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Abstract— In this paper, a control barrier function (CBF) is
constructed for the lane-keeping problem which is applicable
to both human-driven and automated vehicles. Based on the
resulting CBF, a safety filter is developed that prevents the
vehicle from crossing the lane boundaries, while only modifying
the nominal steering input when necessary. The effectiveness
of the proposed control approach is demonstrated in a series
of numerical simulations and real vehicle experiments with a
human driver. The experimental results show that the safety
filter can successfully keep the vehicle inside the lane boundaries
by seamlessly modifying the steering input of the human driver
in a minimally invasive manner.

Index Terms— Lane-keeping control, safety filter, control
barrier functions, advanced driver assistance systems

I. INTRODUCTION

Recent advances in autonomous driving technologies have
brought significant positive impacts in terms of technological
and economic aspects [1], including improved driving com-
fort, enhanced fuel economy, and reduced traffic congestion.
While such technologies have the potential to revolution-
ize transportation by reducing human error and improving
mobility, ensuring the safety of these systems in a formally
guaranteed manner is essential [2].

To provide provable safety assurance, researchers have
extensively employed the model predictive control (MPC)
framework as it directly handles constraints. MPC-based
approaches in lateral vehicle control have been successfully
implemented for lane-keeping [3], path tracking [4], [5]
and regulating vehicle drifting trajectories [6], [7]. How-
ever, implementing MPC often involves solving nonlinear
optimization problems onboard, which presents significant
challenges in implementation [8]. Furthermore, integrating
MPC with human control input is non-trivial, as the human
control input is not known over the prediction horizon.
Examples of shared control approaches based on nonlinear
MPC include [9] and [10].

To reduce computational demands while preserving for-
mal safety guarantees, approaches based on control barrier
functions (CBFs) have been established [11]. With these
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Gábor Orosz is also with the Department of Civil and Environmental
Engineering, University of Michigan, Ann Arbor, MI 48109, USA.

methods, controllers are formulated as quadratic programs
(QPs), where CBFs [12], incorporated as linear inequality
constraints, enforce formal safety guarantees for the closed-
loop system. These QPs are low dimensional and can even be
solved explicitly in some cases, resulting in computationally
efficient implementations. This framework also provides a
natural way of integrating with human control inputs [13].
CBFs have been applied across a range of scenarios, in-
cluding adaptive and connected cruise control [14], [15],
emergency braking [16], and merge scenarios [17].

Several studies have investigated CBFs for lateral vehicle
dynamics too: in [18] and [19], sum-of-squares optimization
approaches were used to find suitable CBFs for lane-keeping.
In [20], the lane-keeping and obstacle avoidance problem
was approached based on Boolean compositions of multiple
discrete-time CBFs, while [21] and [22] proposed using a
combination of MPCs and CBFs.

However, the interaction of a CBF-based safety filter with
a human driver has only been recently considered [23]. In this
work, we analyze a safety filter for lane-keeping control with
an emphasis on how it can provide formal safety guarantees
in human-driven vehicles. As opposed to existing research,
our proposed CBF includes a more precise consideration of
the vehicle geometry when defining the safe set, including
the yaw angle as well as the front and rear overhangs.

In non-safety critical situations, the driver maintains
full control over the vehicle, without any modifications
to their steering input (as opposed to several MPC-based
approaches). Therefore, the feeling of driver control is not
sacrificed inside the lane, while the seamless transitions
between the steering input of the driver and the commanded
steering signal of the safety filter can still prevent unintended
lane departures. Note that the assessment of driver intent is
assumed to be part of a higher-level decision logic. This falls
outside the scope of the current study.

The results are demonstrated in a series of full-scale exper-
iments on a test track, where a human driver intentionally
tries to steer the vehicle out of the lane, while the safety
filter successfully intervenes just enough such that safety is
not compromised. This is achieved without any sudden jump
in lateral acceleration and jerk.

The rest of the paper is organized as follows. Section II
introduces the vehicle model used for control design. Sec-
tion III presents a brief theoretical background on CBFs and
the design process of the safety filter for lane-keeping. Nu-
merical simulations are shown in Section IV to demonstrate
the feasibility of the method. The experimental results are
detailed in Section V, where the safety filter is implemented
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on a human-driven vehicle, and Section VI concludes the
results.

II. VEHICLE MODEL

The safety filter design is based on an in-plane, kinematic
bicycle model of the vehicle (see Fig. 1), where the side
slip of the tires is neglected. The vehicle states include the
position of the rear axle center point R (xR and yR) and
the yaw angle ψ. The steering angle is denoted by δ and a
constant longitudinal speed V is assumed. The corresponding
equations of motion are

ẋR = V cosψ, ẏR = V sinψ, ψ̇ =
V

l
tan δ , (1)

where l is the wheelbase.

Fig. 1. Kinematic bicycle model used in this paper.

In order to account for the full length and width of the
vehicle, a bounding box is defined according to the black
dashed rectangle in Fig. 1. The width of the vehicle is
denoted by w, and lf and lr are the front and rear overhangs,
respectively.

III. SAFETY FILTER DESIGN

In this section, a safety filter is designed based on the
vehicle model (1) in order to ensure that the vehicle stays
inside the lane boundaries.

A. Control barrier functions

By considering u = tan δ as the control input (and decou-
pling the longitudinal dynamics), the vehicle model (1) can
be written in the control affine form

ẋ = f(x) + g(x)u, (2)

with

x =

[
yR
ψ

]
, f(x) =

[
V sinψ

0

]
, g(x) =

[
0
V
l

]
. (3)

Note that x ∈ R× (−π, π) and u ∈ R ⇔ δ ∈ (−π
2 ,

π
2 ).

We maintain safety by rendering a safe set S
in the state space R× (−π, π) forward invariant, i.e.,
∀x(0) ∈ S ⇒ x(t) ∈ S,∀t ≥ 0, see [12], [24]. To do so, a
CBF h : R× (−π, π) → R is constructed such that it is non-
negative on S:

S = {x ∈ R× (−π, π) : h(x) ≥ 0}. (4)

Fig. 2. (a) Vehicle configurations where one of the bounding box corners is
touching the lane boundaries. (b) The exact safe set given by (9)–(12) (gray),
its linear approximation (13)–(16) (blue), and the inscribed ellipse (17)–(18)
(green).

Furthermore, the gradient of h must not disappear at the
boundary of the safe set, i.e., h(x) = 0 ⇒ ∇h(x) ̸= 0. Once
a CBF h is found, the forward invariance of S can be proven
[12] if there exists a class-K function α : R≥0 → R≥0 such
that

sup
u∈R

(∇h(x)f(x) +∇h(x)g(x)u)︸ ︷︷ ︸
ḣ(x,u)

> −α (h(x)) , ∀x ∈ S,

(5)
where in this paper the gradients are treated as row vectors.

To find a control law that deviates from the nominal
control action ud(x) (i.e., the steering input of the human
driver) as little as possible, while still satisfying the safety
condition (5), a quadratic program (QP) can be defined as
follows:

u∗(x) = argmin
u∈R

∥u−ud(x)∥2, s.t. ḣ(x, u) ≥ −α
(
h(x)

)
.

(6)
The closed-form solution to the optimization problem (6) in
the single-input case is

u∗(x) =


min{ud(x), us(x)}, if ∇h(x)g(x) < 0,

ud(x), if ∇h(x)g(x) = 0,

max{ud(x), us(x)}, if ∇h(x)g(x) > 0,

(7)

where
us(x) = −∇h(x)f(x) + α(h(x))

∇h(x)g(x)
. (8)

1491



B. Safety filter for lane-keeping
In order to define the safe set S for the lane-keeping

problem, we consider vehicle configurations where the entire
bounding box is inside the lane boundaries (see Fig. 2(a)).
The corresponding region in the plane of the yaw angle
and the lateral position is bounded by four edges, each
representing one of the corners of the bounding box touching
a lane boundary. The front left and front right corners of the
bounding box (cases II and III in Fig. 2(a)) stay inside the
lane if

yR + (l + lf) sinψ +
w

2
cosψ < ymax, (9)

yR + (l + lf) sinψ − w

2
cosψ > −ymax, (10)

respectively, where +ymax denotes the y coordinate of the
left lane boundary, and −ymax is the y coordinate of the right
lane boundary. Similarly, the conditions for the rear left and
the rear right corners of the bounding box (cases I and IV
in Fig. 2(a)) staying inside the lane are

yR − lr sinψ +
w

2
cosψ < ymax, (11)

yR − lr sinψ − w

2
cosψ > −ymax, (12)

respectively.
The vehicle is considered safe if all four inequalities in

(9)–(12) hold, i.e., the entire bounding box is inside the lane.
The corresponding region of vehicle configurations is shown
in gray in Fig. 2(b), where the roman numbers denote the
edges representing the four cases in Fig. 2(a).

However, because of its non-smooth corners, the gray
region cannot be directly used to construct a CBF. Therefore,
we first linearize the inequalities in (9)–(12) around ψ = 0,
leading to the blue parallelogram in Fig. 2(b) with sides

yR =
(
ymax −

w

2

)
− (l + lf)ψ , (13)

yR = −
(
ymax −

w

2

)
− (l + lf)ψ , (14)

yR =
(
ymax −

w

2

)
+ lrψ , (15)

yR = −
(
ymax −

w

2

)
+ lrψ . (16)

Then we derive the largest ellipse that can be inscribed inside
the parallelogram (shown in green in Fig. 2(b)), which will
be used as the safe set for the safety filter design. It can be
shown that the largest ellipse inscribed inside a parallelogram
touches the edges at the midpoints of the sides. The ellipse
can be written in the form

F (ψ, yR) = aψ2 + bψyR + cy2R + d = 0, (17)

where the parameters are

a = −1, b = −2(l + lf − lr)

(l + lf)2 + l2r
,

c = − 2

(l + lf)2 + l2r
, d =

(2ymax − w)2

4((l + lf)2 + l2r )
.

(18)

Using h(x) = F (ψ, yR) as CBF, the safe set is defined as

S = {yR ∈ R, ψ ∈ (−π, π) : F (ψ, yR) ≥ 0}. (19)

The gradient of h(x) can be calculated as

∇h(x) =
[
bψ + 2cyR 2aψ + byR

]
, (20)

which is only zero at the origin (ψ = 0, yR = 0).
Using (20) and (3), as well as the linear class-K function

α(r) = α0r, (7) and (8) results in the safe lane-keeping
controller with

us =
l
(
−V sinψ(bψ + 2cyR)− α0(aψ

2 + byRψ + cy2R + d)
)

V (2aψ + byR)
.

(21)

IV. NUMERICAL SIMULATIONS

In this section, numerical simulations are utilized to
demonstrate how the safety filter can help the vehicle stay in-
side the lane boundaries. The parameter values are selected to
match the test platform in Section V. In particular, l = 2.8m,
lf = 0.6m, lr = 0.6m and w = 1.8m. The half-width of the
lane is ymax = 1.75m. In Fig. 3(a), the vehicle trajectory is
plotted for V = 8m/s using the open-loop sinusoidal steering
signal δ(t) = A sin(ωt), with A = 5◦ and ω = 1 s−1 (see the
red line in Fig. 3(c)). The initial conditions (yR(0) = 0m,
ψ(0) = −14.3◦) were selected such that the vehicle oscil-
lates symmetrically around the lane center line, repeatedly
crossing the lane boundaries.

In Fig. 3(b), the same steering signal is used as the nominal
controller ud, but it is filtered through the safety filter
introduced in Section III using α0 = 1 s−1. This parameter
can be used to fine-tune the responsiveness of the safety filter,
i.e., how close it lets the system to the boundary of the safe
set before intervening. In the orange trajectory segments, the
sinusoidal steering is used without any changes, but as the
vehicle approaches the boundary of the safe set, the safety
filter switches to the safe input us (see the blue segments in
Fig. 3(c)) to ensure that the vehicle does not leave the lane.

Figure 3(d) shows that despite the corrective actions of
the safety filter, the lateral acceleration of the rear axle
center point (apart from the initial correction at ≈ 4m/s2)
does not exceed ≈ 2m/s2, ensuring a smooth ride. Note that
the lateral acceleration of the rear axle can be calculated as
alatR = −ẍR sinψ + ÿR cosψ, which, using the time deriva-
tives of (1), leads to alatR = V 2

l tan δ.
The two vehicle trajectories are also plotted in the phase

plane of the yaw angle and the lateral position in Fig. 3(e).
It can be seen that without the safety filter (red trajectory),
the vehicle barely stays inside the safe set (green ellipse),
while the safety filter can indeed ensure that the boundary
of the safe set is respected (see the orange/blue trajectory).

V. EXPERIMENTS

In order to demonstrate the effectiveness of the proposed
safety filter in aiding a human driver, a series of experiments
were performed on a closed test track using the experimental
platform in Fig. 4. During the experiments, the test vehicle
was operated by a human driver whose steering inputs were
filtered by the safety filter. In Section V-A, we present the
details of the test vehicle, while the experimental results are
included in Section V-B.

1492



Fig. 3. Numerical simulations using sinusoidal steering: (a) vehicle trajectory without safety filter; (b) vehicle trajectory with safety filter; (c) steering
angle signals: open-loop sinusoidal steering (red), nominal (orange) and safe (blue) inputs; (d) lateral acceleration of the rear axle center point; (e) phase
portrait in the plane of yaw angle and lateral position.

Fig. 4. The test vehicle called GRIP.

A. Experimental platform

The test vehicle (called GRIP, see Fig. 4) is a custom-built
drive-by-wire platform with four independent in-hub motors
and front and rear-wheel steering (the rear-wheel steering of
the vehicle was not used in the experiments). The vehicle
is equipped with a dual antenna RTK-GPS/IMU system that
provides state information at 200 Hz. The safety filter was
implemented on an onboard computer and was executed at
the same 200 Hz rate.

B. Experimental results

The experiments were performed on a closed skidpad
at a constant speed, which was ensured by a proportional
longitudinal controller. Each test run started with an accel-
eration phase where the longitudinal controller accelerated
the vehicle to the desired speed. The longitudinal controller
stayed active for the remainder of the experiment to keep the
vehicle speed steady. Once the desired speed was reached,
a virtual lane (of half-width ymax = 1.75m) was generated
around the current position and orientation of the vehicle,
which ensured the accuracy and repeatability of the initial
conditions. Note that the human driver did not actually see
the lane boundaries during the experiments, he was only
aware that the vehicle was approximately in the center of
the lane at the start. Furthermore, he could get a sense of
the lane boundaries based on the response from the safety
filter as he was trying to steer the vehicle out of the lane.

Three different longitudinal speeds were used in the
experiments (V = 6m/s, 8m/s and 10m/s, see Figs. 5, 6

and 7, respectively) and the class-K function parameter α0

was set to 1 s−1 in the safety filter. Panels (a) of Fig. 5–7
show aerial footage of the vehicle during the measurements,
with the trajectory of the rear axle center point overlaid
from the GPS data. The orange circles at xR = 0m denote
the end of the acceleration phase, at which point the lane
boundaries (red dashed lines) were generated according to
the initial conditions ψ = 0◦, yR = 0.1m. In the orange
trajectory segments, the commanded steering angle of the
human driver is realized, while in the blue segments, the
safety filter overrides the commanded input to ensure that
the vehicle stays inside the lane.

Panels (b) of Fig. 5–7 show both the commanded (red
dashed lines) and the realized (orange/blue) steering angles
along the vehicle trajectories. It can be seen that as the
vehicle starts moving closer to the lane boundaries, the safety
filter intervenes and steers the vehicle back towards the
center of the lane with a yaw angle of ψ ≈ 0. Some delay
can be observed between changes in the steering angle and
the yawing of the vehicle, which suggests the presence of
some compliance in the steering system and tire dynamics.
Note that the safety filter only prevents crossing the lane
boundaries, it does not aim to follow the lane center line
exactly. Once the vehicle is sufficiently safe, it hands back
full control to the driver.

The lateral acceleration of the rear axle center point R is
plotted in panels (c) of Figs. 5–7. Even though the safety
filter changes the steering angle abruptly in safety-critical
situations, the lateral acceleration still remains below 2 m/s2.
Furthermore, since the safety filter aims to minimize the
difference between the driver’s input and the safe input,
control is handed back to the human driver in a smooth
manner, without sudden jumps in the lateral acceleration.

The measured vehicle trajectories in the phase plane of the
yaw angle and the lateral position are plotted in Fig. 8. Even
though the trajectories slightly exit the safe set S at certain
places, the vehicle still stays inside the lane boundaries.
This is because the ellipse used as CBF is a conservative
approximation of the exact safe set (see Fig. 2), therefore
some violation of the safety constraint due to modeling errors
is compensated.
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Fig. 5. Experimental results for V = 6m/s: (a) aerial view of the measurement with the trajectory of the rear axle center point, (b) commanded steering
input by the human driver (red dashed lines) and the measured steering angle at the wheels (orange/blue lines), (c) lateral acceleration of point R.

Fig. 6. Experimental results for V = 8m/s: (a) aerial view of the measurement with the trajectory of the rear axle center point, (b) commanded steering
input by the human driver (red dashed lines) and the measured steering angle at the wheels (orange/blue lines), (c) lateral acceleration of point R.

Fig. 7. Experimental results for V = 10m/s: (a) aerial view of the measurement with the trajectory of the rear axle center point, (b) commanded steering
input by the human driver (red dashed lines) and the measured steering angle at the wheels (orange/blue lines), (c) lateral acceleration of point R.

VI. CONCLUSION

A safety filter for lane-keeping control was presented
in this paper. The safe set for the lane-keeping problem
was defined in the plane of the lateral position and yaw
angle of the vehicle based on geometrical considerations,
and a corresponding smooth control barrier function was
constructed. Based on the resulting CBF and a kinematic
vehicle model, a safety filter was designed and tested in a
series of numerical simulations and real vehicle experiments.
Thanks to the closed-form solution of the corresponding

optimization problem, the computational requirements of the
resulting controller are negligible. The experimental results
demonstrated that the safety filter is able to successfully aid
the human driver in preventing unintended lane departures
while maintaining a comfortable ride.

In order to successfully apply the safety filter at higher
speed levels too, the vehicle model should be extended with
the consideration of tire dynamics and the compliance of
the steering system. Additional future research directions
include a more thorough analysis of the effects of the class-
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Fig. 8. Measured vehicle trajectories in the plane of yaw angle and lateral position. Orange: steering command by human driver is realized, blue: safety
filter is active.

K function selection, the consideration of variable vehicle
speed, and more in-depth analysis of how the safety filter
affects the feeling of driver control.
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