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Steering Control of an Autonomous Unicycle
Máté B. Vizi , Gábor Orosz , Senior Member, IEEE, Dénes Takács , and Gábor Stépán

Abstract—The steering control of an autonomous unicycle is
considered. The underlying dynamical model of a single rolling
wheel is discussed regarding the steady-state motions and their
stability. The unicycle model is introduced as the simplest possible
extension of the rolling wheel, where the location of the center of
gravity is controlled. With the help of the Appellian approach, a
state-space representation of the controlled nonholonomic system
is built in a way that the most compact nonlinear equations
of motion are constructed. Based on controllability analysis,
feedback controllers are designed that successfully carry out lane
changing and turning maneuvers. The behavior of the closed-loop
system is demonstrated by numerical simulations.

Index Terms—Feedback control, maneuvering, nonholonomic
dynamics, stability, unicycle.

I. INTRODUCTION

M ICROMOBILITY solutions are spreading rapidly in
urban environments [1]. Among these, human-ridden

electric unicycles (EUCs) become more and more popular
transportation devices [see Fig. 1(a)]. These micromobility
vehicles can match the speed of automobiles in urban traffic,
while their compact size makes them appealing for commuting
in congested environments. Due to the 3-D spatial rolling
of the wheel and the stabilization of an unstable equilib-
rium, the unique dynamics of the unicycle combine agility
and maneuverability. To exploit these properties, one may
consider making EUCs autonomous [see Fig. 1(b)], which
opens up a challenging avenue for modeling, dynamics, and
control.

During the last few decades, several autonomous unicycle
designs have appeared in the literature that differ in various
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Máté B. Vizi is with the Department of Mechanical Engineering, University
of Michigan, Ann Arbor, MI 48109 USA, and also with the HUN-REN-BME
Dynamics of Machines Research Group, 1111 Budapest, Hungary (e-mail:
vizi@mm.bme.hu).
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Fig. 1. (a) Human riding a unicycle and (b) simple autonomous EUC.

aspects, such as the number and/or types of actuators that can
be used for control. The first publication related to autonomous
unicycles known to the authors is [2] in which the longi-
tudinal/pitch motion is controlled by balancing an inverted
pendulum, and the lateral/tilt motion is controlled by moving
a mass perpendicular to the wheel. Two other approaches are
presented in [3]. In the first case, the longitudinal/pitch motion
is also controlled by balancing an inverted pendulum, while
the turning/yaw motion of the unicycle is controlled by an
overhead flywheel. In the second case, the tilt is controlled by
adding a second pendulum swinging in the lateral plane. The
overhead flywheel approach was further explored in [4] and
[5]; the lateral pendulum approach can be found in [6]. The
tilt motion of the unicycle can also be controlled by a lateral
flywheel (see, for example, [7], [8], [9]), while the combination
of overhead and lateral flywheels can be found in [10] and
[11]. Furthermore, the application of gyroscopes for lateral
stabilization and steering is presented in [12], [13], [14], and
[15]. Humanoid-type autonomous unicycles are introduced and
analyzed in [16] and [17] (see Fig. 1(a) for illustration).

Most of the above approaches provide satisfactory dynamic
behavior, but their complexity prohibits closed-form analysis
of the controlled system. Our goal here is to develop a simple
autonomous unicycle model that is capable of carrying out
a variety of maneuvers, while it can still be investigated
analytically. Thus, we consider the simple mechanical model
shown in Fig. 1(b), which consists of a rolling wheel and added
mass that can be moved along the axle to balance the lateral
motion. We derive the equations of motion for this simple
system, analyze the stability properties, and design controllers
for maneuvering the autonomous unicycle.
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The rolling of the wheel can be described using kinematic
constraints [18], [19], [20], [21]. Thus, the unicycle is con-
sidered a nonholonomic mechanical system. Such systems are
often described by the generalized Lagrangian equations of
the second kind (or Routh–Voss equations) [22], [23]. This
method yields a differential–algebraic system of equations.
However, eliminating the algebraic variables to obtain a system
of ordinary differential equations that is appropriate for control
design is a challenging task. Alternatively, for conservative
nonholonomic systems, a Routhian-like model reduction tech-
nique, the so-called Lagrange–d’Alembert–Poincaré equations
can be used to identify conserved quantities and also to explore
symmetries [24].

The Appellian approach [21], [25], [26], which is used in
this study, results in a system of first-order ordinary differential
equations as a compact and simple representation of the
underlying nonholonomic system. Moreover, an innovative
definition of the pseudovelocities can significantly reduce the
algebraic complexity of the resulting equations of motion
while describing the same dynamical system, which simplifies
the subsequent analysis. This enables one to deploy a plethora
of control techniques. The cost of the Appellian formalism is
that accelerations must be calculated; however, the mentioned
benefits justify this cost in the examples considered here.

Further details about nonholonomic systems may be found
in [27], [28], [29], [30], [31], [32], [33], and [34].

In this study, we first omit the mass moving along the axle in
Fig. 1(b) and explore the dynamics of the uncontrolled rolling
wheel. We categorize different steady-state motions (e.g.,
straight rolling and turning) of interest. A strong sufficient
condition of stable rolling was given by Bloch in [34], while
here the local necessary and sufficient condition is derived.
This simplified case also enables us to explain the self-
stabilizing effects in the tilt direction above a critical speed.
By adding the moving mass and an internal force between the
wheel and the mass, we create a control system and study
how the steady states are affected. This enables us to design
feedback controllers that stabilize the steady states at any
speed and enables the unicycle to perform maneuvers such
as lane changes and sharp turns. Our control design exploits
the inherent instabilities of the system to demonstrate a high
level of maneuverability.

The article is structured as follows. In Section II, the
modeling framework and steady-state analysis of the rolling
wheel example are presented. Section III introduces a novel
autonomous unicycle model and analyzes the steady states of
the open-loop system. Section IV proposes controller designs
that successfully perform lane changing and turning maneu-
vers. The performance of these controllers is demonstrated by
numerical simulations. We conclude our results in Section V
and provide future research directions.

II. DYNAMICS OF THE ROLLING WHEEL

We introduce the modeling framework and notation on
the rolling wheel example, which represents the uncontrolled
behavior of the unicycle. We reveal the dynamical character-
istics, including the self-stabilization phenomenon, which can
be exploited for control design.

Fig. 2. Mechanical model of the rolling wheel.

A. Governing Equations

A wheel has N = 6 degrees of freedom (DoFs) in the 3-D
space. That is, the spatial position and orientation are described
by six variables: the position of the center of gravity rG =

[xG yG zG]> and the yaw (ψ), tilt (ϑ), and pitch (ϕ) angles
(see Fig. 2). Note that tilt is often called roll in the vehicle
dynamics literature, but here we do not use this convention to
avoid confusion with the fact that a disk rolls on the horizontal
plane.

To describe the motion of the wheel, three coordinate frames
are introduced (see Fig. 2). The axes x0 and y0 of the ground-
fixed frame F0 span the horizontal plane, and its z0-axis gives
the vertical direction. The frame F1 is moving with the wheel
such that its origin is the wheel–ground contact point P. This
frame is rotated with respect to F0 around the z0-axis with the
yaw angle ψ so that the x1-axis is tangential to the path of P
(the fixed polode). The frame F2 is rotated with respect to F1
around the x1-axis with the tilt angle ϑ, so the x1- and z1-axes
span the plane of the wheel and the y2-axis is aligned with
the wheel axle. The origin of frame F2 is placed at the wheel
center point G.

Assume that the wheel rolls without slipping; the kinematic
condition of rolling is that the instantaneous center of rotation
coincides with the contact point P

vP = 0 . (1)

This yields the kinematic constraints

ẋG = ψ̇R cosψ sinϑ+ ϑ̇R sinψ cosϑ+ ϕ̇R cosψ ,

ẏG = ψ̇R sinψ sinϑ − ϑ̇R cosψ cosϑ+ ϕ̇R sinψ , (2)

and the geometric constraint

żG = −Rϑ̇ sinϑ ⇒ zG = R cosϑ , (3)

where the vertical position zG depends on the tilt angle ϑ
(see Fig. 2). Therefore, the rolling wheel is a nonholonomic
mechanical system with ng = 1 geometric constraint (3) and
nk = 2 kinematic constraints (2). Note that the geometric
and kinematic constraints are also referred to as holonomic
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and nonholonomic constraints, respectively. The equations
of motion are derived in Appendix A using the Appellian
approach [21], [25], [26] to provide the most compact alge-
braic form.

According to the number of geometric and kinematic con-
straints, nq = 6 − ng = 5 generalized coordinates have to be
chosen to describe the system unambiguously; let these be

(xG, yG, ψ, ϑ, ϕ) . (4)

Moreover, nσ = nq−nk = 3 pseudovelocities have to be chosen;
let these be defined by the components of the angular velocity
ω resolved in frame F2 (see (73) in Appendix A)

ω1 := ϑ̇, ω2 := ψ̇ sinϑ+ ϕ̇ , ω3 := ψ̇ cosϑ. (5)

Then, the Appellian approach yields the equations of motion8̂̂̂̂
<̂̂
ˆ̂̂̂:
ω̇1 =

6
5
ω2ω3 −

1
5
ω2

3 tanϑ+
4g
5R

sinϑ ,

ω̇2 = −
2
3
ω1ω3 ,

ω̇3 = −2ω1ω2 + ω1ω3 tanϑ ,
ϑ̇ = ω1 ,8̂̂̂̂

<̂
ˆ̂̂:
ψ̇ = ω3

1
cosϑ

,

ϕ̇ = ω2 − ω3 tanϑ ,
ẋG = ω1R sinψ cosϑ+ ω2R cosψ ,
ẏG = −ω1R cosψ cosϑ+ ω2R sinψ ,

(6)

that is, the rolling wheel is an n = 6 − ng − nk/2 = 4 DoF
nonholonomic mechanical system. The equations in (6) are
ordered such that the system can be separated into essential
dynamics (the first four equations) and hidden dynamics
(the second four equations) where the essential dynamics is
independent of the hidden dynamics [22]. The equations are
in the form ẋ = f (x) where the state is defined as

x =
�
ω1 ω2 ω3 ϑ ψ ϕ xG yG

�>
, (7)

where the dashed line separates the essential states from the
cyclic coordinates describing hidden motion.

B. Steady-State Motions

The rolling wheel exhibits a steady-state motion when the
essential dynamics [first four equations in (6)] possess an
equilibrium. That is, the pseudovelocities and the tilt angle
are constants

ω1 (t) ≡ ω1∗ , ω2 (t) ≡ ω2∗ , ω3 (t) ≡ ω3∗ , ϑ (t) ≡ ϑ∗ . (8)

Then, according to the fourth equation in (6), the tilt rate must
be zero, that is, ω1∗ = 0. Substituting this into (6), the first
equation yields

6
5
ω2∗ω3∗ −

1
5
ω2

3∗ tanϑ∗ +
4g
5R

sinϑ∗ = 0 , (9)

while the hidden motion can be expressed as

ψ̇ (t) ≡ ψ̇∗ = ω3∗
1

cosϑ∗
, ẋG (t) = ω2∗R cosψ (t) ,

ϕ̇ (t) ≡ ϕ̇∗ = ω2∗ − ω3∗ tanϑ∗ , ẏG (t) = ω2∗R sinψ (t) . (10)

That is, the yaw rate ψ̇ and the pitch rate ϕ̇ are constants, while
the horizontal velocity components ẋG and ẏG of the center of
gravity vary with time through the yaw angle ψ.

Integrating (10), the generalized coordinates become

ψ∗ (t) = ψ̇∗t + ψ0 ,

ϕ∗ (t) = ϕ̇∗t + ϕ0 ,

xG∗ (t) =

8<:
�
ϕ̇∗

ψ̇∗
+ sinϑ∗

�
R sin

�
ψ̇∗t + ψ0

�
+ x0 if ψ̇∗ , 0 ,

ϕ̇∗tR cosψ0 + x0 if ψ̇∗ = 0 ,

yG∗ (t) =

8<:−
�
ϕ̇∗

ψ̇∗
+ sinϑ∗

�
R cos

�
ψ̇∗t + ψ0

�
+ y0 if ψ̇∗ , 0 ,

ϕ̇∗tR sinψ0 + y0 if ψ̇∗ = 0 ,
(11)

where ψ0 and ϕ0 denote the initial yaw and pitch angles,
while x0 and y0 originate in the initial position of point G.
The center of gravity G follows a circular path of radius
ρG = |ϕ̇∗/ψ̇∗ + sinϑ∗|R if the yaw rate is not zero (ψ̇∗ , 0).
Correspondingly, the contact point P draws a circle of radius
ρP = |ϕ̇∗/ψ̇∗|R on the ground plane (see Fig. 2). We refer to
this motion as turning-rolling in the rest of the article. For zero
yaw rate (ψ̇∗ = 0), the center of gravity moves along a straight
path. We refer to this as straight rolling in the rest of the
article.

Keep in mind that the steady-state tilt angle, yaw rate, and
pitch rate are not independent of each other. To establish
a relationship between these quantities, one must replace
the steady-state pseudovelocities (ω1∗, ω2∗, ω3∗) in (9) with
the generalized velocities (ψ̇∗, ϕ̇∗) according to (5). This
yields

ψ̇2
∗ sinϑ∗ cosϑ∗ +

6
5
ψ̇∗ϕ̇∗ cosϑ∗ +

4g
5R

sinϑ∗ = 0 , (12)

which is visualized in Fig. 3(a). Since (12) is linear in the pitch
rate ϕ̇∗, one may express ϕ̇∗ as a function of the tilt angle ϑ∗
and the yaw rate ψ̇∗ for turning-rolling (ψ̇∗ , 0).

For straight rolling (ψ̇∗ = 0), (12) reduces to

sinϑ∗ = 0 , (13)

yielding ϑ∗ = 0, that is, the wheel must be nontilted. Observe
that (13) is independent of the pitch rate ϕ̇∗, so the straight
rolling is feasible for arbitrary pitch rates. Another special case
is when the pitch rate is zero (ϕ̇∗ = 0). Then, (12) results in

ψ̇2
∗ sinϑ∗ cosϑ∗ +

4g
5R

sinϑ∗ = 0 , (14)

which can only hold when the tilt angle is zero, that is, ϑ∗ =

0. We refer to this solution as spinning on the spot in the
rest of the article. Finally, the very special case ψ̇∗ = ϕ̇∗ =

0 corresponds to the static equilibrium of the standing disk,
which is, indeed, unstable.

The stability of the steady states (turning-rolling, straight
rolling, and spinning) is analyzed consecutively below.

C. Stability of the Steady-State Motions

The steady-state motions of the rolling wheel are
defined with respect to the essential motion independent
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Fig. 3. Level sets and stability of steady-state motion (12) of the rolling wheel: stable and unstable steady states are denoted by green and red, respectively,
the blue line is the stability boundary (20), and the dotted blue line is the folding of the surface. In (d), white denotes that no steady state exists, while yellow
corresponds to the cases when there are both stable and unstable steady states due to the folding of the surface.

of the cyclic states of the system. Accordingly, when
we talk about the stability of the steady-state motions,
it is only about the essential dynamics, while the hid-
den motions may present instability in the Lyapunov
sense.

Let us consider two examples when the wheel initially rolls
straight along the x-axis. In the first case, a small perturbation
may increase the speed of rolling. If the essential states
ω1, ω2, ω3, ϑ remain in the small vicinity of the original values,
then the essential motion is stable. However, the increased
velocity ω2 causes the cyclic coordinates ϕ, xG to move away
linearly in time from the original unperturbed trajectories;
therefore, the hidden motion is unstable. In the second case, let
the perturbation cause a small tilt angle ϑ0, tilt rate ϑ̇0 = ω10,
and/or a small yaw rate ψ̇0 = ω30. If the essential states
remain in the vicinity of the original unperturbed values, then
the essential motion is stable. However, this small pertur-
bation yields a circular motion of the wheel with a large
radius instead of the straight motion, so the hidden motion is
unstable.

For simplicity assume the initial values ψ0 = 0, ϕ0 = 0,
x0 = 0, and y0 = 0. According to (5), (8), and (11), the steady-

state motion is given as

x∗ =

266666666664

ω1∗
ω2∗
ω3∗
ϑ∗
ψ∗ (t)
ϕ∗ (t)
xG∗ (t)
yG∗ (t)

377777777775
=

266666666664

0
ψ̇∗ sinϑ∗ + ϕ̇∗
ψ̇∗ cosϑ∗

ϑ∗
ψ̇∗t
ϕ̇∗t
. . .
. . .

377777777775
(15)

where the dots in xG∗(t) and yG∗(t) refer to (11).
Introducing the state perturbations x̃ := x − x∗, (6) leads to

the linearized equations of the form ˙̃x = Ax̃ where the state
matrix is obtained as A = f ′(x∗). This yields

A =

266666666664

0 A12 A13 A14 0 0 0 0
A21 0 0 0 0 0 0 0
A31 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 A53 A54 0 0 0 0
0 1 A63 A64 0 0 0 0

A71 A72 0 0 A75 0 0 0
A81 A82 0 0 A85 0 0 0

377777777775
(16)
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where

A12 =
6
5
ψ̇∗ cosϑ∗ , A13 =

4
5
ψ̇∗ sinϑ∗ +

6
5
ϕ̇∗ ,

A14 = −
1
5
ψ̇2
∗ +

4g
5R

cosϑ∗ , A21 = −
2
3
ψ̇∗ cosϑ∗ ,

A31 = −ψ̇∗ sinϑ∗ − 2ϕ̇∗ , A53 =
1

cosϑ∗
,

A54 = ψ̇∗ tanϑ∗ , A63 = − tanϑ∗ ,

A64 = −
ψ̇∗

cosϑ∗
, A71 = R sinψ∗ cosϑ∗ ,

A72 = R cosψ∗ , A75 = −R sinψ∗
�
ψ̇∗ sinϑ∗ + ϕ̇∗

�
,

A81 = −R cosψ∗ cosϑ∗ , A82 = R sinψ∗ ,

A85 = R cosψ∗
�
ψ̇∗ sinϑ∗ + ϕ̇∗

�
, (17)

and the pitch rate ϕ̇∗ must be substituted according to (12). The
dashed lines distinguish the parts of A related to the essential
and the hidden dynamics.

The linear stability of the steady-state (essential) motion can
be determined by the characteristic equation det(λI − Â) = 0,
where Â is the top quadrant of A in (16). This yields�

λ2 − A12A21 − A13A31 − A14
�
λ2 = 0 , (18)

and the characteristic roots become

λ1,2 = ±

s
4g
5R

cosϑ∗ −
�
ψ̇2
∗ +

14
5
ψ̇∗ϕ̇∗ sinϑ∗ +

12
5
ϕ̇2
∗

�
,

λ3,4 = 0. (19)

The corresponding steady state is unstable if the characteristic
roots are real, λ1,2 ∈ R and λ1 = −λ2. Otherwise, if the first
two characteristic roots constitute a purely imaginary complex
conjugate pair λ1,2 ∈ C and λ1 = λ̄2, a “doubtful Lyapunov”
case arises due to the zero eigenvalue of multiplicity two. One
may show, however, that both the algebraic and geometric
multiplicity of the zero eigenvalue are two, and in Appendix B,
the Lyapunov stability of the essential dynamics is proved.
Note that the full motion is not stable in the Lyapunov sense
due to the zero eigenvalue of algebraic multiplicity four and
geometric multiplicity one belonging to the hidden dynamics
[see the lower right quadrant of state matrix (16)].

To sum up the analysis of the linear model, the necessary
and sufficient condition for the stable rolling of the wheel is

ψ̇2
∗ +

14
5
ψ̇∗ϕ̇∗ sinϑ∗ +

12
5
ϕ̇2
∗ −

4g
5R

cosϑ∗ > 0 , (20)

where (12) holds. When varying the tilt angle ϑ∗, the yaw
rate ψ̇∗ and pitch rate ϕ̇∗, one may change the stability of the
steady-state motion.

1) Turning-Rolling: In the case of a general turning-rolling-
type steady-state motion, neither the tilt angle nor the yaw and
pitch rates are zero, that is, ϑ∗ , 0, ψ̇∗ , 0, and ϕ̇∗ , 0. Then,
the stability of the steady-state changes at the critical yaw rates

ψ̇crit,1,2 =r
2g
5R

vuut3 − 6 cos2 ϑ∗ ±
p

76 sin4 ϑ∗ − 96 sin2 ϑ∗ + 9�
2 sin2 ϑ∗ − 3

�
cosϑ∗

(21)

for

|ϑ∗| ≤ V = arcsin
�q

12
19 −

9
√

5
38

�
≈ 18.62◦. (22)

For a given tilt angle |ϑ∗| ≤ V , if |ψ̇∗| < ψ̇crit,1 or ψ̇crit,2 < |ψ̇∗|,
then the characteristic roots in (19) are purely imaginary
λ1,2 ∈ C and λ1 = λ̄2 and the corresponding motion is stable.
Otherwise, if ψ̇crit,1 < |ψ̇∗| < ψ̇crit,2, then the characteristic
roots are real λ1,2 ∈ R and λ1 = −λ2, and the corresponding
motion is unstable. Notice that, if the tilt angle is large enough
|ϑ∗| > V , then all corresponding steady-state motions are
stable, since V is independent of any physical parameter. This
is a fundamental physical constant related to the steady-state
stability of any rolling wheel.

2) Straight Rolling: As discussed above, the straight rolling
steady-state motion (ψ̇∗ = 0) can only occur for zero tilt angle
ϑ∗ = 0. That is, the steady-state (15) simplifies to

ω2∗ = ϕ̇∗ , ϕ∗ (t) = ϕ̇∗t , xG∗ (t) = Rϕ̇∗t , (23)

and all the other states become zero. The state matrix (16) is

A =

266666666664

0 0 6
5 ϕ̇∗

4g
5R 0 0 0 0

0 0 0 0 0 0 0 0
−2ϕ̇∗ 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 R 0 0 0 0 0 0
−R 0 0 0 Rϕ̇∗ 0 0 0

377777777775
(24)

and the characteristic roots (19) simplify to

λ1,2 = ±
r

4g
5R
−

12
5
ϕ̇2
∗ . (25)

This leads to the critical pitch rate

ϕ̇crit =

r
g

3R
, (26)

that is, the straight rolling steady state is stable if the wheel
rolls fast enough, |ϕ̇∗| > ϕ̇crit. Otherwise, it is unstable.

We remark that instead of the pitch rate ϕ̇∗, one may
introduce the parameter v∗ = ϕ̇∗R, which is the steady-state
velocity of the center of gravity. This way, the critical pitch
rate (26) can be converted to a critical velocity.

3) Spinning on the Spot: The spinning steady-state motion
(ϕ̇∗ = 0) can also occur for zero tilt angle ϑ∗ = 0. Then, the
steady state becomes

ω3∗ = ψ̇∗ , ψ∗ = ψ̇∗t , (27)

and all the other states are zero. The state matrix (16) becomes

A =

266666666664

0 6
5 ψ̇∗ 0 4g

5R −
1
5 ψ̇

2
∗ 0 0 0 0

− 2
3 ψ̇∗ 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 − ψ̇∗ 0 0 0 0

R sinψ∗ R cosψ∗ 0 0 0 0 0 0
−R cosψ∗ R sinψ∗ 0 0 0 0 0 0

377777777775
(28)
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Fig. 4. Model of the unicycle for maneuvering.

while the characteristic roots (19) and the critical yaw rate
(21) simplify to

λ1,2 = ±
r

4g
5R
− ψ̇2

∗ , ψ̇crit =

r
4g
5R

. (29)

That is, the spinning steady state is stable if the wheel spins
fast enough |ψ̇∗| > ψ̇crit. Otherwise, it is unstable.

All results about the steady-state motions and their stability
are shown in Fig. 3. Fig. 3(a) shows the steady-state motions
(12) as surface in the (ϑ∗, ψ̇∗, ϕ̇∗) space. Fig. 3(b) shows the
level sets of ϑ∗ in the (ψ̇∗, ϕ̇∗) plane. Similarly, Fig. 3(c) and
(d) shows the level sets of ψ̇∗ and ϕ̇∗, respectively. Green ( )
and red ( ) areas represent stable and unstable steady-state
solutions, respectively, while the blue solid line (—) is the
stability boundary (20). The dashed blue line (– –) in Fig.
3(c) shows where ϕ̇∗ → ±∞. The dotted blue curves (···)
in Fig. 3(b) and (c) indicate the folding of the surface, and
these bound the hourglass-shaped area in Fig. 3(d). In the dark
green area ( ) in Fig. 3(d), two stable steady states exist with
different yaw rates ψ̇∗, while in the yellow area ( ), a stable
and an unstable steady state exist. In the white area, no steady
state exists regardless of the yaw rate due to the folding of the
surface.

III. MODELING THE UNICYCLE

The unicycle is shown in Fig. 4, where the motion is
controlled by moving a mass point along the axle of the wheel.
In this section, we present the governing equations and analyze
the steady states of the open-loop system.

A. Governing Equations

The model of the unicycle is built upon the rolling wheel
model presented in Section II with the added point mass m0
moving along the axle. The relative position of the mass is
given by

rGA =
�
0 r 0

�>
F2
, (30)

where r represents the position of the point mass along the
axle, while the other two coordinates are constrained at zero

by the axle, resulting in two geometric constraints. Between
the disk and the point mass, there is an internal pair of forces;
the control force acting on the point mass is

F =
�
0 u 0

�>
F2
, (31)

while −F acts on the wheel with opposite sense. The
control input u is used for balancing and steering the
unicycle.

The equations of motion of the unicycle are derived in
Appendix C in a similar way as for the rolling wheel; the
differences between the two models are highlighted below.
The rolling constraints of the wheel still hold, yielding two
kinematic constraints (2) and one geometric constraint (3).
Thus, the unicycle is a nonholonomic mechanical system with
ng = 3 geometric constraints and nk = 2 kinematic constraints.
Accordingly, nq = 9 − ng = 6 generalized coordinates have to
be chosen to describe the system unambiguously; let these
be

(xG, yG, ϑ, ψ, ϕ, r) . (32)

Moreover, nσ = nq − nk = 4 pseudovelocities have to be
chosen; let these be the components of the angular velocity ω
of the wheel (see (73) in Appendix C) and the axle directional
velocity component of the point mass

ω1 (t) := ϑ̇, ω2 (t) := ψ̇ sinϑ+ ϕ̇ ,

ω3 (t) := ψ̇ cosϑ, σ (t) := ṙ − ϑ̇R . (33)

The Appellian approach yields the equations of motion8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

ω̇1 =
1

5mR2+4m0r2

�
−4ω2

1m0Rr−ω2
3

�
mR2+4m0r2�tanϑ

−8ω1σm0r + ω2ω3
�
6mR2 + 4m0Rr tanϑ

�
−4m0gr cosϑ + 4mgR sinϑ + 4Ru

�
,

ω̇2 =
2

3mR2+2m0R2+12m0r2

�
−2ω1ω2m0Rr

+ω1ω3
�
m0R2−mR2 − 4m0r2�+ 2ω3σm0R

�
,

ω̇3 =
1

3mR2+2m0R2+12m0r2

�
−ω1ω2

�
6mR2+4m0R2�

+ω1ω3
��

3mR2 + 2m0R2 + 12m0r2�tanϑ
�

−24ω3σm0r − 20m0Rr
�
,

ϑ̇ = ω1 ,

σ̇ = ω2
1r + ω2

3r − ω2ω3R−g sinϑ+
1

m0
u ,

ṙ = σ+ ω1R ,8̂̂̂̂
<̂
ˆ̂̂:
ψ̇ = ω3

1
cosϑ

,

ϕ̇ = ω2 − ω3 tanϑ ,
ẋG = ω1R sinψ cosϑ+ ω2R cosψ ,
ẏG = −ω1R cosψ cosϑ+ ω2R sinψ ,

(34)

which is a n = 9−ng−nk/2 = 5DoF nonholonomic mechanical
system. The equations of motion (34) of the unicycle can
be divided into essential dynamics (first six equations) and
hidden dynamics (remaining four equations) [22]. Observe
that the hidden dynamics of the unicycle (34) are identical
to that of the rolling wheel (6). Moreover, considering m0 = 0
and u = 0, the essential dynamics in (34) simplify to that in
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(6). The dynamical model (34) of the unicycle is formulated as
a control affine system ẋ = f (x) + g(x)u with the state vector

x =
�
ω1 ω2 ω3 ϑ σ r ψ ϕ xG yG

�>
,

(35)

and control input u; so, this model is ready for control design.

B. Steady States

Considering u ≡ 0 (i.e., the point mass freely moves along
the axle), the unicycle model (34) possesses the steady-state
motion with essential dynamics

ω1 (t) ≡ ω1∗ , ω2 (t) ≡ ω2∗ , ω3 (t) ≡ ω3∗ ,

ϑ (t) ≡ ϑ∗ , σ (t) ≡ σ∗ , r (t) ≡ r∗ . (36)

Substituting this into the first six equations of (34) yields

ω2∗ω3∗
�
6mR2 + 4m0Rr∗ tanϑ∗

�
− 4m0gr∗ cosϑ∗

− ω2
3∗

�
mR2 + 4m0r2

∗

�
tanϑ∗ + 4mgR sinϑ∗ = 0 ,

ω2
3∗r∗ − ω2∗ω3∗R−g sinϑ∗ = 0 , (37)

while the hidden motion of the unicycle is the same as the
hidden motion of the rolling wheel described in (10) and (11).

Using (33), the relations (37) can be reformulated using the
generalized velocities (ψ̇∗, ϑ̇∗, ϕ̇∗, ṙ∗)

ψ̇2
∗

�
4m0Rr∗ sin2 ϑ∗ +

�
5mR2 − 4m0r2

∗

�
sinϑ∗ cosϑ∗

�
+ ψ̇∗ϕ̇∗

�
6mR2 cosϑ∗ + 4m0Rr∗ sinϑ∗

�
− 4m0gr∗ cosϑ∗ + mgR sinϑ∗ = 0 ,

ψ̇2
∗

�
r∗ cos2 ϑ∗−R sinϑ∗ cosϑ∗

�
− ψ̇∗ϕ̇∗R cosϑ∗−g sinϑ∗ = 0 . (38)

Then, one may express the pitch rate ϕ̇∗ and point mass
position r∗ as a function of the tilt angle ϑ∗ and the yaw rate
ψ̇∗

ϕ̇∗ =
tanϑ∗

ψ̇∗R
�
6ψ̇2
∗mR cos3 ϑ∗ − 4m0g

�
·
�
−5ψ̇4

∗mR2 cos4 ϑ∗ + 4ψ̇2
∗gR

�
m0 cosϑ∗−m cos3 ϑ∗

�
+4m0g2� ,

r∗ =
mR

�
ψ̇2
∗R cosϑ∗ + 2 g

�
sinϑ∗ cosϑ∗

6ψ̇2
∗mR cos3 ϑ∗ − 4m0g

, (39)

if

ψ̇∗ , 0 , ψ̇∗ , ±

s
2m0g

3mR cos3 ϑ∗
(40)

holds. For the nongeneric cases, when (40) does not hold, the
steady-state motions are explained below.

When the yaw rate is zero ψ̇∗ = 0, straight rolling occurs
and (38) simplify to

4mR sinϑ∗ − 4m0r∗ cosϑ∗ = 0 , g sinϑ∗ = 0 . (41)

These are only satisfied for zero tilt angle ϑ∗ = 0 and centered
point mass r∗ = 0, independent of the pitch rate ϕ̇∗.

In the case of ψ̇∗ = ±(2m0g/(3mR cos3 ϑ∗))1/2, (38) still
results in zero tilt angle ϑ∗ = 0 and

ψ̇∗1,2 = ±
r

2m0g
3mR

, ϕ̇∗1,2 = ±
r

2m0g
3mR3 r∗ , (42)

which describes a turning-rolling steady-state motion with a
nontilted wheel. This is a new behavior of the unicycle which
does not exist for a rolling wheel, as the latter must be tilted
to have a turning-rolling steady-state motion [see (12)]. Note
that, this steady state can only occur for the specific yaw
rates ψ̇∗1,2 depending only on physical parameters, while the
corresponding pitch rates ϕ̇∗1,2 also depend only on the point
mass position r∗. The nontilted turning steady state becomes
a spinning steady state (ϕ̇∗1,2 = 0) if the point mass is at the
center r∗ = 0.

The other spinning steady state can be obtained by substi-
tuting zero pitch rate ϕ̇∗ = 0 into (38), which yields

ψ̇2
∗

��
5mR2 − 4m0r2

∗

�
sinϑ∗ cosϑ∗ + 4m0Rr∗ sin2 ϑ∗

�
+ 4mgR sinϑ∗ − 4m0gr∗ cosϑ∗ = 0 ,

ψ̇2
∗

�
r∗ cos2 ϑ∗−R sinϑ∗ cosϑ∗

�
−g sinϑ∗ = 0 . (43)

Similar to the spinning wheel, such steady-state motion exists
for zero tilt angle (ϑ∗ = 0) when the point mass is at the
center r∗ = 0. However, in the case of the unicycle, spinning
type steady-state motion also exists with nonzero tilt angle
(ϑ∗ , 0) when

ψ̇∗ = ±
s

4m0gr∗ cosϑ∗ − 4mgR sinϑ∗�
5mR2 − 4m0r2

∗

�
sinϑ∗ cosϑ∗ + 4m0Rr∗ sin2 ϑ∗

,

r∗ =
R tanϑ∗

2m0

�
m cos2 ϑ∗ + m0 (44)

+
q

m2 cos4 ϑ∗ + 3mm0 cos2 ϑ∗ + m2
0

�
.

We refer to this as tilted spinning, which is also a new behavior
of the unicycle compared to the rolling wheel. According to
(44), the point mass is always above the wheel center since
sgn r∗ = sgnϑ∗ or r∗ ϑ∗ > 0 (see Fig. 4). Investigating special
cases like ϑ∗ = 0 or r∗ = 0 leads to steady states already
discussed above.

One limiting factor of our unicycle model is that the point
mass may slide below the ground, which is physically not
feasible. To exclude these cases, one can calculate the z
coordinate of the position vector rA = rG+rGA in frame F0 and
require it to be positive. This yields R cosϑ∗ + r∗ sinϑ∗ > 0 .

All steady-state motions of the unicycle are summarized in
Fig. 5 in the plane of the steady-state tilt angle ϑ∗ and the
yaw rate ψ̇∗. The straight rolling, that is, ϑ∗ = 0 and ψ̇∗ = 0,
is marked by a black square ; in this case, the steady-state
pitch rate ϕ̇∗ may be arbitrary, and the point mass is at wheel
center r∗ = 0. The nontilted turning, that is, ϑ∗ = 0 and ψ̇∗ =

ψ̇∗1,2, is marked by black dots •; in this case, the pitch rate ϕ̇∗
and the point mass position r∗ linked as in (42). The regular
(nontilted) spinning steady-state motions, that is, ϑ∗ = 0 and
ϕ̇∗ = 0, are shown by the solid black line (—); in this case,
the yaw rate ψ̇∗ may be arbitrary, and the point mass is at the
wheel center r∗ = 0. The tilted spinning steady states, that is,
ϕ̇∗ = 0 and ϑ∗ , 0, are shown by dashed black lines (– –);
the corresponding yaw rate ψ̇∗ and point mass position r∗ are
expressed by (44). The general turning-rolling steady states
are divided into separate areas. The light blue and light
purple areas show the physically feasible steady states
when the point mass is placed below 0 < zA < zG or above
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zA > zG the wheel center point G, respectively. The white area
@A represents the physically unfeasible steady states when the
point mass is at or below the ground level, that is, zA ≤ 0.

Note that Fig. 5 was constructed using the numerical
parameters in Table I. Using different parameters, like different
mass ratios m0/m, the main structure of the steady states
remains qualitatively similar, but the shape and size of the
parameter regions related to the nonfeasible steady states may
be different.

The steady states have been categorized by considering zero
input force (u ≡ 0). Assuming a nonzero constant input (u ≡
u∗) may result in further steady states. For example, a straight
rolling case may occur with a tilted wheel when the mass is
held ‘above’ the wheel center. Studying such steady states is
out of the scope of the present study.

C. Stability of Steady States

Linear stability analysis is performed to determine the
stability of the previously discussed steady-state motions of
the unicycle. Linearizing (34) around a steady state x∗ leads
to the form ˙̃x = Ax̃ where x̃ = x − x∗ denotes the perturbed
states and state matrix A = f ′(x∗) can be written as (45),
shown at the bottom of the page,whose elements are given in
Appendix D. Note that the steady-state tilt angle ϑ∗, yaw rate
ψ̇∗, pitch rate ϕ̇∗, and point mass position r∗ in the elements
of A are not independent of each other, they must satisfy
(38). Therefore, each of the different steady-state motions
(turning-rolling, straight rolling, and nontilted turning) must
be analyzed separately. In this article, we focus on the straight
rolling and turning-rolling motions while the nontilted turning
is left for future research. Also note that the spinning steady
state is a special case of the more general turning-rolling
steady state; since it has minor practical relevance, its further
analysis is omitted.

The characteristic equation det(λI− Â) = 0, where Â is the
top left 6× 6 part of A in (45), takes the form�

λ4 − λ2 (A12A21 + A13A31 + A14 + A16A61 + A25A52

+A35A53 + A56) + A12A21A35A53 − A12A25A31A53

− A12A25A56A61 − A13A21A35A52 + A13A25A31A52

− A13A35A56A61 + A16A25A52A61 + A16A35A53A61

+ A12A21A56 − A12A25A54 + A13A31A56 − A13A35A54

+ A14A25A52 + A14A35A53 − A16A21A52 − A16A31A53

+ A14A56 − A16A54
�
λ2 = 0 . (46)

Fig. 5. Summary of the steady-state motions of the unicycle.

TABLE I
NUMERICAL PARAMETERS FOR THE ROLLING WHEEL AND UNICYCLE

1) Turning-Rolling Steady State: When calculating the
characteristic roots of (46), the steady-state pitch rate ϕ̇∗
and point mass position r∗ must be substituted according
to (39). Due to the highly complicated expressions, numer-
ical evaluation is used to obtain the characteristic roots and
determine the stability of the turning-rolling steady states.
The results are shown in Fig. 6 for several mass ratios with
m0 = 0, 1, 2, 5, 10, 15, 20, 30 kg, while the other physical
parameters are presented in Table I. The same coloring scheme
is used as in Fig. 3, namely, green ( ) and red ( ) areas rep-
resent stable and unstable steady-state solutions, respectively,
while the white area (@A) represents the physically unfeasible
steady states with point mass at or below the ground level
(see Fig. 5). The case with m0 = 0 is identical to the rolling
wheel in Fig. 3(c). By the addition of the point mass m0 > 0,
the stability properties change drastically since the number of
DoF is increased, additional types of equilibria are born (the
tilted spinning and the vertical turning), the point mass may
be above or below the wheel, and it even may hit the ground,
as was discussed in Section III-B and Fig. 5.

A =

2666666666666664

0 A12 A13 A14 0 A16 0 0 0 0
A21 0 0 0 A25 0 0 0 0 0
A31 0 0 0 A35 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 A52 A53 A54 0 A56 0 0 0 0

A61 0 0 0 1 0 0 0 0 0
0 0 A73 A74 0 0 0 0 0 0
0 1 A83 A84 0 0 0 0 0 0

A91 A92 0 0 0 0 A97 0 0 0
A101 A102 0 0 0 0 A107 0 0 0

3777777777777775
(45)
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With small point masses (such as m0 = 1, 2 kg), the vertical
spinning (ϑ∗ = 0) becomes unstable as the point mass is
pushed away from the spinning wheel by the centrifugal force.
With large point masses (such as m0 = 15, 20, 30 kg), a stable
yaw rate ψ̇∗ band appears, but the spinning steady states remain
unstable for large enough yaw rates.

2) Straight Rolling: The steady state is given as (23) and all
the other states become zero, considering that the initial values
x0, y0, and ψ̇0 are zeros. The state matrix (45) simplifies to

A =

2666666666666664

0 0 6
5 ϕ̇∗

4g
5R 0 −

4m0g
5mR2 0 0 0 0

0 0 0 0 0 0 0 0 0 0
−2ϕ̇∗ 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0
0 0 −Rϕ̇∗ −g 0 0 0 0 0 0
R 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 R 0 0 0 0 0 0 0 0
−R 0 0 0 0 0 Rϕ̇∗ 0 0 0

3777777777777775
.

(47)

When comparing this with (24) obtained for the rolling wheel,
there are two extra rows and columns, 5 and 6, related to the
new states r and σ4.

The characteristic polynomial (46) reduces to�
aλ4 + bλ2 + c

�
λ2 = 0 , (48)

where

a = 5mR2 ,

b = 12ϕ̇2
∗mR2 + 4 (m0 − m) gR ,

c = 4m0g
�
2ϕ̇2
∗R−g

�
. (49)

Applying the same arguments as in Appendix B, the straight
rolling is said to be stable if the coefficients a, b, and c have
the same signs. While a > 0 always holds, b > 0 and c > 0
lead to

|ϕ̇∗| >

r
(m − m0) g

3mR
and |ϕ̇∗| >

r
g

2R
, (50)

respectively. The second condition is always stronger, so the
critical pitch rate of the unicycle is

ϕ̇crit =

r
g

2R
. (51)

That is, the straight rolling of the uncontrolled unicycle is
stable if |ϕ̇∗| > ϕ̇crit; it is unstable if |ϕ̇∗| < ϕ̇crit.

Note that, the critical pitch rate (51) is independent of the
masses m and m0. Also, it is larger than the critical pitch rate
of the rolling disk (26). The dependency of the characteristic
roots on the steady-state pitch rate ϕ̇∗ are summarized in Fig. 7
for both the rolling wheel (m0 = 0) and the unicycle (m0 > 0).
Observe that in the case of the rolling wheel, the character-
istic roots λ1,2 (thick gray curves) determine the criticality.
Contrarily, in the case of the unicycle (even for small values
of m0!), the criticality is determined by the characteristic roots
λ3,4 (orange curves) rather than by the characteristic roots λ1,2
(blue curves). This resolves the seemingly contradictory issue
that the critical pitch rate “jumps” from (26) to (51) when m0
becomes positive. On the other hand, this is not surprising in
view of the different DoFs in the two systems.

3) Spinning on the Spot: The stability analysis of this
steady state is covered by the analysis of the turning-rolling
motion. Since the motion has minor practical relevance for
unicycles, further discussions are omitted here.

IV. STEERING CONTROL OF THE UNICYCLE

The straight rolling steady state (23) is used as the basis
for designing the steering controller of the unicycle. For
simplicity, it is assumed that the unicycle has an initial pitch
rate ϕ̇0 = ϕ̇∗ and initially it travels along the x0-axis. Above,
we showed that the straight rolling steady state might be
unstable or stable without control. Here, we demonstrate that
this motion can be made asymptotically stable with appropriate
feedback control.

The linear state-space model of the unicycle assumes the
form ˙̃x = Ax̃+Bu where x̃ = x−x∗. The state matrix A = f ′(x∗)
is given in (47) and it depends on the steady-state pitch rate
ϕ̇∗. The input matrix B = g(x∗) is given by

B =
� 4

5mR 0 0 0 1
m0

0 0 0 0 0
�>
. (52)

A. Controllability

The controllability matrix of the unicycle is obtained as

Mc =
�
B AB A2B . . . A9B

�
. (53)

Substituting (47) and (52), we obtain (54), as shown at the
bottom of the page, with c = −2ϕ̇∗. Notice that rows 2, 8, and
9 are full of zeros while rows 3 and 4 are linearly dependent.

Mc =

2666666666666664

M11 0 M13 0 M15 0 M17 0 M19 0
0 0 0 0 0 0 0 0 0 0
0 cM42 0 cM44 0 cM46 0 cM48 0 cM410
0 M42 0 M44 0 M46 0 M48 0 M410

M51 0 M53 0 M55 0 M57 0 M59 0
0 M62 0 M64 0 M66 0 M68 0 M610
0 0 M73 0 M75 0 M77 0 M79 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 M102 0 M104 0 M106 0 M108 0 M1010

3777777777777775
(54)
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Fig. 6. Stability of steady-state motions of the unicycle for various m0 values: stable and unstable steady states are denoted by green and red, respectively,
while white denotes the unfeasible steady states when the point mass hits the ground.
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Thus, rank Mc = 6 and the controllability matrix is not full
row rank. That is, at the linear level, the unicycle is not fully
controllable with the single input u.

When spelling out the third and fourth equations in the
linear system ˙̃x = Ax̃ + Bu, one obtains

ω̇3 = −2ϕ̇∗ω1 , ϑ̇ = ω1 (55)

which leads to
ω3 = −2ϕ̇∗ϑ. (56)

This means that the yaw rate ψ̇ is linearly proportional to the
tilt angle ϑ, since ω3 ≈ ψ̇ for small tilt angles (see (33)). That
is, to steer the unicycle, it is necessary to tilt it accordingly.

Note that one may steer the unicycle with a specific yaw
rate ψ̇∗ in (42) even with zero tilt angle, but the model must
be linearized around the nontilted turning steady state of the
unicycle. This is left for future research.

B. Maneuvering

In this study, two maneuvers are considered for the steering
control of the unicycle: a lane change and a 90◦ right turn,
while assuming that the unicycle initially travels along the x0-
axis. Considering the steady-state velocity vG∗ = Rϕ̇∗ of the
center of gravity leads to the critical speed vG,crit = (Rg/2)1/2

for the critical pitch rate ϕ̇crit in (51). For the parameters in
Table I, we obtain vG,crit ≈ 1.21 m/s. Thus, the lane change and
right turn maneuvers are investigated for two speeds: vG1 =

1 m/s which is below the critical speed, and vG2 = 5 m/s which
is above the critical speed.

When designing the controllers to execute these maneuvers,
the nonreachable states ω2, ω3, ϕ, and xG are omitted [see
(35) and (54)]. Then, according to the state matrix (47) and
the input matrix (52), the reduced system becomes

ω̇1 =

�
4g
5R
−

12
5
ϕ̇2
∗

�
ϑ −

4m0g
5mR2 r +

4
5mR

u ,

ϑ̇ = ω1 ,

σ̇ =
�
2ϕ̇2
∗R−g

�
ϑ+

1
m0

u ,

ṙ = σ+ Rω1 ,

ψ̇ = −2ϕ̇∗ϑ ,
ẏG = −Rω1 + ϕ̇∗Rψ , (57)

where the tildes above the states (representing perturbations)
are omitted since the equilibrium values are zeros for all these
states. We formally define the states in this reduced system as
outputs of the full linear system ˙̃x = Ax̃+Bu when designing
the controllers for the lane change and turning maneuvers.

1) Lane Change: For the lane change maneuver, the state
yG can be utilized to plan the motion since the unicycle should
move parallel to the x0-axis at the beginning and at the end
of the maneuver. According to this, we consider the output

y = Cx :=
�
ω1 ϑ σ r ψ yG

�> (58)

Fig. 7. Characteristic roots as a function of the steady-state pitch rate ϕ̇∗ for
straight rolling comparing the cases of rolling wheel and unicycle.

[see (57)] with

C =

26666664
1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1

37777775 . (59)

The output controllability matrix can be constructed as

Moc =
�
CB CAB CA2B . . . CA9B

�
(60)

which has a maximal row rank, rank Moc = 6. That is, the
unicycle is output controllable.

Then, we apply the linear output feedback law

u := −K (y − ydes) (61)

with control gains K = [Dϑ Pϑ Dr Pr Pψ Py] and

ydes =
�

0 0 0 0 0 ydes (t)
�T
, (62)

where ydes(t) encodes the desired trajectory in terms of yG.
Here, we consider

ydes (t) =

8̂̂<̂
:̂

0, 0 ≤ t < 2 ,
L
2
�
cos

�
π
5 (t − 2)

�
− 1
�
, 2 ≤ t < 7 ,

−L, 7 ≤ t < 10 ,

(63)
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Fig. 8. Maneuvers: lane change (left column) and 90◦ right turn (right column) below the critical speed (solid blue) and above (dashed orange).

and we use L = 2.5 m for speed vG1 = 1 m/s and L = 10 m
for speed vG2 = 2 m/s. The desired trajectories are depicted as
black dashed–dotted curves in the (x0, y0)-plane in the bottom
left panel in Fig. 8. For simplicity, we consider the desired
yaw angle ψdes(t) ≡ 0 in (62). More sophisticated reference
trajectories might be constructed utilizing (38).

Note that the proposed linear controller does not ensure
the global stability of the nonlinear system. Nonlinear inves-
tigations are outside the scope of the present study. Also,
maneuvers with substantial nonzero ψ̇ may make the unicycle
deviate significantly from the straight rolling steady state,
which may cause a large deviation in the observed behavior.

The characteristic equation of the closed-loop system is

det (λI − (A − BKC)) = 0 . (64)

By selecting the control gains in K in (61) appropriately,
one may place the nonzero characteristic roots to the left
half complex plane and guarantee stability for the closed-loop
system. In particular, using the control gains in Table II results
in λk = −8s−1, k = 1, . . ., 6.

The performance of the closed-loop system is demonstrated
by numerical simulations in the left column in Fig. 8. These
were carried out using the full nonlinear equations (34) apply-
ing the control law (61) with reference trajectory (63) and

control gains in Table II. The time evolution of the tilt angle ϑ,
point mass position r, yaw angle ψ, and the control input u are
depicted in the top four panels, while the bottom panel shows
the movement of the wheel center G above the (x0, y0)-plane.
The desired lane change maneuver is followed by the unicycle,
and the controller successfully stabilizes the desired motion for
both speeds. The gains Pϑ and Dϑ are highlighted in Table II
as they have opposite signs above and below the critical
speed. Below the critical speed (vG1 < vG,crit), the open-loop
dynamics is unstable; here, the Pϑ and Dϑ gains correspond
to positive stiffness and damping in the mechanical sense,
respectively. In contrast, above the critical speed (vG2 > vG,crit),
the open-loop dynamics is stable and the Pϑ and Dϑ gains
correspond to negative stiffness and damping. This illustrates
that executing a lane change maneuver above the critical speed
takes more effort, since the straight-rolling motion of the open-
loop systems is more stable. This can also be observed when
comparing the required control input for the different speeds.
Still, the required control input remains small (|u| < 10N) for
both speeds.

2) Right Turn: For the 90◦ right turn maneuver, the unicycle
eventually moves parallel to the y0-axis and the state yG
becomes unreachable by the control input. Thus, the state yG
may not be used to plan motion in this case. Instead, we use the
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TABLE II
CONTROL GAINS FOR THE LANE CHANGE MANEUVER

TABLE III
CONTROL GAINS FOR THE TURNING MANEUVER

yaw angle ψ to construct the reference trajectory. Considering
this, the output vector

y = Cx :=
�
ω1 ϑ σ r ψ

�> (65)

with

C =

266664
1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0

377775 (66)

is defined [see (58) and (59)]. The output controllability matrix
can be constructed as in (60); since it has maximal row rank,
rank Moc = 5, the unicycle is output controllable.

Here, the linear output feedback control law of the form
(61) is applied with control gains K = [Dϑ Pϑ Dr Pr Pψ] and

ydes =
�
0 0 0 0 ψdes (t)

�T (67)

where the yaw angle

ψdes (t) =

8̂̂<̂
:̂

0, 0 ≤ t < 2,
π

4
�
1 − cos

�
π
5 (t − 2)

��
, 2 ≤ t < 7,

π

2
, 7 ≤ t < 10,

(68)

encodes the desired trajectory. Such a trajectory is depicted
as a black dashed–dotted curve in Fig. 8 (right column, third
panel). Choosing the control gains as in Table III for the speeds
vG1 and vG2 the nonzero characteristic roots of the closed-loop
system are placed at λk = −8s−1, k = 1, . . ., 5. Since these are
in the left half complex plane, the resulting closed-loop system
is stable.

The simulation results are shown on the right side of Fig. 8.
These are carried out using the full nonlinear equations (34)
applying the feedback law (61) with reference trajectory (67)
and control gains in Table III. The right turns are successfully
executed for both speeds. Comparing the control gains below
and above the critical speed for the turning maneuver, only
the derivative gain Dϑ changes sign as highlighted in Table III.

When observing the time evolution of the states and the control
input in Fig. 8, one may notice some high-frequency content
which is more pronounced above the critical speed (orange
curves). These are due to the Coriolis force since the yaw rate
is not zero while the point mass moves along the axle. These
effects are compensated by the controller while executing the
maneuvers.

V. CONCLUSION

In this study, the modeling, analysis, and control of an
autonomous unicycle were considered. The most compact
form of the equations of motion was derived using the
Appellian approach. The steady-state motions of the rolling
wheel were classified as cases of straight rolling, turning-
rolling, and spinning on the spot. The stability of these
motions was determined by linear analysis, and the criti-
cal angular velocities (above which the steady-state motions
are stable) were given in closed form. It was also shown
that a turning-rolling steady state is always stable above
a critical tilt angle, which is independent of the system
parameters.

Building upon the knowledge gained from the dynamics
of the rolling wheel, the simplest possible control strategy
is proposed for autonomous unicycles by means of actuating
the position of a point mass normal to the wheel plane,
to accomplish steering maneuvers such as lane changes and
turns. The nonlinear equations of motion of the unicycle
were given in closed form. Apart from finding steady states
akin to those of the rolling wheel, additional steady states
were identified, such as nontilted turning and tilted spinning.
For the open-loop unicycle, stability results were obtained
for the straight rolling steady state, and the stability of the
turning-rolling steady states was determined semi-analytically,
numerically. All these stability results rely on linearization;
the analysis of the conserved quantities is reserved for future
research.

Utilizing the equations linearized about the straight rolling
steady state, two steering controllers of partial state feedback
were proposed for the unicycle to carry out a lane change
and a 90◦ turn. The resulting linear systems were shown
to be output controllable, and when applying the designed
controllers to the nonlinear system, the unicycle successfully
completed the desired maneuvers as confirmed by numerical
simulations.

The developed modeling, analysis, and control framework
may also allow more sophisticated motion planning as well
as nonlinear control design, which can take full advan-
tage of the agility of unicycles. Such techniques, which
are left for future research, may allow one to achieve
a high level of maneuverability for autonomous unicy-
cles and to provide steering assistance for human-ridden
unicycles.

The introduced unicycle model incorporates engineering
assumptions, which do not necessarily hold in all circum-
stances. For example, sliding may occur, violating the rolling
assumption once the friction forces are not large enough. This
will be analyzed in a separate study. Also, experiments are
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planned with the human-ridden and the autonomous unicycles
to verify the theoretical findings.

APPENDIX A
MODEL DERIVATION FOR THE ROLLING WHEEL VIA THE

APPELLIAN APPROACH

A vector resolved in frame F2 can be transformed to the
frame F0 as

�F0 = T02�F2 (69)

where the rotation matrix is

T02 =

24cosψ − sinψ cosϑ sinψ sinϑ
sinψ cosψ cosϑ − cosψ sinϑ

0 sinϑ cosϑ

35 . (70)

The velocity of the wheel–ground contact point P can be
expressed as

vP = vG + ω× rGP (71)

where the velocity of the center of gravity G can be resolved
in the ground-fixed frame F0 as

vG = ṙG =
�
ẋG ẏG żG

�>
F0

(72)

while the angular velocity of the wheel can be expressed in
the moving frame F2 as

ω =
�
ϑ̇ ψ̇ sinϑ+ ϕ̇ ψ̇ cosϑ

�>
F2

(73)

using the tilt rate ϑ̇, the yaw rate ψ̇, the pitch rate ϕ̇,
and the tilt angle ϑ. One may also express the position
vector as

rGP =
�
0 0 −R

�>
F2
. (74)

Then, transforming the cross product in (71) to the ground-
fixed frame F0 with the help of (70), the rolling condition
(1) results in the kinematic constraints (2) and the geometric
constraint (3).

The definitions of pseudovelocities are appropriate only if
the generalized velocities (ẋG, ẏG, ψ̇, ϑ̇, ϕ̇) can unambiguously
be expressed using the pseudovelocities (ω1, ω2, ω3) and
generalized coordinates (xG, yG, ψ, ϑ, ϕ). To check this, we
combine the kinematic constraints (2) and the definitions of
pseudovelocities (5) into one linear system of equations as
(75), shown at the bottom of the page.

This linear system can be solved if C is invertible, that is, if
its determinant is nonzero. Since det C = cosϑ, the matrix C
is singular when the wheel is horizontal (ϑ = ±π/2), which is
excluded from this analysis. Thus, the generalized velocities
(ẋG, ẏG, ψ̇, ϑ̇, ϕ̇) can be expressed with the pseudovelocities
(ω1, ω2, ω3) as

ẋG = ω1R sinψ cosϑ+ ω2R cosψ ,

ẏG = −ω1R cosψ cosϑ+ ω2R sinψ ,

ψ̇ = ω3
1

cosϑ
, ϑ̇ = ω1 , ϕ̇ = ω2 − ω3 tanϑ . (76)

Also, the velocity of the center of gravity G (72) and the
angular velocity (73) can be expressed in the terms of pseu-
dovelocities (ω1, ω2, ω3) using (76); these vectors have the
most compact form when expressed in frame F2

vG =
�
ψ̇R sinϑ+ ϕ̇R − ϑ̇R 0

�>
F2
≡
�
ω2R − ω1R 0

�>
F2
,

ω =
�
ϑ̇ ψ̇ sinϑ+ ϕ̇ ψ̇ cosϑ

�>
F2
≡
�
ω1 ω2 ω3

�>
F2
. (77)

The acceleration energy of a rigid body is defined as

S =
1
2

ma2
G +

1
2
α · JGα+ α · (ω× JGω) (78)

where aG = v̇G is the acceleration of the center of gravity,
α = ω̇ is the angular acceleration, and JG is the mass
moment of inertia with respect to the center of gravity. All
these vectors must be expressed based on the generalized
coordinates (xG, yG, ψ, ϑ, ϕ), pseudovelocities (ω1, ω2,
ω3), and pseudoaccelerations (ω̇1, ω̇2, ω̇3). Also, the vectors
have the most compact form when expressed in the frame
F2

aG =

24 R (ω̇2 + ω1ω3)
−R (ω̇1 − ω2ω3)

−R
�
ω2

1 + ω2ω3 tanϑ
�
35

F2

, JG =
mR2

4

241 0 0
0 2 0
0 0 1

35
F2

,

α =

24 ω̇1 − ω2ω3 + ω2
3 tanϑ

ω̇2
ω̇3 + ω1ω2 − ω1ω3 tanϑ

35
F2

. (79)

The calculation of the accelerations is not trivial in the moving
frame F2; still, this gives the simplest possible algebraic
form.

These lead to the acceleration energy of the rolling disk

S =
mR2

8
�
5ω̇2

1 + 6ω̇2
2 + ω̇2

3 +
�
2ω2

3 tanϑ − 12ω2ω3
�
ω̇1

+8ω1ω3ω̇2 + (4ω1ω2 − 2ω1ω3 tanϑ) ω̇3
�
+ · · · ,

(80)

where the dots (. . . ) represent further terms that are indepen-
dent of the pseudoaccelerations (ω̇1, ω̇2, ω̇3), so they can be
neglected.

Appell’s equations are formulated as

∂S
∂σ̇j

= Π j, j = 1, . . . , 3 (81)

266664
0
0
ω1
ω2
ω3

377775=

266664
−1 0 R sinϑ cosψ R sinψ cosϑ R cosψ
0 −1 R sinψ sinϑ −R cosψ cosϑ R sinψ
0 0 0 1 0
0 0 sinϑ 0 1
0 0 cosϑ 0 0

377775
„ ƒ‚ …

C

266664
ẋG
ẏG
ψ̇
ϑ̇
ϕ̇

377775. (75)
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where Π j is the pseudoforce corresponding to the pseudoac-
celeration ω̇ j. The pseudoforces can be calculated from the
virtual power of the active forces

δP = G · δvG =

3X
j=1

Π j δωj . (82)

Here, G = [0 0 −mg]>F0
represents the gravitational force, the

only active force in our model, while δvG = [δẋG δẏG δżG]>F0
=

[ · · −R sinϑ δω1]>F0
represents the virtual velocity [see (72)].

These yield the pseudoforces

Π1 = mgR sinϑ , Π2 = 0 , Π3 = 0 . (83)

Based on the acceleration energy (80), Appell’s formula
(81), and the pseudoforces (83), the pseudoaccelerations can
be expressed as

ω̇1 =
6
5
ω2ω3 −

1
5
ω2

3 tanϑ+
4g
5R

sinϑ ,

ω̇2 = −
2
3
ω1ω3 ,

ω̇3 = −2ω1ω2 + ω1ω3 tanϑ. (84)

These equations, together with the generalized velocities (76),
form the system of eight first-order ordinary differential equa-
tions, which constitute the equations of the motion of the
rolling wheel [see (6)].

APPENDIX B
STABILITY OF THE ROLLING WHEEL

To prove the stability of the steady states of the rolling
wheel, we follow [31]. First, time is eliminated from the
second and third equations of the essential motion (6) by
expressing

ω′2 = −2ω3/3 , ω′3 = −2ω2 + ω3 tanϑ (85)

where ω′2 = (dω2/dϑ), ω′3 = (dω3/dϑ) and ϑ̇ = ω1. Since the
wheel is a conservative mechanical system, the total energy
E = T+U is constant, E(t) ≡ E∗ , where T = mR2(5ω2

1+6ω2
2+

ω2
3)/8 and U = mgR cosϑ are the kinetic and potential ener-

gies of the wheel, respectively. Rearranging the total energy
gives

ω2
1 ≡ ϑ̇

2 =
1

5mR2

�
8E∗−mR

�
6ω2

2R−ω2
3R−8g cosϑ

��„ ƒ‚ …
= f

�
ϑ; ϑic, ω2,ic, ω3,ic, E∗

� . (86)

The condition for stability is that f has a strict maximum
at ϑ = ϑ∗. Expressing d f /dϑ = 0 gives back formula (12)
representing the steady-state surface in Fig. 3. The necessary
and sufficient condition for steady states to be stable can be
obtained with d2 f /dϑ2 < 0, where (85) is substituted. This
leads to (20) which is obtained from analyzing the linearized
systems.

APPENDIX C
MODEL DERIVATION FOR THE UNICYCLE VIA THE

APPELLIAN APPROACH

With the added point mass the definition (33) of pseudove-
locities is appropriate because the generalized velocities (ẋG,
ẏG, ψ̇, ϑ̇, ϕ̇, ṙ) can unambiguously be expressed by means
of the pseudovelocities (ω1, ω2, ω3, σ) and the generalized
coordinates (xG, yG, ψ, ϑ, ϕ, r) when (76) is extended with
ṙ = σ+ ω1R.

The acceleration energy S of the unicycle consisting of the
rigid wheel and the point mass is defined as

S =
1
2

ma2
G +

1
2
α · JGα+ α · (ω× JGω) +

1
2

m0a2
A (87)

where the first three terms are identical to those in (78) and
(79). The velocity vA of the point mass m0 can be expressed
as

vA =

24ψ̇ (R sinϑ−r cosϑ) + ϕ̇R
ṙ − ϑ̇R
ϑ̇r

35
F2

≡

24ω2R − ω3r
σ
ω1r

35
F2

(88)

while the acceleration aA becomes

aA =

24 ω̇2R − ω̇3r + ω1ω3 (r tanϑ − R) − 2ω3σ
σ̇ − ω2

1r − ω2
3r + ω2ω3R

ω̇1r + ω2
1R + 2ω1σ+ ω2

3r tanϑ − ω2ω3R tanϑ

35
F2

.

(89)

These lead to

S =
1
8
�
5mR2 + 4m0r2� ω̇2

1 +
1
4

(3m + 2m0) R2ω̇2
2

+
1
8
�
mR2 + 4m0r2� ω̇2

3 +
m0

2
σ̇2 − m0Rrω̇2ω̇3

+
1
4
�
4ω2

1m0Rr + 8ω1σm0r + ω2
3

�
mR2 + 4m0r2� tanϑ

−ω2ω3
�
6mR2 + 4m0Rr tanϑ

��
ω̇1

+
�
ω1ω3

�
mR2 − m0R2 + m0Rr tanϑ

�
− 2ω3ωm0R

�
ω̇2

+
1
4
�
2ω1ω2mR2 + ω1ω3

�
4m0Rr − mR2 tanϑ

−4m0r2 tanϑ
�
+ 8ω3σm0r

�
ω̇3

+
�
ω2ω3m0R − ω2

1m0r − ω2
3m0r

�
σ̇+ . . . . (90)

The pseudoforces Π j are expressed based on the virtual power

δP = G · δvG + GA · δvA + F · δvA − F · δvG =

4X
j=1

Π j δωj

(91)

where G = [0 0 − mg]>F0
and GA = [0 0 −m0g]>F0

are
the gravitational forces acting on the wheel and the point
mass, respectively, δvA = [Rδω2 − rδω3 δσ rδω1]>F2

, F is
the control force (31) and we used the notation ω4 = σ. This
yields the following pseudoforces:

Π1 = (m + m0) gR sinϑ − m0gr cosϑ ,
Π2 = 0 , Π3 = 0 , Π4 = u − m0g sinϑ . (92)

In the case of m0 > 0, the pseudoaccelerations (ω̇1, ω̇2, ω̇3,
σ̇) can be obtained from the Appellian equations of the form
(81), while the generalized velocities (ẋG, ẏG, ψ̇, ϑ̇, ϕ̇, ṙ) can
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also be expressed from the definition of the pseudovelocities
(33) and the kinematic constraints (2) for ϑ , ±π/2. These
result in the equations of motion of the unicycle (34).

APPENDIX D
ELEMENTS OF MATRIX A IN (45)

Note that in the following formulas, the steady-state tilt
angle ϑ∗, yaw rate ψ̇∗, pitch rate ϕ̇∗, and point mass position
r∗ are not independent of each other but they must satisfy the
relations in (38)

A12 =
ψ̇∗
�
6mR2 cosϑ∗ + 4m0Rr∗ sinϑ∗

�
5mR2 + 4m0r2

∗

,

A13 =
1

5mR2 + 4m0r2
∗

�
ϕ̇∗R (6mR + 4m0r∗ tanϑ∗)

+ψ̇∗
�
4m0Rr∗ tanϑ∗ +

�
4mR2 − 8 m0r2

∗

��
sinϑ∗

�
,

A14 =
1�

5mR2 + 4m0r2
∗

�
cosϑ∗

·
�
4ψ̇∗ϕ̇∗m0Rr∗ + ψ̇2

∗ (4m0Rr∗ tanϑ∗
−
�
mR2 + 4m0r2

∗

��
cosϑ∗

+ 4m0gr∗ sinϑ∗ cosϑ∗ + 4mgR cos2 ϑ∗
�
,

A16 =
m0�

5mR2 + 4m0r2
∗

�2

·
��

16m0gr2
∗ − 20 mgR2� cosϑ∗ + ψ̇∗ϕ̇∗

·
��

20mR3 − 16 m0Rr2
∗

�
sinϑ∗ − 48 mR2r∗ cosϑ∗

�
− 32 mgRr∗ sinϑ∗+4ψ̇2

∗

��
5mR3 − 4m0Rr2

∗

�
sin2 ϑ∗

−20 mR2r∗ sinϑ∗ cosϑ∗
� �
,

A21 =
1

3mR2 + 2 m0R2 + 12 m0r2
∗

·
�
−4Rϕ̇∗m0r∗ + 2ψ̇∗

��
m0R2−mR2 − 4m0r2

∗

�
· cosϑ∗ − 2 m0Rr∗ sinϑ∗

��
,

A25 =
4Rψ̇∗m0 cosϑ∗

3mR2 + 2 m0R2 + 12 m0r2
∗

,

A31 =
1

3mR2 + 2 m0R2 + 12 m0r2
∗

·
�
−ϕ̇∗

�
6 mR2 + 4m0R2 �

+ ψ̇∗
��

12m0r2
∗ − 3mR2 − 2 m0R2� sinϑ∗

−20 m0Rr∗ cosϑ∗
� �
,

A35 = −
24ψ̇∗m0r∗ cosϑ∗

3mR2 + 2 m0R2 + 12 m0r2
∗

,

A52 = −ψ̇∗R cosϑ∗ , A53 = ψ̇∗ (2 r∗ cosϑ∗−R sinϑ∗)−ϕ̇∗R,

A54 = −g cosϑ∗ , A56 = ψ̇2
∗ cos2 ϑ∗ , A61 = R,

A73 =
1

cosϑ∗
, A74 = ψ̇∗ tanϑ∗ , A83 = − tanϑ∗,

A84 = −
ψ̇∗

cosϑ∗
, A91 = R sinψ∗ cosϑ∗ , A92 = R cosψ∗,

A97 = −R
�
ψ̇∗ sinϑ∗ + ϕ̇∗

�
sinψ∗ , A101 =−R cosψ∗ cosϑ∗,

A102 = R sinψ∗ , A107 =R
�
ψ̇∗ sinϑ∗ + ϕ̇∗

�
cosψ∗ .
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