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• Numerical Algorithms
– QR
– QZ

• Examples
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Eigenvalue problem

BxAx λ=

ABCxCx 1, −== λ

• C => Hessenberg form
O(n3) => O(n2)

• QR algorithm
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Hessenberg Matrix
• Elementary similarity transformation

• Orthogonal transformation
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Hessenberg Matrix
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Hessenberg Matrix
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Hessenberg Matrix
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• Single shift QR
• Complex version of two step QR

• Double shift QR

QR algorithm
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is unitary matrix

is upper triangular matrix

Single shift QR algorithm

kk
H

kk QCQC =+1

kkk
H

k RICQ =− )( ζ

kQ

kk
H

k RCQ =

kR
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Complex version of two step QR

kk
H

kk QCQC =+1

kkk
H

k RICQ =− )( ζ

kk ζζ =+1

1112 ++++ = kk
H

kk QCQC

1111 )( ++++ =− kkk
H

k RICQ ζ
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Double shift QR algorithm

112 +++ = kkk
T
k

T
kk QQCQQC

111 ))(( +++ =−− kkkkkk
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Double shift QR algorithm
If a matrix H is derived from kC  such that

         HQCQHQQC == ˆˆorˆˆ
k

T
k

where Q̂  is orthogonal

H is upper Hessenberg.

If Q̂  has the same first column as Q , then

   HCQQ == +2andˆ
k
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Double shift QR algorithm
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Double shift QR
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Double shift QR
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Shifting Rule
Before each iteration, calculate the roots of the last principal 2×2 submatrix.

                 kη  and 1+kη

The choice of the origin shifts kζ  and 1+kζ  for the iteration depends on;

   
1

11
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1 ,
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kk

η
ηη

ρ
η

ηη
ρ .

If they are both greater than 0.5, 01 == +kk ζζ

if they are both less than 0.5, kk ηζ =  and 11 ++ = kk ηζ

otherwise we set both kζ  and 1+kζ  to be the real part of either kη  or 1+kη ,

whichever corresponds to the quantity less than 0.5
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Double shift QR
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Double shift QR
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Double shift QR algorithm
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MATLAB
Eig(A,B) where A is the same as C and B is identity matrix

Eigenvectors =

-0.20097194777325 - 0.50105007827491i             0.54730339411280 - 0.09937518469598i
-0.08340643758769 - 0.20794345949761i -0.26613462932493 + 0.48878652750776i
0.29513087471146 + 0.73580093895674i -0.07049854771963 + 0.36026022392661i
-0.06432521788507 - 0.16037141408775i 0.23622760645172 + 0.43621405391860i

0.10493664007399 - 0.10402029787529i           0.12611544780603 + 0.54176685609719i
0.25531452586401 - 0.25308503315463i 0.34292600567206 - 0.43833966855946i
0.62818884756511 - 0.62270329028621i 0.30264859155449 - 0.20775298843654i
-0.18321243924275 + 0.18161256631669i             0.49415131026397 + 0.04359662200692i

Eigenvalues =
-1.35370498575813 + 10E-17i                           3.08728955138727 - 3.41762519028197i 
4.17912588298358 - 10E-15i                                3.08728955138727 + 3.41762519028197i
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Nastran upper Hessenberg method
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Complex Eigenvalue Solver
MSC/NASTRAN QZ algorithm

Real Imaginary Real Imaginary

1 -1.31××××10-2 1.67××××103 0 1.67××××103

2 2.79××××10-2 2.38××××103 0 2.38××××103

3 -1.77××××10-2 2.66××××103 0 2.66××××103

29 -4.46××××101 1.53××××104 4.46××××101 1.53××××104

30 4.46××××101 1.53××××104 -4.46××××101 1.53××××104

31 -1.07××××10-3 1.71××××104 0 1.71××××104

32 -1.95××××10-3 1.76××××104 0 1.76××××104

73 2.06××××10-3 3.88××××104 0 3.88××××104

74 -2.42××××101 3.90××××104 2.42××××101 3.90××××104

75 2.42××××101 3.90××××104 -2.42××××101 3.90××××104

76 1.44××××10-3 4.04××××104 0 4.04××××104
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QZ algorithm

BxAx λ=

• A is reduced to upper Hessenberg
B is reduced to upper triangular

• A is reduced to quasi-triangular
(generalization of QR)

ZyxQBZyQAZy == ,λ
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Conclusions

• For a real asymmetric eigenvalue problem,
double shift QR or QZ algorithm should be
used

• Other methods produce fictitious complex
eigenvalues 


