomposition, how-
ever, often reveals the following problems during
the subsequent detailed design phases.

• Overall structural stiffness: Assembled prod-
ucts cannot achieve desired stiffness with speci-
fied joining methods.

• Manufacturability and assembleability: Com-
ponents cannot be manufactured and/or assem-
bled with economical means.

• Dimensional errors: Joints do not allow the ad-
justments in critical dimensions during assem-
bly to absorb manufacturing errors (in-process
dimensional adjustments).
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Figure 1. Example of decomposition of an automotive
body front.

Since a decomposition determines basic component
geometries and joint configurations, we have con-
jectured that the above problems can be effectively
avoided by a good selection of a decomposition dur-
ing the stage of assembly synthesis. Accordingly,
this paper describes our first attempt towards the de-
velopment of an automatic method for the assem-
bly synthesis of structural products that enables a
designer to explore a large number of feasible de-
compositions prior to the detailed component de-
sign phase.

A complex structure obtained via structural topol-
ogy optimization is decomposed into an assem-
bly made of multiple structural members with sim-
pler geometries. Preliminary results are presented
for example decompositions of Mitchell’s truss like
structures that demonstrate the impact of decom-
position to the overall structural stiffness and in-
process dimensional adjustability of the resulting
assemblies. The results motivate the future de-
velopment of automated optimal assembly synthe-
sis based on the quantitative evaluation of prod-
uct decompositions generated through the presented
method.

2 RELATED WORK

Design for assembly (DFA) is a class of design
methodologies for improving product design based
on assembly considerations to realize easy and low-
cost assembly (Boothroyd and Dewhurst, 1983).
Based on the results from the seminal work on as-
sembly modeling and sequence generation (Bour-
jault, 1984; de Fazio and Whitney, 1987; de Mello
and Sanderson, 1991; Lee and Shin, 1990), a num-
ber of researchers attempted the integration of as-
sembly planning and DFA (de Fazio et al., 1993;
Lee et al., 1993; Hsu et al., 1993). Although proven
effective, the methods requires a product decompo-
sition specifieda priori by a designer. An automatic
product decomposition method, such as the one dis-

cussed in this paper, would provide an input to such
DFA methods.

Graph decomposition (Bos´ak, 1990), a basis of an
automatic decomposition presented in this paper,
has also been applied to automatic assembly se-
quence generation, where a disassembly sequence
(assumed to be the reverse of an assembly sequence)
is generated by sequential binary decompositions
(i.e., cuts) of agraph of connectionsof an assembled
product (Bourjault, 1984; de Fazio and Whitney,
1987; de Mello and Sanderson, 1991; Lee and Shin,
1990). Feasibility of each binary decomposition is
determined by checking the precedence relationship
of two subassemblies subject to partition using hu-
man input (Bourjault, 1984; de Fazio and Whitney,
1987) or geometric reasoning (Lee and Shin, 1990).

Recently, Wanget al. (Wang and Bourne, 1997;
Wang, 1997) developed a system which decom-
poses an unfolded sheet metal product based on
the decomposition of a spanning tree of the face-
adjacency graph of the product. Although their fo-
cus is similar to the presented work, the system
does not consider the structural issues of the prod-
uct. Also, the approach does not address the issue of
dimensional error in cutting, bending, and joining.

3 AUTOMATIC ASSEMBLY SYNTHE-
SIS METHOD

3.1 Structural topology optimization

The input to the presented assembly synthesis
method is a bitmap image of a structure gener-
ated viastructural topology optimization. Struc-
tural topology optimization methods, such as
the homogenization design method (Bendsøe and
Kikuchi, 1988) and the genetic algorithm based
method (Chapman et al., 1994), enable top-down
synthesis of an optimal structure that fits within a
specified design domain from the specification of
loading and boundary conditions.

As illustrated in Figure 2, these methods take as in-
put the design domains and the loading and bound-
ary conditions, and then produces through finite el-
ement analyses a discretized image (bitmap or gray
scale) of an optimal material distribution in the de-
sign domain which, for example, maximizes stiff-
ness at the loading point subject to weight con-
straints. In most cases, each pixel in the output
image corresponds to a finite element. The meth-
ods also allow the design domain to be multiply-
connected (i.e., to have holes) or three dimensional.
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Figure 2. Structural topology design method: The right
figure shows a structure with maximum stiffness occupy-
ing 40% of the design domain. The results is obtained by
using Topology Optimization Web site at the Technical
University of Denmark.

Since structural topology optimization provides a
mathematical formulation to synthesize a structure
optimized for a given objective in terms of size,
shape, and topology (Chapman et al., 1994), it has
been applied to numerous structural design prob-
lems ranging from civil structure design (Mijar
et al., 1998) to material micro structure design (Siva
et al., 1997).

In spite of its extreme popularity in structural de-
sign community, however, structural topology opti-
mization has not yet gone beyond the realm of aca-
demic research. This is because the resulting opti-
mal structures are often too complex to be manufac-
tured without further decompositions. Accordingly,
the presented method is designed to provide an auto-
matic means to decompose such a complex structure
into an assembly consisting of multiple components
based on the following two steps:

1. A bitmap image of a structure obtained via struc-
tural topology optimization is transformed to a
product topology graphthrough the sequential
application of image filters.

2. The structure is automatically decomposed into
multiple structural members through the decom-
position of the product topology graph to its sub-
graphs.

The resulting assembly can be evaluated based on
desired engineering criteria such as structural stiff-
ness. The following sections destined each of these
two steps in detail.

3.2 Construction of product topology
graphs

Figure 3 outlines the flow of the transformation pro-
cess. First, topology of the output image is extracted
by identifying the distinct segments in the output
image (Figure 3 (b)). Next, the resulting segments
are labeled, and their connectivities are checked to
produce a product topology graph (Figure 3 (c)).
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Figure 3. Transformation of a structural topology opti-
mization output to a product topology graph. (a) output
image, (b) extraction of product topology, and (c) result-
ing product topology graph. The I-beam like image in
(a) was adopted from (Chapman et al., 1994).

(a) (b) (c)

(d) (e) (f)

Figure 4. An example of product topology extraction:
(a) original image, (b) dilation, (c) skeletonization, (d)
initial Hough transform (shown inθ-ρ space), (e) pri-
mary line extraction, and (f) topological segmentation.

The extraction of product topology is accomplished
by the successive application of standard digital im-
age processing algorithms such as dilation, skele-
tonization, and the Hough transform (Gonzalez and
Wintz, 1987), as well as non-standard algorithms
such as primary line extraction and topological seg-
mentation.

Figure 4 illustrates a sequence of these image trans-
formations applied to an example I-beam like im-
age (Chapman et al., 1994) using the preliminary
implementation of the transformation algorithms. A
brief description of each step is given in the follow-
ing. Although the description assumes a bitmap im-
age as an input, it can be easily generalized to a gray
scale image with a prior application of an appropri-
ate thresholding method.



• Dilation fattens the image by filling a small, iso-
lated holes and expanding the image boundary
(Figure 4 (b)). It scans the image and turn a pixel
on if a majority of the neighboring pixels are also
on. Definition of majority and neighbor deter-
mines the effects of fattening. Since dilation is to
eliminate small voids or non-smooth edges prior
to skeletonization, it is unnecessary for smooth
images such as the right figures in Figures 2.

• Skeletonization has an opposite effects to dila-
tion. It thins the image by expanding a small,
isolated holes and shrinking the image bound-
ary (Figure 4 (c)). It scans the image and turn
off a pixel if a majority of the neighboring pixels
are also off. Definition of majority and neighbor
determines the effects of thinning. Applying di-
lation before skeletonization prevents the result-
ing skeleton from being affected by noises in the
original image.

• Hough transform detects lines in the skele-
tonized image by mapping the image in thex-y
space to a parameter space (theθ-ρ space) using
the normal representation of a line inx-y space:

xcosθ + ysinθ = ρ (1)

Since a pixel(xi ,yi) in thex-y space corresponds
to a sinusoidal curvexi cosθ + yi sinθ = ρ in
the ρ-θ space, collinear pixels in thex-y space
have the intersecting sinusoidal lines in theθ-ρ
space. Conversely, an intersection point(θn,ρn)
in the θ-ρ space corresponds to a line in thex-y
space. Therefore, all lines passing through arbi-
trary pairs of pixels in the image are found by
checking the intersection points in the theθ-ρ
space. Discretization of theθ-ρ space for com-
puting the sinusoidal lines determines the accu-
racy of the detected lines.

The Hough transform is repeatedly applied in the
primary line extraction algorithm described be-
low. Figure 4 (d) shows theθ-ρ space from the
initial application to the skeletonized image. A
generalized form of the Hough transform uses a
spline representation of a curve to detect arbitrary
curves in the image (Ballard, 1981), which will
be incorporated in the future implementation.

• Primary line extraction abstracts the topology
of the skeletonized image by selecting primary
lines in thex-y space based on the number of
pixels they pass through. Basic procedure is as

follows.

1. Do the Hough transform of the image.

2. Select an intersection point in theθ-ρ space
with the maximum number of intersecting
lines. If the maximum number is below a pre-
specified value, return.

3. Remove pixels in the image corresponding to
the intersecting lines in 2.

4. Go to 1.

Figure 4 (e) shows the extracted three primary
lines shown in a different gray scale. The pre-
specified value in the step 2 to cut off the itera-
tion determines the “level of abstraction” of the
extracted topology. The repeated application of
the Hough transform is needed since the pixels
removed in the step 3 may also have been on
the lines not selected in the step 2. However,
it does not generally add a significant computa-
tional overhead since the number of unremoved
pixels rapidly decreases after a few iterations.

• Topological segmentationassociates each pixel
in the original image to each primary line identi-
fied above. For each pixel in the original image,
it calculates the distances to all primal lines, and
associates the pixel with the primal line with the
minimum distance. Figure 4 (f) shows the orig-
inal image shaded with three distinct segments
corresponding to the three primal lines in Fig-
ure 4 (e).

Occasionally, however, the topological segmenta-
tion yields a segmented image with stand-alone
(disconnected) pixels at the intersection of multi-
ples segments. In such cases, the following post-
processing is necessary to re-assign these pixels to
another primal line so they can be connected.

• Pixel re-assignment

1. Select a segment in an image obtained by the
topological segmentation. If all segments have
been checked, return.

2. Count the number of disconnected sub-
segments. If the number is one, go to 1. Other-
wise let the largest sub-segment be the primal
segment.

3. For each pixel not belonging to the primal seg-
ment, re-assign the pixel to the primal line to
which the majority of the surrounding pixels
belong.
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Figure 5. Decomposition of a product topology graph
and the corresponding product geometry before decom-
position (a) and after decomposition (b).

4. Go to 1.

After the completion of the extraction of product
topology, a product topology graph can be easily
constructed by labeling each edge of the primary
lines and each intersection point among these edges,
with a node and an edge in a graph data structure,
respectively.

3.3 Decomposition of product topol-
ogy graphs

The structural members are synthesized by decom-
posing the product topology graph and the corre-
sponding product geometry. As illustrated in Fig-
ure 5, several cuts can be applied to the edges of the
structural topology graph to yield a desired number
of distinct subgraphs, each of which corresponds to
a component in the decomposed structure. Given
a constructed structural topology graph, a standard
graph partition algorithm (Bos´ak, 1990) can realize
this procedure automatically.

The quality of a decomposition is qualitatively eval-
uated based on the reduction of overall structural
stiffness due to the introduction of the joints andin-
process dimensional adjustability(Mantripragada
and Whitney, 1998), a degree to which a desired
critical dimension can be adjusted during the assem-
bly process. Although the precise quantitative eval-
uation of these criteria requires the detailed compo-
nent design, fairly sensible evaluation can be done
with the preliminary geometry of the decomposed
components and the associated selection of the mat-
ing features at the joints.

(a) (b) (c)

(d) (e)

: spot welding
: adjustable direction

Figure 6. Mating features common to components
joined with spot welding (Mantripragada and Whitney,
1998).

Figure 6 shows examples of the mating features
common to spot-welded joints with various orienta-
tions of mating surfaces and the corresponding ad-
justable directions, which will be considered in the
examples in Section 4. Similar choices for mating
features are also available for other joint types,e.g.
bolted joints. As seen from the figure, both the ge-
ometry of components and the orientation of mating
surfaces are needed to determines the stress to the
joints and the adjustable dimensions in the decom-
posed structure.

• Overall structural stiffness of the assembled
product is qualitatively evaluated based on the
stress on the mating surfaces at the joints of
the decomposed components. The evaluation
method is based on the reasoning that the decom-
positions at the mating surfaces with the lower
stress would cause less reduction in the overall
structural stiffness.

The stress components on the mating surfaces
can be computed from the orientation of the sur-
faces and the stress tensor of the finite element
corresponding to the pixels subject to decom-
position. The stress component of interest de-
pends on the type of the chosen joining methods.
For example, if the components are to be joined
with spot welding, the value of tensile stress has
more significance than shear stress, since the spot
welding is more susceptible to tensile stress.

• In-process adjustability of critical dimensions
during assemblyis qualitatively evaluated based
on the directional match between the given crit-
ical dimensions and the dimensions that are ad-
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Figure 7. In-process adjustability evaluation: (a) ad-
justable and (b) not adjustable.

justable during assembly process. Such ad-
justable dimensions can be computed from the
preliminary geometry of the decomposed com-
ponents and the orientation of mating surfaces
at the joints. For example, the assembly in Fig-
ure 7 (a) has more in-process adjustability in the
shown critical dimension than the assembly in
Figure 7 (b) due to the orientation of mating sur-
faces relative to the joined components.

4 EXAMPLES

This section describes example topology extrac-
tion and decomposition of two Mitchell’s truss like
structures obtained by structural topology optimiza-
tion methods. A gray scale output image is first
transformed to a binary image by simple threshold-
ing, and the transformation algorithms discussed in
Section 3.2 is applied to the binary image.

In the first example, the resulting product topol-
ogy graph is decomposed to four components. To
demonstrate the impact of decomposition to over-
all structural stiffness and in-process dimensional
adjustability of the resulting assemblies, example
decompositions are provided that arequalitatively
“good” and “bad” for each of these criteria. In the
second example the transformation algorithms ex-
hibit some difficulties due to the complexity of the
image. Possible cause of these difficulties and im-
provements are discussed.

The transformation algorithms are implemented in
C++ with the use of a graph data structure and its
manipulation methods in the LEDA Library devel-
oped at the Max-Planck-Institute of Computer Sci-
ence1.

1http://www.mpi-sb.mpg.de/LEDA/.

(a) (b)

(c) (d)

(e) (f)

Figure 8. Result of product topology extraction: (a)
original image, (b) dilation, (c) skeletonization, (d) ini-
tial Hough transform (shown inθ-ρ space), (e) primary
line extraction, and (f) topological segmentation. Note
that dilation has little effect since the original image is
smooth.

4.1 Example 1

First example is the decomposition of the right im-
age of Figure 2, a cantilever structure fixed at a ver-
tical boundary subject to downward loadP. The
output image is obtained by using the Topology Op-
timization Web site at the Technical University of
Denmark2. Figure 8 shows the results of the suc-
cessive application of the transformation algorithms
to this image.

As shown in Figure 8 (f), all distinct “members”
in the input image are successfully segmented as a
result of the image transformation. Note since the
original image in Figure 8 (a) is already smooth, di-
lation has little effects as shown in Figure 8 (b). Fig-
ures 9 (a) and (b) show the extracted product topol-
ogy with the label for each member and the resulting
product topology graph, respectively.

The following assumptions are made on the design

2http://www.topopt.dtu.dk/.
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Figure 9. Construction of the product topology graph:
(a) extracted product topology, and (b) the resulting
product topology graph.

and manufacturing of the structure.

• The structure can be decomposedonly at the lo-
cation corresponding to the edges of the product
topology graph.

• The assembled structure is attached to the wall
with members corresponding to node 0 and 1 in
the product topology graph in Figure 9.

• For the simplicity of discussion, the decomposed
components are joined with the mating features
that allow adjustments only in thehorizontaldi-
rection.

• The decomposed components are joined with
spot welding, hence joints are strong for shear
and compressive stress, but weak in extensile
stress.

• The horizontal length of the assembled structure
is the critical dimension.

Example decompositions of the segmented image
into four components are generated that are, based
on these simple assumptions, qualitatively “good”
and “bad” for overall structural stiffness and for in-
process dimensional adjustability. Note that in the
decomposed images shown below, a mating feature
is drawn manually at each joint to emphasize the
fact that it can be adjusted only in the horizontal di-
rection.

Figures 10 and 10 show the decompositions that
are “good” and “bad” for structural stiffness under
the specified loadingP, respectively in the decom-
posed image and the corresponding decomposition
of product topology graph. Note both decomposi-
tions has four components and six joints, which are
represented as subgraphs and dashed lines in Fig-
ures 10 (b) and 10 (b), respectively.
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Figure 10. Four-component decomposition that is
“good” for structural stiffness: (a) the decomposed im-
age and (b) the corresponding decomposition of the prod-
uct topology graph. Among 6 joints represented as
dashed lines in (b), joints 0, 4 and 5 are in compression
and joints 3, 6, 2 are in tension.
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Figure 11. Four-component decomposition that is
“bad” for structural stiffness: (a) the decomposed image
and (b) the corresponding decomposition of the product
topology graph. Among 6 joints represented as dashed
lines in (b), joints 0 and 5 are in compression and joints
1, 2, 3 and 6 are in tension.

Among 6 joints in Figure 10, three joints (joints 0,
4 and 5) are in compression and three (joints 3, 6,
2) are in tension, according to a finite element anal-
ysis of the original image. In Figure Figure 11, on
the other hand, only two (joints 0 and 5) are in com-
pression and the rest of four (joints 1, 2, 3 and 6) are
in tension, making this decomposition more suscep-
tible to joint failure than the decomposition in Fig-
ures 10. This is due to the fact that components 2
and 6 carry compressive load whereas components
3 and 7 carry tensile load, as a result of the down-
wardP.

Figures 12 and 12 show the decompositions that
are “good” and “bad” for in-process adjustability of
the critical dimension (horizontal length) indicated
in the figures, respectively. Since all joints are ad-
justable only in the horizontal direction, the shown
critical dimension of the structure can be adjusted
in the decomposition in Figure 12, during the as-
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Figure 12. Four-component decompositions that are
“good” for in-process adjustability: (a) the decomposed
image and (b) the corresponding decomposition of the
product topology graph. The joints are represented as
dashed lines in (b). The shown critical dimension can be
adjusted during the assembly process.
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Figure 13. Four-component decompositions that are
“bad” for in-process adjustability: (a) the decomposed
image and (b) the corresponding decomposition of the
product topology graph. The joints are represented as
dashed lines in (b). No adjustments during assembly pro-
cess are possible for the shown critical dimension.

sembly of the component made of nodes 4 and 5
in the product topology graph. In the decomposi-
tion in Figure 13, on the other hand, no such adjust-
ments are possible due to the fact that the critical
dimension is completely determined by the geome-
try of the components made of nodes 1 and 4, and
of nodes 0 and 5.

4.2 Example 2

Second example is the decomposition of the right
image in Figure 14, a cantilever structure fixed at a
circular boundary subject to downward loadP. The
output image is recovered from (Zhou et al., 1999).
Figure 15 shows the results of the successive appli-
cation of the transformation algorithms to the im-
age.

Although most of distinct “members” in the in-
put image is successfully segmented, the algorithm
failed to extract the complex topology near the cir-

AA
AA
AA design 

domain P

Figure 14. Mitchell’s truss like structure obtained via
structural topology optimization (Zhou et al., 1999).

(a) (b)

(c) (d)

(e) (f)

Figure 15. Result of product topology extraction: (a)
original image, (b) dilation, (c) skeletonization, (d) initial
Hough transform (shown inθ-ρ space), (e) primary line
extraction, and (f) topological segmentation.

cular boundary, as shown in Figure 15 (f). This is
most likely due to the pixel re-assignment algorithm
that tends to treat very short segments as isolated
pixels and re-assign these pixels to neighbor seg-
ments. The algorithm should be improved to be able
to distinguish short segments and isolated pixels by,
for example, locally increasing the resolution of the
Hough transform near the region of interests.

5 DISCUSSION AND FUTURE WORK

This paper discussed a method for synthesizing as-
semblies of structural products where a complex
structure obtained via structural topology optimiza-



tion is decomposed into an assembly made of mul-
tiple structural members with simpler geometries.
The work presented here is our first attempt towards
the development of asystematicmethod for the as-
sembly synthesis of structural products, in order to
to explore a large number of feasible decomposi-
tions prior to the detailed component design phase.

A two-dimensional bitmap image of a structure ob-
tained via structural topology optimization is trans-
formed to a graph with the equivalent topology
through the sequential application of image filters.
The structure is decomposed interactively into mul-
tiple structural members through the decomposition
of the resulting graph to subgraphs. Preliminary re-
sults are presented for example decompositions of
Mitchell’s truss like structures that demonstrate the
impact of decomposition to the overall structural
stiffness and in-process dimensional adjustability of
the resulting assemblies.

Besides further improvements in the topology ex-
traction algorithms discussed in Section 4.2, their
difficulty in the complex image in Example 2 sug-
gests the following.

• Quantitative evaluation of decomposition
quality.

The criteria for evaluating a quality of a decom-
position should be mathematically formulated to
allow quantitative comparison among many fea-
sible decompositions, including the choices of
mating angles at each joints. The need of such
quantitative measure becomes evident for the de-
composition of complex images like the one dis-
cussed in Example 2 that would have avery large
number of feasible decompositions and choices
of mating angles.

The evaluation of structural stiffness should be
linked with the finite element analysis used for
the structural topology optimization for precise
estimation of the loss of stiffness due to a de-
composition. The evaluation of in-process di-
mensional adjustability should be linked with ge-
ometric reasoning to quantify the difficulty in di-
mensional adjustment.

In addition to the two criteria discussed in this pa-
per, a decomposition should also be evaluated in
terms of manufacturability and assembleability,
based on the topology and preliminary geometry
of each component.

• Automated optimal decomposition.

For a complex image with potentially a large

number of feasible decomposition, an automated
selection of optimal decompositions would be
desirable. Given a means of quantitative eval-
uation of a decomposition, this can be accom-
plished by coupling the evaluation system and the
current implementation of decomposition sys-
tem. The new system should be able to simul-
taneously select a decomposition and the corre-
sponding choice of mating features at each joint
from a given mating feature library.

The presented decomposition method is to pro-
vide a designer with an efficient means to ex-
plore a large number of feasible decompositions
prior to the detailed component design phase. It
is desirable, therefore, to automatically gener-
ate multiple high-performance decompositions,
rather than one single best decomposition, which
provide a designer with design alternatives to be
examined during the detailed component design
phase.

Addressing these issues would be a part of future
work.
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Approche Ḿethodologique de L’Assemblage Au-
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