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Abstract

The unifying theme of this thesis is the study of measures of conditioning for convex
feasibility problems in conic linear form, or conic linear systems. Such problems are an im-
portant tool in mathematical programming. They provide a very general format for studying
the feasible regions of convex optimization problems (in fact, any convex feasibility prob-
lem can be modeled as a conic linear system), and include linear programming feasibility
problems as a special case. Over the last decade many important developments in linear
programming, most notably, the theory of interior-point methods, have been extended to
convex problems in this form. In recent years, a new and powerful theory of “condition
numbers” for convex optimization has been developed. The condition numbers for convex
optimization capture the intuitive notion of problem “conditioning” and have been shown
to be important in studying the efficiency of algorithms, including interior-point algorithms,
for convex optimization as well as other behavioral characteristics of these problems such as
geometry, etc.

The contribution of this thesis is twofold. We continue the research in the theory of
condition numbers for convex problems by developing an elementary algorithm for solving a
conic linear system, whose complexity depends on the condition number of the problem.

We also discuss some potential drawbacks in using the condition number as the sole mea-
sure of conditioning of a conic linear system, motivating the study of “data-independent”
measures. We introduce a new measure of conditioning for feasible conic linear systems
in special form and study its relationship to the condition number and other measures of
conditioning arising in recent linear programming literature. We study many of the impli-
cations of the new measure for problem geometry, conditioning, and algorithm complexity,
and demonstrate that the new measure is data-independent. We also introduce the notion
of “pre-conditioning” for conic linear systems, i.e., finding equivalent formulations of the
problem with better condition numbers. We characterize the best such formulation and pro-
vide an algorithm for constructing a formulation whose condition number is within a known
factor of the best possible.
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Chapter 1

Introduction and Overview of the

Thesis

The unifying theme of this thesis is the study of measures of conditioning for convex feasi-
bility problems in conic linear form, or conic linear systems. Such problems are an important
tool in mathematical programming. They provide a very general format for studying the
feasible regions of convex optimization problems (in fact, any convex feasibility problem can
be modeled as a conic linear system), and include linear programming feasibility problems as
a special case. Over the last decade many important developments in linear programming,
most notably, the theory of interior-point methods, have been extended to convex problems
in this form. In recent years, largely prompted by the above breakthroughs, a new and pow-
erful theory of condition numbers for convex optimization has been developed. The condition
numbers for convex optimization capture the intuitive notion of problem “conditioning” and
have been shown to be important in studying the efficiency of algorithms, including interior-
point algorithms, for convex optimization as well as other behavioral characteristics of these
problems such as geometry, etc.

At the same time, continuing investigations in the field of linear programming have
resulted in the development of novel approaches and new algorithms for solving linear pro-
gramming problems. The complexity analysis of these algorithms has often incorporated new

ways of characterizing the complexity of the problems via numerical parameters, or measures
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of conditioning, which often provided a better understanding of the problem behavior.

The contribution of this thesis is twofold. We continue the research in the theory of con-
dition numbers for convex problems by developing a new algorithm for solving a conic linear
system, whose complexity depends on the condition number of the problem. Secondly, we ex-
plore the connection of the condition number to some of the measures of conditioning arising
in recent linear programming literature, introduce a new relevant measure of conditioning,
and study the pre-conditioners that improve the condition number of the problem.

In the following section we briefly review the developments in the theory of measures of
conditioning in recent literature as well as give some indication of the issues that will be

addressed in this thesis. Section 1.2 contains a detailed overview of the thesis.

1.1 Literature Review

The study of the computational complexity of linear programming originated with the
analysis of the simplex algorithm, which, while extremely efficient in practice, was shown by
Klee and Minty [28] to have worst-case complexity exponential in the number of variables.

Khachiyan [27] demonstrated that linear programming problems were in fact polyno-
mially solvable via the ellipsoid algorithm. In particular, under the assumption that the
problem data is rational, the ellipsoid algorithm requires at most O(n?L) iterations, where n
is the number of variables, and L is the problem size, which is roughly equal to the number
of bits required to represent the problem data. Unlike the simplex method, the ellipsoid al-
gorithm, while providing a breakthrough in the theory of linear programming, did not prove
to be computationally efficient.

The development of interior-point methods, however, gave rise to algorithms that are
theoretically efficient as well as efficient in practice. The first such algorithm, developed
by Karmarkar [26], has the complexity bound of O(nL) iterations, and the algorithm intro-
duced by Renegar [38] has the complexity bound of O(y/nL) iterations, which is the best
known bound for linear programming. Many interior-point algorithms have also proven to
be extremely efficient computationally, and are often superior to the simplex algorithm.

Despite the importance of the above results, there are several serious drawback in analyz-
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ing algorithm performance in the bit-complexity framework. One such drawback is the fact
that computers use floating point arithmetic, rather than integer arithmetic, in performing
computations. As a result, two problems can have data that are extremely close, but have
drastically different values of L. The analysis of the performance of algorithms for solving
these problems will give different performance estimates, yet actual performance of the algo-
rithms will likely be similar due to their similar numerical properties. See Wright [59] for a
detailed discussion. Secondly, the complexity analysis of linear programming algorithms in
terms of L largely relies on the combinatorial structure of the linear program, in particular,
the fact that the set of feasible solutions is a polyhedron and the solution is attained at one
of the vertices of this polyhedron.

A relevant way to measure the intuitive notion of conditioning of a convex optimization
(or feasibility) problem via the so-called distance to ill-posedness and the closely related
condition number was developed by Renegar in [39] in a more specific setting, but then
generalized more fully in [40] and in [41] to convex optimization and feasibility problems in
conic linear form. Before defining and discussing these concepts in detail in Chapter 2, we
briefly review their importance for studying the properties of a convex feasibility problem in
conic linear form, which is the central object considered in this thesis.

A convex feasibility problem in conic linear linear form is a problem

(FPd) b— Az € Cy

x € Cy,

where A : X — Y is a linear operator between n- and m-dimensional spaces X and Y,
beY,and Cx C X and Cy C Y are each a closed convex cone. We denote by d = (A, b) the
“data” for the problem (FP,). The condition number C(d) of (FP4), developed by Renegar
in a series of papers [39, 40, 41], is essentially a scale invariant reciprocal of the smallest data
perturbation Ad = (AA, Ab) for which the system (FPgyaq4) changes its feasibility status.
The problem (FP,) is well-conditioned to the extent that C(d) is small; when the problem
(FPy) is “ill-posed” (i.e., arbitrarily small perturbations of the data can yield both feasible

and infeasible problem instances), then C(d) = +occ.
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One of the important issues addressed by researchers is the relationship between the
condition number C(d) and the geometry of the feasible region of (FP,;). Renegar [39]
demonstrated that when a feasible instance of (FP,) is well-posed in the sense that C(d) < oo,

then there exists a point z feasible for (FP,) which satisfies
lz]| < C(d).

Therefore, when (FPg) is well-conditioned, there exists a feasible point of small size. Fur-
thermore, Freund and Vera [16] showed that under the above assumptions the set of feasible
solutions contains a so-called “reliable” solution. We consider a solution reliable if, roughly
speaking, the size R of this solution is not excessively large, the solution is contained in
the relative interior of the feasible region, the distance r from this solution to the relative
boundary of the feasible region is not excessively small, and the ratio R/r is not excessively
large. Freund and Vera showed that when the system (FP,) is feasible, there exists a feasible

point z along with parameters r and R as above, such that

R/r = ci0(C(d), r = &0 (ﬁ) R = c;0(C(d), (1.1)

where the constants ¢, ¢, and c¢3 depend only on the properties of the cones C'x and Cly,
and are independent of the data d of the problem (FP,), but may depend on the dimensions
n and m.

The condition number C(d) was also shown to be crucial for analyzing the complexity
of algorithms for solving (FP,). Renegar [41] presented an incredibly general interior-point
(i.e., barrier) algorithm for solving (FP,;) and showed, roughly speaking, that the iteration
complexity bound of the algorithm depends linearly on only two quantities: the barrier
parameter for the underlying cones, and In(C(d)), i.e., the logarithm of the condition number
C(d). Freund and Vera [14] showed that a suitably modified version of the ellipsoid algorithm
will find a point in the feasible region of (FP4) in O(n?In(C(d))) iterations.

In this thesis, we develop a new “elementary” algorithm called “algorithm CLS” (for

“Conic Linear System”) which is based on a generalization of the algorithm of Von Neumann
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studied by Dantzig [7, 8] (also see [10, 11]). Algorithm CLS computes a reliable solution of
(FPy) in the sense of (1.1), or demonstrates that (FP,) is infeasible by computing a reliable
solution of an alternative (i.e., dual) conic linear system. The complexity of algorithm CLS
is also closely tied to the condition number C(d).

The recent literature has explored many other important properties of the problem (FPy)
tied to the distance to ill-posedness and the condition number C(d). Renegar [39] studied the
relation of C(d) to sensitivity of solutions of (FP,) under perturbations in the problem data.
Pena and Renegar [36] discussed the role of C(d) in the complexity of computing approximate
solutions of (FP,). Freund and Vera [15] and Pena [35] addressed the theoretical complexity
and practical aspects of computing the distance to ill-posedness.

Vera [57] considered the numerical properties of an interior-point method for solving
(FPy) (and in fact, a more general problem of optimizing a linear function over the feasible
region of (FP,)) in the case when (FP,) is a linear programming problem. He considered the
algorithm in the floating point arithmetic model, and demonstrated that the algorithm will
approximately solve the optimization problem in polynomial time, while requiring roughly
O(In(C(d))) significant digits of precision for computation.

For additional discussion of ill-posedness and the condition number, see Filipowski [12,
13], Nunez and Freund [33], Nunez [32], Pena [34, 35], and Vera [54, 55, 56].

As the above discussion hopefully conveys, the condition number C(d) is a relevant and
important measure of conditioning of the problem (FP;). Note that when (FP;) is in fact a
linear programming feasibility problem, C(d) provides a measure of conditioning that, unlike
L, does not rely on the assumption that the problem data is rational and is relevant in the
floating point model of computation.

Nevertheless, there are some potential drawbacks in using C(d) as a sole measure of
conditioning of the problem (FP,). To illustrate this point, consider a problem of the form

(FPy) Az =19

(1.2)
x € Ck,

i.e., assume that Cy = {0}. The problem (FP;) of (1.2) can be interpreted as the problem of
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finding a point x in the intersection of the cone C'y with an affine subspace A C X, defined
as

Aé{az:Ax:b}:{x:x:xg—i—a:N, zy € Null(A)},

where zy € X is an arbitrary point satisfying Axy = b, and Null(A) is the null space of the
linear operator A. Notice that the description of the affine subspace A by the data instance
d = (A,b) is not unique. It is not hard to find an alternative data instance d = (A, b) such
that

{r:Az=b}={z:Az=b}=A

(take, for example, b = Bb and A = BA, where B is any nonsingular linear operator

B:Y —Y). Then the problem

is equivalent to the problem (FP,) in the sense that their feasible regions are identical; we
can think of the systems (FPy) and (FPj) as different but equivalent formulations of the
same feasibility problem

(FP) find z € Aﬂ Cx.

Since the condition number C(d) is, in general, different from C(d), analyzing the prop-
erties of the problem (FP) above in terms of the condition number will lead to different
results, depending on which formulation, (FP,) or (FP};), is being used. This observation is
somewhat disconcerting, since many of these properties are of purely geometric nature. For
example, the existence of a solution of small norm and existence of reliable solutions depend
only on the geometry of the feasible region, i.e., of the set AN Cx, and do not depend on a
specific data instance used to “represent” the affine space A.

An important research direction, therefore, is the development of relevant measures of
conditioning of the problem (FP,) that do not depend on a particular data instance d, but
rather capture the geometry of the problem, and allow us to analyze some of the properties
of the problem independently of the data used to represent the problem.

The recent literature contains some results on developing such measures when (FPy) is
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a linear programming feasibility problem. In particular, two measures, y,; and o4, were
used in the analysis of interior-point algorithms for linear programming (see, for example,
Vavasis and Ye [51, 52, 53]). These measures, discussed in detail in Chapter 5, provide a new
perspective on the analysis of linear programming problems; for example, like the condition
number C(d), they do not require the data for the problem to be rational. Also, they have the
desired property that they are independent of the specific data instance d used to describe
the problem, and can be defined considering only the affine subspace A. Further analysis
of these measures in the setting of linear programming feasibility problems can be found in
Ho [22], Todd, Tuncel and Ye [48], and Tungcel [50].

In this thesis we define a new measure of conditioning, u4, for feasible instances of
the problem (FPy) of (1.2), which is independent of the specific data representation of
the problem. We explore the relationship between py and measures Yy, 04, and C(d). In
particular, we demonstrate that the measure o4 is directly related to 4 in the special case
of linear programming. We also demonstrate that many important properties of the system
(FPy) previously analyzed in terms of C(d) can be analyzed through p, (independently of
the data representation).

On the other hand, some properties of (FP4) are not purely geometric and depend on the
data d. We show how, given a data instance d, to construct a data instance d such that the
problem (FP;) is equivalent to (FP,4) but is better conditioned in the sense that C(d) < C(d)

(we refer to this construction as pre-conditioning of (FPy)).

1.2 Overview of the Thesis

Chapter 2 contains notation, definitions and some preliminary results. In Section 2.1
we formally define a convex feasibility problem in conic linear form, denoted by (FP;). In
Section 2.2 we define the distance to ill-posedness and the condition number C(d) of the
problem (FP,;). In Section 2.3, we discuss several “theorems of the alternative” for the
conic linear system (FP,) in the spirit of Farkas’ lemma; we denote by (SA,) the “strong
alternative” conic linear system of (FP4). Section 2.4 motivates and formally introduces the

notion of reliable solutions of (FP,) and (SA,). Finally, Section 2.5 contains the definition
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and an extensive discussion of properties of regular cones, which play an important role
throughout the thesis.

In Chapters 3 and 4 we develop an “elementary” algorithm called “algorithm CLS” (for
Conic Linear System) for computing a reliable solution of (FP,) whose complexity is bounded
appropriately by the condition number C(d). Our motivation for developing algorithm CLS
lies in instances of (FP,;) where an interior-point or other theoretically-efficient algorithm
might not be an attractive choice for solving (FP,). Such instances might arise when n is
extremely large, and/or when A is a real matrix whose sparsity structure is incompatible
with efficient computation in interior-point methods.

Algorithm CLS either computes a solution of the system (FP,), or demonstrates that
(FPy4) is infeasible by computing a solution of an alternative (i.e., dual) system (SA,). In
both cases algorithm CLS returns a reliable solution of the appropriate system.

Algorithm CLS is based on a generalization of the algorithm of von Neumann studied by
Dantzig [7] and [8], and is part of a large class of “elementary” algorithms for finding a point
in a suitably described convex set, such as reflection algorithms for linear inequality systems
(see [1, 30, 9, 17]), the “perceptron” algorithm [44, 45, 46, 47], and other so-called “row-
action” methods. When applied to linear inequality systems, these elementary algorithms
share the two desirable properties: (i) the work per iteration is extremely low (typically
involving only a few matrix-vector or vector-vector multiplications), and (ii) the algorithms
fully exploit the sparsity of the original data at each iteration. The performance of these algo-
rithms can be quite competitive when applied to certain very large problems with very sparse
data, see [6]. We refer to these algorithms as “elementary” in that, unlike interior-point al-
gorithms or the ellipsoid algorithm, the algorithms do not perform particularly sophisticated
computations at each iteration.

In Chapter 3 we develop elementary algorithms for conic linear systems in special form.
Section 3.1 presents a generalization of the von Neumann algorithm (appropriately called
algorithm GVNA) that can be applied to conic linear systems in a special compact form
(i.e., with a compactness constraint added). We analyze the properties of the iterates of
algorithm GVNA under different termination criteria. Sections 3.2 and 3.3 present the

development of algorithms HCI (Homogeneous Conic Inequalities) and HCE (Homogeneous
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Conic Equalities), respectively, for resolving two essential types of homogeneous conic linear
systems. Both algorithms HCI and HCE consist of calls to algorithm GVNA applied to
appropriate transformations of the homogeneous systems at hand.

In Chapter 4 we indicate how to use algorithms HCI and HCE of Chapter 3 to obtain
a reliable solution of a conic linear system in the most general form. We discuss three
different cases of instances of (FP4), which result from making different assumptions on the
two cones appearing in the formulation of (FP4). Due to the differences in the underlying
geometry, a different algorithm has to be used in each of the three cases. However, the
general framework of all of the algorithms is the same. In every case, the main algorithm
CLS consists of applying algorithm HCE and/or algorithm HCI to suitable transformations
of the system (FP,), and transforming the output into a solution of the system (FP,) or
(SAy). The complexity of algorithm CLS is slightly different for the three different cases,

but in any of the cases the algorithm will perform at most

O(cC(d)*In(C(d)))

iterations, where c is a constant that depends only on the properties of the cones Cx and
Cy and is independent of the data d, but may depend on the dimensions n and m.

It is interesting to compare the complexity bound of algorithm CLS to that of other
algorithms for solving (FP4). Recall from Section 1.1 that both the interior-point algorithm
and the ellipsoid algorithm have an iteration complexity bound that is linear in In(C(d)),
and so are efficient algorithms in a sense defined by Renegar [40]. Both the interior-point
algorithm and the ellipsoid algorithm are also very sophisticated algorithms, in contrast with
the elementary algorithm CLS. The interior-point algorithm makes implicit and explicit use
of information from a self-concordant barrier at each iteration, and uses this information
in the computation of the next iterate by solving for the Newton step along the central
trajectory. The work per iteration is O(n?®) operations to compute the Newton step. The
ellipsoid algorithm makes use of a separation oracle for the cones Cx and Cy in order
to perform a special space dilation at each iteration, and the work per iteration of the

ellipsoid algorithm is O(n?) operations. Intuition strongly suggests that the sophistication
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of these methods is responsible for their excellent computational complexity. In contrast, the
elementary algorithm CLS relies only on relatively simple assumptions regarding the ability
to work conveniently with the cones C'xy and Cy (discussed in detail in Chapter 3) and does
not perform any sophisticated mathematics at each iteration. Consequently one would not
expect its theoretical complexity to be nearly as good as an interior-point algorithm or the
ellipsoid algorithm. However, because the work per iteration of algorithm CLS is low, and
each iteration fully exploits the sparsity of the original data, it is reasonable to expect that
algorithm CLS could outperform more theoretically-efficient algorithms on large structured
problems that are well-conditioned.

In this vein, the recent literature contains several elementary-like algorithms for obtaining
approximate solutions of certain structured convex optimization problems. For example,
Grigoriadis and Khachiyan [19, 20] and Villavicencio and Grigoriadis [58] consider algorithms
for block angular resource sharing problems, Plotkin, Shmoys, and Tardos [37] and Karger
and Plotkin [25] consider algorithms for fractional packing problems, and Bienstock [4] and
Goldberg et al. [18] discuss results of computational experiments with these methods. The
many applications of such problems include multi-commodity network flows, scheduling,
combinatorial optimization, etc. The dimensionality of these structured problems arising in
practice is often prohibitively large for theoretically efficient algorithms such as interior-point
methods to be effective. However, these problems are typically sparse and structured, which
allows for efficient implementation and good performance of Lagrangian-decomposition based
algorithms (see, for example, [58]), which offer a general framework for row-action methods.
These algorithms can also be considered “elementary” in the exact same sense as the row-
action algorithms mentioned earlier, i.e., they do not perform any sophisticated mathematics
at each iteration and they fully exploit the sparsity of the original data. The complexity
analysis as well as the practical computational experience of this body of literature lends
more credence to the practical viability of elementary algorithms in general, when applied
to large-scale, sparse (well-structured), and well-conditioned problems.

In Chapters 5 and 6 we discuss other measures of conditioning of the problem (FP,). We
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restrict our attention to feasible instances of (FPg4) of the form

x € Cy,

and define a new measure of conditioning pu, for such problems. Chapter 5 is dedicated to
establishing several properties of the measure p, and characterizing its relationship to the
condition number C(d) and the measures x, and o4 mentioned above. In Section 5.2, we
show how to characterize some geometric properties of the feasible region of (FPy) in terms
of g. We are able to effectively replace the condition number C(d) in the bound on the size
of solutions (Renegar [39]) and properties of reliable solutions (Freund and Vera [16]) by 4.

In particular, we show that there exists a solution z of (FP,;) which satisfies

]l < pra,

and there exists a reliable solution 2 along with parameters r and R such that

. _ 1 _
R/r = ¢0(png), r = 0 <%> , R=2¢30(pa),

where the constants ¢;, ¢, and ¢3 depend only on the properties of the cone C'y (recall from
Section 1.1 that R is the size of the solution z and r is the distance from & to the boundary
of the feasible region of (FP,)). Moreover, unlike for C(d), the converse is also true: p is
guaranteed to be small if the feasible region has nice geometry. Namely, we show that if the

system (FP,) has a reliable solution &, then

1 R
ta < 1+2maX{R, -, —}.
ror

We conclude the section by establishing a “one-sided” relationship between the two measures
of conditioning, namely, pq < C(d), i.e., if C(d) is small, then so is ug. However, we show
that pg may carry no upper-bound information about C(d).

We continue studying the relationship between py and other measures of conditioning in
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Section 5.3, where we completely characterize the relationship between g4, C(d), X4, and og4
in the linear programming setting.

In Section 5.4 we analyze the performance of several algorithms for solving (FP,) in
terms of pug. We effectively replace C(d) by pq in the complexity analyses of the interior-
point algorithm of Renegar [41] and the ellipsoid algorithm of Freund and Vera [14].

In Chapter 6 we return to the issue of the importance of measures of conditioning of (FP,)
that are “formulation invariant.” In Section 6.1 we show that, similarly to x4 and oy, ug does
not depend on the particular data d used to characterize the feasible region of the problem
(FPy), and is therefore a purely geometric measure. Therefore, the properties of (FP,) and
the complexity of algorithms studied in Chapter 5 can be characterized independently of the
data d.

On the other hand, some properties of (FP,;) are not purely geometric and depend on
the data d. Therefore, it might be beneficial, given a data instance d, to construct a data
instance d equivalent to d (i.e., such that the problem (FP;) has the same feasible region as
(FPg4)), but is better conditioned in the sense that C(d) < C(d). In Section 6.2 we develop
a characterization of all equivalent data instances d by considering a pre-conditioner for the
problem (FP,) in the form of a non-singular matrix B : ™ — R™. The data instance
Bd 2 (BA, Bb) is equivalent to d, and we prove that under some assumptions on the cone
Cx, any equivalent data instance d can be constructed by considering an appropriate pre-
conditioner. We also give a geometric interpretation of a pre-conditioner B and show that

there exists a pre-conditioner B such that

pra < C(Bd) < év/myqg,

i.e., C(Bd) is within a factor ¢,/m of the lower bound. Here, ¢ is a constant that depends
only on the cone C'y.
Finally, in Section 6.3 we address the issue of computing a “good” pre-conditioner for the

problem (FP,). By exploiting the geometric interpretation of pre-conditioners, we develop
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an algorithm that computes a pre-conditioner B such that

C(Bd) < ¢-4mpyg.

We also present a complexity analysis of our algorithm.
Chapter 7 contains some final discussion and indicates potential topics of future research

arising from this thesis.
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Chapter 2

Preliminaries

2.1 Conic Linear Systems

Throughout this thesis we will be working with convex feasibility problems in conic linear

form:

(FPd) b— Az € Cy (21)

x € Cy,

where Cx C X and Cy C Y are each a closed convex cone in the (finite) n-dimensional
linear space X and the (finite) m-dimensional linear space Y, respectively. Here b € Y and
A€ L(X,Y), the set of all linear operators A : X — Y.

We denote by d = (A,b) the “data” for the problem (FP,). That is, the cones C'x and
Cy are regarded as fixed and given, and the data for the problem is the linear operator A
together with the vector b. We denote the set of solutions of (FP,;) by X, to emphasize the

dependence on the data d, i.e.,
Xd:{.%‘EXZb—AiEECy,iEECX}. (22)

The problem (FP,) is a very general format for studying the feasible regions of convex
optimization problems, and has recently received much attention in the analysis of interior-

point methods, see Nesterov and Nemirovskii [31] and Renegar [40] and [41], among others,
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who show that interior-point methods for (FP,) are theoretically efficient.

We will work in the setup of finite dimensional normed linear vector spaces. Both X and
Y are normed linear spaces of finite dimension n and m, respectively, endowed with norms
||z|| for z € X and ||y|| for y € Y. Unless explicitly specified, the norms on the spaces are

arbitrary. For z € X, let B(Z,r) denote the ball centered at z with radius r, i.e.,
B(z,r)={ze€ X : |z —z| <r},

and define B(y,r) analogously for § € Y.

We associate with X and Y the dual spaces X* and Y* of linear functionals defined on
X and Y, respectively. Let ¢ € X*. In order to maintain consistency with standard linear
algebra notation in mathematical programming, we will consider ¢ to be a column vector in
the space X* and will denote the linear function ¢(x) by c¢*z. Similarly, for f € Y* we denote
f(y) by fly. Let A: X — Y be a linear operator. We denote A(z) by Az, and we denote
the adjoint of A by A!: Y* — X*.

The dual norm induced on ¢ € X* is defined as
llell. & max{c'z : z € X, ||z|| < 1}, (2.3)

and the Holder inequality ¢z < [|c|.]|z|| follows easily from this definition. The dual norm
induced on f € Y* is defined similarly.
If X; and X, are finite-dimensional normed linear spaces with norms ||z;]| for z; € X,

and ||z for x5 € Xy, then for z = (z1,22) € X7 X Xo,
A
)l = (21, 22)|| = |21 + [|22]]

defines a norm on the linear space X = X; x Xy. From (2.3), the dual norm on the space

X* = X{ x X is then defined as

A
lelle = (e, e2)« = max{{les|l., [leall+ } (2.4)
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for ¢ = (c1, ) € X} x X3,
We denote the set of real numbers by R, the set of nonnegative real numbers by R, and
the nonnegative orthant in 1" by R7.

The set of real k x k symmetric matrices is denoted by S¥**. The set S*** is a closed

k(k+1)
2

linear space of dimension n = . We denote the set of symmetric positive semi-definite

k-by-k matrices by S_’f(k 2 {x € Skxk . g > O}, where z > 0 is the Lowner partial ordering,
Le., z = wif and only if z — w is a positive semi-definite symmetric matrix. S¥** is a closed

convex cone in S¥*¥. The interior of the cone S¥** is precisely the set of k-by-k positive

definite matrices, and is denoted by S%%*.

2.2 Distance to IlI-Posedness and Condition Numbers

We now present the concepts of condition numbers and data perturbation for (FPy4) in
detail. Recall that d = (A,b) is the data for the problem (FP,). The space of all data
d = (A,b) for (FP,) is denoted by D:

D={d=(A,b):AcL(X,Y),be Y}

For d = (A, b) € D we define the product norm on the cartesian product L(X,Y) x Y to be
[l = [I(A, b) || = max{|| A, [|bl}, (2.5)

where ||A|| is the operator norm, namely
[A]] = max{||Az[| : [lz] <1}, (2.6)

We define

F ={(A,b) € D: there exists z satisfying b — Az € Cy, x € Cx}. (2.7)
Then F corresponds to those data instances d = (A,b) for which (FP,) is feasible. The
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complement of F, denoted by F¢, consists of those data instances d = (A,b) for which
(FPy) is infeasible.
The boundary of F and of FC is the set

B =0F = 0F¢ = cl(F) Ncl(FC), (2.8)

where 0S denotes the boundary and cl(S) denotes the closure of a set S. Note that if
d = (A,b) € B, then (FPy) is ill-posed in the sense that arbitrarily small changes in the data
d = (A, b) can yield instances of (FP,) that are feasible, as well as instances of (FP,) that
are infeasible. Also, note that if Cy # Y (i.e., the problem (FP,) is nontrivial), B # (), since
d = (0,0) € B (see, for example, [16]).

For a data instance d = (A, b) € D, the distance to ill-posedness is defined to be:

p(d) = inf{||Ad|| : d + Ad € BY, (2.9)

see [39, 40, 41], and so p(d) is the distance of the data instance d = (A, b) to the set B of

ill-posed instances for the problem (FP,). It is straightforward to show that

inf{||d —d|| : d € FC} ifd e F,
(d) = (2.10)

inf{||d —d||:de F} ifde FC,

so that p(d) can be interpreted as the “smallest” perturbation of the data d that causes
the system (FP,) to change its feasibility status . The condition number C(d) of the data
instance d is defined to be:

c(d) = %

when p(d) > 0, and C(d) = oo when p(d) = 0. The condition number C(d) can be viewed

(2.11)

as a scale-invariant reciprocal of p(d), as it is elementary to demonstrate that C(d) = C(«ad)
for any positive scalar .. Observe that since d = (A,b) = (0,0) € B, then for any d ¢ B we
have ||d|| = ||d —d|| > p(d), whereby C(d) > 1. The value of C(d) is a measure of the relative

conditioning of the data instance d. For further analysis of the distance to ill-posedness,
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see Filipowski [12, 13], Freund and Vera [16, 14, 15|, Nunez [32], Nunez and Freund [33],
Pena [34, 35], Pena and Renegar [36], and Vera [54, 55, 57, 56].

2.3 Theorems of the Alternative and Characterizations
of the Distance to Ill-Posedness

If C is a convex cone in X, the dual cone of C, denoted by C*, is defined by
C*={z€ X*: 24 >0 for any z € C}. (2.12)
The “strong alternative” system of (FPy) is:

(SAg) Als e Cy
seCs (2.13)

bts < 0.

A separating hyperplane argument yields the following partial theorem of the alternative

regarding the feasibility of the system (FPy):

Proposition 2.1 If (SA;) is feasible, then (FPy) is infeasible. If (FP;) is infeasible, then
the following “weak alternative” system (2.14) is feasible:

Als € Cf
s e Cy

Y (2.14)
bls <0

s # 0.

In light of Proposition 2.1, we will often refer to solutions of the system (SAy) as certificates
of infeasibility of the system (FP,).
The following four theorems provide characterizations of p(d) for feasible and infeasible

instances of (FP,).

27



Theorem 2.1 ([41]) Suppose that d € F. Then p(d) = r(d), where

r(d) = min max ¢
veY O,z ¢
v <1 st b0 — Az —vg € Cy (2.15)

LEECX, >0

|z|| 4+ 16] < 1.

Theorem 2.2 ([16]) Suppose that d € F. Then p(d) = j(d), where

j(d) = min max {[|4’s —ql., |b's+gl}

54,9
st. seCy
Y (2.16)
q€Cx
g=>0
[Isfl = 1.
Theorem 2.3 ([41]) Suppose that d € FC. Then p(d) = w(d), where
m(d)=  min  max ¢
ve X" s,
v, <1 st Als —wvop e C*
ol < e -
—bls—¢ >0
seCy
Isfle < 1.
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Theorem 2.4 ([16]) Suppose that d € FC. Then p(d) = k(d), where

k(d) = min ||bf — Az — y|

0,1,y
st. 1z e C,
v (2.18)
f>0
y e Cy

el +10] = 1.

When the system (FP,) is well-posed, we have the following strong theorem of the alter-

native:

Proposition 2.2 Suppose p(d) > 0. Then ezactly one of the systems (FPy) and (SAg) is
feasible.

Proof: The proof is a direct application of Proposition 2.1 and Theorem 2.3. I
We denote the set of solutions of (SAy) as Ay, i.e.,

Ag={seVY*: Alse C%, s Cy, b's <0} (2.19)

2.4 Reliable Solutions

When studying the properties of the system (FP;) and developing algorithms for finding
solutions, we will often be interested in so-called reliable solutions of the system (FP,) and
reliable solutions of the system (SA,), also referred to as reliable certificates of infeasibility
of (FP4). We consider a solution & of the system (FP,) to be reliable if, roughly speaking,
(i) the distance from Z to the boundary of the feasible region, X,, dist(z, 0Xy), is not

excessively small, (ii) the norm of the solution ||Z|| is not excessively large, and (iii) the ratio

2]

Ti(s 0%) is not excessively large. A reliable solution of the alternative system is defined

11311«

similarly: we consider a solution § of the system (SA;) to be reliable if the ratio Ti(3, 047)

is not excessively large. (Because the system (2.13) is homogeneous, it makes little sense to
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bound |5, from above or to bound dist(s, 0A44) from below, as all solutions can be scaled
by any positive quantity.)

The importance of reliable solutions can be motivated by considerations of finite-precision
computations. Suppose, for example, that a solution & of the problem (FP;) (computed as

¥ = 2, and/or used as input to another

an output of an algorithm involving iterates 2!, ... a
algorithm) has the property that dist(z, 0X,) is very small. Then the numerical precision
requirements for checking or guaranteeing feasibility of iterates will necessarily be large.

Similar remarks hold for the case when ||Z|| and/or the ratio —12l 7 is very large.

dist(a,0Cx
The sense of what is meant by “excessive” can be measured using the condition number
C(d). Freund and Vera [16] show that when the system (FP,) is feasible, there exists a point
T € X4 such that
1 ]l

"y s S < .
|z]] < eiC(d), dist(z, 0X4) > CQC(d)’ and dist(7, 0X,) = csC(d), (2.20)

where the scalar quantities ¢, ¢z, and ¢z depend only on the width of the cone C'xy and/or
of the cone Cy, and are independent of the data d of the problem (FP,), but may depend
on the dimensions n and m. (The concept of the width of a cone will be defined shortly.)
Similarly, when the system (FP,) is infeasible, they show that there exists a point § € A,

such that
1131«

|G| T 92.21
dist(3, 94g) — eiC(d), (2:21)

where the scalar quantity ¢, depends only on the width of the cone C% and/or of the cone
Cs.

We end this section with the following lemmas which give a precise mathematical char-
acterization of the problem of computing the distance from a given point to the boundary
of a given convex set. Let S be a closed convex set in R™ and let f € R™ be given. The

distance from f to the boundary of S is defined as:

r:mzin{||f—z||:2685}. (2.22)
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Lemma 2.1 Let r be defined by (2.22). Suppose f € S. Then

r= min max ¢
v z
|v]| <1 st f—z—¢v=0

zeS.

Lemma 2.2 Let r be defined by (2.22). Suppose f ¢ S. Then

r= min ||f—z|
z
s.t. z€S.

2.5 Regular Cones

In this section we define reqular cones and discuss three important parameters associated

with regular cones, namely, width, coefficient of linearity, and norm approzimation coefficient.

Definition 2.1 We will say that a cone C is regular if C' is a closed convex cone, has a

nonempty interior, and is pointed (i.e., contains no line).
Remark 2.1 If C is a closed convex cone, then C' is reqular if and only if C* is reqular.

Let C' be a regular cone in the normed linear vector space X. We will use the following

definition of the width of C:

Definition 2.2 If C is a reqular cone in the normed linear vector space X, the width of C

15 given by:

Tc measures the maximum ratio of the radius to the norm of the center of an inscribed ball
in C',; and so larger values of 7 correspond to an intuitive notion of greater width of C'.

Note that 7o € (0,1], since C is pointed and has a nonempty interior, and 7o is attained
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for some (z,7) as well as along the ray (az,ar) for all @ > 0. By choosing the value of «

appropriately, we can find v € C' such that
|u|| = 1 and 7¢ is attained for (u, 7¢). (2.23)

Closely related to the width is the notion of the coefficient of linearity of a regular cone:

Definition 2.3 If C is a reqular cone in the normed linear vector space X, the coefficient

of linearity of the cone C' is given by:

Bc = sup inf ¢'z
qge X* rel (2.24)
lall. =1 [lzf] = 1.

The coefficient of linearity (- measures the extent to which the norm ||z|| can be approxi-

mated by a linear function over the cone C'. We have the following properties of [G¢:

Remark 2.2 ([16]) 0 < B¢ < 1. There exists u € intC* such that ||all, = 1 and fc =
min{a'z : x € C, ||z|| = 1}. For any x € C, fc||z|| < 'z < ||z||. The set {z € C : a'x =1}

18 a bounded and closed convex set.

In light of Remark 2.2 we refer to @ as the norm linearization vector for the cone C'. The

following proposition shows that the width of C' is equal to the coefficient of linearity of C*:

Proposition 2.3 ([14]) Suppose that C' is a reqular cone in the normed linear vector space
X, and let 7c denote the width of C' and let B+ denote the coefficient of linearity C*. Then
¢ = Bex. Moreover, 1¢ is attained for (u,7c), where u is the norm linearization vector for

the cone C*.

We now pause to illustrate the above notions on two relevant instances of the cone
C, namely the nonnegative orthant R’ and the positive semi-definite cone S¥**. We first
consider the nonnegative orthant. Let X = R" and C = #’}. Then we can identify X* with
X and in so doing, C* = R as well. If ||z|| is given by the L, norm ||z|| = 3%, |z;|, then

note that ||z|| = e’z for all z € C' (where e is the vector of ones), whereby the coefficient
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of linearity is fc = 1 and u = e. If instead of the L; norm, the norm ||z|| is the L, norm

defined by
n 1/p
lllp = (Z |<L“j|”> :

i=1

for p > 1, then for z € C'it is straightforward to show that u = (n(%1)> e and the coefficient
of linearity is B¢ = n(zlfl). Also, by setting u = (n*%) e, it is straightforward to show that
the width of C'is 7o = nov.

Now consider the positive semi-definite cone, which has been shown to be of enormous

importance in mathematical programming (see Alizadeh [2] and Nesterov and Nemirovskii

31]). Let X = S¥** and so n = #EU "and let C' = S¥**. We can identify X* with X, and

in so doing it is elementary to derive that C* = SﬁXk, i.e.,, C is self-dual. For x € X, let
A(z) denote the k-vector of ordered eigenvalues of z. For any p € [1,00), let the norm of x

be defined by 1
k P
]l = ll=ll, = (Z IAj(x)l”) :
j=1

(see [23], for example, for a proof that ||z||, is a norm). When p = 1, ||z||; is the sum of
the absolute values of the eigenvalues of z. Therefore, when z € C, ||z||; = tr(x) = ij Ti;
where z;; is the ijth entry of the real matrix « (and ¢r(x) is the trace of z), and so ||x||zl_lls a
linear function on C. Therefore, when p = 1, we have & = I and the coefficient of linearity
is Bc = 1. When p > 1, it is easy to show that u = (k(%_1)> I and (o = k(z%_l). Also, it is
easy to show by setting u = (lf%) I that the width of C'is 7¢ = k.

We will now derive the formulas for the coefficient of linearity and the width of a cartesian
product of two cones. Suppose that X = X; x X5 (where X; and X5 are normed linear spaces)
with norm ||z|| = ||(z1, 22)|| 2 ||z1]| + ||z2|| Where z; € X1, 25 € Xo. Let C = Cy x Cb,
where C; C X and Cy C X are regular cones with norm linearization vectors #; and s,
respectively. The corresponding coefficients of linearity are denoted by 3; for C; and (3, for
C5. Suppose further that vectors u; and usy satisty ||ui|| = 1, ||us|| = 1, and B(uy, 1) C Cf,
and B(ug, 73) C Cy, where 7y is the width of C}, and 7, is the width of Cs.

Proposition 2.4 The norm linearization vector for the cone C = Cy x Cy is @ = (iy, Us),
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and the coefficient of linearity is Bc = min{f, B2}.

Proof: Observe that u = (41,u) € intC} x intCy = intC*, and using (2.4), |||, =

max{||ty|+, ||42||+} = 1. Moreover, for any x = (x1,z2) € C, we have:
u'e = uixy + uhws < ||x]| + ||a]| = ||2f], and

' = uyry + Gywy > Bif|w]| + Bol|we]] = min{ By, o} |-

We conclude that S¢ > min{jy, 5>}

[t remains to show that @ above achieves the best approximation of the norm ||z|| over
the cone C'. We assume without loss of generality, that 3; < f.

Suppose that the norm linearization vector for the cone C is a4 = (@1, U3) € intC*, and
the coefficient of linearity is G > ;. This implies, in particular, that for any x; € intCh,

x = (z1,0) € C' and we have

Bullzll < Bellall = Bellzl| < iz = iy < |,

contradicting the assumption that [; is the coefficient of linearity of the cone C}. I

Proposition 2.5 The width of the cone C = Cy x Cy is ¢ = 2 and is attained for

Ti+72’

(u, 7c) where u = (Touy, Truz)

1
T1+72

Proof: It is easy to verify that u defined above satisfies u € C, ||u|| = 1, and B(u,7¢) C C,

T1T2

where 7o = g

To prove that 7¢ is indeed the width of the cone C', suppose that there exists a vector
@ € C such that ||a]| =1 and B(a,7) C C, with 7 > 7¢. The vector @ can be represented as
@ = (M, (1 — N)2), where @y € Cy, Gy € Cy, ||ur|| = [|uz|| =1 and A € [0, 1]. Let 7, be the
radius of the largest ball centered at @, inscribed in C and 75 be the radius of the largest
ball centered at @, inscribed in Cs.
A simple algebraic argument yields
71T

. ~ - 1
7 =min{ 7, (1 = AR} < PRl
T2

34



(the last inequality follows since 71 > 71 and 7, > T»), resulting in a contradiction. I

Another important parameter of C' is the norm approximation coefficient of the cone C-

Definition 2.4 If C s a regular cone in the normed linear space X, define the norm ap-

prozimation coefficient by
Sc 2 dist (0, deonv(C(1), —C(1)), (2.25)

where C(1) - {reC:|z]] <1}.

The norm approximation coefficient . measures the extent to which the unit ball B(0,1) C
X can be approximated by the set conv(C(1), —C(1)). As a consequence, it measures the

extent to which the norm of a linear operator can be approximated over the set C'(1):

Proposition 2.6 Suppose A € L(X,Y). Then
1
1Al < 5 max{f|Az]| : 2 € C(1)}.
Proof: As a direct consequence of Lemma 2.1, B(0,d¢) C conv(C(1),—C(1)). Therefore,
1
|A|| = max{||Az|| : z € B(0,1)} < i max{||Az|| : z € conv(C(1),—C(1))}
c

Since ||Az|| is a convex function of x, the maximum above is attained at an extreme point
of the set conv(C(1), —C(1)) (see Theorem 3.4.7 of [3]), and we can assume without loss of

generality that it is attained at some point x € C(1), establishing the proposition. |

Corollary 2.1 Suppose d = (A,b) € D. Then

ld < 5 max [0 — Aa]

s.t. >0, zeCx
01+ [l=]] < 1.
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Proof: The proof follows from Proposition 2.6 by observing that

max ||bf — Az = max{||b]|, max||Az| }
0>0, zeCy r € Cx
0] + [lo]] <1 o]l < 1.

The following lemma established a bound on 0 in terms of 7¢:

Lemma 2.3 Suppose C' is a reqular cone with width 7. Then

5o > —¢ z%c. (2.26)

Proof: Let Z € X be an arbitrary vector satisfying ||Z|| < {7%-. To establish the lemma we
need to show that z € conv(C(1), —C(1)).
Let z = :3(1%070) If w is the norm approximation vector of C'y, then, from Proposition 2.3,

u+ 1cxr € C'and u — 7ox € C. Furthermore,

U+ Tox —U+ ToX

(1 —C(1
and so
B To 1 /u+ 7101 1 /—u+71ex I
x 1+Tcx 2(1+TC> 2(1+TC>€COHV(C(), C(1))
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Chapter 3

Elementary Algorithms for Special

Types of Conic Linear Systems

In this chapter we develop elementary algorithms for conic linear systems in special form,
which will be used in Chapter 4 as “building blocks” for algorithms for general conic linear
systems. The outline of this chapter is as follows: Section 3.1 presents a generalization of the
von Neumann algorithm (appropriately called algorithm GVNA) that can be applied to conic
linear systems in a special compact form (i.e, with a compactness constraint added). We
analyze the properties of the iterates of algorithm GVNA under different termination criteria
in Lemmas 3.1, 3.2 and 3.3. Sections 3.2 and 3.3 present the development of algorithms HCI
(Homogeneous Conic Inequalities) and HCE (Homogeneous Conic Equalities), respectively,
for solving two essential types of homogeneous conic linear systems. Both algorithms HCI
and HCE consist of calls to algorithm GVNA applied to appropriate transformations of the
homogeneous systems at hand.

We make the following assumption throughout this chapter:

Assumption 3.1 C' C X is a regular cone. The width T¢ of the cone C and the coefficient
of linearity Bc for the cone C, together with vectors 4 and u of Remark 2.2 and Proposition
2.3 are known and given. Y 1is an m-dimensional Fuclidean space with Fuclidean norm
Wyl = llyllz = Vyty for y € Y (and therefore the dual norm is also ||s||. = ||s|| = ||sl|2 for
seY*)
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Suppose C' is as in Assumption 3.1. Given any linear function c'z defined on z € X, we

define the following conic section optimization problem:

(CSOP¢) min 'z
T
st. zedl

ale = 1.

Let T¢ denote an upper bound on the number of operations needed to solve (CSOP().

For the algorithms developed in this chapter, we presume that we can work conveniently
with the cone C' in that we can solve (CSOP() easily, i.e., that T is not excessive, for
otherwise the algorithms will not be very efficient.

We now pause to illustrate how (CSOP() is easily solved for two relevant instances of
the cone C, namely R" and S¥**. We first consider . As discussed in Chapter 2, when
||z|| is given by L, norm with p > 1, the norm linearization vector u is a positive multiple
of the vector e. Therefore, for any ¢, the problem (CSOP() is simply the problem of finding
the index of the smallest element of the vector ¢, so that the solution of (CSOP() is easily
computed as z. = €', where ¢ € argmin{c¢; : j = 1,...,n}. Thus T = n.

We now consider S***. Recall that for z € S**¥ \(z) is a k-vector of ordered eigenvalues
of x. As discussed in Chapter 2, when ||z|| is given by

P

el = llz]l, = (Z |Aj<x>|p)

with p > 1, the norm linearization vector u is a positive multiple of the matrix I. For
any ¢ € S*** the problem (CSOP() corresponds to the problem of finding the normalized
eigenvector corresponding to the smallest eigenvalue of the matrix ¢, i.e., (CSOP¢) is a
minimum eigenvalue problem and is solvable to within machine tolerance in O(k?*) operations
in practice (though not in theory).

Solving (CSOP¢) for the cartesian product of two cones is easy if (CSOP() is easy to

solve for each of the two cones: suppose that X = X; x Xy with norm ||z|| = ||(z1, z2)|| £
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|z1]] + [|z2]], and C = Cy x Cy where Cy C X; and Cy C X, are regular cones with norm
linearization vectors %; and us, respectively. Then the norm linearization vector for the cone

Cisu= (1]1,712), and TC = TC1 —+ TC2 —+ 0(1)

3.1 A Generalized Von Neumann Algorithm for a Conic
Linear System in Compact Form

In this section we consider a generalization of the algorithm of von Neumann studied by

Dantzig in [7] and [8], see also [10, 11]. We will work with a conic linear system of the form:

(P) Mz=g
rel (3.2)
alr =1,

where C' C X is a closed convex cone in the (finite) n-dimensional normed linear vector space
X, and g € Y where Y is the (finite) m-dimensional linear vector space with Euclidean norm
Iyl = llyll2, and M € L(X,Y). Assumption 3.1 is presumed valid; in particular, the norm
linearization vector @ of Remark 2.2 is presumed to be known and given. (The original
algorithm of von Neumann presented and analyzed by Dantzig in [7] and [8] was developed
for the case when C' =R and @ = e.) We will refer to a system of the form (3.2) as a conic
linear system in compact form, or simply a compact-form system.

The “alternative” system to (P) of (3.2) is:

(A) M's—1a(g's) € intC*, (3.3)

and a generalization of Farkas’ Lemma yields the following duality result:
Proposition 3.1 Ezactly one of the systems (P) of (3.2) and (A) of (3.3) has a solution.

Notice that the feasibility problem (P) is equivalent to the following optimization prob-
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lem:
(OP) min  ||g— Ma]|

x
st. xzedl

utr = 1.

If (P) has a feasible solution, the optimal value of (OP) is 0; otherwise, the optimal value of
(OP) is strictly positive. We will say that a point x is “admissible” if it is a feasible point
for (OP), i.e., z € C and u'z = 1.

We now describe a generic iteration of our algorithm. At the beginning of the iteration
we have an admissible point Z. Let ¥ be the “residual” at the point Z, namely, v = g — MZ.
Notice that ||o]| = ||g — MZ|| is the objective value of (OP). The algorithm calls an oracle

to solve the following instance of the conic section optimization problem (CSOP¢) of (3.1):

min ‘(g — Mp) = min o'(gu' — M)p

p p
st. peC st. peC

(3.4)

where (3.4) is an instance of the (CSOP¢) with ¢ = (—M"' + ug")v. Let p be an optimal
solution to the problem (3.4), and w = g — Mp.

Next, the algorithm checks whether the termination criterion is satisfied. The termination
criterion for the algorithm is given in the form of a function STOP(-), which evaluates to
1 exactly when its inputs satisfy some termination criterion (some relevant examples are
presented after the statement of the algorithm). If STOP(:) = 1, the algorithm concludes
that the appropriate termination criterion is satisfied and stops.

On the other hand, if STOP(-) = 0, the algorithm continues the iteration. The direction
p — Z turns out to be a direction of potential improvement of the objective function of
(OP). The algorithm takes a step in the direction p — T with step-size found by constrained
line-search. In particular, let

T(A) =2+ ANp — ).

40



Then the next iterate Z is computed as Z = z(\*), where

A= argminke[o,l]Hg — Mz (]|

= argminye(ollg — M(z + A(p — )| = axgminyep [[(1 — Nz + Aol

Notice that T is a convex combination of the two admissible points Z and p and therefore Z

is also admissible. Also, \* above can be computed as the solution of the following simple

constrained convex quadratic minimization problem:
])\2||17—w||2+2/\(q7t(w—@))+ |3]|%. (3.5)

min ||(1 — \)7 + A\w||> = min
A€[0,1] A€l0,1
The solution of the program (3.5) is easily seen to be
1 if [|o])? < w'y,
N=¢q (3.6)
ﬂﬁ(:_)ﬁg) otherwise.

The formal description of the algorithm is as follows:
Algorithm GVNA

e Data: (M, g,x°) (where 2° is an arbitrary admissible starting point).

e Initialization: The algorithm is initialized with z°.
1 .

e Iteration k, k > 1: At the start of the iteration we have an admissible point 2%~

e O, alab Tt = 1.
Step 1 Compute v ! = g — Mz** (the residual).
Step 2 Solve the following conic section optimization problem (CSOP¢):

min (v 1)i(g — Mp) = min (V¥ Y (gu’ — M)p
P P (3.7)
st. pel st. peC
alp =1 ulp = 1.
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Let p*~! be an optimal solution of the optimization problem (3.7) and w* ! =

g — MpF~1. Evaluate STOP(:). If STOP(-) = 1, stop, return appropriate output.

Step 3 Else, let
N = argmin, o {llg — MET AP A (39)

1 if ||wk—1||2 < (wk—l)tvk—l,

k—1\t(,k—1 k—1
v v —w .
( ||vk)_(1,wk_1”2 ) otherwise.

and

$k — l,kfl + )\kfl(pkfl o l,kfl).
Step 4 Let k< k+ 1, go to Step 1.

Note that the above description is rather generic; to apply the algorithm we have to specify
the function STOP(-) to be used in Step 2. Some examples of functions STOP(-) that will

be used in this and the following chapters are:

1. STOP1(v* L, w*t) = 1 if and only if (vF 1)fw* 1 > 0. If the vectors vt wk™!
satisfy termination criterion STOP1, then the vector s = _HZ”:—jH is a solution to the
alternative system (A), see Proposition 3.2 below. Therefore, algorithm GVNA with
STOP = STOP1 will terminate only if the system (P) is infeasible.

[[o*— 1]

2. STOP2(v* 1 wk™1) = 1 if and only if (v* 1)fwkF~1 > . This termination criterion

is a stronger version of STOP1.

3. STOP3(v*~ 1wkt k) = 1 if and only if (v* 1wkt > 0 or k > I, where I is some
pre-specified integer. This termination criterion is essentially equivalent to STOP1,

but it ensures finite termination (in no more that I iterations) regardless of the status

of (P).
Proposition 3.2 Suppose v*~' and w*~' are as defined in Steps 1 and 2 of algorithm
GVNA. If (v*=Nwk=t > 0, then the vector s = _Hz"—:l\l is a solution to the alternative

system(A) and so (P) is infeasible.
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Proof: By definition of w*~1!,

0 < (Uk—l)twk—l — (Uk_l)t(gﬂt _ M)pk—l < (Uk_l)t(gﬂt _ M)p

for any p € C, u'p = 1. Hence, (gu’— M)'v* ! € intC* and s = —ﬁ is a solution of (A).
1

Analogous to the von Neumann algorithm of [7] and [8], we regard algorithm GVNA as
“elementary” in that the algorithm does not rely on particularly sophisticated mathematics
at each iteration (each iteration must perform a few matrix-vector and vector-vector multi-
plications and solve an instance of (CSOP¢) ). Furthermore the work per iteration will be
low so long as T¢ (the number of operations needed to solve (CSOP() ) is small. A thorough
evaluation of the work per iteration of algorithm GVNA is presented in Remark 3.1 at the
end of this section.

As was mentioned in the discussion preceding the statement of the algorithm, the size
of the residual ||[v*|| is decreased at each iteration. The rate of decrease depends on the
termination criterion used and on the status of the system (P). In the rest of this section we
present three lemmas that provide upper bounds on the size of the residual throughout the

algorithm. The first result is a generalization of Dantzig’s convergence result [7].

Lemma 3.1 (Dantzig [7]) If algorithm GVNA with STOP = STOP1 (or STOP = STOP3)

has performed k (complete) iterations, then

|M — gu'||
BeVk

l¥]l < (3.9)

Proof: First note that if z is any admissible point (i.e., z € C and @'z = 1), then ||z|| <

% = ﬂ%’ and so
| M — gu'|

lg = M| = (g’ — M)z|| < [|M — gu'|| - [l < B

. (3.10)

From the discussion preceding the formal statement of the algorithm, all iterates of the

algorithm are admissible, so that 2% € C and @‘a* = 1 for all k. We prove the bound on the
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norm of the residual by induction on k.

For k =1,

M — —1 M — —1
||U1||:||g—MQZ1||§ || gu || — || gu ||,
Be BVl

where the inequality above derives from (3.10).

Next suppose by induction that ||v*~!|| < "é‘;[_ig\/ijl". At the end of iteration k£ we have

¥ = llg = Mok = [1(1 = X=1)(g = Mak=t) 4+ Akt = Mph)|
(3.11)
R e

1 1

where p*~! and w*~' were computed in Step 2. Recall that \*~! was defined in Step 3 as

the minimizer of ||(1 — A\)v¥~! 4+ Aw*~!|| over all A € [0,1]. Therefore, in order to obtain an

upper bound on ||v¥||, we can substitute any A € [0, 1] into (3.11). We will substitute A = 7.

Making this substitution, we obtain:

1 1 1
||vk|| < L %wk_l = %H(k — 1)1}’“_1 + wk_1||. (3.12)
Squaring (3.12) yields:
1
14117 < 25 (G = D210+ [l 1P 20k = (o (). (3.13)

Since the algorithm did not terminate at Step 2, the termination criterion was not met, i.e.,
in the case STOP = STOP1 (or STOP = STOP3), (v*~Hiwk=! < 0. Also, since pF~! is
admissible, [|w* || = [|lg — Mp* 1| < W;i({mtn' Combining these results with the inductive

bound on ||v*"!|| and substituting into (3.13) above yields

1M —g|” g

1 M — =112 M — —t112
||Uk||2 < = ((k o 1)2“ gu'|| + I gu'|| ) :
k s

ek —1) B

We now develop another line of analysis of the algorithm, which will be used when the
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problem (P) is “well-posed.” Let
Hy 2 {Mz:z€C, ulz =1}, (3.14)
and notice that (P) is feasible precisely when g € H ;. Define
r(M,q) 2 inf{|lg — h|| : h € OHu Y, (3.15)

where H,, is defined above in (3.14). As it turns out, the quantity (M, g) plays a crucial
role in analyzing the complexity of algorithm GVNA.

Observe that (M, g) = 0 precisely when the vector g is on the boundary of the set
Hyr. Thus, when (M, g) = 0, the problem (P) has a feasible solution, but arbitrarily small
changes in the data (M, g) can yield instances of (P) that have no feasible solution. Therefore
when (M, g) = 0 we can rightfully call the problem (P) unstable, or in the language of data
perturbation and condition numbers, the problem (P) is “ill-posed.” We will refer to the
system (P) as being “well-posed” when r(M, g) > 0.

The following proposition gives a useful characterization of the value of r(M, g).

Proposition 3.3 Let Hyr and r(M,g) be defined as in (3.14) and (3.15). If (P) has a

feasible solution, then

r(M,g)= min max ¢ = min max ¢
v h v x
ol <1 st g—h—¢v=0 ol <1 st. g— Mz —¢v=0
h € Hy reC

utr = 1.

(3.16)
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If (P) does not have a feasible solution, then

r(M,g)= min [[g—hl = min [jg— Mz
h x
(3.17)
s.t. heHuy s.t. zeC
alr =1.

Proof: The proof is a straightforward application of Lemmas 2.1 and 2.2. I

In light of Proposition 3.3, when (P) has a feasible solution, r(M, g) can be interpreted
as the radius of the largest ball centered at ¢ and contained in the set H,.

We now present an analysis of the performance of algorithm GVNA in terms of the

quantity r(M, g).

Proposition 3.4 Suppose that (P) has a feasible solution. Let v* be the residual at point
x*, and let p* be the direction found in Step 2 of the algorithm at iteration k + 1. Then
(%) (g — Mp*) +r(M, g)||[v*]| < 0.

Proof: If v* = 0, the result follows trivially. Suppose v¥ # 0. By definition of r(M, g), there
k

exists a point h € H s such that g — h+r(M, g)”z—k” = 0. By the definition of Hy;, h = Mz

for some admissible point z. It follows that

Uk

g— Mz =—r(M,qg) Tl

Recall that p* € argmin, {(v*)" (g — Mp) : p € C, u'p = 1}. Therefore,

k

(") (g — Mp*) < (v")'(g — M) = —(v")'r(M, g) —r(M, g)|lv*]l,

U R
[[o*]

SO

(W) (g — Mp*) + (M, g)||o*|| < 0. [

Proposition 3.4 is used to prove the following linear convergence rate for algorithm GVNA:
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Lemma 3.2 Suppose the system (P) is feasible, and that r(M,g) > 0. If GVNA with
STOP = STOP1 (or STOP = STOP3) has performed k (complete) iterations, then

_k(Bgr(M,g) ?
[o*]) < [[°[le (et

(3.18)
Proof: Let T be the current iterate of GVNA. Furthermore, let = g — M Z be the residual
at the point Z, p be the solution of the problem (CSOP¢), and @ = g — Mp. Suppose that
the algorithm has not terminated at the current iteration, and £ = Z + \*(p — %) is the next

iterate and v is the residual at Z. Then
18] = [|(1 = X)o7 + X@||* = (X*)?(|7 — @||* + 2X" 0" (@0 — 7) + ||o]]°, (3.19)

where \* is given by (3.6). Since the algorithm has not terminated at Step 2, the termination
criterion has not been satisfied, i.e., in the case of STOP = STOP1 (or STOP = STOP3),
v'w < 0. Consider two cases:

Case 1: [|w]|* > w'v. In this case \* = P0-1) - Substituting this value of A* into (3.19)

lo—wl?

yields:
Jo]?[@]* — (v'w)?

I19]* = ——
lo —w]]?

(3.20)

Recall from Proposition 3.4 that o'w < —r(M,g)||7||. Thus, ||7]|*(]@]]* — r(M, g)?) is an
upper bound on the numerator of (3.20). Also, ||[o — @||*> = ||9]|*> + ||@|]* — 20'w > ||w||*

Substituting this into (3.20) yields

R L

[[wl]?

fal?
(Ber@Lg) \FY o
S(l (ngut—MH))“ ”

where the last inequality derives from (3.10). Applying the inequality 1 — ¢ < e * for

_ BCT(Mag)
t = (fedsn

2
) , we obtain:

_(Bor(Mm)Q
[o]]* < [lof|?e \lo='=
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Case 2: [|w]|* < w'v. In this case A\* = 1. Also, since the termination criterion was not
met, we conclude that w = 0, and therefore v = 0.

Combining Case 1 and Case 2, we have

_(BCT(M,g))2
ol < e (s

k— k

or, substituting ¥ = v~ and ¢ = v*,

BCT(M,Q))2

_1(Pgri?.9)
[El < 1 e (i (3.21)

Applying (3.21) inductively, we can bound the size of the residual ||v*|| by
ki ((ferorg)?
H'Uk” < ||’U0||6 2(\|971’5—1\/1H) . I

We now establish a bound on the size of the residual for STOP = STOP2.

Lemma 3.3 If GVNA with STOP = STOP2 has performed k (complete) iterations, then

4)|M — gu']
BeVk

lv¥]l <

Proof: Let T be the current iterate of GVNA. Furthermore, let = g — M Z be the residual
at the point Z, p be the solution of the problem (CSOP¢) and w = g — Mp. Suppose that
the algorithm has not terminated at the current iteration, and £ = Z + A\*(p — %) is the next

iterate and v is the residual at . Then
o)1 = [[(1 = A")5 + Nw|]* = (\)?||o — @* + 2X*0" (@ — ©) + ||o]?, (3.22)

where \* is given by (3.6). Consider two cases:
Case 1: ||w]|* < w'v. In this case \* = 1. Substituting this value of \* into (3.22),

algebraic manipulations yield

[l e [l 21155
= [|vll
2

< ||9||* = :
= W= 16107 = gurpp

(3.23)

o7 = ||o]|? < oo <
19]]* = [Jw]]
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The second inequality in (3.23) follows from the assumption that the algorithm did not

terminate at the present iteration. This implies that the termination criterion was not met,

o]*

2

ie., vlw < . The last inequality follows since

1M — gu'|l* _ 8[|M — gu'||*
s T B

Io]* <

The need for the last inequality may not be immediately clear at this stage, but will become

more apparent later in this proof.

ot (5—w)

Case 2: ||[@||* > @'s. In this case A" = 700

. Substituting this value of \* into (3.22)

yields:
" e (00 —w))?
1o]* = llol* = 5 ———
lw — olf?
Since v'w < "772"2, we have:
DY
iy 2 Y
so that
4 =114 32
SN2 < 15112 — [v]] < I5l2 — [v]|* B2
91 < 191 = 2o < 191 = fgrar e o
since
- _ _ e AIM - g2
lo — ol < [[]|* + lw]|* + 2||a]| - |lo]] < ———
B
Combining Case 1 and Case 2, we conclude that
K A4\ M — =t
Jol < o = L where o 2 220 (324
v c

Next, we establish (using induction) the following relation, from which the statement of the

lemma will follow: if the algorithm has performed & (complete) iterations, then

2
k)2 < L. (3.25)

B

*tH2

First, note that |[v'[]? < HM%%“ < 7—12, thus establishing (3.25) for £ = 1. Suppose that

(3.25) holds for k > 1. If v**1 = 0, then (3.25) is trivially valid for v**1. Also, if v* = 0, then

it is easy to show that v¥*! = 0. We will therefore consider the case when v* and v**! are
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both non-zero vectors. Using the relationship for ¢ and v established above with 7 = v*+!

and v = v*, we have:
R[4
ot < ot - L2
or, dividing by [[v"*!]|* - [[v*]?,
! 1 M ! !
A S E+1[]2 || k+1][2 7 S k+1(]2 A2
[oF|> = [loR+H[2 o [JoR 2y 7 flok ]2y
Therefore,
1 1 1 k 1
[P = ke * 2 = 52 T oE
and so
2
k12
e < 2

thus establishing the relation (3.25), which completes the proof of the lemma. I
To complete the analysis of algorithm GVNA, we now discuss the computational work

performed per iteration. We have the following remark:

Remark 3.1 FEach iteration of algorithm GVNA requires at most
Te + O(mn)

operations, where Tc is the number of operations needed to solve an instance of (CSOP¢).
The term O(mn) derives from counting the matriz-vector and vector-vector multiplications.
The number of operations required to perform these multiplications can be significantly re-

duced if M and g are sparse.

3.2 Algorithm HCI

In this section, we develop algorithm HCI (for Homogeneous Conic Inequalities) and

analyze its complexity and the properties of solutions it generates. Algorithm HCT is designed
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to obtain a solution of the problem
(HCI) M's € intC*. (3.26)

We will assume for the rest of this subsection that the system (HCI) of (3.26) is feasible. We
denote the set of solutions of (HCI) by Sy, i.e.,

Sy 2 {s: M's € intC*}.

The solution s returned by algorithm HCI is “sufficiently interior” in the sense that the ratio

sl g not excessively large. (The notion of sufficiently interior solutions is very similar
dist(s,05n)

to the notion of reliable solutions. However, we wish to reserve the appellation “reliable” for
solutions and certificates of infeasibility of the system (FPy).)
Observe that the system (HCI) of (3.26) is of the form (3.3) (with g = 0). (HCI) is the

“alternative” system (in the sense of Proposition 3.1) for the following problem:

(PHCI) Mz =0
zel (3.27)

which is a system of the form (3.2). Following (3.15) we define
r(M) 2 r(M,0) = inf{||h]| : h € I}, (3.28)

where, as in (3.14), Hy 2 {Mz : x € C, u'x = 1}. Combining Proposition 3.3 and a

separating hyperplane argument, we easily have the following result:

Proposition 3.5 Suppose (HCI) of (5.26) is feasible. Then (PHCI) of (3.27) is infeasible
and r(M) = min{||Mz|| : = € C, @'z =1}. Furthermore, r(M) > 0.

Algorithm HCI, described below, consists of a single application of algorithm GVNA to
the system (PHCI) and returns as output a sufficiently interior solution of the system (HCI).

Algorithm HCI
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e Data: M

e Run algorithm GVNA with STOP = STOP2 on the data set (M,0,2°) (where z° is
an arbitrary admissible starting point). Let @ be the residual at the last iteration of

algorithm GVNA.

o

e Define s 2 _ . Return s.

<

The following theorem presents an analysis of the iteration complexity of algorithm HCI,

and shows that the output s of HCI is a sufficiently interior solution of the system (HCI).

Theorem 3.1 Suppose (HCI) is feasible. Algorithm HCI will terminate in at most

Eri (3.29)

iterations of algorithm GVNA.
Let s be the output of algorithm HCI. Then s € Sy and

sl 2|M]]

dist(s, 05a) = Bor (M)’ (3:30)

Proof: Suppose that algorithm GVNA (called in algorithm HCI) has completed k iterations.

From Lemma 3.3 we conclude that

4f| Ml
¥l < )
BevVk
where v* = —MzF is the residual after k iterations. From Proposition 3.5, (M) < ||Mzx||

for any admissible point z. Therefore,

Al Ml

r P .
(M) < || Hgﬂc\/E

Rearranging yields
L 16
= Ber(M)*

from which the first part of the theorem follows.
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Next, observe that ||s|| = 1. Therefore, to establish the second part of the theorem, we

need to show that dist(s, dSy) > ﬁZCIrJ\(MI) Equivalently, we need to show that for any ¢ € Y*

such that ||¢|] < 1, M? (s + ﬂgur( il q) € C*. Let p be an arbitrary vector satisfying p € C,

u'p = 1. Then
Bor(M) \\' Bor(M)
M* (s +——"q|| p=s"Mp+ q'Mp. (3.31)
( 2|| ]| 2[| M|
Observe that by definition of s
M — —o'Mp S otwk=t |||

il E— ] 2’

where o = v¥~1 is the residual at the last iteration of algorithm GVNA. (The first inequality
follows since p is an admissible point, and the second inequality follows from the fact that

the termination criterion of STOP?2 is satisfied at the last iteration.) On the other hand,

2 TP = T M)

Bor(M) - for(M) _r()

M
gl - WM {lpll = ==

Substituting the above two bounds into (3.31), we conclude that

o ) - -0

Therefore, M* (s + ﬂ%rl\(/l\l ) € C* and hence dist(s, 0Sy) > ﬁ2”]$4||), proving the last state-

<

ment of the theorem. I
The following corollary presents a slight modification of Theorem 3.1 which will be useful

in further analysis.

Corollary 3.1 Suppose (HCI) is feasible. Let s be the output of algorithm HCI. Then ||s|| =
1 andB(Mt BCT )CC*

3.3 Algorithm HCE

In this section, we develop algorithm HCE (for Homogeneous Conic Equalities) and ana-

lyze its complexity and the properties of solutions it generates. Algorithm HCE is designed
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to obtain a solution of the problem

(HCE) Muw =0
(3.32)
w e C.

We assume that M has full row rank. We denote the set of solutions of (HCE) by Wy, i.e.,
A
Wy ={w: Mw=0, weC}.

The solution w returned by algorithm HCE is “sufficiently interior” in the sense that the

[[wl|
dist(w,0C)

ratio is not excessively large. (The system (HCE) of (3.32) has a trivial solution
w = 0. However this solution is not a sufficiently interior solution, since it is contained in

the boundary of the cone C).

We define
p(M) 2 min  max o
v w
lv]| <1 st Mw—¢v=0 (3.33)
weCC
Jw]| < 1.

The following remark summarizes some important facts about p(M):

Remark 3.2 Suppose p(M) > 0. Then the set {w € Wy, : w # 0} is non-empty, and M
has full row rank. Moreover, p(M) < ||M]| and

(M) < ﬁ (3.34)

This follows from the observation that p(M)* < X\ (MM?), where \{(MM?") denotes the

smallest eigenvalue of the matriz M M?*.

We will assume for the rest of this section that p(A) > 0. Then the second statement
of Remark 3.2 implies that the earlier assumption that M has full row rank is satisfied. In
order to obtain a sufficiently interior solution of (HCE) we will construct a transformation

of the system (HCE) which has the form (3.2), and its solutions can be transformed into

o4



sufficiently interior solutions of the system (HCE). The next subsection contains the analysis
of the transformation, and its results are used to develop algorithm HCE in the following

subsection.

3.3.1 Properties of a Parameterized Conic System of Equalities in

Compact Form

In this subsection we work with a compact-form system

(HCEy) Mz =0
rel (3.35)

ulr = 1.

The system (HCEy) is derived from the system (HCE) by adding a compactifying constraint
@'z = 1. Remark 3.2 implies that when p(M) > 0 the system (HCEy) is feasible.

We will consider systems arising from parametric perturbations of the right-hand-side of
(HCEy). In particular, for a fixed vector z € Y, we consider the perturbed compact-form

system
(HCE;) Mz =6z

rel (3.36)

utr =1,

where the scalar 6 > 0 is the perturbation parameter (observe that (HCEj) can be viewed
as an instance of (HCE;) with the parameter § = 0, justifying the notation). Since the case
when z = 0 is trivial (i.e., (HCEy) is equivalent to (HCEy) for all values of §), we assume that
z # 0. The following lemma establishes an estimate on the range of values of § for which the
resulting system is feasible, and establishes bounds on the parameters of the system (HCEjy)
in terms of 9.

Before stating the lemma, we will restate some facts about the geometric interpretation
of (HCEy) and the parameter (M, dz) of (3.15). Recall that the system (HCEj) is feasible
precisely when 6z € Hs 2 {Mz:x € C, a'x =1}. Also, if the system (HCEjy) is feasible,

r(M,dz) can be interpreted as the radius of the largest ball centered at dz and contained in
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Har. Moreover, using the inequality G¢||z|| < 'z < ||z|| for all z € C, it follows that

Ber(M,0) < p(M) < r(M,0).

Lemma 3.4 Suppose (HCEy) of (3.85) is feasible, and z € Y, z # 0. Define

§ = max{§ : (HCE;) is feasible}. (3.37)

Then pﬁi\/ﬁ) < r(‘1|\;[|,|0) < § < +o0o. Moreover, if p(M) > 0, then § > 0, and for any § € [0, 4],

the system (HCE;) is feasible and |M — dzut|| < [|M|| + 6||z]| and r(M,dz) > (5%5) p(M).

Proof: Since H,, is a closed set, § is well defined. Note that the definition of 6 implies that
8z € OH . Also, since z # 0 and H,y is bounded, § < +o00. To establish the lower bound on
§, note that for any y € Y such that ||y|| < 1, r(M, 0)y € Hys. Therefore, if we take y = ﬁ,

we have 0290 > c 74, and so (HCE;y) is feasible for 6 = rMO) Hence, § > M0 > o)

lIz] lIz] llzll = 2l ~
The bound on || M —d§zu!|| is a simple application of the triangle inequality for the operator
norm, ie., [[M —oza'|| < |M|| + o[[z| - |all. = [[M]] + d]|=]].
Finally, suppose that p(M) > 0. Then § > 0. Let § € [0,6] be some value of the

perturbation parameter. Since § < ¢, the system (HCE;) is feasible. To establish the lower

bound on (M, dz) stated in the lemma, we need to show that a ball of radius gf}‘sr(M, 0)

centered at 0z is contained in #H,;. Suppose y € Y is such that ||y|| < 1. As noted above,
6z € Har and r(M,0)y € Hyr. Therefore,

6—46

r(M,0)y = %(52) + (1 - %) (r(M,0)y) € Hu,

0z +

(gl

since the above is a convex combination of 6z and (M, 0)y. Therefore, r(M,§z) > %T(M, 0)

S%S‘Sp(]\/[), which concludes the proof. I

v

We now consider the system (HCEs) of (3.36) with the vector z £ _Mu, where u is as
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specified in Assumption 3.1. The system (HCEs) becomes

(HCEs) Mz = —Mu
zeC (3.38)

ulr = 1.

The following proposition indicates how approximate solutions of the system (HCEs) of

(3.38) can be used to obtain sufficiently interior solutions of the system (HCE).

Proposition 3.6 Suppose p(M) > 0 and 6 > 0. Suppose further that x is an admissible
point for (HCE;s), and in addition v satisfies

1. p(M)?
Mz + oMul| < =0T, )
Define
w2 (I — MY (MMY ' M)(z + ou). (3.39)
Then Mw =0 and
1
|lw — (z + du)|| < 557'(; (3.40)

which implies that w € C, dist(w,dC) > Lo7¢, and ||w|| < 67¢ + 5% +9.

Proof: First, observe that w satisfies Mw = 0 by definition (3.39). To demonstrate (3.40)

we apply the definition (3.39) of w to obtain

lw = (& + du)|| = M (MM )™ M (x + ou)|| < [|M]] - |(MM)7H] - [[M (2 + du)

o STop(M)? - [[M]| - [[((MM*) 1| _ drep(M)* - |(MM") 1| _ d7c
- 2|| M| 2 - 27

since ||(MM")7H] < w from Remark 3.2.

The last three statements of the proposition are direct consequences of (3.40). Notice

that B(x + du, d7¢) C C since B(u,7¢) C C and € C. Combining this with (3.40) and
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the triangle inequality for the norm we conclude that w € C and dist(w,dC) > Zd7¢. Also,

1
2

1 1
lwll < llw = (= + Su)ll + la + 6ull < 3670 + =+,
c

which completes the proof. I

Notice that w defined by (3.39) is the projection of z + du onto the set {w : Mw = 0}
with respect to the Euclidean norm on the space X. Although the norm on the space X
may be different from the Euclidean norm, we will refer to the point w defined by (3.39) as
the Euclidean projection of  + du.

It is interesting to note that it is not necessary to have § < ¢ for Proposition 3.6 to be

applicable.

3.3.2 Algorithm HCE

The formal statement of algorithm HCE is as follows:

Algorithm HCE

e Data: M

e [teration k, k> 1

Step 1 § = 6% £ 2% compute I(9):

1(5) 2 [2[3?]52 In (2;52 (1 + %)ﬂ | (3.41)

Step 2 Run GVNA with STOP = STOP3 with I = I(¢) on the data set (M, —dMu, 2°)

(where z° is an arbitrary admissible starting point).

Step 3 Let x be the last iterate of GVNA in Step 2. Set

w= (I —M(MM")™'M)(z + du).
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If |w — (z + 6u)|| < $7¢d, stop. Return w.
Else, set k < k + 1 and repeat Step 1.

The following proposition states that when p(M) > 0 algorithm HCE will terminate and

return as output a sufficiently interior solution of (HCE).

Theorem 3.2 Suppose (HCE) satisfies p(M) > 0. Algorithm HCE will terminate in at

o, (151 +2 (3.42)

most

iterations, performing at most

] b ()]s e

iterations of algorithm GVNA.

Algorithm HCE will return a vector w € X with the following properties:

1. we Wy,

: Tcp(M)
2. dist(w, 0C) > ST

5
3. |Jwll < 35,

[|wl] L1|| M|
4- dist(w,8C) < p(M)BoTc*

Proof: We begin by establishing the maximum number of iterations algorithm HCE will
perform. Suppose that z is an admissible point for the system (HCEs) for some value 6 > 0.
The residual at point x is defined in algorithm GVNA as v = —0Mu — Mx = —M (z + du).
From Proposition 3.6, having a residual with a small norm will guarantee that the projection
w of the point z + du will satisfy the property ||w — (z + du)|| < 37¢d. In particular, it is
sufficient to have ||v|| < e with

1. p(M)?
€ = =0T .
| M]]

= - 3.44
: (3.44)
We now argue that if § < %ﬁ, then Step 2 of algorithm HCE will terminate in ()

iterations and produce an iterate with the size of the residual no larger than € given by

(3.44).
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Suppose 0 < § < %% Let d be as defined in (3.37). Applying Lemma 3.4 for z = —Mu

we conclude that the system (HCE;j) is feasible for any ¢ € [0, ], and & > ‘TI(V[]‘;[J' > % > 0.

Hence the system (HCEjy) is feasible, and furthermore
_y 3
1M+ oMua'|] < (1+6)[[M]| < 5[|M]]

(since 0 < 1), and )
erﬂMh02<§lé>mM)z

5 p(M).

1
2

Since the system (HCEy) is feasible, from Proposition 3.2 it must be true that algorithm
GVNA with STOP = STOP3 will perform I = I(0) iterations, where

IN 9 1 1 18||M|)? 2[| M ||? 1
1012 g5zt (g (1 508))| 2 s ™ (e (1 505)) - 699

>

since ¢ < %% Applying Lemma 3.2 we conclude that after 7(J) iterations of GVNA the
residual v!(?) satisfies:

1(5)

2 2
m) < ||M2° 4 sMulle 2 (W)

_I(5) (BCT(M,—SMu)
N < vl

(o) e A GRR Com) (50 _ s
~ \Be 2|[M]]

M, then algorithm GVNA of Step 2 of HCE will perform

We conclude that if 0 < § < A

1
2
I(9) iterations and w defined in Step 3 will satisfy the termination criterion of HCE.

In principle, algorithm HCE might terminate with a solution after as little as one itera-
tion, if the point w defined in Step 3 of that iteration happens to be sufficiently close to the
point = + du. However, in the worst case algorithm HCE will continue iterating until the
value of § becomes small enough to guarantee (by the analysis above) that the corresponding
iteration will produce a point satisfying the termination criterion. To make this argument

more precise, recall that during the kth iteration of the algorithm HCE, § = 6F = 2!~*.

Hence, HCE is guaranteed to stop at (or before) the iteration during which value of § falls

1 p(M)

5 AT for the first time. In other words, the number of iterations of HCE that are

below
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performed is bounded above by

Therefore algorithm HCE will terminate in no more than

= e, (121 o0

iterations, which proves the first claim of the theorem. Also, notice that throughout the

algorithm,
1 p(M)

oF > Sl
4 || Ml

(3.47)

To bound the total number of iterations of GVNA performed by HCE, we need to bound

the sum of the corresponding I(d)’s:

é[(ék Zﬁwf (:C (H%)ﬂ (3.48)

It can be shown by analyzing the geometric series S°f_, 4% that the sum in (3.48) satisfies
r I(6%) < 31(6%) + K. Therefore

kf:l &) < § {25035[() " (270(15K)2 <1 " 5015K>ﬂ o

<[ G (k) )« o (i)

<3 s Gamne )| o Gy )| +2
<3| arae ™ (amyese) | + o= Gian)| +2 (349

The first inequality in (3.49) follows from (3.47). We have thus established the second claim

of the theorem.

It remains to show that the vector w returned by algorithm HCE satisfies conditions

61



1 through 4. Let 6% denote the value of § during the last iteration of HCE. Applying

Proposition 3.6 combined with (3.47) we conclude that conditions I and 2 are satisfied.

Furthermore,
1 3 1 5
w|| < 6810+ —+ 68 <S4+ — < —\
ol 7 Be 2 fe 20c
which establishes condition &, and
et <%6KTC+[%C+5K_2 11 1
dist(w,aC’) - %Tc(SK N 2 BcTc(SK TC
<9 (1 LAl +i> < 1]
—\2  p(M)Bete  Tc) T p(M)Bete’

which establishes condition / and completes the proof of the theorem. I
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Chapter 4

Elementary Algorithm for General

Conic Linear Systems

In this chapter we indicate how algorithms HCI and HCE of Chapter 3 can be used to
obtain reliable solutions of a conic linear system in the most general form. A general conic

linear system has the form
(de) b— Ax € Cy

x e Cx

of (2.1), and the “strong alternative” system of (FP,) is:

(SAy) Als e C%
s e Cy

bls <0,

of (2.13).

We focus on three different cases of instances of (FP,), namely:

Case 1: CY is regular and Cy = {0},
Case 2: (Cx = X and Cy is regular,
Case 3: C(C'yx and Cy are both regular.

The three cases above correspond to the following three forms of (FPy):
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Case 1: Ax=0b, x € Cy,
Case 2: b— Ax € Cy,
Case 3: b— Ax € Cy, v € Cx.

For each of the three cases above, we present an algorithm for solving an instance of the
system (FP,) and establish a complexity result for the algorithm. Due to the differences in
the underlying geometry, a different algorithm has to be used in each of the three cases. We
refer to these different algorithms as “CLS1” (for Conic Linear System, Case 1), “CLS2,”
and “CLS3.” However, the general framework of all of the algorithms is the same. In every
case 7, the main algorithm CLS7 is a combination of two other algorithms, namely algorithm
FCLSi (Feasible Conic Linear System) which is used to find a reliable solution of (FP,), and
algorithm ICLSi (Infeasible Conic Linear System), which is used to find a reliable solution
to the strong alternative system (SA,). Each of the algorithms FCLS: and ICLS: consists of
applying either algorithm HCE or algorithm HCI to a suitable transformation of the system
(FPy4), and transforming the output of GVNA into a solution of the system (FPg4) or (SAg).

We begin by presenting an analysis of Case 1. As it turns out, systems in this case
yield themselves to the most natural transformations suitable for application of algorithms
HCE and HCI, yet have enough richness to allow us to illustrate most of the aspects of the
algorithm design and complexity analysis. We then discuss how the other two cases can be
handled by similar algorithms.

For the remainder of this chapter we maintain the following notation:

Definition 4.1 Whenever the cone C'x is reqular, the coefficient of linearity of Cx is denoted
by B, and the corresponding norm linearization vector is denoted by f. The coefficient of
linearity of C% is denoted by T, and the corresponding norm linearization vector is denoted
by f. (Equivalently, the width of the cone C'x is T and is attained for (f,7).)

Whenever the cone Cy is reqular, the coefficient of linearity of Cy is denoted by B, and the
corresponding norm linearization vector is denoted by e. The coefficient of linearity of C5- is
denoted by 7, and the corresponding norm linearization vector is denoted by e. (Equivalently,

the width of the cone Cy is T and is attained for (e, 7).)
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4.1 Case 1: Cy is regular and Cy = {0}

When the cone CY is regular and Cy = {0}, the systems (FP,) and (SA;) can be written

as follows:
(de) Ar =0» (SAd) Als € Cj{f

(4.1)
x € Cy bls < 0.

We develop algorithm CLS1, which is a combination of two other algorithms, namely algo-
rithm FCLS1 (Feasible Conic Linear System, Case 1) which is used to find a reliable solution
of (FP,) of (4.1), and algorithm ICLS1 (Infeasible Conic Linear System, Case 1), which is
used to find a reliable solution to the alternative system (SA,) of (4.1). We first proceed by
presenting algorithms FCLS1 and ICLS1, and studying their complexity. We then combine
algorithms FCLS1 and ICLS1 to form algorithm CLS1 and study its complexity.

We will assume in this section that Y is an m-dimensional Euclidean space with Euclidean

norm [lyl| = [}y for y € ¥

4.1.1 Algorithm FCLS1

Algorithm FCLS1 is designed to compute a reliable solution of (FP,) of (4.1) when the

system (FP,) is feasible. Consider the following reformulation of the system (FP,):

—b0+ Ax =0

HEO,ZEECX.

(4.2)

System (4.2) is of the form (HCE) of (3.32) under the following assignments:
e M=| b 4]
e ' =R, xC(Cy,

with norms defined as follows:
o ([0, 2)[| = 10] + ll=[], (6,2) € Rx X

o llvll = llvfls, ve Y.
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Applying Propositions 2.4 and 2.5, the norm linearization vector for C' is easily seen to be

u = (1, f) with Bc = 3. Moreover, the width of the cone C is 7¢ = > %7’ and is attained

at u = 1J%T(T, f)-
Proposition 4.1 Suppose (FP;) of (4.1) is feasible and p(d) > 0. Then the system (4.2) is
feasible, M has full row rank, and we have

M| = l[dl, and p(M) = p(d),

where p(M) is defined in (3.33).

Proof: See Appendix B, Propostion B.1. I
We use algorithm HCE to find a sufficiently interior solution of the system (4.2) and

transform its output into a reliable solution of (FP,), as described below:

Algorithm FCLS1
e Data: d = (A,b)

Step 1 Apply algorithm HCE to the system (4.2). The algorithm will return a vector
W= (0, 7).

Step 2 Define & = %. Return & (a reliable solution of (FPy) ).

SYd

Lemma 4.1 Suppose (FPy) of (4.1) is feasible and p(d) > 0. Then algorithm FCLS1 will

terminate in at most

4 [216C(d)? 80C(d)
3 { 7 In ( " + [log, C(d)] + 2 (4.3)
iterations of algorithm GVNA. The output & will satisfy

1. 7 € Xy,

~ C(d
2. |l < 2@ 1,

3. dist(z,0Cx) > %,

66



1Ed] 22€(d)
4- dist(2,0Cx) < Br -

Proof: To simplify the expressions in this proof, define
A L . ~
a = dist(w, 0C) = dist ((9, z),0(Ry x CX)) :

From Theorem 3.2 we conclude that algorithm HCE in Step 1 will terminate in at most

4 ’72166(61)2 <8OC(d)

g )]+ hos,cian +2

iterations of algorithm GVNA, which establishes the first statement of the lemma.
Next, from Theorem 3.2 we conclude that the vector w = (0~, Z) returned by algorithm

HCE in Step 1 satisfies:

~ ~ ~ Tep(M) T
b+ Az =0, (0,2) e Ry x Cx, a > ST = 16¢(d) (4.4)
0,5 = 10+ 7] < —— = >, < UM 22etd) g,

Note in particular that (4.4) implies that § > a > 0, so that & is well-defined, and Az =
b, & € Cyx, which establishes statement 1.

Next, R
_ el [l -0

™
™
|
Q
@
ﬁ

which proves 2.
To prove 3, define r = mar (1 + [[Z]]). Then a simple application of (4.5) implies that

r> —22[2@). Further, let p € X be an arbitrary vector satisfying ||p|| < r. Then

~ ~ ~ o « ~
10pll <07 =0 7= (14 [|2]]) = 7 (0 + [|7]]) = o,
[[@]] [

and so & + 0p € Cy, and hence & + p = ’Héép € Cx. Therefore, dist(z,0Cx) > r > 22@@)’

establishing 3.
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Finally,
2zl [l @l el el 22¢(d)
dist(z,0Cx) — r al+zl) = « — pr 7

which establishes 4. I

4.1.2 Algorithm ICLS1

Algorithm ICLSI is designed to compute a reliable solution of (SA,;) of (4.1) when the
system (FPy) is infeasible. Consider the following compact-form reformulation of the system
(FPg):

—b0+ Az =0
0+ flo =1, (4.6)

HEO,ZEECX.

The alternative system to (4.6) is given by

—bts >0

Als € intC%.

(4.7)

System (4.7) is of the form (HCI) under the following assignments:
e M=| b 4]
o O =R, xCCy,
with norms defined as follows:
o [[(6,2)[ =101+ l=[, (6,2) e Rx X
o [loff = [lv]l, veY.

From Proposition 2.4, the norm linearization vector for C' is easily seen to be @ = (1, f) with
Be = p.

Proposition 4.2 Suppose (FPy) of (4.1) is infeasible and p(d) > 0. Then the system (4.7)
15 feasible, and we have

1M1 = [l]l,
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p(d) < r(M) < @

where r(M) is defined in (3.28).
Proof: See Appendix B, Proposition B.2. I

We use algorithm HCI to find a sufficiently interior solution of the system (4.7) and show

that it is a reliable solution of (SA,), as described below:
Algorithm ICLS1
e Data: d = (A, D)

Step 1 Apply algorithm HCI to the system (4.7). The algorithm will return a vector

S.

Step 2 Return s (a reliable solution of (SAy) ).

Lemma 4.2 Suppose (FP;) of (4.1) is infeasible and p(d) > 0. Then algorithm ICLS1 will

{16%(2d)2| (4.8)

iterations of GVNA. The output s will satisfy s € Ay and

terminate in at most

Isl_ 2c()
diSt(S,aAd) B ﬁ

Proof: From Theorem 3.1 we conclude that algorithm HCI in Step 1 will terminate in at

most

16||M |2 < 16C(d)?
per(M)*| = | B
iterations of GVNA, which establishes the first statement of the lemma. Furthermore, the

output s satisfies s € Sy, and

sl _ 20 _ 2c()
dist(s,0Sy) = Ber(M) — [

Since Sy C Ay, the second statement of the lemma follows. I
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4.1.3 Algorithm CLS1

Algorithm CLS1 described below is a combination of algorithms FCLS1 and ICLSI.
Algorithm CLS1 is designed to solve the system (FP,) of (4.1) by either finding a reliable
solution of (FP4) or demonstrating the infeasibility of (FP,) by finding a reliable solution of
(SAg4). Since it is not known in advance whether (FP,) is feasible or not, algorithm CLS1
is designed to run both algorithms FCLS1 and ICLS1 in parallel, and will terminate when
either one of the two algorithms terminates. The formal description of algorithm CLS1 is as

follows:

Algorithm CLS1
e Data: d = (A,b)

Step 1 Run algorithms FCLS1 and ICLS1 in parallel on the data set d = (A, b), until

one of them terminates.

Step 2 If algorithm FCLS1 terminates first, return its output z. If algorithm ICLS1

terminates first, return its output s.

Although Step 1 of algorithm CLS1 calls for algorithms FCLS1 and ICLS1 to be run in
parallel, there is no necessity for parallel computation per se. Observe that both algorithms
FCLS1 and ICLS1 consist of repetitively calling algorithm GVNA on a sequence of data
instances. A sequential implementation of Step 1 is to run one iteration of algorithm GVNA
called by algorithm FCLS1, followed by the next iteration of algorithm GVNA called by
algorithm ICLS1, etc., until one of the iterations yields the termination of the algorithm.

Combining the complexity results for algorithms FCLS1 and ICLS1 from Lemmas 4.1
and 4.2 we obtain the following complexity analysis of algorithm CLS1:

Theorem 4.1 Suppose that p(d) > 0. If the system (FPy) of 4.1 is feasible, algorithm CLS1

will terminate in at most

8 {2166((1)2 n <SOC(d)
3

E o ﬂ +2log, C(d)] + 4
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iterations of GVNA, and will return a reliable solution & of (FPy). That is, & will have the

following properties:

.ii'EXd,

A 22¢(d
o 2] < Z52 -1,

L4 dlSt(Z)AZ, 3CX) > Br

Z 220(d)’
(12| 22C(d)
dist(2,0Cx) < Br °

If the system (FPy) is infeasible, algorithm CLS1 will terminate in at most

{2

iterations of GVNA, and will return a reliable solution s of (SAy), thus demonstrating in-

feasibility of (FP;). That is, s will satisfy the following properties:

e s Ay,
lIsll 2¢(d)
dist(s,044) < 75

Proof: The proof is an immediate consequence of Lemmas 4.1 and 4.2. The bounds on the
number of iterations of algorithm GVNA in the theorem are precisely double the bounds in

the lemmas, due to running algorithms FCLS1 and ICLS1 in parallel. I

4.2 Case 2: ('y = X and Cy is regular

When Cx = X and the cone Cy is regular, the systems (FP;) and (SA,) can be written

as follows:
(FPd) b— Ax € Cy (SAd) Als =0

s e Cy (4.9)
bls < 0.

The basic idea behind the algorithm CLS2 is to convert the alternative system (SA,)
into the form similar to that of (FP,) of (4.1). We will assume in this section that X is an
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n-dimensional Euclidean space with Euclidean norm ||z|| = ||z||z for z € X (and therefore

the dual norm is also [|¢||. = ||¢]|> for ¢ € X*).

4.2.1 Algorithm FCLS2.

Algorithm FCLS2 is designed to find a reliable solution of the system (FP,) of (4.9) when

(FPy) is feasible. Consider the following compact-form reformulation of (SA,):

bls +uvt =0
—Als =0

(4.10)
els  +t=1
s e Cy, t>0,

where v > 0 is a fixed constant. The alternative system to (4.10) is given by

b —Ax € intC

v (4.11)

v > 0.

System (4.11) is of the form (HCI) under the following assignments:

bt v
.M:

—At 0
o« O=Ci xRy,

with the norms defined as follows:
o [[(s,t)[| = [[s]|« + [t], (s,2) € V" xR,

o 1G. Ol =11G Dl = /3% + llall3, (G,q) € Rx X~

Then the norm linearization vector for C' is easily seen to be @ = (e, 1) with o = 7.

Proposition 4.3 Suppose (FPy) of (4.9) is feasible and p(d) > 0. Then the system (4.11)

15 feasible, and we have

max{||d]|, v} < [[M]| < V2max{|d||, v},
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p(d)
S max{L, |[d]|/}

Proof: See Appendix B, Proposition B.3. I
We use algorithm HCI to find a sufficiently interior solution of the system (4.11) and

transform its output into a reliable solution of (FP,), as described below:
Algorithm FCLS2
e Data: d = (A, D)

Step 1 Apply algorithm HCI to the system (4.11). The algorithm will return a vector
(0, 7).

Step 2 Define z =

YR

. Return # (a reliable solution of (FP,) ).

Lemma 4.3 Suppose (FPy) of (4.9) is feasible and p(d) > 0. Then algorithm FCLS2 will

terminate in at most

max{||d||/v, v/||d]}*
288C(d)* 5
iterations of GVNA. The output z will satisfy:
1. z € X,

2. ||&|| < 6C(d)mextle/lel

Lt (4 1 ¥
3. dist(2,0Xq) > 6v/2C(d) max{l[d]l/v.v/I1d]} ’

lell < 6,/3¢(q)mexdldlfvw/ldl}.

© dist(£,0Xg) =

Proof: From Theorem 3.1 we conclude that algorithm HCI in Step 1 will terminate in at

most

16| M|2 | _ | 16-2max{||d]], 1}2 - 9max{1, ||d||/v}2
b%r(M)?J = { P20(d)? J

_ {2886(d)2max{||dn/u, v/l J

7‘12

iterations of GVNA, which establishes the first statement of the lemma.
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Define
A L. 5 .o
v = dist ((b9 — Az, v0), 0(Cy x §R+)) .

Using Corollary 3.1 we conclude that the vector (6, %) returned by algorithm HCT in Step 1
satisfies:
16, )| = 1, B(bf — AZ,7) C Cy, v > 7,

Ber(M) 7p(d)
YT 2 Gmad(L, ||/}

In particular, 6 > T > 0, so that # is well-defined, and b — A% € Cy, which establishes 1.
Also,

X

<

6v max{1,||d||/v} _ 6c(d) max{l,ul//||d||},

<1o -
9 7p(d) 7

) v
i = 5 :

~
proving 2.

To prove 3, let r £ 1 +|2]|), where 7 is as above. Then it is easy to see that

—7—(
V2 max{]|d]|,v}

v

1 T
r > 6\/§C(d) max{”d“/V, V/HdH}

Further, let p € X be an arbitrary vector satisfying ||p|| < r. Then

16Ap]| < 6[|-A]|

~ f)/ R
=0||A 1+

@+ 11z < 7,

)
A
1A 2 gl o7

so that b — A% — 0Ap € Cy, and hence

b — Az — 0Ap

b—A(i—i—p) ECy,

and we conclude that B(z,r) C X4, which proves 3.

Finally,
Izl _ lléllv2max{fidll,v} _ v2max{|d]|, v}
r v+l T gl
< ovEmen{Jdl. v} max(L1A1/2) _ . g a1},
T T
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which proves /. I

4.2.2 Algorithm ICLS2.

Algorithm ICLS2 is designed to compute a reliable solution of (SA4) of (4.9) when (FPy) is

infeasible. Consider the following reformulation of the system (SAg):

bts 4uvt =0
At _0 (4.12)

seCy, t>0.

System (4.12) is of the form (HCE) under the following assignments:

bt v
o M =

—At 0
o O'=Cy x¥,,

with norms defined as follows:

o (s, )l = [lslls + 2], (5,8) € Y xR,

o |Gl =G, D2 = /52 + 43, (4,q) € Rx X~

Then the norm linearization vector for C' is easily seen to be u = (e,1) with o = 7.

1
Moreover, the width of C' is 7¢ = % > g and is attained at u = ﬁﬁu(é, B)

Proposition 4.4 Suppose (FP;) of (4.9) is infeasible and p(d) > 0. Then the system (4.12)

15 feasible, M has full row rank, and we have

max{||d]|, v} < [[M]| < V2max{|d||, v},

p(d)
a1 /oy < PO < V20(d).

Proof: See Appendix B, Proposition B.4. I
We use algorithm HCE to find a sufficiently interior solution of the system (4.12) and

transform its output into a reliable solution of (SA,), as described below:
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Algorithm ICLS2
e Data: d = (A,b)

Step 1 Apply algorithm HCE to the system (4.12). The algorithm will return a vector
w = (3,1)

Step 2 Return s = —— (a reliable solution of (SAy) ).

11511«

Lemma 4.4 Suppose (FP;) of (4.9) is infeasible and p(d) > 0. Then algorithm ICLS2 will

terminate in at most

4 {38886(d)2max{lldll/v, v/lldl}® (240\/56(61) max{||d||/v, V/||dll}ﬂ
3 72 B

+ [log, (3v2C(d) max{||d|| /v, v/||d||})] + 2
iterations of GVNA. The output s will satisfy:
1. s€ Ay,
2 sl = 1,

3. dist(s,0(Cy N {s : b's < 0})) >

pr . mi v
66v/2C(d) max{||d]| /v /|l d][} mm{l’ ol }

Proof: From Theorem 3.2 we conclude that algorithm HCE in Step 1 will terminate in at

33t (i) oo ()| +2
c 4 B mat il A1, (20VECD VY
-3 72 BT

+ [1og, (3v2C(d) max{ldll/v, v/lld]})] +2

most

iterations of GVNA, which establishes the first statement of the lemma.
Define
o = dist(w, 9C) = dist ((5,7), (Cy x R))
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From Theorem 3.2 we conclude that the vector @ = (,) returned by algorithm HCE in
Step 1 satisfies:
Vs+uvt=0, —A'%5=0, >0, (4.13)

GBI _ 1M _ 66v/2C(d) max{||d]|/v, v/ldll}
a = p(M)Bete B

(4.14)

Note in particular that (4.13) implies that B(5,a) C Cy and > a > 0 so that the vector

s returned by algorithm ICLS2 satisfies s € C5-, A's = 0, b's = < 0, so that s € Ay,

ER H
establishing 1. Observe that 2 holds by the definition of s.

~min{1

To prove 3, define r 2
of (4.14) implies that

} where « is as above. Then a simple application

(6]
11511«

(1ol

- min = ﬁT .
NTER] {1’ ||b||} = S6vaC(d) max (/v o/ {1’ o }

Moreover,

B(s,r) C ( T ) c ey, (4.15)

since B(s, ) C Cy. Further let y € Y* be an arbitrary vector satisfying ||y[|. < r < TEIRICIE
Then

av

[ERRL]

b'(5 + l13lly) < —vt+[IBl] - [|3]ler < —va +[[b]] - I3]. =0,

so that b'(s +y) < 0, which, together with (4.15), proves 3. |

4.2.3 Algorithm CLS2

Similarly to algorithm CLS1, algorithm CLS2 described below is a combination of algo-
rithms FCLS2 and ICLS2. Algorithm CLS2 is designed to solve the system (FP,) of (4.9)
by either finding a reliable solution of (FP,) or demonstrating the infeasibility of (FP4) by
finding a reliable solution of (SA,). The formal description of algorithm CLS2 is as follows:

Algorithm CLS2

e Data: d = (A,b)
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Step 1 Run algorithms FCLS2 and ICLS2 in parallel on the data set d = (A, b), until

one of them terminates.

Step 2 If algorithm FCLS2 terminates first, return its output z. If algorithm ICLS2

terminates first, return its output s.

Combining the complexity results for algorithms FCLS2 and ICLS2 from Lemmas 4.3
and 4.4 we obtain the following complexity analysis of algorithm CLS2:

Theorem 4.2 Suppose that p(d) > 0. If the system (FPy) of (4.9) is feasible, algorithm

CLS2 will terminate in at most

2 | assc(ayzmextlidll/v, v/ldil)”

22
iterations of GVNA, and will return a reliable solution & of (FP;). That is, & will have the
following properties:

o 7 € Xy,

o ||| < 6C(d)mp A,

3

o dist(&, 0X,) >

1 T
6v/2C(d) max{[|d||/v,v/||d|[}’

L] ) < 6\/§C(d)max{\ldllév,'//\ldll}_

dist(#,0Xq

If the system (FPy) is infeasible, algorithm CLS2 will terminate in at most

8 {38886(d)2max{lldll/v, v/lldl}® (240\/§C(d) max{||d||/v, V/||dll}ﬂ
3 72 B

+2 [log, (3v2¢(d) max{||d|| /v, v/||d||})] + 4

iterations of GVNA, and will return a reliable solution s of (SAy), thus demonstrating in-

feasibility of (FP;). That is, s will satisfy the following properties:
e s Ay,
o [[sll. =1,
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: * .t ik . mi v
o dist(s,0(Cy N {s :b's < 0})) 2 Gomermaxtavwidn mm{l’ el }

Proof: The proof is an immediate consequence of Lemmas 4.3 and 4.4. I

4.3 Case 3: ('y and Cy are both regular

When both cones C'y and Cy are regular, the systems (FP;) and (SA,) are written as

follows:
(FPd) b— Ax € OY (SAd) AtS € O;(

x € CX S € Ol*/ (416)

bts < 0.

It is possible to convert the system (FP,) of (4.16) into a system of the form (4.1) by
using the transformation
b—Ar —vy=0
(z,y) € Cx x Cy,
where v > 0 is a fixed constant, and then apply algorithm CLS1 to the resulting system
(see [36] and Appendix A for the analysis of the properties of the above system); this es-
sentially is the approach we use in developing algorithm ICLS3. However, for the algorithm
FCLS3, it is possible to use a different transformation, similar to the one used in algorithm

FCLS2, which leads to a nicer complexity result. We will assume in this section that X is an

n-dimensional Euclidean space with Euclidean norm ||z|| = ||z||2 for x € X (and therefore
the dual norm is also ||q||. = ||¢||2 for ¢ € X*), and Y is an m-dimensional Euclidean space
with Euclidean norm ||y|| = ||y||2 for y € ¥ (and therefore the dual norm is also ||s||. = ||s]|2
for s € Y*).

4.3.1 Algorithm FCLS3.

Algorithm FCLS3 is designed to find a reliable solution of the system (FP,) of (4.16)
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when (FP,) is feasible. Consider the following compact form reformulation of (SAy):

bs +vt =0
—Als +v =0
I (4.17)
els  +flq +t =1
seCy qelCy t>0,
where v > 0 is a fixed constant. The alternative system to (4.17) is given by
b0 —Ax € intCy
vr € intCx (4.18)

v > 0.

System (4.18) is of the form (HCI) under the following assignments:

bt 0 v
—At vl 0

e O =0Cy xCy xRy,

o M =

with norms defined as follows:
o [[(s,q, )| = lIsll« + llgll« + [t], (s,¢,t) € V" x X* x R,

o |Gl =G, D2 =52+ 4l (4,q) € Rx X~

Then the norm linearization vector for C'is easily seen to be & = (e, f, 1) with 3¢ = min{7, 7}.

Proposition 4.5 Suppose (FP;) of (4.16) is feasible and p(d) > 0. Then the system (4.18)

15 feasible, and we have

max{|[dll, v} < [|M]] < vVZmax{|d||, v},

p(d) . V2p(d) _ v2p(d)
5max{1,||d||/y}§ (M) < — Smin{ﬂ%}'

Proof: See Appendix B, Proposition B.5. I
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We use algorithm (HCI) to find a sufficiently interior solution of the system (4.18) and

transform its output into a reliable solution of (FP,), as described below:
Algorithm FCLS3
e Data: d = (A,b)

Step 1 Apply algorithm HCI to the system (4.18). The algorithm will return a vector
(6, %)

Step 2 Define z =

TR

. Return Z (a reliable solution of (FP,) ).

Lemma 4.5 Suppose (FP;) of (4.16) is feasible and p(d) > 0. Then algorithm FCLS3 will

terminate in at most )
FOOC(d)Q (max{ndn/u, v/||d||}> ‘ (419

min{r, 7}

iterations of GVNA. The output x will satisfy:
1. 7€ Xy,

2. ||&|| < 10C/(d)mexileldl

min{r,7} ~’

min{7,7}

1
10v2¢(d) max{||d||/v.v/l|d]|}

3. dist(%,0X4) >

z max{||d||/v,v/||d
4- dist(!ﬁ,gxd) < IOﬁC(d)M_

dist(£,0Xy) l'l'liIl{T,’f}

Proof: From Theorem 3.1 we conclude that algorithm HCI in Step 1 will terminate in at

most

6| M2 | | 16 - 2max{||d]], 2 - 25 max{1, |d]| /}?
{B%T(M)QJ = { min{r, 712p(d)? J

_ {Sooc(dymax{ndn/u, v/l J

min{r, 7}?
iterations of GVNA, which establishes the first statement of the lemma.
Define

v = dist (b0 — AT, vi, v0), O(Cy x Cx x Ry)).
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Using Corollary 3.1 we conclude that the vector (6, %) returned by algorithm HCT in Step 1

satisfies:
16, %)[| = 1, B(bd — A%, 7) C Cy, B(v¥,7) C Cx, vf > 7,

Ber(M) min{7, 7 }p(d)
YT 2 Toma(L, |d/)

In particular, § > T > 0, so that & is well-defined, and b — A% € Cy, & € Cyx, which

establishes 1. Also,

10y max{1, ||d||/v} max{1,v/||d||}
E min{7, 7}p(d) 10¢(d) min{7, 7}

proving 2.
To prove 3, let r 2 m“/m(l +||Z]|), where v is as above. Then it is easy to see that

min{r, 7}

1
"= T0vac(a) max{[[dl/v, v/l

Further, let p € X be an arbitrary vector satisfying ||p|| < r. Then

(0 +Izll) <,

il < G g i g
Ovp|| < Ovr = Ov 1+z|) =v
[6vpl rmax{ldl oy - =Y e max il v}

and we conclude that v& +v6p € Cx. Thus, & = £ satisfies £+p € C'y, and so B(z,r) C Cx.

By an almost identical argument, for any p € X such that ||p|| < r, b — A(z + p) € Cy, and

therefore, B(Z,r) C Xy, proving 3.

Finally,
2l _ ll&llv2max{fidll, v} _ v2max{|d||,v}
r v+l T gl

max ||dll/v, v/lldll}

min{7, 7}

10v/Zmax{ |dl, v} max{L, ]/} _
= min{7, 7 }p(d) = 10vaC(d)

which proves 4. I
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4.3.2 Algorithm ICLS3.

Algorithm ICLS3 is designed to compute a reliable solution of (SA4) of (4.16) when (FPy)

is infeasible. Consider the following compact form reformulation of (FPy):

b0+ Az +vy =0
O+ flo+ety =1 (4.20)
020, LEECX, yECY,

where v > 0 is a fixed constant. The alternative system to (4.20) is given by

—b's >0
Als € intC% (4.21)

vs € intCy.

System (4.21) is of the form (HCI) under the following assignments:

OM:{—b A vl

e C =R, xCx xCy,
with norms defined as follows:

o [0z, 9)ll = 10] + [l=]| + [lyll, (0,2,y) € R x X xV

o [[ofl =]l veY.
Then the norm linearization vector for C' is easily seen to be @ = (1, f,&) with fo =
min{s, 5}.

Proposition 4.6 Suppose (FP;) of (4.16) is infeasible and p(d) > 0. Then the system (4.21)
18 feasible and we have

M| = max{][d]|, v},

p(d) p(d) p(d)
Smax(L a7 = "M =75 S w4, 5}
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Proof: See Appendix B, Proposition B.6. I
We use algorithm (HCI) to find a sufficiently interior solution of the system (4.21) and

show that it is a reliable solution of (SA,), as described below:
Algorithm ICLS3
e Data: d = (A,b)

Step 1 Apply algorithm HCI to the system (4.21). The algorithm will return a vector

S.

Step 2 Return s (a reliable solution of (SAy) ).

Lemma 4.6 Suppose (FPy) of (4.16) is infeasible and p(d) > 0. Then algorithm ICLS3 will

, (max{||d]| /v, v/||d][}\’
{1440@1) ( min(3. 5} >‘ (4.22)

iterations of GVNA. The output s will satisfy s € Ay and

terminate in at most

5] max{||d||/v,v/||d|}
dist(s, DAy) < 6cld min{s, 3}

Proof: From Theorem 3.1 we conclude that algorithm HCI in Step 1 will terminate in at

most

{16||M||2J § {16max{||d||,1/}2~9max{1,||d||/1/}2J
Ber(M)? ]~ min{g, 5}2p(d)?

- g (st

iterations of GVNA, which establishes the first statement of the lemma.

Next, from Theorem 3.1 we conclude that the output s satisfies ||s||s = 1 and

Bor(M) 1 min{/3, 7}
2| = 6C(d) max{[ldll /v, v/[|d]I}

B(s,a) C Sy, where a >
Since Sy C Ay, the second statement of the lemma follows. I
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4.3.3 Algorithm CLS3

Similarly to algorithm CLS1, algorithm CLS3 described below is a combination of algo-
rithms FCLS3 and ICLS3. Algorithm CLS3 is designed to solve the system (FP,) of (4.16)
by either finding a reliable solution of (FP,) or demonstrating the infeasibility of (FP4) by
finding a reliable solution of (SA;). The formal description of algorithm CLS3 is as follows:

Algorithm CLS3
e Data: d = (A, D)

Step 1 Run algorithms FCLS3 and ICLS3 in parallel on the data set d = (A, b), until

one of them terminates.

Step 2 If algorithm FCLS3 terminates first, return its output z. If algorithm ICLS3

terminates first, return its output s.

Combining the complexity results for algorithms FCLS3 and ICLS3 from Lemmas 4.5
and 4.6 we obtain the following complexity analysis of algorithm CLS3:

Theorem 4.3 Suppose that p(d) > 0. If the system (FP;) of (4.16) is feasible, algorithm

CLS3 will terminate in at most

max{||d|| /v, u/||d||}>2

min{r, 7}

2 {8000@1)2 (

iterations of GVNA, and will return a reliable solution & of (FPy;). That is, & will have the

following properties:
o T € Xy,

o ||2| < 10C(d)meite il

min{7,7}

min{7,7}

1
10v/2¢(d) max{[|d||/v.v/l|d|[}’

° diSt(i’,aXd) Z

o Uil < 10/30(d)maldl/rr/ldl

dist(£,0X4) — min{7,7}
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If the system (FPy) is infeasible, algorithm CLS2 will terminate in at most

max{||d||/v, lj/Hd”})Z
min{ g, 5}

2 {1440@1)2 (

iterations of GVNA, and will return a reliable solution s of (SAy), thus demonstrating in-

feasibility of (FPy). That is, s will satisfy the following properties:

e sE€ Ay,

5 max{||d||/v,v/||d
el < oc(dymestldlivaiidl,

Proof: The proof is an immediate consequence of Lemmas 4.5 and 4.6. I
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Chapter 5

Other Measures of Conditioning for

Conic Linear Systems

5.1 Overview and Preliminaries

In this chapter we will motivate and define a new measure of conditioning, p4, for a
conic linear system (FPy) in special form. We will discuss the relationship of pg4 to the
condition number C(d) as well as other measures of conditioning for linear programming
that have recently received attention in the literature, and we will study the role of 4 in the
complexity of an interior-point method and a version of the ellipsoid algorithm for solving
(FPg).

It has been established that the condition number C(d) plays an important role in var-
ious aspects of analyzing conic linear systems. As discussed in Chapter 1, the condition
number C(d) of a conic linear system (FP,) is connected to such properties of (FP,) as
the size of solutions of the system and geometry of the feasible region (see, for example,
the discussion of existence of reliable solutions). C(d) also plays an important role in the
complexity analysis of various algorithms for solving (FP,), such as interior-point methods
(see, for example, Renegar [41]), the ellipsoid algorithm (see Freund and Vera, [14]), and

elementary algorithms, as described in Chapter 4 of this thesis. Other important issues in
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the analysis of the system (FP,) that can be addressed through the condition number C(d)
include sensitivity of solutions of (FP4) to data perturbations (see Renegar, [39]), numerical
properties of algorithms for solving (FP,) (see Vera, [57]), etc.

Nevertheless, two different (but related) issues motivated the study of other measures of
conditioning for conic linear systems, which is presented in the remaining chapters of this
thesis.

In part, this study was prompted by the recent developments in interior-point algo-
rithms for linear programming and the associated measures of conditioning. In particular,
two measures, Y4 and oy, were used in the analysis of interior-point algorithms for linear
programming (see, for example, Vavasis and Ye [51, 52, 53]). These measures, defined in
Section 5.3, provide a new perspective on the analysis of linear programming problems; for
example, similarly to the condition number C(d), they do not require the data for the prob-
lem to be rational. Hence, the first motivating aspect of this research was to study the
relationship between these measures and C(d), and to consider the possibility of extending
these measures beyond the realm of linear problems to general conic linear systems. As a
result, a new measure of conditioning py was introduced for conic linear systems in special
form; as demonstrated by Proposition 5.1, it can be viewed as a generalization of o, to conic
linear systems. Furthermore, the results in Section 5.3 completely describe the relationships
between all of the abovementioned measures for the case when the system (FPy) is in fact a
linear programming feasibility problem.

The second motivating aspect has to do with one of the potential drawbacks of studying
the properties of the system (FPy), especially the properties of the feasible region of (FPy),
through the condition number C(d). In many cases there can be several elements of the
data space D = {d = (A,b) : A € L(X,Y), b € Y} that give rise to equivalent conic linear
systems. Suppose, for example, that two data instances, d € D and d € D define systems
(FP4) and (FPj), respectively, that are equivalent in the sense that X; = X; (we can think
of the systems (FP,) and (FP;) as different formulations of the same feasibility problem
(FP) ). Since the condition number C(d) is, in general, different from C(d), analyzing the
properties of solutions and the feasible region of the problem (FP) will lead to different

results, depending on which formulation, (FP,) or (FP}), is being considered. This issue is

88



discussed in more detail in Chapter 6, where we show that the new measure p4 is in fact
invariant under changes in formulation of a conic linear system. Therefore, using the results
of this chapter, many properties of (FP,) can be analyzed independently of the formulation.
(It is also interesting to note that the measures Y, and o4 possess the same invariance
property).

We will make some further assumptions throughout the rest of this thesis. We will be
working with the convex feasibility problem of the form

(FPy) Az =10

(5.1)
x € Cy,

where, as before, A € L(X,Y) is a linear operator between the n-dimensional normed linear
vector space X and the m-dimensional normed linear vector space Y (with norms ||z|| for
x € X and |ly|| for y € Y, respectively), Cx C X is a closed convex cone, Cx # X,
and b € Y. This form of system (FP,) is equivalent to the system (2.1) with Cy = {0}.
Note that for the case when Cy # {0}, the system (2.1) can be transformed into the form
(5.1) by appropriately adding “slack variables” (see Appendix A for further details of this
transformation).

We will assume throughout this and the following chapters that the system (FPy) of (5.1)
is feasible. At this point, we do not make any assumptions on the cone C'y and the norms on
the spaces X and Y, unless stated otherwise. (We will make some additional assumptions
later in this chapter and in Chapter 6.)

Recall from Theorem 2.1 that under the above assumptions the distance to ill-posedness

p(d) of the system (FP4) can be expressed via the following characterization:

p(d) = min max ¢
veY O,x,¢
lv| <1 st 00— Az =vo (5.2)

QZO,ZL’ECX

0] + [l < 1.
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It is important to note that the characterization of p(d) presented by (5.2) has an elegant
geometric interpretation. In particular, p(d) can be viewed as the radius of the largest ball

(defined with respect to the norm on the space Y') centered at 0 that is contained in the set
Mo 2 {y=00—Ax:0>0, z€Cx, |0+ ||| <1}

(as a consequence, observe that p(d) > 0 precisely when 0 € intH,). This interpretation,
noted by Renegar in [41] and Freund and Vera in [16], will serve as an important tool in

developing further understanding of the properties of the system (FP,).

5.2 The Symmetry Measure and Its Properties

We begin by defining the symmetry of a set with respect to a point.

Definition 5.1 Let D C Y be a bounded convex set. For y € intD we define sym(D,y) to

be the symmetry of D about y, i.e.,
sym(D, y) ésup{t |y+veD= y—tve D}.

If y € 0D, we define sym(D,y) = 0.

This definition of symmetry is similar to the definition in [41]. Observe that sym(D, y) € [0, 1]
with sym(D,y) = 1 if D is perfectly symmetric about y, and sym(D,y) = 0 precisely when
y € 0D. Moreover, the definition of sym(D, y) is independent of the norm on the space Y.

The following lemma will be used later on:

Lemma 5.1 Suppose D is a compact convex set with a non-empty interior, and let y € intD.

Then there exists an extreme point w of D such that

AN
sym(D,y) = sym,,(D,y) = sup{t | y — t(w —y) € D}.

Proof: Define f(w) = sym, (D,y) = sup{t | y — t(w —y) € D}. We will show that f(w)

is quasiconcave on D. This will imply (see [3], Section 3.5.3) that the minimum of f(w) is
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achieved at an extreme point of D.

Suppose w = Aw; + (1 — A)w, for some A € [0,1] and some wy, ws € D. By definition
of f(w), y— f(w)(w; —y) € D and y — f(we)(we —y) € D. We would like to show that
f(w) > min{ f(wy), f(wy)}. Without loss of generality, assume that f(w;) < f(ws). Then
y — f(wy)(wy — y) € D. Tt suffices to show that y — f(w;)(w —y) € D. Indeed,

y = flw)(w—y) =y — flw)Mwr —y) + (1 =) (w2 — y))

= My — Flw)(wr — ) + (1 = Ny — f(wn)(ws —y)) € D. I

To define the symmetry measure of the problem (FP,) notice that if (FPy) is feasible,
0EH 20— Az:0>0, z€Cx, |0+ ||| < 1}. (5.3)

Hence, the following quantity is well-defined:
Definition 5.2 Suppose the system (FP;) is feasible. We define

A 1

M= mHe, ) 54

when sym(Hg4,0) > 0 and pg = +00 when sym(Hgq,0) = 0.

From the above definition, pg > 1 and pg = +oo precisely when (FPy) is ill-posed.

We now establish two results that characterize geometric properties of the system (FPy)
in terms of 4. Recall that X, denotes the set of solutions of (FPy). Theorem 5.1 establishes
a bound on the size of a solution of (FP,) in terms of 14; this result is similar to the bound in
terms of the condition number C(d) established by Renegar [39]. Theorem 5.2 demonstrates
existence of a reliable solution of (FPy). This result is similar to the one demonstrated by
Freund and Vera in [16], however, here the bounds on the size of the solution, its distance to
the boundary of the cone C'y and the ratio of the above quantities are established in terms of
pa rather then C(d). Also, unlike for the condition number C(d), we can establish a converse

result for 14, namely, if (FP,;) has a reliable solution, then pg is bounded by a function of
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the size of the solution, its distance to the boundary of the cone Cx and the ratio of the

above quantities. This result is proven in Theorem 5.3.
Theorem 5.1 Suppose g < 0co. Then there exists x € X4 such that ||z|| < pq.

Proof: Consider the following optimization problem:

min ||z] = min [z
r € Xy Az =b (5.5)
S Ox.

Let 2* denote the optimal value of the problem (5.5). We need to show that 2* < pg,.

The Lagrange dual of this problem can be written as

max —bt\
AN =] <1 (5.6)

m € C%,

and the optimal value of the problem (5.6) is equal to z*, because strong duality between
problems (5.5) and (5.6) can easily be shown to hold. If z* = 0, it immediately follows that
2" < pg. Assume that z* > 0.

Applying the definition of symmetry to (5.4), we can characterize 4 as the optimal value

of the following optimization problem:

L =sym(Hy,0) = min  max ¢

bd
veEHg; st. —yYv € Hy

= min max
vEHg bz,
st. W —Ax+pv =0 (5.7)

HZO,I'ECX

0] + [l < 1.

Taking the Lagrange dual of the inner optimization problem in (5.7) we obtain another
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characterization of 4:

L = min  min max{[|A’s — q||., |b's+ g|}

fa
veHs S,q9
st. qeC% (5.8)
920
—vls > 1.

Let (), m) be an optimal solution of (5.6). Define (s,q,9) = &=(\, m, z%). Then ¢ € C%,
g=1>0,-b's=1,and so (q, g, s) is a feasible solution for the inner optimization problem

of (5.8) for v = b € Hy4. Therefore

[AA =7l _ 1
- @@ S -

¢

1
— < max{||4%s — q||,,| = bt's+g|} =
e = {ll [+ 1} p

Hence z* < pq, and so there exists a point Z € Xy such that [|Z]] < pug. 1

Theorem 5.2 Suppose Cx is a regqular cone and pg < oo. Then there exist & and r > 0

such that
1. 2 € Xy,
2. [li] < 2a+1,

3. diSt(Zi, 8CX) 2

_T
2pa+1’

4 ﬂ<2ud+1
B

T

where T 1s the width of the cone Cx.

Proof: Let (0, %) = $(1,u), where u is the norm linearization vector for the cone C%. Then

N,i € x C'x an 0| + ||z <1, so that b — s Au € H4. From the definition of ug we
0 R, xC d |0 1 h ;b ;A Hq F he defi f
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conclude that _ﬂ_ld (%b — %Au) € Hq, whereby there exists (0, z) satisfying

b — AT = —- (b — L Au),

i
920,@66&,

0+ |z < 1.

Let & = %’:%. It is easy to verify that £ € Xy, so that condition 1 of the theorem is

satisfied. Moreover,
12007 + ]| _

d g + 1,
2uf+1

12l =

establishing condition 2.

Next, let r = Since B(u,7) C Cx and Z € Cx, we conclude that B (u + 2%, T) C

T
2ug0+1"

Cx, and therefore B (;:;é‘jf, m) = B(#,7) C Cx. Also, since < 1, r > ﬁ, estab-

lishing condition 3. Finally,

A

[ _ 127+ ull 248 41 _ 24+ 1
r 2040 + 1 T T T

Y

implying 4 and concluding the proof of the theorem. I

We conclude from Theorems 5.1 and 5.2 that, much like for the condition number C(d), if
the symmetry measure g4 is small, the feasible region X, possesses nice geometry, namely, it
contains a point of small norm, and also contains a reliable solution. We can also establish a
converse result, that is, if the feasible region X, possesses nice geometry, namely, contains a
reliable solution, then pg can be nicely bounded by a function of the parameters associated
with the reliable solution. This result is quite specific to p4; no result of such type is possible

for the condition number C(d).

Theorem 5.3 Suppose Cx is a reqular cone and there exist & € X4 and r > 0 such that
dist(z,0Cx) > r. Let
1]

1
yzmm%mm;,—}. (5.9)

”
Then pg <1+ 27.

Proof: Let 0 = ||z|| + 1 and 7 = min{r, 1}. We would like to show that ﬂ_ld = sym(#Hgq,0) >
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57 Le., for an arbitrary vector y € Hy we would like to show that —57-y € H,.

Suppose y € Hy. From the definition of Hg, y = b0 — Az for some (0,7) € R, x Cx,
0] + ||Z]] < 1. Therefore

T T = 1 —70 +1 —Tr+ &
—y) = —bf + Ax b—AZ)=b| ——F | —A| ———
6+7T( y) 5+7T( + x)+5+7r( 2 ( o+ > ( 0+m >
Let 6 = %ﬁf and & = %_;“i’. Since 7 < 1 and 8 < 1 we have 6 > 0. Moreover, since 7 < r

and ||Z|| <1 we have & € C'y. Finally,

< . 1 B .
1+ 12l < 50— @+ wllzll +[l2]]) < 1

and therefore —3-y € H,, establishing that > 55 Hence
0 2]l +1 1 1]l
<l+—=14—7——= <1 1 <142
Ha =142 N min{r, 1} min{r, 1} N min{r, 1} Fmax{y, 4y s 142

The last inequality follows from the observation that r < ||| (since dist(z,0Cx) > r) and
so v > ”f—“ > 1. I

We conclude this section by establishing a relationship between py and C(d). As demon-
strated in Theorem 5.4, if an instance of (FP,) is “well-conditioned” in the sense that C(d)
is small, then p, is also small. This relationship, however, is one-sided, since pg may carry
no upper-bound information about C(d). In particular, in Remark 5.1 we exhibit a sequence

of instances of (FP4) with C(d) becoming arbitrarily large, while y, remains fixed.

Theorem 5.4

Proof: If p(d) = 0, then C(d) = oo, and the statement of the theorem holds trivially

Suppose p(d) > 0. Since B(0, p(d)) C Hq, we conclude that for any v € Hy, — IIUH Lo € Hy.
Therefore
1 epd) _pld) 1
= sym(#Hg4,0) > inf > = ,
1id vea |lofl — ldll - C(d)

proving the theorem:. I
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Remark 5.1 py may carry no upper-bound information about C(d).

To see why this is true, consider the parametric family of problems (FPg, ), where d. =

(Aea b):

1 1 -1 -1
b=0and A, =
€ —€ € —¢€
Furthermore, let C' = R4 and [|z|| = [|z||; for 2 € X and ||y|| = [Jy||» for y € Y. Consider

the values of parameter € € (0,1]. The set H4, is perfectly symmetric about 0, so pg, = 1
for any value of €. On the other hand, p(d.) = € and ||d.|| = V1 + €2. Therefore,

€

Y

V1+e? 1
€

and so C(d) can be arbitrarily large, while p remains constant.

So far, we have made no assumptions on the norm on the space Y’; in fact, it can be easily
seen that pg is invariant under the changes in the norm on Y, which is not true for C(d).
We conclude this section by providing another interpretation of the relationship between the
measures jg and C(d). As Theorem 5.5 indicates, when the space Y is endowed with an
appropriate norm, the two measures are within a constant factor of each other.

We will denote

Ta 2 —HaNHy. (5.10)

Theorem 5.5 Suppose Cx is reqular and p(d) > 0. If the norm on the space Y is such that
Ta= B(Oa 1) CY,

then p(d) =1 and
Hd
< —
ey <&,

where § is the norm approrimation coefficient of the cone Cx.

Proof: First observe that since p(d) > 0, the set 7; is a symmetric bounded convex set

such that 0 € int7;, which implies that the norm on the space Y can be uniquely defined
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so that the set 7 is the unit ball in the space Y (see, for example, [43, Theorem 15.2]).
Furthermore, characterization (5.2) easily implies that p(d) = 1.

[t remains to establish the bound on the condition number C(d). We have

4] 1 i
= — = < —m . < —.
C) =y =Wl < gmaxtlyll -y € Ha} < 5

The first inequality above follows from Corollary 2.1. To derive the second inequality, suppose
that y € Hg4. Then by the definition of pyg, —H—ldy € Hy4. Moreover, u—ldy € Hq since pq € (0, 1].
Therefore, iy € T4, and so Hu—ldyH < 1, which implies that max{||y|| : y € Ha} < pg. This
inequality is sufficient to prove the theorem; one can however show that max{||y|| : v €

Ha} = pa. i

5.3 The Symmetry Measure and Other Measures of
Conditioning for Linear Programming

In this section we will work with the cone C'x = R, in which case the problem (FPg)

becomes a linear feasibility problem, and can be written as follows:

x>0,

(5.11)

where £ € R", b € R and A € R™*".
In this section we consider the relationship between the symmetry measure py and other
measures of conditioning for linear programming.

We will assume in this subsection that the norms are as follows:
z]] = ||z, € R" and ||y[| = ||ly[l2, y € R™.

For simplicity of notation, we define an “expanded” matrix A = [b; —A] € ™+ Notice
that
A
Al = max{||b0 — Az|| : [|(0,z)[}y < 1} = [|d]|.

97



In addition to pg and C(d), we associate two other measures of conditioning with this
problem. The first measure, oy, is closely related to the complexity measure introduced and
used in the complexity analysis of an interior-point algorithm for solving (FP,) by Vavasis

and Ye (see, for example, [51]).

>

Oq = min max e;w
j=1,....n+1 = Aw=0
(5.12)
elw =1
w > 0,
where e;, j =1,...,n+ 1 denotes the jth unit vector and e € R"*! is the vector of all ones.

The second measure of conditioning, x4, is closely related to the complexity measure used
by Vavasis and Ye ([52, 53]) and Megiddo et. al. ([29]) in the complexity analysis of another

interior-point algorithm.
Ya 2 sup{||AADAYAD| : D € SV D diagonal}.
An alternative characterization of yy is
Xa = max{||B~'4|| : B € B(A)}, (5.13)

where B(A) is the set of all bases (i.e., m x m non-singular sub-matrices) of A. See, for
instance, [48] for the proof of the equivalence of these characterizations.

In this section we state both known and new results on the relationship between these
measures of conditioning.

It has been established by Vavasis and Ye [51] that o4 and Y, are related by the following

inequality:
1

Xa+1

o4 >

On the other hand, Tuncel in [49] established that in general o4 may carry no upper-bound

information about y4. Specifically, he provided a family of data instances d. such that for
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any € > 0, 04, = %, but xq. > %, and so x4 can be arbitrarily large.
We have established a relationship between p; and C(d) in Theorem 5.4 above. Below
we establish the relationships between the other pairs of measures pq4, C(d), X4, and o4, or

provide counterexamples when no such relationship exists, in the spirit of [49].

Remark 5.2 The condition number C(d) and xq may carry no upper-bound or lower-bound

information about each other.

To establish the above result, we provide two parametric families of matrices A, such that by
varying the value of the parameter ¢ > 0 we can make one of the above measures arbitrarily
bad while keeping the other constant or bounded.

First consider the family of matrices

- e 0 —e

01 -1

For € > 0 sufficiently small, p(d;) = 5= Furthermore, ||d|| = /1 + €, and so

e+1 1
C(df):\/62+4-z—>+ooase—>0.

On the other hand, it is not hard to establish using (5.13) that y(d.) = v/2 for any € > 0.

To establish the second claim of the remark, consider the family A, = [1 € 1] with
0 < e < 1. We have: ||d|| =1, p(de) =1, and so C(d.) = 1 for any € as above. On the other
hand it is not hard to establish using (5.13) that for any € € (0, 1),

1
Xd. = — — +oo as € — 0.
€

In the following proposition we establish an exact relationship between the measures ji,4

and oy.

Proposition 5.1 Suppose the system (FPy) of (5.11) is feasible. Then

1
L+ pa

04 —
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Proof: Observe that we can redefine o, as follows:

. A ~
04 = _min oy, where 0; = max{e?-w cAw =0, efw=1, w> 0}
71=1,...,n+

From Lemma 5.1, there exists an extreme point w of
Hy= {00 — Az : (0,2) >0, ||(8,2)]; <1} = {Aw:w >0, e'w < 1}

such that t = symy,(Hq,0) = sup{t : —tw € Hy}. Since the set of extreme points of the set
H, is contained in the set {A;,..., A, 4}, where Aj € R™ is the jth column of the matrix

A, we can characterize pg4 as

1 1 1 -
— = min —, where — 2 max{t : —tA; € Hq}.

We will now show that for any j,

(5.14)

Without loss of generality we can consider j = 1. Consider the first column of A, A;. By

definition of 1, —“ilfll € Hg, i.e., there exists a point p > 0, e’p = 1 such that —Hilfil = Ap.

A ~
Define w = %:fl. Then w > 0, elw = 1 and Aw = 0. Therefore, oy > w; > 1+1u1‘

Suppose now that w is a solution of the linear program defining oy. Then w; = oy.

Observe that, unless A = 0,00 < 1. If A = 0, then oy = 1 and ﬁ = +o00, and (5.14)

holds as a limiting relationship. If A; # 0, let p = —L

(w — o1e1). Then p > 0, efp =1

1—01
and Ap = %. Therefore, L > -2 or ; < ——. Combining this with the bound in the
1 51 1—01 p1+1
previous paragraph, we conclude that o = ﬁ, and by similar argument,
L o1+t (5.15)
0; = ,7=1,...,n+ 1. .
ARTES

Suppose now that o4 = o; for some j. That means that o; < o; for any index 4, or,
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1

o and hence p; > p; for any index . Therefore, y = p; and hence

equivalently, ﬁ <
]

1
04 — 1—{—Md. I

The following two remarks, which are easy consequences of Proposition 5.1, establish the

remaining relationships between the measures of conditioning.

Remark 5.3 g4 < xq. However, pg may carry no upper-bound information about Y.
Remark 5.4 o, > ﬁ. However, o4 may carry no upper-bound information about C(d).

In the light of Proposition 5.1, g can in fact be viewed as a generalization of the Vavasis-
Ye measure o4 to conic linear systems. (Ho in [22] provides an argument indicating that

extending Y4 to general conic systems is not possible.)

5.4 The Symmetry Measure and the Complexity of
Computing a Solution of (FP,)

In this section we explore the role of the symmetry measure p, in the complexity of
algorithms for finding a solution of the system (FP,) of (5.1). We briefly indicate how
a solution of (FP,) can be found via an interior-point algorithm (when the cone Cyx is the
domain of a self-concordant barrier function) or via a version of the ellipsoid algorithm (when
the cone Cx is represented via a separation oracle). We then study the complexity of these
algorithms in terms of pg.

In this section we will assume that the space X is an n-dimensional Euclidean space with
Euclidean norm ||z|| = [|z|] = Va'z for + € X. All the developments of this section can
in fact be adapted for the case when the norm in the space X is an arbitrary inner product
norm. We have chosen the Euclidean norm to simplify the exposition. We also assume that

Cx is a regular cone with width 7.
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5.4.1 Complexity of an Interior-Point Algorithm for Computing
a Solution of (FP,)

In this subsection we will assume that the cone Cx is represented as the closure of the
domain of a self-concordant barrier function. In this case a solution of (FP4) can be found
using the barrier method developed by Renegar, based on the theory of self-concordant
functions of Nesterov and Nemirovskii [31]. Below we briefly describe the method as is it
articulated in [42], and then state the main complexity result.

The version of the barrier method that we will use is designed to approximately solve a
problem of the form

7 =inf{dw:we SNL} (5.16)

where S is a bounded set whose interior is convex and is the domain of a self-concordant
barrier function f(w) with complexity parameter 9 (see [31] and [42] for details), and L is
a closed subspace (or a translate of a closed subspace). The barrier method takes as input
a point &' € intS N L, and proceeds by approximately following the central path, i.e., the

sequence of solutions of the problems
2(n) = inf - dw + f(w),

where 17 > 0 is the barrier parameter. In particular, after the initialization stage, the method
generates an increasing sequence of barrier parameters 7, > 0 and iterates wy € intS N L
that satisfy

60
cup — —L < 2* <cuwp,k=0,1,2,... (5.17)
Sy

It follows from the analysis in [42] that if the barrier method is initialized at the point

w' € intS N L, then it will take at most
[ Opla—27)
O Jrl . 5.18
( e (sym(S NL,w) 1 (5.18)

iterations to bring the value of the barrier parameter n above the threshold of 77 > ny while

maintaining (5.17) (here, z, = sup{c'w : w € SN L}). This implies the main convergence
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result for the barrier method:

Theorem 5.6 ([42], Theorem 2.4.10) Assume S is a bounded set whose interior is con-
ver and is the domain of a self-concordant barrier function f(w) with complezity parameter
Vs, and L is a closed subspace (or a translate of a closed subspace). Assume the barrier

method is initialized at a point ' € intS N L. If 0 < € < 1, then within

o (Vo (s

iterations of the method, all points w computed thereafter satisfy w € intS N L and

dw — 2*
Ze — 2% T
In order to find a solution of (FP;) we will construct a closely related problem of the
form (5.16) and apply the barrier method to this problem. This construction was carried
out by Renegar in [41], where he analyzed the complexity of solving (FP4) in terms of the

condition number C(d). The optimization problem we consider is

2= inf ¢
x,0,t
st b9 — Az = t(3b— s Au)
x € intCx (5.19)
ol <1
0<0<1
l<t<?2,

where v is the norm linearization vector for C'y. We will use the barrier method to find a

feasible solution (6, #,%) of (5.19) such that # < 0, and use the transformation & = Pgh

to obtain a solution of (FP,). (It is not hard to verify via algebraic manipulation that the
point  above is indeed a solution of (FPy).)

Let z,. be the optimal value of the problem obtained from (5.19) by replacing “inf” with
“sup”. Let f(z) be the self-concordant barrier function defined on intC'y and let 7 be the

103



complexity parameter of f(z). Then the set
S 2 {(8,z,t) : x € intCyx, ||z <1, 0<O<1, -1<t<2}
is convex and bounded, and is the domain of the self-concordant barrier function
fw)=f0,z,t) = f(x) —In(1 — ||z[|*) = In® — In(1 — 0) — In(t + 1) — In(2 — ¥

with complexity parameter J; < 9;+5 (see, for example, [41] or [42] for details). If we define
L={(0,2,1):00 — Av =t (1 — LAu)}, then the problem (5.19) is of the form (5.16), and
we can apply the barrier method initialized at the point o' = (¢',2',t') = (%, %u, 1).

The following proposition provides bounds on all of the parameters necessary in the

analysis of the complexity of the barrier method via Theorem 5.6:

Proposition 5.2

1
2, <2, —1<z2"< _E, sym(SNL,w) > o
Proof: The upper bound on z, and the lower bound on z* follow trivially from the last
constraint of (5.19).
Let y = %b — %Au € Hy. From the definition of g we conclude that —% € Hg, so there
exists (#, ) such that

111
>0, z€Cx, 0] +|jz] <1, b6 — Az = —— (—b——Au).
Ha \2 2

Therefore (0,2, —1/14) is in the closure of the feasible set of (5.19), and so 2* < —-L.

Hd

To establish the last statement of the proposition, we appeal to Proposition 3.3 of Rene-

gar [41], where he established that w' defined as above satisfies
L1 1
sym(SNL,w') > 7 5ym (CX(l), §u> , where Cx (1) ={z: 2z € Cyx, ||z| <1}.

Since B (%u, %7’) C Cx(1), it is not hard to verify that sym (C’X(l), %u) > %, establishing
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the proposition. I

Theorem 5.7 Suppose the barrier method applied to solving (5.19) is initialized at the point

(l Lu, 1). Then within
19~Md
(22
—Lliy

202
iterations any iterate (é,i, t) of the algorithm will satisfy t < 0, and therefore v = -

-5
a solution of (FPy).

18

Proof: First note that for any iterate (é,:i",f) of the algorithm, § > 0 and # € intCy.
Therefore, when # < 0, it is easy to check that z is well-defined and is a solution of (FPy).
It remains to verify the number of iterations needed to generate an iterate such that

t < 0. Let € = ==. Applying Theorem 5.6 and substituting the bounds of Proposition 5.2

)

into the complexity bound, we conclude that after at most

0 (Vo (s =0 (v (%

iterations of the barrier method, any iterate (6, z, %) will satisfy:

from which the theorem follows. I

5.4.2 Complexity of the Ellipsoid Algorithm for Computing a So-
lution of (FPy)

In this subsection we will assume that the cone C'y is represented via a separation oracle.
In this case a solution of (FP,) can be found using a version of the ellipsoid algorithm (see,
for example, [5] and [21]). Below is a generic theorem for analyzing the ellipsoid algorithm

for finding a point w in a convex set S C R* given by a separation oracle.

Theorem 5.8 ([14]) Suppose that a convexr set S C R* given by a separation oracle contains

a Fuclidean ball of radius v centered at some point @, and that an upper bound R on the
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quantity (||o||e + ) is known. Then if the ellipsoid algorithm is initiated with a Fuclidean

ball of radius R centered at w° = 0, the algorithm will compute a point in S in at most

[2k(k + 1) ln(R/7)]

iterations, where each iteration must perform a feasibility cut on S.

We approach solving (FP4) by considering the following set:

(1>

S={(0,z):0>0, ze€Cx, b —Ax =0}, (5.20)

which is a convex set in the linear space T 2 {(8,x) : b§— Az = 0} of dimension k = n+1—m.
Observe that it is not hard to construct a separation oracle for S provided a separation oracle
for C'y is available. We will use the ellipsoid algorithm to find a point (6,%) € S, and use
the obvious transformation x = % to transform the output of the algorithm into a solution

of (FPy).

Proposition 5.3 Let S be as in (5.20). Then there exists a point (0,%) € S and 7 > 0 such
that
B((6,%),7)n{(0,2) : b0 — Az =0} C S,

. T
o) +7 <3, andr > —.
16.9)] -

Proof: Let y = %b — %Au € Hy. From the definition of py we conclude that —% € Hgy,

whereby there exists (é, z) such that
0]+ 17 <1, 0>0, T€Cx, b — AT = —— <_b__Au>_

Let @ = (6,2) = (f+ 3,7+ 5-u) and 7 = ;2. Then & € S, B(@,7) N {(f,z) : b — Ax =

2pd 2pq g

0} C S, and ||d;||2+f:\/(§+i)2+“§:+iuH2+ﬁg3. |

The following theorem is an immediate consequence of Theorem 5.8 and Proposition 5.3:

Theorem 5.9 Suppose the ellipsoid algorithm applied to the set S in the linear space T 1is
initialized with the Euclidean ball (in the space T') of radius R = 3 centered at (6°,2°) = (0,0).
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Then the ellipsoid algorithm will find a point in S (and hence, by transformation, a solution
of (FP)) in at most

{Q(n —m+1)(n—m+2)In <%>-‘

iterations.

107



Chapter 6

Pre-Conditioners for Conic Linear

Systems

In this chapter we continue the development of the properties of the measure of condi-
tioning p4 introduced in Chapter 5. We return to the issue of the importance of measures
of conditioning of (FP4) that are “data-independent,” first mentioned in Chapter 1, and
show that, similarly to x4 and o4, g is in fact independent of the particular data d used
to characterize the feasible region of the problem (FP,). Therefore, the properties of (FP,)
and the complexity of algorithms studied in Chapter 5 can be characterized independently
of the data d.

On the other hand, some properties of (FP4) are not purely geometric and depend on the
data d. Therefore, it might be beneficial, given a data instance d, to construct a data instance
d which is equivalent to d (i.e., such that (FP;) has the same feasible region as (FP,)), but
is better conditioned in the sense that C(d) < C(d). We develop a characterization of all
equivalent data instances d by introducing the concept of a pre-conditioner and provide an
upper bound on the condition number C(J) of the “best” equivalent data instance. We also

construct an algorithm for computing an equivalent data instance whose condition number

is within a known factor of this bound, and we analyze its complexity.
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6.1 Motivation and Preliminaries

Recall that for a feasible instance of the system

FP Az =0>
(FPa) Az (6.1)
r € Cx

we have defined a measure of conditioning pq = where d = (A,b) € D is the data

1
s}’m(,}{d70) !

instance defining the system (FPy), and
Hag=1{00 — Az :0>0, v € Cx, 0|+ |z| <1}

Let B € R™*™ be an arbitrary non-singular matrix, and consider the data instance Bd 2

B -d = (Bb, BA), which gives rise to the system

FP BAx = Bb
(FP o) (6.2)
T € Cx.

Notice that since B is non-singular, the systems (FP;) of (6.1) and (FPp4) of (6.2) are
equivalent in the sense that X; = Xp,. We can view the systems (FP;) and (FPp,) as
different formulations of the same feasibility problem (FP):

(FP) find z € AN Cy, (6.3)

where A is the affine subspace A 2 {z : Az = b} = {z : BAx = Bb}. However the condition
numbers of the two systems, C(d) and C(Bd), are, in general, not equal.
On the other hand, consider the symmetry measures of the two formulations, 1, and ppgg.

Observe that
Hpy = {BW — BAz:0>0, € Cx, 0]+ ||z]| < 1} = B(Ha),

i.e., the set Hpy is the image of the set H,; under the linear transformation defined by B.
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Therefore, sym(Hpgg, 0) = sym(Hy,0), and pg = pipg. We will show in Proposition 6.1 that,
under certain reasonable assumptions, any data instance d equivalent to d can be obtained
as d = Bd for an appropriate non-singular matrix B. Based on this observation, we can omit
the dependence on the data instance from the notation for the symmetry measure, denoting
it simply by pu.

In Chapter 5 we have analyzed some of the properties of the problem (FP,) in terms of
p. In particular, in the analysis of reliable solutions of (FPy), as well as in the analysis of
the complexity of an interior-point algorithm and the ellipsoid algorithm for solving (FPy),
we have effectively replaced the dependence on the condition number C(d) by the data-
independent measure p. Therefore it may be beneficial to study the above properties via the
symmetry measure  rather then C(d). For example, suppose a feasibility problem can be
represented via two equivalent systems (FP,) and (FP;), and suppose that C(d) << C(d). If
one were to predict, for example, the performance of the interior-point algorithm for solving
this problem by analyzing its complexity in terms of the condition number, the bounds
would be overly conservative if the problem is described by the data instance d. However,
the analysis of the performance of the algorithm in terms of p will give the same bound,
regardless of the data instance used.

On the other hand, the condition number C(d) is a crucial parameter for analyzing the
properties of the system which depend on the representation of the problem (FP(,) by a
specific data instance d. Such properties include sensitivity of the feasible region to pertur-
bations of the data, numerical properties of algorithms for solving (FPy), etc. Therefore,
it is often beneficial to search for a representation of the problem (FP) through a data in-
stance whose condition number is small, and which therefore will have better properties.
In other words, if one is given a data instance d, it is often desirable to pre-condition the
system (FPy), i.e., find another data instance d and the corresponding system (FP;) which
is equivalent to (FP4), but has C(d) < C(d). In this light, we can view the matrix B as above
as a pre-conditioner for the system (FP,), yielding the pre-conditioned system (FP ;) with
d = Bd. Proposition 6.1 implies that, under some assumptions, any data instance d which
gives rise to a system equivalent to (FP4) can be expressed as d = Bd for an appropriate

pre-conditioner B.
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In this chapter we will maintain the assumption that the system (FPy) is feasible. Further,
we assume that the space Y is the m-dimensional Euclidean space ™ with the norm |[|y|| for
y € Y being the Euclidean norm [|y|| = ||y||l2 = V¥'y (and therefore, the dual norm ||s||, for
s € Y* also being the Euclidean norm). We assume that m > 2 (in fact, the case m =1 is
trivial since in this case p = C(d), and the issue of pre-conditioning becomes irrelevant). We
assume that the cone C'y is a regular cone with the norm approximation coefficient denoted
by 0. The coefficient of linearity of the cone Cx is denoted by 3 and the corresponding
norm linearization vector is denoted by f; the width of the cone C'x is denoted by 7 and is
attained for (f, 7).

For any matrix () € ST ™ we define Fg to be the ellipsoid Ey = {yeY y'Q 'y < 1}.

An important notion for the results of this chapter is that of an a-rounding of a set.

Definition 6.1 Let S C Y be a bounded set with a non-empty convex interior. For a €

(0,1], we call an ellipsoid Eq an a-rounding of S if
OZEQ g S g EQ,

that is, the set S is contained in the ellipsoid Eq and contains another (smaller) ellipsoid

concentric with Eg. We refer to the parameter o as the tightness of the rounding Eq.

If the set S above satisfies S = —S (i.e., is centrally symmetric) then S possesses a \/Lm'

rounding, i.e., there exists an ellipsoid E¢g such that ﬁEQ C S C Eg. This important
fact was established by John in [24]; see also [21] for a detailed discussion of geometric and
algorithmic implications. In particular, the ellipsoid of minimum volume containing S is
a \/Lm—rounding of §; furthermore, this ellipsoid is unique and is often referred to as the
Léwner-John ellipsoid of S.

In the following section we continue studying the notion of pre-conditioning of the system

(FPy); in particular, Theorem 6.1 demonstrates the existence of a pre-conditioner B such

that C(Bd) is within the factor @ of the lower bound of p.
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6.2 Pre-Conditioners

In this section we will study the properties of pre-conditioners for the system (FPy) of
(6.1). First we establish that any well-posed data instance d € D that gives rise to a system
equivalent to (FP4) can be obtained through pre-conditioning of the original data instance
d. Therefore, in our study of equivalent re-formulations of (FP,;) we only need to consider

pre-conditioning of the data to explore all possible representations.

Proposition 6.1 Let d = (A,b) € D and d = (A,b) € D be such that X4 = Xz, p(d) > 0
and p(J) > 0. Then there exists a pre-conditioner B such that d = Bd.

Proof: (outline) Let xy € X; = X be a feasible point such that z, € intC'x. Consider the

two affine subspaces:
Ay {r:x=20+2zy, zn € Null(4)} and Aj; 2 {z:2=xy+zy, oy € Null(A)}.

Then
AqsNCx :Xd:X(i:.Ad"ﬂCX,

and since both affine spaces Ay and A; contain a point in the interior of the cone Cx, we
conclude that A4; = Aj;, and therefore there exists a non-singular matrix B € R™*™ such
that A = BA. It is also easy to establish that b= Bb, and so d = Bd. I

In the following two lemmas we develop a geometric interpretation of a pre-conditioner

B.

Lemma 6.1 Let B € R™*™ be a pre-conditioner for the system (FPy) such that the con-
dition number of the (pre-conditioned) system (FPpgq) is C(Bd). Let Q = ||Bd|*(B'B)".
Then

1
——— _F, C Hy C Eo.
C(Bd) @S HaC Bo

Proof: First, observe that € ST, since B is non-singular. To prove the first inclusion,
let h € ﬁEQ’ ie., h'Q7'h < W. Using the definition of @Q we have: h'(B'B)h <

LB — p(Bd)?, that is, || B'h| < p(Bd). This implies that Bh € Hpa, and hence, h € Hy.
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Next, suppose h € Hq, and so Bh € Hpy. Then ||Bh|| < ||Bd||, and therefore

- i, IBA?
R'Q~'h = h' (||Bd|*(B'B)™") h= <1,
( ) | Bd||?
i.e., h & EQ. I
Lemma 6.1 allows us to interpret pre-conditioning of the system (FP4) by B as construct-
ing a m—rounding of the set H4.

Recall that the set T; was defined in (5.10) as Ty 2 —Ha N Hy.

Lemma 6.2 Let () € ST™ be such that Eq is an a-rounding of Tq. Let B = Q_%. Then

B is a pre-conditioner for the system (FP;) such that

Proof: We will establish the result by providing bounds on the distance to infeasibility
p(Bd) and the size of the data || Bd|| of the system (FPpgg).
First, we will show that p(Bd) > «. Let v € Y satisfy ||v]| < «. Then

(B~0)'Q7'B™"v = (B™0)/(B- B)(B™"v) = |o|]* < o,

and therefore B~'v € aEg C Ty C H4. Therefore, v € Hpg, and so p(Bd) > «.

Next, recall from Corollary 2.1 that

|Bdll < 5max [Jv]]
(6.4)
s.t. v € %Bd-

Let v € Hpy. Then y = B~ 'v € H,y. By the definition of 4, —iy € Hy. Moreover, iy € Hy
since u € (0,1]. Therefore, iy € —HqsNHy = Ty C Eg, and hence |[v||> = y'B'By =

y'Q 'y < p?. Therefore, |Bd|| < &, and so C(Bd) = % <4< i
We conclude this section with a theorem that demonstrates the existence of a pre-
conditioner B such that the condition number of the pre-conditioned system (FPg,) is within

the factor of @ of the lower bound established in Theorem 5.4.
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Theorem 6.1 Suppose (FP;) is feasible and C(d) < +oo. Then there exists a pre-conditioner
B such that
p < C(Bd) < \/TE e (6.5)

Proof: By definition, 7, is a centrally-symmetric bounded convex set. Since C(d) < oo, T4
contains a ball of radius p(d) > 0 centered at 0, and so has a non-empty interior. Therefore,
there exists Q € ST'™ such that Fg is a \/Lﬁ—rounding of T4. Applying Lemma 6.2 with

o= ﬁ we obtain (6.5). i

Remark 6.1 The upper bound in (6.5) is tight for any m.

To show that the upper bound in (6.5) is attained for any m consider the system (FP,) with
n=2m, Cx =R3", ||z|| = ||z||; (so that 6 = 1) and the data d = (A, b) as follows:

b=0and A =e;, —e1,...,em, —€m],
where e; is the ith unit vector in ™. Then
Hy=Tqg=conv{te;, i=1,...,m},

and it can be easily verified that =1, p(d) = \/Lma and ||d|| = 1, and therefore C(d) = y/m.
1

Suppose B is an arbitrary pre-conditioner. Using Lemma 6.1, we can construct a B

rounding of the set 7;. However, it is well known (see, for example, [21]) that it is impossible

to construct a rounding of the set conv{+te;, i = 1,...,m} with the tightness smaller than
ﬁ. Therefore, C(Bd) < /m for any pre-conditioner B.

6.3 On the Complexity of Computing a “Good” Pre-
Conditioner

In this section we address the issue of computing a “good” pre-conditioner for the problem
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(FP4). We propose an algorithm that computes a pre-conditioner B such that

C(Bd) < 47%“ (6.6)

In order to be able to efficiently implement the algorithm described in this section, we
restrict the norm ||z|| for z € X to be the Euclidean norm ||z|| = ||z|]> (as well as maintain
the assumption ||y|| = ||y||z for y € V). We also assume that the norm linearization vector
f € C% for the cone Cx is known and given. Finally, we assume that an upper bound d on

||d|| is known and given, or is easily computable. One could, for example, take

d = /nmax{||b]l2, [[Ai]l2, - - -, [ Amll2},

where A; is the jth column of the matrix A. Then d approximates ||d|| within the factor of
Vi, ie., Jed < [|d]| < d.

We have established in Lemma 6.2 that finding a “tight” rounding of the set 7; allows
us to compute a good pre-conditioner for the system (FP4). In Theorem 6.1 we relied on

the existence of a ﬁ—rounding of the set 7; to establish the existence of a pre-conditioner

B such that

MSC(Bd)S@%

i.e., C(Bd) is within the factor of @ of the lower bound.

In general, we are not able to efficiently compute (or approximate) a \/Lm—rounding of
the set 7y (see, for example, Grotschel, Lovédsz, and Schrijver [21]). We can, however,
approximate a so-called weak Lowner-John ellipsoid, i.e., an ellipsoid which is an (%)—
rounding. In particular, the algorithm we describe below will compute a matrix Q € Sem
such that

1
REQ CTiC Ep, (6.7)

which can be used to obtain a pre-conditioner B as in (6.6) via Lemma 6.2. We will therefore
refer to the algorithm as Algorithm WLJ (for “Weak Léwner-John”).

The algorithm WILJ is essentially a version of a parallel-cut ellipsoid algorithm. A generic
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iteration of the algorithm WLJ is as follows. The current iterate of the algorithm is a matrix
Q) € ST™ such that 7; C Eg. We start by computing the spectral decomposition of the
matrix (). In particular, we compute the eigenvalues 0 < A\; < Ay < ... < A\, of the matrix )

and the corresponding (orthonormal) eigenvectors ay, . .., an,. Then the axes of the ellipsoid

’UZ':\/)\iUJZ', 2:1,,m

We denote V' 2 [vy,...,v,] € R™™. It is trivial to verify that Q@ = VV' We will

Eq are

make repeated use of the following two simple facts. First, for all « = 1,...,m, we have
VAL < |vi]| € VA Also, for any vector s € Y™, ||s|| < ”V—\/;\ilu
Next, the algorithm makes a call to the following subroutine called Weak Check:

Subroutine Weak Check
Given the axes vq,..., v, of an ellipsoid Eg D 7Ty, either

(i) assert that iﬁvz € Tgforalli=1,...,m, or

(ii) find a vector s such that
ty; =1 for some v;, and T; C Ep N {y P — —} (6.8)

(i.e., find a parallel cut separating the two points :|:2\/—UZ from the set 73).

(We describe an implementation of the subroutine Weak Check in Subsection 6.3.1, along
with a complexity analysis of the implementation).
If the subroutine terminates by asserting that iﬁvi € Tgforalli =1,...,m, we

conclude that
1 1

Jm Lm 4f“” =

Therefore, algorithm WLJ terminates and returns the matrix Q = Q as its output, which

EQCconv{ 1,...,m}§7}.

satisfies the condition (6.7), and hence B = Q=3 is a pre-conditioner with the desired

property (6.6).
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On the other hand, if the subroutine terminates by finding a parallel cut for the set 7Ty,
the algorithm continues as follows. It computes Q € SIF™ such that the ellipsoid Eg is the

Lowner-John ellipsoid of the set

EQﬂ{y:—LgstygL}.

2y/m 2y/m

and proceeds to the next iteration with the matrix @ as the next iterate (observe that
Tis € Ep, and hence Q is a valid iterate). The formulas for computing Q are given in
Subsection 6.3.2.

As is typical for the analysis of an ellipsoid-type algorithm, the finite termination and
complexity analysis of algorithm WLJ follow from a volume-reduction argument. We provide
the necessary tool for such analysis in Lemma 6.4 of Subsection 6.3.2, where we show that

vol(Ey)
vol(Eyg)

ol

< —e

~ 0.73,

DN =

where vol(S) denotes the volume of the set S. Finally, in Subsection 6.3.3, we provide the

formal description of algorithm WLJ and its complexity analysis.

6.3.1 Implementing the Subroutine Weak Check

In this subsection we describe an implementation of the subroutine Weak Check.

Each iteration of algorithm WLJ makes use of the following subroutine Weak Check:
Subroutine Weak Check
Given the axes vy, ..., vy, of an ellipsoid Eg O 7, either
(i) assert that iﬁvi € Tgforalli=1,...,m, or

(ii) find a vector s such that

‘ -

1
s'v; = 1 for some v;, and Ty C Eq N {y D — < sly < —} . (6.9)

2

3
5
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The purpose of the subroutine Weak Check is to determine whether the axes of the smaller

ellipsoid, namely, ﬁEQ, are contained in 7y, or produce a parallel cut otherwise. Consider

the following 2m optimization problems (P, ), where v = f+v;, i =1,...,m:
(Py,) ¢p =max ¢ = max ¢
veH O,x,¢ b — Az =v
bv € Ha o 6 610
0]+ Jl=]l <1
0 Z 0, S CX
It is not hard to verify that iﬁvi € Ty foralli=1,... m precisely when
bo 2 min g, > — (6.11)
= min —. :
O T aym
(here miny,, ¢, stands for min{¢, : v = —v;,v;, i =1,...,m} in order to shorten the nota-

tion). We will therefore implement the subroutine Weak Check by means of approximately

solving the 2m optimization problems (6.10) and checking if condition (6.11) is satisfied.
The approach we will use to solve the optimization problems in the subroutine Weak

Check uses the barrier method of Renegar described in Chapter 5. For every value of v =

+v;, i =1,...,m, we will solve (6.10) by considering its dual:

(Py,) 7%= min «
s,q,7 ||A's —q|l <~
bls < ~ (6.12)
qe€Ck

vls = 1.
It is not hard to verify that strong duality holds, and so
b =13in o = 13in 0.

In order to be able to apply the barrier method, we need for the optimization problem at

hand to have a bounded feasible region. To satisfy this condition, we consider the following
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modification of (6.12):
(P5,) 4= min ~
5,07 [ A's —ql| <~
b's <y
IVis) < 2y/m (6.13)

7v/md

q€Cx

vls =1,

where d is the known upper bound on the norm of the data ||d||. In the next proposition we

argue that solving (P, ) instead of (P,,) still yields a valid estimate of ¢.

Proposition 6.2 For any v, v, < 7,. Moreover,
o = minvy, = min,. (6.14)

Proof: The first claim of the proposition is trivially true, since the feasible region of the
program (Ps,) is contained in the feasible region of the program (P,,).

To establish the second claim, note that
Pq = TN Yoy, < IR0 Y

Suppose the minimum on the left is attained for v = v;,, and let (8, q,~,) be an optimal

solution of the corresponding program (P, ). Then we have
vy, = max{||A’s — q||, b5}, g€ C%, v'5=1.

If the point (5,q,7,) is feasible for the corresponding program (Ps,), then v, = #,, and
(6.14) follows. Otherwise, let 0 = max; |[v!5] > 1. We can assume without loss of generality

that o = v%s for some j (if vis < 0, we can re-define the jth axis of Eq to be —v;). Define
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(5,¢,7) = (%5, %(j % ). Note that v!5 =1, § € C% and

m

V3] = || Y (u8)2 < Vm < 2v/m.

=1

It remains to check if the upper bound constraint on 7 is satisfied. Observe that ||5|| <

(since ||V'5|| < /m). Therefore

vm
VAL

_ Tvmd

3 = max{||A's — q||,b'5} < max{||A’5]],0'5} <
\/_

a\a

Hence the vector (5, §,7) is feasible for (P:,v]_), and 9, <7 <9 < Y, < Aoy, Which implies
that %, = 7, from which (6.14) follows. I
Let

7 /md
VoY

A *
S = {(S,q,v) |AYs — gl <, bhs <y, [[VEs]| < 2¢/m, v < , g€ CX}

and

L, = {(s,q,7) : v's = 1}.

Then L, is a translate of a closed linear subspace and S is a bounded convex set. Let f*(q)
be a self-concordant barrier for the cone C'y; with complexity parameter *. Then the interior

of the set S is the domain of the following self-concordant barrier f(s,q,7):

ﬂa%wéf%m—mwﬁwm%—m%—mw—wg—m@m—HWﬂ%—m<%%?—v»

whose complexity parameter is ¥y < 9* + 5 (see, for example, [41] or [42] for details).
In order to use the barrier method to solve (P5,), we need to have a point (s',¢',7') €
intS N L, at which to initialize the method. The next proposition indicates that such point

is readily available when the norm linearization vector f € C% for the cone Cyx is known.

Proposition 6.3

A v 2df 4ymd
(s',¢',7") = < AT
loll2" [[vll” VA
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Proof: First note that v's’ =1, so (s',¢',7') € L,. Also,

1 - 3d
A% = ¢'|| < 7 (1Al +2d) < —= <9/,
[[v]] VA
d m
b's’ < H <AV = Do (vls)2 =1 < 2¢/m,
v i=1
7/md
! ! . *
v < , and ¢ € intC'y.
VA X

Therefore, (s',¢',7') € intS. I
The next proposition establishes a lower bound on sym(S N Ly, (s',¢’,7')) which is an

important parameter for analyzing the complexity of the barrier method.

Proposition 6.4

A
SYI(S N Ly, (5, ) > o[

“1Bym A
Proof: Let (s,q,v) be such that (s' + s,¢' +¢,7" +7v) € SN L,. We want to find a scalar
t* > 0 such that for any ¢t € [0,¢*], (s’ — ts,q' — tq,y — ty) € SN L,. The strategy is to
find appropriate values ¢y, ..., t5 for each of the five constraints defining the region S, and
set t* = min{ty,...,5}.

1. We have ||(A%s" — ¢') + (A's — q)|] <+ + 7. We want to find a range of values of ¢
such that [|(A%s" — ¢') — t(A's — q)|| <+ — ty.

It is sufficient to find a range of ¢ such that ||A's" — ¢'|| + t||A"s — q|| <+ — ty. Observe

that
\d||  2d 7ymd _ 10y/md
A —qll < IA'" = ¢l + 7+ < 5 + 0 + < :
ol floll VA VAL
Also, v < 3v/md Combining these inequalities, we see that for any ¢ < t; = 1/13,

VAL

1 /1 d d d
—(Ovm-+&ml)svm <~ At — ]|
13 VA VA VA

2. We have b's’ + b's < 7/ +~v. We want to find a range of values of ¢ such that
bls' — th's < ~' —tr, that is, t(y — b's) < ' — bls'.
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First note that B
3 d
N A 1T TPV

Vi
.. . gt 3vmd
So, it is sufficient to have ¢(y — b's) < === Furthermore,
2\/_ 3vm
Isll < lls + 1 + 15"l < < :
VA ||U|| VA

We use this inequality to establish:

3v/md 3\/_d 3\/_62 6+/md

v —bls < +d||s|| <
T Y, TR, vl
So, it is sufficient to have ¢t < t, = % to satisfy
o tis) < L. OV _ 3ymd
2 VAT VA

3. We have [|[Vi(s + §')|| < 2y/m. We want to find a range of values of ¢ such that
[Vi(s" — ts)|| < 2y/m. Note that

IVi(s" =)l < VISl + #[VEs]| = 1+ £][V's]

S THt(||VEHS +s) ||+ [|VES]) < 1T+t(2y/m +1).

Hence, for any t < t3 2 ;\/‘/:Jr},

Vs — )| <14+ 2L L2y +1) = 2v/m.

2\/m +
I Tymd . 3v/md
4. We have v ++' < VoY that is, v < NAYEE
Since v+ > 0, v > —'. Therefore, for t <1, = 3/4, v —ty < '+ 4y = 7\/‘/:1“!

5. We have ¢' + ¢ € C%. We want to find a range of values of ¢ such that ¢’ — tq € C%.

Since B (q’, ﬁ) C C%, it is sufficient to have t < \//\Q—J*ﬁqu. An upper bound on ||¢|| can be
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obtained by noting that

TVimd | d-2ym _ 9y/md
T VAL

ld" +all <7+ 7+ Al - [[s + ] <

So,
9y/md 11y/md
lqll < + 'l < ,
VAL VAL
and taking ¢ < t5 = llf /{\1 is sufficient.
Finally,

sym(SNL,(s,7,4¢)) > min{ty,... t5}

1 12ym-13 23 )\1 B
= min
13°2 2ym+1" 4" 11/m —13\/_

As we can see, the square root of the ratio of the smallest and largest eigenvalues of @),

)\1'

which can also be interpreted as the ratio of the lengths of the shortest and longest axes of
Eq, will play an important role in the complexity the barrier method. This ratio is often
called the skewness of the ellipsoid Eq.

We are now able to present the formal statement of the implementation of the subroutine

Weak Check:
Subroutine Weak Check
e Input: Axes v;, i =1,...,m of an ellipsoid Eg D 7.
o forv==v;, 1=1,...,m,

Step 1 Form the problem (P5,)

Step 2 Run the barrier method on the problem (P, ) initialized at the point

o v 2df 4ymd
(s',¢,9) = ( , , >
o2 lvl]” VA

until the value of the barrier parameter 7 first exceeds 7 = @. Let (s,q,7)

be the last iterate of the barrier method.
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Step 3 If v < ﬁ, terminate. Return s. Otherwise, continue with the next value of

v.

e Assert that ﬁvi € Tgforalli=1,...,m

Lemma 6.3 Subroutine Weak Check will terminate in at most

0 (m\/@m (mg* : \/i;_l : i—’f)) (6.15)

iterations of the barrier method.
Upon termination, subroutine Weak Check will either correctly assert that

+——v; € Ty foralli=1,...,m, or will return a vector s such that

v

<

{yﬁf— = jﬁ}

sv; =1 for some v;, and Ty C Eg N (6.16)

(i.e., will find a parallel cut separating the two points iﬁvi from the set Ty).

Proof: We will use (5.18) to establish the number of iterations of the barrier method
required by subroutine Weak Check. Subroutine Weak Check will apply the barrier method
to at most 2m problems of the form (P, ). Note that

7v/md
min vy>0and max y< me.
(s,q,’y)ESﬂLv (S,Q,’Y)ESﬂLy \ )\1

Therefore, applying (5.18) and Proposition 6.4, we see that each of the (at most) 2m appli-

cations of the barrier method will terminate in at most

0, (@ln (7\/\7)\—01{19]( " sym(S N LZ (S’,q’ﬁ'))>>

— [ T/mdy* 24/mY* 13ym [An,
_o(m( 24 A_))

VA 5 A3
my*  d Am
oluls 4 f5)
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iterations of the barrier method. Multiplying the above bound by 2m we obtain (6.15).

Suppose the subroutine Weak Check has terminated in Step 3 of an iteration in which
the barrier method is applied to the problem (P5, ). (This is without loss of generality; if
the termination occurs during the iteration which applies the barrier method to the problem
(P5_,.), we can re-define the ith axis of Eg to be —uv; to preserve the notation.) Then the
last iterate (s, q,y) of the barrier method satisfies

to
[A%s —qll <7 < 5=

b's <y <3 \F
V|| < 2¢/m

g€ C%, vis=1.

The vector s above yields a parallel cut that separates +5"= from T4. To see why this is
true, let h € T;. Then h € Hy, and hence h = b — Az for some (0, z) € R, x Cx such that
10| + ||z|] < 1. Therefore

sth = s' (b — Az) = 0(b's) — 2 (A's) = O(b's) — 2'(Als — q) — 2'q

sty
2\/_ 2y/m’

Applying the same argument for the point —h € H,4, we conclude that sth > — 2\/—, and

< (1] + =)y < <

therefore the vector s returned by the subroutine Weak Check satisfies (6.16).
Next, suppose that the barrier method applied to (Ps,) has not terminated in Step 3 of
the subroutine Weak Check, i.e., we have v > 2\/_ Then, using (5.17),

B /S T
T =TT Sn S o/m b Avm

Therefore, if the subroutine Weak Check has not terminated in Step 3 for any v = tv;, ¢ =
1,...,m, we conclude that ¢g = miny,, 7, > ﬁ, and we correctly assert that iﬁvi €Ty
foralle=1,...,m. I
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6.3.2 Iterate Update

Suppose the subroutine Weak Check called by the algorithm WLJ has terminated and

returned as output a vector s such that

1 1
by =11 nand Ty C Egniy: ———= < sy < —— 7.
s or some v;, and Ty C E Y 2\/E_Sy_2\/ﬁ

In this subsection we will show how the next iterate of the algorithm WLJ is computed and
establish a volume-reduction argument typical for the analysis of an ellipsoid-type algorithm.
The next iterate of the algorithm WLJ is the matrix () such that E4 is the Lowner-John
ellipsoid for the set
EQﬂ{h.—TSS %}
Notice that /s'Qs = [|[V's|| > s'v; = 1, and therefore _\/% < —ﬁ. Hence we can
use formula (3.1.20) of [21] to compute

A m 1 m(4€ — 1) Qss'Q
« m—1<1_4m§> (Q_ Amé—1 ¢ )’ (6.17)

where ¢ = s'Qs. We analyze the complexity of algorithm WLJ by looking at the decrease
in the volumes of the ellipsoids from iteration to iteration. The main tool for such analysis

is presented in the following lemma:

Lemma 6.4
l(E
vol( Q) <1
VOI(EQ) 2

3

OO

Proof: Let R € R™*™ be an orthonormal matrix such that RQ?s = ||Q2s|le; = /Ce;.

Then Q can be expressed as

G=—"- (1 _ %) O R (1 _ %) QY. (6.18)

Therefore,
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We conclude that

»blH
o

e <

A~ =
@

The last inequality follows since the function te'~* is an increasing function for ¢ € [0, 1],
and as we have established previously, 0 < 4—1§ < i.

Finally,

vol(Eg) \/det(Q) vol(B(0,1)) < 1
vol(Eq) det(Q) vol(B(0,1)) ~ 2

6.3.3 Complexity analysis of the algorithm WLJ

In this subsection we present a formal statement of algorithm WLJ and make use of the
results of previous subsections to obtain a complexity analysis of the algorithm.
The statement of the algorithm is as follows (recall that an iterate of the algorithm is a

matrix @ € ST such that 7q C Eg 2 {y :y'Q ty < 1}):
Algorithms WLJ (Weak Lowner-John)
e Input: d — an upper bound on ||d||
e Initialization: The algorithm is initialized with the matrix Q° = d?1I.
e Iteration k > 1.

Step 1 Let Q = Q*. Compute the eigenvalues 0 < A\; < Xy < ... < A, of Q and the

corresponding (orthonormal) eigenvectors ay, ..., a,,. Define the axes of Eg by

Ui:\/)\iCLZ', 2:1,,m
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Step 2 Call subroutine Weak Check with the input (vy,...,v,). If the subroutine

terminates by asserting that iﬁvi €Ty i=1,...,m, stop, return B = Q*%.

Step 3 Otherwise, the subroutine Weak Check returns a vector s. Define @ by (6.17).

Step 4 Let Q"' = Q, k + k + 1, go to Step 1.

Theorem 6.2 Suppose C(d) < oco. Then algorithm WLJ will terminate in at most

()(nﬂv@ﬁhﬂ<pgb>1n<"§*>> (6.19)

iterations of the barrier method. It will return upon termination a pre-conditioner B such

that

.y
i< C(Bd) < %

Proof: First observe that the matrix Q° = d?I used to initialize the algorithm is a valid
iterate, since for any point y € Ty, |ly|| < ||d|| < d, and so Ty C Ego.

To establish a bound on the number of iterations of the barrier method required by
algorithm WLJ, we proceed as follows. We first determine an upper bound on the number of
iterations of algorithm WLJ via a volume-reduction argument. We then establish an upper
bound on the skewness of the ellipsoids generated throughout the algorithm. We use this
bound to analyze the running time of any of the calls to the subroutine Weak Check made
by the algorithm, and combine all the above results to obtain the final complexity bound.

Suppose algorithm WLJ has performed k iterations, and let Q* be the current iterate.

Since Tq € Egk, we conclude that
vol(T3) < vol(Egr) < (%e)k vol(Ego) = (%e%ydm vol(B(0,1)).
On the other hand, since B(0, p(d)) C T4, we conclude that
vol(7a) = vol(B(0, p(d)) = p(d)™ vol(B(0,1)).

Therefore, p(d)™ vol(B(0,1)) < d™ (%eg)k vol(B(0,1)), and algorithm WLJ will perform at
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most

K <mln (p&) s ! < 13—0m1n (%) (6.20)

iterations.

To bound the skewness of the ellipsoids generated by algorithm WLJ, note that all such
ellipsoids contain the set 74, and therefore, contain B(0, p(d)). This implies that for any
ellipsoid encountered by the algorithm, \; > p(d)?.

Now let us estimate the change in the largest eigenvalue of the ellipsoid matrix from one
iterations to the next. Suppose the matrix () is the current iterate, and Q is the next iterate

of the algorithm. Then from (6.18) we conclude that

R . 1
Am =Rl < ||Q||% (1 N 4—m§>

m—1 _4m§ m—1

k

Therefore, at iteration k, A¥ < A0 em=—1 = d2em=1. Recall from (6.20) that the algorithm

= ) =w ()

iterations. Therefore, throughout the algorithm,

will perform at most

and the skewness of all ellipsoids generated by the algorithm is bounded above by

=G < )

Using (6.21) we conclude from Lemma 6.3 that any call to subroutine Weak Check will

o(mrn (5 i)
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iterations of the barrier method. Combining this with (6.20), we can bound the total number

of iterations of the barrier method performed by algorithm WLJ by

o () v (7))

Finally, the properties of the pre-conditioner B returned by algorithm WLJ follow from the

discussion at the beginning of this section. I

Remark 6.2 Note that the skewness of the ellipsoids does not necessarily get worse at every

iteration. In fact, the last ellipsoid of the algorithm (which satisfies ﬁvi € Tq for alli) has
the very nice property that ,/AA—T < 4y/mC(d).

To further interpret the complexity result of Theorem 6.2, suppose for simplicity that
d = ||d||, i.e., the size of the data ||d|| is known. Then algorithm WLJ will perform at most

0 <m2\/z¥1n2 (C(d))In (mﬂﬁ))

iterations. We see that the condition number C(d) of the initial data instance d plays a
crucial role in the complexity of the algorithm WLJ which aims to find an equivalent data
instance whose condition number is within a given factor of the best possible. In particular,
if the original data instance d is badly conditioned, i.e., has a particularly large condition
number, it might take a large number of iterations to find a “good” pre-conditioner as above.

Another interesting observation is that the complexity of algorithm WLJ does not de-
pend on the symmetry measure p. This result, which may seem counterintuitive at first, is
actually explained by the fact that, in order to obtain a pre-conditioner for the system (FPy),
algorithm WLJ has to work with the set 7;, rather then H,, which is perfectly symmetric
regardless of the geometry of the set Hg.
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Chapter 7

Conclusions and Future Work

In this thesis we have addressed several issues in the relatively new field of measures of
conditioning for convex optimization and feasibility problems. We have explored the role that
the condition number for a convex feasibility problem in conic linear form plays in studying
the geometry of the problem and the complexity of certain algorithms for solving the problem.
We have also discussed some potential drawbacks in using the condition number as the sole
measure of conditioning of a conic linear system, motivating the study of “data-independent”
measures. We have introduced one such measure, y, for feasible conic linear systems in special
form and studied many of its implications for problem geometry, conditioning, and algorithm
complexity. The field of measures of conditioning for convex problems, however, is still in
its infancy, and we believe that the work in this thesis has raised many issues and potential
venues of research.

One such issue concerns the desire to find data-independent measures of conditioning for
infeasible instances of the problem (FP,) of (5.1), as well as for conic linear systems in the
most general form (2.1) and problems of optimizing linear functions over the feasible region
of (FP,). Such measures might or might not be extensions of the measures discussed in this
thesis, and in fact it seems possible that for some forms of the problem (FP,) no such relevant
measures can be defined. This would indicate that for certain classes of convex feasibility and
optimization problems the properties of the problem and properties of algorithms for solving

the problem cannot be addressed using only “geometric” tools of analysis, and require some
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information about the specific representation of the problem. The pursuit and study of such
measures of conditioning will hopefully lead to better understanding of the properties of
the underlying problems, and potentially, lead to more efficient algorithms for solving the
problems.

Another potential topic of research concerns incorporating pre-conditioning into algo-
rithms for solving convex feasibility and optimization problems. The notion of having a
pre-processing stage in an algorithm is not new. In fact, most the optimization software
packages include some type of pre-processing options, such as variable and constraint elim-
ination or data scaling. It would be interesting to study the potential benefits of including
a pre-processing step that would attempt to improve the conditioning of the problem as
measured by the condition number, or another relevant measure of conditioning.

Yet another potential research direction is the study of measures of conditioning of convex
problems in forms other than the conic linear form used in this thesis and in the majority
of the literature to date. Although any convex optimization (or feasibility) problem can be
stated in conic linear form by appropriately defining the cones Cx and Cy, such reformu-
lations could be deceptively simple, since the conic notation “hides” non-linear aspects of
the problem. It is often more efficient to work directly with the original or slightly modified
problem formulation, or a slight modification, rather than with the cones resulting from the
conic reformulation. Therefore, it would be useful to develop measures of conditioning for
such problem formulations, providing additional tools for analyzing problem properties and

algorithm performance.
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Appendix A

Standard Form Reformulations

In this appendix we establish some properties of two “standard form” reformulations of
the problem (FP,) in its most general form. These reformulations are a direct extension of the
standard approach used in linear programming applications to state the problem either in the
form Az = b, x > 0 (often referred to as the “standard primal form”), or in the form Az < b,
x unrestricted (the “standard dual form”). In linear programming such reformulations are
often a helpful pre-processing step preceding, for example, the application of the primal (or
dual) simplex algorithm for linear optimization. For a general conic linear system (FPy)
such reformulations can also be a useful pre-processing tool preceding an application of an
algorithm that might be specially tailored to work on systems in a specific form. Also, the
ability to reformulate a general system in a simpler form can motivate a helpful simplification
of analysis of algorithms, see for example, [36].

The results of this appendix are not explicitly used in the thesis; nevertheless, we feel it
is important to formally present these results at least as a reference tool. We also hope this
analysis provides some helpful intuition into the analysis of perturbation-based condition
numbers.

We will be working with a conic linear system (FPy) of the form

(de) b— Ax € Cy (Al)

x € Ck,
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where Cy and Cy are closed convex cones and d 2 (A,b) is the data for the system. We

consider two “standard form” reformulations of the system (FP,) and study their properties.

A.1 Reformulation I: Standard Primal Form

Consider the following reformulation of the system (FPg):

FP:) Ax+uvy=bh
(EP3) vy (A.2)
(z,y) € Cx x Cy,

where v > 0 is a fixed constant. Since v > 0, the system (FP ;) is feasible precisely when the
system (FP,) is feasible. It can also be viewed as a conic linear system under the following

assignments:

e X =XxY. Y=Y

)

S

= (4,b), where A = [A;v]] € L(X,Y),b=beY

o (C

t

= OX X Cy, CY = {0},

with norms defined as follows:

o 17l = ICz, )l = ll=ll + [lyll, & = (z,y) € X,
o [l 5eY.

Note that, by the definition of the operator norm, ||A|| = max{[|A||, |||} = max{[|A4]|,»},
and therefore, ||d|| = max{||A|],||0||} = max{||d||, v}

It is easy to see that p(d) < p(d), whether (FP,) is feasible or not, since any perturbation
of the data d = (A, b) that changes the feasibility status of the system (FP,) corresponds to
a perturbation of the data d of the same size that changes the feasibility status of the system
(FP;). In the next two lemmas we derive a lower bound on p(d) in terms of p(d).

Lemma A.1 was first established by Pefia and Renegar in [36]; the proof presented here
is almost identical to theirs. Lemma A.2 also replicates a result in the later version of [36],

although it was established independently of [36].
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Lemma A.1 ([36]) If the system (FP;) is feasible and v > 0, then

~ p(d)
P 2 L

Proof: Denote n = max{l |d||/v}. We want to show that 2 ( ) < p(d). Let v €Y be an
arbitrary vector satisfying ||v|| < p ) By Theorem 2.1 there exists (#, 7, ) such that

b9 — Az — §j = 3nu
>0, z2€Cx, yeCy
0] +[|z] < 1.

Define (é,i,gj):(lgL ,377”) Then 0 > 0, % € Cy, § € Cy, and b — AF — v — v =

3n7°3

0 € Cy. Taking into account the fact that
151l = (166 — Az — 3no|| < ||d]| + p(d) < 2||d]],
we derive:

S . T (- . ||?J|| 1 2||d|| |
=5 + + — — 1,—=1.
0+ [|Z]| + |7l 31 (9 ||| 377 » < 377 - 3max ”

We conclude from Theorem 2.1 that p(d) > @, proving the lemma. 1
1

Lemma A.2 If the system (FP,) is infeasible and v > 0, then

p(d)
3max{1, ||d||/v}

p(d) >

Proof: Denote 7 £ max{1, ||d||/v}. We want to show that p(d) > ?En)' Let v; € X* and

ve € Y* be arbitrary vectors satisfying max{||v||«, ||z} < 3 and consider the vector

v = —Ul — —At'Ug € X*. Then

ot <5 (ol ) < 5 (1 190) 290 <
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By Theorem 2.3 there exists s such that

Als —v e C%
—b's > p(d)
s5e€Cy
Il < 1.
Define 5 = §§+ 2. Then
3 2 vl 2 p(d)
. < 2131, <4+ 587 <,
I3l < Sl + 42 < 2+ 50 <

and

t
s 2y Ve 2@ ldleld) _ @ (]  pld)
3 v 3 3vn 3 3n

vn
We conclude from Theorem 2.3 that p(d) > %‘?, proving the lemma. 1
Combining Lemmas A.1 and A.2 with the fact that ||d|| = max{||d||, v}, we obtain

Theorem A.1

cu)gcabggw@nnmx{ﬁﬁ,¥ﬂ}.

A.2 Reformulation II: Standard Dual Form

Consider another reformulation of the system (FPy):

(FPdA) ve € Cx
b— Az e Cy (A.3)

x unrestricted,

where v > 0 is a fixed constant. Since v > 0, the system (FP ) is feasible precisely when the
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system (FP,) is feasible. It can also be viewed as a conic linear system under the following

assignments:

~

e X=X,V =XxVY

. P . —vl RPN 0 -
e d=(A,b), where A = € L(X,Y), b= ey
A b

) XéX,CY:CXXCY,

with norms defined as follows:

A

e ||IZ]|, T € X,

~

o gl =z, )l = max{l[z[|, [y}, § = (v,y) €Y,

Note that, by the definition of the operator norm, ||A|| = max{||A||, |»I|} = max{||A4]|, v},
and therefore, ||d|| = max{[|A||, |||} = max{||d||, v}.

It is easy to see that p(d) < p(d), whether (FP,) is feasible or not, since any perturba-
tion of the data d = (A,b) that changes the status of the system (FP4) corresponds to a
perturbation of the data d of the same size that changes the feasibility status of the system

A,

(FP;). In the next two lemmas we derive a lower bound on p(d) in terms of p(d).

Lemma A.3 If the system (FP,) is infeasible and v > 0, then

; p(d)
D) 2 S Tt

Proof: Denote 1 2 max{1, ||d||/v}. We want to show that p(d) > %. Let v € X* be an

arbitrary vector satisfying ||v. < %17). By Theorem 2.3 there exits (f, 5) such that

peCyx, seCy
5] < 1.
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Define (31, 5) = (5,5) Then 8 € C%, & € Gy, —vé1 + A'S, = v, and —b's, > Z0.

Taking into account the fact that

pll = 1A% = 3]l < [|A%]]. + 3nllvll. < [ld]| + p(d) < 2[|d]],

1 (el -
%( e 4.
d
3n v — 3n v

We conclude from Theorem 2.3 that p(d) > ” ) proving the lemma. i

we derive:

131, 82) [« = N30l + [[352]] =

Lemma A.4 If the system (FP,) is feasible and v > 0, then

; p(d)
) 2 S Tt

Proof: Denote 7 £ max{1, ||d||/v}. We want to show that p(d) > péz). Let v; € X
and vy € Y be arbitrary vectors satisfying max{||v1]|, [|va]|} < ”(n , and consider the vector

v= %Avl + vy € Y. Then

1
o] = H—Av1 + oy
v

< @ (M + 1) < gp(d).

n 14

By Theorem 2.1 there exists (#, ) such that

bé—A:f—%UECY

gZO,fEC}(,

0]+ llz]l < 1.
Define (§,1) = 2(8,7 + 2v;). Then
- . 2 - 2  Av 2 -2 2/ = 3
be—A.I'—UQ gbe—gAl'—Tl—'nggbe—gAl'—Uzg(be—A$—§U>GCY,
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Z/i—m:gnyCX,

and

ot <2 (g P 2 L]
0 <—-146 — ) <-4+ -—X<1
vl <5 (0ol + ) < 3 g1 <

A,

We conclude from Theorem 2.1 that p(d) > 24 proving the lemma. 1
3n

Combining Lemmas A.3 and A.4 with the fact that ||d|| = max{||d||, v}, we obtain

Theorem A.2
C(d) < C(d) < 3¢(d) max {L, M} .
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Appendix B

Compact-form Reformulations

This appendix contains proofs of the six propositions of Chapter 4. We restate the six
propositions as well as the notation of the corresponding sections of Chapter 4 in order to

make the exposition easier to follow.

B.1 Case 1: Cy regular and Cy = {0}.

(de) Ar =0b (SAd) Als € CfY

x € Cy bls < 0.

(B.1)

Here Y is an m-dimensional Euclidean space with Euclidean norm ||y|| = ||y||2 for y € Y.

When the system (FP,) of (B.1) is feasible, we consider the following reformulation:

—b0+ Ax =0

>0, xe(Cy,

(B.2)

which is of the form (HCE) of (3.32) under the following assignments:
M:{_b A}, C =R, x Cy

with norms defined as ||(6, z)|| = |0] + ||z]|, (0,z) € R x X and ||v|| = ||v]|2, v €Y.
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Proposition B.1 (Proposition 4.1) Suppose the system (FP;) of (B.1) is feasible and
p(d) > 0. Then the system (B.2) is feasible, M has full row rank, and we have

M| = l[dll, and p(M) = p(d),

where p(M) is defined in (3.33).

Proof: Feasibility of the system (B.2) is trivially obvious. The expression for || M| = ||d||
follows from the definition of the operator norm. Next we establish the bounds on p(M).
Using (3.33),
p(M)=  min max ¢
veY O,x,¢
o] <1 st —b0+ Az — v =0
0>0, rely

0+ |zl <1,

which is a slightly altered version of program P, (d) of [16] (for the case when Cy = {0}).
Therefore, p(M) = p(d). Finally, since p(M) = p(d) > 0, Remark 3.2 implies that M has
full row rank. I

When the system (FPg4) of (B.1) is infeasible, we consider the following reformulation:

—b0+Ax =0
0+ fla =1 (B.3)

HEO,ZEECX.

I[ts alternative system,
—bts >0

Als € intC%,

is of the form (HCI) of (3.26) under the following assignments:
M:{_b A}, C=%, xCy

with norms defined as ||(6, z)|| = |0] + ||z]|, (0,z) € R x X and ||v|| = ||v]|2, v €Y.
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Proposition B.2 (Proposition 4.2) Suppose (FP;) of (B.1) is infeasible and p(d) > 0.
Then the system (B.4) is feasible, and we have

1M = |ld]l, and p(d) < r(M) < %

where r(M) is defined in (3.28).

Proof: Suppose the system (B.4) is infeasible. Then by Proposition 3.1 system (B.3) is
feasible and, using Theorem 2.4, p(d) = 0, which is a contradiction. Hence, the system (B.4)
is feasible.

The expression for ||[M]|| = ||d|| follows from the definition of the operator norm. Next

we establish the bounds on r(M). Using Proposition 3.5,

r(M)= min |M(,z)| =min ||bf — Ax||
0+ fla =1 0+ flo =1 (B.5)
HEO,ZEECX HEO,ZEECX,

which is exactly program Py(d) of [16] (for the case when Cy = {0}). Therefore, applying
Theorem 3.9 of [16] we conclude that Gr(M) < p(d) < r(M), that is, p(d) < r(M) < %.

1
B.2 Case 2: Cy = X and Cy regular.

(FPd) b— Ax € Cy (SAd) Als =0

s e Cy (B.6)
b's < 0.
Here X is an n-dimensional Euclidean space with Euclidean norm ||z|| = ||z|; for z € X

(and therefore the dual norm is also ||¢||. = ||¢||2 for ¢ € X*).
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When the system (FPg4) of (B.6) is feasible, we consider the following reformulation:

bls +uvt =0
—Als =0
(B.7)
els  +t=1
s € Oy, t>0,
where v > 0 is a fixed constant. Its alternative system,
b —Ax € intC
v (B.8)
vl > 0,
is of the form (HCI) of (3.26) under the following assignments:
bt
M = , C=Cy xR,
—A" 0
with norms defined as [|(s,8)[| = |Is[ls + [t], (s,1) € Y* x R and [|(,q)|| = [|(j;0)[l2 =

72+ lall3, (J.q) € R x X*.

Proposition B.3 (Proposition 4.3) Suppose (FP;) of (B.6) is feasible and p(d) > 0.
Then the system (B.8) is feasible, and we have

max{|d]], v} < M| < V2max{|d|, v},

p(d)
Smax(1 a7t = "M s

Proof: Suppose the system (B.8) is infeasible. Then by Proposition 3.1 system (B.7) is
feasible and, using Theorem 2.2, p(d) = 0, which is a contradiction. Hence, the system (B.8)
is feasible.

The value of ||M|| can be expressed as follows:

M| = max /(s + vt)? + || — Ats]|2
st |Is|l« + [t] = 1.
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Let a and b be vectors satisfying
aeY”, llall. =1, [|Al = |A"| = |A%]l, and b€ Y™, [[b]l. =1, b'D = [|b]].

Then we obtain a lower bound on ||M|| by combining the values of || M (s, t)|| for the following

three vectors (s, t):

e letting (s,t) = (0, 1), we have ||M|| > v;
e letting (s,t) = (a,0), we have || M| > ||Al|;

o letting (s,¢) = (b,0), we have || M| > ||b]|;

therefore, [[M|| > max{w, [|A[|, [[b[|} = max{[[d]|, }.
To obtain an upper bound on ||M]|, notice that for (s,t) satisfying ||s||. + |t| = 1,

['s + vt| < max{|[b]l, v} - (IIsll + [t]) = max{[[p]], v} < max{|d||,»},

and

1A [ < [|Al] < max{]|d]|, v},

therefore, ||M]| < \/maoc{||al||,1/}2 + max{||d||,v}? = V2max{]|d||, v}, which completes the
proof of the second claim of the proposition.

Next, we establish the bounds on r(M). Using Proposition 3.5,

T(M) én’nn ||M($,t)|| — min \/(bts—i-l/t)Q—{—H —At8||2
(s;t) €C seCh, t>0
els+i=1 els+1=1.

Taking the Lagrange dual of the above convex program, we can also express (M) as

r(M) =max 0
0,2, b — Ax —de € Cy (B.10)
o — 5 >0 '

VO + )P < 1.
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Let (6, z) be a solution of (B.10), i.e

b — Az —r(M)e =gy € Cy, v >r(M), /02 +||z]]> = 1.

Let v € Y be an arbitrary vector satisfying ||v|| < \/—) Define

; 0 z - g+r(Me— (10] +[lz[)v

= ——, T ==, U= =~ -
0] + [|]] 0]+ [1]] 0] + [|]]

Notice that § € Cy, since for any s € C}- such that ||s|l. = 1 we have

s'(5 + r(M)e — (1] + |Zl))v) = 7r(M) = V2102 + ||z |*|v]l = 7r(M) = V2[jv]| = 0.

Therefore (6, &) satisfy 6 > 0, ||Z|| + 0] < 1 and

_ W — Az — (0] +11zl)v _ g+ r(M)e — (0] +[|z[)v
101+ ||| 0] + [l[]

b — Ai — = § € Cy.

We conclude from Theorem 2.1 that p(d) > T(\]\//‘g%, that is, r(M) < ﬁg(d), establishing the

upper bound of r(M) stated in the proposition.

Next, let n = max{1,||d||/v}. Consider the vector v = %‘? (—g—i-e). Since ||v|| <

%7) (”dH + 1) < p(d), by Theorem 2.1, there exists (0, z) satisfying b0 — Az — v = 5 € Cy,

6 >0, and |0 + ||Z|| < 1.
Define (0, %) = 2(0,z) + ”( )(1 0). This vector is feasible for the program (B.10) with
= "(d) since \/02 + ||Z]|2 < |0] + ||| < 2 —l—p( ) <1, 00 -0 = l/é—l—%?— %‘? =200 > 0,

and
_r 2.5 pd), pld) 2 _ pld),  p(d)
b — AT — de = — (b — AT)+ —b— —e = — Yy Y
¢ ¢ 3( )+ 3vn 3n ¢ 3(y+v) 3vn 3n
2 2pd) (b p(d), p(d) 2
= = Ay B, 2 .
3V t3, ( Z/+€>+3Z/77 3y ¢T3V ey

Therefore, r(M) > § = %‘?, completing the proof of the proposition. I
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When the system (FPg4) of (B.6) is infeasible, we consider the following reformulation:

bts 4uvt =0
—Alg -0 (B.11)

s € Cy, t>0,

where v > 0 is a fixed constant. System (B.11) is of the form (HCE) of (3.32) under the

following assignments:

bt
M = , C=Cy xRy
—At 0
with norms defined as ||(s,t)|| = ||s|l« + [t], (s,t) € Y* x R and ||(4,¢9)]| = ||(4,9)]]2 =

72+ 1qll3, (J,q) € R x X*.

Proposition B.4 (Proposition 4.4) Suppose (FP;) of (B.6) is infeasible and p(d) > 0.
Then the system (B.11) is feasible, M has full row rank, and we have

max{||d]|, v} < [[M]| < V2max{|d||, v},

p(d)
3max{1, ||d||/v}

Proof: Feasibility of the system (B.11) trivially follows from Proposition 2.2. The proof of

< p(M) < V2p(d).

the bounds on || M| is identical to the proof of these bounds in Proposition B.3.
It remains to establish the bounds on p(M) and to show that M has full row rank.
Using (3.33),

p(M) = min max o)
(v1,v9) € R X X* s5,t,¢
v, )| < 1 s.t. bls +vt —¢v; =0
l(es, el < o .
—Als —¢vy =0
sl +lt] <1

seCy, t>0.

In order to show that p(M) > m it is sufficient to show that for any (v, w) such
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that /7% + [[w]|? < smmfi sy, we have (v,w) € H, where
HE{(bs+vt,—Als): ||s||, + |t| < 1, s € CF,t > 0}

We will establish a somewhat stronger fact: for any w € X* with ||w| < % there
p(d) p(d)

Fmax{L|[d][/v} — Fmaeii ey Such that (an,w) € H and (az,w) € H.

Since {(v,w) : \/7v? + Jw]|3 < 8} C {(7,w) : ||w|]2 <6, |y| < 0}, the above fact will imply
the lower bound on p(AM).

exist oy > and oy <

Denote 7 = max{1, ||d||/v} and let w € X* be an arbitrary vector satisfying ||w|| < %‘? <
p(d). By Theorem 2.3 there exists s € Cy, ||s]|« < 1 such that —b's > p(d), A's = —w. Let
t =0. We have: s € C5, t >0, ||s]l« +t = ||s]l« <1, and A's = —w. We define

Qo 2 pts 4+ vt = bts < —p(d) < —@.

3n

Therefore, (o, w) € H, with ay < —%17).
Next, let v = —3nw. Then ||v|| < p(d), therefore there exists s € C§- such that ||s|], <1,

Als = =3nw, —b's > p(d). Let 5= 5> € Cy, T = % > 0. Then [|5]l, +7 < 5. + %'%H <1,

—Als = w, and
bl - Isll , 2lldll o p(d)

A _
=bls+ vt > .
(5] S vt ~ 377 377 = 377

Therefore, (o, w) € H, with oy > %?. This establishes the lower bound on p(M). Also,
from Remark 3.2, M has full row rank.

[t remains to establish the upper bound on p(M). Suppose v € X* is an arbitrary

vector satisfying ||v|| < L\%). Let w = —v and v = —|lw||. Then ||(y,w)| = v2||w|| < p(M).

Hence, there exist s € Cy- and ¢ > 0 such that ||s|.+[¢t| < 1, A’'s = —w = v and bls+vi = 7.
We conclude from Theorem 2.3 that p(d) > L\%), thus establishing the last statement of the

proposition. I
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B.3 Case 3: Cy and (Cy are both regular

(de) b— Ax € Cy (SAd) Als € C;(

r e Cx s e Cy (B.13)

bts < 0.
Here, X is an n-dimensional Euclidean space with Euclidean norm ||z|| = |||y for z € X
(and therefore the dual norm is also ||¢||« = ||¢||» for ¢ € X*), and Y is an m-dimensional
Euclidean space with Euclidean norm ||y|| = ||y||2 for y € Y (and therefore the dual norm is

also ||s]|« = ||s]|2 for s € Y*).

When the system (FP,) of (B.13) is feasible, we consider the following reformulation:

b's +vt =0
—Als +v =0
1 (B.14)
els  +flq +t =1
seCy qely t>0
where v > 0 is a fixed constant. Its alternative system,
b —Axr € intCy
vr € intCx (B.15)

vl > 0,

is of the form (HCI) of (3.26) under the following assignments:

b 0 v

, O =0y xCy xRy
At vl 0

with norms defined as ||(s,¢,t)|| = ||s|« + llgll« + |t], (5,¢,t) € Y* x X* x R and ||(j,¢)|| =
||(]a Q)H? - \/jQ + ||q||%a (]a Q) R x X*.

Proposition B.5 (Proposition 4.5) Suppose (FP,) of (B.13) is feasible and p(d) > 0.
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Then the system (B.15) is feasible, and we have

max{||d]|, v} < [[M]| < V2max{|d||, v},

p(d) V2p(d) _ V2p(d)
5max{1,||d||/1/}§r(M)§ 7 Srnin{fﬁ}'

Proof: Suppose the system (B.15) is infeasible. Then by Proposition 3.1 system (B.14)

is feasible and, using Theorem 2.2, p(d) = 0, which is a contradiction. Hence, the system
(B.15) is feasible.

By the definition of the operator norm,

IM]| = max /(bts + vt)? + || — Ats + vql}3
st sl + llgll. + [t} = 1.

(B.16)

Let a and b be vectors satisfying
aeY”, llall. =1, [|Al = |A"| = |A%]l, and b€ Y™, [[b]l. =1, b'D = [|b]].

Then we obtain a lower bound on ||[M|| by combining the values of ||M(s,q,t)|| for the

following three vectors (s, q,t):
e letting (s,q,t) = (0,0, 1), we have ||M|| > v;
e letting (s,q,t) = (a,0,0), we have || M| > ||A]l;
o letting (s,q,t) = (b,0,0), we have ||M]| > ||b]|;
therefore, ||M|| > max{v, ||Al|, ||b]|} = max{||d||, v}
To obtain an upper bound on || M ||, notice that for (s, ¢, t) satisfying ||s||.+||q||«+[t| = 1,
[b's + vt| < max{|[b]l, v} - ([Isll + [t]) < max{[[p]l, v} < max{]|d], v},

and

| = A's 4 wgl| < max{|[ ]} - (sll. + lall.) < max{|| 4]} < max{[d]],},
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therefore, ||M]| < \/III&X{HdH,V}Q +max{||d||,}? = v2max{||d||,v}, which completes the
proof of the second claim of the proposition.

Next, we establish bounds on r(M). Using Proposition 3.5,

r(M) = min \/(bts +vt)? + || — Als + vq||?
se(Cy, qelC%, t>0

els + flq+t=1.

Taking the Lagrange dual of the above convex program, we can also express (M) as

r(M)=max ¢
b — Az — de € Cy
ve —0f € Cx (B.17)
v —6 >0

VO + Izl < 1.

Let (8,7) be a solution of (B.17), i.e.,

b) — Az —r(M)e =5 € Cy, vZ —r(M)f € Cx, v > r(M), \/é2+||9_5||2:1-

Let v € Y be an arbitrary vector satisfying ||v]| < % Define

6 - ytr(Me— (0] + [lz[)v

0= =, M on=n Y= ] -
01+ Iz 01+ iz 0]+ |z

Notice that § € Cy, since for any s € C} with ||s||. = 1 we have
s'(y +r(M)e — (18] + llzl)v) = 7r(M) = V210 + ||z]|* |[o]| = #r(M) — V2]jv]| > 0.

Therefore, (0, %) satisfy 0 > 0, & € Cx, |0] + ||Z]| = 1, and

b0 — Az — (16| + |Zl)v _ 7 +r(M)e — (0] + [|Z])v _

b — Az — v = _ — _ —
1] + |z 6] + [ z]]

j € Cy.
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We conclude from Theorem 2.1 that p(d) > ’"(\]\/Q%, that is, (M) < ﬁ’;(d), establishing the

upper bound of r(M) stated in the proposition.

Next, let n = max{1, ||d||/v}. Consider the vector v = %i]) (—% + % + e). Since |Jv]| <

%‘? (M + 1) < é—?(i’m) = p(d), therefore by Theorem 2.1 there exists (f,z) satisfying

b — Az —v=y€Cy,0>0,2€Cyx,and |0+ |z|| < 1.
Define (§,%) = 30,z) + ’g(ng(l, f). This vector is feasible for the program (B.17) with
— %‘? since 02+ |2 < |0]+|||| < §+25”T“j7) <1,vi—6f= gyﬂ%)f_%f — 3z € Oy,

Vé—éz%l/é#—%‘?—%?:gyéz(),and

b — AF — e = g(bé—Af) LD apy 2D By P gy 2D,

oun on ) oun on
3 3p(d)( b  Af p(d) pld) 3
= - —— |+ — —(b—Af) — —Fe=— .
5y+5 3n ( 1/+ v te +5l/7]( f) 5776 5y€CY

Therefore, r(M) > § = %’?, completing the proof of the proposition. I

When the system (FP,) of (B.13) is infeasible, we consider the following reformulation:

b0+ Az +vy =0
O+ flo+ety =1 (B.18)
0207 IECX? yECYa

where v > 0 is a fixed constant. Its alternative system,

—b's >0
Als € intC% (B.19)

vs € intCy,

is of the form (HCI) of (3.26) under the following assignments:

M:[—b A vl

, C=R, xCx xCy

with norms defined as [|(0, z, y)|| = [0|+||z||+]|yll, (0, z,y) € Rx X xY and ||v|| = ||v||2, v €
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Y.

Proposition B.6 (Proposition 4.6) Suppose (FP;) of (B.13) is infeasible and p(d) > 0.
Then the system (B.19) is feasible and we have

M| = max{|[d]|, v},

p(d) p(d) p(d)
Smax (L [/ ="M =T s min{g, 3}’

Proof: Suppose the system (B.19) is infeasible. Then by Proposition 3.1 system (B.18)

is feasible and, using Theorem 2.4, p(d) = 0, which is a contradiction. Hence, the system

(B.19) is feasible.

By the definition of the operator norm,

M|l = max || = br + Az +wyl| = max{[|]], [|All, v} = max{[|d][,v}.
st ] 4 [lef + lyll =1

Next we compute the bounds on r(M). Using Proposition 3.5,

r(M)= min |00 — Az — vy||
O+ flo+ety =1 (B.20)
020, ZEECX, yECy.

Taking the Lagrange dual of the above convex program, we can also express (M) as

r(M) =max 0
—bls —§>0
Als —0f € O (B.21)
vs —oe € C§
Isll. < 1.
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Suppose (@, 7, ) is a solution of (2.18). Let

7:2,726 v
(97277 y) =7 ( rt= /_t)_ .
0+ ftz +ée'g/v
Then (0, z,y) is feasible for (B.20), and so
b — Az — i d d
o< el )l

0+ fiztetg/v O+ fiz+eg/v - B

To establish the lower bound on r(M), let n = max{1, ||d||/v} and consider the vector
p = 2l (f— ATté) Then

2n

ot < 5 (14 10 < oo

and therefore by Theorem 2.3 there exists s € Cy such that ||s|l. < 1, A's —v = ¢ € C%,
and —b's > p(d).
Define § = 25 + 2l)Z This vector is feasible for (B.21) with § = %‘?. Indeed,

3vn
o o2, pld)
>x<<_ - ]_,
sl < 5+ 52 <
2 d d 2
i 2 pld) o pld) 2
A5 —6f=Als+ B pte - 2 F = 2 .
5 f 3 S+3y77 e 3 3q€C’X,
and
2 d 2p(d d)||ld d d
e s e 2@ p@ld]  pld)  pld) _
3v1) 3 3vn 3 3n

Thus r(M) > § = @, which establishes the proposition. I
7
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