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 a b s t r a c t

Computational fluid dynamics is essential for designing aircraft, turbines, and other engineering systems. How-
ever, generating suitable computational meshes for complex geometries remains the primary bottleneck in anal-
ysis workflows, often requiring days of manual effort. Traditional boundary-conforming meshes excel at cap-
turing near-wall physics in viscous flows but demand specialized expertise and extensive preprocessing time. 
Cartesian cut-cell methods provide automatic mesh generation for complex geometries in minutes, yet they 
struggle with high Reynolds number viscous flows where boundary layers exhibit rapid velocity changes that 
require prohibitively fine resolution for isotropic elements. The fundamental challenge is accurately modeling 
boundary layer physics on automatically generated meshes without sacrificing the computational efficiency that 
makes such methods attractive. In this work, we show that an ordinary differential equation (ODE) wall function 
incorporating pressure-momentum balance enables accurate high Reynolds number viscous flow predictions 
on coarse Cartesian cut-cell meshes. Our approach solves a one-dimensional boundary value problem at each 
wall boundary face that accounts for the transition from the viscous dominated near-wall region to the inviscid 
wake region, allowing forcing points to operate effectively at 𝑦+ > 600. Unlike traditional wall functions, the 
ODE is not limited to the logarithmic layer and maintains accuracy in strong pressure gradient environments 
typical of aerodynamic applications. The ODE can achieve correct skin friction predictions on meshes more 
than four times coarser than analytical wall functions require. The ODE wall functions are solved with a ro-
bust Newton–Krylov implementation that utilizes adaptive mesh refinement. It converges reliably across diverse 
flow conditions while solving hundreds of degrees of freedom in fewer than ten linear iterations. These results 
demonstrate that automatic high-fidelity viscous flow analysis is achievable without manual mesh generation
expertise.

1.  Introduction

The Reynolds-averaged Navier–Stokes (RANS) equations are com-
monplace in aerodynamic analysis and design. They provide accept-
able accuracy for a reasonable cost at aircraft cruise conditions. The 
development of the RANS adjoint encouraged the extensive use of 
RANS as the analysis tool in aerodynamic shape optimization (ASO)
[1–4].

One of the most important and time-consuming parts of a RANS 
solution workflow is the generation of the computational mesh. The 
computational mesh needs to be carefully crafted to balance the cost 
and accuracy of a simulation. When performing ASO, additional care is 
required to ensure that the mesh can be warped by a numerical opti-
mizer [5]. With these three criteria in mind, generating a suitable mesh 
by hand can take weeks or even months. While RANS solution methods 
have become more efficient, the mesh generation process for complex
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geometries remains the most time-intensive part of the solution proce-
dure [6].

Cartesian cut-cell methods circumvent this problem by automatically 
generating meshes without user intervention [7]. Accurate computa-
tional meshes for complex geometries can be generated in a matter of 
seconds or minutes [8]. A wetted surface geometry is cut out of a back-
ground Cartesian mesh, and then adaptive mesh refinement (AMR) is 
used to reduce discretization errors to adequate levels. This procedure 
provides an accurate solution with minimal user input or a priori as-
sumptions about the flow structure.

Unfortunately, automatic meshing methods are currently only feasi-
ble for inviscid or incompressible flows [9–12]. When performing high-
fidelity simulations, viscous effects such as skin friction can contribute 
significantly to drag calculations and aircraft design. The main challenge 
for the Cartesian cut-cell method is resolving boundary layers [12]. The 
flow states change much faster in the wall-normal direction than the 
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$y^+ > 600$


\begin {align}\partial _j (\rho ) + \partial _j (\rho v_j) &= 0, \\ \partial _j (\rho v_j) + \partial _j (\rho v_j v_i + \delta _{ij}p) - \partial _j\tau _{ij} &= 0, \\ \partial _j (\rho E) + \partial _j (\rho Hv_j) - \partial _j(v_i\tau _{ij} - Q_i) &= 0,\end {align}


$\rho $


$v_i$


$i$


$\vec {v}\in {\bf {R}}^d$


$\delta _{ij}$


$p$


$\tau _{ij}$


$E$


$H$


$Q_i$


$i$


$\vec {Q}$


\begin {equation}\label {eqn:sa} \partial _j(\rho v_j\tilde {\nu }) = \partial _j\left (\frac {1}{\sigma }\rho (\nu + \nu ')\partial _j\tilde {\nu }\right ) - \frac {1}{\sigma }(\nu + \nu ')\partial _j\rho \partial _j\tilde {\nu } + \frac {c_{b2}\rho }{\sigma }\partial _j\tilde {\nu }\partial _j\tilde {\nu } + P - D,\end {equation}


$\nu $


$\nu '$


$\tilde \nu $


$\sigma $


$c_{b2}$


$P$


$D$


\begin {equation}\nu ' = \begin {cases} \nu \chi & \chi \geq 0 \\ \nu \frac {c_{n1} + \chi ^3}{c_n1 - \chi ^3} & \chi < 0 \end {cases}, \quad \textrm {with},\quad \chi = \frac {\tilde \nu }{\nu }, \label {Xeqn2-5}\end {equation}


$c_{n1}$


\begin {equation}\label {eqn:sa_wall} \begin {split} u^+(y^+) = \bar {B} &+ c_1\log \left (\left (y^+ + a_1\right )^2 + b_1^2\right ) - c_2\log \left (\left (y^+ + a_2\right )^2 + b_2^2\right )\\ &- c_3\,\textrm {atan2}\left (b_1, y^+ + a_1\right ) - c_4\,\textrm {atan2}\left (b_2, y^+ + a_2\right ), \end {split}\end {equation}


$\{\bar {B}, c_1, c_2, c_3, c_4, a_1, a_2, b_1, b_2\}$


\begin {equation}\label {eqn:plus} u^+ = \frac {q_t}{u_{\tau }} \quad \textrm {and} \quad y^+ = \frac {\eta u_{\tau }}{\nu },\end {equation}


$u_{\tau }$


$q_t$


$\eta $


\begin {equation}\label {eqn:ode} \begin {split} \frac {\partial }{\partial \eta }\left [(\mu + \mu _t)\frac {\partial q_t}{\partial \eta }\right ] &= \left .\frac {\partial p}{\partial \xi }\right |_F + \psi (\eta )\left .\rho \right |_F\left [q_{t,F} \left . \frac {\partial q_t}{\partial \xi }\right |_F + q_{n,F}\left .\frac {\partial q_t}{\partial \eta }\right |_F\right ] \\ \frac {\partial }{\partial \eta }\left [\frac {1}{\sigma }(\nu + \tilde \nu )\frac {\partial \tilde \nu }{\partial \eta }\right ] &= -\frac {c_{b2}}{\sigma }\left (\frac {\partial \tilde \nu }{\partial \eta }\right )^2 - (P - D), \end {split}\end {equation}


$\xi $


$\eta $


$q_t$


$q_n$


$\mu $


$\mu _t$


$\nu $


$\tilde {\nu }$


$p$


$\left .(\cdot )\right |_F$


$(P - D)$


$\sigma $


$c_{b2}$


$\psi (\eta )$


\begin {equation}\psi (\eta ) = \frac {u^+_{\textrm {SA}}(\eta )}{u^+_{\textrm {SA}}(F)}, \label {Xeqn6-9}\end {equation}


$u^+_{\textrm {SA}}$


$F$


\begin {equation}\mu _t = \rho \nu f_{m1}, \label {Xeqn7-10a}\end {equation}


\begin {equation}f_{m1} = \sqrt {\chi ^2 + \chi _{t0}^2}, \label {Xeqn8-10b}\end {equation}


\begin {equation}\tilde {S} = S + \frac {\tilde {\nu }}{\kappa ^2 d^2}f_{m2}, \label {Xeqn9-10c}\end {equation}


\begin {equation}f_{m2} = 1 - \frac {\chi }{1 + f_{m1}}, \label {Xeqn10-10d}\end {equation}


$\chi _{t0}$


$f_{m1}$


$f_{v1}$


$f_{m2}$


$f_{v2}$


\begin {equation}\vec {\tau }_{w,m} = \rho \left |\vec {v}_{\tau ,m}\right |\vec {v}_{\tau ,m}, \label {Xeqn11-11}\end {equation}


$\vec {v}_{\tau ,m}$


\begin {equation}\vec {v}_{\tau ,m} = \frac {\vec {v}_t}{u^+_{\textrm {WM}}(0)}, \label {Xeqn12-12}\end {equation}


$\vec {v}_t$


$u^+_\textrm {WM}$


\begin {equation}u^+_\textrm {WM}(0) = \frac {\log \left (\kappa \chi _{t0}\right )}{\kappa } + c, \label {Xeqn13-13}\end {equation}


$\kappa $


$c$


$\left .Q_w\right |_\textrm {RANS}$


\begin {equation}\left .Q_w\right |_\textrm {WM} = \left .Q_w\right |_\textrm {RANS} - \vec {v}_t \cdot \vec {\tau }_{w,m}. \label {Xeqn14-14}\end {equation}


$x$


$y$


$h = 1.6\times \max (dx, dy)$


$dx$


$dy$


$x$


$y$


$h$


\begin {equation}\label {eqn:fit} {\fontsize {7}{9}\selectfont {\begin {bmatrix} 1/||\vec {r}_1|| & r_{\xi ,1}/||\vec {r}_1|| & r_{\eta ,1}/||\vec {r}_1|| & 0.5r_{\eta ,1}^2/||\vec {r}_1|| \\[4pt] 1/||\vec {r}_2|| & r_{\xi ,2}/||\vec {r}_2|| & r_{\eta ,2}/||\vec {r}_2|| & 0.5r_{\eta ,2}^2/||\vec {r}_2|| \\ \vdots & \vdots & \vdots & \vdots \\ 1/||\vec {r}_n|| & r_{\xi ,n}/||\vec {r}_n|| & r_{\eta ,n}/||\vec {r}_n|| & 0.5r_{\eta ,n}^2/||\vec {r}_n|| \end {bmatrix} \begin {bmatrix} \left .Q\right |_F \\[2pt] \left .\partial Q/\partial \xi \right |_F \\[2pt] \left .\partial Q/\partial \eta \right |_F \\[2pt] \left .\partial ^2 Q/\partial \eta ^2\right |_F\end {bmatrix} = \begin {bmatrix} Q_1/||\vec {r}_1|| \\ Q_2/||\vec {r}_2|| \\ \vdots \\ Q_n/||\vec {r}_n||\end {bmatrix},}}\end {equation}


$\vec {r}_i$


$Q$


$\eta $


$\xi $


$\partial Q/\partial \xi $


$\partial Q/\partial \eta $


$Q = \partial p /\partial \xi $


$Q$


\begin {equation}\begin {bmatrix} 1 & r_{\xi ,1} & r_{\eta ,1} \\[4pt] 1 & r_{\xi ,2} & r_{\eta ,2} \\ \vdots & \vdots & \vdots & \vdots \\ 1 & r_{\xi ,n} & r_{\eta ,n} \end {bmatrix} \begin {bmatrix} \left .Q\right |_F \\[2pt] \left .\partial Q/\partial \xi \right |_F \\[2pt] \left .\partial Q/\partial \eta \right |_F \end {bmatrix} = \begin {bmatrix} Q_1 \\ Q_2 \\ \vdots \\ Q_n\end {bmatrix}. \label {Xeqn16-16}\end {equation}


$\partial q_t / \partial \eta $


$\eta = 0$


$\partial q_n/\partial \xi $


\begin {equation}\label {eqn:flux_form} \frac {\partial \mathbf {u}}{\partial t} + \vec {\mathbf {F}}(\mathbf {u}) = \mathbf {S}(\mathbf {u}),\end {equation}


$\mathbf {u}$


$\mathbf {S}$


$\vec {\mathbf {F}}$


$t$


\begin {equation}\mathbf {R}_\textrm {cell} = \sum ^{N_e}_{e=1} \left .\mathbf {\hat {F}}\right |_e l_e - \mathbf {S}_\textrm {cell}A_\textrm {cell}, \label {Xeqn18-18}\end {equation}


$e$


$\mathbf {\hat {F}}$


$e$


$A_\textrm {cell}$


$S_\textrm {cell}$


\begin {equation}\label {eqn:n_step} \left .\frac {\partial \mathbf {R}}{\partial \mathbf {u}}\right |_{\mathbf {u}^n} \Delta \mathbf {u} = -\mathbf {R}(\mathbf {u}^n),\end {equation}


$\mathbf {u}^{n + 1} = \mathbf {u}^n + \Delta \mathbf {u}$


\begin {equation}\label {eqn:back_eul} \frac {\mathbf {A}}{\Delta \mathbf {t}}\left (\mathbf {u}^{n + 1} - \mathbf {u}^n\right ) + \mathbf {R}\left (\mathbf {u}^{n+1}\right ) = \mathbf {0},\end {equation}


$\mathbf {A}/\Delta \mathbf {t}$


$[\rho , u, v, p, \tilde {\nu }]$


$\mathbf {R}(\mathbf {u}) = \mathbf {0}$


$\Delta \mathbf {u}$


$\mathbf {A}/\Delta \mathbf {t}$


\begin {equation}\label {eqn:P} \mathbf {P}_{t,\textrm {local}} = \frac {\partial \mathbf {u}_{\textrm {conservative}}}{\partial \mathbf {u}_{\textrm {primitive}}} = \begin {bmatrix} 1 & 0 & 0 & 0 & 0 \\ u & \rho & 0 & 0 & 0 \\ v & 0 & \rho & 0 & 0 \\ (u^2 + v^2)/2 & \rho u & \rho v & 1 / (\gamma - 1) & 0 \\ \tilde {\nu } & 0 & 0 & 0 & \rho \end {bmatrix},\end {equation}


$\gamma $


$u$


$x$


$v$


$y$


$\mathbf {P}_t$


$\sqrt {\tilde {\nu }_\infty }$


$\tilde {\nu }_\textrm {norm} = \tilde {\nu }/\sqrt {\tilde {\nu }_\infty }$


\begin {equation}\begin {split} & \partial _t(\rho \tilde {\nu }_\textrm {norm}) + \partial _j(\rho u_j\tilde {\nu }_\textrm {norm}) \\ &\quad = \partial _j\left (\frac {1}{\sigma }\rho (\nu + \nu ')\partial _j\tilde {\nu }_\textrm {norm}\right ) - \frac {1}{\sigma }(\nu + \nu ')\partial _j\rho \partial _j\tilde {\nu }_\textrm {norm}\\ &\quad + \sqrt {\tilde {\nu }_\infty }\frac {c_{b2}\rho }{\sigma }\partial _j\tilde {\nu }_\textrm {norm}\partial _j\tilde {\nu }_\textrm {norm} + \frac {P - D}{\sqrt {\tilde \nu _\infty }}. \end {split} \label {Xeqn22-22}\end {equation}


$\mathbf {u}^n$


\begin {equation}\label {eqn:lin} \left (\frac {\mathbf {A}}{\Delta \mathbf {t}}\mathbf {P}_t + \left .\frac {\partial \mathbf {R}}{\partial \mathbf {u}}\right |_{\mathbf {u}^n}\right )\Delta \mathbf {u} = -\mathbf {R}\left (\mathbf {u}^n\right ).\end {equation}


$\mathbf {Ax} = \mathbf {b}$


$\mathbf {A}$


$\mathbf {v}$


$\mathbf {Av}$


$\mathbf {u}^n$


\begin {equation}\left .\frac {\partial \mathbf {R}}{\partial \mathbf {u}}\right |_{\mathbf {u}^n}\mathbf {v} \approx \frac {\mathbf {R}\left (\mathbf {u}^n + \epsilon \mathbf {v}\right ) - \mathbf {R}\left (\mathbf {u}^n\right )}{\epsilon }. \label {Xeqn24-24}\end {equation}


$\epsilon $


\begin {equation}\epsilon = \begin {cases} e_\textrm {rel}\mathbf {v}\cdot \mathbf {u}^n/||\mathbf {v}||_2^2 & \textrm {if}\quad |\mathbf {v}\cdot \mathbf {u}^n| > e_\textrm {min}||\mathbf {v}||_1 \\ e_\textrm {rel}e_\textrm {min}\textrm {sign}(\mathbf {v}\cdot \mathbf {u}^n)||\mathbf {v}||_1/||\mathbf {v}||^2_2 & \textrm {otherwise,} \end {cases} \label {Xeqn25-25}\end {equation}


$e_\textrm {rel} = 10^{-8}$


$e_\textrm {min} = 10^{-6}$


$\mathbf {A}$


$u_\tau $


$u_\tau $


$u$


$\partial u/\partial \eta $


$\eta $


\begin {equation}\label {eqn:ode_F} \mathbf {F(u)} = \renewcommand *{\arraystretch }{2}\begin {bmatrix} -(\mu + \mu _t)\frac {\partial u}{\partial \eta } \\ -(\nu + \tilde \nu )\frac {\partial \tilde \nu }{\partial \eta } \end {bmatrix},\end {equation}


\begin {equation}\label {eqn:ode_nu} \mathbf {S(u)} = \renewcommand *{\arraystretch }{2}\begin {bmatrix} \left .\frac {\partial p}{\partial \xi }\right |_F + \psi (\eta )\left .\rho \right |_F\left [u_F \left . \frac {\partial u}{\partial \xi }\right |_F + v_F\left .\frac {\partial u}{\partial \eta }\right |_F\right ] \\ -c_{b2}\left (\frac {\partial \tilde \nu }{\partial \eta }\right )^2 - \sigma (\textrm {production} - \textrm {destruction}) \end {bmatrix}.\end {equation}


$\tilde \nu > 0$


$\beta $


$\xi $


\begin {equation}\label {eqn:beta} \frac {\partial }{\partial \eta }\left [(\mu + \mu _t)\frac {\partial u}{\partial \eta }\right ] = \beta \left (\left .\frac {\partial p}{\partial \xi }\right |_F + \psi (\eta )\left .\rho \right |_F\left [u_F \left . \frac {\partial u}{\partial \xi }\right |_F + v_F\left .\frac {\partial u}{\partial \eta }\right |_F\right ]\right ),\end {equation}


$\beta \in [0, 1]$


$\beta $


$0.01$


$\beta $


\begin {equation}\delta J \approx -\mathbf {\Psi }^T_h\mathbf {R}_h(\mathbf {U}_h^H), \label {Xeqn29-29}\end {equation}


$\delta J$


$J$


$\mathbf {\Psi }_h$


$\mathbf {R}_h\left (\mathbf {U}_h^H\right )$


$p$


$J$


$\mathcal {M}(\vec {x})$


$\vec {x}$


$\vec {x} + \delta \vec {x}$


\begin {equation}\delta l = \sqrt {\delta \vec {x}^T\mathcal {M}\delta \vec {x}}, \label {Xeqn30-30}\end {equation}


\begin {equation}\delta l = \delta x\sqrt {\mathcal {M}}. \label {Xeqn31-31}\end {equation}


\begin {equation}M_x = M_a\left (\frac {M_b}{M_a}\right )^{\frac {x - a}{b - a}}, \label {Xeqn32-32}\end {equation}


$M_a$


$a < x$


$M_b$


$b > x$


$a$


$b$


\begin {equation}\label {eqn:M_int} L_e = \begin {cases} \frac {L_a - L_b}{\log {L_a/L_b}} & |L_a - L_b| > 0.001 \\ \frac {L_a + L_b}{2} & \textrm {otherwise}\end {cases},\;\;\textrm {where}\;\; L_a=l_e\sqrt {M_a}, L_b=l_e\sqrt {M_b}.\end {equation}


$Np + 1$


$N$


$p$


$\eta = 0$


$[a, b]$


$[a,b]$


$[a,b]$


$\eta $


$p = 2$


$y = 0$


$u^+$


$\tilde \nu $


$x$


$p = 2$


$y^+$


$10^7$


$\chi _{t0} = 20$


$Re_x = 10^7$


$4\times 10^{-4}.$


$10^7$


$y\approx 4\times 10^{-4}.$


$320$


$84$


$y^+$


$y\approx 4\times 10^{-4}$


$10^7$


$y+$


$y^+$


$Re_x = 2\times 10^7$


$x$


$Re_x \approx 10^7$


$10^7$


$0.2$


$10^7$


$\partial p/\partial \xi $


$\xi $


$3\times 10^6$


$220$


$59$


$y^+$


$y^+$


$3\times 10^6$


$y$


$x$


$6 \times 10^6$


$y+$


$430$


$258$


$126$


$x$


$y = 0$


$y^+ > 600$
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wall-aligned direction. Traditional, boundary conforming, meshes ad-
dress this issue by stretching cells or grid points in the wall-aligned di-
rection. This anisotropy allows the mesh to resolve the rapidly chang-
ing off-wall properties without wasting too many grid points in the 
wall-aligned direction. Isotropic cells small enough to resolve the off-
wall properties would introduce too many unnecessary points along the 
wall, making these meshes computationally intractable. Alternatively, 
cut cells could be stretched along the boundary, but this approach can 
compromise the automatic nature of the meshing algorithm for complex
geometries.

Wall functions may provide a method for accurate solutions of Carte-
sian cut-cell meshes without sacrificing automatic meshing. Wall func-
tions provide a sub-mesh scale approximation for the flow in the bound-
ary layer [13]. This allows significantly larger cells than in boundary 
conforming, wall-resolved meshes. Typical wall functions present an an-
alytical function that can be tuned to match the flow at a forcing point 
some distance away from the wall. The wall function can be used to 
obtain wall-tangential velocities and gradients to augment flux compu-
tations [14].

The accuracy of wall functions can break down depending on the lo-
cation of the forcing point in the boundary layer. A quadratic function 
can be fit to the boundary layer using two flow states and the no-slip 
condition at the wall [12,15]. However, this wall function would only 
be applicable in the viscous sublayer of the boundary layer, and it there-
fore does not provide much benefit over a wall-resolved mesh. Allmaras 
developed an analytical wall function that matches the solution of the 
RANS equations with a Spalart–Allmaras (RANS-SA) turbulence model 
in [12]. This provides the exact, wall-resolved, solution for a RANS-SA 
boundary layer with no pressure gradient through the log region. The 
convection terms in the wake region cause this model to break down 
past the log region.

An important part of using a wall function is ensuring that the forcing 
point lies within a valid region of the wall function. The forcing point 
location can introduce issues for automatic mesh generation on geome-
tries as simple as an airfoil. The thickness of the boundary layer on the 
suction side can be orders of magnitude larger than the thickness on the 
pressure side. Being able to consistently place the forcing point in the 
proper region of the boundary layer without over-resolving the back-
ground mesh is challenging. Additionally, some wall functions, such as 
Spalding’s, may lose accuracy in the transition between the viscous sub-
layer and the log region. It is therefore possible that a finer mesh is less 
accurate than a coarser one when using a wall function.

Berger and Aftosmis [16] developed a unique type of wall function 
that solves a one-dimensional ordinary differential equation (ODE) in-
stead of fitting data to a predetermined functional. Instead of being fit 
to one or two parameters, the forcing point data are used as a boundary 
condition in the ODE. This model introduces an approximation for the 
pressure-momentum balance in the wake region, allowing the model to 
remain valid even further from the wall than the SA wall function. It 
also allows the model to better predict the boundary layer when strong 
pressure gradients are present. However, implementing a complex wall 
function like this can lead to issues. The ODE solver needs to retain 
the accuracy necessary to resolve correct profile, while also remaining 
computationally efficient. Determining the correct balance and ensure 
that the global nonlinear solver is able to converge reliably remains
an issue.

Ursachi et al. [17] developed a new wall model RANS (WMRANS) 
approach that circumvents the need for wall functions entirely. It en-
forces the same total shear stress, but simplifies the velocity and turbu-
lence variable profiles. Near the wall, the turbulent viscosity approaches 
a constant rather than being linear in the log layer and quartic in the 
viscous sublayer. This generates a velocity profile that is linear near the 
wall. Since the velocity no longer undergoes rapid nonlinear changes 
near the wall, coarser meshes are acceptable. Computational volumes 
with linear representations of the solution do a much better job match-
ing the analytical solution to the wall function. This method has the ad-

ditional benefit that it does not require forcing points, making it much 
easier to implement. A similar approach has been applied to Cartesian 
immersed boundary methods by Tamaki et al. [18].

The objective of this research is to investigate and compare differ-
ent near-wall approaches for modeling high Reynolds number flows on 
Cartesian cut-cell meshes. In this paper, we develop a numerical frame-
work with the ODE wall function described by Berger and Aftosmis [16] 
and integrate it into a global Newton–Krylov solver. Then, we compare 
the effectiveness of the SA wall function, the ODE wall function, and the 
equivalent shear-stress boundary condition methods. Section 2 presents 
an in-depth documentation of the governing equations involved in each 
method. Section 3 outlines our Jacobian-free Newton–Krylov (JFNK) 
RANS-SA solver, the way each boundary method fits in, and a novel 
implementation of the ODE wall model that incorporates a 1D mesh 
optimization algorithm. Four exterior flow cases are presented in Sec-
tion 4 to verify the methods and compare their strengths and weakness. 
Finally, we end with concluding remarks in Section 5.

2.  Governing equations

We focus on solving the steady 2D compressible Reynolds-averaged 
Navier–Stokes (RANS) equations,

𝜕𝑗 (𝜌) + 𝜕𝑗 (𝜌𝑣𝑗 ) = 0, (1)

𝜕𝑗 (𝜌𝑣𝑗 ) + 𝜕𝑗 (𝜌𝑣𝑗𝑣𝑖 + 𝛿𝑖𝑗𝑝) − 𝜕𝑗𝜏𝑖𝑗 = 0, (2)

𝜕𝑗 (𝜌𝐸) + 𝜕𝑗 (𝜌𝐻𝑣𝑗 ) − 𝜕𝑗 (𝑣𝑖𝜏𝑖𝑗 −𝑄𝑖) = 0, (3)

where 𝜌 is the fluid density, 𝑣𝑖 is the 𝑖th component of the velocity vec-
tor, ⃗𝑣 ∈ 𝐑𝑑 , 𝛿𝑖𝑗 is the Kronecker delta function, 𝑝 is the pressure, 𝜏𝑖𝑗 is the 
effective viscous stress tensor accounting for the Reynolds stresses, 𝐸 is 
the specific total energy, 𝐻 is the specific total enthalpy, and 𝑄𝑖 is the 
𝑖th component of the heat flux accounting for turbulent energy trans-
fer, 𝑄⃗. For turbulent closure, we use the one-equation Spalart–Allmaras 
negative (SA-neg) turbulence model,

𝜕𝑗 (𝜌𝑣𝑗 𝜈̃) = 𝜕𝑗
( 1
𝜎
𝜌(𝜈 + 𝜈′)𝜕𝑗 𝜈̃

)

− 1
𝜎
(𝜈 + 𝜈′)𝜕𝑗𝜌𝜕𝑗 𝜈̃ +

𝑐𝑏2𝜌
𝜎
𝜕𝑗 𝜈̃𝜕𝑗 𝜈̃ + 𝑃 −𝐷,

(4)

where 𝜈 is the kinematic viscosity, 𝜈′ is the part of the turbulence vari-
able viscosity generated by the turbulence variable, 𝜈̃ is the turbulence 
variable, 𝜎 and 𝑐𝑏2 are constants, 𝑃  is a production source term, and 𝐷
is a destruction source term. We define

𝜈′ =

⎧

⎪

⎨

⎪

⎩

𝜈𝜒 𝜒 ≥ 0

𝜈 𝑐𝑛1+𝜒
3

𝑐𝑛1−𝜒3
𝜒 < 0

, with, 𝜒 = 𝜈̃
𝜈
, (5)

where 𝑐𝑛1 is a constant chosen by the turbulence model. The detailed 
explanation of each term, including the constants and source terms, can 
be found in the NASA turbulence modeling resource1 and the original 
work of Spalart and Allmaras [19–21].

To accurately resolve boundary layers, we make use of three different 
wall models. The first two wall models investigated follow the work 
of Berger and Aftosmis [12,16]. The first wall function is a traditional 
analytical function that is fit based on the background state at an interior 
forcing point. This function was developed by Allmaras [12] to match a 
background, wall-resolved, RANS-SA solution into the log region of the 
boundary layer. The analytical wall function is given by,
𝑢+(𝑦+) = 𝐵̄ + 𝑐1 log

(

(

𝑦+ + 𝑎1
)2 + 𝑏21

)

− 𝑐2 log
(

(

𝑦+ + 𝑎2
)2 + 𝑏22

)

− 𝑐3 atan2
(

𝑏1, 𝑦
+ + 𝑎1

)

− 𝑐4 atan2
(

𝑏2, 𝑦
+ + 𝑎2

)

,
(6)

where the coefficients, {𝐵̄, 𝑐1, 𝑐2, 𝑐3, 𝑐4, 𝑎1, 𝑎2, 𝑏1, 𝑏2}, given are from All-
maras [12] and the plus quantities are given by
𝑢+ =

𝑞𝑡
𝑢𝜏

and 𝑦+ =
𝜂𝑢𝜏
𝜈
, (7)

1 https://turbmodels.larc.nasa.gov/
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where 𝑢𝜏 is the friction velocity, 𝑞𝑡 is the wall-tangential velocity, and 𝜂
is the wall-normal distance. The second wall function retains the forc-
ing point but solves a 1D boundary-valued ODE instead of fitting a 
state to the function. This wall function was developed by Berger and 
Aftosmis [16] to increase accuracy into the wake region of the boundary 
layer. The ODE is given by
𝜕
𝜕𝜂

[

(𝜇 + 𝜇𝑡)
𝜕𝑞𝑡
𝜕𝜂

]

=
𝜕𝑝
𝜕𝜉

|

|

|

|𝐹
+ 𝜓(𝜂)𝜌|𝐹

[

𝑞𝑡,𝐹
𝜕𝑞𝑡
𝜕𝜉

|

|

|

|𝐹
+ 𝑞𝑛,𝐹

𝜕𝑞𝑡
𝜕𝜂

|

|

|

|𝐹

]

𝜕
𝜕𝜂

[

1
𝜎
(𝜈 + 𝜈̃) 𝜕𝜈̃

𝜕𝜂

]

= −
𝑐𝑏2
𝜎

(

𝜕𝜈̃
𝜕𝜂

)2
− (𝑃 −𝐷),

(8)

where 𝜉 is the wall-tangential distance, 𝜂 is the wall-normal direction, 
𝑞𝑡 is the tangential velocity, 𝑞𝑛 is the wall-normal velocity, 𝜇 is the dy-
namic viscosity, 𝜇𝑡 is the turbulent dynamic viscosity, 𝜈 is the kinematic 
viscosity, 𝜈̃ is the turbulence variable, 𝑝 is the pressure, (⋅)|𝐹  is a con-
stant quantity evaluated at the forcing point, and (𝑃 −𝐷) along with 𝜎
and 𝑐𝑏2 come from the definitions in the SA turbulence model. 𝜓(𝜂) is 
an activation function that turns on the convection terms in the ODE 
away from the wall. This allows the pressure gradient to be balanced 
by the viscous terms close to the wall and the inviscid convection terms 
in the wake region of the boundary layer. This balance between viscous 
and inviscid terms enables interior forcing points much further into the 
wake region than the analytical SA wall function. We use the activation 
function as defined by Berger and Aftosmis [16],

𝜓(𝜂) =
𝑢+SA(𝜂)

𝑢+SA(𝐹 )
, (9)

where 𝑢+SA is defined by Eq. (6) and 𝐹  is the distance from the wall of 
the forcing point.

The final wall model modifies the SA turbulence model to generate a 
linear velocity profile near the wall instead of the traditional nonlinear 
velocity profile. It does not need to introduce data at an interior forcing 
point to do this. This model was developed by Ursachi et al. [17]. The 
changes to the SA model are as follows: 
𝜇𝑡 = 𝜌𝜈𝑓𝑚1, (10a)

𝑓𝑚1 =
√

𝜒2 + 𝜒2
𝑡0, (10b)

𝑆̃ = 𝑆 + 𝜈̃
𝜅2𝑑2

𝑓𝑚2, (10c)

𝑓𝑚2 = 1 −
𝜒

1 + 𝑓𝑚1
, (10d)

where 𝜒𝑡0 is a parameter that indicates how fast the wall-modeled so-
lution approaches the RANS solution in the log layer. 𝑓𝑚1 has replaced 
𝑓𝑣1 and 𝑓𝑚2 has replaced 𝑓𝑣2 from the original turbulence model. The 
resulting velocity profile does not go to zero at the wall and necessitates 
updated boundary conditions. For the momentum equations, we have a 
Robin condition between the wall shear stress and slip velocity,
𝜏𝑤,𝑚 = 𝜌|

|

𝑣𝜏,𝑚||𝑣𝜏,𝑚, (11)

where 𝑣𝜏,𝑚 is the friction velocity,

𝑣𝜏,𝑚 =
𝑣𝑡

𝑢+WM(0)
, (12)

𝑣𝑡 is the wall tangential velocity, and 𝑢+WM is analytical wall model ve-
locity, defined by

𝑢+WM(0) =
log

(

𝜅𝜒𝑡0
)

𝜅
+ 𝑐, (13)

where 𝜅 is the von Kármán constant, and 𝑐 is defined by Ursachi et 
al. [17]. The wall model also affects the energy equation. Ursachi et 
al. [17] derived the heat flux of the wall model given the RANS-SA heat 
flux, 𝑄𝑤||RANS,
𝑄𝑤||WM = 𝑄𝑤||RANS − 𝑣𝑡 ⋅ 𝜏𝑤,𝑚. (14)

Since there is a slip velocity, the heat flux for an adiabatic boundary con-
dition is not zero. Although no heat crosses the boundary, the nonzero 
heat flux accounts for the heat released by viscous dissipation in the 
unresolved near-wall region.

3.  Methodology

In this section, we describe our discretization and solution strategy. 
We describe the RANS-SA Newton–Krylov solver and the coupling re-
quired for the wall models. We develop a novel implementation of the 
ODE wall function that solves Eq. (8). Since we solve an ODE for each 
wall function at each residual evaluation, our method ensures the results 
are accurate, robust, and computationally inexpensive. The scheme we 
develop to couple the wall function to the background mesh combines 
techniques and tricks from the literature. We found that small changes 
in this coupling scheme have a profound impact on the smoothness and 
accuracy of results.

Our flow solver, Viscous Aerodynamic Cartesian Cut cells (VACC), 
is a two-dimensional second-order finite-volume Cartesian cut-cell 
method [15,22]. The Cartesian meshes are stored as a space-filling 
curve ordered list of Cartesian cells. We retain second-order inviscid 
fluxes for the turbulence variable. Cell gradients are computed using 
a least-squares reconstruction from neighboring cell states. Limiters 
are computed by solving a local linear programming problem in each 
cell to obtain a directional limiter that retains as much of the orig-
inal gradient as possible while satisfying total variation diminishing
constraints.

The introduction of viscous terms necessitates gradients at faces. For 
faces between two interior cells, the cell centroids are aligned with their 
neighbors along either the 𝑥 or 𝑦 axis through the face centroid. Gradi-
ents in the direction perpendicular to the face normal are computed by 
averaging the adjacent cell gradients. The gradients in the direction par-
allel to the face normal are computed with a centered difference across 
the adjacent cell states.

In cut cells, the linear state representation is not sufficiently accurate. 
To circumvent this issue without over-resolving the wall tangential fea-
tures, we use one of the wall models in Section 2. WMRANS presented 
by Ursachi et al. solves the issue by making the velocity profile near the 
wall linear. With a linear velocity profile near the wall, the need for ad-
ditional resolution is mitigated and the system can be solved similarly 
to inviscid flow problems.

The two wall function methods make use of a coupled forcing point 
strategy to resolve the wall-normal velocity state change. Both wall func-
tions follow the same general strategy shown in Fig. 1.

Each boundary face computes a forcing point by drawing a line 
that starts at the boundary, passing through the cell centroid a distance 
ℎ = 1.6 × max(𝑑𝑥, 𝑑𝑦) away from the boundary, where 𝑑𝑥 and 𝑑𝑦 are the 
𝑥 and 𝑦 widths of the cell, respectively. The constant, 1.6, was chosen 
to ensure that the forcing point lies outside the cut cell that contains 
the no-slip wall boundary condition. The distance ℎ is a constant to 
compute smooth skin frictions even with varying cut-cell sizes [13]. We 
refer to the cell containing the forcing point as the ‘parent cell’. During 
a flux evaluation, a state is reconstructed to the forcing point using a 
stencil that includes the parent cell, the parent cell’s nearest neighbors 
and the parent cell’s diagonal neighbors. We fit the forcing point val-
ues according to a linear wall tangential approximation and a quadratic 
wall-normal approximation using Taylor series expansions,

⎡

⎢

⎢

⎢

⎢

⎣

1∕||𝑟1|| 𝑟𝜉,1∕||𝑟1|| 𝑟𝜂,1∕||𝑟1|| 0.5𝑟2𝜂,1∕||𝑟1||

1∕||𝑟2|| 𝑟𝜉,2∕||𝑟2|| 𝑟𝜂,2∕||𝑟2|| 0.5𝑟2𝜂,2∕||𝑟2||
⋮ ⋮ ⋮ ⋮

1∕||𝑟𝑛|| 𝑟𝜉,𝑛∕||𝑟𝑛|| 𝑟𝜂,𝑛∕||𝑟𝑛|| 0.5𝑟2𝜂,𝑛∕||𝑟𝑛||

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

𝑄|𝐹
𝜕𝑄∕𝜕𝜉|𝐹
𝜕𝑄∕𝜕𝜂|𝐹
𝜕2𝑄∕𝜕𝜂2|

|𝐹

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝑄1∕||𝑟1||
𝑄2∕||𝑟2||

⋮
𝑄𝑛∕||𝑟𝑛||

⎤

⎥

⎥

⎥

⎦

,

(15)

where ⃗𝑟𝑖 is the vector pointing from the forcing point to a cell centroid in 
its stencil split into wall-normal coordinate components and 𝑄 is quan-
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Fig. 1. Coupling between the forcing point and the background mesh. The background mesh provides a state at the forcing point that fits the desired wall function. 
The wall function then provides states and gradients at various locations for computing viscous fluxes. Not all cells used in this interpolation appear in the figure; 
additional cells above and to the left complete the stencil.

tity that is needed at the forcing point. The subscripts denote which cell 
in the forcing point’s stencil the state or vector corresponds to. We use 𝜂
to denote the wall-normal direction and 𝜉 to denote the wall-tangential 
direction. This convention is shown in Fig. 1. In general, this is an over-
determined system that is solved using least squares. When interpolating 
states in the boundary layer, changing even a single cell in the interpo-
lation stencil can have a huge impact on the outcome. We weight each 
equation in the linear system with the inverse distance between the forc-
ing point and a cell centroid to make states closer to the forcing point 
more influential than those further away. This prevents sudden jumps in 
the interpolated states when adjacent forcing points shift across parent 
cell boundaries, changing the interpolation stencil. The SA wall function 
only needs the wall-tangential velocity interpolated. However, the ODE 
needs five quantities: the wall-tangential velocity, the density, the pres-
sure gradient, the wall-tangential momentum convection term, and the 
turbulence variable. Some of these quantities require a gradient. This 
could be taken from 𝜕𝑄∕𝜕𝜉 or 𝜕𝑄∕𝜕𝜂 in our solution to Eq. (15), but to 
obtain even smoother quantities, we choose to just fit the gradient quan-
tity. In the case of the pressure gradient, we set 𝑄 = 𝜕𝑝∕𝜕𝜉. The gradients 
of 𝑄 are not used, as they just provide a basis for the interpolation of 
the forcing point data.

In most cases, this interpolation procedure works well for the pri-
mal quantities like density and tangential velocity. However, cut cells 
along the wall have notoriously poor gradient stencils and introduce 
nonuniform discretization errors into the gradient calculation. For gra-
dient quantities like the pressure gradient and convective forces, the ac-
curacy of this interpolation approach captures the noise in the gradient 
calculation. Fig. 2 shows the tangential velocity and pressure gradient 
interpolated along a 2D turbulent bump.

This noise can reflect on the skin friction in the solution producing 
noisy data.

To combat this noise, we use an interpolation scheme for the gradi-
ent quantities that is less accurate. We reduce the wall normal recon-
struction to linear rather than quadratic and remove the cut cells from 
the interpolation stencil. Additionally, we remove the inverse distance 

weighting from the least-squares problem,

⎡

⎢

⎢

⎢

⎢

⎣

1 𝑟𝜉,1 𝑟𝜂,1
1 𝑟𝜉,2 𝑟𝜂,2
⋮ ⋮ ⋮ ⋮
1 𝑟𝜉,𝑛 𝑟𝜂,𝑛

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝑄|𝐹
𝜕𝑄∕𝜕𝜉|𝐹
𝜕𝑄∕𝜕𝜂|𝐹

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

𝑄1
𝑄2
⋮
𝑄𝑛

⎤

⎥

⎥

⎥

⎥

⎦

. (16)

Fig. 3 presents the resulting smoothed interpolated pressure gradient.
Once the wall function is defined, it can be used to inform the fluxes 

for the background cut cell. The wall function is coupled back into the 
global flow solution in three ways: to evaluate the shear stress at the wall, 
to compute the vorticity for the SA source term in cut cells and adjacent 
cells, and to evaluate the velocity gradients for cut-cell viscous fluxes. The 
wall shear is computed straight from the wall function by evaluating its 
velocity gradient, 𝜕𝑞𝑡∕𝜕𝜂, at 𝜂 = 0 and then rotated back into the global 
coordinate frame. The vorticity in cut cells and cells adjacent to cut cells 
is set to the velocity gradient at the cell centroid’s distance from the no 
slip face that holds the wall function. We assume that the contribution 
of the normal velocity gradient, 𝜕𝑞𝑛∕𝜕𝜉, is zero.

The viscous flux evaluation requires additional care in and around 
cut cells. As described before, the interior faces adjacent to refinement 
boundaries or cut-cells are computed with averaging in the direction 
perpendicular to the face normal and a difference in the direction paral-
lel to the face. However, in these cases, the cell centroids are not aligned 
in the coordinate directions through the face centroid. This does not 
change the gradient that is averaged, but the differenced gradient needs 
a recentered state so that the difference is computed through the face 
centroid. Fig. 4 shows this process.

In the interior cells, this recentering is done by projecting the state 
using the least-squares gradient. For the cut cells, this projection is iden-
tical for the density, pressure and turbulence variable. The velocity and 
velocity gradient at face centroids is obtained by evaluating the wall 
function a distance from the no slip wall that matches the face cen-
troid’s distance from the wall. The wall functions are used to inform 
viscous fluxes on every face adjacent to a cut cell. For cut faces adja-
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Fig. 2. Interpolated tangential velocity and tangential pressure gradient around a two-dimensional bump. Oscillations are clearly visible in the pressure gradient 
not visible in the tangential velocity. These oscillations can cause oscillations in the final skin friction.

Fig. 3. Smoothed pressure gradient interpolation around a two-dimensional 
bump.

cent to two cut cells, the two associated wall function evaluations are 
averaged.

3.1.  Jacobian-free Newton–Krylov solver

To converge the global solution to steady state, we use a Jacobian-
free Newton–Krylov solver with pseudo-transient continuation. A 
Newton–Krylov method converges a system of residuals to zero. We start 
with the flux form of the governing PDE,
𝜕𝐮
𝜕𝑡

+ 𝐅⃗(𝐮) = 𝐒(𝐮), (17)

where 𝐮 is the state vector, 𝐒 is the source term, 𝐅⃗ is the flux vector, 
and 𝑡 is the temporal dimension. For the 2D finite-volume method, the 
steady-state residual for a single cell takes the form,

𝐑cell =
𝑁𝑒
∑

𝑒=1
𝐅̂||
|𝑒
𝑙𝑒 − 𝐒cell𝐴cell, (18)

where 𝑒 indicates edges of the cell and 𝐅̂ is a numerical flux computed 
at an edge, 𝑒. 𝐴cell and 𝑆cell are the area and source terms evaluated for 

a given cell. The Newton method solves linear systems at each step,
𝜕𝐑
𝜕𝐮

|

|

|

|𝐮𝑛
Δ𝐮 = −𝐑(𝐮𝑛), (19)

where 𝐮𝑛+1 = 𝐮𝑛 + Δ𝐮. Newton’s method exhibits quadratic nonlinear 
convergence once the state is close to the final solution. However, get-
ting close to the final solution for complex CFD cases can be challenging. 
To address this, we introduce a pseudo-transient continuation term to 
guide the Newton–Krylov solver towards the solution using unsteady 
physics.

Pseudo-transient continuation uses an artificial times step as a glob-
alization strategy for the Newton–Krylov method [23–25]. We use a 
backward-Euler time step,
𝐀
Δ𝐭

(

𝐮𝑛+1 − 𝐮𝑛
)

+ 𝐑
(

𝐮𝑛+1
)

= 𝟎, (20)

where 𝐀∕Δ𝐭 is the diagonal matrix containing the area of the appro-
priate cell divided by its local time step. We compute the time steps 
as described in [22]. While this time step is computed for conserved 
variables, the Newton solver does not require that we use conserved 
variables. Our flow solver uses primitive state variables, [𝜌, 𝑢, 𝑣, 𝑝, 𝜈̃], to 
obtain less diffusive gradients during the inviscid flux calculation. The 
computed residuals are still in conserved form, and the actual evolu-
tion of the state does not matter as long as the scheme is stable and the 
solver reaches 𝐑(𝐮) = 𝟎. Backward Euler is A-stable and therefore will 
always be linearly stable as long as the system has negative real-part 
eigenvalues.

We apply a nonlinear preconditioner to the artificial time step to 
match the primitive state update Δ𝐮 to the conserved state time step, 
𝐀∕Δ𝐭. This is not strictly necessary, but we found that it helps nonlinear 
convergence. The nonlinear preconditioner is,

𝐏𝑡,local =
𝜕𝐮conservative
𝜕𝐮primitive

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0
𝑢 𝜌 0 0 0
𝑣 0 𝜌 0 0

(𝑢2 + 𝑣2)∕2 𝜌𝑢 𝜌𝑣 1∕(𝛾 − 1) 0
𝜈̃ 0 0 0 𝜌

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (21)

where 𝛾 is the specific heat ratio, 𝑢 is the 𝑥-velocity, and 𝑣 is the 𝑦-
velocity. We premultiply the time step term in Eq. (20) by a block diag-
onal 𝐏𝑡 matrix made up of matrices from Eq. (21).

To accelerate convergence further, we normalize the turbulence vari-
able equation by the square root of the freestream turbulence variable, 
√

𝜈̃∞. The turbulence variable becomes 𝜈̃norm = 𝜈̃∕
√

𝜈̃∞ and we divide 
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Fig. 4. The recentering process used to compute gradients at face centroids not aligned with the cell centroids.

Eq. (4) by the same value,
𝜕𝑡(𝜌𝜈̃norm) + 𝜕𝑗 (𝜌𝑢𝑗 𝜈̃norm)

= 𝜕𝑗
( 1
𝜎
𝜌(𝜈 + 𝜈′)𝜕𝑗 𝜈̃norm

)

− 1
𝜎
(𝜈 + 𝜈′)𝜕𝑗𝜌𝜕𝑗 𝜈̃norm

+
√

𝜈̃∞
𝑐𝑏2𝜌
𝜎
𝜕𝑗 𝜈̃norm𝜕𝑗 𝜈̃norm + 𝑃 −𝐷

√

𝜈̃∞
.

(22)

This scales the state variables to similar magnitudes to give the Newton 
solver a better conditioned system.

To converge to steady state, we linearize Eq. (20) about 𝐮𝑛 with the 
preconditioner from Eq. (21), which yields
(

𝐀
Δ𝐭

𝐏𝑡 +
𝜕𝐑
𝜕𝐮

|

|

|

|𝐮𝑛

)

Δ𝐮 = −𝐑(𝐮𝑛). (23)

As the simulation proceeds, the time step increases towards infinity and 
Eq. (23) recovers the full Newton step in Eq. (19).

Each nonlinear step requires solving the linear system in Eq. (23). 
To avoid forming the full residual Jacobian matrix, we use the gener-
alized minimum residual method (GMRES) [26]. GMRES is a Krylov 
subspace method that solves the linear system 𝐀𝐱 = 𝐛 by building a 
subspace through repeated multiplications of the 𝐀 matrix. This pro-
cess only requires a matrix-vector product operator: given some vector 
𝐯 this operator outputs 𝐀𝐯. For our case, this operator can be constructed 
using Fréchet derivatives about the point 𝐮𝑛,
𝜕𝐑
𝜕𝐮

|

|

|

|𝐮𝑛
𝐯 ≈

𝐑(𝐮𝑛 + 𝜖𝐯) − 𝐑(𝐮𝑛)
𝜖

. (24)

We define 𝜖 based on the work in Brown and Saad [27] and Yildirim et 
al. [25],

𝜖 =

{

𝑒rel𝐯 ⋅ 𝐮𝑛∕||𝐯||22 if |𝐯 ⋅ 𝐮𝑛| > 𝑒min||𝐯||1
𝑒rel𝑒minsign(𝐯 ⋅ 𝐮𝑛)||𝐯||1∕||𝐯||22 otherwise,

(25)

where 𝑒rel = 10−8 and 𝑒min = 10−6.
A critical part of the success in GMRES is the strength of the pre-

conditioner. The preconditioner is an approximate inverse of 𝐀 that is 
applied as a matrix-vector product to accelerate the convergence of GM-
RES. We use a block-diagonal point-Jacobi preconditioner, where each 
block corresponds to one cell. All the diagonal blocks of the residual Ja-
cobian are computed analytically and inverted using an LU factorization 
with row pivoting. This preconditioner is recomputed for every nonlin-
ear step. It provides adequate acceleration to run the small 2D test cases 
we are using to investigate the wall models. However, for production 
cases, something more complex is certainly needed.

The Newton–Krylov solver needs a globalization strategy to converge 
reliably. Newton methods converge residuals quadratically near a solu-
tion but can stall when seeking a point close enough for quadratic con-
vergence. We use pseudo-transient continuation and a physicality line 
search to globalize our Newton–Krylov method [23,25]. The line search 
ensures the solution remains physical, since Newton–Krylov is not a 

time integration scheme and updates may produce nonphysical solu-
tions. Pseudo-transient continuation increases the time-step in Eq. (23). 
As this time-step grows, the linear system converges to the exact New-
ton update in Eq. (19). This uses physical evolution to drive the state 
towards the quadratic convergence region before the full Newton step 
accelerates convergence.

3.2.  SA wall function

The SA wall function is a traditional wall function. The friction veloc-
ity, 𝑢𝜏 , in Eq. (6) is fit to the forcing point data using a Newton method. 
Once 𝑢𝜏 is computed, Eq. (6) provides 𝑢 and 𝜕𝑢∕𝜕𝜂 as a function of 𝜂.

3.3.  ODE wall function

The ODE wall function requires solving a 1D ODE instead of fitting a 
single parameter. We present a novel approach to computing a solution 
to this ODE that is robust, accurate, and computationally inexpensive. 
We implemented a high-order continuous Galerkin (CG) method with 
Mesh Optimization via Error Sampling and Synthesis (MOESS) for solv-
ing Eq. (8). The convection terms in Eq. (8) are constants with respect to 
the state variables, giving an ODE with no advection terms. This lends 
itself to a CG formulation. The solver uses Newton–Krylov with pseudo-
transient continuation similar to the background flow solver to drive 
the residuals to zero. Unlike the background flow solver, the ODE solver 
builds the full residual Jacobian for performing matrix-vector products 
in GMRES. Using the notation in Eq. (17) we can rewrite Eq. (8) as

𝐅(𝐮) =

⎡

⎢

⎢

⎢

⎢

⎣

−(𝜇 + 𝜇𝑡)
𝜕𝑢
𝜕𝜂

−(𝜈 + 𝜈̃) 𝜕𝜈̃𝜕𝜂

⎤

⎥

⎥

⎥

⎥

⎦

, (26)

𝐒(𝐮) =

⎡

⎢

⎢

⎢

⎢

⎣

𝜕𝑝
𝜕𝜉
|

|

|𝐹
+ 𝜓(𝜂)𝜌|𝐹

[

𝑢𝐹
𝜕𝑢
𝜕𝜉
|

|

|𝐹
+ 𝑣𝐹

𝜕𝑢
𝜕𝜂
|

|

|𝐹

]

−𝑐𝑏2
(

𝜕𝜈̃
𝜕𝜂

)2
− 𝜎(production − destruction)

⎤

⎥

⎥

⎥

⎥

⎦

. (27)

Since an ODE is solved in every cut cell during every residual evalua-
tion, it is critical that the ODE solver is both fast and robust. To facilitate 
speed, a Block ILU(0) preconditioner is used to accelerate the GMRES 
convergence. A block consists of the 2 by 2 matrix associated with each 
basis function rather than the traditional element block present in dis-
continuous Galerkin methods. No reordering of the rows is necessary as 
this is a 1D problem. This preconditioner allows GMRES to solve most 
systems with hundreds of variables in less than ten Krylov subspace vec-
tor iterations. To facilitate robustness, the GMRES method is allowed to 
build the full subspace if necessary to ensure a solution is found.
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The general nonlinear strategy remains consistent with that of the 
background solver with special considerations for robustness. The phys-
icality check for this solver requires that 𝜈̃ > 0. When the solver returns 
a step that causes one of the turbulence variable states to become nega-
tive, the CFL number is reduced and the linear step is rejected. If the CFL 
number is at the lower allowable bound, the computed step is taken for 
all basis functions except the non-physical one. In general, this allows 
the problematic basis function to recover. We do not check for negative 
turbulence variables everywhere in the cell, only at the basis function 
locations. We found this sufficient to obtaining converged, physical, so-
lutions.

Even with a tuned nonlinear controller, it is still possible for the ODE 
solution to fail. When this happens, we reduce the complexity of the ODE 
for the rest of the global flow’s current nonlinear step. A constant, 𝛽, is 
used to reduce the magnitude of the 𝜉-momentum source term in Eq. (8) 
as follows:
𝜕
𝜕𝜂

[

(𝜇 + 𝜇𝑡)
𝜕𝑢
𝜕𝜂

]

= 𝛽
(

𝜕𝑝
𝜕𝜉

|

|

|

|𝐹
+ 𝜓(𝜂)𝜌|𝐹

[

𝑢𝐹
𝜕𝑢
𝜕𝜉

|

|

|

|𝐹
+ 𝑣𝐹

𝜕𝑢
𝜕𝜂

|

|

|

|𝐹

])

, (28)

where 𝛽 ∈ [0, 1]. When an ODE solution fails, 𝛽 is reduced by 0.01. The 
momentum balance between the pressure and density is crucial for this 
wall function, and therefore we only apply 𝛽 across the entire source 
term. This is sufficient to protect the ODE solver except on particularly 
coarse meshes. Even without the convection source term, the ODE is 
theoretically more accurate than the SA wall function because it allows 
for nonlinear variation in the turbulence variable. In practice this differ-
ence is minuscule compared to the change once the convection source 
term is added. As a last resort, the ODE is discarded entirely for the 
analytical SA wall function.

To ensure accurate solutions for a wide variety of boundary condi-
tions, we implemented MOESS in conjunction with our CG solver [28]. 
MOESS iteratively determines the optimal change in a metric field given 
a prescribed metric-cost and metric-error relationship. We use it to op-
timally distribute a desired number of degrees of freedom along our 
domain to obtain an accurate wall shear stress.

To use MOESS, an element error indicator is required. We use the 
adjoint-weighted residual,
𝛿𝐽 ≈ −𝚿𝑇

ℎ𝐑ℎ(𝐔
𝐻
ℎ ), (29)

where 𝛿𝐽 is the error of some functional 𝐽 with respect to each state, 
𝚿ℎ is the fine-space adjoint, and 𝐑ℎ

(

𝐔𝐻ℎ
) is the fine-space residual eval-

uated at the coarse space solution prolonged to the fine space. We chose 
an increase in the solution order, 𝑝, as our fine space and used the wall 
shear stress as 𝐽 . We solved the fine space adjoint using GMRES with an 
exact residual Jacobian. The error indicator for an element is computed 
by summing over the error contribution for each of its basis functions. 
The basis functions that are shared between elements contribute half of 
their error to each element. MOESS uses this error indicator to update 
a Riemann metric field.

A Riemann metric field, (𝑥⃗), is a field of symmetric positive defi-
nite (SPD) tensors that encode information about the desired mesh size. 
In multiple dimensions, it can encode stretching and rotations to gen-
erate anisotropic meshes. In one dimension it is a scalar field the indi-
cates the desired size of elements. The metric provides a way to measure 
the distance from a point, 𝑥⃗, to another point infinitesimally far away, 
𝑥⃗ + 𝛿𝑥⃗. This distance is
𝛿𝑙 =

√

𝛿𝑥⃗𝑇𝛿𝑥⃗, (30)

and in 1D,
𝛿𝑙 = 𝛿𝑥

√

. (31)

In an ideal metric-conforming mesh in 1D, every element should have 
unit length.

Given a metric field, we compute a new mesh by marching unit dis-
tances along our domain until we reach the end. MOESS provides a met-
ric field that corresponds to a mesh with a user-specified target number 

of degrees of freedom. This metric field is stored at the previous mesh 
nodes. We assume the logarithm of the metric varies linearly between 
two nodes [29],

𝑀𝑥 =𝑀𝑎

(

𝑀𝑏
𝑀𝑎

)
𝑥−𝑎
𝑏−𝑎
, (32)

where 𝑀𝑎 is the metric at the vertex 𝑎 < 𝑥 and 𝑀𝑏 is the metric at the 
vertex 𝑏 > 𝑥. To compute the metric length between two points, 𝑎 and 
𝑏, we use

𝐿𝑒 =

{ 𝐿𝑎−𝐿𝑏
log𝐿𝑎∕𝐿𝑏

|𝐿𝑎 − 𝐿𝑏| > 0.001
𝐿𝑎+𝐿𝑏

2 otherwise
, where 𝐿𝑎 = 𝑙𝑒

√

𝑀𝑎, 𝐿𝑏 = 𝑙𝑒
√

𝑀𝑏.

(33)

For 1D CG, the total number of degrees of freedom is 𝑁𝑝 + 1, where 
𝑁 is the number of elements and 𝑝 is the solution order. We can com-
pute the appropriate number of elements for the new mesh using the re-
quested number of degrees of freedom. From the definition of the metric 
field, each element should be the same length under the metric. Ideally, 
MOESS computes a metric field such that each element is of unit length 
under the metric. This is not always the case, so we use Eq. (33) to com-
pute the piecewise integral of the metric over the entire domain. This 
is divided by the number of elements requested to obtain the constant-
valued metric length for all the elements. To generate the mesh, we start 
at 𝜂 = 0 and place points at the constant-valued metric length distances 
apart until the other end of the domain is reached.

Eq. (33), together with a Newton solver is used to compute the loca-
tion of each point in the new mesh. Each point in the new mesh will lie 
between two points on the background mesh, [𝑎, 𝑏]. To place that point, 
the interval [𝑎, 𝑏] is determined by checking the integral of the metric 
from the previously placed new mesh point and the next old mesh point. 
If that distance does not reach the desired metric length, then the next 
interval defined by the old mesh point and the next old mesh point is 
checked. This proceeds until the correct interval [𝑎, 𝑏] is found. Then, 
Eq. (33) is cast as a residual, and a Newton solver identifies 𝜂 such that 
the metric length between the previous new mesh point and this point 
is the desired length.

Fig. 5 shows the progression of MOESS on a 𝑝 = 2 solution of the 
ODE solution starting with a uniformly spaced mesh.

The boundary conditions for this case come from the 2D turbulent 
bump case on the NASA turbulence modeling resource [19]. The finest 
CFL3D solution was used to obtain forcing point data downstream of 
the bump. Each MOESS cycle consists of a flow solution, followed by 
the MOESS mesh optimization. Fig. 5(a) indicates that the naive uni-
form mesh yields very poor results. The velocity profile does not come 
close to matching what we expect. Even with this mesh, the Newton–
Krylov solver is robust enough to converge the system by dropping the 
momentum source terms. After the first adaptation, the number of cells 
is doubled, and the mesh points start sliding towards the wall. This is 
enough to allow the momentum source terms to be turned back on. 
The velocity profile converges to what we would expect. The forcing 
point approaches the wake region, and the ODE is able to begin predict-
ing this transition. Although the physical distance of the forcing point 
never changes throughout these optimizations, the ODE wall function 
computes the friction velocity using its own solution. The first solution 
has a final 𝑦+ just under half of the others because it is not able to obtain 
an accurate friction velocity.

4.  Results

To verify our methodology, we work through an increasingly com-
plex series of verification test cases from the NASA turbulence model-
ing resource (TMR) [19]. The first case is a grid-aligned flat plate with 
no pressure gradient. After verifying our method on a grid with no cut 
cells, we rotate the flat plate 15°  into the mesh domain. This allows 
us to solve the same zero pressure gradient case with the addition of 
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Fig. 5. MOESS sequence on the ODE with 𝑝 = 2 elements. The initial mesh is ten linearly spaced elements. The target number of elements is twenty. These meshes 
are adapted on the gradient of the velocity at 𝑦 = 0. A nodal basis is used, so the mesh points correspond to the basis function locations. The 𝑢+ and 𝜈̃ plots show 
points at each basis function’s global space location. The error plots show points at the middle of each element. The analytic SA wall function shown is the one used 
in the 𝑥-momentum source in Eq. (8). It is not necessarily accurate given the forcing point location.

cut cells, testing the strength of our viscous stencil. Next, we verify the 
turbulent bump case, which introduces a pressure gradient. This allows 
the ODE wall model to demonstrate the benefits of including a pressure-
momentum balance source term in the wall function. Finally, we test a 
NACA 0012 airfoil to demonstrate the method on a realistic external 
aerodynamic case.

4.1.  Turbulent finite flat plate

The turbulent flat plate case tests the adiabatic wall boundary con-
ditions without introducing numerical difficulties around cut cells. This 
case is run at Mach 0.2 with a Reynolds number 107 and contains a plate 
that extends ten reference lengths. For the WMRANS we set 𝜒𝑡0 = 20. We 
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Fig. 6. Comparison of the mesh resolutions for the mesh families. The left side of this figure corresponds to 𝑅𝑒𝑥 = 107. The off-wall spacing of the first cell in the L0 
mesh is 4 × 10−4. The plate is a length of one with a Reynolds number of 107. As the mesh is refined, the boundary layer becomes clearer.

run a sequence of meshes for this case, where the L0 mesh is the finest 
and L4 is the coarsest. Fig. 6 shows the full mesh family with velocity 
magnitude contours.

We only present detailed results for the finest three meshes: L0, L1, 
and L2. The plate is length one. The L0 mesh has an initial off-wall 
spacing of 𝑦 ≈ 4 × 10−4. On each subsequent mesh, isotropic coarsening 
was performed to double the initial off-wall spacing. The far-field retains 
the same mesh size, so each level is not an exact factor of 4 decrease in 
the number of cells. The L0 mesh has approximately 320k cells. The L2 
mesh has approximately 84k cells. Fig. 7 presents the forcing point 𝑦+
values for these mesh sizes.

Fig. 8 presents velocity profiles for all three methods at one stations.
The two wall functions match the expected profile well. In both 

cases, there is a single point that is not on the profile, which is 
the cut-cell point. The first point on the line is the forcing point 
cell. The cut cell does not provide the states necessary to com-
pute skin frictions, since this information comes from the forcing 
point. The WMRANS solution converges to the appropriate solution 
as the mesh is refined. WMRANS needs additional resolution than 
the wall function approaches, even though the profile it creates is 
more benign. None of the above approaches exhibit any viscous
overshoot.
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Fig. 7. Forcing point 𝑦+ values on the ODE wall function solution for the finite flat plate case. The L0 mesh has an initial off-wall spacing of 𝑦 ≈ 4 × 10−4. The plate 
is length one with a Reynolds number of 107. Each subsequent level of mesh doubles the off-wall spacing. The 𝑦+ values at the forcing point indicate that they are 
well into the wake region on the coarse mesh.

Fig. 8. Velocity profiles for the zero pressure gradient finite flat plate case taken at 𝑅𝑒𝑥 = 2 × 107. The plate is ten reference lengths long. The SA and ODE wall 
functions match the expected velocity profile. The WMRANS profiles converge to the expected result as the mesh is refined.

Fig. 9. Skin friction coefficient for the finite flat plate case plotted against xflow, an output-adaptive high-order discontinuous Galerkin flow solver [30]. The SA 
wall function exhibits clear mesh convergence, with skin friction start-up oscillation moving towards the front of the plate as the mesh is refined. The ODE wall 
function does not exhibit the same start-up oscillations because it can accept forcing points further into the boundary layer. The WMRANS struggles to reach the 
correct asymptotic skin friction on the same level mesh as the two wall functions.

Figs. 9 and 10 show the skin frictions and pressure coefficients, re-
spectively.

We use xflow, an output-adaptive high-order discontinuous Galerkin 
flow solver, as the truth value [30]. The biggest difference between the 
mesh levels is seen in the skin friction plot. The 𝑥-axis is on a log scale, 
making it clear that the biggest discrepancy is the boundary layer start 

up. The wall-transverse direction contains constant mesh resolution for 
a given mesh. We see that as the mesh is refined, the skin friction con-
verges to the asymptotic value sooner. The ODE appears to avoid start 
up behavior similar to WMRANS and the SA wall function because it can 
accept forcing points in the wake region. This allows the wall function 
to accurately predict the skin friction with much coarser meshes. Again, 
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Fig. 10. Pressure coefficients for the finite flat plate case. We see the same mesh converging startup oscillations as in the skin friction for both the WMRANS and 
the SA wall function. The ODE wall function does not exhibit startup oscillations as it can accept forcing points much further from the wall.

Fig. 11. L1 mesh for the rotated flat plate case. This image is taken from 𝑅𝑒𝑥 ≈ 107. The rotated coordinate system introduces cut cells.

we see the same behavior with the WMRANS approaching the expected 
solution as the mesh resolution increases.

4.2.  Rotated finite flat plate

This is the same case as the grid-aligned finite flat plate, but with 
cut-cells (Fig. 11).

Rather than placing the flat plate along the bottom boundary of the 
domain, it is set into the domain at a 15°  angle. The L0 mesh for this 
case is one level finer than the grid aligned case. The mesh sequence 
gets coarser as the mesh number increases with L3 being the coarsest 
mesh. We used the same conditions as the wall-aligned flat plate (Mach 
0.2 and Reynolds number 107).

Fig. 12 shows the velocity profiles for the rotated finite flat plate.
The solver struggles considerably more when cut cells are intro-

duced. The gradient stencils in these cells are degraded and the prin-
cipal directions are no longer aligned with the mesh. We still see similar 
behavior in the convergence of the results: as the mesh is refined, all 
solutions approach the expected results.

Fig. 13 shows the skin-friction coefficients for the rotated flat plate 
case.

The skin frictions are more noisy for the ODE wall function and con-
siderably more noisy for the WMRANS. This is a zero pressure gradient 
case, and we would expect to see no pressure gradients. Small patterns 
in the mesh affect the pressure, resulting in an oscillating pressure gra-
dient that follows the triangle cut-cell pattern along the wall. On a case 

with no pressure gradient, such as this one, these oscillations appear 
more pronounced than on case with an existing pressure gradient. This 
behavior is independent of the method we choose to resolve the wall, 
even with the analytical SA function.

The SA wall function is able to hide the oscillations in the skin 
friction because the only information it uses at the forcing point is 
the tangential velocity momentum, which does not oscillate. The ODE 
wall function contains 𝜕𝑝∕𝜕𝜉 in the 𝜉-momentum source term and 
is directly affected by the pressure oscillations. All of the informa-
tion it uses to compute viscous fluxes on cut-cell faces then propa-
gates these oscillations into the fluxes. WMRANS also depends more 
on the states in and around cut cells than the SA wall function be-
cause there is no notion of a wall function to improve the states used at
faces.

Even with the oscillations, the ODE solution converges to a smoother 
result along the plate. The slip wall struggles with these oscillations, 
particularly in converging solutions on the finer grids. As seen in the 
grid-aligned flat plate, the WMRANS needs more resolution than the 
wall functions. The WMRANS suffers from rapidly changing sizes of cut 
cells along the wall, but does not have a method similar to the wall 
functions to smooth out the noisy states. It appears that the WMRANS 
requires more care in the construction of viscous terms in the cut-cell 
stencils. The WMRANS susceptibility to both the irregular cut-cell sten-
cils and the need for more wall normal resolution appear to make it 
a poor choice when used in isolation for high Reynolds number RANS 
flows on cut-cell meshes. Tamaki et al. showed that a similar WMRANS 
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Fig. 12. Velocity profiles for the zero pressure gradient finite flat-plate case with cut cells. The plate is ten reference lengths long. This case was run at Mach 0.2 and 
Reynolds number 107. The SA and ODE wall function approaches match the expected solution. The WMRANS demonstrates numerical difficulties with the cut-cell 
meshes. There is no longer obvious mesh convergence. For each method, the coarser meshes demonstrate viscous overshoot.

Fig. 13. The skin friction for the rotated finite flat plate case plotted against xflow, a high-order discontinuous Galerkin flow solver [30]. The SA wall function 
displays almost identical skin friction profiles to the grid aligned flat plate. The ODE wall function displays the same trends, but introduces small oscillations into the 
skin friction due to oscillation in the background pressure and momentum gradients. The WMRANS exhibits stronger oscillations than the ODE, but lacks the ability 
to converge to the correct asymptotic skin friction for the same mesh level.

approach can be used in conjunction with a wall function on cut-cell 
meshes [18].

4.3.  2D bump

We ran the 2D bump-in-channel verification case from the NASA 
turbulence modeling resource [19], at Mach 0.2 and Reynolds number 
3 × 106. This case introduces a pressure gradient into the solution. Again, 
the L0 mesh is the finest and the L2 mesh is the coarsest. The L0 mesh has 
approximately 220k isotropic cells, and the L2 mesh has approximately 
59k isotropic cells. Fig. 14 shows the 𝑦+ values of the wall-function forc-
ing points along the surface of the bump.

It is clear, particularly on the coarse mesh, that the forcing point 
is entering the wake region of the boundary layer. Fig. 15 presents a 
comparison of the eddy viscosity generated by the bump.

The eddy viscosity profiles from VACC are computed on the L1 mesh 
with the SA wall function. VACC exhibits good agreement with CFL3D.

Fig. 16 shows two velocity profiles on the top of the bump and in 
the wake region.

In all cases, the mesh-converged solution matches the CFL3D solu-
tion.

Fig. 17 presents the pressure coefficients along the bump.
Both the SA wall function and the ODE wall function are able to 

predict the correct pressures on all of the mesh levels. There are very 
small spurious pressure spikes around triangle cut cells that can barely 
be seen at this plotting resolution. This is a known phenomena that exists 
for Cartesian cut-cell solutions on inviscid solutions.

Fig. 18 presents the skin frictions along the bump.
The SA analytical wall function matches the CFL3D solution well. 

The phase shift seen in the skin frictions occurs because the SA wall 

function assumes no pressure gradient. As the mesh resolution increases, 
the skin friction approaches the expected profile. The ODE wall function 
follows the general trend but is noisy. As the mesh is refined the magni-
tude of the noise is reduced. The ODE allows the coarser meshes to fix 
the phase shift without needing additional mesh resolution.

The downturn in the ODE skin friction near the front of the no-slip 
wall is due to the localized nature of the wall functions. Near the front of 
the plate, the boundary layer is extremely small and the forcing points 
lie well into the inviscid region of the flow. This makes all of the forcing 
point data look identical even though the boundary layer thickness is 
not. Since the wall functions do not communicate with those in front 
of or behind them in the wall tangential direction, they have no notion 
of how thick the boundary layer should be when given data that lies 
outside the boundary layer. The SA and ODE wall functions have the 
same issue. However, the ODE under-predicts the skin friction, and the 
SA wall model over-predicts the skin friction. In both cases, the skin fric-
tion at the leading edge of the plate converges under mesh refinement.

4.4.  NACA 0012

The final verification case we ran was the 2D NACA 0012 from the 
NASA turbulence modeling resource [19]. It is run at Mach 0.15 and 
Reynolds number 6 × 106 at 10° angle of attack. This case introduces a 
stagnation point more typical of external, aerodynamic, flows. It also 
introduces a much wider range of 𝑦+ values with points on the pressure 
side much further outside the boundary layer than those on the suction 
side. The L0 mesh is the finest with about 430k cells. Fig. 19 shows the 
L1 mesh, which has about 258k cells.

The L2 mesh is the coarsest with around 126k cells.
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Fig. 14. Forcing point 𝑦+ values on the ODE wall function solution for the turbulent bump case. The forcing points are well into the wake region of the boundary 
layer, particularly on the coarse mesh.

Fig. 15. Turbulent eddy viscosity contours around the bump. The conditions for this case come from the NASA turbulence modeling resource. It was run at Mach 
0.2 with a Reynolds number of 3 × 106. The CFL3D solution matches the SA wall function on the L1 mesh. The 𝑦-axis is scaled to be approximately twenty times 
larger than the 𝑥-axis.

Fig. 20 presents the pressure coefficients for the SA and ODE wall 
functions on the NACA 0012 airfoil.

The pressure coefficients match the CFL3D solutions for both wall 
models at all mesh resolutions. Fig. 21 presents the skin friction coeffi-
cients on the NACA 0012 airfoil.

These skin friction plots are where we begin to see the immense 
benefits of the momentum balance source term in the ODE wall function. 
The SA skin frictions on the upper surface struggle to converge to the 
expected skin friction values. The L2 mesh skin friction is not able to 
recover from the suction peak until around 50% of the chord. Even on 
the finest mesh, the skin friction does not recover until around 15% of 
the chord. On the other hand, the ODE wall function is able to match the 
upper surface skin friction before 15% of the chord on even the coarsest 
mesh. Both wall functions exhibit mesh convergence, trending towards 
the CFL3D solution as the mesh is refined.

Skin friction oscillations are smaller for this case when compared to 
the turbulent bump and the rotated flat plate. As the strength of the 
global pressure gradient across the geometry increases, the noise visible 
in the local pressure gradient is reduced. The nonuniform discretization 

error in the cut cells remains of constant magnitude. When added to 
stronger pressure gradients, its effect shrinks.

Fig. 22 presents 𝑥-velocities and the eddy viscosities immediately aft 
of the trailing edge of the airfoil.

The tangential velocities match the CFL3D solution well. Both the 
SA and ODE wall functions converge towards the CFL3D solution as the 
mesh is refined. The wall functions were not used to extract these lines, 
the velocity profiles come from the background mesh. The SA wall func-
tion eddy viscosity matches the CFL3D eddy viscosity well on the finest 
mesh. The ODE wall function is better able to capture the eddy viscos-
ity going to zero at 𝑦 = 0 than the SA wall function on coarser meshes. 
However, it fails to reach the peak on the upper surface. We have found 
that this behavior is dependent upon turbulence variable profile startup 
strategies near the leading edge. Choosing different coupling methods 
can have a profound impact on the startup of the boundary layer where 
the wall function forcing points are too far outside of the boundary layer 
to have correct physics. This is true of both the SA and ODE wall func-
tions, but because the ODE wall function depends on more states in the 
background mesh, it often displays these differences more readily.
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Fig. 16. Velocity profiles for the 2D bump case. Both the SA and the ODE wall functions match the CFL3D solution data.

Fig. 17. The pressure coefficients for the 2D bump case. The pressure matches the CFL3D solution well on all levels of meshes.
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Fig. 18. The skin frictions for the 2D bump case match the CFL3D solutions. Each wall function exhibits convergence towards the expected solution as the mesh is 
refined. The effect of the pressure oscillations in the solution is clear in the ODE.

Fig. 19. The L1 mesh for the NACA 0012 case. This image shows the leading edge and suction peak. The suction peak is not resolved enough to capture velocities 
lower than free stream in the boundary layer.
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Fig. 20. The pressure coefficients for the NACA 0012 airfoil case. The pressures match the CFL3D solution well on all levels of meshes for both wall functions.

Fig. 21. The skin friction coefficients for the NACA 0012 airfoil case. The SA wall function skin frictions struggle to match the skin frictions in the presence of the 
strong pressure gradient near the suction peak. The ODE wall function is able to handle the suction peak pressure gradient much better.
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Fig. 22. The tangential velocity and eddy viscosity profiles at the trailing edge of the airfoil. Both methods are able to closely follow the troughs in both quantities 
near the wall.

5.  Conclusion

We implemented an ODE wall function with pressure-momentum 
balance for high Reynolds number fully turbulent flows on Cartesian 
cut-cell meshes. We compared the effectiveness of this wall function to 
an SA analytical wall function and a wall modeled RANS approach. The 
ODE wall function significantly outperforms traditional approaches by 
enabling accurate solutions with forcing points well into the wake region 
(𝑦+ > 600) while maintaining robustness in strong pressure gradients.

Our comparative analysis of three wall-modeling approaches reveals 
distinct performance characteristics. The analytical SA wall function 
provides reliable results with forcing points within the log region but 
struggles with pressure gradients, requiring substantially finer meshes to 
achieve mesh convergence on cases like the NACA 0012. The WMRANS 
approach, while implementation friendly, consistently requires higher 
resolution than wall function methods and exhibits poor performance 
on irregular cut-cell meshes. In contrast, the ODE wall function demon-
strates superior accuracy across all test cases, particularly in strong pres-
sure gradient fields, where it achieves correct skin friction predictions 
on meshes coarser than those required by the SA wall function. This wall 
function clearly demonstrates the advantage that modeling the pressure-
momentum balance through the boundary layer can have.

The novel ODE wall function implementation incorporates three im-
portant pieces: (1) a robust Newton–Krylov solver with pseudo-transient 
continuation for the 1D ODE system, (2) a MOESS-based adaptive mesh 
refinement for optimal degree of freedom distribution, and (3) a com-
prehensive forcing point reconstruction strategy using inverse distance 
weighting. These components work synergistically to create a computa-
tionally efficient method that solves systems with hundreds of degrees 
of freedom in fewer than ten linear iterations per ODE.

The primary limitation of the approach is that it is sensitive to pres-
sure gradient oscillations in cut-cell regions, manifesting as skin friction 
noise in the ODE results. The oscillations come from interpolation arti-
facts near irregular cut-cell boundaries and can be addressed through en-
hanced reconstruction methods, improved coupling strategies, or alter-
native stencil selection algorithms. Our current interpolation approach 
uses two different interpolation schemes for the primal and gradient 
interpolated values. The SA wall function avoids these oscillations by 
depending solely on tangential velocity data with no gradients. The WM-
RANS and the ODE method are sensitive to gradient quantities near cut 
cells.

This work establishes a clear pathway toward practical high 
Reynolds number turbulent flows using RANS simulations on automat-
ically generated meshes. Demonstrating this capability enables an ap-
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proach for automated aerodynamic design workflows in two dimen-
sions. Given the robust 1D ODE framework developed here, the three-
dimensional application extension is straightforward.

The broader applications of the proposed approach extend beyond 
traditional CFD applications. This capability could enable entirely new 
fields of study, such as topology optimization for complex aerodynamic 
flows, real-time design space exploration, and high-throughput aerody-
namic database generation by eliminating the mesh generation bottle-
neck currently dominating aerodynamic analysis workflows. Combining 
automatic meshing with robust high Reynolds number flow prediction 
brings computational aerodynamics closer to the “push-button” analysis 
tools that design engineers require.
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