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Sharable Clothoid-Based Continuous Motion
Planning for Connected Automated Vehicles

Sanghoon Oh , Qi Chen, H. Eric Tseng , Gaurav Pandey, and Gábor Orosz , Senior Member, IEEE

Abstract— A continuous motion planning method for con-
nected automated vehicles (CAVs) is considered for generating
feasible trajectories in real-time using three consecutive clothoids.
The proposed method reduces path planning to a small set
of nonlinear algebraic equations such that the generated path
can be efficiently checked for feasibility and collision. After
path planning, velocity planning is executed while maintaining
a parallel simple structure. Key strengths of this framework
include its interpretability, shareability, and ability to specify
boundary conditions. Its interpretability and shareability stem
from the succinct representation of the resulting local motion plan
using a handful of physically meaningful parameters. Vehicles
may share these parameters via vehicle-to-everything (V2X) com-
munication so that the recipients can precisely reconstruct the
planned trajectory of the senders and respond accordingly. The
proposed local planner guarantees the satisfaction of boundary
conditions, thus ensuring seamless integration with a wide array
of higher-level global motion planners. The tunable nature of the
method enables tailoring the local plans to specific maneuvers like
turns at intersections, lane changes, and U-turns.

Index Terms— Connected automated vehicles (CAVs), G2
smoothness, motion planning, vehicle-to-everything (V2X) com-
munication.

I. INTRODUCTION

AUTONOMOUS driving involves various levels of plan-
ning including route planning, behavioral planning,

and motion planning [1], [2]. The latter specifies the
desired trajectory of the vehicle which should meet multiple
requirements–feasibility, smoothness, and free of collisions.
However, optimal motion planning subject to geometric and
kinematic constraints is PSPACE-hard [3]. Motion primitives
can dramatically decrease the complexity of the planning
problem, but they should provide flexibility and ease of
tuning to generate smooth feasible trajectories. This article
proposes a local motion planning method, akin to a motion
primitive. Interpretable parameterization promotes shareability
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via V2X communication, while precise alignment with bound-
ary conditions supports integration with higher-level planners.
In addition, tunability, arising from adjustable parameters,
enhances the versatility. These core strengths are applied to
both path planning and velocity planning.

There have been various approximate approaches for motion
planning of connected automated vehicles (CAVs) using
variational methods [4], graph-search methods [5], [6], and
incremental search methods [7], [8]. These planning meth-
ods are well suited for complex scenarios where obstacles
are distributed over an unstructured environment [9] and no
specifications of the local waypoints are given. However, they
typically yield local optimality and are subject to heavy com-
putational burden. Considering that urban roads are structured
environments, where a set of waypoints can be pre-defined
along the route [10], we propose interpolating curve plan-
ning to address the above challenges and efficiently generate
smooth local trajectories between given waypoints.

Interpolating curve planning methods may use different
kinds of base curves, and clothoids are among the most
intriguing ones as they can make smooth transitions between
straight lines and curved arcs [10], [11], [12], [13]. In a
recent work [14], G2 Hermite interpolation was proposed to
generate paths consisting of three consecutive clothoids, which
are second-order smooth and satisfy the boundary conditions
for arbitrary initial and final positions, angles, and curvatures.
Within this article, we extend this method by encompassing
feasibility constraints and by augmenting the path planning
with a compatible velocity plan. These extensions enable us
to generate local motion plans, between waypoints cascaded
down from a higher-level planner, for CAVs traversing in
structured environments.

Wireless vehicle-to-everything (V2X) communication can
be utilized to improve the safety of automated vehicles, since
it can provide information about other connected agents,
including those beyond the line of sight. Use cases include
control systems that can enhance stability [15], [16], [17],
energy efficiency [18], and safety [19], [20], which mostly
focus on the longitudinal dynamics of vehicles. Current mes-
sages, like the basic safety message (BSM), only include the
current position and velocity of the vehicle. There have been
recent efforts to enhance the utility of messages by including
additional useful information such as intent [21], [22], [23].
It was also shown that connectivity can enhance coordination
in complicated scenarios like unsignalized intersections [24],
[25]. To enhance traffic safety and mobility with minimal
extension of messages, this article proposes local motion plan-
ning that can be encoded in a compact V2X message. It will
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be demonstrated that such motion plans, including both path
and velocity profiles, can be easily encoded and decoded, and
can be utilized to resolve conflicts in scenarios when multiple
agents share their local plans via V2X communication.

A. Related Work
For mobile robots with nonholonomic constraints, there

have been efforts to provide suitable local motion plans based
on optimization methods [7], [26]. For example, Dubins’ path,
which is shown to be optimal in terms of path length [27],
is used as the local motion planning method for kinodynamic
RRT* [8]. However, such plans cannot provide curvature
continuity and are not suitable for an actual vehicle because
the desired steering angle profile consists of only maximum
steering and zero steering. One may tackle this problem
by solving an optimization problem based on a nonlinear
model with continuous curvature [28], but applying nonlinear
optimization for every extension process of an RRT leads to a
heavy computational load. Path smoothing is another popular
approach that can lead to a continuous curvature profile [29],
[30], but such methods typically modify the boundary condi-
tions. There also exist reinforcement learning-based motion
planning approaches [31], [32] that require maintaining a
Q-table for all possible state–action pairs, which cannot be
encoded into shareable V2X messages [33].

Interpolating spline methods may be used to solve the
boundary value problem (BVP) of local motion planning.
There are different interpolating methods with different
primitives, including polynomial splines [34], [35], Bezier
curve [36], [37], B-spline [29], [38], and clothoids [39]. For
example, the local path planner in [35] results in smooth
curves using polynomial splines (parameterized with eight
free parameters), while the optimization-based local motion
planner in [38] uses G2 smooth primitives. However, finding
the parameters of splines usually requires solving nonlinear
nonconvex optimization problems, which is difficult to apply
in real-time. Clothoids can be used for path design since
the curvature, and thus the tangent of the desired steering
angle, is affine functions of the arclength [40], [41], [42]. This
is why clothoids are also used for designing road curvature
profiles [43].

A single clothoid might not be enough to solve the BVP,
but several consecutive clothoids are. In [44], a G3 smooth
planning method is proposed, but it is limited to scenarios
when zero curvatures at both boundaries are enforced, and
therefore it is only appropriate for parking lot maneuvers.
In [14], a G2 Hermite interpolation method is proposed that
solves the BVP for given positions, yaw angles, and curvatures
at the boundaries using three consecutive clothoids. It is shown
that this leads to a system of algebraic equations that can
be numerically solved for arbitrary boundary conditions. This
work motivates our study to create a feasible local planner for
CAVs when curvature limits are introduced by the steering
system.

B. Contributions of the Article
Our three-clothoid motion planning method first generates

a G2 continuous path (i.e., a path with continuous curvature)

and subsequently establishes a smooth velocity profile, known
as path velocity decomposition (PVD). Thanks to the G2 con-
tinuity, the exact swept volume of the vehicle can be obtained
by tracing a few points of the vehicle’s body. We exploit this
when developing a novel collision-checking method that out-
performs sampling-based collision-checking methods in terms
of consistency. We also utilize the structure of the path plan
for velocity planning by designing a constant acceleration for
each clothoid and then generating a piecewise smooth velocity
plan using constant jerk smoothing. This way, we obtain a
compact representation of the motion plan, represented by a
few parameters of clear physical interpretation.

There are three significant advantages of the proposed
framework. First, it generates an interpretable continuous local
motion plan that can be summarized and reproduced with only
a few parameters of clear physical meanings. This small num-
ber of parameters makes it easy to encode the plan and share
it via V2X messages. Second, the planned motion satisfies the
boundary condition exactly and does not require additional
smoothing. This makes it easy to integrate the local motion
plans with different higher-level motion planners. Third, the
method possesses a tunability feature that enables one to
generate multiple local plans satisfying the same boundary
condition. Then the user may select the plan based on different
objectives such as travel time and/or maximum curvature.
We will demonstrate that the method is applicable to a large
variety of maneuvers, including turns at intersections, lane
changes, and U-turns, and that it can be utilized to resolve
conflicts between CAVs.

The rest of the article is organized as follows. We for-
mulate the problem of motion planning in Section II.
In Section III, the path planning problem is described fol-
lowed by the velocity planning in Section IV. In Section V,
local planning examples are compared to benchmark planning
algorithms for representative urban maneuvers, the encod-
ing/decoding of the plans to/from V2X messages is explained,
and the conflict resolution between multiple CAVs is dis-
cussed. We conclude the results in Section VI, where we also
lay out some future research directions.

II. PROBLEM STATEMENT

Below, we formulate the motion planning problem in
a mathematical form. It assumed that the initial and the
final waypoints are given by a higher-level planner. First,
we describe the mathematical model used for planning, fol-
lowed by formulating the BVP that needs to be solved to plan
a trajectory.

A. Single-Track Vehicle Model

In this article, a single-track model shown in Fig. 1 is
used for motion planning. For simplicity, the front wheels are
merged into one wheel and the rear wheels are merged into one
wheel. No slip conditions at the front and the rear are assumed
which are good approximations for most urban scenarios [45],
[46]. The vehicle’s motion is described by three configuration
coordinates: x and y denote the position of the center R of the
rear axle and ψ denotes the yaw angle. In addition, v denotes
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Fig. 1. Single-track model of an automobile used in the article.

the longitudinal velocity of the body which is assumed to be
non-negative. Thus, the state vector consists of the four states
[x, y, ψ, v]⊤ defined in the state space X = R2

× S × R≥0.
The input vector [γ, a]

⊤ consists of the front steering angle γ
and the longitudinal acceleration a defined in the input space
U = S × R. The nonlinear differential equation is formulated
as

ẋ = v cosψ
ẏ = v sinψ

ψ̇ =
v

l
tan γ

v̇ = a (1)

where the dot represents the derivative with respect to time
t and l denotes the wheelbase, i.e., the distance between the
center of the rear axle R and the center of the front axle F;
see Fig. 1.

The input constraints are expressed as

|γ | ≤ γmax

|γ̇ | ≤ �max

amin ≤ a ≤ amax

|ȧ| ≤ jmax. (2)

Here, we use the values γmax = π/6, �max = 2π 1/s,
amin = −8 m/s2, amax = 3 m/s2, and jmax = 2 m/s3. Note that
the acceleration constraint is related to the limits of the
powertrain and the brake system of the vehicle. The jerk
limit is considered for the ride comfort of the passengers.
An additional state constraint, which accounts for the lateral
acceleration limit and a rule of the road, will be introduced in
Section IV.

From the no-slip conditions of the wheels, the instantaneous
curvature of the rear axle center can be expressed by

κ =
tan γ

l
. (3)

This shows that setting the steering angle in (1) is equivalent
to setting the curvature of the path. Additionally, the steer-
ing input constraint in (2) can be translated to a curvature
constraint.

B. Motion Planning Problem

To define the motion planning problem, we first define the
workspace, configuration space, and state space precisely. The
workspace is the (x, y) plane, that is, W = R2. Part of this
plane is occupied by the vehicle itself, while other parts may
be occupied by obstacles. The configuration space is spanned
by the scalar coordinates that are needed to unambiguously
describe the configuration of the vehicle. These are the x
and y positions of the rear axle center point R and the yaw
angle ψ , that is, the configuration space has the topological
structure C = R2

× S. The state space includes all variables
needed to describe the state of the vehicle. In our case, the
longitudinal speed v is added to the configuration coordinates
yielding the state space X = R2

× S × R≥0. Note that the
lateral velocity and the yaw rate are not used as state variables
since we assume that neither the front nor the rear wheels have
side slips [2]. We assume that a higher-level planner defines
the desired waypoints in the configuration space C and then
focuses on planning the motion in the state space X .

Given the initial and final configurations, the “relative
configuration” between them can be found by putting the
initial configuration at the origin of the configuration space
and changing the basis accordingly. The transformed final
configuration is denoted as [1x,1y,1ψ]

⊤. Thus, the local
motion plan needs to satisfy the boundary conditions

x(0) = 0, x(T ) = 1x

y(0) = 0, y(T ) = 1y

ψ(0) = 0, ψ(T ) = 1ψ

v(0) = v0, v(T ) = vf

γ (0) = γ0, γ (T ) = γf. (4)

Our aim with the local motion planner is to prioritize
interpretability, shareability, and the ability to set boundary
conditions (e.g., v0 and vf) rather than focusing on generating
a trajectory with the minimum travel time. Here, we assume
that the initial velocity v0 is given by the global planner,
while the final velocity vf and the travel time T are not fixed.
In general, the global planner can specify either v0 or vf. The
initial steering angle γ0 and the final steering angle γf are
also assumed to be given by the global planner. The motion
planning problem with arbitrary final steering angle will be
considered in future studies. It is also assumed that the location
and shape of stationary obstacles are known. Consequently, the
local motion planning problem can be formulated as follows.

Problem 1: Trajectory planning. Given the initial and final
positions and headings, as well as the initial steering angle,
find a trajectory (which includes path and speed profile) that
satisfies the differential equations (1), the constraints (2), and
the boundary conditions (4).

To solve this problem, the local motion planning algorithm
returns a path of continuous curvature and velocity which is
parameterized by the traveled distance. Note that by limiting
the steering rate and jerk in (2), the solution of (1) is
continuously differentiable which also leads to the continuity
of the curvature. The motion planning algorithm is divided
into a separate path planner and velocity planner, which are
described in Sections III and IV.
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III. PATH PLANNING

To solve Problem 1, we develop a local motion planner
that first designs the geometric path and then the velocity
profile. To be independent of the velocity profile, the geometric
path is represented as a function of the distance s traveled
by the center or the rear axle. This is often referred to as
arclength parameterization. That is, the trajectory is expressed
as [x(s), y(s), ψ(s), v(s)]⊤ in the state space R2

× S × R≥0.
The derivatives of the configuration variables x, y, ψ with

respect to the arclength s are denoted by x ′, y′, ψ ′. These can
be obtained using the chain rule

ẋ =
dx
dt

=
dx
ds

ds
dt

= x ′ṡ = x ′v. (5)

Thus, (1) and (3) yield the differential equations

x ′
= cosψ

y′
= sinψ

ψ ′
= κ (6)

while (4) yields the boundary conditions

x(0) = 0, x(sf) = 1x

y(0) = 0, y(sf) = 1y

ψ(0) = 0, ψ(sf) = 1ψ

κ(0) = κ0, κ(sf) = κ2. (7)

Here, sf denotes the total distance traveled which is not fixed
a priori. The initial and final curvatures κ0 and κ2 correspond
to the initial and final steering angles γ0 and γf, respectively.
Finally, using (3), the first constraint in (2) can be rewritten
for the curvature

|κ(s)| ≤
tan γmax

l
. (8)

Thus, the path planning can be formally cast as follows.
Problem 2: Path planning. Given the differential

equation (6) and the constraint (8), find a continuous
function κ(s) that satisfies the boundary conditions (7).

Notice that we require the continuity of the function κ(s)
to ensure G2 continuity of the path.

We solve Problem 2 using a three-clothoid G2 Hermite
interpolation method [14]. We emphasize that none of the
existing methods, including polynomial-based spline, B-spline,
and Dubins path, meet all four of the following criteria:
1) ensuring G2 continuity; 2) exactly satisfying the boundary
conditions; 3) encoding the path with a fixed number of param-
eters which have a clear physical interpretation; 4) having
tunable parameters which allow the generation of multiple
paths for given boundary conditions. With the three-clothoid
method to be described below, a family of local paths, each
having two tunable parameters can be generated by solving
eight algebraic nonlinear equations with ten unknowns. These
equations can be solved numerically such that the resulting
path exactly meets the boundary conditions.

Fig. 2. Three-clothoid path plan for a left turn with relevant variables
depicted. The curvature is continuous and all boundary conditions are met.
(a) Desired path. (b) Desired curvature.

A. Three-Clothoid Path Generation

By integrating (6), the end boundary conditions (7) become

1x =

∫ sf

0
cos

(∫ s

0
κ(σ )dσ

)
ds

1y =

∫ sf

0
sin
(∫ s

0
κ(σ )dσ

)
ds

1ψ =

∫ sf

0
κ(s)ds. (9)

Thus, assuming a particular function κ(s) for the curvature
determines the path, and the simpler the algebraic form is
the easier to evaluate the integrals in (9). Here, use piecewise
linear functions for κ(s), which makes its integrals piecewise
quadratic and results in a piecewise three-clothoid path.

Fig. 2 depicts an example three-clothoid path. The initial
configuration is the origin (0, 0, 0), while the initial curva-
ture is κ0. The final configuration is (1x,1y,1ψ) and the
final curvature is κ2. Moreover, x1, y1, and ψ1 denote the
location and orientation of the middle point of the second
clothoid, and κ1 = κ

(
s0 + (s1/2)

)
gives the curvature at this

middle point. Finally, κ ′

0, κ ′

1, and κ ′

2 denote the constant
sharpness of the first, second, and third clothoids, respectively.
The corresponding continuous curvature function κ(s) is
expressed as

path(s0, s1, s2, κ0, κ1, κ2, κ
′

0, κ
′

1, κ
′

2)

=


κ0 + κ ′

0 s, if 0 ≤ s ≤ s0

κ1 + κ ′

1

(
s − s0 −

s1

2

)
, if s0 ≤ s ≤ s0 + s1

κ2 + κ ′

2(s − sf), if s0 + s1 ≤ s ≤ sf

(10)

where sf = s0 + s1 + s2. The existence of an unconstrained
solution of such a local path is proven numerically in [14]
with a systematic selection of parameters s0, s2 > 0. We also
remark that out of the nine parameters listed in (10), only
seven are independent. For example, one may express the
sharpnesses κ ′

0 and κ ′

2 from the continuity equations

κ1 − κ ′

1
s1

2
= κ0 + κ ′

0s0

κ1 + κ ′

1
s1

2
= κ2 − κ ′

2s2. (11)
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To express the position of a clothoid path [see (9)], let us
define the Fresnel integrals

C(a, b, c) :=

∫ 1

0
cos

(a
2
σ 2

+ bσ + c
)

dσ

S(a, b, c) :=

∫ 1

0
sin
(a

2
σ 2

+ bσ + c
)

dσ. (12)

Using these, one can set up the continuity conditions and
the boundary conditions for three clothoids yielding eight
nonlinear algebraic equations with 15 variables

x1 −
s1

2
C

(
κ ′

1s2
1

4
,−
κ1s1

2
, ψ1

)
= s0C

(
κ ′

0s2
0 , κ0s0, 0

)
x1 +

s1

2
C

(
κ ′

1s2
1

4
,
κ1s1

2
, ψ1

)
= 1x−s2C(κ ′

2s2
2 ,−κ2s2,1ψ)

y1 −
s1

2
S

(
κ ′

1s2
1

4
,−
κ1s1

2
, ψ1

)
= s0S

(
κ ′

0s2
0 , κ0s0, 0

)
y1 +

s1

2
S

(
κ ′

1s2
1

4
,
κ1s1

2
, ψ1

)
= 1y−s2S

(
κ ′

2s2
2 ,−κ2s2,1ψ

)
ψ1 −

κ1s1

2
+
κ ′

1s2
1

8
= κ0s0 +

κ ′

0s2
0

2

ψ1 +
κ1s1

2
+
κ ′

1s2
1

8
= 1ψ +

κ ′

2s2
2

2
− κ2s2

κ1 −
κ ′

1s1

2
= κ0 + κ ′

0s0

κ1 +
κ ′

1s1

2
= κ2 − κ ′

2s2. (13)

Among the 15 variables, (1x,1y,1ψ, κ0, κ2) are given.
The variables (s0, s2) are selected by us, and (13) is solved for
the eight remaining unknowns (x1, y1, ψ1, κ1, κ

′

0, κ
′

1, κ
′

2, s1).
Using algebraic manipulations, (13) can be reduced to two
nonlinear equations for the two unknowns s1 and κ ′

1 [14].
These can be solved using Newton’s method. The other
unknowns can be expressed as a function of s1 and κ ′

1.
We remark that for given (1x,1y,1ψ, κ0, κ2), multiple paths
can be generated by tuning the parameters s0 and s2. All of
these plans satisfy the boundary conditions.

Tunability is demonstrated for a left turn maneuver and for a
lane change maneuver in Fig. 3, for the special case of s0 = s2.
One may observe that for both maneuvers, the parameters
s0 and s2 have lower and upper bounds. In these examples,
the lower bound is zero, while the upper bound is reached
when the length s1 of the middle clothoid approaches zero.
In general, the value of the bounds depends on the boundary
conditions. These bounds can also guide the selection of the
tunable parameters s0 and s2. The user may select these param-
eters to achieve different performance measures including the
maximum curvature or the maximum sharpness reached during
the maneuver, both of which are given explicitly by the local
motion plan.

B. Online Feasibility Validation

For some boundary conditions, there may not exist a feasible
path. In order to check this, we establish feasibility charts that
can be generated offline. A feasibility chart depicts the region

Fig. 3. Multiple paths generated for the same boundary conditions while
tuning the arclength s0 of the first clothoid and the arclength s2 of the last
clothoid. (a) and (b) Different paths for a 90◦ left turn. (c) and (d) Paths for
a lane change. From (b) and (d), one may obtain the lower and upper bounds
of s0 and s2 for each maneuver.

in the configuration space where the solution of (13) leads to
a curvature profile κ(s), s ∈ [0, sf] that meets the inequality
constraint (8). Since the three-clothoid path depends on the
free parameters s0, s2, the feasible region differs for different
selections of these parameters.

Here, to reduce the search space, we restrict ourselves to the
case s0 = s2 and also set κ2 = 0. That is, we vary the variables
(1x,1y,1ψ, κ0, s0) in (13) to find the boundary where the
equality

|κ(s)| =
tan γmax

l
(14)

holds. The resultant solution is a 4-D boundary in the
5-D space R2

× S × R × R≥0 spanned by the variables
(1x,1y,1ψ, κ0, s0). To find this boundary, we solve (13),
(14) using bisection method [47], which enables us to explore
a predefined part of the parameter space. For effective visu-
alization, we fix (1ψ, κ0, s0) and depict the 1-D boundary in
the 2-D space (1x,1y).

Fig. 4(a) shows a feasibility chart where the feasible domain
is shaded green. The obtained path and the corresponding
curvature profile for the feasible point F are shown in Fig. 4(b)
and (c), while the path and curvature profile for the infeasible
point N are shown in Fig. 4(d) and (e). Notice that in the
latter case, the curvature exceeds the constraint indicated by
the upper dashed horizontal line. In Fig. 5, we show feasibility
charts for different values of 1ψ and κ0, while still using
s0 = s2 and κ2 = 0. Notice that the charts look qualitatively
similar, but they become asymmetric once 1ψ ̸= (π/2) and
κ0 ̸= 0.

IV. VELOCITY PLANNING

For each path, a longitudinal velocity profile shall be
generated. The last equation in (1) combined with ṡ = v yields

ṡ = v

v̇ = a. (15)
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Fig. 4. (a) Feasibility chart in the (1x,1y) plane, where green
shading indicates the feasible region. (b) and (c) Example for a fea-
sible path. (d) and (e) Example for an infeasible path. The values
1ψ = (π/2), κ0 = κ2 = 0, s0 = s2 = 5 m are fixed.

This is augmented by the boundary conditions

s(0) = 0, s(T ) = sf

v(0) = v0, v(T ) = vf (16)

see the fourth row in (4). As mentioned above, vf is unknown
a priori. Also, while sf is obtained from the path plan, T is
not yet determined. The solution of the BVP (15) and (16)
provides s(t) and v(t). The inverse of s(t) gives time as a
function of arclength t (s), which can be substituted into v(t)
to get velocity plan as a function of arclength v(s). Then the
arclength parameterized acceleration is obtained as

a(s) =
dv
dt

=
dv
ds

ds
dt

=
dv(s)

ds
v(s). (17)

Also, we use the last two equations of (2) and with an addi-
tional constraint on the lateral acceleration when generating
the longitudinal plan. These result in

amin ≤ a ≤ amax,

|ȧ| ≤ jmax

0 ≤ v(s) ≤ v(s) (18)

where v(s) encodes the steering rate constraint and the lateral
acceleration constraint as derived below.

Given the curvature plan κ(s), one may limit the lateral
acceleration at point R by limiting the velocity according to

|κ(s)|v2(s) ≤ alat,max (19)

see [2]. Here, we use the value alat,max = 3 m/s2. Moreover,
the steering rate constraint in (2) can be translated to a velocity
constraint taking the time derivative of (3)

γ̇ = l v(s) κ ′(s) cos2 γ =
l v(s) κ ′(s)
1 + tan2 γ

. (20)

Substituting (3) results in

γ̇ =
l v(s) κ ′(s)
1 + l2κ2(s)

(21)

which yield ∣∣∣∣ lv(s) κ ′(s)
1 + l2κ2(s)

∣∣∣∣ ≤ �max. (22)

The constraints (19) and (22) can be incorporated in the third
row of (18) as

v(s) = min
{√

alat,max

|κ(s)|
, �max

1 + l2κ2(s)
l |κ ′(s)|

}
. (23)

Thus, the velocity planning problem is formulated as follows.
Problem 3: Velocity planning. Given a continuous path com-

posed of three connected clothoids with prescribed curvature
κ(s), s ∈ [0, sf], find a velocity profile v(s) that maintains
constant acceleration within each clothoid segment, subject
to the dynamics (15), the boundary condition (16), and the
constraints (18) and (23).

We solve this problem using a piecewise constant acceler-
ation plan whose segments are aligned to those of the path
plan. This is followed by constant jerk smoothing resulting in
a piecewise linear acceleration plan. Thus, the velocity plan
can also be expressed with a few parameters.

For segment i , given the initial velocity vi and constant
acceleration ai , integrating (17) yields the velocity plan

v(s) =

√
v2

i + 2 ai s. (24)

To satisfy constraint (23) and select the highest acceleration
possible, the constant acceleration for segment i is given as

ai = max
{

amin, min
{

amax, min
s∈[0, si ]

1
2s

(
v2(s)− v2

i
)}}

.

(25)

Note that the initial velocities of the second and third segments
can be computed according to (24)

v1 =

√
v2

0 + 2 a0s0, v2 =

√
v2

1 + 2 a1s1. (26)

The piecewise constant acceleration plan proposed above
is discontinuous at the points where the segments meet and
violates the jerk constraint. Thus, we refine the solution with
a smoothing method that interpolates between the segments
using the maximum jerk value in (18). For the case ai−1 > ai ,
the interpolation occurs within segment i − 1. First, we com-
pute the interpolation period Ti−1 and translate this interval
into the traveled distance Si−1 assuming the final velocity
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Fig. 5. Feasibility charts in the (1x,1y) plane, where green shading indicates the feasible regions. The values of different 1ψ, κ0 for each panel
(a)–(i) are indicated.

Fig. 6. Velocity plans using piecewise constant acceleration (red, blue, green)
and piecewise linear acceleration (cyan). (a) Velocity. (b) Acceleration.

(v2
i−1 + 2ai−1si−1)

1/2; see (24). Then, integrating backwards
in time with constant jerk jc, we obtain

Ti−1 =
ai−1 − ai

jc

Si−1 =

√
v2

i−1 + 2ai−1si−1Ti−1 −
1
2

ai−1T 2
i−1 −

2
3

jcT 3
i−1.

(27)

For ai−1 ≤ ai , the interpolation occurs within segment i .
We compute the corresponding interpolation time and then
translate it into the traveled distance by integrating forward in
time. This results in

Ti =
ai − ai−1

jc

Si =

√
v2

i−1 + 2ai−1si−1Ti +
1
2

ai−1T 2
i +

1
6

jcT 3
i . (28)

That is, for a0 ≤ a1, a1 ≤ a2, the velocity plan becomes

vplan1(v0, v1, v
′

2, a0, a1, a2, jc, s0, s1, s2, S1, S2)

=



√
v2

0 + 2a0s, if 0 ≤ s < s0,√
v2

1 + 2a0(s − s0)+ jc(s − s0)2,

if s0 ≤ s < s0 + S1√
v2

1 + 2a0S1 + jc S2
1 + 2a1(s − s0 − S1),

if s0 + S1 ≤ s < s0 + s1√(
v′

2
)2

+ 2a1(s − s0 − s1)+ jc(s − (s0 + s1))2,

if s0 + s1 ≤ s < s0 + s1 + S2√(
v′

2
)2

+ 2a1S2 + jc S2
2 + 2a2(s − s0 − s1 − S2),

if s0 + s1 + S2 ≤ s ≤ sf

(29)

where

v′

2 =

√
v2

1 + 2a0S1 + jc S2
1 + 2a1(s1 − S1) (30)

which can be encoded using 12 parameters. The velocity
plans for other cases (a0 > a1, a1 > a2; a0 ≤ a1, a1 > a2;
a0 > a1, a1 ≤ a2) are given in Appendix A.

Fig. 6 compares the velocity plans before and after the
constant jerk smoothing. The velocity profile before smoothing
(i.e., with piecewise constant acceleration) is shown in red,
blue, and green, while the cyan curve depicts the smoothed
velocity plan (34) with piecewise linear acceleration. As indi-
cated by the black dashed curve, both plans satisfy the velocity
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and acceleration constraints (18) and (23), while the smoothing
has very little impact on the total travel time.

V. IMPLEMENTATION

In this section, we highlight the advantages of the proposed
three-clothoid motion planning algorithm by comparing it with
other planning algorithms. We also describe how the proposed
motion plan can be encoded and decoded when sharing it via
V2X communication. Finally, we demonstrate how sharing the
motion plans can be utilized for conflict resolution between
CAVs.

A. Comparison of Planning Algorithms

The motion planning algorithms are demonstrated using
three representative urban driving scenarios: 1) left turn at an
intersection; 2) lane change maneuver; and 3) forward parking
into a tight space. The first two scenarios are commonly used
in the literature, while the parking lot scenario is added to
test the performance limits of the local planning algorithms.
For the left turn and the lane change, zero initial and final
curvatures are used. For the parking lot scenario, nonzero
final curvature is set to represent the fact that drivers often
use a nonzero steering angle at the end of such maneuvers.
We compare the three-clothoid planning algorithm with the
quintic spline [34], Bezier curve [29], and Dubins path [27]
methods. The results are compared quantitatively in Tables I
and II, while the designed paths are depicted in Fig. 7.

Table I shows that the total length of the path does not
vary significantly between different algorithms. As proven
theoretically [27], the Dubins path has the shortest length;
however, the three-clothoid plan is only up to seven percent
longer. Since the Dubins path is the combination of maxi-
mum curvature arcs and a straight line, it does not satisfy
G2 continuity making the maximum of the sharpness κ ′(s)
infinite. This would lead to jumps in lateral acceleration and
poor performance in terms of ride comfort. The Bezier curve
is slightly shorter than the three-clothoid plan, but it does
not always satisfy the boundary condition prescribed for the
curvature, nor it can guarantee that the curvature κ(s) stays
below the prescribed limit 0.2; see Fig. 7(b) and (f).

To be able to evaluate the travel time of the other
path planning methods, we used a minimum-time veloc-
ity optimizer [48], which considered only the longitudinal
acceleration constraint in (2) and the lateral acceleration
constraint (19), while ignoring the jerk limit and steering rate
constraints. In contrast, the travel time for the three-clothoid
plan is derived using the piecewise linear acceleration plan
proposed above, which satisfies all constraints and boundary
conditions. The results in Table I demonstrate that the pro-
posed three-clothoid plan gives only a mild trade-off, if any,
in travel time compared to the best of the other methods.

Table II compares the computation time between different
planning methods and shows that three-clothoid plans can be
generated faster than Bezier curves and quintic splines. The
mean and standard deviation of the computation time required
to generate a feasible path (if there exists one) are given
under randomly chosen boundary conditions. Specifically,

Fig. 7. Comparison of the results of different planning algorithms. (a) and
(b) Left turn at an intersection. (c) and (d) Lane change maneuver. (e) and
(f) Left turn at the parking lot. (a), (c), and (e) Depict the planned paths while
(b), (d), and (f) show the curvature plans.

we randomly pick ten waypoints while using zero curvature
boundary conditions. We remark that both the quintic spline
and the Bezier curve require parameter searches, which include
identifying a range of candidate parameters and evaluating
the feasibility of the paths. In the case of the quintic spline,
one needs to solve a constrained nonlinear optimization prob-
lem [34], [35]. For the Bezier curve, the challenge is to locate
the control points such that the resultant path is feasible [37],
[49], [50], [51]. Due to the lack of direct connection between
the locations of control points and maximum curvature, a brute
force parameter search led to a significantly higher standard
deviation of the computation time compared to other algo-
rithms. As opposed to these, the proposed three-clothoid plan
has two tunable parameters: the lengths of the first and the last
clothoids s0 and s2. These parameters, as all other parameters
in the three-clothoid plan, have clear physical meaning and
they can be tuned to maximize passenger comfort.

B. Encoding and Decoding of Motion Plans

Once the path plan and the velocity plan are generated, the
solution is parameterized as in (10) and (34). Since (10) only
encodes the curvature, the initial configuration (x0, y0, ψ0)
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TABLE I
COMPARISON BETWEEN DIFFERENT LOCAL PLANNING METHODS WITH VARIOUS METRICS

TABLE II
STATISTICS OF THE COMPUTATION TIME TO GENERATE

A FEASIBLE PATH

should be added. Thus, the whole trajectory can be encoded
using 19 parameters (x0, y0, ψ0, s0, s1, s2, κ0, κ1, κ2, κ ′

1, v0,
v′

1, v′

2, a0, a1, a2, jc, S0, S1). Note that we did not include
the sharpnesses κ ′

0 and κ ′

2, since these can be obtained from
κ0, κ1, κ2, and κ ′

1 using (11). The encoded plan can be
shared with nearby vehicles and the infrastructure via V2X
communication. Once receiving the encoded plan, it can be
decoded up to the required precision/resolution, while the
sampling length can be chosen freely. Since the velocity
plan aligns with the clothoid segments, the desired position
is coupled with the desired speed, which is favorable for
trajectory tracking.

We remark that to decode the path onto (x, y) position,
numerical integration of the curvature function (10) from the
initial configuration is needed, since there is no analytical
solution of Fresnel integrals (12). There are different methods
of numerical evaluation of these definite integrals includ-
ing Taylor approximation and adaptive quadrature methods.
For instance, to fully decode a path plan for a left turn
maneuver in an intersection with 0.1 m sampling length
of the traveled distance, when considering the waypoint
(1x,1y,1ψ) = (14.5 m, 21.5 m, (π/2)), it takes 0.064 s
with adaptive quadrature method embedded in the MATLAB
function “integral.”

Compared to other benchmark local planning algorithms
introduced in Section V-A, the proposed one is the only
algorithm with a constant number of parameters with inter-
pretable physical meaning. Quintic spline has a constant
number of parameters but those cannot be directly translated
to features like maximum curvature or sharpness [34], [35].
Bezier curve has a variable number of parameters chosen by
the number of control points [37], [49], [50], [51].

C. Collision Checking and Conflict Resolution

Thanks to the simplicity of the proposed motion planning
algorithm, it is possible to implement collision checking

Fig. 8. Demonstration of shareable motion planning and collision checking
for conflict resolution at intersections. (a) Driving scenario where the green
vehicle is making a left turn and the blue vehicle is making a right turn.
(b) and (c) Curvature and velocity profiles as a function of the arclength.
(d) and (e) Curvature and velocity profiles as a function of the time.

between plans shared by different CAVs. This can be executed
either by the CAVs themselves or by a central server that
receives the plans via V2X connectivity. Integrating colli-
sion checking with motion planning empowers the system
to effectively handle potential conflicts and promote smooth
interaction among road participants.

Potential collisions can be detected by finding the existence
of intersecting points of clothoids in the (x, y) plane; see
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Fig. 8(a). Using the formalism defined in (9) and (12), and
setting the initial configurations to be (x0,a, y0,a, ψ0,a) and
(x0,b, y0,b, ψ0,b), the intersections of two clothoids is given
by the algebraic equations:

x0,a + saC
(
κ ′

as2
a , κasa, ψ0,a

)
= x0,b + sbC

(
κ ′

bs2
b , κbsb, ψ0,a

)
y0,a + sa S

(
κ ′

as2
a , κasa, ψ0,a

)
= y0,b + sb S

(
κ ′

bs2
b , κbsb, ψ0,b

)
.

(31)

These can be solved numerically for the arclengths sa and
sb using Newton’s method. Since no discretization of the
paths is required, the location of the potential conflict point
can be determined with high accuracy. Collision checking
between two clothoids can be generalized to collision checking
between two three-clothoid paths with a small increase in
complexity.

Fig. 8 illustrates how shareable motion planning with colli-
sion checking can be used to avoid conflicts at an intersection.
In Fig. 8(a), the green vehicle aims to execute an unprotected
left turn, while the blue vehicle is making a right turn.
Consider that each vehicle has the option to designate either
the red or blue point as their target point. The corresponding
motion plans, i.e., the curvature and the velocity, are depicted
in Fig. 8(b) and (c) as a function of the arclength. The same
plans are given as a function of time in Fig. 8(d) and (e).
By sharing the plans via V2X communication and performing
collision checking, vehicles can detect and avoid potential
conflicts. In particular, if the left-turning vehicle selects the
blue point and the right-turning vehicle selects the red point,
then no conflict occurs as the paths do not intersect. If both
vehicles select the red point, then conflict occurs as they reach
this point at approximately the same time. If both of them
select the blue point, then the conflict can be avoided as they
reach that point with about 1.3 s difference; see Fig. 8(e).
Finally, if the left-turning vehicle selects the red point and
the right-turning vehicle selects the blue point, then the paths
intersect and they reach the intersection point with less than a
second difference which may be too short to avoid a potential
conflict.

In order to improve the precision of collision checking,
we can incorporate swept volumes in the analysis. The swept
volume encompasses the collective future trajectories of all
points on the vehicle’s body, creating a closed set within the
workspace. It can be shown that using a clothoid path and a
rectangular bounding box, the boundary of the swept volume
is given by the union of traces of the endpoints of the rear
axle and the corners of the vehicle; see Appendix B and [52].
As the traces of these points are also given by clothoids, the
above collision checking can be generalized for the swept
volumes.

The proposed motion planning algorithm assumes a
high-level motion planner giving the boundary condition as the
waypoint to be followed. In the proposed scenario, if there is
no combination of boundary conditions that leads to conflict
avoidance, then the high-level motion planner shall suggest
surrogate waypoints. Uncertainties shall also be incorporated
into the higher-level planning algorithm while using the pro-
posed motion planner as a steering function.

VI. CONCLUSION

Continuous local motion plans are proposed for CAVs,
which can be encoded and regenerated using 19 parameters.
A three-clothoid-based method was used for planning smooth
paths with bounded curvature. A corresponding velocity plan-
ner generated smooth velocity profiles, which were aligned
with the paths and obeyed the acceleration and jerk limits.
Each of the 19 parameters within the planned trajectory holds
distinct and interpretable physical meaning. Such plans can be
shared via V2X communication with limited bandwidth and
can be decoded by the recipient in a fast and accurate manner,
enabling collision checking with high accuracy. Compared
to other interpolating spline-based techniques, the proposed
method offers advantages with its light computational and
communication load, as well as its smoothness, exactness,
compactness, tunability, and interpretability. Furthermore, the
proposed local motion planner can be tailored for specific
road geometries, including unusual intersections or curved
obstacle courses, and directly integrated with a wide range
of higher-level global motion planners that specify boundary
conditions. The comprehensive discussion on the overall path
planning, combining global and local planners, will be the
focus of future research. The proposed planner can be used as
a steering function that exactly meets the boundary condition
for a global motion planner that selects consecutive waypoints
to be followed considering the uncertain, dynamic traffic
environment.

APPENDIX A
VELOCITY PLAN FORMULATION

For a0 > a1, a1 > a2, the velocity plan becomes

vplan2(v0, v1, v
′

2, a0, a1, a2, jc, s0, s1, s2, S1, S2)

=



√
v2

0 + 2a0s, if 0 ≤ s < s0 − S0,√
v2

0 + 2a0(s − S0)+ 2a0(s − s0 + s0)

− jc(s2
− (s0 − S0)

2)+ 2 jcs0(s0 − S0 − s)′

if s0 − S1 ≤ s < s0,√
(v′

1)
2 + 2a1(s − s1), if s0 ≤ s < s0 + s1 − S1,√(

v′

1
)2

+ 2a1(s1 − S1)+ 2a1(s − s0 − s1 + S1)

− jc(s2
− (s0 + s1 − S1)

2),

+2 jc(s0 + s1)(s0 + s1 − S1 − s)
if s0 + s1 − S1 ≤ s < s0 + s1√(

v′

2
)2

+ 2a2(s − s0 − s1),

if s0 + s1 ≤ s ≤ sf
(32)

where

v′

1 =

√
v2

0 + 2a0s0 − jc S2
0

v′

2 =

√(
v′

1
)2

+ 2a1s1 − jc S2
1 . (33)

For a0 ≤ a1, a1 > a2, the velocity plan becomes

vplan3
(
v0, v1, v

′

2, a0, a1, a2, jc, s0, s1, s2, S1, S2
)
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=



√
v2

0 + 2a0s, if 0 ≤ s < s0√
v2

1 + 2a0(s − s0)+ jc(s − s0)2,

if s0 ≤ s < s0 + S1√
v2

1 + 2a0S1 + jc S2
1 + 2a1(s − s0 − S1),

if s0 + S1 ≤ s < s0 + s1 − S2√(
v′

2
)2

+ 2a1(s −s0 − s1+ S2)− jc(s − (s0+ s1 − S2))2,

if s0 + s1 − S2 ≤ s < s0 + s1√(
v′

2
)2

+ 2a1S2 + jc S2
2 + 2a2s,

if s0 + s1 ≤ s ≤ sf

(34)

where

v′

2 =

√
v2

1 + 2a0S1 + jc S2
1 + 2a1(s1 − S1 − S2). (35)

For a0 > a1, a1 ≤ a2, the velocity plan becomes

vplan4(v0, v
′

1, v
′

2, a0, a1, a2, jc, s0, s1, s2, S0, S2)

=



√
v2

0 + 2a0s, if 0 ≤ s < s0 − S0,√
v2

0 + 2a0(s0 − S0)+ 2a0(s − s0 + S0)

− jc(s2
− (s0 − S0)

2)+ 2 jcs0(s0 − S0 − s)
,

if s0 − S0 ≤ s < s0√(
v′

1
)2

+ 2a1s, if s0 ≤ s < s0 + s1√(
v′

2
)2

+ 2a1(s − s0 − s1)+ jc(s − (s0 + s1))
2 ,

if s0 + s1 ≤ s < s0 + s1 + S2√(
v′

2
)2

+ 2a1S2 + jc S2
2 + 2a2(s − s0 − s1 − S2),

if s0 + s1 + S2 ≤ s ≤ sf
(36)

where

v′

1 =

√
v2

0 + 2a0s0 − jc S2
0 , v′

2 =

√(
v′

1
)2

+ 2a1s1. (37)

APPENDIX B
SWEPT VOLUME BOUNDARY OF A CLOTHOID PATH

To construct the boundary of the swept volume, one may
compute the traces of the points A, B, C, and D in Fig. 9

xA(s) = x̂i + sC
(
κ ′

i s
2, κ̂i s, ψ̂i

)
−
w

2
sinψ(s)

yA(s) = ŷi + sS
(
κ ′

i s
2, κ̂i s, ψ̂i

)
+
w

2
cosψ(s) (38)

xB(s) = x̂i + sC
(
κ ′

i s
2, κ̂i s, ψ̂i

)
+
w

2
sinψ(s)

yB(s) = ŷi + sS
(
κ ′

i s
2, κ̂i s, ψ̂i

)
−
w

2
cosψ(s) (39)

xC(s) = x̂i + sC
(
κ ′

i s
2, κ̂i s, ψ̂i

)
+
w

2
sinψ(s)+ (l + df) cosψ(s)

yC(s) = ŷi + sS
(
κ ′

i s
2, κ̂i s, ψ̂i

)
−
w

2
cosψ(s)+ (l + df) sinψ(s) (40)

xD(s) = x̂i + sC
(
κ ′

i s
2, κ̂i s, ψ̂i

)
−
w

2
sinψ(s)+ (l + df) cosψ(s)

Fig. 9. Rectangular approximation of the occupied region in the workspace at
the initial state. An arbitrary point P within the rectangle can be parameterized
as (ξ, η) while considering the center of the rear axle R as the origin. The
center O of the osculating circle is depicted as the intersection between two
line segments which are normal to the rear wheel and to the front wheel.

yD(s) = ŷi + sS
(
κ ′

i s
2, κ̂i s, ψ̂i

)
+
w

2
cosψ(s)+ (l + df) sinψ(s) (41)

where i = 0, 1, 3 refers to the individual clothoid. Here, κ ′

i
denotes the sharpness of the i th clothoid, κ̂i denotes its initial
curvature, and

ψ(s) = κ ′

i
s2

2
+ κ̂i s + ψ̂i (42)

where ψ̂i is the initial yaw angle. For our three-clothoid
designs, we have κ̂0 = κ0, κ̂1 = κ1 − κ ′

1(s1/2), κ̂2 = κ2 − κ ′

2s2
[see (10)] and x̂0 = 0, ŷ0 = 0, ψ̂0 = 0 [see (7)], while
the expressions for x̂1, ŷ1, ψ̂1, x̂2, ŷ2, ψ̂2 are omitted for
simplicity.

Proposition 1: The boundary of the swept volume of a rect-
angle that follows a clothoid path consists of the rectangle for
the initial and final configuration, the traces of the endpoints
A and B of the rear axle, and the traces of the corners C and
D of the front bumper.

Definition 1: The occupied region of an object in the 2-D
workspace W is defined as the semialgebraic set.

Definition 2: The swept volume SW of a moving object is
the union of future traces of the occupied region of the object
when following a pre-defined path.

Definition 3: The boundary of the swept volume ∂SW is
defined as the boundary of the closed set SW ⊂ W .

Claim 1: The boundary of the swept volume of the rectangle
(vehicle’s body) can be approximated by the traces of the of
four edges of the rectangle.

Proof of Claim 1: At each time instance, part of the
boundary of the swept volume is given by the edges of
the rectangle. The interior points are inside the rectangle by
definition. As the rectangle progresses along the path, every
interior point is enclosed by the union of the four edges.
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Fig. 10. Traces of points on the left and right edges. (a) Motion of the points
A, A1, and A2 on the left edge. (b) Motion of points C and C1 on the right
edge. O is the instantaneous center of rotation.

Fig. 11. Intersecting points needed for the proof of Claim 2. (a) Illustrates the
intersecting point Eint between the trace of E and the left edge. (b) Illustrates
the intersecting point Aint between the trace of A and OD.

Consider the coordinate system defined in Fig. 9, where the
center of the rear axle R is the origin and ξ and η point to
the longitudinal and lateral directions, respectively.

Claim 2: For a clothoid segment κ(s) = κ̂i + κ ′

i s with
non-negative initial curvature (κ̂i ≥ 0) and non-negative sharp-
ness (κ ′

i ≥ 0), the trace of an arbitrary point along the left
edge, i.e., (ξ, (w/2)),−dr ≤ ξ ≤ l + df, is inside the trace of
A located at (0, (w/2)).

Proof of Claim 2: In Fig. 10(a), two points on the left edge
are depicted: A1 is located at (ξ, (w/2)), −dr ≤ ξ ≤ 0, while
A2 is located at (ξ, (w/2)), 0 ≤ ξ ≤ l + df.

Given the initial curvature κ̂i ≥ 0 and the sharpness κ ′

i ≥ 0,
two things should be proven.

Claim 2.1: The trace of A1 is inside the left edge of the
rectangle at the initial position or inside the trace of A.

Claim 2.2: The trace of A2 is inside the trace of A.
The point A1 is the furthest from A when it coincides with

point E, the left corner of the rear bumper. This point is located
at (−dr, (w/2)) in the (ξ, η) coordinate system; see Fig. 11(b).
Thus, the corresponding trajectory is given by

xE(s) = sC
(
κ ′

i s
2, κ̂i s, 0

)
−
w

2
sinψ(s)+ dr cosψ(s)

yE(s) = sS
(
κ ′

i s
2, κ̂i s, 0

)
+
w

2
cosψ(s)+ dr sinψ(s) (43)

where i = 0, 1, 2 refers to the individual clothoid, such that κ ′

i
denotes the sharpness of the i th clothoid, κ̂i denotes its initial
curvature, and

ψ(s) = κ ′

i
s2

2
+ κ̂i s. (44)

Fig. 12. Gray shading indicates the values of initial curvature κ̂i and
sharpness κ ′

i for which ηint,1 ≤ (w/2), that is, Eint is below A. The vehicle
parameters are (l + df) = 3.8 m, dr = 1 m, w = 1.9 m.

Here, without loss of generality, the initial position of R and
the initial yaw angle is considered to be zero; see (38), (39),
(40), (41), and (42).

To prove Claim 2.1, one should show that the coordinate η
of the intersecting point Eint is smaller than or equal to (w/2)
along the line OR, as depicted in Fig. 11. Based on the path
equation (43), we can write

0 = sC
(
κ ′

i s
2, κ̂i s, 0

)
−
w

2
sinψ(s)− dr cos(ψ(s) (45)

where ψ(s) is given by (44). Once solving this equation for
the arclength s̄, we should determine the value

ηint,1 = s̄ S
(
κ ′

i s̄
2, κi s̄, 0

)
+
w

2
cosψ(s̄)− dr sinψ(s̄). (46)

When choosing the vehicle parameters l, df, dr, w, it can be
shown numerically that within the shaded domain in the
(κ̂i , κ

′

i )-plane in Fig. 12, we have ηint,1 ≤ (w/2), that is, Eint
is below A. This proves Claim 2.1.

The point A2 is the furthest from A when it coincides with
D, the left corner of the front bumper which is located at
(l + df, (w/2)) at the (ξ, η) coordinate system. The trajectory
of A in Fig. 11(b) is given by

xA(s) = sC
(
κ ′

i s
2, κ̂i s, 0

)
−
w

2
sinψ(s)

yA(s) = sS
(
κ ′

i s
2, κ̂i s, 0

)
+
w

2
cosψ(s) (47)

where i = 0, 1, 2 refer to the individual clothoids and ψ(s)
is defined in (44); see (38), (42), while considering the initial
position of R and the initial yaw angle to be zero.

To prove Claim 2.2, we show that the intersecting point
Aint in Fig. 11(b) is between O and D along the line OD, that
is, the η coordinate of Aint is larger than or equal to (w/2).
We find the intersecting point Aint by using

1
κ̂i

−
w
2

l + df
xA(s)+ yA(s) =

1
κ̂i

(48)

where xA(s) and yA(s) are defined in (47). Once solving this
for ¯̄s, we can determine the value

ηint,2 = ¯̄sS
(
κ ′

i
¯̄s2, κ̂i ¯̄s, 0

)
+
w

2
cosψ( ¯̄s). (49)

When choosing the vehicle parameters l, df, dr, w, it can be
numerically shown that for non-negative values of κ̂i and κ ′

i ,
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Fig. 13. Intersecting point Bint needed for the proof of Claim 3.

we have ηint,2 ≥ (w/2), that is, the length of OAint is shorter
than OD. This proves Claim 2.2.

Claim 3: For a clothoid segment κ(s) = κ̂i + κ ′

i s with
non-negative initial curvature (κ̂i ≥ 0) and non-negative sharp-
ness (κ ′

i ≥ 0), the traces of arbitrary point on the right edge,
i.e., (ξ,−(w/2)), −dr ≤ ξ ≤ (l + df), are inside the trace of
C located at (l + df,−(w/2)).

Proof of Claim 3: In Fig. 10(b), a point on the right edge
is depicted: C1 is located at (ξ,−(w/2)), −dr ≤ ξ ≤ (l + df).

Given the initial curvature κ̂i ≥ 0 and the sharpness κ ′

i ≥ 0,
it should be proven that the intersection between the future
trace of C1 is inside the future trace of C.

The point C1 is the furthest from C when it coincides
with B, the right end of the rear axle. This point is located
at (0,−(w/2)) at the (ξ, η) coordinate system. Thus, the
corresponding trajectory is given by

xB(s) = sC
(
κ ′

i s
2, κ̂i s, 0

)
+
w

2
sinψ(s)

yB(s) = sS
(
κ ′

i s
2, κ̂i s, 0

)
−
w

2
cosψ(s) (50)

where i = 0, 1, 2 refers to the individual clothoid and ψ(s)
is defined in (44); see (39), (42), while considering the initial
position of R and the initial yaw angle to be zero.

To prove Claim 3, one should show that the intersection
point Bint in Fig. 13 is between O and C along the line OC,
that is, the η coordinate of Bint is larger than or equal to
−(w/2), as depicted in Fig. 13. We find the intersecting point
Bint by using

1
κ̂i

+
w
2

l + df
xB(s)+ yB(s) =

1
κ̂i

(51)

where xB(s) and yB(s) are defined in (50). Once solving this
for ¯̄s̄, we can determine the value

ηint,3 =
¯̄s̄ S
(
κ ′

i
¯̄s̄2, κ̂i

¯̄s̄, 0
)
−
w

2
cosψ( ¯̄s̄). (52)

When choosing the vehicle parameters l, df, dr, w, it can be
shown numerically that within the shaded domain in the
(κ̂i , κ

′

i )-plane in Fig. 14, we have ηint,3 ≥ −(w/2), that is,
the length of OBint is shorter than OC. This proves Claim 3.

Remark 1: For a clothoid with initial curvature κ̂i ≤ 0 and
sharpness κ ′

i ≤ 0, the future trace of D will provide the left
boundary in ∂SW and the future trace of B will provide the
right boundary in ∂SW.

Fig. 14. Gray shading indicates the values of initial curvature κ̂i and
sharpness κ ′

i for which ηint,3 ≥ −(w/2), that is, Bint is between O and C.
The vehicle parameters are (l + df) = 3.8 m, dr = 1 m, and w = 1.9 m.

Remark 2: For a clothoid with initial curvature κ̂i ≥ 0 and
sharpness κ ′

i ≤ 0, the traces of D and A intersect and the traces
of C and B intersect. These intersections can be found for the
left boundary by solving the equations

srlC
(
κ ′

i s
2
rl, κ̂i srl, ψ0

)
−
w

2
sinψ(srl) = sflC

(
κ ′

i s
2
fl, κ̂i sfl, ψ0

)
−
w

2
sinψ(sfl)+ (l + df) cosψ(sfl)

srlS
(
κ ′

i s
2
rl, κ̂i srl, ψ0

)
+
w

2
cosψ(srl) = sflS

(
κ ′

i s
2
fl, κ̂i sfl, ψ0

)
+
w

2
cosψ(sfl)+ (l + df) sinψ(sfl) (53)

for srl, sfl. For the range 0 ≤ s ≤ srl, the trace of the left end
A of the rear axle expresses the left boundary in ∂SW, while
for the range s ≥ sfl, the trace of the left corner D of the front
bumper expresses the left boundary in ∂SW.

Similarly, for the right boundary, we obtain the intersections
by solving the equations

srrC
(
κ ′

i s
2
rr, κ̂i srr, ψ0

)
+
w

2
sinψ(srr)

= sfrC
(
κ ′

i s
2
fr, κ̂i sfr, ψ0

)
+
w

2
sinψ(sfr)+ (l + df) cosψ(sfr)

srrS
(
κ ′

i s
2
rr, κ̂i srr, ψ0

)
−
w

2
cosψ(srr)

= sfrS
(
κ ′

i s
2
fr, κ̂i sfr, ψ0

)
−
w

2
cosψ(sfr)+ (l + df) sinψ(sfr)

(54)

for srr, sfr. For the range 0 ≤ s ≤ sfr, the trace of the right
corner C of the front bumper expresses the right boundary in
∂SW, while for the range s ≥ srr, the trace of the right end of
the rear axle B expresses the right boundary in ∂SW.

Remark 3: There is a small segment of the swept volume
where Proposition 1 does not hold. Specifically, at the initial
phase of a clothoid path with positive curvature, the trajectory
of the rightmost point of the rear bumper gives the right bound-
ary. Although this variation is negligible, a comprehensive
delineation of the swept volume boundaries shall incorporate
the initial traces of the corners of the rear bumper.

Remark 4: Once the proposition is proven for a single
clothoid path, it can be generalized for a continuous three-
clothoid path.
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