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We have learned a lot about N=4 Yang-Mills scattering amplitudes.

Many have contributed to these recent exciting developments
including:

Alday, Arkani-Hamed, Bargheer, Beisert, Belitski, Bern, Berkovits,
Boels, Bourjaily, Brandhuber, Brodel, Bjerrum-Bohr, Bullimore,
Britto, Cachazo, Caron-Huot, Carrasco, Cheung, Damgaard, Del
Duca, Duhr, Dixon, Dolan, Duhr, Drummons, Eden, Elvang, Fend,
Ferro, Forde, Freedman, Gaiotto, Goddard, Goncharov, Green,
Henn, Heslop, Hodges, Huang, Ita, Johnannson, Kallosh, Kaplan,
Khoze, Kiermaier, Korchemsky, Kosower, Lipatov, Loebbert, Maitre,
Mafra, Maldacena, Mason, Naculich, Nastase, Plefka, Prygarin,
Roiban, Sabio Vera, Schnizer, Sever, Skinner, Smirnov, Sokatchev,
Spence, Spradlin, Staudacher, Stelle, Steiberger, Svrcek, Taylor,
Travaglini, Trnka, Tye, Vanhove, Vergu, Vieira, Wen, Witten



Amplitudes and Integrand

e Standard Lore z

Amplitude = [ d(loop momenta) (Integrand)

* Integrand = solved for all loops and all legs in N=4
Bern, Dixon, Kosower; Arkani-Hamed, Cachazo, et al

* |ntegral = still very hard to evaluate! This step reqwres
a lot of blood and tears begging for some new

technology!

e.g. Smirnov’s book

* Symbol = “half way between integrand and amplitude”

Goncharov, Spradlin, Vergu, AV



Symbol of an Amplitude

* Symbol of an amplitude is a new very powerful tool
for analysis of multiloop amplitudes which comes
from modern mathematics called theory of motives.

Goncharov, Spradlin, Vergu, AV
* Symbol of an amplitude
-- |leads to the compact expression for the amplitude

-- captures the essential physical (and “motivic”)
content of the amplitude



Motivations

Simplest nontrivial multi-loop amplitude in N=4

Yang-Mills is the 2-loop 6-particle MHV remainder

function = what is left after subtracting IR divergences,

leaving a finite and dual conformal invariant quantity
R(U1, Uz, u2)

S198 S$928 Sa48 2
= 12545 i) — 23556 ey — 34561 S193 = (k1 + ko + k3)
51235345 52345456 53455234

Numerically known since ‘08 gern, bixon, kosower, Roiban, Vergu, Spradiin, AV

Henn,Drummond, Korchemsky, Sokatchev

In a heroic effort, Del Duca, Duhr, Smirnov ‘09 found
a manageable way to evaluate the relevant
diagrams and obtained an analytic formula for it:
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FullSimplify[ ] is hot enough, we need
a serious weapon to battle this 17-page

mmonstcers



How do we proceed?
Classical Polylogs .
Liy(z) = / Lip_y(Hidlogt  Liy(z) = —log(1 — 2)
0

Satisfy various identities

1 1
X

Goncharov polylogs satisfy huge number of identities

G(ag,ap_1,...;2 /Gak 1,...;tt_ak G(z) =1

How can we bring the identities under control?

We will use motivic high tech!!!



Symbol of Transcendental Function

Goncharov
Tk %S(Tk) :R1®°°°®Rk

Symbol is an element of the k-fold tensor
product of the multiplicative group of rational
functions, it can be defined recursively

di_ZTk (dlog R; — S(T}) ZS T, )®R

R ® (RQRg) = R ® Ra + R ® R3
R ® (CRQ) — R ® Ry ¢ = const

Properties



Examples

log R dlog R R
log R1log Ry log Ridlog Ro+ R ® Ry + Ry ® Ry
log Rodlog Ry
Lio(R)  -log(1-R)dlogR —(1—R)® R

Li,(R) Lip_1(R)dlogR —(1-R)@R-- QR



Why is the Symbol Very Useful?

Symbol converts polylog functional eauations

into rational function identities - p
wport "
¢ Lis(x) + Lio(—x) = %Liz(ibz) ‘

(1—2)® (1x2)®x%(1x2)®az

¢ Lis(z) + Lio(1 — z) +log(2)log (1 — 2) = %2
—2Q(1—-2)-(1-2)®2+20(1-2)+(1-2)®2=0

Symbol fixes only the leading functional transcendentality piece



/&
Final Result ;\6

~——
Goncharov, Spradlin, Vergu, AV ‘10 | '

Two-loop six-point MHV remainder function is

=u Bartels, Prygarin, Lipatov ‘10: analyzed Regge limit
gt UWitustus—1zx VA Gaiotto, Maldacena, Sever, Veira ‘11: OPE approach
2u1u2u:),
A= (u1 + U2 + U3z — 1)2 — duqusus

e B




What’s next?

* Our formula provides hope to the idea that we
might be able to really unlock the secrets of
multi-loop SYM amplitudes, and connect to
strong coupling  Auday, Gaiotto, Maldacena, sever, veira

 We need a technology for writing down symbols
without first evaluating integrals at all

* |t would be nice to have a derivation from
integrals: work on two-loops is in progress, but
solved for one-loop higher dimensional polygons



More Motivic Magic
Spradlin, AV 05/11
* Consider one-loop 2m-gon in 2m-dimensions:

appear in dim regulated one-loop MHV & can also be
related to higher-loop four-dimensional integrals

* One-loop hexagon in six dimensions have been
evaluated for massless & three-mass case:

surprisingly the same Lg function appears.....

Dixon, Drummond, Henn; Del Duca, Duhr, Smirnov 05/11

* |t turns out its symbol for any m can be read of from
theorem by Goncharov’96 on mixed Tate motives



Recursions for Symbols

e After Feynman parameterization, any one-loop 2m-
gon integral in D=2m takes the form

D2m—1W )
H@= /@mml oy Qo T Ern)

IP)Qm—l

in terms of a quadric () in C
* The symbol of the integral is given recursively by
application of a result on mixed Tate motives concharov 9
Q5 (@7 - QuQ5
Sm(Q) — Z Sm—l(Qz'j) ® \/
= Qi +4/(Q)? - Q@5

Spradlin, AV 05/11




Example: 1-loop 3-mass hexagon

{ 0 0 zf, «f zf; ‘r?s\
0 0 2, 2 o 7
me 2 2 2
Q= Ty ry 00 23 Ty
rfy 23 0 0 zfy ol
rh; 2 zh oh 0 0
\1‘:14.3 23 zis 23 0 0/
’ EAB —THT5 + Tx + 2T — A
" 2 (23 )(1250 8> S, Q _ x?-r? 2 =k lk &l
(1+9+9)|$:(Q0) 8 ez Q) =2uzie® — g ~ a2t + A
D and
+5:(Q) ® {1238)(2568) (5789) (235 N 8) raiat @ +$;)r$4: .k-”r + ruru 2
I 19358) (2780) (4568) (562 1 8) +xd1ﬂr :+1 T + A
15,0 ® (2358) (2789) (4568) (452 N 8) +2222 @ +zhx k +ruc 1 - zth — A
ST 11938) (2458) (5789) (235 N 8) ! +zhad + 2hah - oy + A
£ 540 1 (2358 (2456) (5789) (782 N 5)
I 11235) (2578) (4568) (235 N 8) A=FdetO
520 ® 1285 789)(125 N 8)
1 11258) (2789) (4568) (452 1 8) g:i—i+3

(GiRNT) = (i k=1 k k+1){j 1-1 1 1+1) — (j k=1 k k+1)(i 1-1 1 1+1)



Higher Loops and Points Symbols

Similar story should exist for higher loops: recursions for
symbols? Geometrical meaning?

Higher points: Caron-Huot Wilson loop approach to symbol
for all n MHV 2-loops

Higher loops: Dixon, Drummond, Henn ansatz for a symbol for

6-points 3-loops from OPE and other constraints, assuming
the same cross-ratios as at 2-loops

Non-MHYV ratio function: Dixon, Drummond, Henn

Deriving function from symbol requires work.

This is a very nontrivial step.
Duhr, Gangl, Rhodes



Two-loop All-n MHV Symbol

The differential of the n-point function is expressed as

dRy = 3 Cijdlog(i—1ii+1j) (A.1)
§.J
where C2; is the sum of the four contributions Caron-Huot
y i—1 1 2.& ng
C3 = loguzi i1 x DD |Lia(1 — wyki1 1) + log 575 log 2 ] .
J=2 k=i 1k TSk—1
i-2
Cii = 3 AM25-1,5:i-1,1),
—dq
n
Cii = D AR 1L4i-1Ld,i-1),
F=1+2
(4) . 1 . 1 1
C5, = —2Lig(1 — =) — Liz(1 — =) logu — = log*u + — log u, (A.2)
- u u 6 6

and other C,; are obtained by cyclic symmetry. In the first line, ;41 = x2 when j = 11,
and xx-1 = xr; when k = ¢, and in the last line, u = w2 -14¢1. The symbol of A is

/

\

SA(1,2; 51, 7;1

-1,12)

. ( S[Is(i:1,2: 5-1.5)] ®

(2i+1(2) N (7)) (2345}

(G—137+14){1237){23di+1)

~ {(#i4+1) — (i—li)))

L2363 — 1574+ 120{23i7)

(Fi4+1{2)NG) G+ 1i+1)

1S[Liz(1 — uj2,3,i—1) — Li2(1 — uj2.14)] ® (
+§S[Ll2(1 —Uji-14,2) — L12(1 - UG i1, 1)] S (

{1235)

O—137=1i){23%i+1)
(124 —11)(2347)

2i33+1) (13(2i— L)W 255+1))

)

+1(2)N(E)) (i~ 14+ 1($2Z3)N (55 + 1))

2.
)U)

(2275 +13{125)+1)

S[L’Q(l U214 l]] e

+1{2)N(7))

(!231)0— Laa+15){23e— 11}
n 10

+lS[loguq: 1 .2logu32 1 t~’] 2 (

(2127241

1331
"231
11235)

3:

1—12)M2))+1 l

Q0+ 1(”)"’[0)&1%”% 1255+ 1))

(2377 +1){23i— 1) (i— 1+ 1{¥23)(ijF+1))

~((F341) — (G—-13))
+ S[Is(13i-1,4:5-1,5)] @

{12i5){23i

1)

12i—
{G—1741(512) N (Gii+1)}{123:) {23i 1)

+ Slloguy ;11 logus 1.1 @

14)(23i)

(12353 (F 1774+ 18)(12i—11)(23ii+1}

(A.3)



How can we integrate it?

e Constructing the function which has the same
symbol is nontrivial. We need luck/guessing.

l+z+z2*)Qx = 11__”;3 r=3(1-2’)®z - (1-2)®«z

‘ —%Lig(ﬂ??)) -+ L’Lg(w)
* |n 2-loop 6-point case we had Goncharov’s
theorem to guide us A A A = 0 — classical Li’s only

 More generally we can have for degree 4:

00
n ,,m n
X

. "y .
Liz2(z,y) = Z 2,2 Liy(x) = Z 2
O<n<m n=1




Motivic Content
S:ZCL@)A' :ZA@cR
ZbL R A ZA ® b}

Motivic content is the anhsymmetrlzahon of

> (b — b @ A,

J with Goncharov, Spradlin, Vergu

This operation kills all terms except for Li_ 4 and Li_2,2



Examples
A=x: Ligx)>—-(1—-2x)A Nz
A=1—zay:Liss(z,y) > 21—y Ny®@y+2(l—2) Nz Q@

A:CIZ‘;A:yiLZ’ZQ(SIj,y)%—(1—R)AR®R

* Motivic content will help identify good set of
cross-ratios out of 2310 for 7-points
* We also found new 40-term Li_3 identities

Y ai(l1-R)AR, ®R; =0

with Goncharov, Spradlin, Vergu



Regge limit

 While hard to evaluate the amplitude in general,
it can be done in the Regge limit. For n=7, this is

U226 "~ 1 — (9(62); ugs5, Uz ™~ 1 — 0(6); WUg5 ™ 0(6)
* The Ieagling log of the imaginary partis loge F5
18312 8: — Bel? 18:%| 83 — Bs|”
F5 = 1 1
’ ; Y1818 — Bel2 C |B6l?1Bs — Bil?

Bi=>
Computed by Prygarin using BFKL theory.  #=s

271

* Regge limit of the discontinuity u2g — U9gg €

of Simon’s symbol reproduces this result exactly.
with Spradlin, Prygarin, Vergu

* More legs and loops in Regge limit ?



Conclusions

If a problem is too hard, look for something
simpler. The symbol is a useful stepping stone
half way between an integrand and its integral.

We need a technology for writing down symbols
without first evaluating integrals at all.

We need better technology to find functions from
symbols, motivic content is very helpful in
addressing this question.

Symbols are not the ultimate goal, but serve the
simplest incarnation of a deeper motivic
structure of amplitudes which we are only
beginning to see.






