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Eigenvalue problem

AX = ABX
Cx=Ax, C=B7’'A

« C => Hessenberg form
O(n3) => O(n?)
* QR algorithm
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Hessenberg Matrix

« Elementary similarity transformation

« Orthogonal transformation
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Hessenberg Matrix
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Hessenberg Matrix
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Hessenberg Matrix
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QR algorithm

 Single shift QR
« Complex version of two step QR
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Single shift QR algorithm

Cra = QkHCka
Q, is unitary matrix
QkHCk =R,
R, is upper triangular matrix

QkH(Ck ¢ D =R,
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Complex version of two step QR

k+1 Qk ka
QkH C—¢ D =R,

(o =€

k+2 Qk+1 k+1Qk+1
H —
Qk+1 (Ck+1 _Zk+1|) _ Rk+1

The University of Michigan Computational Mechanics Laboratory & \




Development of Optimal Design Method for Brake Squeal Noise Based on Complex Eigenvalue Analysis

Double shift QR algorithm
Cir = Q1iQC Q. Q.
Q-I|<-+1Q-I|<- (Ck _Zkl)(Ck _Zk+1|) — RkRk+1
QunQi =Q, Ry\Ry,, =R, (C, =¢,D(Cy ={,,,) =T

CkQ - QCk+29 QTF - R
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Double shift QR algorithm

If a matrix H is derived from C, such that

CQ=QH or Q'C,Q=H

N

where Q 1s orthogonal

H 1s upper Hessenberg.

If Q has the same first column as Q, then

Q:Q and C,,, =H
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Double shift QR algorithm
P =1-2w w!/

PnT—1 I:)3T PzT PlTCkP1P2P3 P, =H

(y11 » Y215V 0, '»O)T

_ 2
Yiin = Ch _CII(ZI +Zz)+51zz +C,Cyy
Yo = C21(C11 +C,, _Zl _Zz)

Y31 = C3,Cyy
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Double shift QR
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Double shift QR
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Shifting Rule

Before each iteration, calculate the roots of the last principal 2x2 submatrix.

—p» Ik and 1,

The choice of the origin shifts {, and {,,, for the iteration depends on;

Ny =Ny,

Ny

p, = , o, = M =M
nk+1

If they are both greater than 0.5, {, ={,,, =0
if they are both less than 0.5, {, =n, and {,,, =Nn,.,

otherwise we set both ¢, and {,,, to be the real part of either , or n,,,,

whichever corresponds to the quantity less than 0.5
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Double shift QR
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Double shift QR
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Double shift QR algorithm

A =-1.3537, 3.08773%3.4176, 4.1791
1.3703 O [O.0520£.63351 O [0.6869 [

H.6166 H H-.1717%.7388i  H.5560

X =
— 39440 0-2325+3059i O [.4434 O

=-.2809H H-1.0068+.3820iH H-.8327H
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MATLAB

Eig(A,B) where A is the same as C and B is identity matrix

Eigenvectors =

-0.20097194777325 - 0.501050078274911
-0.08340643758769 - 0.207943459497611
0.29513087471146 + 0.735800938956741
-0.06432521788507 - 0.160371414087751

0.10493664007399 - 0.104020297875291
0.25531452586401 - 0.253085033154631
0.62818884756511 - 0.622703290286211
-0.18321243924275 + 0.181612566316691

Eigenvalues =
-1.35370498575813 + 10E-171
4.17912588298358 - 10E-151

The University of Michigan

0.54730339411280 - 0.099375184695981
-0.26613462932493 + 0.488786527507761
-0.07049854771963 + 0.360260223926611

0.23622760645172 + 0.436214053918601

0.12611544780603 + 0.541766856097191
0.34292600567206 - 0.438339668559461
0.30264859155449 - 0.207752988436541
0.49415131026397 + 0.043596622006921

3.08728955138727 - 3.417625190281971
3.08728955138727 + 3.417625190281971
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Nastran upper Hessenberg method

A=-13537+107"i, 3.08773+3.4176, 4.1791+2x107]

F695-448x10"7i0 0 1 0O 0.045-3.67x107% O
X_@—.229—5.43x10‘”i@ @—.6211.779@ @.467—2.37><10'”i@
[] 1 (] D—.223i.653iD [] | []

= 268+6.29x107%H H.227+.822i H H-.242+6.92x107"i
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Complex Eigenvalue Solver

MSC/NASTRAN QZ algorithm
Real Imaginary Real Imaginary
1 -1.31x107 1.67x10° 0 1.67x10°
2 2.79x10 2.38x10° 0 2.38x10°
3 -1.77x107 2.66x10° 0 2.66x10°
29 -4.46x10" 1.53x10* 4.46x10" 1.53x10*
30 4.46x10" 1.53x10* -4.46x10* 1.53x10*
31 -1.07x10° 1.71x10* 0 1.71x10*
32 -1.95%x10°® 1.76x10* 0 1.76x10*
73 2.06x10° 3.88x10" 0 3.88x10"
74 -2.42x10" 3.90x10" 2.42x10" 3.90x10"
75 2.42x10* 3.90x10" -2.42x10* 3.90x10*
76 1.44x10° 4.04x10* 0 4.04x10*
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QZ algorithm

AX = ABX
QAZy =AQBZy, x=2y

* Ais reduced to upper Hessenberg
B Is reduced to upper triangular

* AIs reduced to quasi-triangular
(generalization of QR)
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Conclusions

* For a real asymmetric eigenvalue problem,
double shift QR or QZ algorithm should be
used

» Other methods produce fictitious complex
eigenvalues
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