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Abstract: This paper extends the framework for conflict resolution to multiple vehicles with
different automation levels, while considering time delays in vehicle dynamics and in vehicle-
to-everything (V2X) communication. Using reachability analysis, we interpret the V2X-based
vehicle status information to enable real-time decision making and control of a connected
automated vehicle interacting with multiple connected vehicles. We reveal the effects of time
delays in such mixed-autonomy environment, and demonstrate the effectiveness of the proposed
conflict resolution strategies using simulations with real highway traffic data.

Copyright © 2022 The Authors. This is an open access article under the CC BY-NC-ND license

(https://creativecommons.org/licenses/by-nc-nd/4.0/)

Keywords: Connected and automated vehicles, Conflict resolution, Time delay, V2X

communication, Goal-oriented control.

1. INTRODUCTION

Cooperative maneuvering of road users may involve con-
flicts when their trajectories intersect or they come suf-
ficiently close. Detection and resolution of such conflicts
in a timely manner to ensure traffic safety and efficiency
has attracted considerable research attention. Prior studies
show that in a fully automated environment, vehicle-to-
everything (V2X) communication may enable vehicles to
negotiate and agree on their future maneuvers, and thus,
manage conflicts in a cooperative manner; see Liu et al.
(2020); Hafner et al. (2013); Rios-Torres and Malikopoulos
(2016).

In the next few decades, however, we expect a mixed-
autonomy environment where vehicles of different automa-
tion levels and cooperation classes coexist; see SAE J3016
(2021); SAE J3216 (2021). Methods such as model pre-
dictive control (Karimi et al., 2020), reachability analysis
(Bajcsy et al., 2019), and game theory (Albaba and Yildiz,
2019) were used for decision making and control design
in such mixed traffic scenarios. Our previous results re-
ported in Wang et al. (2020, 2021, 2022a,b) established a
tool called conflict analysis to resolve conflicts in mixed-
autonomy environments, where vehicles share their current
status (e.g., GPS position and velocity), and their intent
about future trajectories (e.g., velocity and /or acceleration
bounds of their future motion) via V2X. Conflict analysis
allows one to detect and resolve conflicts preemptively
and analyze the merits of different cooperation classes for
conflict resolution. In this paper, we focus on investigating
the effects that time delays in vehicle dynamics and in V2X
communication have on conflicts.

Figure 1(a)-(b) show a maneuver involving potential con-
flicts where an ego vehicle attempts to move into the
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Fig. 1. Lane change maneuver involving three vehicles with
potential conflicts. (a-b) Front and rear camera views
from the ego vehicle 0 at the moment when it decides
to move into the target lane between remote vehicle
1 and remote vehicle 2; (¢) Generalized model where
the red-shaded regions highlight the front and rear
conflict zones.

right lane between two remote vehicles on a highway. Such
lane change maneuvers consist of two steps: (i) the ego
vehicle forms appropriate front and rear distances from
the remote vehicles while staying in its current lane; (ii)
the ego vehicle moves into the target lane by changing
its lateral position. Here we focus on step (i) and assume
that step (ii) is carried out by lateral motion planners
afterwards. We define two rectangle-shaped conflict zones
to represent the safety buffers between the ego vehicle and
two remote vehicles; see the red shaded areas in Fig. 1.
These conflict zones move together with the corresponding
remote vehicles and their sizes may vary according to road
configurations. To prevent conflict, the ego vehicle must
form necessary front and rear gaps such that it does not
overlap with the two conflict zones.
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Fig. 2. Time delays in the ego vehicle’s dynamics and in the
V2X communication between ego and remote vehicles.

We resolve conflicts from the perspective of the ego vehicle,
assuming that all vehicles are equipped with vehicle-to-
vehicle (V2V) communication devices that transmit and
receive messages containing their most recently measured
position and velocity. We refer to such V2V communica-
tion as status-sharing communication. An example of stan-
dardized status-sharing communication is the Basic Safety
Messages (BSMs); see SAE J2735 (2016). As shown in
Fig. 2, we consider two types of time delays in the system.
Communication delay (highlighted by green shading) is
associated with compiling the V2X message on the remote
vehicle, transmitting this message, and pre-processing the
received data on the ego vehicle. Time delay in the dynam-
ics of the ego vehicle (indicated by red shading) results
from on-board computation time, and from the actuation
time in the powertrain and braking systems.

While incorporating these time delays, we propose a
reachability-based method to investigate whether a con-
flict is preventable based on available vehicle status in-
formation. This allows for efficient and reliable decision
making, motion planning and control. We propose a so-
called goal-oriented controller for the ego vehicle to pursue
an appropriately selected goal state while guaranteeing
a conflict-free maneuver. The effects of time delays on
conflict resolution are quantified, and the effectiveness of
the extended conflict analysis framework is demonstrated
using real highway data.

2. MODELING VEHICLE DYNAMICS AND
COMMUNICATION

Consider the scenario in Fig. 1(a-b) where the ego vehicle
0 attempts to move into the target lane in between
remote vehicles 1 and 2. As mentioned before, we focus
on the first step of the lane change maneuver, where
the ego vehicle forms the necessary longitudinal gaps
before crossing the lane markings laterally. The conflict
zone lengths sp and sg represent minimal front and rear
distances the ego vehicle must secure to ensure a conflict-
free lane change. Considering the restricted velocity ranges
in typical highway driving scenarios, we adopt a reasonable
simplification of constant sg and sg; see Table 1. This is
used to better highlight the main idea of conflict analysis,
while the results can be easily adapted to non-constant sg
and sg. Fig. 1(c) shows the generalized model where r¢, 71
and 79 denote the positions of the vehicles’ front bumpers,
and vy, v1 and vy denote their longitudinal velocities.

By neglecting the air and rolling resistances, the longitu-
dinal dynamics of the vehicles can be described by
’f“o(f) = Uo(t), f)o(t) = sat(uo(t — 0')), (1)
’f‘i(t) = ’Ui(t), ’[)i(t) = sat(ui(t)), 1= 1, 2.

where the dot denotes the derivative with respect to time
t, and the control inputs ug, u; and us are subject to the
saturation function

sat(u) = max { min{u, Gmax }, amin}, (2)
which contain the acceleration limits apin and amax. For
U = Umin, We substitute ani, with 0, since the vehicle shall
not decelerate; for v = vy,.x, We substitute amn., with 0,
since the vehicle shall not accelerate. Here we use limits
corresponding to typical highway driving behaviors, and
assume that these values are known to the ego vehicle;
see Table 1. We use o to denote the time delay in the
ego vehicle’s dynamics, which comes from its on-board
controller and the powertrain/braking system; see the
red-shaded part in Fig. 2. The delays in the dynamics
of the remote vehicles are not explicitly considered, to
represent the ego vehicle’s limited knowledge about the
remote vehicles’ dynamics. However, as will be shown
further below, our analysis implicitly handles such delays.
Note that we do not have control over the remote vehicles’
motions, i.e., cannot prescribe inputs u; and us.

We consider that the vehicles share their status informa-
tion via V2X communication, i.e., the positions 71, ro and
velocities vy, vy of the remote vehicles are made available
to the ego vehicle, and are used in decision making and in
determining the control input ug. However, as highlighted
by the green-shaded part in Fig. 2, time delays exist in the
communication between the remote and ego vehicles due to
on-board computation, data transmission and processing.
We use 71 and 75 to denote the communication delays of
remote vehicles 1 and 2, and assume that the values of 7
and 7o are known to the ego vehicle. This is a reasonable
assumption since the messages are time stamped. When
the ego vehicle receives status messages from the remote
vehicles at a given time ¢, only delayed status r1(t — 1),
ro(t —72), v1(t —71), and va(t — 72) are available. Without
loss of generality, we assume the status of both remote
vehicles are received in a synchronized manner and define
the initial time ¢ = 0 as the time when the first pair of
status packets are received by the ego vehicle.

We define the relative distances between vehicles as

th =T —To—l, hog I:’/’()—TQ—Z, hlg =T —7‘2—1, (3)
where hig and hgs are the front and rear gaps between the
ego vehicle 0 and remote vehicles 1 and 2, respectively,
and his is the total gap between the two remote vehicles;
see Fig. 1(c). We assume that all vehicles have length
[. Note that his = h1g + ho2 +1 > 0 because the remote
vehicle 2 is assumed to travel behind vehicle 1. This leads
to hio + hoz > —I. Since relative distances (3) play a key
role in lane change maneuvers, we define the state of the
system (1) as

x 1= [h1o, ho2, Vo, v1,v2] | € €, (4)

where the domain 2 is given by

Q :={[h10, ho2] " € R?|hig + hog > —1} X [Vimin,0, Vmax.0]

X [Umin,la Umax,l] X [Umin,Qa Umax,2]~
(5)

Table 1. Parameters values used in the paper.

SF, SR 10 [m] 1 5 [m]

@min,0 -8 [m/s2] Qmin,1; @min,2 —4 [m/sQ]
@max,0 4 [m/s?] Qmax,1; Gmax,2 2 [m/s?]
Umin,0 22 [m/s] Umin,1, Umin,2 25 [m/s]
VUmax,0 38 [m/s] Umax,1; Ymax,2 35 [m/s]
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3. CONFLICT ANALYSIS

In this section we establish conflict analysis in the presence
of time delays. We use formal logic to provide a rigorous
description of conflict, and then propose a reachability
analysis-based method to determine whether a conflict is
preventable based on vehicle status information. We also
quantify the effects of delays arising in the dynamics and
due to V2X communication.

Before changing lanes, the ego vehicle must secure the nec-
essary front and rear gaps. Such a conflict-free maneuver
can be formally described by the proposition

P = {Ht >0, hlo(t) > s A hog(t) > SR}, (6)
where the symbol A (and) is used. Proposition P can be
further decomposed into three cases:

(i) No-conflict: ego vehicle 0 is able to prevent conflict
independent of the motion of remote vehicles 1 & 2.

(ii) Uncertain: ego vehicle 0 may be able to prevent con-
flict depending on the motion of remote vehicles 1 & 2.

(iii) Conflict: ego vehicle 0 is unable to prevent conflict
independent of the motion of remote vehicles 1 & 2.

These cases correspond to three pairwise disjoint sets in
the state space Q of system (1):

Pe:={x(0) € Q|Vu1(t), Vua(t), Juo(t), P}, (

Py i={x(0) € Q|(Juy(t), Jus(t), Vuo(t), ~P)A (8)

(Fua(t), Jua(t), Jue(t), P)},

Pr:={x(0) € Q|Vuq (t), Vua(t), Vuo(t), 7P}, (9)
where the symbol — means negation, and wg(t), u(¢),
and wug(t) are functions of time ¢ > 0. Noting that the
first and second predicates in (8) are the negations of the
predicates in (7) and (9), we have P, UP, UP, = Q. We
remark that P, = () holds under a reasonable condition of
behavior parameters (Umax,1>Vmin,2) A (Vmax,0 > Umin,2) A
(Umin,0 < Umax,1); see Table 1. This condition allows the
remote vehicles to make large enough total gap (if vehicle
1 accelerates and vehicle 2 slows down) so that the ego
vehicle is able to move in eventually without conflict. Thus,
in the rest of this section, we focus on P, and Py.

7)

3.1 Conflict analysis with time delay in dynamics

In this subsection, we consider time delay in the ego ve-
hicle’s dynamics while ignoring the communication delays
for both remote vehicles. We provide a method to check
whether an initial state x(0) belongs to set P, or Py.

If h1o(0) > s7 A ho2(0) > sr, we have x(0) € P, immedi-
ately since the ego vehicle already formed necessary front
and rear gaps at the initial time; otherwise, one needs to
check if proposition P is true for some ¢ > 0, considering all
possible future behaviors of the ego and remote vehicles.
The Lemma below demonstrates that the behavior limits
of the remote vehicles need to be used when checking
x(0) € Pg; see Wang et al. (2022a) for the proof.

Lemma 1. The following relationship holds for any given
initial state x(0) € Q:
{Vuq (t), Yua(t), Jup(t), P} <= {(u1(t),us(t)) =
(@min, 15 Gmax,2), Juo(t), It € T, hio(t) > sp A hoa(t) > sk},
(10)
where T' = {t > 0lh12(t) > sy + sr + }.

o =0.5[s], 7=0[s]
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Fig. 3. (a)-(b) Opportunity set I' for initial velocities
(v9(0),v1(0),v2(0)) = (28,29,28)[m/s] and initial

front and rear gaps (hi10(0),ho2(0)) = (63,3)[m]
for case A and  (h19(0), ho2(0)) = (3,55)[m].
The control input history of ego vehicle is
ug(t) = 0[m/s?),t € [~a,0]. (c)-(d) Opportu-
nity set I[' under additional communication
delays using estimated initial velocities
(v0(0), v$5¢(0), v$%4(0)) = (28,26.7,28.85)[m/s]

and estimated initial front and rear gaps

(h$3(0), hgSF(0)) = (62.43,2.79)[m] for case A and
(h$3(0), hEF(0)) = (2.43,54.79)[m] for case B.

Here T represents a time interval within which the ego
vehicle must form the necessary front and rear gaps
to prevent conflicts, under the worst-case behaviors of
the remote vehicles (given by their input limits). Thus,
checking x(0) € P, is equivalent to examining the ex-
istence of an input wug(t) and a time ¢ €T such that
hio(t) > sr A ho2(t) > sg holds assuming the remote ve-
hicles” worst-case behaviors. Due to the delay ¢ in the
dynamics, the control input assigned to the ego vehicle
only acts after ¢ time. Thus, the ego vehicle’s motion
during the time interval t € [0,0] is determined by its
control input history ug(t), ¢ € [—0, 0]. Also notice that the
worst-case behavior assumption about the remote vehicles’
motion implicitly considers the effects of the unknown
delays in their dynamics. The following Theorem provides
a reachability-based criterion to check x(0) € Pg.

Theorem 1. Given the dynamics (1,2) and the initial state
x(0) € Q, x(0) € Py holds if and only if the condition

T = | [sr, 60] N | Rnga (1) # 0,

teT teT

(11)

is satisfied under (uj(t),us(t)) = (qmin’h (max,2), Where
5(t) = hl?(t) —sr — 1, :Rhoz (t) = [ IOHQm(t)’ (r)nzax(t)]_

The analytical form of §(t), hi"(¢), and hE¥*(t) are given
in Appendix A while the proof is given in Appendix B. The
set (J,er[sRr,0(t)] contains the time ¢ and the rear gap hoz
such that hig(t) > sp A ho2(t) > sg under the worst-case
behaviors of remote vehicles, while ignoring the ego vehi-
cle’s capability. On the other hand, the set |J,cp Ry, (t)
gives all rear gap values that the ego vehicle is able to reach
while taking into account the delay o, i.e., the projection
of the reachable tube of system (1) to (¢, ho2); see Haddad
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and Halder (2020) for examples of reachable sets and
tubes. Thus, the set T" collects all feasible rear gaps and
the corresponding times when the ego vehicle can secure
hio(t) > s A ho2(t) > sgr. We call T' the opportunity set
and denote the time window it covers by Tr. These sets are
depicted in Fig. 3(a) where the black curve is computed us-
ing (u1(t),u2(t)) = (Amin,1, Gmax,2), While the red and blue
curves are computed using (ug(t), u2(t)) = (Amax,0, Gmax,2)
and (ug(t), u2(t)) = (min,05 Gmax,2) for ¢ > 0, respectively,
with the given control input history ug(¢), t € [0, 0].

We emphasize that Theorem 1 converts the checking of
x(0) € Py to the checking of intersection of two analyti-
cally given sets. This can be done efficiently with numeri-
cal methods and is suitable for real-time implementation.
For more complex dynamics, the set Rp,, () may not be
expressed analytically, and one may utilize approximation
techniques to compute reachable sets; see Kochdumper
and Althoff (2021). Fig. 3(a)-(b) show two cases when
T # () under delay o = 0.5[s] as indicated by the striped
regions. These correspond to initial states x(0) € P, when
the ego vehicle is initially behind and in front of the remote
vehicles, respectively. If x(0) € P, conflict can be avoided,
so the ego vehicle’s decision is to change lane. If x(0) € Py,
it may not be able to change lanes without conflict, and
thus, the decision is to keep its current lane.

By denoting the opportunity set and the time window it

covers under a larger delay 6 > o as I' and Tp, we have
ror, Tr21Tr. (12)

That is, the opportunity set shrinks as the delay increases,

leading to smaller opportunity window for conflict-free
maneuver. This will be quantified further below in Fig. 4.

3.2 Conflict analysis with time delays in communication

In this subsection, we extend conflict analysis by con-
sidering communication delays in the status information
received from remote vehicles.

Under communication delays 7 and 75 associated with
remote vehicles 1 and 2, at the initial time, the ego vehicle
has access to its own current status 7¢(0), vg(0), and the
remote vehicles’ delayed status r1(—71), v1(—71), r2(—72),
and vy(—72). That is, the exact initial state x(0) is not
available to the ego vehicle, and thus, checking x(0) € P,
is not implementable. Note that while the communication
delays compromise the ego vehicle’s awareness of the exact
current state, the sets P, and Py are still based on the
current state which needs to be estimated. Since the ego
vehicle has no knowledge about the actual behaviors of the
remote vehicles during the time intervals ¢ € [—71,0] and
t € [—72,0], we modify the propositions for no conflict and
uncertain cases in (7) and (8) as
P, := (13)
{Vui(t)ont>—7y,Vug(t) ont > —719, Jup(t) ont >0, P},
P, = (14)
{Bui(t) ont>—711,3uz(t) ont > —15,Vug(t) ont >0,~P}A
{3ui(t)ont>—7,Jug(t) ont > —79,Jug(t) ont >0,P}.
In fact, one can prove the following relationships
P, <= xcs(0) € Pg,

P, <= xes(0) € Py,
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Fig. 4. Time window as function of the delay ¢ arising in
the dynamics and the communication delay 7 for case
B in Fig. 3. (a) 3D surface; (b) contours plot.

where X5 (0) is the estimated initial state based on the
70(0), v0(0), r1(—71), v1(—71), T2(—72), and vo(—73), using
Ul(t) = Gmin, 1, te [—Tl, 0] and UQ(t) = Gmax,2, te [—TQ, 0}
That is, by estimating the current state, the methodology
introduced in the previous subsection can be applied to
determine whether a conflict is preventable under commu-
nication delays.

Figure 3(c)-(d) show the opportunity set when adding
the communication delays 73 =7 =7 = 0.5[s] with the
estimated initial states Xeg(0) based on (15)-(16) such that
the true initial states x(0) still correspond to cases A and B
in Fig. 3(a)-(b). The remote vehicles’ actual behaviors are
given by (ui(t),u2(t)) = (0.6,0.3)[m/s%],t € [-7,0]. The
opportunity sets shrink under additional communication
delay due to the conservatism in X (0). By denoting the
opportunity set and the time window it covers under a
larger communication delay 7 > 7 by I and Tr, we have

Tr 2Ty, [L(8) = L), VteTr, (17)

where I'(¢) and I'(¢) are slices of T and I' at time ¢, and
| - | measures the length of one-dimensional set. Note that
although I' O T" does not hold in general, (17) implies that
as communication delay increases, the ego vehicle expects
less opportunity for conflict-free maneuver.

The 3D surface in Fig. 4(a) illustrates the time window
length |Tr| as a function of the delay o in the dynamics
and communication delay 7 for the initial state case B in
Fig. 3. Fig. 4(b) shows the contours of |Tt| in the (o, T)-
plane. The contour |T| = 0 gives the critical combinations
of delays o and 7 such that the opportunity set disappears,
i.e., a conflict-free lane change can no longer be guaranteed
for larger delay values. Note that the gradient of the 3D
surface and the critical delay combination depend on the
initial states, but the qualitative behaviors remain similar.

4. CONTROLLER DESIGN AND SIMULATION

In this section, we propose a controller for the ego vehicle
to form necessary longitudinal gaps for conflict-free lane
changes under both dynamics and communication delays.
Then we demonstrate the effectiveness of the conflict
analysis framework using simulations with real traffic data.

For x(0) € Pg (or Xest(0) € Py with communication delay),
the opportunity set I' # () and each point (¢, ho2) € T gives
a feasible rear gap and a corresponding time assuming the
worst-case behaviors of the remote vehicles. Once this rear
gap is formed, the necessary front gap is also guaranteed
simultaneously. Thus, the control input ug(¢) can be de-
signed by selecting an appropriate goal point (£, hOGz) erl.
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We call this goal-oriented control. From the perspective of
robustness, we select the “center point” of the opportunity
set as the goal, i.e., choose t& in the middle of Tt and
hS, in the middle of the slice T'(t%); see the black point
in Fig. 5(a). We design a constant value control input
ug(t) = ug for the ego vehicle to pursue the goal point
(t&, hSy) while assuming the worst-case behaviors of the
remote vehicles whose analytical form is given in Ap-
pendix C. The gray arrow in Fig. 5(a) depicts the expected
trajectory hoo(t) under the designed constant-value input.
We emphasize that the domain P, is invariant under the
goal-oriented controller u§' independent of remote vehicles’
motions in the presence of delays. Once status updates are
received from the remote vehicles, the opportunity set I'
is recalculated, and the goal point (t%,hS,) € T' and the
corresponding control input u§ are also updated.

For the remote vehicles we utilize data collected from real
human-driven vehicles involved in a lane change maneuver
on highway I1-94 in southeast Michigan; see Fig. 1(a)-
(b). During this maneuver, remote vehicle 2 travels faster
than remote vehicle 1, and the total gap between re-
mote vehicles shortens; see the acceleration, speed, and
distance data in Fig. 5(e)-(g). The ego vehicle is a con-
nected automated vehicle attempting to move into the
target lane between the two connected remote vehicles.
We consider dynamics delay o = 0.5[s] for the ego vehi-
cle with control input history ug(t) = 1[m/s?],t € [~0,0]
and communication delays 7 =7 =7 =0.1[s]. At the
initial time, the ego vehicle has access to vehicle sta-
tus (ro(0),71(=0.1),r2(—0.1)) = (0,68.94, —7.61) [m] and
(v0(0), v1(—0.1), v2(—0.1)) = (35.58, 32.46, 32.82) [m/s].
The estimated initial front and rear gaps are h§i(0) =
67.16 [m] and AgS (0) = —0.68 [m], while the estimated ini-
tial speeds of remote vehicles become v§**(0) = 32.06 [m/s]
and v$**(0) = 33.02 [m/s]. This yields Xes(0) € Py and the
ego vehicle decides to pursue the lane change opportunity
by using the goal-oriented controller uq(t) = uS'. Note that
the value of ug; is updated each time a status update is
received.

Fig. 5(a)-(d) illustrate the evolution of opportunity set I,
the goal point (t% hS,) € T, and trajectory hoa(t) (ma-
genta curve), when status of remote vehicles are updated
every 0.1 [s]. The corresponding time profiles are shown in
Fig. 5(e)-(g). The opportunity set expands under status
updates since the actual behaviors of remote vehicles do
not follow the worst-case scenario. Thus, frequent status
updates improve the ego vehicle’s prediction in real time
and mitigate the conservatism in conflict analysis. At
3.6[s], the ego vehicle forms the necessary gaps, and the
lateral lane change can be initiated. That is, the goal point
serves as a guidance for the ego vehicle’s motion until
sufficient relative distances are formed.

5. CONCLUSION

In this paper we studied conflict resolution involving con-
nected vehicles with different automation levels. The pres-
ence of delays in vehicle-to-vehicle communication and
vehicle dynamics required the extension of the conflict
analysis framework to account for these delays. We de-
signed a goal-oriented controller which guarantees conflict-
free maneuvers in the presence of time delays. We demon-
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Fig. 5. (a)-(d) Evolution of opportunity set I', goal point,
and trajectory hg2(t) under delays o = 0.5[s] and
7=0.1[s] using controller wug(t) =uS with status

updates in every 0.1[s]. (e)-(g) Simulation results.

strated the effectiveness of the proposed conflict analysis
framework and the control strategy by simulations using
real highway data. Our future work include investigating
different classes of vehicle cooperation. Furthermore, we
plan to extend the framework to more general vehicle dy-
namics models, and to validate the goal-oriented controller
through real-vehicle experiments.
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Appendix A. ANALYTICAL FORMS OF §(t), hiin(¢),
AND h2(t)

o(t) = ri(t) — ri(t) — sp — 21, where
rik (t) = g(rl (0)7 U1 (0)7 Gmin,15 Umin,1, t), (A].)
T; (t) = g(T2(0)702(0)7 amax,27vmax,27t)7 (AQ)
9(712 (0)7 V2 (0)7 Gmax,2; Umax,25 t) = (A3)

(Umax,Z — V2 (O)>

Gmax,2

1
] (O) +U2(O)t + iarrlax,2t2

(Umax,Q — U2 (O))2
2amax,2

and hiy" (t) = rg(t) —r3(t) — 1, hEE™(t) = rg(t) — 73(t) — 1,

where

if t <

r2(0)— + Umax,2t otherwise,

wpy _ J3(ro(0),v0(0),t) if t <o,
ro(t) = {g(ro(o), v0(0), min,0, Umin,0,t — 0) otherwise,
(A.4)
iy JG(r0(0),v0(0),2) if t <o,
To(t) = {g(ro(a), v0(0), max,0, Umax,0,t — o) otherwise,
7 (A.5)
3(r0(0),v0(0),t) =70(0) + v0(0)o +/O /0 sat(u(t — o))dtdt,
(A.6)
ro(0) = g(r0(0),v0(0), 0), (A7)
vo(0) = vo(0) + /0 sat(u(i — 0))di. (A.8)

Note that with communication delay, one needs to replace
r1(0), v1(0), r2(0), and v2(0) in (A.1) and (A.2) with their
estimated values based on (15) and (16).

Appendix B. PROOF OF THEOREM 1

If T'#0, then from the definition of T' in (11), under
(u1, u2) = (Amin,1, Gmax,2), One obtains Jug, It € T,sg <
ho2(t) < &(t). Substituting §(t)=hia(t) — sp — 1 yields
ho2(t) < hia(t) — sp — 1, ie, sp < hyp(t). These and
Lemma 1 give x(0) € P,.

If T'= 03 then under (ul,UQ) = (amin,laamax,Q)a one ob-
tains Vuo(t),vt € T,-{sg < he(t) < 1)}, ie.,
—\{hlo(t) Z SFp A\ hoz(t) Z SR}. Vit ¢ T, one still has
—{h10(t) > sp A ho2(t) > sr}. Thus, for (uj,uz) =
(@min,1, Gmax,2), Yo, 7P. This leads to x(0) ¢ P,.

Appendix C. CONTROLLER, u§

Given a goal point (t¢ hS,) € T, we have

2(s% — (t% — o)wp) i£5C e [(tG—o)(vo—l-vmin,o)
(G —5)> 2 ’
G (tG_J)(v0+vmax,O)]
Uy = G 2 )
fl(Uo,tG,SG), if sC ¢ [0’ (t _g)(v20+7]min,0)]7
f2(vo, %, %), otherwise,

(C.1)

where s is the distance that the ego vehicle must travel
for t > o to secure rear gap h(% at t¥ assuming the worst-
case behavior of remote vehicle 2. That is, s¢ = r5(t%) —
ro(0) + h§,y + 1 for the 75(-) in (A.2) and ro(0) in (A.7).
Moreover, we also have

25619 —0)un) o, s Pmino o
G .G (tS—0)® T e
fl(UOat ;S ): 2
(Vo — Vrmin,0) otherwise
2(© ~ 0)vmino — 50)’ |
(C.2)
2(s%—(t%—0)vo) if < fmax0” 0
e W lmax0 S — G —
fQ(UOathSG): ( - g
(1}0 — Umax,O) otherwise
S — o 50" "
(C.3)



