Analytical Solution of a Non-homogeneous PDE for Vibration of an Elastic String
Additional Note for Homework #2
February 13, 2000

We shall solve a vibration problem of an elastic string spanned on the interval (0,1) :

g%—g%:f(x,t) L () 0(0,1% oo #0 )

with the homogeneous initial condition
du
u(x,0)=—(x,0)=0
(x.0)=52(x.0)
and the homogeneous boundary condition
u(0,t)=u(Lt)=0.

To do this, we first assume that the non-homogeneous term  f (X,t) can be expressed by

f(x,t):gfk(t)sin(knx) T () =2f) £ (£.)sin (k) d

Then assuming the solution U (X, t) in the following form

[

u(xt)= Z u, (t)sin (krx)
we shall find appropriate coefficient functions U, (t) Substitution of this into the differential equation

yields

d0°u 0°u _0o* 9*0& .
o o D acgy st

and then



ddztlik (t)+(krr)2 u, (t) =1, (t)

From the homogeneous initial condition, we have

0, (0)= 5 (0) =0

Assuming the solution U, (t) in the form

u, (t)=a(t)sin(kmt) +b(t)cos(k rt)

dd_ Z—a sin (krit) +ak rrcos (k n)+%cos(k 1) bk min(k t}
2
ddtlik (;?sin(knt)wj—k mcos (k 7t) —a(k 7' sin(k 1)

2

+%cos(km)—2%kmin(k 1) -b(k ¥ cos(k 1)

that yields

Defining

2 2

da . da d“b db .
:Fsm(km)wknacos(k 1t) +Fcos(k 1) —2k r{d_tsm(k 7y
= f.(t)

a_:%and b :@,We have
dt dt

(;_fsm(knt)wkzﬁcm(k ")+%C°5(k 1) -2k brsin(k oy =£, (t)

Thus assuming

we have

a(t)=cf, (t)cos(kmt) & b(t)=—f, (t)sin(krt) , cOR



(;—Tsm(knt)+2kracos(k n)+%cos(k 1) -2k mrsin(k o}

:c%sin(km)cos(kn)—ck nif, sin® (k 1) +2ck 7, cos? (k t)
—c%cos(km)sin(kn)—ck rif, cos® (k 1) +2ck 7, sin® (k 1)
=ckrrf, = f, (t)

That is, c:ki and

m
- 1 = 1 .
a(t):Gfk(t)cos(km) & b(t):—Gfk(t)sm(knt)

Integrating these in time, we have

I _ 1 .
a(t)—m N (t)cos(kmr)dr & b(t)= G.ro f (7)sin (kmr)dt

that is
1 . t 1 t .
u, (t) = o7sin (knt)I f, (7)cos(km1)d T—Gcos(k 71t)'[0 f (7)sin(k md 7
-—I fi ( sm knt— ))dr
It is also noted that this satisfies the homogeneous initial condition U, (O) = %(0) =0. Therefore,

the solution of the differential equation becomes

[

u(xt)= ;uk (t)sin(knx)—ki sin (k x) f sm(k n(t - 1))

T

Exercise 1  Solve the same initial-boundary value problem by changing the boundary condition

u(ot)=

ou
—(1 =
aX(,t) (Y

Exercise 2  Plot the solution u (X,t) of the non-homogeneous initial-boundary value problem with



homogeneous boundary and initial condition, when f (X,t) is given by

f(xt)_g if (x,t)0(0.48,0.52% (0,2) p
’ _%) if otherwise

Exercise 3  Solve the problem with the homogeneous boundary and initial condition for the PDE

d%u d%u
6?_0267: f(xt) ., (xt)0(0.1k Feo #o0)

for a given constant c.  ///



