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ABSTRACT
The nonlinear dynamics of automated vehicles are studied. A 5
degree-of-freedom single track model is derived using the Appel-
lian approach to describe the dynamics of rear-wheel drive and
front-wheel steer automobiles. This model captures the interactions
between the vehicle body and the wheels while eliminating the cal-
culation of the internal reaction forces and torques. An anisotropic
combined slip brush tyre model is constructed to describe tyre char-
acteristics. The handling characteristics are analysed by using bifur-
cation analysis: stable and unstable invariant solutions are studied
while varying the steering angle and driving torque. The results
provide insights about the existence and stability of steady states
(namely, steady-state cornering, donut, drifting) and periodic orbits,
and this knowledge is utilised when designing simple, computation-
ally inexpensive controllers that can stabilise unstable states and
navigate the system between them. This establishes a flexible con-
trol framework that can be used to realise a large variety of extreme
manoeuvres.
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1. Introduction

Vehicle automation has been receiving increasing attention in various research commu-
nities [1]. The majority of efforts in understanding handling dynamics and controller
development focused on mild handling manoeuvres such as lane keeping and lane chang-
ing, which have made their ways to driving assistance systems deployed on production
vehicles with lower levels of automation. However, for higher levels of automation, vehi-
cle control systems should be able to execute more extreme manoeuvres in order to be
deployed without requiring human takeover while ensuring safety.

During the last decade, the idea of studying the dynamics of race car drivers and utilising
this knowledge to drive vehicles at the handling limit rose to prominence in the litera-
ture [2–4]. A variety of control techniques have been deployed to mimic the capabilities of
expert human drivers, and most of them rely on some optimisation technique. For exam-
ple, in [5] a backstepping controller was utilised to generate torque input to track the wheel

CONTACT Yilun Zhang yilunz@umich.edu, allenzhang787@gmail.com

© 2025 Informa UK Limited, trading as Taylor & Francis Group

http://www.iavsd.org/
http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/00423114.2025.2522391&domain=pdf&date_stamp=2026-08-03
http://orcid.org/0000-0003-1226-8613
http://orcid.org/0000-0002-9000-3736
mailto:yilunz@umich.edu
mailto:allenzhang787@gmail.com


VEHICLE SYSTEM DYNAMICS 2417

speed obtained using a linear quadratic regulator (LQR). Model predictive control (MPC),
i.e. rolling horizon optimal control, has often been utilised to control the dynamics close
to the handling limits [6,7]. In particular, initiating and stabilising drifting (a steady state
when the vehicle is turning to the opposite direction than suggested by the steering angle)
has generated interest in the community. Apart from theoretical works [8,9], autonomous
drifting has recently been realised experimentally using real vehicles [10–14].

There has been substantial effort in trying to understand the nonlinear dynamics of
vehicle handling. In particular, using phase portraits (in the plane of lateral velocity and
yaw rate for fixed values of longitudinal velocity and steering angle) was proven to be
very informative. This allows one to map out the different equilibria and the dynamics
around them, i.e. determine whether they are stable, unstable or saddle type [7,15,16].
Apart from equilibria, one may also study stable and unstable limit cycle oscillations
(periodic orbits) [17–19]. For models where the longitudinal dynamics is considered as a
state, the phase portraits become three-dimensional [20,21], but analysis may be executed
similarly. In addition, onemay study the qualitative changes of equilibria and periodic solu-
tions when varying the parameters (e.g. the steering angle and the longitudinal velocity)
and detect bifurcation points where different branches meet and change their stabil-
ity [18,22,23]. Such analysis was even proven to be useful for understanding the ground
handling of aeroplanes [24].

The above dynamic models typically only consider the lateral tyre deformation cap-
tured by physics-based models like the brush model [25–27], or by data-based models like
the magic formula [28] and neural networks [29]. To improve accuracy, combined slip
models, which take into account both the longitudinal and lateral tyre deformations and
include the wheel rotations, have been utilised [12,13,30–34]. Inspired by these results, in
this paper we construct a single track vehicle model that incorporates the longitudinal, lat-
eral and yaw dynamics of the vehicle body as well as the wheel dynamics. We utilise the
Appellian approach [35–42] to accurately capture themulti-body interactions, while elimi-
nating the calculation of the internal reaction forces and torques acting between the bodies.
This 5 degree-of-freedom (DoF) model is equipped with a combined slip tyre model with
the following novelties: (i) it takes into account the anisotropic property of the tyres as it
incorporates the longitudinal and lateral stiffnesses; (ii) it differentiates the static and slid-
ing friction coefficients enabling non-monotonic force characteristics; (iii) it can handle
negative wheel speed which is becoming important for electric vehicles; (iv) it takes into
account the aligning moments.

The nonlinear dynamics of the constructed 5 DoF model is analysed using bifurca-
tion analysis, namely, the numerical continuation software DDE-biftool [43,44]. Different
steady states (steady-state cornering, donut, and drifting) are identified and continued
when varying the constant driving torque and the constant steering angle. The behavior
around the different steady states is visualised using phase portraits and by depicting the
motion of the vehicle in the physical space. Through bifurcations along the branches of
steady states, periodic solutions are detected and analysed in state space and in physi-
cal space. These results shed light on how the invariant solutions connect to each other
and reveal which solutions are realisable depending on the driving inputs. The detailed
knowledge of the state space dynamics of the uncontrolled system enables us to design sim-
ple, computationally inexpensive controllers that can stabilise unstable donut and drifting
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states. In particular, as opposed to nonlinear MPC, we utilise a linear quadratic regula-
tor (LQR) based control design, which results in explicit state feedback controllers. We
demonstrate that by switching between the controllers, the vehicle may realise a plethora
of different emergency manoeuvres.

The rest of the paper is organised as follows. In Section 2, we summarise the behavior
of the traditional single track model. Our 5 DoF model, together with the combined slip
brush tyre model, is presented in Section 3. The bifurcation analysis of steady states and
periodic solutions is carried out in Section 4, while the control design to stabilise the unsta-
ble handling solutions is presented in Section 5. Finally, we conclude our results and point
out our future research directions in Section 6.

2. Traditional single trackmodel of vehicle dynamics

In this section, we provide a brief summary of the dynamics of a so-called traditional single
track model which is widely used in the literature. We highlight the different solutions
(steady-state cornering, donut, drifting) and show how these change as the longitudinal
velocity is increased.We also highlight the shortcomings of the traditionalmodel regarding
the simplification of the dynamics and the inability to accommodate the control design of
different motions.

2.1. Governing equations

The mechanical model is shown Figure 1. The front wheels are merged as a single wheel
and the rear wheels are also merged as a single wheel. The centers R and F of the rear and
front wheels are separated by the wheelbase l. The distance between the center of gravity
G and the rear wheel center R is denoted by d. The distance between the center of gravity
G and the front wheel center F is denoted by q. Indeed, d + q = l. The mass of the vehicle
is m and its mass moment of inertia with respect to z-axis at the center of gravity G is JG.
The location and orientation of the vehicle is described by the position of the center of
mass (xG, yG) and the yaw angle ψ in the Earth-fixed frame F0 while the velocity state is
described by the longitudinal velocity v, the lateral velocity σ of the center of gravity and
the yaw rate ω. The longitudinal velocity v is considered to be a constant parameter. This
corresponds to a kinematic constraint of keeping the rotational speed of the rear wheel
constant (which implicitly assumes a rear-wheel drive vehicle). The remaining quantities
σ ,ω,ψ , xG, yG are used as the time-varying states of the dynamic system, while the steering
angle γ is a time-varying input. The equations of motion can be found for example in [18]:

σ̇ = −vω + 1
m

(
Fy,r + Fy,f cos γ

)
,

ω̇ = 1
JG

(−Fy,rd + Fy,fq cos γ + Mz,r + Mz,f
)
,

ψ̇ = ω,

ẋG = v cosψ − σ sinψ ,

ẏG = v sinψ + σ cosψ . (1)
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Figure 1. Traditional single track model which takes into account the lateral deformation of the tyres.
The coordinate frames, the geometric and kinematic quantities, the lateral tyre forces and the aligning
moments are shown in the figure.

Here the tyre lateral forces Fy,r(αr), Fy,f (αf ) and the tyre self-aligningmomentsMz,r(αr),
Mz,f (αf ) are determined by means of the tyre slip angles

αr = −arctan
(
σ − dω

v

)
.

αf = γ − arctan
(
σ + qω

v

)
, (2)

and the normal forces

Fz,f = mgd
l

,

Fz,r = mgq
l

, (3)

where we considered the static weight distribution for simplicity.
The tyre force and self-aligning moment characteristics can be based on different tyre

models [25,28]. Here, for the sake of simplicity, we use the brush tyre model [18,23,27]:

Fy(α) =
{
φ1 tanα + φ2 sgnα tan2 α + φ3 tan3 α, if |α| ≤ αcr,
μFzsgnα, if |α| > αcr,

Mz(α) =
{
μ1 tanα + μ2 sgnα tan2 α + μ3 tan3 α + μ4 sgnα tan4 α, if |α| ≤ αcr,
0, if |α| > αcr,

(4)



2420 Y. ZHANG ET AL.

Figure 2. Lateral tyre force Fy and aligning torque Mz characteristics as the function of the tyre slip
angle α.

where

φ1 = 2kya2, φ2 = − (2kya
2)2

3μ0Fz

(
2 − μ

μ0

)
, φ3 = (2kya2)3

(3μ0Fz)2

(
1 − 2μ

3μ0

)
,

μ1 = −a
3
φ1, μ2 = −aφ2, μ3 = −3aφ3, μ4 = a

(2kya2)4

(3μ0Fz)3

(
4
3

− μ

μ0

)
, (5)

see Figure 2. Here a is the half-length of the tyre–ground contact patch, ky is the lateral
stiffness per unit length of the tyre, Fz is the normal force acting on the tyre, μ and μ0 are
the friction coefficients between the tyre and the road for sliding and rolling, respectively.
The critical side-slip angle αcr = arctan 3μ0Fz

2kya2
corresponds to the condition at which the

sliding region expands to the whole contact patch while the constant Cy := 2kya2 is often
referred to as the cornering stiffness.

We remark that the nonlinear system (1)–(5) consist of five first order differential equa-
tions, and considering that one degree of freedom (DoF) in mechanics correspond to two
first order differential equations, the model is often referred to as a 2.5 DoF single track
model of rear-wheel drive automobiles. Also note that, the equations in (1) are ordered
such that the system can be separated into essential dynamics (the two equations) and
hidden dynamics (the second three equations) such that the essential dynamics is inde-
pendent of the hidden dynamics. Thus, when analysing the dynamics one may focus on
the first two equations. However, when designing controllers for automated vehicles the
position variable are also often used in the feedback laws leading to a fully coupled system.

2.2. Steady-state solutions and stability

Asmentioned above, in the traditional single trackmodel the longitudinal velocity is a con-
stant parameter v(t) = v∗. In order to analyse the steady-state solutions we also consider
the steering angle input to be constant γ (t) = γ ∗. Then one may analyse the dynamics of
the corresponding autonomous dynamical system. In particular, we may find the steady-
state solutions σ(t) = σ ∗, ω(t) = ω∗ using the first two equations in (1). These solutions
correspond to circular motion of radius ρG = √

(v∗)2 + (σ ∗)2/ω∗ which can be derived
form the last three equations in (1); see [18]. The software package MDBM [45] can be
utilised to find the steady states and then these can be continued as the parameters are
varied using the software package DDE-Biftool [43,44], which can also compute the linear
stability of steady states.
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Figure 3. Dynamics of the traditional single track model for steering angle γ = 10◦. (a,b) Bifurcation
diagrams while using the longitudinal velocity as the bifurcation parameter. Stable and unstable solu-
tions are shown by green an red curves: steady-state cornering (solid green), donut (solid red), drifting
(dashed red). (c) State space picture highlighting the different steady-state solutions for longitudinal
velocity v = 6.3m/s: steady-state cornering (green dot), donut (red dot), drifting (red cirle). (d) Trajecto-
ries traced by the center of gravity G : steady-state cornering (solid green circle), donut (solid red circle),
drifting (dashed red circle).

Figure 3(a,b) show the steady-state solutions as a function of the longitudinal velocity
v for the constant steering input γ = 10◦. The other parameters are taken from Table 1
such that m = mv + 2mw. Green and red colours refer to stable and unstable solutions,
respectively. The stable branch correspond to steady-state cornering which is characterised
by small lateral velocity and yaw rate. The solid unstable branches meet at the fold point
(marked by blue triangle). These correspond to donuts, that is, circular motions which
exhibit positive yaw rate for positive steering angle. Notice that donuts are not possible
for higher speeds. The dashed unstable branches are drifting solutions which are char-
acterised by negative yaw rate for positive steering angle. We emphasise that donuts and
drifting differ in the sign of the yaw rate and, as shown in the figure, in their turning
radius too.

In order to visualise the dynamics around different steady states and the connections
between them, Figure 3(c) depicts the steady states and the trajectories in state space for
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Table 1. Vehicle model specifications.

Parameter Value Unit

mv Vehicle body mass 1200 kg
mw Front and rear wheel mass 100 kg
JG Vehicle mass moment of inertia about the z axis 2500 kg · m2

C Wheel mass moment of inertia about the z axis 2.77 kg · m2

D Wheel mass moment of inertia about the y1 and y2 axes 4.5 kg · m2

l Wheelbase 2.5 m
d Distance between the center of mass and the rear axle 1.5 m
q Distance between the center of mass and the front axle 1 m
r Effective wheel radius 0.3 m
kx Tyre longitudinal stiffness per unit length 4 · 106 N/m2

ky Tyre lateral stiffness per unit length 2 · 106 N/m2

a Half contact patch length 0.1 m
μ0 Static friction coefficient 0.9
μ Sliding friction coefficient 0.6

longitudinal velocity v = 6.3m/s; cf. blue dotted line in panels (a) and (b). Here beside
the yaw rate ω we use the sideslip angle arctan(σ/v) at the center of gravity G. The same
colour code is used as in panels (a) and (b), that is, the green dot denotes the stable steady-
state cornering (A) while the unstable donut (B,D) and unstable drifting (C,E) solutions
are marked by red dots and red circles, respectively. The state space picture also highlights
the difference between the two donut solutions B and D: while solution B is a saddle, solu-
tion D is an unstable focus. Similarly, the drifting solution C is a saddle and the drifting
solution E is an unstable focus. The stable manifolds of the saddle states B and C constitute
the boundaries of the basin of attraction of the (locally) stable steady-state cornering A.
Note that sufficiently large perturbations may put the system outside of basin and make
the system diverge from the (only locally) stable equilibrium.

The traces of the center of mass G are shown in Figure 3(d) for the steady-state solutions
A, B and C. These are obtained by substituting the steady-state solutions into the last three
equations of (1). One may observe that the stable steady-state cornering solution A (solid
green circle) has much larger radius compared to the donut solution B (solid red circle)
and drifting solution C (dashed red circle). Also, in cases A and B the vehicle is moving
counterclockwise corresponding to the positive steering angle while in case C it is moving
clockwise (despite the positive steering angle). We remark that solutions D and E corre-
spond very large tyre slip angles which may not be realised in practice so these are not
depicted in panel (d). The existence of these solutions in fact shows the limitation of the
traditional single track model.

One may also notice in Figure 3(a,b) that the steady-state cornering solution exists
even for very large longitudinal velocities, which is also unrealistic in practice. This results
from the fact that the kinematic constraint of constant longitudinal velocity used in the
traditional model eliminates the longitudinal dynamics and assumes that the longitudi-
nal tyre forces are as large as needed to maintain the constraint. Finally, while drivers
typically stabilise donuts and drifting by controlling the torque applied at the rear wheel
and the steering angle set for the front wheel, the traditional model only possesses the
latter as control input, which makes control design, that aims to stabilise the unstable
motions, unfeasible. These shortcomings motivate us to develop a higher fidelity vehicle
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model where the longitudinal dynamics of the vehicle as well as the longitudinal dynam-
ics of the tyres are taken into account. The detailed investigation of this model reveals a
plethora of physically realistic solutions, which can be observed in practice. Additionally,
a model includes the driving torque as input, enabling us to design controllers for different
solutions.

3. Modelling

Motivated by the shortcomings of the traditional 2.5 DoF single track model, here we
construct a higher-fidelity 5 DoF single track model, which incorporates the longitudi-
nal dynamics of the automobile as well as the masses and mass moments of inertia of the
wheels. We utilise the Appellian approach to capture the interactions between the vehicle
body and the wheels, while eliminating the calculation of the internal reaction forces and
reaction torques in the multi-body system. This is supported by an anisotropic combined
slip tyre model, which incorporates both the lateral and the longitudinal tyre deformations
while accurately representing the differences in the longitudinal and lateral stiffnesses and
the differences in the static and sliding friction coefficients. Moreover, the model is also
valid for negative wheel speed, which is becomingmore important for electric vehicles with
independent wheel drives. We also show that once the longitudinal and wheel dynamics
are neglected, the higher fidelity model degrades to the traditional model.

3.1. 5 DoF single trackmodel

Here we present a single track model intended to capture the nonlinear handling dynam-
ics of a rear-wheel drive, front-wheel steer automobile. In the main text we only introduce
the notations and terminologies that are essential to understand the model and which will
be used in the forthcoming analysis. The detailed derivation process using the Appellian
approach is available in Appendix A for the interested readers. In addition, the differ-
ences and potential advantages of this 5 DoF model are highlighted and compared to the
traditional 2.5 DoF model introduced in the previous section.

Figure 4 shows themechanical model representing amulti-body systemwith three rigid
bodies: vehicle body, rear axle (modelled as a single rear wheel), and front axle (modelled
as a single front wheel). Three coordinate frames are defined: (x, y, z) is fixed to the ground,
(x1, y1, z1) is fixed to the rear axle, and (x2, y2, z2) is fixed to the front axle. The directions
x1, y1, and z = z1 = z2 are referred to as longitudinal, lateral and vertical. From the side
view, one can see that the center of mass is assumed to be at the same height as wheel
centers. This assumption is reasonable in case of electric vehicles that generally have low
center of gravity due to the heavy battery packs embedded in the bottom of the chassis. As
a result, the pitch and roll motion as well as the effect of acceleration on the longitudinal
weight transfer are ignored. The vehicle parameters including the dimensions as well as the
mass and inertia terms are given in Table 1.

Five configuration coordinates are needed to describe the vehicle. Here we chose the
position (xG, yG) of the center of mass G in the ground-fixed coordinate frame, the yaw
angle ψ , and the rotation angles θR and θF of the rear wheel and the front wheel, respec-
tively. Since there are no kinematic constraints, five velocity states are needed. We use the
longitudinal velocity v and the lateral velocity σ of the center of mass G, the yaw rate ω,
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Figure 4. Higher fidelity single track model which takes into account both the lateral and the longi-
tudinal deformation of the tyres. The coordinate frames, the geometric and kinematic quantities, the
longitudinal and lateral tyre forces, and the aligning moments are shown in the figure.

and the rotational speeds 
r and 
f of the rear wheel and the front wheel, respectively.
Finally, the vehicle has two control inputs: the driving torqueMd and the steering angle γ .

First, the kinematic relationships between the derivatives of the configuration coordi-
nates (generalised velocities) and the defined velocity states (pseudo velocities) are derived
yielding the differential equations:

ẋG = v cosψ − σ sinψ ,

ẏG = v sinψ + σ cosψ ,

ψ̇ = ω,

θ̇r = 
r,

θ̇f = 
f . (6)
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The differential equations for the five velocity states are then derived following the
Appellian approach:

v̇ = σω + 1
m

(
pω2 + Fx,r + Fx,f cos γ − Fy,f sin γ

)
,

σ̇ = −vω + 1
Jm − p2

(
(J + pd)Fy,r + (J − pq)(Fx,f sin γ + Fy,f cos γ )

− p(Mz,r + Mz,f − Cγ̈ )
)
,

ω̇ = 1
Jm − p2

(−(md + p)Fy,r + (mq − p)(Fx,f sin γ + Fy,f cos γ )

+ m(Mz,r + Mz,f − Cγ̈ )
)
,


̇r = 1
D
(Md − rFx,r),


̇f = 1
D
(−rFx,f ), (7)

where

m = mv + 2mw,

p = mw(q − d),

J = JG + mw
(
d2 + q2

) + 2C. (8)

The longitudinal tyre forces Fx,r, Fx,f , the lateral tyre forces Fy,r, Fy,f , and the aligning
momentsMz,r,Mz,f appear in the differential Equation (7). These arise from the tyre elas-
ticity and the tyre–road friction and will be captured by a combined slip brush tyre model
explained in detail in Section 3.2. Observe that the 5DoF single trackmodel consists of two
parts: the so-called essential dynamics (7) and the latent dynamics (6). When the control
inputs Md and γ do not depend on the configuration coordinates, the essential dynam-
ics (7) can be solved on its own and the solution feeds into the latent dynamics (6).However,
when using feedback laws which depend on the configuration coordinates (e.g. to navigate
around objects), then the system (6)–(7) becomes fully connected. Admittedly, the last two
equations in (6) have little practical meaning since the wheel rotation angles θr and θf are
not of interest in most cases. These two equations are presented here for completeness.

In conclusion, the 5 DoF single track model presented here is an extension of tradi-
tional 2.5 DoF single track model by adding the longitudinal dynamics and treating the
front and rear wheels as rigid bodies with mass and inertia. This leads to modified coeffi-
cients and additional terms in the first three equations of (7), (8), cf. the first two equations
of (1). Including the rotational speeds of the front and rear wheels as system states makes
it possible to use a combined slip brush tyre model with longitudinal and lateral slip terms
capturing the tyre–road interaction as described in Section 3.2. Also, the accelerator/brake
input is assigned by the driving torque control input instead of by the longitudinal veloc-
ity (or by an imaginary driving force). This enables us to directly investigate the effect of
pedal input on system dynamics, as shown in Sections 4.2 and 4.3, which is particularly
important in extreme handling scenarios (including donut and drifting), where the vehi-
cle motion is controlled by both steering and pedal inputs. In addition, as the penetration
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of electrification in consumer vehicles is rapidly increasing, using driving torque as input is
gaining more practical meaning since controlling torque of electric motors is more direct
compared to internal combustion engines.

3.2. Combined slip brush tyremodel

Herewe construct a combined slip brush tyremodel to calculate the longitudinal tyre forces
Fx,r, Fx,f , the lateral tyre forces Fy,r, Fy,f , and the aligning moments Mz,r, Mz,f appearing
in (7). This in turn determines how the longitudinal velocity v, the lateral velocity σ , the
yaw rateω and the wheel speeds
f and
r change in time while commanding the steering
angle γ and the driving torqueMd. The combined slip tyre model developed here derives
the forces and torques from the tyre elasticity and road friction for anisotropic tyres. This
generalises prior isotropic models in the literature [12,13,17,32,33] developed based on the
Fiala model [25] or Pacejka’s magic formula [28]. The new tyremodel also explicitly differ-
entiates the sliding and sticking friction coefficients, allowing force characteristics that do
not increasemonotonically with the slips but rather have distinct maxima. Beyond the lon-
gitudinal and lateral force components the tyre model also captures the aligning moments
which may influence the steering dynamics. Finally, through appropriate definitions of
slips, our tyre model can accommodate negative wheel speed.

The key characteristics of the brush tyre model are shown in Figure 5, where the wheel
center is denoted by O (taking the role of R for the rear wheel and F for the front wheel).
The coordinate frame (x, y, z) is aligned with the wheel and travels with the wheel. This
corresponds to the coordinate frame (x1, y1, z1) for the rear wheel and to the coordinate
frame (x2, y2, z2) for the front wheel in Figure 4. It is assumed that the tyre consists of an
unstretchable band with (infinitesimally small) brush-like elements attached to it. These
brushes can deform both in the longitudinal and lateral directions along the contact patch
(where the tyre is in contact with the road surface). The longitudinal stiffness per unit
length is kx, the lateral stiffness per unit length is ky, the length of the contact patch is
2a, and the effective radius of the wheel is r; see Table 1 for the numerical values of these
parameters. The resultant longitudinal and lateral forces Fx and Fy act at the center of the
contact patch, while the asymmetry of the force distribution is captured by the aligning
momentMz. These force andmoment components also depend on the static friction coef-
ficient μ0 and the sliding friction coefficient μ (see Table 1) as well as on the velocity vO of
the wheel center O and the rotational velocity
 of the wheel.

The velocity vO of the wheel center is not aligned with the wheel plane but forms the slip
angle α. At the same time there is a mismatch between the wheel directional component
vO cosα and r
, where we used the notation |vO| = vO > 0. In order to quantify these
mismatches we define the longitudinal slip and the lateral slip as

Sx = r
− vO,x
|r
| = r
− vO cosα

|r
| ,

Sy = − vO,y
|r
| = vO sinα

|r
| , (9)

where the absolute value is enforced in the denominator to accommodate negative wheel
speeds. In addition, the negative sign in the definition of the lateral slip Sy corresponds
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Figure 5. Combined slip brush tyre model highlighting the adhesion region and the sliding region and
indicating the slip angle α and the sliding angle β . The longitudinal and lateral tyre forces Fx and Fy , and
the aligning momentMz are also shown on the figure.

to the definition of the slip angle in Figure 5(a): positive slip angle corresponds to positive
lateral deformation at the front part of the contact patch, which yields positive lateral force.

In order to calculate the slip terms for the rear wheel and the front wheel in the 5 DoF
single track model, we need to calculate the velocities of the wheel center points R and F.
For the rear wheel, using the transport formula and resolving the vectors in the (x1, y1, z1)
coordinate frame (denoted as F1), we obtain

vR = vG + ωv × rGR =
⎡
⎣ v
σ − dω

0

⎤
⎦
F1

, (10)

which leads to

Sx,r = r
r − v
|r
r| ,

Sy,r = −σ + dω
|r
r| . (11)

Here, vG = [v σ 0]�F1 denotes the velocity vector of the center of mass of the vehi-
cle, ωv = [0 0 ω]�F1 denotes the angular velocity vector of the vehicle body, while
rGR = [−d 0 0]�F1 denotes the position vector pointing from G to R.

Similarly, for the front wheel, resolving the vectors in the (x2, y2, z2) coordinate frame
(denoted as F2), we obtain

vF = vG + ωv × rGF =
⎡
⎣ v cos γ + (σ + qω) sin γ

−v sin γ + (σ + qω) cos γ
0

⎤
⎦
F2

, (12)

which leads to

Sx,f = r
f − v cos γ − (σ + qω) sin γ
|r
f | ,

Sy,f = v sin γ − (σ + qω) cos γ
|r
f | . (13)
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Here, we used the velocity vector vG = [v cos γ + σ sin γ −v sin γ + σ cos γ 0]�F2 , the
angular velocity vector ωv = [0 0 ω]�F2 , and the position vector rGF = [q cos γ −q sin γ
0]�F2 pointing from G to F.

In terms of the tyre–road interaction the contact patch is divided into an adhesion region
of length λ and a sliding region of length 2a − λ (see Figure 5), where λ changes dynam-
ically depending on the wheel’s motion. When the shear force is below the maximum
available static friction for a particular brush element, the brush element sticks to the road.
Then the longitudinal and lateral sheer force components can be calculated by multiplying
the longitudinal and lateral deformations of the brush elements with the longitudinal and
lateral stiffnesses kx and ky and integrating along the adhesion region. In general, the defor-
mations change dynamically along the adhesion region. However, as shown inAppendix B,
assuming quasi-stationary wheel motion leads to linear increase of the deformation along
the contact patch – as we move away from the leading point – both in the longitudinal and
the lateral directions; see Figure 5.

As the deformation continues to increase along the contact patch, the required shear
force eventually exceeds the maximum available static friction. In this case, the brush ele-
ments no longer stick to the road, and sliding occurs, as depicted at the rear part of the
contact patch in Figure 5. Then the magnitude of the friction force for a brush element is
equal to the sliding friction coefficientμ times the normal force pressing the brush element
to the ground. In order to determine the longitudinal and lateral components of the friction
force for each brush element sliding on the ground, one needs to obtain the sliding veloc-
ity of the brush element, as the force direction is opposite of this velocity. In general, for
anisotropic tyres (i.e. when the longitudinal stiffness and the lateral stiffness differ kx �= ky)
the direction of the sliding velocity varies along the sliding region. However, as shown in
Appendix B, this variation is small and the sliding velocity can be well approximated by

vs =
⎡
⎣−r
+ vO cosα

−vO sinα
0

⎤
⎦ = |r
|

⎡
⎣−Sx

−Sy
0

⎤
⎦ , (14)

along the whole sliding region. Thus, the direction of the friction force in the sliding region
is given by the sliding angle β (see Figure 5), which can be defined as

cosβ = −vs,x
vs

= Sx√
Sx2 + Sy2

,

sinβ = −vs,y
vs

= Sy√
Sx2 + Sy2

,

tanβ = vs,y
vs,x

= Sy
Sx
, (15)

where vs = |vs|.
We remark that the assumption that the sliding velocity vs, and in turn, the sliding

angle β of the friction force is constant throughout the sliding region has been used in
the literature [46], though strictly speaking it only holds for isotropic tyres (kx = ky). This
assumption barely influences the longitudinal and lateral forces but it makes the aligning
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moment somewhat unrealistic. As we are interested in the handling dynamics of the whole
vehicle, the aligningmoments have negligible effects. However, one may need to revisit the
above assumption when studying steering dynamics, where the aligning moment plays an
important role.

The adhesion length λ can be calculated based onwhen themagnitude of the sheer force
reaches the limit given by the sticking friction (at the left end of the adhesion region). This
yields

λ = 2a − 4a3

3μ0Fz

√
k2xS2x + k2yS2y , (16)

where Fz is the resultant normal force acting on the contact patch. In the 5 DoF single track
model, the normal forces Fz,f and Fz,r for the front and rear wheels can be calculated as

Fz,f = mwg + mvgd − Md

l
,

Fz,r = mwg + mvgq + Md

l
, (17)

respectively.
Note that the adhesion region only exists for λ > 0. Substituting this into (16) yields

k2xS
2
x + k2yS

2
y <

(
3μ0Fz
2a2

)2
, (18)

which corresponds to an ellipse in the (Sx, Sy)-plane; see Figure 6. In other words, if the
longitudinal and lateral slips Sx and Sy are sufficiently large, sliding can occur for all brush
elements and the adhesion region no longer exists. This is called total sliding or saturated
tyre, and occurs outside the elliptical region, that is, when

k2xS
2
x + k2yS

2
y ≥

(
3μ0Fz
2a2

)2
. (19)

We remark that for isotropic tyres (kx = ky) the ellipse becomes a circle which is often
referred to as the friction circle.

Based on the above results, the longitudinal tyre force Fx, the lateral tyre force Fy and
the aligning momentMz are given as functions of Sx and Sy:

Fx(Sx, Sy) =

⎧⎪⎨
⎪⎩
λ2

2
kxSx + (2a − λ)2(a + λ)

4a3
μFz cosβ if (18),

μFz cosβ if (19),

Fy(Sx, Sy) =

⎧⎪⎨
⎪⎩
λ2

2
kySy + (2a − λ)2(a + λ)

4a3
μFz sinβ if (18),

μFz sinβ if (19),

Mz(Sx, Sy) =

⎧⎪⎨
⎪⎩
(3a − 2λ)λ2

6
kySy − 3(2a − λ)2λ2

16a3
μFz sinβ if (18),

0 if (19),
(20)
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Figure 6. The adhesion ellipse (18) shaded blue when using the normal force Fz = 5000 N and kx , ky , a,
andμ0 from Table 1.

where β and λ should be substituted from (15) and (16), respectively. The detailed
derivations can be found in Appendix B.

The friction forces and aligning moments are visualised by the surface plots in Figure 7
as functions of the longitudinal and lateral slips. The red curves in panels (a)-(b) highlight
the pure longitudinal-slip case, while the red curves in panels (c)-(f) illustrate the pure
lateral-slip case. The surfaces are indeed symmetric about these pure slip cases. Since the
lateral stiffness ky of the brush elements is smaller than the longitudinal stiffness kx, total
sliding first occurs at a larger Sy value in the pure lateral-slip case than the value of Sx in
the pure longitudinal-slip case; cf. panels (b) and (d).

One may observe that the pure slip cases correspond to the largest tyre–road fric-
tion. Therefore, when using a lower DoF vehicle model, where due to the lack of wheel
speed dynamics the combined slip tyre model cannot be incorporated, the available
tyre–road friction is overestimated. Prior Fiala model-inspired combined slip models such
as [12,13,17] can capture the qualitative trends of the longitudinal and lateral force charac-
teristics, but quantitative errors arise as these models do not differentiate the longitudinal
and lateral stiffnesses. In addition, these models cannot describe the aligning moment
depicted in panels (e)-(f) as captured by the new model.

3.3. Links between the 5 DoF and the traditional 2.5 DoFmodels

Before diving into the details of the analysis of 5 DoF model, we show how the equations
of motion can be simplified to the traditional 2.5 DoF single track model presented in
Section 2.

To obtain the traditional model the mass and the mass moment of inertia of the front
and rear wheels have to be ignored:

mw = 0, C = 0, D = 0, (21)

which yields p = 0 in (8). Then, the last two equations in (7) result in the longitudinal forces
Fx,r = Md/r and Fx,f = 0. Substituting these and the kinematic constraint v̇ = 0 into (7),
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Figure 7. The longitudinal force Fx (a,b), the lateral force Fy (c,d), and the aligning moment Mz (e,f ) as
functions of the lateral slip Sx and longitudinal slip Sy for Fz = 5000 Nwith the other parameters selected
from Table 1.
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the first equation can be used to obtainMd while the second and third equations simplify
to the first two equations in (1). Moreover, in (6) the last two equations can be ignored and
the first three equations are identical to last three equations in (1).

In addition, the longitudinal slip Sx is zero, and thus, the first equation in (9) yields r
 =
vO cosα. Substituting this into the second equation and exploiting
 > 0 yield Sy = tanα.
Substituting Sx = 0 into (16) gives the adhesion length

λ = 2a − 4kya3

3μ0Fz
|Sy|, (22)

while (18) simplifies to

|Sy| < Sy,cr = 3μ0Fz
2kya2

. (23)

Finally, since the tyre friction force points the lateral direction in the sliding domain, we
have ⎧⎪⎨

⎪⎩
β = π/2 if Sy > 0,
β = 0 if Sy = 0,
β = −π/2 if Sy < 0,

(24)

which yields cosβ = 0 and sinβ = sgn(Sy), cf. (15). Consequently, the longitudinal tyre
force in (20) becomes zero while the lateral tyre force and the aligning moment simplify to

Fy(Sy) =

⎧⎪⎨
⎪⎩
λ2

2
kySy + (2a − λ)2(a + λ)

4a3
μFzsgn(Sy), if |Sy| < Sy,cr,

μFzsgn(Sy), if |Sy| ≥ Sy,cr,

Mz(Sy) =

⎧⎪⎨
⎪⎩
(3a − 2λ)λ2

6
kySy − 3(2a − λ)2λ2

16a3
μFzsgn(Sy), if |Sy| < Sy,cr,

0, if |Sy| ≥ Sy,cr.
(25)

Substituting (22) and Sy = tanα results in (4)–(5).

4. Bifurcation analysis of steady states and periodic solutions

In this section we analyse the dynamics of the 5 DoF vehicle model introduced in
Section 3.1. In particular, we focus on the essential dynamics (7) and investigate the steady
states and periodic solutions while varying the control inputs, i.e. the steering angle γ and
the driving torqueMd.

4.1. Steady states

We consider the steady state v(t) ≡ v∗, σ(t) ≡ σ ∗, ω(t) ≡ ω∗, 
r(t) ≡ 
∗
r , 
f (t) ≡ 
∗

f
while subject to the steady-state inputs γ (t) ≡ γ ∗,Md(t) ≡ M∗

d. Substituting these into (7)
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results in

0 = mσ ∗ω∗ + pω∗2 + F∗
x,r + F∗

x,f cos γ
∗ − F∗

y,f sin γ
∗,

0 = −(Jm − p2)v∗ω∗

+ (J + pd)F∗
y,r + (J − pq)(F∗

y,f cos γ
∗ + F∗

x,f sin γ
∗)− p(M∗

z,r + M∗
z,f ),

0 = −(md + p)F∗
y,r + (mq − p)(F∗

y,f cos γ
∗ + F∗

x,f sin γ
∗)+ m(M∗

z,r + M∗
z,f ),

0 = M∗
d − rF∗

x,r,

0 = −rF∗
x,f . (26)

Observe that the last two equations of (26) yield

F∗
x,r = M∗

d
r
, F∗

x,f = 0, (27)

that is, in steady state, the longitudinal force at the rear wheel is given by the applied driving
torque while the longitudinal force at the front wheel is zero. According to (20), the latter
also implies that the steady-state longitudinal slip at the front wheel is zero: S∗

x,f = 0; see
also Figure 7(c). Substituting (27) into the first three equations of (26) yields

0 = mσ ∗ω∗ + pω∗2 + M∗
d
r

− F∗
y,f sin γ

∗,

0 = −(Jm − p2)v∗ω∗ + (J + pd)F∗
y,r + (J − pq)F∗

y,f cos γ
∗ − p(M∗

z,r + M∗
z,f ),

0 = −(md + p)F∗
y,r + (mq − p)F∗

y,f cos γ
∗ + m(M∗

z,r + M∗
z,f ). (28)

The steady-state lateral tyre forces F∗
y,r, F∗

y,f and the aligning momentsM∗
z,r,M∗

z,f are func-
tions of the steady states according to the slip definitions (11), (13) and the combined slip
tyre model (15), (16), (20). Thus, given the steering angle γ ∗ and the driving torque M∗

d,
one may solve (27), (28) for the steady states v∗, σ ∗, ω∗,
∗

r ,
∗
f .

Before discussing the general solutions we highlight the special case of the rectilin-
ear motion. Notice that substituting γ ∗ = 0, M∗

d = 0, σ ∗ = 0, ω∗ = 0 into (28), the first
equation is satisfied. Moreover, according to (11), (13), the lateral slips are zeros S∗

y,r = 0,
S∗
y,f = 0, which result in zero lateral forces F∗

y,r = 0, F∗
y,f = 0 and zero aligning moments

M∗
z,r = 0,M∗

z,f = 0. Thus, the last two equation in (28) are satisfied for arbitrary longitudi-
nal speed v∗. Finally, according to (11), (13), thewheel speeds are
∗

r = v∗/r,
∗
f = v∗/r. In

summary, when no steering and driving torque inputs are applied, the rectilinear solution
exists for any constant speed.

When applying non-zero constant inputs γ ∗ �= 0, M∗
d �= 0 the algebraic equa-

tions (11), (13), (15), (16), (20), (27), (28) need to be solved for v∗, σ ∗, ω∗, 
∗
r , 
∗

f ,
numerically. We utilise the multi-dimensional bisection method (MDBM) [45], which can
return all solutions in user-defined domains in the state space without requiring an initial
guess. One may find three qualitatively different solutions: steady-state cornering, donut,
and drifting, as presented for γ ∗ = 5◦ in Table 2. Steady-state cornering represents the
scenario where the vehicle is turning with relatively low lateral velocity and yaw rate while



2434 Y. ZHANG ET AL.

Table 2. Different types of steady-state solutions.

γ ∗ = 5◦ v∗ [ ms ] σ ∗ [ ms ] ω∗ [ rads ] 
∗
r [

rad
s ] 
∗

f [
rad
s ] S∗x,r S∗y,r S∗x,f S∗y,f M∗

d [Nm]

S. S. Cornering 14.96 −0.84 0.29 50.56 49.75 0.01 0.09 0 0.13 200
Donut 5.52 −1.31 0.91 24.79 18.22 0.26 0.36 0 0.16 622
Drifting 13.63 4.02 −0.39 54.64 46.33 0.17 −0.28 0 −0.18 545

both the rear tyre and the front tyre are well below their saturation limits:

k2xS
∗2
x,r + k2yS

∗2
y,r 	

(
3μ0Fz,r
2a2

)2
, k2xS

∗2
x,f + k2yS

∗2
y,f 	

(
3μ0Fz,f
2a2

)2
. (29)

cf. (18), (19). Donut refers to a state when the vehicle is turning with large lateral velocity
and yaw rate while the rear tyre is saturated and the front tyre is still below the saturation
limit:

k2xS
∗2
x,r + k2yS

∗2
y,r >

(
3μ0Fz,r
2a2

)2
, k2xS

∗2
x,f + k2yS

∗2
y,f <

(
3μ0Fz,f
2a2

)2
. (30)

When drifting, the vehicle is also turning with large lateral velocity and yaw rate while the
rear tyre is saturated and the front tyre is below the saturation limit, i.e. (30) still holds.
However, compared to the donut, the vehicle is turning in the opposite direction of the
steering input.

In summary, the vehicle can exhibit three types of steady-state motions for a constant
steering angle. For small driving torque, the vehicle corners slowly with small tyre slips.
For large driving torque, two motions with rapid turning and large tyre slips are possible:
donut and drifting. When drawing donuts the vehicle turns to the same direction as the
steering input, while when drifting it turns the opposite direction.

4.2. Bifurcation analysis of steady states

In this subsection, we analyse the steady states of the 5 DoF model (7) when varying the
control inputs. We plot the results using bifurcation diagrams which indicate the stability
of steady states: green colour is used for stable states and red colour is used for unstable
ones. This colour code will be kept for the rest of the paper. The transitions (bifurcation
points) between stable and unstable states are marked by different symbols as explained
further below. The bifurcation diagrams are generated by the numerical continuation soft-
ware package DDE-Biftool [43,44]. The different steady states discovered through this
bifurcation analysis will be utilised to design and control differentmanoeuvres in Section 5.

Figure 8 shows the steady-state values of the longitudinal velocity v, the lateral velocity
σ , and the yaw rate ω, while varying the constant driving torque Md. Each row corre-
sponds to a constant steering angle γ , as indicated. The three rows show qualitatively
similar dynamics but one may observe quantitative differences as will be discussed further
below. For each value of γ two branches of steady states are obtained: the solid one changes
stability as the torque is increased while the dashed one is always unstable – though it only
exists above a certain torque value.

For lower torque values the solid branch is stable (green section) and this corresponds
to the steady-state cornering, i.e. the vehicle is turning with small yaw rate ω. As Md is
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Figure 8. Bifurcation diagrams for the longitudinal velocity, lateral velocity and yaw rate with driving
torque as the bifurcation parameter. Green and red branches correspond to stable and unstable steady
states, respectively. Teal pentagons mark the fold bifurcation points, olive stars mark Hopf bifurcation
points, and navy blue squares correspond to singularities.

increased, the steady state loses stability through a Hopf bifurcation (olive star), which is
followed by two fold bifurcations (teal pentagons). Notice that the Hopf point is located in
the vicinity of the maximum longitudinal speed, that is, the vehicle is close to its handling
limit. Increasing the driving torque further, the longitudinal velocity drops sharply while
yaw rate increases significantly as going through the fold points. After passing the second
fold point, the system enters the donut regime.

As the steady state loses stability at the Hopf point, a pair of complex conjugate char-
acteristic roots move to the right half of the complex plane. The unstable pair of complex
conjugate eigenvalues becomes real between the Hopf point and the first fold point. One
of these real eigenvalues moves to the left half complex plane at first the fold point and
moves back to the right half complex plane at the second fold point. The unstable eigen-
values become complex conjugate again in the vicinity of the second fold point. The two
fold bifurcations neither influence the stability of the steady state, nor change the limit
cycle oscillations arising from the Hopf bifurcation; the latter are examined in detail in
Section 4.3. One may show, however, that in the special case of μ = μ0 (not presented in
the figures) the fold bifurcations disappear and the longitudinal velocity decreases faster
as the driving torque is increased. This emphasises the importance of differentiating the
friction coefficients in the model.
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Aside from the steady-state cornering/donut branch (solid green/red), drifting branches
(dashed red) are also detected for sufficiently large driving torque. The larger the steering
angle is the larger torque is needed for drifting to appear. For completeness, we also include
the drifting branches for the negative steering inputs γ = −5◦, γ = −10◦, γ = −15◦;
these are differentiated by the lighter red colour in panels (b), (c), (e), (f), (h), (i). Due to
symmetry, the drifting branches for positive and negative steering inputs coincide in their
longitudinal velocity; see panels (a), (d), (g). The drifting branches have vertical asymp-
totes in panels (a), (b), (d), (e), (g), (h), but they arose from the singular points (navy blue
squares) in panels (c), (f), (i).

Observe that the singular point of the drifting branch is on the right of the Hopf point
of the steady-state cornering/donut branch. This implies that the drifting motion cannot
be initiated for torque values that result in stable steady-state cornering. Moreover, the
drifting solutions of negative steering inputs and the donut solution of positive steering
are close to each other. This could explain why drivers often initiate a drifting manoeuvre
by first performing a donut and then suddenly applying counter steering, as it will also be
demonstrated in Section 5.

Last but not least, we discuss the effects of the steering input γ by comparing the three
rows in Figure 8. Comparing panels (a), (d) and (g), we can see that as γ increases, the
longitudinal velocity of the vehicle decreases significantly for steady-state cornering and
donut. It is because the lateral tyre force at the front wheel has a larger resistance in the
longitudinal direction of the vehicle. This also explains why the drifting requires larger
driving torque input as the steering input increases, while the speed remains similar. In
other words, the drifting branch shifts to right as the steering angle is increased.

In conclusion, for a given constant steering input γ , we have three driving torque
regimes. If the driving torque is smaller than that of the Hopf point, there exist a stable
steady-state cornering solution. If the driving torque is in between the Hopf point and the
singular point, the steady state becomes unstable and only donut is possible. If the driving
torque is above the singular point, donut and drifting steady states coexist, though they are
both unstable (without feedback control). Finally, when considering a constant longitudi-
nal speed the three steady states may coexist as illustrated by the points A, B, C marked
in Figure 8. While this was already predicted by the traditional 2.5 DoF model (cf. Figure
3), that simplified model failed to capture the different driving torques needed to maintain
these steady states. More details about the steady states corresponding to the points A, B,
C, D, E marked in Figure 8 are provided in the next subsection together with the analysis
of periodic solutions.

4.3. Bifurcation analysis of periodic solutions

Here we take a closer look at the limit cycle oscillations arising from the Hopf bifurcations.
We compare these solutions to the steady states using phase portraits, i.e. trajectories in
state space, and by observing the motion of the center of mass in physical space. This pro-
vides us with insight about what happens when the vehicle is driving in a steady state or
along a periodic solution, and also provides us with information about the local dynamics
around these invariant solutions.

The results related to the Hopf bifurcation are shown in Figure 9. In panel (a), we trace
the Hopf bifurcation boundary in the (Md, γ ) plane. The gold curve show the stability
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boundary: the steady-state cornering/donut is stable above andunstable below this curve as
indicated by green and red shading. In order to investigate the periodic oscillations arising
from the Hopf bifurcation we investigate the system along the horizontal dashed line seg-
ments at γ = 5◦ betweenMd ∈ [460, 530] Nm, at γ = 10◦ betweenMd ∈ [480, 550] Nm,
and at γ = 15◦ between Md ∈ [500, 550] Nm. The arising branches of periodic solutions
are depicted in panels (b), (d) and (f) for the three different steering inputs through the
amplitude of the longitudinal velocity v as a function of the driving torque. Panels (c), (e)
and (g) show the same branches in zoomed domains close to the Hopf bifurcation.

For smaller steering angles (γ = 5◦ and γ = 10◦) the Hopf bifurcation is supercriti-
cal, that is, a branch of stable periodic oscillations arises. As the torque is increased, this
solution loses stability via a period doubling bifurcation (light blue diamond) and then
gains stability again via non-smooth bifurcation (vertical gray dashed line) through which
the amplitude of the oscillations also increases significantly. For larger steering angles
(γ = 15◦) the Hopf bifurcation is subcritical, that is, a branch of stable oscillations arises,
which again gains stability and increases its amplitude through a non-smooth bifurcation.
Onemay observe that in all cases the amplitude does not change significantlywhen increas-
ing the torque input beyond the non-smooth bifurcation. On the other hand, the amplitude
decreases when increasing the steering angle input.While the detailed analyses of theHopf
bifurcation and the non-smooth bifurcation are left for future research, we study the arising
periodic orbits in detail.

For the case γ = 10◦, we labelled the steady states A, B, C, D, E in Figure 8 and the
periodic solutions H, G in Figure 9. The corresponding torque values are Md = 54.1Nm
for case A, Md = 541.5Nm for cases B and H, Md = 696.7Nm for cases C and D, and
Md = 487.7Nm for cases E and G. We display the corresponding phase portraits in the
plane of the side slip angle arctan(σ/v) and yaw rate ω in Figure 10. The steady states
(coloured dots) and the periodic orbits (coloured curves) are extracted from the con-
tinuation software DDE-Biftool, while the black trajectories are obtained via numerical
simulations from different initial conditions. Note that the trajectories may intersect each
other since we are projecting them from the 5-dimensional state space of (7) onto the 2-
dimensional plane. To have more physical insights on different types of steady states and
periodic orbits, we plot the trace of the center of mass G in the (x, y) plane in Figure 11.
This is obtained by solving the kinematic Equations (6) for the numerical continuation
results such that the vehicle stars from the origin for all trajectories. Green and red colours
are still used to differentiate trajectories corresponding to stable and unstable states.

Considering the steady-state cornering solutionA (marked for γ = 10◦,Md = 54.1Nm
in Figure 8), this state is globally asymptotically stable. Correspondingly, all trajectories
converge to this state in Figure 10(a). In this steady state the vehicle is driving on the cir-
cular trajectory in the counterclockwise direction with constant speed as shown in Figure
11(a).

As the driving torque input is increased toMd = 487.7Nm, the steady-state cornering
solution E in Figure 8 becomes unstable and the small amplitude (globally) stable peri-
odic solution G appears as shown in Figure 9(e). These orbits are highlighted Figure 10(b)
using a zoomed inlet. In Figure 11(b), the corresponding traces of the center of mass G
are shown by the red circle and the green quasiperiodic motion, respectively. To further
illustrate the periodic solution, we plot the time profiles of the state variables v, σ , and ω
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Figure 9. (a) Stability diagram for the steady-state cornering/donut steady state on the plane of driv-
ing torque and steering angle. (b),(d),(f ) Bifurcation diagrams for the longitudinal velocity with driving
torque as the bifurcation parameter. (c),(e),(g) zoomed versions of the bifurcation diagrams.
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Figure 10. Phase portraits in the plane of the side slip angle and yaw rate for the solutions marked in
Figures 8 and9 forγ = 10◦. The corresponding torque values are (a)Md = 54.1 Nm, (b)Md = 487.7 Nm,
(c)Md = 541.5 Nm, and (d)Md = 696.7 Nm.

together with the longitudinal slips Sx,r, Sx,f and lateral slips Sy,r, Sy,f in Figure 12. As high-
lighted in panel (f), both the front and rear tyres are within their saturation limits: both
Sx and Sy remain inside their ellipse of total sliding. That is, even though the steady state
is unstable, when driving along the periodic solution the vehicle still remains within its
handling limits. In fact, the trajectory resembles the ‘out-in-out’ cornering strategy used
by professional race car drivers as they are fully exploiting the handling limits in order
to minimise the curvature of the trajectory and maximise the exiting speed. However, as
shown in Figure 9(d,e), the small amplitude periodic solutions only exist in a narrow band
of driving torque in the vicinity of the Hopf birfurcation, and increasing the torque further
results in large amplitude oscillations.

When increasing the driving torque toMd = 541.5Nm, we obtain the (unstable) steady
state cornering solution B in Figure 8 and the large amplitude stable periodic solution H
appears in Figure 9(d). These orbits are highlighted Figure 10(c) where the large amplitude
limit cycle is only partially visible in the window. The corresponding traces of the center of
mass G are shown in Figure 11(c). The time profiles of the state variables and the longitu-
dinal and lateral slips are plotted in Figure 13. Within one period of oscillation, the vehicle
first corners with an increasing longitudinal velocity and decreasing lateral velocity, result-
ing a path with large radius of curvature. However, as the longitudinal velocity reaches its
maximum value, the vehicle is no longer able to recover the tyre traction and a sudden
change of the tyre slip occurs. In this process, the vehicle essentially spins out, as indicated
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Figure 11. Trajectories of the center of gravity G of the vehicle for the solutions marked in Figures
8 and 9 for γ = 10◦. The corresponding torque values are (a) Md = 54.1 Nm, (b) Md = 487.7 Nm, (c)
Md = 541.5 Nm, and (d)Md = 696.7 Nm.

by large values of lateral velocity and yaw rate, and eventually comes to a full stop after
turning almost 180◦ at a very small time period. Then, as the tyre traction is recovered, the
motion is repeated again. Figure 13(f) highlights that both the front and rear tyres exceed
their saturation limits while driving along the periodic orbit. The observed motion corre-
sponds to a handling scenario in which the vehicle is only able to recover the tyre traction
by coming to a full stop while spinning out.

Last but not least, we investigate the drifting solutions that appear for sufficiently large
driving torques. Namely, setting the driving torque to Md = 696.7Nm we obtain two
unstable steady states: the drifting C and the donut D as shown in Figure 8, and a large
amplitude stable periodic solution also appears, which is out window in Figure 9(d). These
orbits are plotted Figure 10(d) where the donut and drifting are differentiated by the red
dot and red circle, cf. Figure 3(c). The corresponding traces of the center of mass G are
shown in Figure 11(d) where the donut and drifting are shown by the solid and dashed
circles, cf. Figure 3(d). Indeed, the donut is in the counterclockwise while the drifting is



VEHICLE SYSTEM DYNAMICS 2441

Figure 12. Times profiles for the state variables and the slips for the periodic solution at point G in
Figures 9(e), 10(b) and 11(b).

Figure 13. Times profiles for the state variables and the slips for the periodic solution at point H in
Figures 9(d), 10(c) and 11(c).

in the clockwise direction. Since both steady-state solutions are unstable, the vehicle tra-
jectory eventually converges to the large amplitude (globally) stable periodic orbit (solid
green curve), which is similar to that in Figures 10(c) and 11(c). However, by applying
feedback control, one may stabilise these unstable steady states as will be discussed in the
next section.
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5. Controlling extrememanoeuvres

The nonlinear analysis of the 5 DoF model showed that the donut and drifting solutions
generally have much larger lateral velocity and yaw rate than the steady-state cornering
solutions belonging to the same longitudinal velocity, cf. point A, B, C in Figure 8. Conse-
quently, the vehicle traces a circle with smaller radius of curvature, see Figure 11. Hence,
these solutions provide more manoeuvreability for extreme conditions, such as an evasive
manoeuvre while avoiding a collision. The donut and the drifting solution have their own
advantages compared to each other when negotiating tight corners. The donut has larger
yaw rate that leads to smaller radius of curvature, while the drifting has larger lateral veloc-
ity, especially for smaller driving torque inputs. However, without feedback control both
the donut and the drifting are unstable. Therefore, in this section, building on the results of
the nonlinear analysis, we design feedback controllers to stabilise the unstable steady states.
More importantly, we also demonstrate that by switching the controllers, it is also possi-
ble to transition the vehicle between different solutions. This flexibility enables automated
vehicle to perform a variety of extreme handling manoeuvres.

Assume that we would like to stabilise the unstable steady state

x∗ = [
v∗ σ ∗ ω∗ 
∗

r 
∗
f
]� , (31)

obtained for the steady-state input

u∗ = [
γ ∗ M∗

d
]� , (32)

which can be chosen according to the numerical continuation results. Then, we can define
the state and input perturbation as

x̃ = x − x∗ =

⎡
⎢⎢⎢⎢⎣

v
σ

ω


r

f

⎤
⎥⎥⎥⎥⎦ −

⎡
⎢⎢⎢⎢⎣
v∗
σ ∗
ω∗

∗

r

∗

f

⎤
⎥⎥⎥⎥⎦ , (33)

and

ũ = u − u∗ =
[
γ

Md

]
−

[
γ ∗
M∗

d

]
. (34)

Then the essential dynamics (7) can be linearised around the unstable steady state yielding
the linear system

˙̃x = Ax̃ + Bũ, (35)

where the statematrixA and inputmatrixB can be computed as the Jacobianmatrices with
respect to the state vector x and input vector u. Note that since the tyre characteristics (20)
are piece-wise smooth functions, the matricesA and B can be determined considering the
longitudinal and lateral slip values related to the chosen steady state. If the controllability
matrix of the pair (A,B) is full rank, the linearised system is controllable, and in turn,
stabilisable. One may check numerically that this is indeed the case for the unstable steady
states we consider.
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Once an equilibrium and its stabilisability are known, one may use a plethora of differ-
ent control techniques to stabilise it. For simplicity and computational efficiency, here we
utilise the infinite-horizon linear quadratic regulator (LQR) that results in a state feedback
controller. Namely, the LQR problem is formulated as

min
ũ:[0,∞]→IR2

∫ ∞

0
(x̃TQx̃ + ũTRũ) dt,

subject to ˙̃x = Ax̃ + Bũ, (36)

where Q is the state penalty matrix and R is the input penalty matrix. For the sake of
simplicity, these are set to

Q =

⎡
⎢⎢⎢⎢⎣
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤
⎥⎥⎥⎥⎦ , R =

[
1/2 0
0 1/2

]
, (37)

with the appropriate SI units considered.
The optimisation problem (36) can be solved analytically, yielding the feedback law

ũ = Kx̃, (38)

where the proportional gain matrix K can be obtained as

K = −R−1BTP, (39)

and the matrix P is the solution to the algebraic Riccati equation

ATP + PA − PBR−1BTP + Q = 0. (40)

In case of the drifting state C and donut state D found in Section 4.3 for
γ = 10◦,Md = 696.7Nm, we obtain the gain parameters

KC =
[−3.2418 2.0429 −7.9585 −0.0197 −1.1311
−0.2272 −0.1002 0.2201 −0.0315 −0.0023

]
,

KD =
[
2.1612 5.2897 −13.0428 0.1002 0.9900

−0.2204 0.0926 −0.3553 −0.0235 −0.0023

]
. (41)

In summary, the input of the stabilising LQR controller is given by

u = u∗ + ũ = u∗ + K(x − x∗). (42)

In order to make the controller more practical and reflect the capabilities of consumer
vehicles, we saturate the steering input (42) at −30◦ and 30◦ and limit the driving torque
input in the range of 0Nm and 900Nm.

We validate the performance of the LQR controller using numerical simulations. First,
we demonstrate the stabilisation of the drifting steady state C and the donut steady state D
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while using the gain matricesKC andKD, respectively, see (41). Then we demonstrate that
onemay transition the vehicle between these two steady states by switching the controllers.

Figure 14 shows the simulation results where we either engage the counterclockwise
donut controller (cyan curves) or the clockwise drifting controller (dark blue curves), such
that the vehicle starts from standstill from the origin. The trace of the center of mass G on
the (x, y) plane is plotted in panel (a), the vehicle states are shown in panels (b–d), and
the control inputs are depicted in panels (e–f). Observe that the donut controller and the
drifting controller, designed using the linearised systems, enable the vehicle to converge to
the respective steady states with no steady-state error. However, panels (c) and (d) show
that, the drifting controller executes a manoeuvre by initially putting the vehicle in a tran-
sient counterclockwise donut motion before converging to the clockwise drifting steady
state. During the time period between 4 s and 6 s, the controller executes two rapid steer-
ing manoeuvres and then converges to the steady-state input (which is very close to that
of the counterclockwise donut). This simulation demonstrates the value of combining the
bifurcation analysis (which determines the different steady states) with simple, computa-
tionally efficient control design (that stabilises the steady states). It also corroborates the
conclusion, revealed by the bifurcation analysis, that the driftingmotion cannot be directly
initiated from standstill because of the singularity point shown in Figure 8.

Now we demonstrate the capability of our control framework to converge to drifting
via counter steering from a donut motion, a technique which is often used by professional
race car drivers. Figure 15 shows the corresponding simulation results. We initially engage
the counterclockwise donut controller to reach the donut solution D, when starting from
standstill from the origin. Then at time 40 s, we switch to the counterclockwise drifting
controller aiming for the drifting solution with a steady-state input of (γ = −10◦,Md =
696.7Nm). Notice that this drifting steady state is the counterpart of point Cwith the exact
opposite steady-state steering input, cf. Figures 14 and 15. Consequently, the steady-state
longitudinal velocity are the same while the steady-state lateral velocity and yaw rate are
the opposite of those of in C. And, indeed, the steady-state trajectory is a circle with the
same radius as that of C but the direction being counterclockwise. As illustrated by the
states in panels (b)–(d), the vehicle is able to converge to the drifting steady state from the
stabilised donut. In panel (e), a rapid counter steering input is observed when the drifting
controller is engaged and then the steering angle converges to the negative steering angle
that is of the same magnitude as was used to maintain the donut.

Finally, we demonstrate the flexibility of our control framework in creating a large vari-
ety of different extrememanoeuvres. We take advantage of the different donut and drifting
states unveiled by the bifurcation analysis and the simplicity (and consequently low com-
putational need) of our control design. The simulation results in Figure 16 combine a figure
eight donut with a figure eight drifting. Starting from standstill, the vehicle first activates
the counterclockwise donut controller and approaches the corresponding steady state, see
the small-radius cyan circle in the top right of Figure 16(a). Then, at time 30 s, we switch to
the clockwise donut controller, which transitions the vehicle to the corresponding steady
state. This is followed by a switch to the counterclockwise drifting controller at time 62.5 s
that results in the transition from the small-radius cyan circle in the middle to the large-
radius dark blue circle on the left. Finally, at time 95 s, the clockwise drifting controller
is activated, and accordingly, the vehicle approaches the large-radius dark blue circle at
the bottom. While drifting-to-drifting figure eight manoeuvres have been explored before
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Figure 14. Simulation result for stabilising the drifting solution C and the donut solution D.
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Figure 15. Simulation result when transitioning from donut to drifting by switching controllers.
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Figure 16. Simulation result when transitioning from donut figure eight manoeuvre to drifting figure
eight manoeuvre by switching between four different controllers.
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in the literature, our simulation shows that many other extreme transitions are possible.
This enables turns with smaller turning radii: even during the transients between coun-
terclockwise and clockwise donuts, the turning radius is significantly smaller than during
drifting.

Overall, the ability to switch between the donut motion and the drifting motion can
provide more flexibility in utilising both the high speed nature of the drifting motion and
the tighter cornering of the donut motion during extreme manoeuvres. We also remark
that the high-fidelity nature of the vehicle model with the wheel speed dynamics and com-
bined slip tyres plays a key enabler for the simple state feedback controllers to realise such
complicated manoeuvres.

6. Conclusion

We utilised state-of-the-art modelling and analysis techniques in order to gain a better
understanding of the nonlinear dynamics of automated vehicles. We exploited the Appel-
lian approach to build the 5 DoF vehicle model, which was supported by a combined slip
tyre model. This way, we included the dynamics of the wheel rotations while keeping the
simplicity of the model. By using bifurcation analysis we explored the dynamics of the
uncontrolled system and mapped out the dynamics around three important steady states
(steady-state cornering, donut, drifting), including the arising periodic solutions, which
bifurcate from these steady states.

We showed that stable steady-state cornering appears for small driving torque inputs
and they transform into an unstable donut through a series of bifurcations. First, stability is
lost via Hopf bifurcation, which also results in periodic orbits of initially small amplitude.
Then the longitudinal speed drops and the yaw rate rises through two fold bifurcations.
We also showed that drifting is always unstable and appears through a singularity as the
driving torque is increased.Moreover, the symmetric copy of the drifting state (for negative
steering angle) is close to the donut state, which suggests that onemay transition the vehicle
between these states using appropriate control actions.

We demonstrated that the unstable donut and drifting states can be stabilised by simple,
computationally inexpensive controllers and that one may indeed transition the vehicle
between these states by switching the controller. This will enable automated vehicles to
execute safety critical manoeuvres, which they were unable to do previously. The designed
controllers are, in principle, deployable on vehicles of different levels of automation but
indeed the actual algorithmsmay depend on the automation level, whichwe plan to explore
in the future. Another important factor, which will be the subject of future investigations,
is the time delay in the control loops, as this can significantly influence the vehicle’s motion
in many scenarios. Finally, we are planning to validate our control framework using real
vehicles on a test track.
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Appendix A. The 5 DoF Single Track Model (Detailed Derivation)

Here we show the derivation of the equations of motion for our 5 DoF single track
model discussed in Section 3.1 using the Appellian approach. The mechanical model
is illustrated in Figure 4 and the system parameters are collected in Table 1.

In order to describe the mechanical system we need five generalized coordinates
and here we choose xG, yG, ψ, θr, θf . The Appellian approach requires the introduction
of the so-called pseudo velocities, which can be chosen intuitively. One can formulate
the velocity of the center of mass G both in the ground-fixed frame F0 and in the
vehicle-fixed frame F1:

vG =

ẋGẏG
0


F0

, vG =

 ẋG cosψ + ẏG sinψ
−ẋG sinψ + ẏG cosψ

0


F1

. (A1)

One may also formulate the angular velocity vector of the vehicle body as

ωv =

0
0

ψ̇


F0

, ωv =

0
0

ψ̇


F1

, (A2)

which will be used in the calculations below.
Using the longitudinal and later velocity components v := ẋG cosψ + ẏG sinψ and

σ := −ẋG sinψ + ẏG cosψ together with the angular velocity components ω := ψ̇,
Ωr := θ̇r and Ωf := θ̇f as pseudo velocities, we obtain the linear system

cosψ sinψ 0 0 0
− sinψ cosψ 0 0 0

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1



ẋG
ẏG
ψ̇

θ̇r
θ̇f

 =


v
σ
ω
Ωr

Ωf

 . (A3)

Since the matrix on the left hand side is not singular (its determinant is 1), one may
solve the linear equations and obtain

ẋG = v cosψ − σ sinψ ,

ẏG = v sinψ + σ cosψ ,

ψ̇ = ω ,

θ̇r = Ωr ,

θ̇f = Ωf ,

(A4)

which is identical to (6).
Note that since there are no kinematic constraint the number of pseudo-velocities 

are the same as the number of generalized velocities [42]. Still the advantage of the 
Appellian approach is that it allows one to describe the configuration o f t he system 
in the ground-fixed f rame ( using t he g eneralized c oordinates), and a t t he s ame time 
describe the velocity state of the system in the body-fixed f rame ( using t he pseudo 
velocities).

1



Similar to the Lagrangian approach, which uses the kinetic energy of the multi-body
system, the Appellian approach is relies on a scalar quantity called the acceleration
energy. This can be constructed as

S = Sveh + Sfw + Srw, (A5)

where Sveh, Srw and Sfw are the acceleration energies of the vehicle body, the rear
wheel and the front wheel, respectively. These can be calculated as

Sveh =
1

2
mva

2
G +

1

2
JGα

2
v + . . . , (A6)

Srw =
1

2
mwa

2
R +

1

2
αr · JRαr +αr · (ωr × JRωr) + . . . , (A7)

Sfw =
1

2
mwa

2
F +

1

2
αf · JFαf +αf · (ωf × JFωf) + . . . , (A8)

where aG, aR and aF are the acceleration vectors of the points G, R and F, respectively,
αv, αr and αf are the angular acceleration vectors of the vehicle body, the rear wheel
and the front wheel, respectively, while ωr and ωf are the angular velocity vectors
of the rear wheel and the front wheel, respectively. Moreover, mv is the mass of the
vehicle, mw denotes the mass of the wheels, while the mass moment of inertia tensors
of the wheels at the wheel center points R and F (in the appropriate frames) are

JR =

C 0 0
0 D 0
0 0 C


F1

, and JF =

C 0 0
0 D 0
0 0 C


F2

. (A9)

Note that the expression of the acceleration energy Sveh in (A6) is simpler than
those of Srw and Sfw in (A7) and (A8), because the vehicle body executes an in-plane
motion while the wheels are performing spatial motions. Finally, . . . denotes additional
terms which are not spelled out since they do not contain acceleration components.

The acceleration energy needs to be expressed as functions of pseudo velocities
v, σ, ω,Ωr,Ωf and the pseudo accelerations v̇, σ̇, ω̇, Ω̇r, Ω̇f . Taking the time derivative
of (A4) yields

ẍG = v̇ cosψ − vω sinψ − σ̇ sinψ − σω cosψ ,

ÿG = v̇ sinψ + vω cosψ + σ̇ cosψ − σω sinψ ,

ψ̈ = ω̇ ,

θ̈r = Ω̇r ,

θ̈f = Ω̇f .

(A10)

Next, we present the calculation of the acceleration energy for each rigid body. For
the vehicle body the acceleration and the angular acceleration vectors can be expressed
in the ground-fixed frame F0:

aG = v̇G =

ẍGÿG
0


F0

, αv = ω̇v =

0
0

ψ̈


F0

, (A11)
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cf. (A1) and (A2). Using (A10), results in

a2G = v̇2 + σ̇2 − 2ωσv̇ + 2ωvσ̇ + . . . , α2
v = ω̇2 , (A12)

and substituting these into (A6) yields

Sveh =
1

2
mvv̇

2 +
1

2
mvσ̇

2 +
1

2
JGω̇

2 −mvωσv̇ +mvωvσ̇ + . . . . (A13)

Again . . . represent terms which do not contain the pseudo accelerations v̇ or σ̇ as
these will play no role in the Appell equations derived below.

For the rear wheel one may calculate the acceleration of the wheel center point R
using the transport formula

aR = aG +αv × rGR + ωv × (ωv × rGR) =

ẍG + dω̇ sinψ + dω2 cosψ
ÿG − dω̇ cosψ + dω2 sinψ

0


F0

, (A14)

where we used (A2), (A4), (A11) and the position vector
rGR = [−d cosψ −d sinψ 0 ]⊤F0

pointing from G to R. Again, using (A10) yields

a2R = v̇2 + σ̇2 + d2ω̇2 − 2dσ̇ω̇ − 2dvωω̇ + 2dω2v̇ − 2ωσv̇ + 2ωvσ̇ + . . . . (A15)

The angular velocity vector of the rear wheel can be formulated conveniently in the
frame F1:

ωr =

 0
Ωr

ω


F1

, (A16)

which, using the concept of frame derivatives, leads to

αr = ω̇r =

−ωΩr

Ω̇r

ω̇


F1

. (A17)

Then, using (A9), (A16), (A17), we obtain

1

2
αr · JRαr +αr · (ωr × JRωr) =

1

2
Cω̇2 +

1

2
DΩ̇2

r + . . . . (A18)

Substituting (A15) and (A18) into (A7) we obtain

Srw =
1

2
mwv̇

2 +
1

2
mwσ̇

2 +
1

2

(
mwd

2 + C
)
ω̇2 +

1

2
DΩ̇2

r

−mwdσ̇ω̇ −mwdvωω̇ +mwdω
2v̇ −mwωσv̇ +mwvωσ̇ + . . . .

(A19)

Taking a similar approach for the front wheel, the acceleration of the wheel center
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point F can be calculated as

aF = aG +αv × rGF + ωv × (ωv × rGF) =

ẍG − qω̇ sinψ − qω2 cosψ
ÿG + qω̇ cosψ − qω2 sinψ

0


F0

, (A20)

where we used (A2), (A4), (A11) and the position vector rGF = [ q cosψ q sinψ 0 ]⊤F0

pointing from G to F. Again, using (A10) yields

a2F = v̇2 + σ̇2 + q2ω̇2 + 2qσ̇ω̇ + 2qvωω̇ − 2qω2v̇ − 2ωσv̇ + 2ωvσ̇ + . . . . (A21)

The angular velocity vector of the front wheel can be formulated conveniently in
the frame F2:

ωf =

 0
Ωf

ω + γ̇


F2

, (A22)

and using frame derivatives we obtain

αf = ω̇f =

−ω(Ωf + γ̇)

Ω̇f

ω̇ + γ̈


F2

. (A23)

Then, using (A9), (A22), (A23), we obtain

1

2
αf · JRαf +αf · (ωf × JFωf) =

1

2
C
(
ω̇2 + 2γ̈ω̇

)
+

1

2
DΩ̇2

f + . . . . (A24)

Substituting (A21) and (A24) into (A8), we obtain

Sfw =
1

2
mwv̇

2 +
1

2
mwσ̇

2 +
1

2

(
mwq

2 + C
)
ω̇2 + Cγ̈ω̇ +

1

2
DΩ̇2

f

+mwqσ̇ω̇ +mwqvωω̇ −mwqω
2v̇ −mwωσv̇ +mwωvσ̇ + . . . .

(A25)

Finally, substituting (A13), (A19), (A25) into (A5) we obtain

S =
1

2
mv̇2 +

1

2
mσ̇2 +

1

2
Jω̇2 +

1

2
DΩ̇2

r +
1

2
DΩ̇2

f

+ pσ̇ω̇ − (pω2 +mωσ)v̇ +mωvσ̇ + (Cγ̈ + pvω)ω̇ + . . . ,
(A26)

where

m = mv + 2mw,

p = mw(q − d), (A27)

J = JG +mw

(
d2 + q2

)
+ 2C.

cf. (8).
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Beside the acceleration energy, we also need to calculate the so-called pseudo forces.
These can be obtained by calculating the virtual power of the active forces, which are
the tire forces and the aligning moments and the driving torque:

δP = Fr · δvA + (Mr +Md) · δωr + Ff · δvB +Mf · δωf , (A28)

where vA and vB are the velocities of points where the tire forces act on the wheel;
see Figure 4. For the rear wheel, it is convenient to resolve the forces and the torques
in the F1 frame:

Fr =

Fx,r

Fy,r

0


F1

, Mr =

 0
0

Mz,r


F1

, Md =

 0
Md

0


F1

, (A29)

while for the front wheels, the frame F2 is convenient:

Ff =

Fx,f

Fy,f

0


F2

, Mf =

 0
0

Mz,f


F2

. (A30)

The angular velocity vectors are already expressed in these frames (see (A2),(A16)
and (A22)) while the velocities can be obtained using transport formulas:

vR = vG + ωv × rGR =

 v
σ − dω

0


F1

, (A31)

vA = vR + ωr × rRA =

v − rΩr

σ − dω
0


F1

, (A32)

vF = vG + ωv × rGF =

 v
σ + qω

0


F1

⇒ vF =

 v cos γ + (σ + qω) sin γ
−v sin γ + (σ + qω) cos γ

0


F2

,

(A33)

vB = vF + ωf × rFB =

 v cos γ + (σ + qω) sin γ − rΩf

−v sin γ + (σ + qω) cos γ
0


F2

, (A34)

where we used the vectors vG = [ v σ 0 ]⊤F1
(cf. (A1)), rGR = [−d 0 0 ]⊤F1

,

rRA = [ 0 0 − r ]⊤F1
, rGF = [ q 0 0 ]⊤F1

, rFB = [ 0 0 − r ]⊤F2
.
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Substituting (A16), (A22), (A29), (A30), (A31), (A33) into (A28) we obtain

δP = Fx,r δ(v − rΩr) + Fy,r δ(σ − dω) +Mz,r δω +Md δΩr

+ Fx,f δ(v cos γ + (σ + qω) sin γ − rΩf) + Fy,f δ(−v sin γ + (σ + qω) cos γ) +Mz,f δω ,

(A35)

where we used that δγ̇ = 0. Writing the virtual power into the form

δP = Πv δv +Πσ δσ +Πω δω +ΠΩr
δΩr +ΠΩf

δΩf , (A36)

the pseudo forces can be identified as

Πv = Fx,r + Fx,f cos γ − Fy,f sin γ ,

Πσ = Fy,r + Fx,f sin γ + Fy,f cos γ ,

Πω = −dFy,r + q(Fx,f sin γ + Fy,f cos γ) +Mz,r +Mz,f ,

ΠΩr
=Md − rFx,r ,

ΠΩf
= −rFx,f .

(A37)

Finally, substituting the acceleration energy (A26) and the pseudo forces (A37) into
the Appell equations

∂S

∂v̇
= Πv ,

∂S

∂σ̇
= Πσ ,

∂S

∂ω̇
= Πω ,

∂S

∂Ω̇r

= ΠΩr
,

∂S

∂Ω̇f

= ΠΩf
,

(A38)

we can obtain the equations of motion:

v̇ = σω +
1

m

(
pω2 + Fx,r + Fx,f cos γ − Fy,f sin γ

)
,

σ̇ = −vω +
1

Jm− p2
(
(J + pd)Fy,r + (J − pq)(Fx,f sin γ + Fy,f cos γ)

− p(Mz,r +Mz,f − Cγ̈)
)
,

ω̇ =
1

Jm− p2
(
− (md+ p)Fy,r + (mq − p)(Fx,f sin γ + Fy,f cos γ)

+m(Mz,r +Mz,f − Cγ̈)
)
,

(A39)

Ω̇r =
1

D
(Md − rFx,r),

Ω̇f =
1

D
(−rFx,f),

which is identical with (7).
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Figure B1. Combined slip brush tire model highlighting the adhesion region and the sliding region and

indicating the slip angle α and the sliding angle β. The longitudinal and lateral tire deformations ξ(x) and
η(x), the longitudinal and lateral tire forces Fx and Fy , and the aligning moment Mz are also shown on the

figure.

Appendix B. Combined slip Brush Tire Model (Detailed Derivation)

In this section, we present the detailed derivation of the combined slip brush tire
model, which was summarized in Section 3.2. As shown in Figure B1, the deformation
of the tire within the contact patch is described in the (x, y, z) coordinate frame,
which travels together with the wheel. The velocity of the wheel center is denoted by
vO which forms a slip angle α with the wheel plane. In the meantime the wheel rotates
with the angular velocity Ω around its axle. Note that point O takes the role of point
R for the rear wheel and the role of point F for the front wheel in Figure 4. Similarly,
point C takes the role of point A for the rear wheel and the role of point B for the
front wheel in Figure 4. All vectors below are resolved in this moving coordinate frame
which rotates around the z axis with angular velocity ωz. Note that ωz = ψ̇ for the
rear wheel and ωz = ψ̇ + γ̇ for the front wheel in Figure 4.

The brush elements deform along the contact line whose length is 2a. Let us focus
on a single element QP. Point Q is attached to the unstretchable band while point
P touches the road surface and it either sticks to the ground (in which case it has
zero velocity) or it slides on the ground. The longitudinal deformation of the brush
element is denoted by ξ(x, t), while the lateral deformation is denoted by η(x, t); see
Figure B1(a). These deformations depend on the longitudinal position x along the
contact patch and time t. In addition, the pressure distribution along the contact
patch is given by the parabola

p(x) =
3Fz

4aw

(
1− x2

a2

)
, (B1)

where Fz is the normal force and w is the tire width; see Figure B1(b).
The position vector of point P can given as

rOP =

x+ ξ(x, t)
η(x, t)

 . (B2)
0

Let us define the point P′ as a point fixed to the reference frame that coincides with P
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at a certain time instant. The velocity of P′ with respect to the road surface is vP,carr

and the relative velocity of P with respect to the reference frame is vP,rel. These can
be written as:

vP,carr = vO + ω × rOP =

 vO cosα− ωzη(x, t)
−vO sinα+ ωzx+ ωzξ(x, t)

0

 , (B3)

vP,rel = r̊OP =

ẋ+ d
dtξ(x, t)
d
dtη(x, t)
0

 =

ẋ+ ξ̇(x, t) + ẋ ξ′(x, t)
η̇(x, t) + ẋ η′(x, t)

0

 , (B4)

where the circle represents derivative in the moving frame (x, y, z), ξ̇(x, t) and
η̇(x, t) denote partial derivatives with respect to time t, ξ′(x, t) and η′(x, t)
denote partial derivatives with respect to space x, and we used the vectors
vO = [ vO cosα −vO sinα 0 ]⊤, ω = [ 0 0 ωz ]

⊤ while assuming |vO| = vO > 0. Then
the velocity of point P can be obtained as:

vP = vP,carr + vP,rel =

−rΩ+ vO cosα − ωzη(x, t) + ξ̇(x, t)− rΩ ξ′(x, t)
−vO sinα+ ωzx+ ωzξ(x, t) + η̇(x, t)− rΩ η′(x, t)

0

 , (B5)

where we used ẋ = −rΩ, which holds since the band is unstretchable. Note that the
first two terms in the first two rows of (B5) represent the velocity vQ of the point Q
which is attached to the unstretchable band.

Because the time scale of the tire dynamics is generally much smaller than that of
the vehicle dynamics, one may neglect the transient behavior of the tire, and consider
the steady-state solution ξ̇(x, t) = 0, η̇(x, t) = 0 with assumptions ωz = 0, Ω = const.,
vO = const., α = const.. That is, we consider ξ(x), η(x). This results in

vP ≈

−rΩ+ vO cosα− rΩ ξ′(x)
−vO sinα− rΩ η′(x)

0

 , (B6)

where again the first two terms in the first row and the first term in the second row
approximate the velocity vQ in steady state. We remark that such the steady-state
assumptions are often used in dynamic situations where angular velocity components
ωz and Ω, the magnitude of the wheel center velocity vO and the slip angle α change in
time. We also assume that in steady state the contact patch is divided into two regions:
an adhesion region of length λ and a sliding region of length 2a− λ; see Figure B1.
The deformations along the adhesion and sliding regions are described in the next two
subsections.

B.1. Adhesion Region

In the adhesion region the friction force is large enough to ensure that point P sticks
to the ground, that is,

vP = 0 . (B7)
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Using the steady state assumption (B6), we obtain

ξ′(x) = −rΩ− vO cosα

rΩ
:= −S̄x ,

η′(x) = −vO sinα

rΩ
:= −S̄y ,

(B8)

which are the initial definitions of the longitudinal and lateral slips S̄x and S̄y; cf. the
more general definitions (9) which will be derived further below.

Integrating (B8) with respect to x yields

ξ(x) = −S̄xx+ Cx ,

η(x) = −S̄yx+ Cy ,
(B9)

where the integral constant Cx and Cy shall be obtained from the boundary conditions.
Depending on the rolling direction, one shall formulate boundary conditions for the
leading or for the trailing edge, where the parabolic pressure distribution (B1) reaches
zero values. For forward rolling Ω > 0, tire particles enter the contact patch at the
leading edge with zero deformation:

ξ(a) = 0 ,

η(a) = 0 ,
(B10)

which results in Cx = S̄xa and Cy = S̄ya. On the other hand for backward rolling
Ω < 0, tire particles enter the contact patch at the trailing edge with zero deformation:

ξ(−a) = 0 ,

η(−a) = 0 ,
(B11)

which yields Cx = −S̄xa, Cy = −S̄ya.
These results can be summarized as

ξ(x) =

{
S̄x(a− x) if Ω > 0 ,

−S̄x(a+ x) if Ω < 0 ,

η(x) =

{
S̄y(a− x) if Ω > 0 ,

−S̄y(a+ x) if Ω < 0 .

(B12)

This means that within the adhesion region the deformations are linear functions of x
along the contact line; see Figure B1.

The longitudinal and lateral components of the tire force per unit length are denoted
by fx and fy in the adhesion region. These can be calculated by multiplying the
deformations (B12) with the distributed tire stiffnesses:

fx(x) = kxξ(x) =

{
kxS̄x(a− x) if Ω > 0 ,

−kxS̄x(a+ x) if Ω < 0,

fy(x) = kyη(x) =

{
kyS̄y(a− x) if Ω > 0 ,

−kyS̄y(a+ x) if Ω < 0 .

(B13)
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(a) Adhesion + sliding

-0.1 -0.05 0 0.05 0.1
0

1

2

3

10
4

(b) Total sliding

Figure B2. Magnitude of the tire force per unit length along the contact patch for normal force Fz = 5000N.
The blue curves show the maximum available static friction magnitude while the black curves show the mag-

nitude of the sliding friction. The green curves depict the change of the magnitude of the tire force (a) when

adhesion occurs at the front and sliding occurs at the rear of the contact line, and (b) when sliding occurs
along the whole contact line.

This means that within the adhesion region the longitudinal and lateral forces change
linearly along the contact line. Consequently, the magnitude f of distributed force also
follows the same trend:

f(x) =
√
f2x(x) + f2y (x) =


√
k2xS̄

2
x + k2yS̄

2
y (a− x) if Ω > 0 ,√

k2xS̄
2
x + k2yS̄

2
y (a+ x) if Ω < 0 .

(B14)

B.2. Sliding Region

The calculations of the deformation in the adhesion region were based on the as-
sumption that the tire particles stick to the road surface. However, when the force
magnitude f(x) per unit length exceeds the maximum static friction available at lo-
cation x, sliding occurs for that particular brush element. Then the tire force for this
brush element needs to be calculated using the sliding friction. In Figure B.2, the blue
parabolas show the magnitude of the maximum available static friction force fstat per
unit length while the black parabolas depict the magnitude of the sliding friction force
fslid per unit length as a function of position x. These can be calculated as

fstat(x) = µ0w p(x) =
3µ0Fz

4a

(
1− x2

a2

)
, (B15)

fslid(x) = µw p(x) =
3µFz

4a

(
1− x2

a2

)
, (B16)

where the expression (B1) of the pressure p(x) was used. The green curve in panel (a) 
depicts a steady state scenario with adhesion at the front and sliding at the rear of 
the contact line, which occurs for forward rolling Ω > 0. For backward rolling Ω < 0, 
the force distribution would be mirrored to the vertical axis. Panel (b) shows the case 
when sliding occurs in the entire contact line which is often referred to as total sliding. 

At the boundary of the adhesion and the sliding regions, the force magnitude f and 
the static friction force fstat are equal; see Figure B.2(a). Let us denote the adhesion
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length with λ. For forward rolling (Ω > 0), we have

f(a− λ) = fstat(a− λ) . (B17)

Then using (B1), (B14), (B15) with Ω > 0 the adhesion length can be calculated as

λ = 2a− 4a3

3µ0Fz

√
k2xS̄

2
x + k2yS̄

2
y , (B18)

cf. (16). For backward rolling (Ω > 0), one shall change the argument a− λ to −a+ λ
in (B17), while (B18) still holds.

When the longitudinal slip values are large enough, the slope of the linear function
(B14) reaches that of (B15). In this case the adhesion region disappears and sliding
occurs along the whole contact line, cf. panels (a) and (b) in Figure B.2. For forward
rolling (Ω > 0), the gradients become equal at the leading edge:

df(x)

dx

∣∣∣∣
x=a

=
dfstat(x)

dx

∣∣∣∣
x=a

. (B19)

Substituting equations (B14) and (B15) into (B19) gives

k2xS̄
2
x + k2yS̄

2
y =

(
3µ0Fz

2a2

)2

, (B20)

see (18), (19) and the ellipse in Figure 6. For backward rolling (Ω > 0), one shall use
x = −a instead of x = a in (B19), but (B20) still holds.

In the sliding region, the magnitude f of the tire force per unit length is given by
fslid in (B16), while the longitudinal and lateral components fx and fy can be obtained
by noticing that the direction of sliding friction force is the opposite of velocity vP,
cf. (B6). This contains the derivatives ξ′(x) and η′(x) which are often neglected in the
literature [31]. Accordingly, we introduce the sliding velocity

vs := vQ ≈

−rΩ+ vO cosα
−vO sinα
0

 , (B21)

cf. (14), to describe the direction of the tire force which does not change along the
sliding region. As illustrated in Figure B1, we define the sliding angle

β = arctan2(−vs,y,−vs,x) = arctan2 (vO sinα, rΩ− vO cosα) . (B22)

cf. (15). Then, in the sliding region, the longitudinal and lateral components of the
tire force per unit length can be expressed as

f̃x(x) = fslid(x) cosβ =
3µFz

4a

(
1− x2

a2

)
cosβ ,

f̃y(x) = fslid(x) sinβ =
3µFz

4a

(
1− x2

a2

)
sinβ ,

(B23)
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where we substituted fslid(x) from (B16).
We remark that one may indeed obtain a more accurate expression of the force

component in the sliding region by not omitting ξ′(x) and η′(x), that is, by using vP

rather than vQ for the sliding velocity; cf. (B6) and (B21). In this case the sliding
angle β depends on the position x according to

β(x) = arctan2(−vP,y,−vP,x) = arctan2 (vO sinα+ rΩ η′(x), rΩ− vO cosα+ rΩξ′(x)) .
(B24)

cf. (B22). Moreover, (B23) generalizes to

f̃x(x) = fslid(x) cosβ(x) ,

f̃y(x) = fslid(x) sinβ(x) .
(B25)

Finally, these components can still be expressed as

f̃x(x) = kxξ(x) ,

f̃y(x) = kyη(x) ,
(B26)

which lead to

kyη(x)

kxξ(x)
=

vO sinα+ rΩη′(x)

rΩ− vO cosα+ rΩξ′(x)
. (B27)

and

k2xξ
2(x) + k2yη

2(x) = f2slid(x) , (B28)

whose derivative with respect to x results in

k2xξ(x)ξ
′(x) + k2yη(x)η

′(x) = fslid(x)f
′
slid(x) . (B29)

Solving equations (B27) and (B29) for ξ′(x) and η′(x), we obtain a dynamical system
for the deformation functions in the sliding region:

ξ′(x) =
−
(
rΩ− vO cosα

)
k3yη

2(x) +
(
vO sinα

)
kxk

2
yξ(x)η(x) + fslid(x)f

′
slid(x)rΩkxξ(x)

rΩ
(
k3xξ

2(x) + k3yη
2(x)

) ,

η′(x) =
−
(
vO sinα

)
k3xξ

2(x) +
(
rΩ− vO cosα

)
k2xkyξ(x)η(x) + fslid(x)f

′
slid(x)rΩkyη(x)

rΩ
(
k3xξ

2(x) + k3yη
2(x)

) .

(B30)

These differential equations can be numerically solved using the boundary conditions 
(B10) or (B11) in order to obtain the longitudinal and lateral deformations, and via 
(B26) the longitudinal and lateral tire forces per unit length in the sliding region. The 
resultant differences i n t he t otal t ire f orce a nd a ligning moment b etween t his exact 
solution and the approximation (B23) will be compared below.

12



B.3. Total Tire Force and Aligning Moment

Using the results of Sections B.1 and B.2, one can calculate the resultant of the tire
force system with respect to point C, see Figure B1. Namely, the longitudinal and
lateral components Fx and Fy of the total tire force can be calculated by integrating
the force component acting on each brush elements in the adhesion region (cf. (B13))
and sliding region (cf. (B23)). Similarly, the aligning moment Mz (about point C) can
be calculated as the integral of the moments of the lateral force components acting on
the brush elements. These yield

Fx =


∫ a

a−λ
fx(x) dx+

∫ a−λ

−a
f̃x(x) dx if Ω > 0 ,∫ −a+λ

−a
fx(x) dx+

∫ a

−a+λ
f̃x(x) dx if Ω < 0 ,

Fy =


∫ a

a−λ
fy(x) dx+

∫ a−λ

−a
f̃y(x) dx if Ω > 0 ,∫ −a+λ

−a
fy(x) dx+

∫ a

−a+λ
f̃y(x) dx if Ω < 0 ,

(B31)

Mz =


∫ a

a−λ
xfy(x) dx+

∫ a−λ

−a
xf̃y(x) dx if Ω > 0 ,∫ −a+λ

−a
xfy(x) dx+

∫ a

−a+λ
xf̃y(x) dx if Ω < 0 .

Substituting (B13) and (B23) into (B31) we obtain

Fx =


λ2

2
kxS̄x +

(2a− λ)2(a+ λ)

4a3
µFz cosβ if Ω > 0 ,

−λ
2

2
kxS̄x +

(2a− λ)2(a+ λ)

4a3
µFz cosβ if Ω < 0 ,

Fy =


λ2

2
kyS̄y +

(2a− λ)2(a+ λ)

4a3
µFz sinβ if Ω > 0 ,

−λ
2

2
kyS̄y +

(2a− λ)2(a+ λ)

4a3
µFz sinβ if Ω < 0 ,

(B32)

Mz =


(3a− 2λ)λ2

6
kyS̄y −

3(2a− λ)2λ2

16a3
µFz sinβ if Ω > 0 ,

−(3a− 2λ)λ2

6
kyS̄y −

3(2a− λ)2λ2

16a3
µFz sinβ if Ω < 0 ,

where λ and β should be substituted from (B18) and (B22), respectively.
One may notice that in (B32) the formulae for forward rolling (Ω > 0) and backward

rolling (Ω < 0) are almost identical, apart from a few sign changes. This motivates us
to re-define the lateral and longitusinal slips as

Sx :=
rΩ− vO cosα

|rΩ|
,

Sy :=
vO sinα

|rΩ|
.

(B33)

cf. (B8) and (9). This way the expressions of the forces and aligning moment can be

13



simplified to

Fx =
λ2

2
kxSx +

(2a− λ)2(a+ λ)

4a3
µFz cosβ ,

Fy =
λ2

2
kySy +

(2a− λ)2(a+ λ)

4a3
µFz sinβ , (B34)

Mz =
(3a− 2λ)λ2

6
kySy −

3(2a− λ)2λ2

16a3
µFz sinβ .

Moreover, using the slip definitions (B33), one may obtain

λ = 2a− 4a3

3µ0Fz

√
k2xS

2
x + k2yS

2
y , (B35)

cf. (16) and (B18), and

cosβ =
Sx√

Sx
2 + Sy

2
,

sinβ =
Sy√

Sx
2 + Sy

2
,

(B36)

cf. (15) and (B22), which can be directly substituted into (B34). Thus, the tire force
component and the aligning moment can be expressed as the explicit function of the
longitudinal and lateral slips Sx and Sy.

Indeed, (B34) is only valid when there exist an adhesion region along the contact
line, that is when (18) hold. When sliding occurs along the entire contact line, that is
for (19), the total tire force and aligning moment should be calculated via

Fx =

∫ a

−a
f̃x(x) dx ,

Fy =

∫ a

−a
f̃y(x) dx , (B37)

Mz =

∫ a

−a
xf̃y(x) dx ,

instead of (B31). Then, using (B23) results in

Fx = µFz cosβ ,

Fy = µFz sinβ , (B38)

Mz = 0 .

Combining (B34) and (B38) we obtain (20).
We emphasize again that, besides the steady-state assumption, these analytical re-

sults were obtained with an approximation which uses the velocity of point Q rather 
than that of point P as the sliding velocity; cf. (B21) and (B6). Without this approx-
imation, the deformations ξ(x) and η(x) in the sliding region should be derived by 
solving the differential equation (B30) numerically with boundary conditions (B10)

14



Table B1. Differences between analytical approximation and the numerical computation of the tire force com-

ponents and aligning moments for specific slip values and normal force Fz = 5000N with the other parameters

selected from Table 1

Sx = 0.0474, Sy = 0.0525 [Sx ≈ Sy] Analytical approximation Numerical

∆Fx [N] 2332 2427
∆Fy [N] 1438 1235

∆Mz [Nm] −21.54 −15.53

Sx = 0.0474, Sy = 0.2522 [Sx ≪ Sy] Analytical approximation Numerical

∆Fx [N] 689 735
∆Fy [N] 3038 3027

∆Mz [Nm] 6.89 15.59

Sx = 0.1374, Sy = 0.0470 [Sx ≫ Sy] Analytical approximation Numerical

∆Fx [N] 2914 2999
∆Fy [N] 991 755

∆Mz [Nm] 1.41 1.15

or (B11). Here, by comparing the analytical approximation to the exact numerical 
results, we show that the approximation does not alter the tire force significantly but 
may impact the aligning moment.

Considering forward rolling (Ω > 0), we solve the ordinary differential equation 
(B30) with boundary condition (B10) for different (Sx, S y) p airs. I n p articular, we 
fix t he angular s peed Ω  o f t he wheel and vary t he s peed v O o f t he wheel c enter and 
the slip angle α. After obtaining ξ(x) and η(x) numerically in the sliding region, 
and still analytically as ξ(x) = Sx(a − x) and η(x) = Sy(a − x) in the adhesion region 
(see (B12)), we calculate tire force per unit length as (B13). Then, we obtain the 
total tire force and aligning moment by numerical integration along the contact patch 
using (B31) (when there exist an adhesion region) or (B37) (when sliding occurs along 
the entire contact line). Table B1 showcases the differences b etween t he analytical 
approximation and the numerical computation for three different s cenarios S x ≈ Sy, 
Sx ≪ Sy, and Sx ≫ Sy. The differences for the force components are consistently small 
while those for the aligning moments can be relatively significant.

Figure B.3 compares the analytical approximation with the numerical computation 
in the domain (Sx ∈ [−0.5, 0.5], Sy ∈ [−0.5, 0.5]); cf. Figure 7. Clearly the differences in 
the force components are not significant; the maximum difference in Figure B.3(b),(d) 
is around 300 N, while the maximum value in Figure 7(b),(d) is around 3500 N. On the 
other hand, the difference in the aligning moment is more pronounced; the maximum 
difference in Figure B.3(f) is around 15 [Nm] while the maximum value in Figure 7(f) is 
around 35 N. In the models (1) and (7) used in this paper, the torque error introduced 
by the approximation is still negligible since the aligning moments are themselves 
negligible compared to the torques of the lateral tire forces, which are in the order of 
1000 [Nm].
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(a) (b)

(c) (d)

(e) (f)

Figure B3. Differences between analytical approximation and the numerical computation for the longitudinal 
force Fx (a)-(b), the lateral force Fy (c)-(d), and the aligning moment Mz (e)-(f) as functions of the lateral 
slip Sx and longitudinal slip Sy for normal force Fz = 5000 N with the other parameters selected from Table 1

In other applications (e.g., steering dynamics) the error introduced by the approx-
imation may still be significant. F or e xample, t he a pproximation ( B38) g ives zero 
aligning moment when sliding occurs in the entire contact line; see Figure 7(e),(f). 
However, Figure B.3(e),(f) shows that this does not hold for the (more accurate) nu-
merical results. To illuminate the reason behind this discrepancy, in Figure B4 we 
compare the lateral force distribution along the contact line given by the analytical 
approximation and the numerical computation for a specific s lip combination. Under 
the analytic approximation the lateral force profile i s a  precise parabola ( see (B23)), 
which is symmetric to the vertical axis, while the numerically obtained profile is slightly 
asymmetric. The areas under the two curves, i.e., the total lateral tire force Fy, is al-
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Analytical approximation

Numerical computation

Figure B4. Lateral force distribution for slip values (Sx = 0.1374, Sy = 0.1979) which result in sliding along

the entire contact line. The normal force Fz = 5000N and the parameters from Table 1 are used.

most the same. The aligning moment Mz, on the other hand, is only zero for the
symmetric case and nonzero for the asymmetric one.
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