Lecture 4
Superspace



Outline

e Geometric realization of supersymmetry: superspace
e General scalar superfields.

e Examples: chiral superfield, vector superfield, the (spinorial) field
strength superfield.

e [xtended gauge invariance, and the WZ-gauge.

e Lagrangians in superspace.

Reading: Terning 2.7, Lykken’s TASI notes (arXiv: 9612114), sec 3.



Superspace

The idea: generalize the geometric interpretation of the Lorentz group,
as the symmetry of 4D Minkowski space.

Implementation: supersymmetry is the symmetry of superspace, an ex-
tension of 4D Minkowski space to include additional “fermionic” direc-
tions.

Superspace coordinates: (x#,0,,04) where 0, 04 = 01 are anticommut-
ing (Grassmann) two-component spinors satisfying

{6047 éa} =0

Supersymmetry is the symmetry group of (z*,0,,60s). The Lorentz sub-
group acts according to the Lorentz indices, but other SUSY generators
mix bosonic and fermionic coordinates.



Integrals over Superspace

Reminder: for a single component Grassmann variable 7, integrals are

defined so:

Jdn=0, [dpn=1

For chiral superspace coordinates define:

d?6 = —id@adeﬁeag

Then
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Similarly, for arbitrary spinors x and :

J @20 (x0)(v8) = — 3 (x¥)



The analogous superspace measure for the conjugate superspace coordi-
nate:

N 1 37 30 . ~Gf
d29 = —Zdeadeﬁe P
Notation for the nonchiral measure over all of the fermionic coordinates
d0 = d%0d%0
The measure over all of superspace
d*z d*0

It is this measure that is invariant under all SUSY transformations.



General Scalar Superfield

Component expansion of scalar field on superspace (warning: notation
does not not agree in detail with ours):

®(x,0,0) = f(z)+00(x)+0x(x)+0*°m(z)+ 0*n(x)
+ O 0v, (x) + 020X (x) + 6260 () + 620°d(x)

The component fields f(z), m(x), n(z), v,(z), d(z) are complex bosonic

fields.

The component fields ¢(z), x(x), AM(z), ¥(z) are fermionic fields that
anti-commute with each other and the superspace coordinates 6, 6.

There are 24+2+2+4+8-+2 = 16 bosonic components and 4+4+4+4 = 16
fermionic components.



Superspace transtormations

Goal: realize the superalgebra on superspace.

Translate (left-multiply) by G(y,€,€) on the coset element Q(x,8,0)
(=“the wave function”):

G(y,e,€)Qx,0,0) et~y Pu+eQ+eQ) pi(—a" Py +0Q+0Q)
et (= (@" +y") Pu+(0+6)Q+(E+0)Q+ 5 [€Q,0Q]+ 5 [€Q.0Q])
Q(z* + y* — ieochl + i0oHE O +€,0 + )

Intermediate steps
e The Baker-Campbell-Hausdorff formula (the . . .-terms vanish presently):

eAeB — 6A+B—|—%[A,B]—|—...

e The fundamental anticommutator in the form

€Q,0Q] = 2e0*0P,



The result: the translation generator and the supertranslation generators
are realized on superspace as

i, = P,
Qo = —1 (8a+iagﬁ.§3(fh>
Qf = z'(édﬂeﬁagdaﬂ)

where (as usual) the spinorial derivatives:

)
S o
Oa = 5=
act on the left.
Examples:
0a0> = 0a(0705) = 20,
00> = 05(0,0%) = —20,



SUSY transformation of superfield

The SUSY transform of a general scalar superfield:

0P (x,0,0) i(eQ + rQNP(x,0,0)

€p + X + 100D, f + 2¢0m + OoFev,, — ieah00,, f

2e0n + eat v, + i(00+€)00,,¢ + 02X — i(eat0)00,, X
02er) — ieat 000, ¢ + i0oHe0d, X + 200\ + 2€00
i60“§92(%m - i@a”E@a”é@uvy + 202%e0d + i@a“agz@un
—  ieat000700,v, + 2e00%d — icat 00200, \ + i00H€0?00,,1)

I+ 4l

The details are evidently tedious to verify (and details do not conform
with our notation). But the general form is clear with a minimum of
computation.



SUSY transformation of components

Reorganize expression into standard expansion of the scalar field in com-
ponents. = the SUSY transformations in component form:
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Important result: the highest component of the superfield (the d-field)
transforms to a total derivative (026 cannot result after d,, 94 deriva-
tive, only after 0,, derivative.)



Constraints

The general superfield represents the SUSY algebra, but the representa-
tion is reducible.

Example: the constraints

x(z) = 0

n(x) 0

(@) 10, f ()
A= 30,0(x)o*

b(x) = 0

d(z) = —Uf(=)

are preserved by the SUSY transform.

Remark: the irreducible representation defined by these constraints is
the chiral supermultiplet (in an unfamiliar notation).



The Superspace Derivative

The superspace derivatives

i0, = P, |
D, = 0, — iagﬁ-é’_ﬁﬁu
Bd - (5@ — ieﬁggdaﬂ)

are designed such that they anti-commute with @), Qg.

They satisty the fundamental anticommutator with the “wrong” sign
{Da, Dy} = 20},
Example: if the components of a general superfields satisfy
Dy® =0
then the transformed field will also satisfy this constraint.

This defines the chiral superfield in superspace notation.



Constrained Supertfields

Define the superspace coordinate y* such that Dgy* = 0:

Yyt =zt — 0ol

Then the general solution to Dg® = 0 is a superfield of the form ®(y, 9).

Expand the chiral superfield in components (recalling that squares of
Grassmann variables vanish):

O(y,0) = oly)+V200(y) + 2 F(y)
= ¢(x) —i00"00,¢(z) — 16%620%¢(x)

/200 () + %92@@&(:1:)0#5 + 0% F(z)

Remark: the SUSY variation of the highest component (the F-term)
must be a total derivative.



The kinetic terms in superspace

The kinetic term of a chiral field in superspace formalism:
o™ + 290“68 gb* — 19_29282q5*
4 T _ 4 “ _
gb — 290“9(9“(]5 1926’262q§
V209 + =60 u¢0“9—|—02}"
= F*F + OHg* M¢_|_Z¢To-ua 0
—30M(¢* 0 + 0,9 ¢) — 50, (pTT")
Identities:
o Yighy = —xoty!
o 0010 00" — Ly 6252

Summary: the superspace integral over the kinetic term of a chiral field:

[d*zd*o dte = %133 ﬁ(]—"*]—" + 01 0,0 + 11510,
= L Lfree



Superpotential

The derivative Dy, satisfies the chain rule so the product of chiral super-
fields is also a chiral superfield.

The superpotential W(®) is a power series in the chiral superfield, so it
is itself a chiral superfield

The SUSY variation of the 62 component of a chiral superfield is a total
derivative so we can always form the SUSY invariant

Jdtxd?0 W(®) = [d*z Wlp2_ony (P)

Component expansion (see next slide for details):

[2OW (D) = W, F* — sWapp®y® — 9, (; W02t ¢y — %W“@baa“é)

The interaction terms of the WZ-model in superspace notation:

[d*x d*0 W (@) + h.c. = [ d*x Ling



Details

To work out the component expansion, first expand v:

W =Wyey+ 0, W| _, (—i60"8) + § 8,0,W| _, (~i60"8)(~ifo"6)

Up to total derivatives we can thus take y = x and immediately find

[0.WF6° + 30.0,W (V20" (V261)]
oW F* — %aaabw¢a9¢b

02 —only

Expanding the derivative terms in 6 we find their component form:

Oy [0aW V200 (—ibo) — Lorw 0242 ,,
= 0, [ LW (0nh) — LW,

only



Kahler function

More general Lagrangian:

[ d*x d*6 K(®T,®)
SUSY invariance: the SUSY variation of the #2602 component of any
superfield is a total derivative.

Terminology: the real function K is called the Kahler function.

It gives general kinetic and other (in general non-renormalizable) inter-
actions.



The Real Superfield

Reality is another constraint that can be consistently imposed on a gen-
eral scalar superfield:

Vi(z,0,0) =V(z,0,0)

Parametrize the real superfield conveniently

V(z,0,0) = C(x)+0x(x r) + OxT(x )+%_02[M( )+ iN(x)] )
+ é@Q[M(x) —iN(x)] + 0oH0A,(x) + 02\ () + %8@(( Yot
+ 0%0[M(x) + 500" (2)] + 36°60%[D(x) — 30C(v)]
Example: real superfield constructed from a chiral superfield A
A+ AT = (A4 AY) + V200 + V200t + 0°F + 0°F* — i00"00,,(A — A*)

+ 020,400 + 5020019, 9T — 30°0°0(A + A¥)



Extended gauge invariance

Extended gauge invariance acts on the entire real superfield:

V-V +A+AT

It acts as ordinary gauge invariance on the vector field component A,,:

A, — A, —id,(A— A%

A SUSY theory invariant under ordinary gauge symmetry is automati-
cally invariant under the full extended gauge symmetry, where the gauge
parameter is a chiral superfield, A.



The WZ gauge

The WZ-gauge: choose gauge functions of extended gauge invariance so
three scalar fields C(zx), M (z), N(z) and the Weyl spinors x(z), x'(z)

are transformed to zero.

The vector supermultiplet in the Wess-Zumino gauge:
Vg = 0010 A% 4+ 020AT* + 620X + £6260D“
Remark: adjoint indices appropriate for non-abelian generalization. The

transformation to WZ-gauge is (much) more complicated in that case,
but the final result is the same.



Non abelian gauge invariance

Extended gauge transformation:

exp(T?V*) — exp(T*AT) exp(T*V*) exp(T*A?)

Linear approximation:

Ve — Vo4 A+ AT+ O(V*AY)

Higher orders simplify in Wess—Zumino gauge:

vevt = 1g2g2 A Al
vevtye = 0



“Field strength” Chiral Superfield

Goal: make extended gauge symmetry manifest, and see that C(x), M (z), C(x)
and x(z), x'(z) are unphysical (they decouple).

Starting from a vector superfield, define the spinorial superfield

TWe = —1DgD% 1"V " Dyel™V

NP

Expand in components:

Wa = Ma(y)+0,D%(y) — (6"0)o F2, (y) + 0%ic" D, A1 (y),

(87

where

ot = %(0“5”—0”5“)

Terminology: W, is the “field strength” chiral superfield.

Interpretation: W, isolates the physical degrees of freedom from the
vector superfield (off-shell, the D-term is included).



Why is W, “chiral”?

Recall: chiral scalar superfields are general superfields satistying

Ds® =0

Definition of field strength superfield:

Tewa = —1DyD% T"V'D,eT"V

N

There are just two distinct super-derivatives D4 (& = 1 and & = 2) and
they “all” anti-commute; so

D WS =0

o
Conclusion: W is chiral.

Corollary: the chiral superfield W§ is a function of the superspace coor-
dinate y* = z#* — i6c*60 and 6, but not 6.

(Proof: these are the quantities annihilated by D)



L

Component Expansion: SUSY Q).

Goal: work out the field strength superfield in components.

Definition:

Wo = —3DgDY(D,V) = D,V

only

where the vector field (in WZ-gauge):

Viwz = (90'“’(9_14,“ + 020\ + 620\ + %02§2D :
and the superspace derivative (with the y* coordinate kept fixed):

Do = g5 —2i(0"8)agem

Manipulations (details below):

Wo = Ao+ 0aD —2i(0%0),[(00700,A, + 6200,
Ao + 00D — (c"0)o F + 62 (0“(9#”)@

only



Reordering:

(0#0)ab0"8 = —¥,0%(0,,69°05) = L(015"0),0°
where
ohV = %(0“5” —oVat)
Some identities:
Yoyt = —xTohy
nen. 19254
0 95 — %8 55-
(W0)(x0) = —5x)0°

Each component field depends on y*, the entire W, depends on y*, 6:
Wa(y,0) = Xa(y) +0aD(y) — (6"0)aFu(y) +i0%(c" 92 (y))a



SUSY Yang—Mills action

Lagranian in superspace notation:
fd4x Loy = ifdllx d?6 WaO‘Waa + h.c.
where

Lsyy = —5FL, FPe +iAt*GH D, A" + D D?

An alternate form, as an integral over all of superspace:
fd4a7 Loy = %fd‘%v d*0 TrTewere=T"V D TV 4 h.c.

The equivalence:

TaT) e —iD2(€_TaVaDa6TQVa)

[G_Ta, Va, DaeTa Va]

02 only

f d20_[6_Tava DaeTaVa]



Matter Couplings

The chiral superfield ® transforms under the extended gauge invariance
as

O — e 9T"A P

Standard gauge invariant kinetic terms:

[ d*6 HTedT"V P

More generally (to include non-renormalizable interactions):

[d*0 K(®T,e97"V" @)



