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Dualities in planar N = 4 SYM

Natural observables in a (conformal) gauge theory:
L Correlation functions: Gn(z;) = (O(x1)O(x2) ... O(xn))
[J Scattering amplitudes: An(p;) = (p1,p2,--.,Pn|S|0)
Carry different/supplementary information about gauge theory:
G = off-shell (anomalous dimensions, structure constants of OPE)
Ay = on-shell (S-matrix)
They are related to each other in planar N’ = 4 SYM:

lim InGp(z;) ~ 2lnA,(p;), Di = Ti — Tit1

2
7 ;410

Have a new hidden symmetry (ultimately related to integrability of N = 4 SYM)

Allows us to predict correlators/amplitudes at higher loops without any Feynman graph
calculations!
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Gluon amplitudesin N =4 SYM

Four-gluon amplitude in A" = 4 SYM at weak coupling a = g° N./(87?)
AT /AR =14 astIM (s,1) + O(a?)

Scalar box in the dimensional regularization (for IR divergences) with D = 4 — 2¢

P2 3 p3
D
1 xo 5| x4 d” x5 2 2 2 2
1M (s,t) = ~ 55 5 5 (x1 = 253 = 234 = x4 = 0)
LIl Laos
1525435045
Pi zq pg
: _ a2 2 _
Dual variables p; = z; — x; 1 with p> = T = 0

(Broken) dual conformal symmetry
All-loop BDS ansatz / AdS prediction / Wilson loop duality

Explicit expressions for loop integrands up to 5 loops ... and even 7 loops [Marcus talk]

<>

h(1,3;2,4) T(1,3;2,4) 4-loops 5-loops

Seemingly increasing complexity of diagrams at higher loops

2 3
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Correlation functions

Protected superconformal operators made from six real scalars ®!

~

Oz)=Te(ZZ), Ox)=Te(Z22), Z=3o! +id?
I All-loop scaling dimension = tree level dimension
[J Two- and three-point correlation functions do not receive quantum corrections

Simplest correlation function

~

G4 = (O(21)O0(22)O0(23)O(z4)) = GELO) (14 2a2732549(1,2,3,4) + O(a®)]

One-loop ‘cross’ integral

1 d4955 2 2 2 2
9(1727374) — A2 2 9 9 9 (5612,5623,1(:34,:641 # O)
T L15Lo5L35Lys

Loop corrections to the amplitude and to the correlator involve the same integral g(1, 2, 3,4) but
for different kinematics: on-shell xf ir1 =0 for A, and off-shell xf i1 %+ 0 for G4

Amplitude/correlation function duality

lim Oln.((¥4/(?io)) ::ln.(z44//1$mee))

2 —

Tiit+1

Understood at the level of integrands in planar N’ = 4 SYM
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A hidden symmetry

Examine one-loop correction to the correlator ,
o / d*xs 1 |5 s
4 Y 2 2 2 2 p— e O
L15L25L357 5
The corresponding integrand 4
(1) 1
[G4 ]Integrand ~ TS5 5 95 9o
L15L25L357 5

The r.h.s. has S, permutation symmetry w.r.t. exchange of the external points 1, 2, 3,4

Equivalent form of writing

(1) 2 2 92 2 2 2 1
(G4 lintegrand ~ T12T13T14T53T24T34 X H 5

92 92 9 9 9 9o _ |2
= X19X713L74L23L4 T34 X

L 1 5 -
The second factor in the r.h.s. has the complete S5 permutation symmetry!
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Two loops
[ Explicit two-loop calculation:
G = n(1,2;3,4) + h(3,4;1,2) + h(2 3;1,4) + h(1,4;2,3)
+ h(1,3;2,4) + h(2,4;1,3) + = (37125’334 + ai3w3, + 214253)[9(1,2,3,4))
h(1,2;3,4)— ‘double’ scalar box integral

[J Go to a common denominator

(2) _ 2 2 2 2 2 4 4 2
G p— $12$13$14$23$24$34 d $5d e f( )(.’,Ul, .. ,3'36) .

[ 7 integrals in Gf) are described by a single f—function

o2
2 2 2 75 T4
(2) _ 1 Yo109%0304% 0506 _ / \
f (331,...,%6)—@ 1_[ 5 —
o€Sg 1<i<j<6 T N
g1

Has the complete Sg permutation symmetry !

LI Integrand of all-loop correlator has the complete permutation symmetry exchanging the external
1,2, 3,4 and internal, integration points (no need for the planar limit !)
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All-loop integrand

Loop corrections to 4-point correlator
4

0 General form of () for arbitrary ¢

PO (z1,...2400)

I1 xZ
1<i<j<4+¢ Lij

FO(1... maye) =

Can be deduced from the OPE analysis of the tree-level correlator

0 The polynomial P(¥) should satisfy the conditions:
U be invariant under Sy, permutations of x1, ..., z44¢
L have a uniform conformal weight (1 — #) at each point, both external and internal

4+0
PO (e = T~ PO (ay)
i=1

[J Graph theory solution:

PY — Multi-graph with (4 + ¢) vertices of degree (¢ — 1)
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Three loops

P® Multi-graph with 7 vertices of degree 2

5 5 5 5
//‘\ "\ "\ /.
4477 T, 6 N 4 27 N6 2N
~ 4 // < 6 N, ,/ \
r '\ Q’ \, '\\\ ///’ ‘-————%
' \ Y / Se” 7 6
‘b \b- dl 7 (”_\‘
¢ -— 3 °
\ 7 Q Se_ -7
3N ST 3. T s s T
‘o-——-4o « e - —__% « e
2 1 2 1 2 1 2 1
(a) (b) (c) (d)
There are only 4 independent possibilities for P(3) :
(a) heptagon: T35 Te5 T4 T s TogTar T2, + S7 permutations
(b) 2-gon x pentagon: (x19)(x3 a3 2262 x25) + S7 permutations
g P gon. L12 )\ T34L45T56L67L73 7 perimu
(c) triangle x square: (235135575, ) (vi5T56Te727,) + S7 permutations
(d) 2-gon x 2-gon x triangle: (215)(x5,) (xegz2 x35) + S tati
g g gie. L12 ) L34 )\ XT56Lc7L75 7 permutations .

P®) = linear combination of four terms with  arbitrary coefficients
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Three loops |

From polynomial to integrand

(3)
P (x1,...x
f(3)(x17.”7x7): Z C,; =L ( 1 27)

i=a.b,cd [lhi<icj<r Lij

Contributions corresponding to four graphs for £(3) (solid line = 1/z2 dashed line = xgigj):

0'7;0'3"

(a) (b) (c) (d)

) = linear combination of four diagrams with  arbitrary coefficients C,, C}, Ce, Cy

This holds in N/ = 4 SYM for arbitrary gauge group SU(N.)
All topologies except (b) are nonplanar, C, = C. = Cy = O(1/N?2), but how to fix C;?
Number of coefficients to determine in the planar limit:

3 IOOpS. 1 4 IOOpS. 3 5 IOOpS. 7 6 Ioops. 36 Amplitudes 2011, November 13th, 2011 - p. 9/17
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OPE constraints

0 Correlation function in the like-cone limit z%,, 35, 3,, 25, — 0

2 2 2 2
Conformal cross-ratios u = 12734 o = 223741
L13T24 T13T24
[ Examine two-loop integrand
In G G(l) 2 G(Q) 1 G(l) 2
2 92 2 2 1.2 (.2 .92 2 92 2 /.2 92 2 92 2 2 92
_ T13Toy 0 T13T54[213(T55T5g + Ti5T5g) + T4 (T36TT5 + TTgT35) — T13T54T5g]
=a 555 5 T4a 072 72 72 22 22 -2 2 2 2
L15La5L35Lys L15Lo5L35L45L16L26L36L 46T 56

Divergences come from integration over x5 and xg approaching the light-like edges, e.qg.
ry — 1 — AT12

r2, — ax?, + (1 — a)xs,, 0<a<l

LI For the integral to have at most double-log asymptotics ~ In u In v the polynomial in the
numerator should vanish in this limit

[J This condition alone fixes all the coefficients C';. Checked to 2-, 3-, 4-, 5- and 6-loops.

Permutation symmetry + OPE constraints allow us to construct the integrand of G4 in the planar
limit up to 6 loops!
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Four-point correlator at three loops

Our result for 4-point correlation function in planar N’ = 4 SYM
Ga(1,2,3,4) = GV +aG® 102G 1 a3G3) 4+ O(a?)
G are given by the sum of scalar Feynman integrals
G = g¢(1,2,3,4),
G2 = [n(1,2;3,4) + 5 perms] + L [212234(9(1,2,3,4))* + 3 perms]
GG = [T(1,3;2,4) + 11 perms| + [E(2;1, 3;4) + 11 perms| + [L(1, 3;2,4) + 5 perms]

+ [(g x h)(1,3;2,4) + 5 perms] + 2 [H(1,3;2,4) + 11 perms],

2- and 3-loop topologies:

E(1;2,4;3)  L(1,3;2,4) gxh(1,3;2,4) H(1,2;3,4)
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Correlation function/Amplitude duality

, lim In (G’4(a§z’)/G§lO) (azz)) = 21n (A4(pi)/A£lO) (pz)) , Di = Xj — Tit1

xz’,i—|—1_>0
Is understood at the level of integrands (and not in terms of divergent integrals)

lim G® = M® £ M2

"L’zz,7;+1_>0
3-loop correlator:
lim G®) =7(1,3;2,4) +T(1,3;4,2) + T(2,4;1,3) + T(2,4; 3,1)
"L’zz,i+1_>0
+ L(1,3;2,4) + L(2,4;1,3) + (g X h)(1,3;2,4) + (g x h)(2,4;1,3)
Compare with 3-loop 4-gluon amplitude

MM = g(1,2,3,4),
M@ = n(1,3;2,4) + h(2,4;1,3),

M®) =1(1,3;2,4) + T(1,3;4,2) + T(2,4;1,3) + T(2,4;3,1) + L(1,3;2,4) + L(2,4; 1,3)

Precise agreement with the amplitude/correlator duality!
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Four loops
4-loop 4-point integrand in the planar limit

ZO’GSS [CAPA(:CU(z')) +cPp (xa(z)) - CCPC(xJ(i))}

2 Y
H1§z‘<j§8 Lij

f(4)(1778):

Multi-graphs with 8 vertices of degree 3

4 2 5
AP AT IR
SN R da7 1 T 6
2¢7 N »5 R EANPY: N
Laommcioeoe 3 3o H 3 7
N L
. - . 2%~ ' .- 8
«---o- > 5% e
85T 4 1
_ Pa Pp Pc
Conformal polynomials
1
_ 2 .2 .2 .2 .2 2 92 92 92 6
Pa(z1,...,28) = o4 T12%13% 16723725 034151625617
Px( Lo 5 9 9 9 9 o o 4 4
B(T1...,%8) = 833125’313331633245’32733345’3385’34533565’378»
1
_ 2 2 .2 .2 .2 2 2 2 2 2 2 2
Po(zi...,z8) = Ex123315$18x23$26x34x37$45x48$5656675578 :

The coefficients c4 = cg = ¢ = 1 follow from the OPE constraint for In G4 at 4 loops

We constructed integrand of 4-point correlator up to 6 loops!
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Back to the amplitudes: 4-loop 4-gluons

Amplitude/correlator duality

: L@ L) 0 LA 3 A(2) () O A
MY = dim |26 - —eP et — Z(¢P)?2 + =g cV)? - (gt
=l |56 3086 - GG+ O (G - (@)
All pseudo-conformal integrals that contribute to four-loop four-point amplitude
2 3 - 2 3
s [T tOs 1) e S I+ 1) |- | = A st
1 4 11 3 14 1 13 9 . 2 1 .
(b) (©) (dy) (f2)
8 5 | 13 H 21 s 1 6 : 73 O s
SZ|1 I ?ls 674 12 S(I1+ |3) 92 2 |7 S(|2+ |4) 313 5
( -:-4 3) 0wl X(|12+ Il3)2 T T X(I6+ |8)2 910 68
(d) (e) (f)

Perfect agreement with the known 4-|00p result  [Bern,Czakon,Dixon,Kosower, Smirnov06]
MY = 1@ (5, 1) + T (¢, 5) + 27®) (s,1) + 220 (8, 5) + 270 (s, ) + 220 (¢, 5) + .V (s, 1)
+ ZD (¢, 5) + 47 (s, t) + A7) (¢, 5) + 22U (s, ¢) + 22U (¢, 5) — 27(42) (5, ) — 27(d2) (¢, 5) — T(H2) (5, ¢

All 15 relative signs/coefficients follow fromcy = cg = cc = 1!

Agreement between correlators and amplitudes verified up to 6 loops
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Konishi anomalous dimension at 5 loops

4-point correlator predicts integrand for 4-gluon amplitude in light-cone limit :c ; —0

1,1+

... and it contains a lot of information about anomalous dimension at short distances 1 — x9
through the OPE

O(z1) O(a2) = —= T + ZeC

:c12 (33%2)1_

K(z2) + ..., K =tr[®!®!] —Konishi operator

[\Dl)_l N—

8.

Asymptotics of 4-point correlator in the short-distance limit x; — z2, x3 — x4

1
InGy ~ Ev;c(a) In(z9yx3,) + ...

Evaluation of vx-(a) is reduced to extracting single-log part of a 2-point propagator-type integral
for In G4 — enormous simplification

Using state-of-the-art technology, we have been able to compute ~x (a) up to five loops!
yic(a) =3a—3a” + Fa’ + (—F + §¢s — P¢s) a’
+ (ZL¢(3) — 82¢(3)% — 135¢(5) + L2¢(7) + ZL) a® + O(a")

The result exactly matches the AAS/CFT prediction [Bajnok,Hegedus,Janik,Lukowski'09]

Six loops does not seem impossible . . . Amplitudes 2011, November 13th, 2011 - p. 15/17




Conclusions

The all-loop integrand of 4-point correlator possesses a complete symmetry under the exchange
of the four external and all internal (integration) points

This symmetry alone + OPE constraints allow us to construct 6-loop integrand of the correlation
function in the planar limit (without doing Feynman diagram calculation!)

In the light-cone limit, the scattering amplitude/correlator duality predicts the integrand for
4-gluon amplitude

In the short-distance limit, the OPE leads to analytical result for the Konishi anomalous
dimension at 5 loops

Straightforward generalization to higher loops

What are hidden symmetries of N’ = 4 SYM:
[J Dual (super)conformal symmetry of the amplitudes

L permutation symmetry of the correlator

L 27?7
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5-loop 4-gluon amplitude

All pseudo-conformal integrals that contribute to five-loop four-point amplitude

ko ks
6, 3,4 6,
4. st °
- st4.’t§~ T st“l.'vég 46
. = ]
| % 1,
1, [ (1)
I (1s)
k k 2
U1 4
(1)
2, 5
J 206 |5 13, 2,2 4 | LI 43,2 .2 |6, ||
sthada2. [ % stz ST T56 |6, _3. S50 T3
I -
1, 4.
I; I
(Z6) (£7) (Is) (Is)
2. 2.
L% 3% {3 6
2402 2 22 |17, 42,2 2 2 [ |7, ]
S5 T38 : STy : st w33l ;
g || 8 || 73
T 1
I o o
(In) (1) (h3)
2‘
G
: s : M 6, 3,
2,4 .2 |5 7 3 244 .2 |5, |
sTtwgs iy | | ) sPtadsagy | [ s*tadsaieasy |5, [,
':).
1, 1
(hs) (f16) (I7)
2
3
% 0, 5 ] 6,
s2ta2. 2 12 % 3, S2ta2 2 12 5 3, st232. 22 12
S1X35T46L37 7 S35 T46T59 19, ST TogTy6T59 B g
VN
I, 1, 4
(ho) (20) (121)

434
St° x5

4302 22
STy [
7

2402 o4
S7taigrs, .

32 2
8715956

k=g

2422 .2
=8 w5y Ty

(I)

ka2
—st3a?,
40
kx
(I3)
—s2tady /
%
(I)
2.
6
.
—st?uigr3 Q
9
.
4
0
(I1)

The relative signs are determined from unitarity cuts
The complete five-loop four-point MSYM planar amplitude

—s*t%a3,

—st? —st?a%
(1)

—s*ta, | fo [ s, —stPadss,
(I0)

—s%tadg st?
(Is3)

[Bern,Carrasco,Johansson,Kosower,Smirnov’07]

1
Mf)(l, 2,3,4) = 32 [(11 +2Ia + 213 + 214 + Is + Ie 4+ 217 + 41 + 219 + 4110 + 2111 + 4112

+ 4613 + 4114 + 4115 + 2116 + 4117 + 4118 + 4119 + 4120 + 2121 + 2123 + 4124 + 4125

+ 4126 + 2127 4+ 4128 + 4129 + 4130 + 2131 + I32 + 4133 + 2134 + {s <> t}) + 122]

Amplitudes 2011, November 13th, 2011 - p. 17/17




	Dualities in planar N=4 SYM
	Gluon amplitudes in N=4 SYM
	Correlation functions
	A hidden symmetry
	Two loops
	All-loop integrand
	Three loops
	Three loops II
	OPE constraints
	Four-point correlator at three loops
	Correlation function/Amplitude duality
	Four loops
	Back to the amplitudes: 4-loop 4-gluons
	Konishi anomalous dimension at 5 loops
	Conclusions
	5-loop 4-gluon amplitude

