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ABSTRACT. A well-known theorem of Bottcher asserts that an analytic germ
f:(C,0) — (C,0) which has a superattracting fixed point at 0, more precisely
of the form f(z) = az® 4 o(z*) for some a € C*, is analytically conjugate
to z — az® by an analytic germ ¢ : (C,0) — (C,0) which is tangent to the
identity at 0. In this article, we generalize this result to analytic maps of
several complex variables.

INTRODUCTION

An analytic germ f : (C,0) — (C,0) with a superattracting fixed point at 0 can
be written in the form

f(2)=az" + O, a#0, k>2.
In 1904, L. E. Béttcher proved the following theorem.

Theorem (Bottcher). If f : (C,0) — (C,0) has a superattracting point at 0 as
above, there exists a germ of analytic map ¢ : (C,0) — (C,0), which is tangent to
the identity at 0 and conjugates f to the map h : w — aw” in some neighborhood
of 0, i.e., po f =ho¢.

The germ ¢ is called a Béttcher coordinate for the germ f.

Bottcher coordinates have been an essential tool in the study of complex dynam-
ics in one variable; a Bottcher coordinate gives polar coordinates near the associated
superattracting fixed point, which are compatible with the dynamics of f. In the
case of the superattracting fixed point at infinity for a polynomial, the angular
coordinate is called the external angle and its level curves are called external rays.
The importance of external angles and external rays was emphasized in [DH].

It is quite natural to ask whether there is an analogue of this theorem in higher
dimensions; that is, given an analytic germ F': (C™,0) — (C™,0) is there an ana-
lytic germ @ : (C™,0) — (C™, 0) which conjugates F' to its terms of lowest degree?
According to Hubbard and Papadopol in [HP], “the map is not in general locally
conjugate, even topologically, to its terms of lowest degree; the local geometry near
such a point is much too rich for anything like that to be true.” Hubbard and
Papadopol present the following example to illustrate their point.

Example 0.1. Consider the map
F :C?* — C? given by (z,9) — (2% +¢°,9°).
Let H : C? — C? be the map (z,y) — (22,y?). There is no analytic conjugacy

between F' and H in a neighborhood of the origin because the dynamics of the
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FIGURE 1. For polynomials of one complex variable, the Bottcher
coordinate of oo extends throughout the entire basin if the filled
Julia set is connected. The checkerboard pattern in the pictures
above highlights the external rays in each picture. On the right is
the filled Julia set of the model map, z + 22, and on the left is the
filled Julia set for a quadratic polynomial.

maps are incompatible. Indeed, the critical locus of F' consists of the the two axes,
which is also the critical locus of H. But the map H fixes the two axes, whereas F'
fixes y = 0 and maps x = 0 to the curve t — (¢3,¢2).

However, there is another explanation which is more relevant to our discussion.
The critical value locus of F' contains the curve ¢ — (#3,¢2) which has a cusp; any
smooth conjugacy would have to map this singular curve to a component of the
critical value locus of H; however, the critical value set of H consists of z = 0 and
y = 0, which are smooth. So certainly no analytic conjugacy exists.

Remark 0.2. In the example above, the map H : C™*t! — C™*! is homogeneous
and nondegenerate. It descends to an endomorphism of projective space h : P™ —
P™; the critical locus and the postcritical locus of H will be cones over the critical
locus and postcritical locus of h.

Therefore, if F' is going to be locally conjugate to a homogeneous map in a
neighborhood of 0, each component of the critical locus and postcritical locus of F'
containing the superattracting fixed point, must be an analytic cone; that is, each
of these components must be the image of a cone under an analytic isomorphism.
This is a rather strong condition; the homogeneous maps certainly satisfy it, and
we will see in Section [3] that there are other families of maps which satisfy this
criterion.

The following people have studied the dynamics of maps with superattracting
fixed points in higher dimensions: J.H. Hubbard and P. Papadopol develop a very
important theory of Green functions for maps with superattracting fixed points in
C™ (see [HP]), C. Favre and M. Jonsson classify contracting rigid germs of (C?,0) in
[EJ]. Some of their work has been extended by M. Ruggiero in [R1] and [R2]. Both
S. Ushiki and T. Ueda have results about a Béttcher theorem in higher dimensions:
Ushiki presents a local Béttcher theorem in C? for maps of a special form in [Us],
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and Ueda presents both local and global Bottcher theorems in C™ for a particular
family of maps in [Uel].

In this article, we begin with an analytic germ F : (C™,0) — (C™,0), which
has an adapted superattracting fized point at 0. We present necessary and sufficient
conditions for such an F' to be locally conjugate to its quasihomogeneous part at
0. Our criteria are stated in terms of admissible vector fields; these vector fields
detect the shape of the postcritical locus of our map F' to see if the analytic cone
condition in Remark [0.2]is satisfied. The relevant definitions are in Section [L1l

Theorem 0.3 (Local Béttcher Coordinates). Let F': (C™,0) — (C™,0) be a germ
of an analytic map having an adapted superattracting fixed point at 0 € C™. Let
H : C™ — C™ be the quasihomogencous part of F' at 0 with multidegree (k1, ... k).
Then the following are equivalent.

(1) There is a germ of an analytic map ® : (C™,0) — (C™,0) such that
®(0) =0, Do®=id and ®oF =Hod.
(2) There is an admissible p-tuple of germs of vector fields (&7 ..., &,) such that
DFo¢; =k; &oF

near 0 for all j € [1,p].
(3) There is an admissible p-tuple of germs of vector fields ((1,...,(,) such
that (; is tangent to the germ of the postcritical set of F for all j € [1, p].

The proof of Theorem is a beautiful confluence of classical results of Euler,
Poincaré, Cartan, and Arnol’d with the theory of Green functions developed in
[HP]. Sections [I.2 are devoted to presenting these results and adapting them
to our setting.

In Section 2] we present a result about extending a local Bottcher coordinate
® to a larger domain. More precisely let €2 be a complex analytic manifold, and
F : Q — Q be an analytic map with a superattracting fixed point at a € . The
basin of attraction of a for F' is the open set of points whose orbits converge to
a. The immediate basin is the connected component of the basin containing a; we
denote the immediate basin as B, (F).

Theorem 0.4 (Global Béttcher coordinates). Let © be a complex analytic man-
ifold, F' : Q — € be a proper analytic map with a superattracting fixed point at
a€Qand H:T,Q — T,Q be a quasihomogeneous map. Suppose that
e there is a local isomorphism @ : (2,a) — (1T,9,0) with o F = H o ®;
e near a,  maps the postcritical set of F' : B,(F') — B,(F) to the postcritical
set of H : Bo(H) — Bo(H).
Then, ® extends to a global isomorphism @ : B, (F) — Bo(H) conjugating F to H:

B, (F) ——2— By(H)

|

B, (F) ——2— By(H).

T

In [B], C. McMullen asked about constructing postcritically finite endomorphisms
F : P" — P such that the complement of the postcritical locus is Kobayashi hy-
perbolic. In [ES], Fornzess and Sibony presented two examples of postcritically
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finite endomorphisms P2 — P? with this property. A new and systematic way of
generating such examples is the subject of [K]; in Section |3} we apply our results
to some of these maps, which include the examples of postcritically finite endomor-
phisms constructed by S. Crass in [C] (see Remark [3.2). And finally, in Section

we conclude with some remaining questions.

Acknowledgements. We would like to thank our colleagues for their constant
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Curtis T. McMullen, John Milnor, and Saeed Zakeri.

1. THE LocAL RESULT

1.1. Set Up. Throughout Section [T} we will use the following notation.

F is a C-linear space of dimension m > 1.

(-|-) is a Hermitian product on FE.

|| - || is the associated norm.

E=FE @ & E, is the direct sum of p > 1 linear spaces.

(mj : E = Ej)jen,p are the projections associated to the direct sum.

for v € E, we denote v;:=m;(v) € E;.

For F : (E,0) — (E,0) an analytic germ, we denote Fj:=m; 0 F : E — Ej.
if (Hj : Ej — Ej)jep,p) are maps, then Hy @ --- @ H), is the map

Es>vi+- +vpy = Hi(v1) +- + Hp(vp) € E.

e ki,...,k, are integers greater than or equal to 2.

The word adapted in Definition [I.1] refers to this data.
Recall that a map H : L — L on a C-linear space L is homogeneous of degree
k>1if

Yoe L, H(®w)=d¢,...,v)

k times

for some k-linear map ¢ : L*¥ — L. Equivalently, H is analytic and
YAEC, Yoe L, H(\w)=NH().
The homogeneous map H is nondegenerate if H=1{0} = {0}.

Definition 1.1. An analytic germ F : (FE,0) — (F,0) has an adapted superat-
tracting fized point if for all j € [1, p], there is a nondegenerate homogeneous map
H;: E; — Ej; of degree k; > 2 such that

Fy(0) =, Hy(o;) + Ol - s ).
The map Hy @ - -- @ Hy, is the quasihomogeneous part of F at 0 and (k1,...,kp) is
its multidegree.

Note that the derivative of a map at an adapted superattracting fixed point
necessarily vanishes. The particular form of F}; implies the following invariance

property.

Lemma 1.2. The spaces E;r::{vj = 0} and Ej; are locally totally invariant under
F’; that is, there exists a neighborhood V' of 0 such that

FYENV=E/ NV and F Y (E)NV=E;nV.
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Proof. Let us first prove that EJT is locally totally invariant. First, if v; = 0, then
Fj(v) = 0. This shows that near 0, EJT C Ffl(EjT). So if EJT were not locally
totally invariant, we could find an analytic germ

v:(C,0) = (F7Y(E]),0) with ~j:=m;jovy#0.

The order of vanishing m of 7y; at 0 would be finite. Since H; is nondegenerate with
degree k;, the order of vanishing of H;o~; would be k;-m. So the order of vanishing
of Fj oy = Hjov;+ o(||v;]|*) would be k; - m < oo which is a contradiction since
by assumption F} oy = 0.
Next, note that
E;=(\E/.
i#]
Since the spaces E, are locally totally invariant, it follows that the space E; is
locally totally invariant. O

We want to give necessary and sufficient conditions for the existence of an iso-
morphism @ : (E,0) — (F,0) conjugating F to its quasihomogeneous part H, i.e.,
such that ® o F = H o ®. Such an isomorphism is called a Bottcher coordinate for
F.

For v € E, there is a canonical isomorphism between the C-linear space E and
the tangent space T, F. Together, these isomorphisms induce a canonical bundle
isomorphism between TE and E x E. If (v,w) € E x E, we shall denote by (v;w)
the corresponding tangent vector in T,E. If F : U C E — FE is an analytic map,
we denote Dy F : T,E — Tp,)E the derivative of F' at v € U. We denote by
DF : TU — TE the bundle map (v;w) — D, F(v;w). We shall denote by F’(v; w)
the vector in £ corresponding to DF(v;w) € Tp(,)E.

Definition 1.3. Let ¥yaq and ¥4, ..., ¥, be the linear vector fields £ — TE
defined by
Vo € E, Uraa(v):=(v;v) and 9;(v):=(v;v;).

Note that ¥yaq =1 + -+ + V.

Definition 1.4. A vector field £ is asymptotically radial if £ is defined and analytic
near 0 € E with £(v) = Drad (v) + o(|[v]]).
v—r

A p-tuple of vector fields (&1,...,&,) is admissible if
e for all j € [1,p], §; is defined and analytic near 0 in E, {; is tangent to Ej,
&; vanishes when v; = 0 and §;(v) = 9;(v) + o(]|v]]), and
v—>
e for all i € [1,p] and all j € [1, p], the vector fields &; and £; commute.

The tangency condition in Theorem |0.3| requires some explanation. We say that
an analytic vector field ¢ on an open set U is tangent to an analytic set A C U if
¢(a) belongs to the tangent space T, A for every a in the smooth part of A. We
say that a germ of an analytic vector field ¢ at 0 is tangent to the germ of the
postcritical set of F' if there is a neighborhood U of 0 such that

e F and ( are defined and analytic on U,

e F:U — F(U) CU is proper and

e the vector field ¢ is tangent to the critical value set of F°" : U — F°™(U)
for all n > 1.
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When F' is not postcritically finite, the postcritical set of F' is not analytic and
the third condition involves tangency to a priori infinitely many analytic sets.

1.2. Quasihomogeneous Maps. Let L be a C-linear space. If H : L — L is a
homogeneous map of degree k > 1, then
(1) DHO’L?rad:]{}-ﬂradOH.

This is known as Euler’s identity. In fact, the converse is true. If H : (L,0) — (L, 0)
is a germ of an analytic map, then H is the germ of a homogeneous map of degree
k > 1if and only if DH o ¥yaq = k - ¥raq © H near 0. We shall adapt this result to
our setting as follows.

Definition 1.5. A map H : E — F is quasihomogeneous of multidegree (k1, ..., kp)
if there are homogeneous maps H; : F; — E; of degree k; with H = H1 ©--- @ Hp,.

The following two lemmas about quasihomogeneous maps will be used later.

Lemma 1.6. Let X C E be such that near 0, the set H~'X coincides with the
graph of a function ¢ : (E],0) = (Ej;,0). Then X = H'X = E] near 0.

Proof. Due to the structure of H = H; ® H] : E; ® E] — E; ® EJ, and due to
the homogeneity of H;, we have that

H(e*™ ¥y +o]) = Hy(™/Fiv;) + H (v] ) = Hy(v;) + H] (v]) = H(v; + 0] ).
So
v Jrv;rEH’lX = eQm/kﬂ'ijrv;rGH’lX.

Since near 0, the set H ' X coincides with the graph of ¢, we have

vi=ov)) = Ty =)
for v; sufficiently close to 0. Thus ¢ = e~2m/k;ip and so ¢ vanishes identically near

0. This shows that H~'X = E near 0, which implies that X = E near 0. [

Lemma 1.7. Let H : (F,0) — (E,0) be a germ of an analytic map. Then, H is

the germ of a quasihomogeneous map of multidegree (k1,...,k,) if and only if
Vje[l,p], DHov;=kj-9;0H.

Proof. Assume H = Hy & --- ® H, with H; : E; — E; homogeneous of degree

k; > 1. Then, H;(v;) = ¢i(vi,...,v;) with ¢; : Eff — E; a symmetric k;-linear
map and so, H(vi;;w;) = ki - ¢i(vi, ..., v, w;). Thus, for all vi=v; + -+ v, € E,

P
H’(U;Uj) = Zk, . d)i(vi, ce ,’Ui,ﬂ'i(’t)j)) = kj . d)j(l}j, .. .,’Uj) = kj . Hj(Uj).
i=1
This shows that DH o 9;(v) = k; - 9; o H(v).
Conversely, assume DH o9, = k; - ¥; o H for all j € [1,p]. In other words,
Vjel,pl, H'(v;v;)=kj-mjoH(v).

Let (U; C Ej)je,p) be neighborhoods of 0 such that

e M is analytic on U:=U, + ...+ U, and
o if v € Uj and |>\‘ <1, then )\’Uj S Uj
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Let v =v1 +--- 4+ v, be a point in U. Fix j € [1,p]. The map
Xi (A1, Ap) =m0 HA\ur 4+ ..o 4 Apup)

is defined and analytic in a neighborhood of the closed polydisk D”. In addition,
for all i € [1, p),

v s
X =m0 H (\ur + - 4 Apop; vy)
o\
1
= /\71 C Ty OH/()\l'Ul + ... +)\p'l)p;)\i’l)i)
k;
= smjom; o H(A v + ...+ Apup).
If i # j, then Ox;/0\; = 0, which shows that x; only depends on A;. In addition
ox; kj
(2) af)f:ﬁ'ﬂjo)(j-
J J

Let H; : (E;,0) = (E;,0) be the restriction of 7n; o H to E;. The previous
discussion shows that
VA1, A) €D°) XA, Ap) = x5 (0,...,0,X4,0,...,0) = H;(A\jv;).

In particular, taking A\; = --- = A, = 1, we have that 7; o H(v) = H;(v;), and so
H=H,® - @ H,.
Finally, the differential equation implies that
BHj()\vj) kj

I\ = THJ(AUJ)

Consider the map
Y A= AR H; (Owy)
which is defined and analytic in a neighborhood of D. Its derivative satisfies
k.
V'(N) = =k ATHTH; (wg) + AR SHH; () = 0.
As a consequence, ¥(\) = (1) for all A € D. So H;(Mv;) = A% H;(v;) and H; is
the germ of a homogeneous map of degree k;. 0

1.3. Linearizability of analytic vector fields. The following result is due to
Poincaré. We include a proof for completeness.

Lemma 1.8 (Poincaré). Any asymptotically radial vector field £ is linearizable:
there is a germ of an analytic map ® : (E,0) — (E,0) such that ®(0) = 0, Dy® = id
and DP o & = ¥5q 0 D.

Proof. Let J be defined in a neighborhood of 0 in E by

Re(&(v)|v
J(v)::<”£v(2)|>.

Since ¢ is asymptotically radial, we have that
J(v) o 14+ O(|v]]).
So, there are constants C' and r > 0 such that

Yo e B(O,r), |J(w)—1] <Clo| <1/2.
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In particular, £ is outward pointing on the boundary of B(0,r). Let F;(v) = F(¢,v)
be the flow of the vector field £. Since ¢ is outward pointing on the boundary of
B(0,r), the map F; is defined and analytic on B(0,r) for all ¢ < 0.

For t <0, set Gy:=log||F|. Then, for ¢t <0,

0G

W = Joft Z 1/2
and so, Gy < Gy +t/2 and || F;|| < re'/2. In addition,
—1
‘8“’;)’ Vo Fi— 1] < O||F| < Cret’2,

So,
0
(Ge —t) = (Gg—0) < / Cre*? du < 2Cr  and therefore e™!||F|| < re2°".
t

For t <0, let ®; : B(0,7) — F be the map defined by
Oyi=et - F.
Note that ®;(0) = 0, Do®; = id. Since DF; = £ o Fy, we see that
DPioé=e"(oF=e" (UraaoFi+o(|Fll)) = Yraa 0 Pt + o([|P¢]).

The previous estimates show that the family (®;)i<o is uniformly bounded on
B(0,7) by re?°". Thus, it is normal. Any limit value ® as t — —oo linearizes
&

DP o =1.5q09. (Il

Corollary 1.9. Let ({1,...,&p) be an admissible p-tuple of germs of vector fields.
Then, the &; are simultaneously linearizable, i.e., there is a germ of an analytic
map ® : (E,0) — (F,0) such that ®(0) =0, Dg® = id and D® o &; = ;o ® for all
jelpl

Proof. The germ of the vector field £:=£; + - - - + &, is asymptotically radial, thus
linearizable. Let ® : (E,0) — (E,0) be the linearizer. The vector fields D® o ¢;
commute with D® o & = ¥,,q. It follows that they are linear vector fields and so,
Ddo ¢ = ;. O

1.4. Liftable Vector Fields.

Definition 1.10. Let F' : U — V be an analytic map. An analytic vector field £ on
V' is liftable if there is an analytic vector field ( on U which satisfies DF o = £o F.
We say that ( lifts &.

The critical point set of F' is the set Cr of points € U for which D, F is not
invertible. The critical value set of F' is Vp:=F(Cy). If £ is a liftable vector field
on V and if ( lifts &, then for all x € U — Cp, we have

((z) = (D F) 7€ 0 F(2).

Thus, when F has discrete fibers, a liftable vector field £ on V admits a unique lift
¢ on U and we shall use the notation

F*é=C.
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Lemma 1.11 (Arnol’d). Let F': U — V be an analytic map with discrete fibers.
Let € be a vector field which is analytic on V and tangent to the critical value set
Vr. Then, £ is liftable and F*¢ is tangent to Cp.

Proof. The vector field F*¢ is well defined outside the critical point set. According
to a lemma of Hartogs, it is enough to show that F*¢ extends analytically outside
a subset of U of codimension 2 in order to know that it extends globally.

Since F' has discrete fibers, the critical point set Cpg is either empty or has
codimension 1. Thus, outside a codimension 2 subset of U, the critical point set Cg
is smooth. Moreover, it follows from the Constant Rank Theorem that for generic
x € Cp, the kernel of D, F does not intersect the tangent space to Cp at x.

Thus, near generic points in Cr, the map F may be locally expressed as

($17' "7xm—17xm) — (yla" '7ym—17ym) = ('rlv" '7xm—17x1lr€n)

for some integer k > 2. Since the vector field £ is tangent to the critical value set
{ym = 0}, it is of the form

0 0 0
e ——— Y ——
3 flayl 13 13ym71 Ym& o
and
. P P ok P
R ko (=S P

0 0 1 0
= F)y—+... m_10F —Tm&m o F | —
(610 )bt 1 0 F) 50—+ (om0 F) 52
which clearly extends analytically through the critical set {x,, = 0} and is tangent
to the critical set. g

Lemma 1.12. Let F': U — V be an analytic map with discrete fibers, let £ be a
liftable vector field on V, and let (:=F*¢ be its lift to U. Let ¢(t, z) be the flow of
&, and ¥(t, z) be the flow of .

(1) For all z € U and for ¢ sufficiently small, we have

F(w(t"z)) = ¢(t7F<Z))

(2) If €0 F(z) =0, then ((z) = 0.
(3) If ¢ is tangent to an analytic set A C U, then ( is tangent to F~1(A).

Proof. It z € U — Cp, then F : (U,2) — (V, F(z)) is a local isomorphism. It sends
the vector field ¢ to the vector field £&. Thus it conjugates their flows, and the
equality in part holds for z € U — Cp and t is sufficiently small. If z € Cp, it
holds by analytic continuation (with respect to z).

Parts and follow immediately since when the flow of £ preserves an ana-
lytic set A (which may be reduced to a point if ¢ vanishes at this point), then the
flow of ¢ preserves the analytic set F~1(A). O

We shall now study how admissible p-tuple of vector fields behave under pullback.

Lemma 1.13. Assume F : (E,0) — (F,0) is an analytic germ having an adapted
superattracting fixed point. Let (&1,...,§,) be an admissible p-tuple of liftable
vector fields. Then, (ki - F*&1,...,kp - F*§,) is an admissible p-tuple of vector
fields.
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Proof. Fix j € [1,p], and set ¢;:=k; - F*¢;. Since the vector field {; is tangent to
E;, the vector field ¢; is tangent to F~!(E;). According to Lemma F~Y(Ej)
coincides with E; in a neighborhood of 0. Thus, the vector field (; is tangent to
E;.

Since the vector field &; vanishes on E;'—::{vj = 0}, the vector field ¢; vanishes on
F1 (EJT) According to Lemma F1 (E]T) coincides with EJT in a neighborhood
of 0. So (; vanishes on E]—r

Since (; vanishes at 0, we may write

Gi(w) =7i(w) +o(|lvll) with 7;(v):=(v; 4;(v))

for some linear map A; : £ — E. It remains to prove that 7; = ¢¥; which amounts
to showing that A; = m;. Since (; vanishes on E]T , the linear map A; vanishes on
E]T Thus it suffices to show that the restriction of A to E; is the identity.

The map F' restricts to a self-map F} : F; — E;. The vector fields §; and (;
restrict to vector fields on E; (because they are tangent to E;). It suffices to show
that A;(v;) = v;. We therefore restrict our analysis to the space E;, omitting the
index j:

e F(v) = H(v) + o(||v||¥) with H : E — E a nondegenerate homogeneous
map of degree k,

o &(v) = (v;0) +o(|lvl),

e ((v) =7(v) +o([jv]]), and

e DFo(=k-£oF.

On the one hand,
DF o ((v) = (F(v): F' o ((v)) = (F(); H' o ¢(v) +o[lo]*~ - [¢w)]))
(P); i 0 7(0) + o(ll0]))

On the other hand,

koo F() = (F)ik- F@) +o(IFW)) = (F@):k- H@) +oflo]]*) ).
It follows that H' o 7(v) = k - H(v), thus
DHort(v)=k- (H(v); H(v)).

According to Euler’s identity, we therefore have 7(v) = (v;v) which implies that
A(v) = v as required. Lastly, the vector fields ¢; and ¢; commute for all 7, j € [1, p]
since the vector fields &; and &; commute for all ¢,j € [1, p]. O

1.5. Dynamical Green Functions. We shall use dynamical Green functions in-
troduced by Hubbard and Papadopol [HP]. We will first recall the construction for
homogeneous maps, and then explain how this construction may be adapted to our
setting.

Let H : L — L be a nondegenerate homogeneous map of degree k£ on a C-linear
space L of dimension m. Then, the function

1
Up iU ElogHH(v)H —log ||v]|
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is defined and bounded on L—{0}. It follows that the sequence of plurisubharmonic
functions

on Uy o F°
it og 17 = 6 + 3 2T LR U o)
=0
converges uniformly on L to a plurisubharmonic function Gy : L — R U {—o0}
which is continuous on L — {0} and satisfies
Gu(v) =log|lv|+O(1) and GypoH =k-Gpy.

We shall adapt this construction to our setting as follows.
Lemma 1.14. Let F : (E,0) — (F,0) be an analytic germ having an adapted

superattracting fixed point. There is a neighborhood U of 0 in E such that for all
j € [1,p], the sequence of functions

g;l::kin log||m; o F°"|| : U = R U {—o0}
J

converges locally uniformly in U to a plurisubharmonic function G; : U — RU{—o0}
satisfying,
Gi(w) = log|m;(v)||+O(1) and GjoF =k;-G;.

Proof. Let U C FE be a sufficiently small neighborhood of 0 so that F' is defined
and analytic on U, F(U) C U and U is contained in the basin of attraction of 0.
The functions

1
g;lzzk—n log||mj 0 F°"'|| : U = RU {—oc}
J

are then defined and plurisubharmonic on U.
By assumption
Fj(v) = Hj(vy) + O([[oll - o ]1*).
Since H; is homogeneous of degree k; and nondegenerate, ||v;||* = O(||H;(v;)||).
As a consequence,

s o F@) = [E5)| o~ [H i)l = [|H; o 75 0)]

v—0

and restricting U if necessary, the function
log ||mj o F[| — log || Hj o |
1
is defined and bounded in UijT. The function T log | Hjomj||—log ||7;|| is defined
J

and bounded in F — E]—r since H; is homogeneous of degree k; and nondegenerate.
It follows that the function

1
ugi=—log |1m; o F| — log |
J

is defined and bounded in U — E.
Now, the sequence

g°+z ““’F .U — RU {—o0}

converges uniformly on U to a plurlsubharmonic function G; whose difference with
GJ = log ||| is bounded as required. O
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1.6. Cartan’s Lemma. We shall use the following lemma of Cartan which is a
multidimensional version of the Schwarz Lemma. We include a proof for complete-
ness.

Lemma 1.15 (Cartan). Let V be a bounded connected open subset of E containing
0, let ® : V. — V be an analytic map such that ®(0) = 0 and Dy® = id. Then,
¢ =id.

Proof. The iterates ®°" are defined on V for allm > 0. Forn > 1,let ¥, : V —» E
be defined as the average

1= .,
W, = d°7,
Then,
d°m —id
—
In addition, the sequence (¥,,),>1 is normal. Let ¥ be a limit value. Then,

U(0)=0, Dy¥ =id and Tod =1U.

U,(0)=0, Do¥, =id and ¥,o0d =1, +

In particular, ¥ is invertible at 0 and ® is equal to the identity near 0, thus in V'
by analytic continuation. |

Corollary 1.16. Let V and W be bounded connected open subsets of F containing
0,let ®:V — W C E be an isomorphism and ¥ : V — W be an analytic map
such that ¥(0) = ®(0) and Dg¥ = Dy®. Then, ¥ = .

Proof. Apply Cartan’s lemma to ® oW :V — V. O

1.7. Proof of Theorem (1) = (3). Foralln > 1, H" = H{" ©--- & HJ"
and the critical value set of H°™ is

Vior = Vion + -+ + Vign.

For all j € [1,p] and all n > 1, the critical value set of H;" : E; — Ej is homo-
geneous (i.e., a complex cone with vertex at the origin). Thus, for all j € [1, p],
the vector field ¥J; is tangent to the critical value set of H°" and the vector field
(;:=®*V; is tangent to the critical value locus of F°".

For all 4, j, the vector fields ¥; and ¥; commute, thus ¢; and {; commute. Since
Dy® = id the linear part of (; at 0 is ¥;. Since the vector field 9; is tangent to
E; and vanishes on E]T, the vector field (; is tangent to ®~'(E;) and vanishes on
<I>_1(EJT).

We claim that for all j € [1,p], we have that ®(E]) = E; near 0. Indeed, recall
that E]T is locally totally invariant by F' (see Lemma. So X ::‘I)(EJ-T) is locally
totally invariant by H. Since Do® = id, X and thus H !X is locally the graph of
a function ¢ : E] — E;. According to Lemmam7 X=H'X=E].

It follows that <I>_1(EJ-T) = E]T near 0. In particular, ®~!(E;) = E; near 0
(because E; is the intersection of all the E;' for i # j). Consequently, ¢; is tangent
to F/; and vanishes on E]T Thus the p-tuple of vector fields ((1, . . ., (p) is admissible.

(2) = (1). According to Corollary since (&1,...,&p) is admissible, there
exists a germ of an analytic map ® : (F,0) — (F,0) such that Dy® = id and
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D®o¢; =10 for all j € [1,p]. Then, ® conjugates F' to a map F, defined and
analytic near 0 in F, satisfying

According to Lemma F is quasihomogeneous with multidegree (k1. kp).
Since Dy® = id we have that F' = H.
(3) = (2). Let Uy be a sufficiently small neighborhood of 0 in E so that

e F is defined and analytic on Uy, F(Up) C Uy, and Uy is contained in the
attracting basin of 0,
e the vector field (; is defined and analytic on Uy, tangent to the critical
value set of F°" : Uy — F°"(Up) for all m > 0 and all j € [1,p].
Then, (; is liftable by F°" and we may define a holomorphic vector field ;' on Uy
by
Gk - (o).
Then, for all n > 0, we have that DFOC;‘+1 = kj-(j o F. According to Lemma
the p-tuple of vector fields (7', ...,()) is admissible. We will show that there is a
neighborhood V' of 0 in £ on which the sequence of vector fields ((}')n>0 converges
uniformly to a vector field &; for all j € [1,p]. Then, the p-tuple of vector fields
(&1,...,&p) is admissible and satisfies DF' o {; = k; - & o F for all j € [1,p]. The
proof will then be completed.
According to Lemma the sequence of functions

n 1 on
QF,j::k—nlogHWjoF II: Up = RU{—00}
J

converges locally uniformly in Uy to a function Gg; : Up — R U {—o0} which is
plurisubharmonic and satisfies

Gri(v) =, log||m;(v)|| + O(1) and GpjoF =k;-Gp,.

We set

Gp:= max g;kJ and Gp:= max] Gr,.

JEN,pP] JEp
Note that these functions are plurisubharmonic in Uy and take the value —oo only
at 0. In addition, the sequence of functions G converges locally uniformly to Gg
in Up. In particular, if M > 0 is sufficiently large, the level sets {GE < —M} are
compactly contained in Uy. From now on, we assume that M > 0 is sufficiently
large so that the sets

Vn::{v el : Vjell,p], g;{j(u) < —M}
are compactly contained in Uy for all n > 0.

Similarly, the sequence of plurisubharmonic functions

1

ggj-::k—n log ||mj o H"|| : E — RU{—o00}
J

converges locally uniformly in E to a function Gy, : £ — R U {—oo} which is
plurisubharmonic and satisfies

Gr,j(v) o logHWj(v)H +0(1) and Gy, oH =k;j-Gp .
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We set
Gfyi= max Gy, Ggi= max Gy; and Wy={veFE : Gf(v) < -M}.
Jelpl JEN,p]
According to Corollary there are germs of analytic maps ®,, : (E,0) — (E,0)
such that Do®, = id and D®, o (} = ¥J; 0 ®, for all n > 0 and all j € [1,p].

According to Lemma for all n > 0, the map ®,, 0 F o <I>n+1 (E,0) = (E,0) is
quasihomogeneous, thus equal to H.
In other words, we have the following commutative diagramsz

(E,0) — % oty (E,0) (E,0) —*> (E,0)
Fl iH and Fonl \LHO"
(E,0) ——= (£,0) (£,0) — (E,0).

Lemma 1.17. For n > 0, the linearizing map ®,, is analytic on V.

Proof. Let us first show that the linearizing map ®,, is defined on V,,. Recall that
®,, is defined as the linearizing map of the asymptotically radial vector field

=G+ G
Note that flowing along C? during time ¢ < 0 decreases 9%7 ; by t. It follows that
flowing along (FO”)*C;) during time ¢ < 0 decreases Q%yj o F°" by t. Thus, flowing
along (;* during time ¢ < 0 decreases Gf ; by ¢. Finally, since the vector fields
(Q;‘)je[l,p] commute, flowing along (" during time ¢ < 0 decreases G by t.
In particular, the flow of (™ is defined on V,, for all ¢ < 0, every trajectory

remains in V,, and converges to 0. If we denote by F,, this flow, the linearizing map
®,, may be obtained on V,, as

®,(v) = lim e ' F,(t,x).

t——o0

O

Since V,, is connected, the following commutative diagram holds by analytic
continuation to V,:
E
E.

uj:=log ||mj o ®ol| — log |||

is defined and bounded on Uy — E]T

v, ——

Fon(Vn) L

Lemma 1.18. The function

Proof. Since Dy®y = id, we have the a priori estimate
750 @0(v) = m5(0) + ool

As in Section we show that that X:=®(E]") coincides with E; near 0.
Indeed, ET is locally totally invariant by F. So H™'X = &, (ET) is a graph of a
functlongo (EJ 0) — (E};,0) near 0. According to Lemma. 6p X =H 'X = E—r
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Consequently, 7; o ®¢ vanishes on E], and so
w0 Do(v) = mi(v) +o(m;(v)]).
The lemma follows immediately. 0
Observe that

1
Grrjo®, = k—nlogij o H" 0 @,
J

1
— log ||j 0 &g o F°|| =

1 on n
J

Ky
Setting
Vi={veU : Gr(v)<-M} and W:={veU : Gu(v) < -M},

we deduce that G}, o ®,, converges uniformly to G on every compact subset of V.
Therefore the sequence (®,,) is uniformly bounded on every compact subset of V.
Similarly, any compact subset of W is contained in the image of ®,, for n large
enough, and the sequence (®. 1) is uniformly bounded on every compact subset of
wW.

Thus, the sequence of maps (®,) is normal on any compact subset of V' and
the sequence of maps (®,!) is normal on any compact subset of W. Extracting a
subsequence, we see that there is an isomorphism ® : V' — W such that ®(0) = 0
and Dy® = id. According to Cartan’s lemma, any limit value of the sequence
(®,,) must coincide with ®. Thus, the whole sequence (®,,) converges to ® locally
uniformly in V' and the sequence (CJ” = &% J,) converges to & = *V;.

This completes the proof of Theorem 0.3

2. THE GLOBAL RESULT

We will now prove Theorem Since F : Q — Q is proper and since B,(F)
is a connected component of F‘?BG(F))7 the restriction F' : Bo(F) — B, (F) is
proper.

Let Guj : E - RU{—o0} and Gy : E — R U {—00} be the dynamical Green
functions of H introduced above. Let Gp; : Bo(F) — RU {—o0} be defined by

Grs () = G o ® 0 F'(2)
J
where n > 0 is chosen sufficiently large so that F°"(z) belongs to a neighborhood
of a on which ® is defined. Let Gp : B,(F) — RU {—o00} be defined by
QF:: max gpyj.
JE[Lp]
Let M > 0 be sufficiently large so that ® : (F,0) — (F,0) has an inverse branch
defined on
W:={veFE : Gp(v) < —M}.
Set V:=®~1(W), so that ® : V. — W is an isomorphism. Increasing M if necessary,
we see that V is relatively compact in B, (F).
For j € [1,p], set
fjiiq)*’ﬂj
which is defined and analytic near 0. Then, §; = k;-F*&; near a. Since 9, is tangent
to the postcritical set of H, and since near a, the map ® sends the postcritical set



16 X. BUFF, A.L. EPSTEIN, AND S. KOCH

of F: Bo(F) — B,(F) to the postcritical set of H : By(H) — By(H), the vector
field &; is tangent to the postcritical set of F' : B, (F) — Bo(F). In particular, §; is
tangent to the critical value set of F°" for n large enough. Thus we can extend &;
to the whole basin of attraction B,(F) using the formula {; = k7 - (F°")*§; for n
large enough. We therefore have a vector field ¢; which is defined and analytic on
Bo(F') and satisfies £; = k; - F*¢; on B, (F). Let (t,x) — F¢ ;(x) be the flow of the
vector field &; and let (¢,z) — Fi(z) be the flow of the vector field

=6t 6
Lemma 2.1. The map F; is defined on B, (F) for all ¢ < 0. For all z € B,(F'), we
have that F¢(x) — 0 as t = —oo0.

Proof. We first want to prove that F; is defined on B, (F) for all ¢ < 0. The maps
Fi,; are defined and analytic on V for all ¢ < 0. Indeed, ® : V' — W conjugates
Fi,; to the linear map

Hejivi+ o+, 01+ 401+ v; + 041+ + v

The equality §; = k;-F*§; yields FoF; j = Fj ¢ joF and so, F°"oF; j = ]-"kyt,joFO".
For all z € Bo(F), if n is large enough, Finy j o F°" (z) remains in a compact subset
of B, (F) for all ¢ <0. Since F°" : B,(F') — B,(F) is proper, F; ;(x) also remains
in a compact subset of B, (F), and so, is defined for all ¢ < 0. Since the vector fields
&; commute, we have that

.Ft :Ft,lo"'oft,p-
So, Fi is defined on B, (F') for all ¢ < 0.

Near 0, we have that Gr; = Gg jo ® and ® o F;; = H;; o ®. In addition,

Gu,joHe; = Gu,j +t. It follows that near 0, we have that

GrjoFij=0r;+t.

The equality §; = k; - F'*&; yields Flo Fy j = Fi,¢50 F. So, for t <0, the following
equality is valid on B, (F):

1 on 1 on
GrjoFi;= kfngF,j o F°" o Fyj = kfngF,j o FrpejoF
j j

1
= kng,jOFon+t:gF,j+t.
j

As a consequence, for ¢t < 0, the following equality is valid on B, (F):
GroFi=GrpoFi10--0F, =0p +1

We now prove that F~1{0} = {0}. As we have seen, each trajectory (7 (x))KO

remains in a compact subset of B, (F'). Since G o F; = Gp +t, as t — —o0, each
trajectory (.7-} (x))t<0 must converge to a point where Gr takes the value —oo, i.e.,

to a point in the backward orbit of 0. We may therefore partition B,(F) in the
basins of those points (for the flow F;). The basins are open and since By (F) is
connected, there is only one such basin: the basin of 0. ([l

The linearizer ® of £ extends to the whole set B,(F) by
O(r)=e " ®o Fy(x)
where ¢ < 0 is chosen sufficiently negative so that F;(z) € V.
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It is injective on B, (F'). Indeed, assume ®(z1) = ®(x2) with 1 and 3 in B, (F).
Choose t < 0 sufficiently negative so that F;(z1) and F;(z2) belong to V. Then,

® o Fi(z1) = e'®(z1) = e'®(23) = ® o Fy(2)
Since ® : V' — W is an isomorphism, we have that F;(z1) = F¢(x2), and so,
Tr1 = .F_t o ]-"t(:cl) = .F_t o ft(xz) = T2.

The equality ®o F' = Ho® holds on B, (F') by analytic continuation. This shows
that ®(B,(F)) is contained in the basin of attraction By(H).

Finally, ® : B,(F) — By(H) is proper, thus an isomorphism. Indeed, let K C
Bo(H) be a compact set and let n > 0 be sufficiently large so that K,,:=H°"(K) C
W. Since ® : V — W is an isomorphism, ®~1(K,) C V is compact. Since
F°" . B,(F) — B,(F) is proper, F~™ (<I>_1(Kn)) is compact. This compact set
contains ®~!(K) which is closed since ® is continuous. It follows that ®~1(K) is
compact.

This completes the proof that ® : B,(F) — By(H) is an isomorphism.

3. APPLICATIONS

In this section we apply our theorems to a family of postcritically finite endo-
morphisms of projective space which arose in [K] and were studied in [BEKP].

Let h : P — P™ be an endomorphism; that is, a map which is everywhere
holomorphic (the map has no indeterminacy points). Let C;, be critical locus of h.
We define the postcritical locus of h to be

= |J r°m(cn).
n>1
The endomorphism h is postcritically finite if Py, is algebraic. Equivalently (via a
Baire category argument), each component of Cy, is either periodic, or preperiodic
to a periodic cycle of components in Pp. Postcritically finite endomorphisms of P
were first studied by Forneess and Sibony in [ES].

3.1. Constructing endomorphisms. The following construction is a particular
case of a more general construction in [K]. Let I be a finite set of cardinality m > 1.
Denote by E the C-vector space of functions  : I — C whose average is 0. For
x € E, we use the notation z;:=z(i) and set

P.(t): m+1Z/ w — x;) dw.

jer Y% zEI
The polynomial P, is the unique monic centered polynomial of degree m + 1 whose
critical points are the points (x;);cr, repeated according to their multiplicities, and
for which the barycenter of the critical values (Px(%))l cr 18 0.
The function y:=FP, oz : I — C belongs to FE and satisfies
We denote by H : E — E the map defined by
H(z):=P,ox.

Proposition 3.1. For m > 2, the map H : E — FE is a homogeneous map of
degree m + 1. For m > 3 it induces an endomorphism % : P(E) — P(E), where
P(E) is the projective space associated to E (isomorphic to P™~2(C)).
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Proof. The polynomial P, depends analytically on x € E, therefore H is analytic.
Since

Py (Nt) = mtl Z/ H w — Ax;) dw
A

jeI Ti 4el

w_Av mt Z / H /\U - sz) d(AU) = Anl-i_lpw()f)7

jer YT qer

we have H(Az) = At H(x), so H is homogeneous of degree m + 1.

Assume P.(z;) = 0 for all ¢ € I. This means that P, has only one critical
value, namely 0. Therefore P, has only one critical point. Thus « is constant, and
the average of x is 0, so we have z = 0. This implies that H~1(0) = {0}, and
consequently, H : E — E induces an endomorphism h : P(E) — P(E). O

Remark 3.2. The endomorphisms S. Crass constructed in [C] are exactly those
obtained from the procedure above when the multiplicity of each of the (z;);es (the
critical points of the polynomial P,) is equal to 1.

On the other hand, each of the endomorphsims F' : P* — P™ constructed in
[C] is postcritically finite and fixes (n + 1)(n 4 2)/2 hyperplanes, which comprise
the critical locus of F. The endomorphisms F' restrict to a critically finite endo-
morphsims in each hyperplane; all of the maps in our construction above can be
obtained as an appropriate restriction of such a map F.

The significance of these endomorphisms is that their fixed points correspond
to polynomials with fixed critical points. More precisely, we have the following
correspondence.

Proposition 3.3. If z is a fixed point of H : E — FE, then P, is a monic centered
polynomial of degree m + 1 with fixed critical points. If P is a monic centered
polynomial of degree m + 1 with fixed critical points, then there exists z € FE such
that H(z) = z, and P, = P.

Proof. First let x be a fixed point of H. The polynomial P, is monic, centered, and
of degree m + 1. The critical points of P, are the z;, and x; = P,(x;) for all i € I.

Conversely, let P be a monic centered polynomial of degree m + 1 with fixed
critical points. The polynomial P has exactly m critical points (counted with
multiplicity). Let  be a surjection from I to the critical set of P such that for each
critical point ¢ € Cp, the cardinality of 7!(c) is the multiplicity of ¢ as a critical
point of P. Then z € E, and P, = P, and x is a fixed point of H. O

A set of particular interest is the noninjectivity locus
A:={z € E:3i# j with z; = z;}.

By Proposition [3:3] the fixed points of H correspond to polynomials with fixed
critical points: the fixed points in £ — A correspond to polynomials with simple
critical points, whereas the fixed points in A correspond to polynomials with at
least one multiple critical point.

The locus A is a union of hyperplanes which are invariant by H; it is a stratified
space where each stratum is invariant. More precisely, denote by Part(I) the set
of all partitions of I, and set Part*(I) = Part(I) — {I}. Let Z € Part*(I) be the
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singleton partition of I: that is
I.={{i} :i e I}.
Given J € Part™(I), let Ly C E be the linear space defined by
Lg:={xz € E : z is constant on each element of J}.

Note that E = Lz and the dimension of Ly is |J| — 1. We say that K € Part™(I)
is a contraction of J € Part™(I) if all elements of K are unions of elements of 7.
We denote this as K =< 7, and if I # J, we use the notation I < 7. When K is a
contraction of J, the linear space Lx is contained in L7, and the codimension of
Li in Ly is |J| — |K|. The stratification of A is given by

A= U L.

JePart*(I)-1

If x € Lz, then H(x) = P,ox is constant on each element of J. Thus H(Ly) C L.
In particular, h : P(E) — P(F) restricts an endomorphism h : P(Ly) — P(L7).
For J € Part*(I), define the set

AJ:: U LK.
KePart* (1)
K<J

Remark 3.4. Assume zx is a fixed point of H in E — A; then by Proposition
P, has m fixed critical points. The polynomial P, is of degree m + 1, so there is
a unique (repelling) fixed point of P, which is not critical. Moreover, since P, is
centered and m + 1 > 3, the fixed points of P, are also centered; this implies that
this fixed point is at 0.

Consequently, the rational map f : w+— 1/P,(1/w) has degree m+ 1, a repelling
fixed point at co, and m + 1 superattracting fixed points. This map is therefore the
Newton’s method of a polynomial @ of degree m + 1.

The critical points of f are the zeroes of @, and the zeroes of Q”. Since f has
a critical point of multiplicity m at 0, Q”(w) = aw™ ! for some a € C* and Q
vanishes at 0. An elementary computation then shows that

1
P.(z) = ﬂz + 2™t
m

This polynomial is indeed one with simple critical points which are fixed. So H has
exactly m! fixed points in £ — A.

3.2. The endomorphisms are postcritically finite. Our goal now is to prove
that the endomorphisms h : P(Ly) — P(Ly) are postcritically finite: we will
identify the critical locus of H : Ly — L, and show that it is invariant. For this
we will use the following observation.

Let J be a nonempty proper subset of I. Let E; be the set of functions J — C
whose average is 0. There is a natural projection 7y : E — E; given by

E > x+—— z|; — Average(z|s) € Ej.

Let Hy : E; — Ej be the homogeneous map constructed as above with the set J
instead of the set I.
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FIGURE 2. The polynomial P(z) = 2+ 2% has five critical points,
each of which is a superattracting fixed point of P. There is a
repelling fixed point at 0. The polynomial P is conjugate to a
Newton’s method for finding roots of some polynomial @ as dis-
cussed in Remark B4

Lemma 3.5. Assume J € Part*(I), x € Ly — Az, and J € J. Then, as v — 0 in
FE, we have the following expansion

myoH(x+v)=Cy-Hjoms(v) +O(||’U|| . ||7rJ(v)|||J|+1) with Cj; € C—{0}.

Proof. Without loss of generality, assume that mj:=|J| > 2 since otherwise E;
has dimension 0, and the result is vacuous. Set y:=xz + v, a,:=Average(y|s) and
zi=ny(v) =7;(y) = yls — ay. Let Q. be the polynomial defined by

Qz(t):zmjnjl Z / H(w—zz) dw.

jeJ YEi qed

Then
Py(t)=(m+1)JJt—w) and QL(t—ay) = (ms+1) ][]t -y
iel icJ
Thus
") =QL(t—ay) - wi _mtl —Yi
Py(t) = Qz(t y) Ry(t) th Ry(t) my+ 1 ieIH_J(t yz)~

Since ¢ € Ly — Ay, for all i € I — J we have x; # a,, thus Ry (ay) # 0. For all
1€ Jand j € J, as y — x, we have:

o [y =il =2 — 2l = O(|2]),
o sup |QL(t—ay)| = O(||z]"), and

tE[yi,y;]

o sup |R,(t) — Ru(a;)| = O([[v]).
telyi,y;]
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Thus for all i € J and j € J,
Py(y;) = Py(yi) — (Q=(2)) — Q=(2:)) Re(as)

= [ R0 - @t - ay) Rfa)

Iz
= / QL(t — ay) (Ry(t) — Ru(az)) dt € O(JJo] - 2] +1).
Yi
Setting Cj:=R,(a,), we deduce that for all j € J,
1 1 o+l
Py(yj) — p—— ;Py(yi) =Cy- (Qz(zj) - ;QZ(%)) +O([loll - [I=l™ 1)

my+1 :
=Cy - Q:(2) + O (|l - [I2]™ ).
(Recall that ), ; Q.(2) = 0 since Q. is centered). The lemma follows since
myoH =P, oy|l; — Average(P,oy|;) and Hjyomy(y)=Hy(z) =Q,0z O
Proposition 3.6. For J € Part™(I), the critical set of H : Ly — Lz is Az,
H(A7)=Ag,and h: P(Ly) = P(Ly) is postcritically finite.
Proof. Tt is enough to prove that the critical set of H : L7 — L7 is A7 as the rest
is an immediate consequence. Given Jy, Jy € J, set
K:=J;UJy and K= K:(Jl, JQ):ZJ - {Jl, JQ} U {K}
Note that £ < J and |K| = |J| — 1, so that Lx has codimension 1 in L. Choose
a vector v € Ly — Ly so that Ly = Lx @ Span(v). According to Lemma for
all x € L as t — 0 we have
Ti o H(z + tv) = O(tEIH1),
It follows that the Jacobian of H : L; — L 7 vanishes with order at least |K| along
Li.
Now

Ay = U Lic(r,12)
J1.Je€T
J1#J2

and Ly, ,1,) is a critical component of H : Ly — Lz with multiplicity |J1| + |Ja|.
So A7 is contained in the critical set of H : L7 — L7 as a hypersurface of total

degree
> Al = (T1=1)- > = (7]~ 1)-m.
JIJ,IJ#QJezJ JeJg

Since H : L7 — Ly is a homogeneous map of degree m + 1, its critical locus is a
hypersurface of total degree dim(Ly)-m = (|7 — 1) -m. And therefore the critical
set of H : L7 — L coincides with A 7 as required. O

We now analyze the spectrum of D, H : T, E — T, FE, where z is a fixed point of
H : E — E. It turns out that for the fixed points in £ — A, we have a complete
understanding of this spectrum as outlined in the example below.

Example 3.7. We now demonstrate by way of example that the eigenvalues of
D, H at a fixed point z € E — A are precisely \p:=(m + 1)/k,k € [1,m — 1], with
corresponding eigenspace Span(xk)ﬂ

IRecall that z : I — C is a function and z* is the function i — a:f e C.
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According to Remark [3:4] there is a unique polynomial

m+1
—z
m

P(z) = 4 ZmH

which is monic and centered, with simple fixed critical points, corresponding to
a fixed point of H in F — A. Observe that if ¢ is a critical point of P, then
P'(c)=—=(m+1)/c

Now if Pi(z) = P(2) +tQ(z) + o(t) with Q(z) € Cy,,—1[7], and if ¢; = c+tv+o(t)
is a critical point of P;, then

0= Pi(ct) = P'(c) +t(P"(c)v + Q'(c)) + o(t)
so that

v= _P”(C) = m+ 1Q/(C),

and
Py(c;) = P(c) +tQ(c) + tP'(c)v + o(t) = c + tQ(c) + oft).
Therefore v € T, F is an eigenvector associated to the eigenvalue A if and only if
/\LL‘Z‘ ’
mr1? )

This is clearly true if Q(z) = 2%, A = (m + 1)/k, and v; = z¥ /).

Viel, Q(I'Z)ZA’UZ:

3.3. Fixed points are super-saddles.

Proposition 3.8. Any fixed point of H : E — FE is a super-saddle. More precisely,
if z is a fixed point of H : £ — FE, then:

o IE =Ker(D,H) ®Im(D,H)
and if 7 € Part*(I) and z € L7 — Az then:
e Im(D,H)=T,L7, and
e the spectrum of D, H : T,,L 7 — T, L7 is contained in C — D and therefore
x is a repelling fixed point of H : Ly — L.

Proof. According to Proposition [3.6] x is not a critical point of H : L7 — L7, thus
the restriction D, H : T, L7 — T, L7 is invertible. As a consequence the image of
D, H contains T, L7 and Ker(D,H)NT,Ls = {0}. The kernel of the projection

= Z 7y T, E — EBTOEJ
Jeg Jeg

is T, L 7. According to LemmanoDacH =0forallJ € J. SomoD,H =0, and
the image of D, H is contained in Ker(w) = T,,L 7. This implies that Im(D,H) =
T.L7. In addition the codimension of Ker(D,H) is the dimension of T, L and
since Ker(D,H) NT, Ly = {0}, we conclude that T,,FE = Ker(D,H) ® Im(D, H).

Since H : Ly — Ly is homogeneous of degree m + 1, there is an obvious
eigenvalue m + 1 associated to the eigenspace Span(x). Proposition below
asserts that we can endow T, L 7 with an appropriate norm so that the linear map
(D,H)™! : T,Ly — T,Lys is contracting. As a consequence, the spectrum of
(D,H)™!:T,L; — T,L is contained in D and thus, the spectrum of the linear
map D, H : T, Ly — T, Ly is contained in C — D. [l
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By definition E is a subspace of C! of codimension 1. It is the kernel of the
linear form
:E3ve Z v; € C.
|1l &
As a consequence E* may be identified with the quotient (C!)*/Span(e!). Let
1: I — C be the function which is constant and equal to 1. Since C! = E®Span(1),
the dual space E* may also be identified with the orthogonal space

(Span(1 ) ={a € ( (chy 1) =0}.
More generally, given J C I let e’ € (Cf ) be the linear form defined by
e’ (v) | 7l Zvj
jeJ
Note that for J € Part™(I),
E=L;® ﬂ Ker(e”)
Jeg
and therefore L*; may be identified with

(Span(1))™" N Span(e”’; J € J) = {Z Asel i Xy eCand Y Ay = 0}
JeJg Jeg
Ifa= Z Nel e L then the pairing with v € L is given by
JeJg
v) = Z Agug with o(J) ={vs}.
JeJg

Given z € Ly — As we will now identify (T,L7)* with a space of quadratic
differentials, equip this space with an appropriate norm then identify the transpose
of (D,H)™! : T,L; — T,Lyz, and finally show that this transpose is strictly
contracting. So for J € J, let g be the quadratic differential defined on C by

dz?
qj = .
zZ—Xyg
Set
:{Z)\J(]{]I Z)\]ZO}
JeJ Jeg

A quadratic differential ¢ = > A;q; € Q, may be paired with a tangent vector

v e T, Ly as follows
)= Z Ajvg = Z Res;, (g &)
Jeg JeT

where &, is any holomorphic vector field near 2:(I) which takes the value vy at z ;.
According to the previous discussion, this pairing gives an identification of (T, L 7)*
with 9.

Choose R large enough so that P, !(Dpg) is compactly contained in Dy, where
Dp is the disk centered at 0 of radius R. We equip Q, with the L' norm

lall:= / gl
Dr
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Proposition 3.9. Assume x € Ly — As. The transpose of the linear mapping
(D,H)™':T,L; — T,L is identified with the push-forward operator

(P)e:Qu3q— Y gq€Q,
where g ranges over the inverse branches of P,. In addition,
Vae Qo |(Po)dl < llall-

Proof. The space Q, is the set of meromorphic quadratic differentials on P!(C)
which are holomorphic outside x(I), have at most simple poles along x(I) and at
most a double pole at co. Set P:=P,. If ¢ € Q, then P,q is a meromorphic
quadratic differential on P!(C). Since q has at most a double pole at oo, P.q also
has at most a double pole at co. The other poles of P,q are simple and contained
in P(x(I)) union the critical value set of P, that is z(I). This shows that P, maps

Q. to Q.. In addition
< lg"q| =/ lq </ lq| = [lql|-
/DR Z P-1(Dg) ‘ Dgr ‘ |

Pl = /DR ’Zg*q

Therefore we only need to prove that for all v € T, L7 and all ¢ € Q,

<q,v> = <P*Q7DTH(U)>

Fixv e T,Ls and q € Q.. Let U be the complement in Dp of pairwise disjoint
closed disks centered at the points of x(I), and contained in Dg. If £ is a C*
vector field on C which is holomorphic outside U, vanishes outside Dg, and satisfies
£ ox = v, then

{g,0) =) Ress,(q-6) =

JeJg

1 1 ~ 1 _
Py = q-8£=f/q~(9£~
U C

27 Jou TS Siokes 270 27
With an abuse of notation set
xp=x +tv, Pp=P,,, and yg=H(z;)= P,ouy.

Then,

. 83,35 . Byt
= = d g=— = D,H(v).

o ot =0 voand ot lt=0 )

In addition, the critical point set of P; is ;(I) and the critical value set of P; is

ye(I). Let (¢ : € — C),(_) be an analytic family of C*° diffeomorphisms such

that

® Yo = lda
e ; is the identity outside Dg,
e (; is holomorphic outside U and
® Yt =$t0y.
Note that
. 3%
=0
Ot lt=0

is a C* vector field on C which is holomorphic outside U, vanishes outside Dpg,
and satisfies ¢ o x = D, H(v). Since ¢, follows the critical value set of P; we can
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lift the diffeomorphisms ¢; : C — C to diffeomorphisms ¢, : C — C so that ¥y = id
and the following diagram commutes

(C,2(I)) —2> (C,2,(I))

Pl lpt

(C,y(I)) —= (C, (1))

Then,
PO
Y=t o
is a C vector field on C which is holomorphic outside P~!(U), vanishes outside
Dg, and satisfies 1) o x = v. In addition, the infinitesimal Beltrami differentials 0o

and 9y satisfy the relation

0 = P*(9¢).
Therefore
@ = [a-0i= [ 4702 = [ Pg-0p = (Pa.D.TW))
as required. (I

3.4. Superattracting fixed points of h : P(E) — P(E). If J € Part™(I) has
cardinality 2, then L7 has dimension 1 and its image in P(F) is a point ay. This
is a superattracting fixed point for h : P(E) — P(E).

FIGURE 3. On the left is a real slice of the immediate basin
B.,(h) in the case |I| = 4 and J = {Ji,Jo} with |J;| = 3
and |J3| = 1. The critical set P(A) contains three lines passing
through ay. Almost every orbit in B, (h) converges to as tan-
gentially along one of these lines; the immediate basin is colored
accordingly. Since |Jo| = 1, Ej, = {0} and Hy;, ® H;, = Hy,.
According to Proposition below, there is a Bottcher coordi-
nate ® : B, ,(h) — Bo(Hj, ). On the right is a real slice of the
immediate basin By(Hj,). The isomorphism & respects the color-
ing.
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We will now show that we can apply Theorems [0.3] and [0.4] Note that the map
H; ®Hy,: Ej, @ Ej, » Ej, @ Ej, is quasihomogeneous of bidegree (|J1], |J2|).

Proposition 3.10. Let J:={J1, J2} € Part*(I) and ay be the image of Ly in
P(E). Then there is an analytic isomorphism
(O3 Baj(h) — BO(HJ1 & H.]2)
conjugating h to Hy, & Hy,.
Proof. The analytic map h : P(F) — P(F) is proper, and has a superattracting
fixed point at a 7. We will prove that there is a local isomorphism
d: (P(E),az) = (Ej, ® Eyz,,0)

conjugating h to Hy, @ Hj,. Such a ® automatically maps the germ of the postcrit-
ical set of h at a7, i.e., the germ of P(A) at az, to the germ of the postcritical set
of Hy, ® Hy, at 0. So near a7, ® maps the postcritical set of h : By, (h) — B, (h),
that is B, (h) NP(A), to the postcritical set of Hj, & Hj,. The result then follows
from Theorem

To prove that there is a local conjugacy, we use Theorem Let

E—-{0}>xr [z] e P(E)
be the natural projection and let o be a local section defined near a7 in P(E). The
image of D, ;o is transverse to L which is the kernel of the projection
T=Ty + T, ZEJ—}E]‘]1 @EJQ.
It follows that m o D, o is invertible and so, the composition
a:=moo: (P(E),ay)— (E;, ® Ey,0)

is a local isomorphism. It conjugates h : (P(E),a7) — (P(E),as) to an analytic
germ F': (E‘J1 @EJZ,O) — (Ejl @EJQ,O).

Since H : E — E lifts h : P(E) — P(E), there is an analytic function A defined
near ay in P(F) with values in C — {0} such that

coh=X-Hoo.
Set
w= oa ' :(E;, ®Ey,,0) = (C,up) with pe:=X(0).
Set x:=0(0) and
Bi=coa ':(E; ®E,;,0) = (E, ),

and we have the following commutative diagram.

r

A

(E-H @ L, D)

Ié;
(E,.T) — X
HQ D
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Then, for v € E;, & E;, sufficiently close to 0, we have

F(v) = plv) - 70 H(B(v)).
In particular, F' = F, + F;, with, for J € J,

Fj(v) = p(v) - my 0 H(B(v)).

Note that if v = vy, + vy, with v; € Ej, then 7 (B(v) — :v) = vy and according to
Lemma [3.5] for J € J, we have

F;(v) = p(v) - Cy - Hy(vg) + O(|IB(0) = | - [lus]|/*?)
= po - Cy - Hy(vy) + O(|[o]l - [Jos | 71F1).

This shows that F' has an adapted superattracting fixed point with quasihomoge-
neous part ¢; Hj, @ coH j, for some constants ¢; and ¢z in C — {0}.

Assume v:=vy, + vy, with v; € E; and set y:=c o a~!(v). Then v is contained
in the postcritical set of F' near 0 if and only if y € A. As v tends to 0, y tends
to = and since z(J1) Nxz(J2) = 0, if v is sufficiently close to 0, the sets y(J1) and
y(J2) are disjoint. In that case, y € A if and only if vy, : J; > Cor vy, : Jo = C
is not injective. As a consequence, if v is contained in the postcritical set of F' near
0 then Ajvy, + Agvy, is contained in the postcritical set of F for all (\y, \g) € C?
and the vector fields ¥ 7, and 9, are tangent to the postcritical set of F' near 0.

According to Theorem there is a local isomorphism conjugating F' near 0 to
c1Hy, @ coHjy, near 0. The existence of a Bottcher coordinate

®: (P(E),ay) = (Ej, ® E;,,0)

conjugating the map h : (P(E),ay) — (P(E),az) to the quasihomogeneous map
H; ®Hy, : (E;, ®Ey,,0) = (Ej, ® Ey,,0) follows immediately. O

4. QUESTIONS FOR FURTHER STUDY

Theorem asserts that when a; € P(FE) is a superattracting fixed point of
h : P(E) — P(E) then there is a Bottcher coordinate ® : B, (h) — By(H ) with
Hy:=H; ®H,, : E;;®E;, — Ej, ®E},. The boundary of By(H 7) is a topological
sphere of real dimension 2m — 5. Does the inverse @1 : By(H7) — B, (h) extend
continuously to the boundary of Bo(H7)? Is the boundary of B,(h) topologically
the quotient of a sphere by an equivalence relation? How could such an equivalence
relation be described?

In dimension one, a global B&ttcher coordinate gives rise to a dynamical foliation
of the immediate basin by rays. What is the higher dimensional analog of these
rays? (E. Bedford and M. Jonsson have developed a theory of external rays for
polynomial endomorphisms of C" in [BJ]).

In dimension one, if two germs with a superattracting fixed point are topolog-
ically conjugate, then this topological conjugacy can be promoted to an analytic
conjugacy via a pullback argument. Can one give a topological and/or analytic
classification of germs having a superattracting fixed point in higher dimensions?
Do these classifications coincide?

In Section [3] we applied Theorems and to a superattracting fixed point
a7, which was the image of L7 in P(E), where |J| = 2. What happens for | 7| > 2?
In this case, dim(Ly) = |J| — 1, and the image in P(F) will be a projective space
of dimension | J| — 2. Is this projective space an attractor (in the sense of [M])?
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If |J| > 2 and if a € P(Ly) is a fixed point, then according to Proposition[3.8|the
spectrum of D,h : T,P(L7) — T,P(L ) belongs to C—D, and P(L ) is the unstable
manifold of a. The unique additional eigenvalue of D,h : T,P(E) — T,P(FE) is 0.
What is the structure of the set

W (a):= {b e P(E): h°"(b) — a}?
n—oo
Is it a smooth analytic submanifold of P(E)? Is it dynamically parameterized by
the attracting basin of the quasihomogeneous map

PDH -PE - PE?

JeJg JeJg JeJg

The maps to which we applied our theorems in Section[3] were postcritically finite.
Are there examples (apart from the quasihomogeneous maps themselves) which
are algebraic, and not postcritically finite but admit a Bottcher coordinate? The
converse is false: consider the map F : C? — C? given by F : (z,y) — (y — 2%, 9?).
One can verify that F' is postcritically finite. The derivative DyF' is nilpotent so
that F°2 has a superattracting fixed point at 0. In addition

F2(z,9) = (v* + o(y?), 4" + o(y?)).

The map F°? cannot be locally conjugate to the map (z,y) — (y?, y*) as this map
is not open.
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