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ABSTRACT. Let f: C—Chea postcritically finite rational map, and let Q((E)
be the space of meromorphic quadratic differentials on C with simple poles. We
study the set of eigenvalues of the pushforward operator fi : Q(C) — Q(C).
In particular, we show that when f : C — C is a unicritical polynomial of
degree D with periodic critical point, the eigenvalues of fx : Q(@) — Q((E) are
contained in the annulus ﬁ < Al < 1} and belong to %U where U is the
group of algebraic units.
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1. INTRODUCTION

Throughout this article, D > 2 and Ratp is the space of rational maps f : C—C
on the Riemann sphere of degree D. We denote the set of critical points of f by Cy
and the set of critical values by V. The postcritical set Py is the smallest forward

invariant subset of C which contains Vi:

=Jrme

n>1

We study posteritically finite rational maps; that is, rational maps f : C-C
for which P; is finite. It follows from work of Thurston that with the exception
of flexible Lattés maps (see for the definition), postcritically finite rational
maps are rigid: if two postcritically finite rational maps are topologically conju-
gate, then either they are flexible Lattes maps, or they are conjugate by a Mobius
transformation [DH2].

In fact, Thurston worked with the Teichmiiller space 7; of the Riemann sphere
marked with the postcritical set Py and he considered the holomorphic self-map
o Ty — ’Tf induced by pulling back complex structures on C \ P;. The fact that
the map f : C—Cis holomorphic is equivalent to the fact that the point 74 € T
represented by the standard complex structure on C \ Py is fixed by of. Thurston
proved that the pullback map o is contracting for the Teichmiiller metric on 7y,
so that it has a unique fixed point; rigidity follows.

A more elementary result that does not appeal to Teichmiiller spaces, concerns
infinitesimal rigidity: if ¢ — f; is an analytic family of postcritically finite rational
maps, then either the maps are flexible Lattés maps, or there is an analytic family
of Mébius transformations ¢ — M; such that My = id and f; o My = My o fy. The
proof of this result relies on the following lemma, in which Q(C) is the space of
meromorphic quadratic differentials on C with simple poles and f, : Q(@) — Q((E)
is the Thurston pushforward operator (see §3|for the definition).

Lemma 1.1 (Thurston). Assume f € Ratp is postcritically finite. If X\ is an
eigenvalue of fi : Q(C) — Q(C), then || < 1. In addition, A = 1 is an eigenvalue
if and only if f is a flexible Lattés map.

We derive infinitesimal rigidity in We then study the eigenvalues of f, :
Q(C) — Q(C). The subspace Qr C Q(C) of quadratic differentials with poles
contained in P; has finite dimension card(Py) — 3 and is invariant by f.. Let Xy
be the set of eigenvalues of f* Qf = Q £ and let Ay be the set of eigenvalues of

the induced operator f, : ( )/Qr = Q(C)/Qy.

Remark. The space Q canonically identifies with the cotangent space to the
Teichmiiller space 77 at the base point 77 and the coderivative of of at 77 identifies
with f. : @y = Qy. Thus, X coincides with the spectrum of the derivative of the
Thurston pullback map oy : Ty — T at its unique fixed point.

In 6, we study Ay and in §7, we study X, establishing the following results.

Theorem 1.2. Let f : C—Cbea posteritically finite rational map. The set Ay
consists of 0 and the complex numbers A € C~{0} such that 1/A\™ is the multiplier
of a cycle of f of period m which is not contained in Py. If A € Ap~{0}, then X is
an algebraic number but not an algebraic integer.
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Theorem 1.3. Let f : C—>Cblea posteritically finite rational map. If A € Xy,
then X\ is an algebraic number. If A is an algebraic integer, then either A =0, or f
is a Lattés map and

1 V3 1 V3
2 2 2 (-

Ae{iLiL2ii,—ii

In §8] we describe a way to compute the characteristic polynomial of the operator
fe : Qf = Q. We then apply this in to the case where f is a unicritical
polynomial with periodic critical point. We establish estimates on the size of the
coeflicients of the characteristic polynomial, which enable us to derive the following
result.

Theorem 1.4. Let f : C — C be a unicritical polynomial of degree D with periodic
critical point. Then

1
o if A€ Ay, we have that oD < Al <1 and

1
if A€ X h that — < |A| < 1.
o if A€ Xy, we have tha 4D<| | <

In both cases, DX\ is an algebraic unit.

The case of eigenvalues in Ay is covered by Proposition [0.6] and the case of
eigenvalues in ¥y is covered by Theorem and Proposition
Given D > 2, set

2(D) ==y,
!

where the union is taken over all unicritical polynomials f : C — C of degree D
with periodic critical point.

Theorem 1.5. The closure of X(D) contains the annulus rp < |[A| < 1 where rp
is defined by

1 2D if D is even
D n

2D cos (%) if D is odd.

The proof of this theorem relies on estimating the modulus of the multipliers of
unicritical postcritically finite polynomials of degree D at their fixed points. We
have an optimal estimate in the case when D is even, and we do not in the case
when D is odd. The proof also relies on the following equidistribution result which
might be of independent interest.

Lemma 1.6. Let

Po=1+ +cu2 €Clz] and Q, = =144 € C[1/z].

Cnzdn
If

e the sequence (d,) tends to oo as n — oo,

o the sequence (P,) is normal in the unit disk D, and

e the sequence (Qy,) is normal in C\D,

then as n — 0o, the roots of P, equidistribute on the unit circle S*.
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FIGURE 1. The set of eigenvalues of f, : QO — Qf for unicritical
polynomials f of degree 2 with periodic critical point, up to period
19. The set of eigenvalues (white) is contained in the annulus
1/8 < |A] < 1 (black). The picture on the first page of this article
shows the reciprocal of the eigenvalues (black).

The proof of Theorem [T.4]is given in §0.5 and §9.7 and the proof of Theorem
[1.5is given in Finally, in we pose some questions for further study.

Acknowledgments. We would like to thank Ben Hutz, Curtis McMullen, and
Bjorn Poonen for helpful conversations related to this project. We would like to
especially thank Giulio Tiozzo for many exciting discussions and pictures, and we
thank ICERM for their hospitality when much of this work was completed. And
finally, we would like to thank Bill Thurston: the picture on page 1 of his article [T]
inspired us to draw our eigenvalue pictures, which is where our initial investigations
began.

2. POSTCRITICALLY FINITE RATIONAL MAPS

Fix f € Ratp. It follows from the Riemann-Hurwitz formula that f has 2D — 2
critical points counted with multiplicity, and that f has at least two distinct critical
values. As a consequence, card(Py) > 2. If card(Py) = 2, then Vy = Py, and f is
conjugate to z — 2P,

2.1. Examples. In the following two examples, card(Py) = 3.
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e The polynomial f : z + 1 — zP has critical set C; = {0, 00}, posteritical
set Py = {0, 1,00}, and postcritical dynamics:
D
X\
ooQ p 0 1
N
e The rational map f : z — 1—1/z" has critical set C; = {0, 00}, postcritical
set Py = {0,1,00}, and postcritical dynamics:

D
oo/Nl/—\O
\/

Unicritical polynomials. For much of this article, we will focus on polynomials
C — C of degree D which have a unique critical point; these polynomials are called
unicritical. Every unicritical polynomial is affine conjugate to a polynomial of the
form f.(z) = 2P + ¢, where zy = 0 is the unique critical point with critical value
fc(0) = ¢. Fix an integer m > 1. In parameter space, the roots of the polynomial
G (c) == fo™(0) correspond to polynomials f. for which 0 is periodic of period
dividing m. These maps f. are necessarily postcritically finite with postcritical set
equal to
{oc} U | f2H0).
1<k<m
An argument due to Gleason shows that G,, has simple roots (see Lemma [9.4)), so
there are lots of postcritically finite polynomials. In fact, for D = 2 the boundary
of the Mandelbrot set is contained in the closure of the set U {roots of G, }.
m2>1

2.2. Cycles are superattracting or repelling. Recall that the multiplier of a
periodic m-cycle {z, f(z),..., f?™=D(x)} is the eigenvalue A of the linear map

D, fom: Tm((/i — Tz@ (this eigenvalue does not depend on the point in the cycle).
The periodic cycles of a postcritically finite rational map are either superattracting;
that is, A = 0, or repelling; that is, || > 1.

2.3. Lattes maps. The rational map f : C — C is a Lattes map if there is:

e a complex torus T := C/A, where A C C is a lattice of rank 2,
e an affine map L : T — 7T, and
e a finite branched cover © : T — C

so that the following diagram commutes.
T—2=T
J
C——C

The rational map f is necessarily postcritically finite, and Py is the set of critical

values of © : 7 — C. In addition, card(Py) € {3,4}. We shall use the following
characterization of Lattes maps with four postcritical points (see [Ml §4]).
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Proposition 2.1. A postcritically finite rational map with card(Py) = 4 is a Lattés
map if and only if every critical point if simple (with local degree 2) and no critical
point is postcritical.

Lattes maps are either flexible or rigid. The map f is flexible if

e for L of the form L : w +— aw + 3, we have a € Z, and
e the map © has degree 2.

Equivalently, f is flexible if it can be deformed, that is, if it is part of a one-
parameter isospectral family that is nontrivial [McM]. The Lattes map f is rigid
if it is not flexible. Flexible Lattés maps have four postcritical points (this follows
from the fact that © has degree 2). Rigid Lattés maps may have three or four
postcritical points.

Example. The map f : C — C given by f : z — (1 — 2/2)? is a rigid Lattes map
with Py = {0, 1,00} and has the following postcritical dynamics.

22,02+ 1@

Example. The family

{fe: C— @}te(C\{O,l} given by  fy:z— W

consists entirely of flexible Lattés maps. The posteritical set of f; is {0,1,¢, 00},
and f; has the following postcritical dynamics.

N
NS

N

3. QUADRATIC DIFFERENTIALS

*

Let U be a Riemann surface. A quadratic differential on U is a section of the
square of the cotangent bundle T*U ® T*U. We shall usually think of a quadratic
differential q as a field of quadratic forms. In particular, if @ is a vector field on U
and ¢ is a function on U, then q() is a function on U and q(¢0) = ¢?q(8).

If ( : U — C is a coordinate, we shall use the notation (d¢)? = d¢ ® d¢ (not
to be confused with the 1-form d(¢?)). On U (whose complex dimension is 1), the
ratio of two quadratic differentials is a function. In other words, any quadratic
differential ¢ on U may be written as

q=q (d¢)? for some function q.
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3.1. Meromorphic quadratic differentials. A quadratic differential q on Cis
meromorphic if ¢ = ¢ (dz)? for some meromorphic function ¢ : C — C. The
quadratic differential (dz)? has no zero and has a pole of order 4 at co. Since
the number of zeros of the function ¢ equals the number of poles of ¢, counting
multiplicities, the number of poles minus the number of zeros of q is equal to four.
In particular, g has at least four poles (counting multiplicities).

Let Q(@) be the set of meromorphic quadratic differentials with only simple
poles. For X C C, let Q((E;X) C Q(([A:) be the subset of quadratic differentials
whose poles are contained in X. For k > 0, let Qx(C) be the set of meromorphic
quadratic differentials whose poles in C are all simple and which have at worst a
pole of order k at oco.

Example. The quadratic differential (dz)? belongs to Q4(C) and for any = € C,

dz
the quadratic differential ( ) belongs to Q3(C) C Q4(C).

3.2. Pullback. The derivative Df : TU — TV of a holomorphic map f: U — V
naturally induces a pullback map f* from quadratic differentials on V' to quadratic
differentials on U:

f'q:=qoDf.
If f:(U,x) — (V,y) is holomorphic at , and ¢ is meromorphic at y = f(z), then
2+ ord,(f*q) = deg, f - (2 + ord,q).

3.3. The Thurston pushforward operator. If f : U — V is a covering map
and q is a quadratic differential on U, then we can define a quadratic differential

f+qonV by
J+q = Zg*q
g

where the sum is taken over all inverse branches g of f. If f : C — C is a noncon-
stant rational map and g = ¢ (dz)? is a meromorphic quadratic differential on ((Aj,
then the quadratic differential f.q, which is a priori defined on @\Vf, is globally
meromorphic on @, and

feq =7 (d2)? with r(y) Z I i
zef~1(y)

If g is a meromorphic quadratic differential on @, and if f : C — C is a rational
map, then or all y € C, we have

. 2 + ord,q
2+ord,(fyq) > min ———.
o) vef-i(y) deg,f

As a consequence,

e if X is the set of poles of g, then the set of poles of f.q is contained in
fXyuvy, ~

e if g € Q(C), then f.q € Q(C) an

e if f fixes oo and if g € Q(C) for some k > 0, then f.q € Qx(C).
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3.4. Transposition. If q is a quadratic differential on U and @ is a vector field on
U, we may consider the 1-form g ® @ defined on U by its action on vector fields &:

1
a©0(6) = ;(a(0+&) — a0 £)).
If
q=q(dz)? and 0:9%, then q® 0 = ¢f dz.

We shall use the following lemma which, in some sense, asserts that the transpose
of pushing forward a quadratic differential is pulling back a vector field.

Lemma 3.1. Let f : C — C be a rational map, let @ be a meromorphic vector field
on C, and let q be a meromorphic quadratic differential on C. Then

residue((f*q)®0,y) = Z residue(q@f*@,a:).
z€f~1(y)

Proof. Let v be a small loop around y with basepoint a. Then

[eawo=%[ wawo=Y[ qere-[ qure
¥ g “~{a} g J9(r~{a}) f=1)

where the sum ranges over the inverse branches g of f defined on y~{a}. ]

4. THE CONTRACTION PRINCIPLE

If q is a quadratic differential on U, we denote by |g| the positive (1, 1)-form on
U defined by

1 . 1 .
1q/(61,02) = 5"1(91 —i6y)| — 5’(1(91 +i6)|.
If ¢ = ¢ (d¢)?, then
1 _
gl = lal - 5d¢ A dC.
We shall say that q is integrable on U if

Il = [ lal < .
U

Note that q is integrable in a neighborhood of a pole if and only if the pole is
simple.

The following results due to Thurston will be crucial for our purposes. The
proof, based on the triangle inequality (see [DH2] for example), is transcendental.

Lemma 4.1 (Contraction Principle). Let f: U — V be a covering map and let q
be an integrable quadratic differential on U. Then,

I feallerovy < llallz @)
and equality holds if and only if f*(f.q) = ¢ q with ¢ : U — [0,+00) a real and

positive function.

Corollary 4.2. If f € Ratp is posteritically finite, then fy : Q(((A:) — Q(@) 18
(weakly) contracting. In particular, the eigenvalues of f. have modulus at most 1.

Corollary 4.3. Let f : C — C be a polynomial of degree D. Then for all k > 0,
the eigenvalues of fi : Qr(C) — Qk(C) have modulus less than 1.
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Proof. Suppose A is an eigenvalue and g € Q(C) is an associated eigenvector; that
is, ¢ # 0 and f.q = A\q. Let V be a sufficiently large disk so that U := f~1(V) is
compactly contained in V. Set V' := V~\V; and U’ := f~}(V’). Then

Al -llallzrovy = Al vy = Ifeallrevy < llgllcvwry = llallcvw) < llallzrovy-

The first inequality is an application of the contraction principle. The last inequality
is strict since U is compactly contained in V' and q # 0. In addition, ||g||z1y > 0,
so |A] < L. O

The proof of the following result is given in [DH2].

Proposition 4.4 (Thurston). Let f € Ratp, and suppose A is an eigenvalue of
fi: Q(C) = Q(C). If |\ =1, then f is a Lattés map with four postcritical points.
If \=1, then f is a flexible Lattés map.

5. INFINITESIMAL RIGIDITY

We now present a proof that with the exception of flexible Lattes maps, posteriti-
cally finite rational maps are infinitesimally rigid. This proof only relies on the fact
that when f is not a flexible Lattes map, 1 € Xy.

Here and henceforth, we consider holomorphic families t — ~; defined near t = 0
in C. We shall employ the notation

v: =1 and ﬁ':%‘
0 ©dt le=0

If t — f, is a family of rational maps of degree D, then & := f € TsRatp is a

section of the pullback bundle f*TC: for each z € C, &(z) € Ty(,)C. Setting

7(z) := (Do f) ' (€(x)) if z&Cy,

we define a meromorphic vector field 7 on @, holomorphic outside C¢, with poles
of order at most the multiplicity of x as a critical point of f when x € Cy. This
vector field satisfies

E=Dfor.

Theorem 5.1 (Thurston). Let t — f; be a holomorphic family of postcritically
finite rational maps of degree D, parameterized by a neighborhood of 0 in C. Then
either the maps are flexible Lattés maps, or there is an analytic family of Méobius
transformations t — My such that My = id and f; o My = My o fy.

Proof. Without loss of generality, we may assume that f is not a flexible Lattés map.
The fixed points of f; are superattracting or repelling and depend holomorphically
on t. There are D 4+ 1 > 3 such fixed points. Conjugating the family ¢ — f; with
a holomorphic family ¢t — M; of Mobius transformations, we may assume that f;
fixes 0, 1 and co. We will show that in this case, the holomorphic family ¢ — f; is

d
constant. It is enough to show that d—J;t identically vanishes, and since ¢t = 0 plays

no particular. role, it is enough to prove that f =0. R
Set £ := f € T¢Ratp and let 7 be the globally meromorphic vector field on C
such that € =Dfo .
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As t varies, the set Y; := Py, U{0, 1, 0o} moves holomorphically and f;(Y;) = Y;.
For each y € Y, let t — y; be the holomorphic curve satisfying yo = y and y; € Y;.
Set

dy ~
I(y) = th _ E€T,C

IfyeY and z:= f(y) € Y, then z; = fi(y;), so that
Yof=£+Dfod onY and dof=§& onCy.
Let @ be a vector field, defined and holomorphic near Y, with 8]y = 9. Then,
f*0 — 7 is holomorphic near f~(Y) and coincides with 8 on Y. Also note that
since f; fixes 0, 1 and oo, 8 vanishes at 0, 1 and oc.
Let Vy:=id — f. : Q(C;Y) — Q(C;Y). Observe that for g € Q(C;Y),

Z residue((qu) ® 0, y) (T) Z residue(q ® 0, y) — Z residue((f*q) ®0, y)

yey yey yeYy
= Z residue(q ® 0,y) — Z residue(q ® 70, x)
@ e zef-1(Y)
= residue(q ® 0, y) — Z residue(q @ (f*0 — 7),x)
®) yey zef~1(Y)
=0
(4)

Equality (1) holds by definition of V ¢; Equality (2) follows from Lemma Equal-
ity (3) follows from the fact that ¢ ® T is globally meromorphic on C with poles
contained in Y UC; C f~1(Y), so that the sum of its residues on f~(Y) is 0;
Equality (4) follows from the fact that f*@ — 7 is holomorphic near f~!(Y) and
coincides with @ on Y which contains the set of poles of q.

According to Proposition [£:4] since f is not a flexible Lattés map, A = 1 is not
an eigenvalue of f, : Q(C) — Q(C). The operator \ 9(C;Y) = Q(C;Y) is
therefore injective, thus surjective. It follows that for any q € Q(@; Y),

Z residue(q ® 6,y) = 0.

yey
Equivalently, 1 is the restriction to Y of a globally holomorphic vector field 6.
Since 0 vanishes at 0, 1 and oo, we have @ = 0. The vector field —7 = f*0 — 7 is
globally holomorphic and coincides with @ =0onY. SoTr=0and £ =Dfof =0
as required. O

The following corollary of infinitesimal rigidity is part of the folklore, but we
are not aware of a written proof. Our presentation provides a systematic way of
defining algebraic equations for the set of postcritically finite rational maps with
prescribed dynamics on the postcritical set.

Proposition 5.2. If f € Ratp is posteritically finite but not a flexible Lattes
map, then the Mobius conjugacy class of f contains a representative with algebraic
coefficients.

Proof. As in the previous proof, conjugating f with a Mobius transformation if
necessary, we may assume that f fixes 0, 1 and oo and set Y := Py U{0,1,00}. In
addition, set X := f~1(Y) and let 6 : X — N be defined by

0(x) :=deg, f.
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Let us identify C and P!(C) via the usual map P*(C) > [u : v] — u/v € C. For
N > 1, let us denote by H  the vector space of homogeneous polynomials of degree
N from C? to C. There is a canonical isomorphism between P!(C) and P(H1): a
point of P!(C), a 1-dimensional linear subspace of C?, is identified with the space
of forms on C? vanishing on this linear subspace; that is, a 1-dimensional linear
subspace of H;. This subsequently yields an identification of C with P(H,).

Note that Ratp may be identified with the open subset of P(Hp x Hp) corre-
sponding to pairs of coprime homogeneous polynomials of degree D. Such a pair
of polynomials defines a nondegenerate homogeneous polynomial map C2 — C? of
degree D which induces an endomorphism P*(C) — P!(C) of degree D.

We shall denote as C p the D-fold symmetric product of the Riemann sphere;
that is, the quotient of cP by the group of permutation of the coordinates. The
map

HlDB(Pl,...7PD)'—>P1X"'XPDEHD
induces an identification between C p and P(Hp).
Set
X :=Ratp x CX xC” and Y:=(Cp xC).

A point (g, B) € X may be represented by a triple (G, (4z)sex, (By)yey) where
G = (G1,G3) € Hp x Hp is a nondegenerate homogeneous polynomial map C? —
C? of degree D, and where A, € H; and B, € H; are linear forms C? = C. Recall
that Y C X and consider the algebraic map ¢ : X — ) induced by

(Ga (AJJ)JJEXv (By)er) — H Ai(x)a Ay
z€f~1(y) yey

and the algebraic map ¥ : X — ) induced by
(G, (Az)zex, (By)yey) = (By oG, By),ey -

Let us consider the algebraic set Z C X defined by the equation & = .
We claim that the triple (g, «, 5) belongs to Z if and only if we have a commu-
tative diagram

X 2=
fl
Yy ——

B

(@l

-

¢ with deg, (g =deg,f, and aly = fly.

o

Indeed,
Boc= J[ A
z€f~1(y)
if and only if for each x € f~!(y), the point a(r) € Cisa preimage of B(y) € C

by ¢ taken with multiplicity d(z) = deg,f. In addition, A, = B, if and only if
a(y) = B(y).
As a consequence, if (g,, ) € Z, then C; = a(Cf) C «(X). In that case,
Py =B(Ps) C B(Y), and g is posteritically finite.
Set
Zy={(g,0,8) € Z | a(0) =0, (1) =1, and a(c0) = co}.
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Note that the triple (f,id,id) belongs to Zy. According to Theorem [5.1} if f is not
a flexible Lattes map, then the algebraic set Z; has dimension 0 at f. This implies
that f has algebraic coefficients. O

6. THE EICENVALUES OF f, : Q(C) — Q(C)
Proposition 6.1. If f € Ratp, then 0 is an eigenvalue of f, : Q(@) — Q(@)
Proof. Let Y be a subset of @\Vf with card(Y) = 3. Set X := f~1(Y). Note that
X is disjoint from C¢ and
card(X) —card(C;) >3D — (2D —2) > D +2 > 4.
So there is a nonzero quadratic differential g which vanishes on C; and whose poles
are simple and contained in X. The quadratic differential f.q is holomorphic on

C\Y and has at most simple poles along Y. Thus, it has at most 3 poles counting
multiplicities, which forces f.q = 0. (]

Let us now assume f € Ratp is postcritically finite and set
Q; := Q(C; Py).

Note that f.(Qy) C Qy. Indeed, if g € Qy, then the poles of f*q are contained in
f(Pr)UV; =Py So, the set of eigenvalues of f, : 9(C) — Q(C) may be written

as the union Xy U Ay with
Yp:={A e C| Xis an eigenvalue of f, : Qf — Qr},
and
Ay :={A e C| \is an eigenvalue of f, : o(C )/Qf — Q(C )/ 9}
We postpone the study of X, and focus now on Ay.

Proposition 6.2. The elements of Ay~{0} are the complex numbers A such that
1/A™ is the multiplier of a cycle of f of period m which is not contained in Py.

Proof. To begin with, let us describe the space 0(C)/ Q. First, observe that if
qc Q( ), then the residue of g at a point = € Cis naturally a form on T, (C that
is, an element of T;(C. It may be defined as follows: if § € T,C and 6 is a vector
field defined and holomorphic near = with 6(x) = 6, then

residue(q, x)(0) := residue(q ® 0, x).

The result does not depend on the extension 6 since if 8, and @, are two holomor-
phic vector fields which coincide at z, then 8; —05 vanishes at x, so that g& (01 —805)
is holomorphic near z and residue(q ® 01, x) = residue(q ® 02, ).

Second, set

Py if card(Py) > 3,
| Py U{a} with « a repelling fixed point of f if card(Pf) = 2

So card(B) > 3, f(B) = B, and Qy = Q((E;B) (the equality holds even when
card(Py) = 2 since in that case, both spaces are reduced to {0}) . Set

P Tic.

zeC~B
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Note that €1y is the space of 1-forms on C~B which vanish outside a finite set.

~

Consider the map Res : Q(C)/Q; — Qf defined by
Res([q])(z) := residue(q, z).

This map is well defined since if g; € Q((@) and g, € Q(((A:) satisfy q, — q, € Qy,
then g, — g, is holomorphic on C\Py, so that residue(q,,z) = residue(qy, z) for
all x € C\B.

Lemma 6.3. The map Res : Q(@)/Qf — §y is an isomorphism of vector spaces.

Proof. First, if q € Q(((A:) and residue(q, z) = 0 for all z € @\B7 then q is holomor-
phic outside B, so that g € Q(C; B) = Qy. It follows that Res: Q(C)/Qy — Qy is
injective.

Second, given two distinct points z; and x5 in C, let w,, 5, be the meromorphic
1-form on C which is holomorphic outside {1, 22}, has residue 1 at 27 and residue
—1 at zo:

dz/(z —x1) —dz/(z —x2) if &1 # 00 and xo # o0,
Wayxy = § dz/(2 — 21) if xo = oo,
—dz/(z — x2) if 1 = c0.
Note that w,, ,, does not vanish.
Third, choose three distinct points 1, 2 and z3 in B. Given w € 2y, we may

define a function ¢ : C\B = C by

w(x) = ¢($) FWas,zs (1‘)
Since w vanishes outside a finite set, ¢ also vanishes outside a finite set. Set

q:= Z d)(x) CWoa @ Way xg-

zeC~B
Since z, x1, T2, and x3 are distinct, wg 4, OWg, 25 € Q(((Aj) Since ¢ vanishes outside
a finite set, the sum is finite and g € Q(C). By construction, for z € C\ B,

residue(qg, ) = ¢() - Wy, 2, () = w(2),

so that Res([q]) = w. It follows that Res : Q((E)/Qf — §)y is surjective. O

Observe that if y € CBC ((AZ\Vf, then D, f : Tm@ — Ty@ is invertible for any
z € f~(y), and in that case, the isomorphism Res : Q(C)/Q; — Q; conjugates
fe 1 Q(C)/Qf — Q(C)/Qy to the linear map f, : Oy — Qy defined by

fewly) = Y wo(Def)7h
zef~1(y)

Next, let X C C~B be a cycle of f of period m and multiplier u. Note that the
space
Ex = @ T;(/C\ C Qf
rzeX
has dimension m and is invariant by f. : Qy — Q.

Lemma 6.4. The endomorphism f. : Ex — Ex is diagonalizable. Its eigenvalues
are the m-th roots of 1/p.
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Proof. Suppose \™ = 1/u, and let &g — x1 — ... = ZTy—1 —> Ty = T be the
points of X. Let wg € T} C be any nonzero form. For 1 < j < m, define recursively

wj = Awj_10(Dy,_,f) " € T:j@.

Then

m
Wi = A"wp 0 (Dgy fO™)F = 7600 =wp

since Dy, fo™ : TIO@ — Txn(@ is multiplication by p and A™ = 1/pu. Tt follows that
the 1-form w € Q¢ defined by

l(e) = {o ifr d X,

w; fez=z,€X
satisfies f,w = Aw and w # 0 since wg # 0. . O

Finally, assume A # 0 is an eigenvalue of f. : Qf — Qy and let w € Qf be an
eigenvector associated to A. Set X := {z € C | w(z) # 0}. If w(y) # 0, then there
exists * € f~!(y) such that w(z) # 0. Thus, X C f(X) and since the cardinality
of f(X) is always less than or equal to the cardinality of X, we necessarily have
X = f(X). So X c C\B is a union of cycles of f. It follows from Lemma [6.4] that
the eigenvalues of f, : Q(@)/Qf — Q(@)/Qf other than A = 0 are the complex
numbers A such that 1/A™ is the multiplier of a cycle of f of period m which is not
contained in B. This completes the proof of Proposition @ when B = Py; that is,
when card(Py) > 3.

To complete the proof of Proposition when card(Py) = 2, observe that

e cither f is conjugate to z + 1/z” in which case there are D + 1 repelling
fixed points, each with multiplier 4 = —D, so that the multipliers of the
fixed points which are not contained in B are the multipliers of the fixed
points which are not contained in Py;

e or f is conjugate to z — zP; if D > 2, the proof is similar; if D = 2, there
is a single repelling fixed point at z = 1, its multiplier is 2 and we must
show that 1/2 is an eigenvalue of f, : Q((E)/Qf — Q(((A:)/Qf; in that case
the multiplier of the cycle of period m = 2 is u = 4, so that 1/2 is a m-th
root of 1/p.

This completes the proof of Proposition [6.2] O

Corollary 6.5. Let f € Ratp be postcritically finite. Then, Ay C ID.

Proof. A cycle of f not contained in Py is repelling. O
Example. If f(z) = z*P, then a cycle of period m not contained in Pris a

repelling cycle of multiplier (+D)™ and there is at least one such cycle for each
period m > 2. It follows that

27ip/
Ay ={0}U {erq pla € Q/Z}-

Note that card(Py) = 2, so that Qf = {0} and X = 0.
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Example. If f € Ratp is a flexible Lattes map, then a cycle of period m not
contained in Py is a repelling cycle of multiplier VD™ and there is at least one
such cycle for each period m > 1. It follows that

A 0 e2mip/q 7

= Uy —F—, € .

r=A{0} { 75 p/a€Q/ }

Proposition 6.6. Let f € Ratp be postcritically finite. If X € Ap~{0}, then X is
an algebraic number but not an algebraic integer.

Proof. As discussed in the previous example, the proposition holds for flexible
Lattes maps, so we may assume f is not a flexible Lattes map in this proof.

If f € Ratp and g € Ratp are conjugate by a Mobius transformation M; that
is, M o f = go M, then the linear map M, : Oy — Q, conjugates f. : Qy — Oy to
gx 1 Qg — Qg

9+(M.q) = M.(f.q) = M.(Aq) = AM.q.
Thus, Af = Ag.

According to Proposition the conjugacy class of f contains a representative
with algebraic coefficients. Without loss of generality, we may therefore assume
that this is the case for f and consider f as a rational map f : P}(Q) — P(Q).
Working over the algebraically closed field Q, we deduce that the multipliers of
cycles of f are algebraic numbers, so Ay consists of algebraic numbers.

If o : Q — Q is a Galois automorphism, then g := co foo™! : P}(Q) — PL(Q) is
posteritically finite. In addition, since g.(o.q) = 0.(f.q) and o(\) o.q = 0.(A\q),
we have that

fra=2qg <= g.(o.q) =0(A) o.q.
Thus, A € Ay if and only if o(A\) € Ay. According to Corollary if A € Ay, then
’a()\)| < 1 for any Galois automorphism ¢ : Q — Q. Thus, if A is an algebraic

integer, the product of A with its Galois conjugates is an integer of modulus less
than 1, which forces A = 0. ([

7. THE EIGENVALUES OF f, : Qf — Qy

From now on, we assume that card(Py) > 4 so that Q; is not reduced to {0}.
In that case, the dimension of Qy is card(Py) — 3, so f. : @y — Qy has at most
card(Py) — 3 eigenvalues.

7.1. Lattés maps with four postcritical points. According to Proposition [4.4]
if ¥ ¢ contains an eigenvalue of modulus 1, then f is a Lattes map with card(Py) = 4.
The converse is also true.

Proposition 7.1. Suppose f € Ratp is a Lattés map with card(Py) = 4. Then
fe 0 Qp — Qy is multiplication by A with |A| = 1. In addition, A = £1, or X
belongs to an imaginary quadratic number field. Any imaginary quadratic number
of modulus 1 may arise for some Lattés map. If \ is an algebraic integer, then \
is a root of unity of order 1, 2, 3, 4, or 6.

Proof. Since card(Py) = 4, the dimension of Qy is 1, so f, : @y — Qy has a unique
eigenvalue, and f, is multiplication by this eigenvalue. By assumption, there is a
complex torus 7, a ramified cover © : 7 — C ramifying at each point above Py
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with local degree 2, and an endomorphism L : 7 — 7T such that the following
diagram commutes:

L
E—

\1
\‘{

@
) <—
(@) S—
' @

-

f
As mentioned in Proposition if g € Qf, then ©*q is a multiple of (dz)? and if A is
1
the eigenvalue of f. : Q¢ — Qy, then L.(0*q) = m@*Q- Thus, if L(w) = aw+ 3,

then a? = D.
According to [M] §5], we have |a|? = D, so that |A\| = 1. In addition, either
e o € Z in which case A =1, and f is a flexible Lattes map, or

e « is an imaginary quadratic integer; that is, > — Ca+ D = 0 with C € Z
and C? < 4D.

In the latter case, A = a?/D € Q|a] is either —1 or an imaginary quadratic number
of modulus 1.

Conversely, suppose A = —1 or A is an imaginary quadratic number of modulus
1. Let k > 2 be a sufficiently large integer so that a := kv/A is an imaginary
quadratic integer and set D := k2. According to M, §5], there exists a Lattés map
f € Ratp with L(w) = aw. According to the previous discussion, the eigenvalue
Off* : Qf*) Qf is A.

Finally, if A is a quadratic integer, then it is a unit since |A| = 1. Thus, it is a
root of unity of order 1, 2, 3, 4, or 6. (Il

7.2. Non Lattés maps. We now assume that f is not a Lattés map. In that case,
according to Corollary and Proposition the eigenvalues of f, : Qf — Oy
are contained in the unit disk.

Proposition 7.2. Let f € Ratp be postcritically finite with card(Py) > 4, and
suppose that f is not a Lattés map. If X € Xp~{0}, then X is an algebraic number
but not an algebraic integer.

Proof. We proceed as in the proof of Proposition[6.6] Conjugating f with a Mobius
transformation if necessary, we may assume that f is a rational map f : P1(Q) —
P1(Q). Working over Q, we deduce that the eigenvalues of f. : Qy — Qy are
algebraic numbers.

Let A € X¢, and let o : Q — Q be a Galois automorphism. Then, o()\) € X,
with g := 0o foo™ : P1(Q) — P}(Q), so |o(A)| < 1. Thus, if X is an algebraic
integer, then A = 0. O

7.3. An example where X; = {0}. Proposition establishes that 0 € Aj.
However, 0 does not necessarily belong to ¥;. For example, if f : C = C is a
polynomial with periodic critical points, then 0 ¢ X (see [BEKP]).

We now present an example of a postcritically finite rational map f for which
0 € ¥y; this example appears in [BEKP].

322

Proposition 7.3. Let f : C — C be the rational map given by f(z) = BT
z

Then ¥y = {0}.
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Proof. The critical set of f is C; = {0,1,w,®}, where
w:=—-1/2+1V3/2 and @:=-1/2—iV3/2

are cube roots of unity. The postcritical set of f is Py = {0,1,w, @}, and f has the
following postcritical dynamics.

0@2 132 w

Since card(Py) = 4, the space Qy is 1-dimensional, and there is a single eigenvalue
A. Consider
(dz)?

=—a that f.q = Aq.
q Z(Zsil)epf, so that f.q q

Let g: C — C be the rotation z — wz. Then,
fog(z) = flwz) =w?f(2) = g% o f(2).

Setting u = g(z) = wz, we have that
(dz)? ) (du)?/w? q
o

P4 = 9s (z(z3 -1) B ufw - (ud —1)

w

2
/7N
~__

2

As a consequence,

q\ _ f«q 02 f+q
flg=£ (1) ==L and g%(fq) = L.
It follows that
fxa _ f«q
wo w?
and since w # w?, we necessarily have f.q = 0. O

8. CHARACTERISTIC POLYNOMIALS

In this section, the map f : C—Cis postcritically finite with postcritical set Py
and f(o0) = 0o. Let d, be the local degree of f at oo, and let po, be the multiplier
of f at co. Note that do > 2 if and only if po, = 0.
Our goal is to compute the characteristic polynomial xf of f, : Qf — Qy:
X7(A) :==det(N-id — f.).

Set X := Py~{oo} and consider the square matrix Ay whose coefficients ay 4,
indexed by X x X, are defined by:

dz
Oy 3 i= Z residue <I,w> .
! we f~1(y)N(Cru{z}) (Z - x)f (Z)
Proposition 8.1. We have that det(A-1— Af) =& () - x¢(A) with
6 ()\) = (/\_HOO)()‘_l/doo) ZfOOEPf,
! (A= o) A = 1/doc)(A = /i) if 00 & Py

The remainder of §8]is devoted to the proof of this proposition. We first outline
a sketch of the proof.

Step 1. Instead of working in Qf, we introduce the following vector spaces of
meromorphic quadratic differentials:
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° Q} for those with at worst simple poles at the points in Py U {oco},

° Q?, for those with at worst simple poles at points in Py, and at worst a
double pole at oo, and

) Q?J’c for those with at worst simple poles at points in Py, and at worst a
triple pole at oo.

We will show that each of these spaces is invariant under f,. As subspaces,
Q;CQlcoicol
If 0o € Py, then Qp = Q}. Otherwise dim Q7/Qy = 1. In all cases
dim Q?-/Q?» = dim Q?-/Q} =1.
Step 2. We will show that the eigenvalues of the induced endomorphisms
Q?/Q?« — Q?«/QZ, Q?/Q} — Q?/Q}c and Q}/Qf — Q}/Qf
are given in Table [I}

01/} [ 0/} [0}/

00 & Py, doo =1 oo 1/ 1o
00 € Py, do =1 Hhoo 1 none
00 € Py, doo > 2 0 1/doo none

TABLE 1. The eigenvalues of the quotient maps induced by f,.
where fio is the multiplier of f at co, and d is the local degree
of f at co.

Step 3. We will then compute the eigenvalues of f : ch — Q? as follows. The

quadratic differentials
dz?
q; ‘=
27T ) gepp{oo}

form a basis of Q}. According to Lemma below, the matrix of f. : Q} — Q}
in the basis {q, }sep;« {0} 18 the matrix Ay.

Step 4. For k € {1,2,3}, let x,x be the characteristic polynomial of f, : Q’} — Ok,
and let &7 be the characteristic polynomial of f. : Q’}/Q’;_l — Q’;/Q’;_l, with
the convention that Q?c = Qg and &5y =1 if Q} = Qy; that is, if co & Py.
Since
QrCQyCcQ;cQ}
are invariant by f., we have

X3 =Er3 - Xr2 =3 &2 Xp1 =853 Ep2-Ep1 7 Xy
According to Step 2,

1 1
&3 N) =X —too, Er2(N)=A———, and whenoco € Py, &ra(A) =A— —.

doo Moo
Therefore, &53-&52-E51 = & and x 5.3 = & - xs. Proposition .1 follows from Step
3:
det(A-T—Ay) = x73(A) =& (A) - xr ().
We now proceed with the proof working step by step.
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8.1. Invariant subspaces.

Lemma 8.2. The vector spaces Q}, Q?c, and Q? are invariant by f.

Proof. Suppose q € Q]Ji with k& € {1,2,3}. The poles of f.q are contained in
F(PyUoo}) UV; =P U o). i

Assume k = 1. Then Q} C Q(C) and f.q € Q(C), so that the poles of f.q are
simple. Thus, f.q € Q}. In other words, f*(Q}) - Q}.

Assume k € {2,3} and y € Ps. On the one hand, if x € f~!(y) \ {0}, then
24 ord,q > 1 and

2 + ord,q 1
—-2> —2>-2.
deg,f ~~ deg,f

In particular, if y # oo, then f.q has at worst a simple pole at y. On the other
hand, if = oo, then 2 + ordeeq > 2 — k and since 2 — k < 0,

M_ng_k_gz_k.
deg. f
It follows that f.q has at worst a pole of order k at oco. ([

8.2. Extra eigenvalues. Here, we identify the eigenvalues arising from the in-
duced operators f, : Q’;/Q’;ﬁl — Q’}/Q’jﬁl for k € {1,2,3} (see Table . The
case of Q}c /Qy is covered by more precisely by Lemma if oo is a fixed
point with multiplier po not contained in Py then 1/uo is an eigenvalue of

fe: Q3/Qp — Q}/Qy. We therefore only need to deal with Q%/Q} and Q}/Q3.
Fix two vector fields 85 and 63, where 6 is holomorphic near oo and vanishes

to order k — 1 at oo. Let oy : Q’} — C be the form defined by
a(q) := residue(g ® Oy, 00).

This form is in the annihilator of Q’;_l, and as such, oy may be canonically iden-
tified with an element in the dual of the quotient Q’}/Q’;fl. Therefore, if A\ is the
eigenvalue of the induced operator f, : Q’;/Q’;fl — Q’;C/Ql;fl7 then

ar(feq) = A\ ax(q).

The data presented in Table [I]is a consequence of the following lemma.
Lemma 8.3. Ifq € Qz;’c, then

a3(f«q) = poo a3(q).

Ifq € Q?, then
1

a2(feq) = a az(q).

Proof. Assume q € Q% where k € {2,3}. Observe that for z € f~1(c0)~{oc}, the
1-form q ® f*0 is holomorphic at x. Indeed, 6, vanishes at oo, f*0; vanishes at
x, and g has at worst a simple pole at x. Therefore,

a(f«q) = residue((f*q) ® 0y, oo)

Z residue(q ® f*0y, x) = residue(q ® f*0y, 00).

Lemma [3.1] vef—1(o0)
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Case 1. If k = 3, then 03 vanishes to order 2 at co. It follows from Lemma [8-4]
below that f*@3 — p..603 vanishes to order 3 at oo. Since g has at worst a triple
pole at co, we have

as(f.q) = residue(q ® f*03,00) = residue(q ® fi0O3,0) = poo3(q).
Case 2. If k = 2, then 6, vanishes to order 1 at co. It follows from Lemma [8-4]

1
below that f*0y — d—@g vanishes to order 2 at co. Since g has at worst a double
pole at oo, we have =

1 1

as(f«q) = residue(g ® f*05,00) = residue (q ® d—027 oo> = d—ag(q). a
Lemma 8.4. Let f be a germ of a holomorphic map fizing a point x with multiplier
w and local degree d. Let @ be a germ of a holomorphic vector field vanishing at x
with order m.

o Ifd=1, then f*0 — ™10 vanishes to order m + 1 at x.

o Ifm=1, then f*0 — 59 vanishes to order m + 1 at x.

e Ifd>2 and m > 2, then f*0 vanishes to order m + 1 at x.

Proof. Let ¢ be a local coordinate vanishing at . We may write

(of=a¢ (1+0() and 6= bgmi (14 0(0)

d¢
with @ # 0 and b # 0. In addition, if d = 1, then a = p. Then,
bamgdm d am—l 3 B
0= —1——-(1 =—(¢l=bm=-Dg. (1 . O

8.3. The matrix Ay;.
Lemma 8.5. The matriz of f, : Q‘j} — Q?J} in the basis {q,}oep, (oo} 15 Af-

Proof. Since {q,}yep;~ (oo} forms a basis of Q:}, we may write

[+l = Z fy,x'qy-

yEPr~{oo}

We need to show that f, , = ay, . for all z,y € Pr~{oo}. We shall apply Lemma

B with 1
= d 60:=—.
Fix yo € Py~{oo}. Note that 8 is holomorphic at yo, and for y # vo, g, is

holomorphic at yo. In addition, g, ® 6 = p— Therefore
fyo,w = resjdue((f*qa:) ® aayo)
Lo B Z residue(q, ® %6, w)

wef~!(yo)

= Z residue (
wef~ (yo)N(CrU{z})
For the third equality, we use that
dz

S P L)
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is holomorphic outside of Cy U {z}. O

9. PERIODIC UNICRITICAL POLYNOMIALS

From now on, we shall restrict our study to the case of unicritical polynomials. Any
such polynomial is conjugate by an affine map to a polynomial of the form

fo(z) == 2P 4 ¢ with ceC.

The map f. has a critical point at zp = 0 and a critical value at f.(0) = c.

Such a polynomial is postcritically finite if and only if the critical point 0 is
either periodic or preperiodic. We will restrict our study to the periodic case, and
abusing terminology, we shall say that f. is periodic of period m if 0 is periodic of
period m for f..

9.1. Families of unicritical polynomials. Before studying the corresponding
sets Xy, , we introduce some subsets of parameter space. The Multibrot set Mp is
defined as

Mp :={c € C | the sequence (ff"(O))n>1 is bounded }.
The set My the set is called the Mandelbrot set.

FIGURE 2. Left: the Mandelbrot set. Right: the Multibrot set M3.

Note that the set of parameters ¢ € C such that f. has a periodic critical point
is contained in the interior of Mp. In addition, each component U of the interior
of Mp contains at most one parameter ¢ such that f. is periodic; in that case, ¢ is
called the center of U.

The boundary of M p is contained in the closure of the set of centers. Indeed, for
any cg € OMp and any small neighborhood U of ¢, the family (hy, : U — C),>3
defined by h,(c) := £2(0)/c is uniformly bounded on M p and converges to infinity
outside M p. So it is not normal and cannot avoid 0 and 1 by Montel’s theorem.
When hy,(c) = 0, then fo"(0) = 0; when hy(c) = 1, then f2™ Y (0) = 0.

Observe that Mp has a symmetry of order D — 1. Indeed, for ¢ # 0, the linear
map z — w := z/c conjugates the polynomial f,. to the polynomial

gy w s bw? +1 with b:=cP7L
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The polynomial g, has a critical point at 0 and a critical value at g,(0) = 1. We set

Np := {b € C | the sequence (g;"(0)) is bounded }.

n>1

Then, ¢ € Mp if and only if ¢~ € Np.

e //—\\\\\\\ //,///F\\\\\
/// \ /’/ \\\
/, \ / \\\
/ ” \ m \
\ | |
\ // \\ //
\ / g \\\\ ///

\4/ /’/ \\\\j/’

FIGURE 3. Left: the set V3. Right: the set M. Both are contained
in the closed disk |b] < 2.
If f:C — Cis a polynomial, the filled-in Julia set Ky is defined as
Ky :={z € C | the sequence (fc’"(z))n>1 is bounded }.
The following estimates are easily established.
Lemma 9.1. Ifb € Np, then |b| < 2.
Corollary 9.2. If c € Mp, then |c|P~! < 2.
Lemma 9.3. Ifc € Mp and z € Ky, then |z|P~1 < 2.
9.2. Gleason polynomials. For n > 0, let G,, € Z[c] be defined by
Gn(c) := f2"(0).
Alternatively, the polynomials G,, € Z[c] may be defined recursively by:
Go:=0 and G,(c):=GP (¢c)+ec
Then, G, (c) = 0 if and only if ¢ is a center of period p dividing n.
Example. For D = 2, we have
Gi(c)=¢, Galc)=c*+c, Gslc)=c"+2+c* +ec

Note that G,, is a monic polynomial. The following result is proven in [DHI] for
D = 2. The proof easily generalizes to arbitrary degrees.

Lemma 9.4 (Gleason). For each n > 0, the polynomial G,, has simple roots.
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Proof. For each n > 1,

G, =DGP7!G!), _,+1=1 mod D.
In addition, G,, is monic, and so, the resultant of G,, and G}, is equal to 1 mod D.
Indeed, this resultant is equal to the determinant of a matrix that modulo D, is

triangular with coefficients equal to 1 on the diagonal. In particular, it does not
vanish. 0

As a corollary, we deduce that for m > 1, there exists a (unique) monic polyno-
mial H,, € Z[c|, such that for n > 1

G =[] Hnm-
m|n

The roots of H,, are exactly the centers of period m. The monomial of least degree
of Gy (c) is ¢ with coefficient 1. Since H;(c¢) = ¢, we see that for m > 2 the constant
coefficient of H,, is 1. In particular, with the exception of ¢ = 0, centers are
algebraic units.

Example. For D =2, we have G4 = HyHyH,4 with
Hi(c)=c¢, Hy(c)=c+1 and Hy(c)=c®+3c® +3c* +3c%+2c* + 1.
We shall also use the following result due to Bjorn Poonen.
Lemma 9.5 (Poonen). For m # n, resultant(H,,, H,) = +1.

Proof. Assume n > m. It is not hard to see by induction on k£ > 1, that
Gtk =G mod Gf?l.
This implies that, G,,, = Gy, mod G2, Since m < n, G, H,, divides Gy So,
there are polynomials A € Z[c] and B € Z|c] such that
AGH, = Gpmn = Gy, + BGE.
Dividing by G, yields AH,, — BGP~! = 1. Tt follows that H,, and H,, are relatively
prime in Z[c] and resultant(H,,, H,) = £1. O

Remark. For m > 2, we have H,,(c) = J,,,(cP~1) for some polynomial J,,, € Z[b)].
It might be tempting to conjecture that for all D > 2 and all m > 2, the polynomial
Jm is irreducible. However for D = 7, J3 is reducible:

J3(b) = (b + b+ 1)(0° + 6b° + 146" + 150> + 6b> 4 1).
This is further discussed in [B].
9.3. Periodic points.

Proposition 9.6. Let f be a periodic unicritical polynomial of degree D. If X €
Ap~{0}, then DX is an algebraic unit and 55 < || < 1.

Proof. According to Proposition A € Ap~{0} if and only if 1/A™ is the mul-
tiplier of a cycle of period n not contained in Py, i.e. a repelling cycle of f.. In
particular, |A| < 1.

Assume the critical point of f is periodic of period m. Conjugating f with an
affine map, we may assume that

f(2) = fo(2) = 2P + ¢ with H,(c) =0.



24 X. BUFF, A.L. EPSTEIN, AND S. KOCH

Now, let z; — 29 +— -+ +— 2z, +— z1 be a cycle of period n. The multiplier of the
cycle is

p=D"(z129 - 2,)P 7"

According to Lemma |z;|P~ < 2, so that |u| < (2D)™. Thus, it suffices to
prove that the points z; are algebraic units.

Let us first assume that m does not divide n, so that f2(0) # 0. The points
z; are roots of the polynomial f"(z) — z € Zlc, z]. Denote by R, the polynomial
f"(z) — z considered as a polynomial of the variable ¢ with coefficients in Z[z] and
set

S(z) := resultant(H,,, R.) = H (fo"(2) — 2).
H,,(c)=0

Note that, as a product of monic polynomials, S is a monic polynomial. In addition,
°"(0) = Gp(c) and the constant coefficient of S is

5(0) = H (fcon(o) _ 0) - H G, (c) = resultant(H,,, G,,).

H,,(c)=0 H,,(c)=0

According to Lemma [9.5] since m does not divide n, this resultant is equal to +1.
This shows that the points z; are algebraic units.

Let us now assume that m divides n. Then, the constant coefficient of fo"(z) —z
vanishes and

fer(z) — =
z) =
9e(2) >
is a monic polynomial with constant coefficient g.(0) = —1. Denote by R, the

polynomial g.(z) considered as a polynomial of the variable ¢ with coefficients in
Z]z] and set

S(z) = resultant(H,,, R.) = H ge(2).
Hip (c)=0
Again, S is a monic polynomial and its constant coefficient is
sO= [ 9.0 =1
H,, (c)=0

Thus, the points z; are algebraic units. ([l

9.4. Characteristic polynomials. We assume that c is a center of period m > 3
and f := f., so that dim(Qy) =m —2> 1.

Note that f(co) = co € Py. We denote by xy the characteristic polynomial of
fe: Qp = Qy and for k € {2,3}, we denote by X the characteristic polynomial
of f.: Q’; — Q’fc. The local degree of f at oo is D and the multiplier of f at oo is
0. According to §8 we have

Xf,?)(/\) =\ ng(/\) = <)\ — é) Xf(/\).

For n € Z/mZ, set

Cn = f(0), O = f(Cn) :D§7?71~
Set
Al = (51, AQ = 5162, ceey Am—l = (5152"'57”_1.
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Proposition 9.7. We have that

1 1 1
_ \ym—1 - ym—2
Xr2(A) =A + Al)\ + + Amsz + AL
Proof. For n € Z/mZ, set
dz)?
q, = (d2)”
z = Cn

ghe matrix Ay of f.: Q} — Q} in the basis {g,, }nez/mz is provided by We
ave

0 if n =0 and
f+q, = 1 1 .
" EQnH_(Tn‘h if n #0.
and so
[0 0 0o - 0 A1 |
0 —a1 —az -+ —Gpm-2 —Gm—
0 a 0 0 s 0 1
Af = 0 w with a, = 5
: " " 0 0
0 - 0 ama 0 |
The characteristic polynomial of A is xr3(A) = Axr,2(X), so that
Xf,g()\) = ()\ + a1)>\m72 + ajas ()\m73 + (13(Am74 4+ .. ))
1 1 1
—Am-l gy~ ym=2 . ) . [l
B VR VS W

It shall be convenient to work with the polynomial x2/xf2(0) which has the
same zeros as Xf2. Setting

Ag:=1, A_1:=0m-1, A_2:=0n-10m-2, -, A_(n_1):=0m-10m—2 01,
we get that for n € [1,m — 1],

1
x£,2(0)7

An : A—('m—l—n) = A111—1 =

so that
xr2(A)
Xr,2(0)
The polynomials G,, € Z[c] defined by G,,(c) = fo™(0) have simple roots (see
Lemma [9.4). This is related to the fact that for a postcritically finite rational map
f which is not a flexible Lattes map, 1 ¢ 3 (see Proposition .

=14+A A+ A N+ + A AL

Proposition 9.8. If ¢ is a center of period m > 3 and f := f., then

() = (1 pyXr)
Gl = =D oy

Proof. We have G1(c) = ¢ and G,41 = GP(c) + ¢, so that
G .=1+DGPq) | =1+6,.G, .
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Since G} = 1, we have
Gh(©) =14 08m1- (14 6m2 1+ (1+031)))
=1+6m-1+0m—10m_o+ -+ 0m_10m_o---01
=14+A 0 +A o+ + A1) = X5,2(1)/x5,2(0).

Now,
020) = =g 0) and xra®) = (1- 3 ) )
so that ) )
o) _ (i)
Xf,z(o)_(1 D)Xf 0) -

9.5. Algebraic units.

Theorem 9.9. Let f be a periodic unicritical polynomial of degree D. If X is an
eigenvalue of f. : Qf — Qf, then DX is an algebraic unit.

Proof. The polynomial f is conjugate to some polynomial f. where c is a center of
period m; that is, H,,(c) = 0. The eigenvalues of f, are those of (f.)«.
For n € [0,m — 1], let T,, € Z|c] be the polynomial defined by
n
D—1
r,:= H G,k
k=1
where as usual, an empty product is equal to 1. Then
Ay =" T chmk = D [T (" 0)” " = D"Du(o).
k=1 k=1
As a consequence,

m—1
Xfe.2(A) n n
X2 NS pap (A" = Rie, DY),
a0 ~ 2 DTN = Ble, DA

where R € Z[c,v] is defined by

m—1
R(c,v) := Z Lp(e)v™.
n=0

We shall denote by R, the polynomial R(c,v) considered as a polynomial in the
variable ¢ with coefficients in Z[v]. Let S,, € Z[v] be defined by

(1) Sp(v) :=resultant(H,,, R,) = H R(c,v) = H
H,,(c)=0 H,,(c)=0
If X € ¥y, with Hy,(c) =0, then v := DX is a root of S,,.
On the one hand, the constant coefficient of Sy, is S,,,(0) = 1. On the other hand,
the leading monomial of R,,(c, ) considered as a polynomial of v is I, _1(c)v™ 1,
so that the leading coefficient of S, is:

Xt.2(v/D)
Xfe.2(0)

m—1
H T'yn—1(c) = resultant(H,,, '), —1) = resultant (Hm, H Gﬁi) .
H,,(c)=0 k=1

By Lemma [09.5] this resultant is equal to £1. It follows that the roots of S,, are
algebraic units. [
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We know that x?a (A) = (A =1/D)xy.(A), so that the factor (v — 1) appears
deg(H,,) times in the product defining S,,. In addition, if ¢?~! = ¢2~!, then
the polynomials f., and f., are conjugate. So, each eigenvalue is counted D — 1
times in the product. Thus, there is a (unique) polynomial T, € Z[v] with constant
coefficient 1 such that

S»rn(V) = (1 — V)ng(Hm) . Tg_l(l/)

It would be interesting to prove that the roots of Y,, are simple. For example,
when this is the case, f, : O — Q is diagonalizable.

9.6. The case m = 3. We will prove that the roots of Y3 are simple.
Lemma 9.10. For all D > 2,
T3(v) = (v + )P+ — P,
Proof. We have that Gs(c) = (c” + ¢)P + ¢, so that
Hs(c) = A(cP~Y) with  A(b) =b(b+1)P +1.
In addition, an elementary computation shows that
R(c,v) = (1 —v)B,(cPY) with B,(b)=1—-vb*(b+1)PL.
Then,
T3(v) = resultant(A, B,,)
Observe that
vbA(b) + (b+1)B,(b) = (wv+ 1)b+ 1.
Note that A is monic of degree D + 1. We therefore have
1
(v + 1)PTL . resultant <A(b), b+ +1> = resultant (A(b), (v + 1)b + 1)
v

= resultant (A(b), (b + 1)B, (b))

= resultant (A(b),b+ 1) - T3(v)
As a consequence,
D+1 A(-1/(v +1))

A(-1)

Lemma 9.11. For all D > 2, the roots of Y3 are simple.

Proof. Note that vY5(v) — DY3(v) = (1 +v)P(v — D). So, if T3 and Y4 had a
common root, this would be either —1 or D. None of those are roots of Y. ([

Ts(v)=(v+1) :<V+1)D+1—VD. ]

9.7. Spectral gap. For m > 3, let X(D, m) be the union of the sets of eigenvalues
in ¥ for all unicritical polynomials f of degree D which are periodic of period m.
Set

5(D) = | J =(D,m).
m>3
The following proposition completes the proof of Theorem

Proposition 9.12 (Spectral gap). If A € X(D), then

— <A\ <L
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Proof. Assume c is a center of period m and f = f.. Assume A € ¥;. According
to Corollary we have that |A\| < 1. We must show that |A| > 1/(4D).
Let us recall that

A
0= M() =14+A_ )+ A72)\2 4+t A,(m,l))\m_l
X£.2(0)
with
Aog:=1, A 1:=0m-1, A-2:=0m-10m-2, .., A_(n_1):=0m-10m—2-01.

Lemma 9.13. For all n € Z/mZ, we have that |,] < 2D.

Proof. Set ¢, := fo"(0). Note that ¢ € Mp and ¢, € Ky,. According to Lemma
we have [(,|P~! < 2 for all n € Z/mZ, so

0,] = D|¢, [P~ < 2D. 0
If |z| < [, then for all k € [1,m — 1],
2D)F 1
A k ( — =
A=z < pyE = a%
s0
‘ng m— 1i
k
Xr2(0 k:l 2
Since x7,2(A\) = 0, we necessarily have |\| > 75. O

9.8. Equidistribution. This section is devoted to the proof of Theorem [I.5

In order to prove this result, we will show that when r € [rp,1], there exists
a sequence of centers ¢, such that the roots of xy,  equidistribute on the circle
|z| = r as n — co. This means the following.

Given a polynomial P € Clz], we denote by mp the probability measure

deg Z ord, (

where ord, (P) is the order of vanishing of P at x.

Assume (P, € Clz])n>0 is a sequence of polynomials. We say that as n — oo,
the roots of P, equidistribute according to a probability measure m if the sequence
of probability measures (mp, ),>0 converges weakly to m.

We say that as n — oo, the roots of P,, equidistribute on a Euclidean circle if
the roots of P, equidistribute according to the normalized 1-dimensional Lebesgue
measure on this circle.

mp =

Example. As n — oo, the roots of the polynomials 2™ — 1 equidistribute on the
unit circle St := {|z| = 1}.

Proposition 9.14. Suppose that the critical point of f.,(z) = 2P +cq is preperiodic
to a repelling fixed point By of multiplier . Then, there exists a sequence of centers
cn € Mp converging to co such that as n — oo, the roots of Xy, —equidistribute on
the circle {|\ =1/|p|}.

Remark. A similar argument establishes that when the critical point of f. : z —
D 4 ¢ is preperiodic to a repelling cycle of multiplier ; and period m, then there
exists a sequence of centers ¢, € Mp converging to ¢ such that as n — oo, the
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roots of xy, equidistribute on the circle {|\| = 1/ %/|u|}. We will not use this
fact.

Proof. Fix r1 < 1o < |Bo| and € > 0 so that f. has an inverse branch

Ge * D(ﬂoﬂ"o) — D(Bo,’/‘l)

for every ¢ € D(co,€). For ¢ € D(cg,¢€), let 8(c) be the unique (repelling) fixed

point of f. in D(By,r0). The map B is holomorphic on D(cy,€) and 5(co) = Bo.-
Choose a point z_,, € D(fp,70) in the backward orbit of 0 of f.,; that is,

o0 (2_p,) = 0 with ng > 0. Since 0 is not periodic (it is preperiodic to fy),

(fer0) (2-ny) # 0. Thus, taking € > 0 closer to 0 if necessary, we may assume that

there is a holomorphic function {_,, : D(co,€) — D(Bo,ro) defined implicitly by
o0 ((_p,o(c)) = 0. Set
Gi(e) == 2 (g (e) for j = —ng
and
G5(6) = g2 (o () for j < —o.
We have specified a distinguished orbit for f,.
coor» Coa(e) = Co1(e) = Cole) =0 Gi(e) = e Cale) — ...
which converges to 5(c) in backward time.
Let ko be the preperiod of 0 to 8. As n — oo, the sequence (Cx, —(—_r) converges
uniformly on D(cp, €), to the function (, — 5. This function vanishes at ¢g, but it

is not identically 0. In particular, we can find a sequence (c¢,) such that ¢, — ¢
as n — 00, and Ck,(¢n) = (—n(cn). Then, ¢, is a center of period m,, := n + ko.

Lemma 9.15. There ezists a constant K such that for all sufficiently large n and
alll<j<m,—1
1 < ’A] (Cn)

— : <K
w B

1
<K d —
< an K<

’ Ajlen)

K lu,]
Proof. For j € Z, let §;(c) be the derivative of f. at (;(c). Taking e closer to 0 if
necessary, we may assume that there is a constant Ky > 0 so that
1 d;(c)
2 . J
(2) X <
for ¢ € D(cg,€) and j € {—ng,...,—1} U{L,... ko}.
Let d be the order of (, — 8 at ¢ (it is true that d = 1 [DHI], but we will not
require this fact). Now there is a constant K7 so that
(3) Kile = col” < [Cro(€) = B(e)|-
Since g. maps D(fBg,r9) to D(Bo,r1), by the Schwarz Lemma, there exists k < 1
such that for all z € D(Bo, 1) and all ¢ € D(co, €),

19c(2) = B(e)| < klz = B(c)|-
Then, since (_n,(c) € D(Bo,ro) and (_n(c) = gonmo) (C—no(c)), we have

(4) [(=n(c) = Ble)| < ror™™
Set

’I"()Iﬁ?n 1/d ro 1/d
e _ n/d : .f
(5) Ty i= (Klli"‘]) = Kok with Ky := <Klf<;”0> .

< Ky
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For ¢ € D(cp, €)~D(cg, ), so that r, < |c— co|, we have

n

K d _d _
|C—n(e) — B(c)| & TonnoKlrnSKl\c col ICko(C) B(e)l,

so that the leftmost quantity cannot be equal to the rightmost quantity. As a
consequence, for n large enough,

len — co| < Tpe
For j < —ng and ¢ € D(cg,€), the point (;(c) belongs to D(By,r0). Since
0j(c) = DCJD_l(C), the branch of
d;(c)
d;(co)

which vanishes at ¢g is bounded by some constant K3. According to the Schwarz
Lemma,

c+— log

5j(cn)
d;(co)
Then, for —n < j; < jo < —ng we have

dj1(cn) -~ 0j,—1(cn) < nKyx™? 5 0.
95, (co) - -+ dj,—1(co) o

Kar,, KoK
T _ R/t with Ky = 22,

lo
S e @ €

’10g

In addition, we have

i @ (G (<o)
85, (c0) By (c0) = 7
" ” ¢' (G2 (o))
where ¢ : D(Bo,79) — C is the linearizing map conjugating f., to multiplication by
. So, there is a constant K5 such that for n large enough and —n < j; < jo < —ny,
L < 95, (Cn) T 6]'2—1(671)
K5 Nj2*j1
Using Inequality (2) and 6;(c,) = dpm,,+;(cn) With m,, = n+ ko, we deduce that for
n large enough and 1 < 77 < jo <m, — 1

< K.

1 ) N
L onlen) dpmalen) | g iy g KsKpotmo—t,
K pI2=an
The lemma follows since for 1 < j <m,, — 1,
Aj = (51(Cn) e (5j(cn) and A_j = Jmn_j(cn) e 5mn—1(c’ﬂ)' |
According to Lemma the coefficients of
z A_ A
Pu(z) = Xfen2(2/1) s O (711) -1
X/, .2(0) I u"
and ) )
p" P (2) pol prto 1
n(z) =M 2o
@ (Z) A,(n,l)z"_l + Ay z + + A,_qzn1

are uniformly bounded. In particular, the sequence (P,) is normal in I, and the
sequence (Q,,) is normal outside D. In Lemmabelow7 we prove that as n — oo,
the roots of P, equidistribute on the unit circle, so the roots of xy, ~equidistribute
on the circle {|A| = 1/|u|}. O
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Lemma 9.16. Let

Py
Py=1++cy2% €Clz] and Qn=—""r=1+-4+—
Cp2n cpzdn

€ C[1/z].

If
e the sequence (d,) tends to oo as n — oo,
e the sequence (Py) is normal in the unit disk D, and
o the sequence (Q) is normal in C\D,

then as n — 0o, the roots of P, equidistribute on the unit circle S*.

Proof. Extracting a subsequence if necessary, we may assume that the sequence
mp, converges to a probability measure m on C. It is enough to show that m
coincides with the normalized Lebesgue measure on S'. We first show that the
support of m is contained in S'. We then show that its Fourier coefficients all
vanish except the constant coefficient.

Extracting a further subsequence if necessary, we may assume that

e the sequence (P,) converges locally uniformly in D to a holomorphic map
¢, and
e the sequence (Q,) converges locally uniformly in C~.D to a holomorphic
map .
Since P, (0) = Q,(00) = 1, the limits satisfy ¢(0) = 1)(c0) = 1. As a consequence,
the zeros of P, stay bounded away from 0 and oo. In addition, ¢ and ¥ do not
identically vanish, so their zeros are isolated, and within any compact subset of
C~.S!, the number of zeros of P, (counting multiplicities) is uniformly bounded.
This shows that the support of m is contained in S!.
Now choose r < 1 < R so that all the roots of P, remain in the annulus A :=
{r < |2| < R}. For k € Z, let my, be the Fourier coefficient

mp ::/ 2k dm:/zk dm = lim 2k dmp,
st A

n—0o0 A

By the Residue Theorem, if £ > 0, then

dn k k Pr(2) k (dn Q%(@)
— d = dz = = d
2mi /AZ e /|z|_Rz Pn(Z) ? /|z|_Rz z +Qn(z) ‘
k Qn(2)
= d
/M_RZ Qu(2)
R (2)
dz.
novme /z._RZ oz)
Similarly, if £ < 0, then

do [ o A L9 (2)
i /A dmp, = /,Z,_/’ () ok / o) &

In both cases, the limit is finite and since d,, — oo, we deduce that m; = 0. ([l

To complete the proof of Theorem it is enough to show that the set of ¢ such
that there exists a ¢ € C for which the critical point of f., is preperiodic to a fixed
point of multiplier of modulus ¢, is dense in [1,1/rp]. This follows from Lemmas

[9.177 and 0.18 below.



32 X. BUFF, A.L. EPSTEIN, AND S. KOCH

Lemma 9.17. For each t € [1,1/rp], there is a parameter ¢ € OMp such that f.
has a fized point with multiplier of modulus t.

Proof. The boundary of M p is connected. As ¢ varies in the boundary of M p, the
multipliers of fixed points vary continuously. Thus, it suffices to show that OMp
contains a parameter cg for which f,, has a fixed point with multiplier of modulus
1, and a parameter ¢; for which f., has a fixed point of modulus 1/rp.

Note that f.(8) = S and f.(8) = p if and only if

D—lzﬁ(l_ﬁ)D_l d _ c
(6) c D D and (3 1= ,D
First, when ¢P~! = % (1 — %)Dfl, then f. has a fixed point of multiplier 1. The

corresponding parameters ¢ belong to the boundary of Mp. Second, let w be a
D-th root of unity closest to —1. If D is even, we have w = —1. If D is odd, we
have w = exp (iﬂi%). Note that

=2+2C081=4C082L

T2 T
1-— 2:(1 —) in? — .
| wl +cos +sin D D 2D

D

In both cases,
1

D’l"D '
Set p:= D(1 —w), choose ¢ and define 3 so that Equation @ holds. Then, f. has
a fixed point at 8 with multiplier x of modulus 1/rp. In addition,

Jo@) =c=(1-5)B=wp, sothat [22(0) = .

Thus, ¢ is a Misiurewicz parameter; that is, f. is postcritically finite with ¢ € OM p,
as required. [

[1—w|=

Lemma 9.18. Let ¢y € OMp, and let By be a repelling fixed point of f, of multi-
plier po. Then, there exists a sequence of parameters ¢, converging to cg such that
fe, has a fized point B, € Py, converging to Bo.

Proof. Since [y is repelling, there is a function 5 defined and holomorphic near ¢,
such that f.o 8. = B.. Let w # 1 be a D-th root of unity. Since ¢y € OMp,
the sequence of functions (;, := ¢ + f°¥(0) is not normal at cy. It follows from
Montel’s Theorem that in any neighborhood of ¢y, the sequence ({;) cannot avoid
both g and wfB. When (; = wp, then (11 = 5. So there is a sequence of complex
numbers (¢, ) converging to ¢o and a sequence of integers (k,) tending to oo such

that (g, (¢n) = B(cn) =: Bn. O
10. QUESTIONS FOR FURTHER STUDY

We conclude with some remaining questions.

10.1. Periodic unicritical polynomials. Let f be a periodic unicritical polyno-

mial of degree D. An eigenvalue of f, : Q(C) — Q(C) satisfies ;55 < [A| < 1 and

for D even ¥(D) contains the annulus {55 < [A| < 1}. The estimate obtained for
D odd is not as good.

Question 1. For D odd, does (D) contain the annulus {55 < [A[ < 1}?
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We shall say that an eigenvalue of f, : Q(C) — Q(C) is a small eigenvalue if
Al < %. According to Proposition a small eigenvalue belongs to ¥;. In
particular, if the critical point is periodic of period m, there are at most m — 2

small eigenvalues.

Question 2. How many small eigenvalues can a periodic unicritical polynomial
have?

10.2. Spectral gap. Let f be a postcritically finite rational map. We saw that
for periodic unicritical polynomials of degree D, the eigenvalues in ¥ ;~{0} and
A¢~{0} remain uniformly bounded away from 0. At the same time, the set of
periodic unicritical polynomials of degree D is bounded in moduli space of degree
D polynomials.

Conversely, let M be a compact subset of moduli space of degree D rational
maps. Conjugacy classes in M may be represented by rational maps whose deriva-
tives (for the spherical metric on @) are uniformly bounded by some constant K.
It follows that if p is the multiplier of a cycle of period m of such a rational map
f, then |u[/™ < K. This implies that if A € A;~{0}, then |A\| > 1/K. We may
ask whether a similar result holds for X ;.

Question 3. If the conjugacy class of f remains in a compact subset of moduli
space of degree D rational maps, is the set £;~{0} bounded away from 07

We saw that the eigenvalues of f, : Q(@) — Q(@) are related to the multipliers
of cycles of f. These in turn are related to the Lyapunov exponent L(f) of f with
respect to the equilibrium measure (which remains bounded on compact subsets of
moduli space since it is continuous).

Question 4. Is there a relation between exp(—L(f)) and inf{|| : X € ;~{0}}
or inf{|A| : A€ Ap~{0}}?

10.3. Diagonalizability.

Question 5. Let f be postcritically finite. Is f, : Qf — Qyf diagonalizable? Is
fi: Q(C) — Q(C) diagonalizable?

Question 6. Let f be a periodic unicritical polynomial. Are the roots of the
characteristic polynomial x; simple?
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